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Preface

Of all the central topics in the undergraduate mathematics syllabus, complex
analysis is arguably the most attractive. The huge consequences emanating
from the assumption of differentiability, and the sheer power of the methods
deriving from Cauchy’s Theorem never fail to impress, and undergraduates
actively enjoy exploring the applications of the Residue Theorem.

Complex analysis is not an elementary topic, and one of the problems facing
lecturers is that many of their students, particularly those with an “applied”
orientation, approach the topic with little or no familiarity with the e-é argu-
ments that are at the core of a serious course in analysis. It is, however, possible
to appreciate the essence of complex analysis without delving too deeply into
the fine detail of the proofs, and in the earlier part of the book I have starred
some of the more technical proofs that may safely be omitted. Proofs’ are, how-
ever, given, since the development of more advanced analytical skills comes
from imitating the techniques used in proving the major results.

The opening two chapters give a brief account of the preliminaries in real
function theory and complex numbers that are necessary for the study of com-
plex functions. I have included these chapters partly with self-study in mind,
but they may also be helpful to those whose lecturers airily (and wrongly)
assume that students remember everything learned in previous years.

In what is certainly designed as a first course in complex analysis I have
deemed it appropriate to make only minimal reference to the topological issues
that are at the core of the subject. This may be a disappointment to some pro-
fessionals, but I am confident that it will be appreciated by the undergraduates
for whom the book is intended.

The general plan of the book is fairly traditional, and perhaps the only
slightly unusual feature is the brief final Chapter 12, which I hope will show
that the subject is very much alive. In Section 12.2 I give a very brief and
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imprecise account of Julia sets and the Mandelbrot set, and in Section 12.1 I
explain the Riemann Hypothesis, arguably the most remarkable and important
unsolved problem in mathematics. If the eventual conqueror of the Riemann
Hypothesis were to have learned the basics of complex analysis from this book,
then I would rest content indeed!

All too often mathematics is presented in such a way as to suggest that it
was engraved in pre-history on tablets of stone. The footnotes with the names
and dates of the mathematicians who created complex analysis are intended to
emphasise that mathematics was and is created by real people. Information on
these people and their achievements can be found on the St Andrews website
www-history.mcs.st-and.ac.uk/history/.

I am grateful to my colleague John O’Connor for his help in creating the
diagrams. Warmest thanks are due also to Kenneth Falconer and Michael Wolfe,
whose comments on the manuscript have, I hope, eliminated serious errors. The
responsibility for any imperfections that remain is mine alone.

John M. Howie
I's University of St Andrews
January, 2003
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1

What Do | Need to Know?

Introduction

Complex analysis is not an elementary subject, and the author of a book like
this has to make some reasonable assumptions about what his readers know
already. Ideally one would like to assume that the student has some basic
knowledge of complex numbers and has experienced a fairly substantial first
course in real analysis. But while the first of these requirements is realistic the
second is not, for in many courses with an “applied” emphasis a course in com-
plex analysis sits on top of a course on advanced (multi-variable) calculus, and
many students approach the subject with little experience of e~ arguments,
and with no clear idea of the concept of uniform convergence. This chapter sets
out in summary the equipment necessary to make a start on this book, with
references to suitable texts. It is written as a reminder: if there is anything you
don’t know at all, then at some point you will need to consult another book,
either the suggested reference or another similar volume.

Given that the following summary might be a little indigestible, you may
find it better to skip it at this stage, returning only when you come across
anything unfamiliar. If you feel reasonably confident about complex numbers,
then you might even prefer to skip Chapter 2 as well.
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1.1 Set Theory

You should be familiar with the notations of set theory. See [9, Section 1.3].

If Ais a set and a is a member, or element, of A we write a € A4, and if z
is not an element of A we write z ¢ A. If B is a subset of A we write B C A
(or sometimes A D B). If B C A but B # A, then B is a proper subset of A.
We write B C A, or A D B.

Among the subsets of A is the empty set (), containing no elements at all.

Sets can be described by listing, or by means of a defining property. Thus
the set {3,6,9,12} (described by listing) can alternatively be described as
{3z : £ €{1,2,3,4}} oras {z € {1,2,...,12} : 3 divides z}.

The union A U B of two sets is defined by:

z € AUB if and only if z € A or z € B (or both).
The intersection A N B is defined by
z€ ANB if and only if z € A and z € B.
The set A\ B is defined by
A\B={z€A:z¢B}.

In the case where B C A this is called the complement of B in A.
The cartesian product A x B of two sets A and B is defined by

Ax B={(a,b) : a€ A, be B}.

1.2 Numbers

See [9, Section 1.1].
The following notations will be used:

N={1,2,3,...}, the set of natural numbers;

Z = {0, £1,+2,...}, the set of integers;

Q={p/q : p,q € Z,q # 0}, the set of rational numbers;
R, the set of real numbers.

It is not necessary to know any formal definition of R, but certain properties
are crucial. For each a in R the notation |a|, the absolute value, or modulus,

of a, is defined by
a ifa>0
la| =

—-a ifa<0.
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If U is a subset of R, then U is bounded above if there exists K in R
such that u < K for all u in U, and the number K is called an upper bound
for U. Similarly, U is bounded below if there exists L in R such that u > L
for all u in U, and the number L is called a lower bound for U. The set U is
bounded if it is bounded both above and below. Equivalently, U is bounded
if there exists M > 0 such that |u| < M for all u in U.

The least upper bound K for a set U is defined by the two properties

(i) K is an upper bound for U;
(ii) if K’ is an upper bound for U, then K’ > K.

The greatest lower bound is defined in an analogous way.

The Least Upper Bound Axiom for R states that every non-empty subset
of R that is bounded above has a least upper bound in R. Notice that the set Q
does not have this property: the set {g € Q : g2 < 2} is bounded above, but
has no least upper bound in Q. It does of course have a least upper bound in
R, namely V2.

The least upper bound of a subset U is called the supremum of U, and
is written sup U. The greatest lower bound is called the infimum of U, and is
written inf U.

We shall occasionally use proofs by induction: if a proposition P(n) con-
cerning natural numbers is true for n = 1, and if, for all K > 1 we have the
implication P(k) => P(k+1), then P(n) is true for alln in N. The other version
of induction, sometimes called the Second Principle of Induction, is as follows:
if P(1) is true and if, for all m > 1, the truth of P(k) for all £ < m implies the
truth of P(m), then P(n) is true for all n.

One significant result that can be proved by induction (see [9, Theorem
1.7) is

Theorem 1.1 (The Binomial Theorem)

For all g, b, and all integers n > 1,

A s

r=0

Here

r) = rl(n —r)! - 7!

Note also the Pascal Triangle Identity

C) " (r - 1) - (nj 1) ’ (1.1)

(n) n! nn=1)..(n=r+1)
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EXERCISES

1.1. Show that the Least Upper Bound Axiom implies the Greatest
Lower Bound Axiom: every non-empty subset of R that is bounded
below has a greatest lower bound in R.

1.2. Let the numbers gy, g2, g3, . . . be defined by
QG =2, Qn=3Qn—1—1(nZ2).

Prove by induction that

(3" +1).

[T

gn =

1.3. Let the numbers fi, f2, f3,... be defined by

f1=f2=1) fn=fn—1+fn-2(n23).

Prove by induction that

1 n n
fn=ﬁ(’7 -4 )1

where v = 3(1+v5), § = 1 (1 - V5).

[This is the famous Fibonacci sequence. See (2].]

1.3 Sequences and Series

See [9, Chapter 2].

A sequence (an)neN, often written simply as (a,), has a limit L if a, can be
made arbitrarily close to L for all sufficiently large n. More precisely, (a,) has a
I'mit L if, for all € > 0, there exists a natural number N such that |a, — L| < €
for all n > N. We write (a,) = L, or lim,_,o0 @, = L. Thus, for example,
((n+1)/n) — 1. A sequence with a limit is called convergent; otherwise it is
divergent.

A sequence (a,,) is monotonic increasing if a1 > an for alln > 1, and
monotonic decreasing if a,; < a, for all n > 1. It is bounded above if
there exists K such that a, < K for all n > 1. The following result is a key to
many important results in real analysis:
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Theorem 1.2

Every sequence (a,) that is monotonic increasing and bounded above has a
limit. The limit is sup {a, : n > 1}.

A sequence (a,) is called a Cauchy sequence! if, for every € > 0, there
exists a natural number N with the property that |a;, —a,| < eforallm,n > N.
The Completeness Property of the set R is

Theorem 1.3

Every Cauchy sequence is convergent.

A series ) -7 | a, determines a sequence (Sy) of partial sums, where
Sy = 217:1 a,. The series is said to converge, or to be convergent, if the
sequence of partial sums is convergent, and limy_,,, Sy is called the sum to
infinity, or just the sum, of the series. Otherwise the series is divergent. The
Completeness Property above translates for series into

Theorem 1.4 (The General Principle of Convergence)

If for every € > 0 there exists NV such that

m

> o

r=n+l

<€

for all m > n > N, then Y7 | a, is convergent.

For series 2;‘;1 a, of positive terms there are two tests for convergence.

Theorem 1.5 (The Comparison Test)
Let Y o2 ,an and ) o_; =, be series of positive terms.

(i) If o2 ; an converges and if 2, < an for all n, then Y- ; ,, also converges.

(ii) If >0, an diverges and if , > a, for all n, then Y o, z, also diverges.

! Augustin-Louis Cauchy, 1789-1857.
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Theorem 1.6 (The Ratio Test)

Let Y o, an be a series of positive terms.
(i) If limp—oo(@nt1/an) =1 <1, then 3o | an converges.
(ii) If limp_oo(@n+1/an) =1 > 1, then Y o7 - a, diverges.

In Part (i) of the Comparison Test it is sufficient to have z, < ka, for some
positive constant k, and it is sufficient also that the inequality should hold for
all n exceeding some fixed number N. Similarly, in Part (ii) it is sufficient to
have (for some fixed N) z, > ka, for some positive constant k£ and for all

n > N. In the Ratio Test it is imnportant to note that no conclusion at all can
be drawn if lim, 00 (@n+1/an) = 1.

Theorem 1.7

The geometric series Y o. ,ar™ converges if and only if |r| < 1. Its sum is

a/(1—r).

Theorem 1.8
The series Y o, (1/nF) is convergent if and only if k > 1.

A series ) | a, of positive and negative terms is called absolutely con-
vergent if - | |a,| is convergent. The convergence of "> | |a,| in fact im-
plies the convergence of Y o an, and so every absolutely convergent series

is convergent. The series is called conditionally convergent if Y . | a, is
convergent and Y oo ; |aa]| is not.

Theorem 1.9

For a power series ) ~°  a,z™ there are three possibilities:
(a) the series converges for all z; or

(b) the series converges only for z = 0; or

(c) there exists a real number R > 0, called the radius of convergence, with
the property that the series converges when |z| < R and diverges when
|z| > R.

We find it convenient to write R = oo in Case (a), and R = 0 in Case (b).
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Two methods of finding the radius of convergence are worth recording here:

Theorem 1.10

Let ) o>, anz™ be a power series. Then:

(i) the radius of convergence of the series is limp 00 |@n/@n+1/, if this limit
exists;

(ii) the radius of convergence of the series is 1/[limn_ o0 |an|*/"], if this limit
exists.

We shall also encounter series of the form E:;_ o Dn- These cause no real
difficulty, but it is important to realise that convergence of such a series re-
quires the separate convergence of the two series Y o, b, and S b It
is not enough that limy_, E,IL_ ~ bn should exist. Consider, for example,
2% ___n3, where ) 13 =0 for all N, but where it would be absurd to

n=-—0o
claim convergence.

1.4 Functions and Continuity

See [9, Chapter 3].

Let I be an interval, let ¢ € I, and let f be a real function whose domain
dom f contains I, except possibly for the point c. We say that lim, . f(z) =1
if f(z) can be made arbitrarily close to ! by choosing z sufficiently close to c.
More precisely, lim;_,. f(z) =l if, for every € > 0, there exists § > 0 such that
|f(z) — 1| < e for all z in dom f such that 0 < |z — ¢| < §. If the domain of f
contains ¢, we say that f is continuous at c if lim,_,. f(z) = f(c). Also, f is
continuous on [ if it is continuous at every point in I.

The exponential function exp z, often written e, is defined by the power
series Y - (z"/n!). It has the properties

e®>0forallz, e*tY=¢%¢¥, e *=—.
The logarithmic function log z, defined for = > 0, is the inverse function of
e’:
log(e®) =z (z €R), et =z (z>0).
It has the properties

log(zy) =logz +logy, log(l/z)=—logz.
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The following limits are important. (See [9, Section 6.3].)

lim z%e % =0 (a,k >0);

T—00

. —k a __ : k a __
lim z7*(logz)* =0, :g%l+z (logz)*=0 (a,k>0).

T—00

The circular functions cos and sin, defined by the series

e z2n ad z2n+l
= —1)" inz = =
costc 7;( 1) oIk sinz 1;( ) Gnr )l

have the properties
cos’z +sinfzr =1,

cos(—z) =cosz sin(—z) = —sinz,

cos0=1, sin0=0, cos(m/2)=0, sin(nr/2)=1,
cos(z +y) =coszcosy —sinzsiny,

sin(z + y) =sinzcosy + cosrsiny.

(1.2)

(1.3)

(1.4)

(1.5)
(1.6)

(1.7)
(1.8)
(1.9)

All other identities concerning circular functions can be deduced from these,

including the periodic properties

cos(z + 2m) = cosz, sin(z + 27) =sinz,

and the location of the zeros: cos z = 0 if and only if ¢ = (2n + 1)m/2 for some

n in Z; and sinz = 0 if and only if z = nx for some n in Z.

The remaining circular functions are defined in terms of sin and cos as

follows: .
tanz = smm’ secz = (z# (2n+1)n/2);
cosz cos
1
cotz = c?s:c , cosecx=-—— (z#mnm).
sinz sinz
Remark 1.11

It is not obvious that the functions defined by the series (1.4) have any con-
nection with the “adjacent over hypotenuse” and “opposite over hypotenuse”
definitions one learns in secondary school. They are, however, the same. For an

account, see [9, Chapter 8].
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The inverse functions sin™! and tan~! need to be defined with some care.
The domain of sin™! is the interval [—1,1], and sin~!z is the unique y in

[-m/2,7/2] such that siny = z. Then certainly sin(sin™*

z) = « for all z in

[~1, 1], but we cannot say that sin~!(sinz) = z for all z in R, for sin™!(sin z)
must lie in the interval [—m/2,m/2] whatever the value of z. Similarly, the
domain of tan™! is R, and tan~!z is defined as the unique y in the open
interval (—m/2,7/2) such that tany = . Again, we have tan(tan=}(z)) = z

for all z, but tan~!(tanz) = z only if z € (-7 /2,7/2).

The hyperbolic functions are defined by

1 1
coshz = E(e’ +e %), sinhz = 5(6c —-e ).

Equivalently,
e 2n © 2n+1
z z
cosh:c=Z——, sinhz:Z————.
| |
= (2n)! = (2n+1)!
By analogy with the circular functions, we define
sinhz
tanhz = hz = €R),
AT = oshe’ "% T Coshe (z€R)
coshz 1
hz = hz = .
cothz snhg® CosechT= (z #0)

EXERCISES

1.4. Use the formulae (1.5) - (1.9) to show that

7r—sin£—i
cos4— 1- A

1.5. a) Use the formulae (1.5) - (1.9) to obtain the formula
cos30 = 4cos® 0 — 3cos b,

and deduce that

(1.10)

(1.11)
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b) Hence show that

cos£=l sin£=£.
3 2’ 3 2
1.6. Deduce from (1.8) and (1.9) that
cos:r+cosy=2cosm;ycosx;y,
COST — COSY = 2sinz+ysiny;z .

1.7. Define the sequence (a,) by
ay=a=1 a,=2a,-1—4an_2(n>3).
Prove by induction that, for all n > 1,

-1
n—1 0s (n )7l‘ .

n =2
¢ 3

1.5 Differentiation

See [9, Chapter 4].
A function f is differentiable at a point a in its domain if the limit

o f@) —fla)

exists. The value of the limit is called the derivative of f at a, and is denoted
by f'(a). A function is differentiable in an interval (g, b) if it is differentiable
at every point in (a, b).

The function f'(z) is alternatively denoted by

U@, or (Du)(@) o B,

where y = f(z).

Theorem 1.12 (The Mean Value Theorem)

If f is continuous in [a,b] and differentiable in (a,b), and if z € (a,b), then
there exists u in (a, b) such that

fz) = f(@) + (z - a)f'(u).



1. What Do | Need to Know? 11

Moreover, if f' exists and is continuous in [a, ], then

f(z) = f(a) + (z = a)(f'(a) + €(2)) ,

where €(z) 5 0 as z — a.

Corollary 1.13

Let f be continuous in [a,b] and differentiable in (a,b), and suppose that
f'(z) =0 for all z in (a,b). Then f is a constant function.

The following table of functions and derivatives may be a useful reminder:

f(z) f'(z)

" ,nzn—l

e e

logz (z >0) 1/z

sinz costT

cos T —sinz
tanz (z # (n+ 1)) 1/cos’z
sin~'z (]z| <1) 1/V1—z?
tan~!z 1/(1 + z?)

Recall also the crucial techniques of differential calculus. Here u and v are
differentiable in some interval containing z.

The Linearity Rule. If f(z) = ku(z) + lv(z), where k, | are constants, then
f'(z) = ku/(z) + W' (z).

The Product Rule. If f(z) = u(z)v(z), then
f'(z) = v'(z)v(z) + u(z)v'(2).

The Quotient Rule. If f(z) = u(z)/v(z) (where v(z) # 0) then

, oo (2) - u@) (@)
fle) = Ok

The Chain Rule. If f(z) = u(v(z)), then
f'(z) = (v(z)) V' (z).
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We shall have cause to deal with higher derivatives also. A function f
may have a derivative f’ that is differentiable, and in this case we denote
the derivative of f' by f”. The process can continue: we obtain derivatives
U f@ . f™ . (Obviously the transition from dashes to bracketed su-
perscripts is a bit arbitrary: if we write “f(® (n > 0)”, then by f(©, f()
@ and f® we mean (respectively) £, f’, f” and f".) The linearity rule ap-
plies without change to higher derivatives, and the product rule is replaced by
Leibniz’s? Theorem:

Theorem 1.14

Let f, g be functions that are n times differentiable. Then

fo™ =3 C) Fn=r) g

r=0

1.6 Integration
See [9, Chapter 5).

It is not necessary to have studied any formal integration theory, but you
should know the following results.

Theorem 1.15 (The Fundamental Theorem of Calculus)

Let f be continuous in [a, b], and let

F(z) = / “fw)du (2 €[ab)).

Then F is differentiable in [a, b, and F'(z) = f(z).

Theorem 1.16 (The Antiderivative Theorem)

Let f be continuous in [a,b]. Then there exists a fanction & such that ¢'(z) =
f(z) for all z in (a, b], and

b
/ f(z) dz = B(b) — B(a).

2 Gottfried Wilhelm Leibniz, 1646-1716.
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Of course, the existence of the function ¢ does not mean than we can express
it in terms of functions we know. The table of derivatives in the last section
gives rise to a corresponding table of antiderivatives:

f(z) &(z)

g (n#-1) g™+ /(n+1)
et e*

1/z log|z|

sinz —cosT

cos T sinz
1/V1i—2z? (|z|] <1) sin~!z
1/(1+ «?) tan~lz

We usually denote an antiderivative of f by [ f(z)dz. It is defined only to
within an arbitrary constant — by which we mean that, if $(z) is an antideriva-
tive, then so is #(z) + C, where C is an arbitrary constant.

The finding of antiderivatives is intrinsically harder than the finding of
derivatives. Corresponding to the Linearity Rule, the Product Rule and the
Chain Rule for differentiation we have

The Linearity Rule. If f(z) = ku(z) + lv(z), where k, [ are constants, then

/f(:c)dm:k/u(a:)d:c-l-l/v(z)da:,

Integration by Parts.
/u(:c)v(:c) dr = u(z) /v(:c) dz — /u’(a:) [[v(z) dz] dz.

Integration by Substitution. Let f be continuous in [a,b], and let g be a
function whose derivative ¢’ is either positive throughout, or negative through-
out, the interval [a,b]. Then

b g~ (b)
/ f(z) dz = / £ (9(w)d' () du.
a 9~ (a)

This last rule looks more frightening than it is, and here the dy/dz notation
for derivatives is useful. To evaluate

1 5
I=/ T &
o V1+zb



14 Complex Analysis

we argue as follows. Let u = 1+ z5. Then du = 6z° dz. Also, z = 0 gives u = 1,
and z = 1 gives u = 2. So

I= /—u‘l/zdu [; 1/2] (\/_—1)

(Here g(u) = (u —1)1/6, g=1(z) = 1 + 25.)

1.7 Infinite Integrals

See [9, Sections 5 6 and 5.7).

Iflimg oo f f(z) dz exists, we write the limit as f:o f(z) dz, and say that
the integral is convergent. Similarly, we write limz_, o [ ' 1 f(z) dz, if it exists,
as [°_ f(z)dz. If both limits exist, we write

/_: f(z)dz = /; f(z)dz + /:o f(z)dz

(The value is, of course, independent of a.)
It is important to note that, by analogy with sums from —oco to oo, we
require the separate existence of [~ __ ® _f(z)dz and IN * f(z) dz, and that this is

a stronger requirement than the existence of limg ;o f_ f(z)dz. The latter
limit exists, for example, for any odd function (f(—z) = —f(z)) whatever.

The limit limg _, oo f x f(z) dz is often called the Cauchy principal value
of [%_ f(z) dz, and is written (PV) [7 f(z)dz. If [~ f(z)dz is convergent,
then

®v) [~ @)= [ fo)as

The theory of infinite integrals closely parallels the theory of infinite series,
and, as with infinite series, we say that f % f(z) dz is absolutely convergent
if f z)| dz is convergent. As with series, absolute convergence implies con-
vergence

By analogy with Theorem 1.8, we have

Theorem 1.17
The integrals

are convergent if and only if n > 1.
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Given two functions f and g, we write f < g (as ¢ — 00) (read “f has the
same order of magnitude as g”) if

where K > 0. The stronger statement f ~ g (read “f is asymptotically equal
to g”) means that

lim M =1.

z—o0 g(z)
This gives us the most convenient form of the Comparison Test:

Theorem 1.18

Let f, g be positive bounded functions on [a,00) such that f < g. Then
[ f(z) dz is convergent if and only if [, " g(x) dz is convergent.

Example 1.19
Show that

/ *° dz
—oo (1+20)173
is convergent.

Solution

Compare the integrand with 1/(1 + z2). Since (1 + z2)/(1 4+ z%)/3 > 1 as
z — 00, both the integral from 0 to oo and the integral from —oo to 0 exist,
by Theorems 1.18 and 1.17. a

We often encounter integrals in which the integrand has a singularity some-
where in the range. If f(z) — oo as T - a+, but f is bounded in any [a+¢,b),
we say that the improper integral f f(z) dz exists if f . f(z) dz has a finite
limit as € — 0+. A similar definition applies if f(z) — oo as ¢ — b—. If the
singularity is at ¢, where a < ¢ < b, then the integral exists only if both the
limits e 5

nl_i}r& i f(z)dz and hm +Ef(:z)d:z:

exist, and [ ab f(z)dz is the sum of these limits. This is a stronger requirement
than the existence of

c—€ b
El_i,%l_,_ [fa f(z)dz + e f(z) dz] .



16 Complex Analysis

If thislatter limit exists we have a Cauchy principal value, and we denote the
limit by (PV) f:f(:c) dz. For example, (PV) f_ll (1/z)dz = 0, but f_ll (1/z)dz
does not exist.

In fact we have a pair of theorems that can often enable us to establish the
convergence of improper integrals. First, it is easy to prove the following result.

Theorem 1.20
The integral

converges if and only if n < 1 . The integral

converges if and only if n < 1.

It is straightforward to modify the definitions of < and ~ to deal with limits
as T — ¢, where c is a real number. Thus f < g as £ — c if there exists K in R
such that lim,_,.[f(z)/g(z)] = K,and f ~ gasz — ciflim,,.[f(z)/g(z)] = 1.

Theorem 1.21

Suppose that f is bounded in [a,b] except that f(z) — oo as z — b—. If
f(z) <x1/(b—z)" as z — b, then f:f(a:)d:c converges if and only if n < 1.

A similar conclusion exists if the singularity of the integrand is as the lower
end of the range of integration.

Example 1.22
Show that
/1 dz
o V1-—2z2
converges.
Solution

Here f(z) — oo as z — 1. Now

n 1—a:_l, 1 _
122 eoi-14z 2’
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and so
o UVI=E 1
z—lgl— 1/(1 —23)1/2 \/2_
Thus f(z) < 1/(1 — z)'/? as £ — 1—, and so the integral converges. O

1.8 Calculus of Two Variables

Let f : (z,y) — f(z,y) be a function from R x R into R. Then we say
that lim(g ) (a) f(z,¥) = L if, for all € > 0, there exists § > 0 such that
|f(z,y) — L| < € whenever 0 < y/(z —a)2 + (y — b)? < §. The function f is
continuous at (g, b) if lim(g ) (a,p) f(Z,y) = f(a,b). These definitions are in
essence the same as for functions of a single variable: the distance |z — a| be-
tween two points z and a in R is replaced by the distance 1/(z — a)? + (y — b)?
between two points (z,y) and (a,b) in R?. [Note that when we write ,/ we
always mean the positive square root.]

The limit b b
lim f(a"+' ) )_f(a') )’
h—0 h
if it exists, is called the partial derivative of f with respect to z at (a,b),
and is denoted by
of of

32 or Eg(a,b), or fz(a,b).

Similarly,
lim f(a)b+ k) - f(a1b)
k—0 k

is the partial derivative of f with respect to y at (a,b), and is denoted

>y 0 of
f of -
_3y’ or ay(a,b), or fy(a,b).

By analogy with the familiar notation in one-variable calculus, we write

0 (0f)  &f 8 ﬂ)as?fi andﬁ(ﬁ as 2f
0z \ 0z 6z2’ Oy \ 8y oy?’ 8z \ Oy 8zdy
Alternative notations are f., fy, and fz,.

Suppose that f : R x R — R is a function whose partial derivatives are
continuous. Then

fla+ hyb+ k) = f(a,b) + h(fz(a,b) + 1) + k(fy(a,b) +e2), (1.12)

where €1,e2 > 0 as h,k — 0.
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Suppose now that z = f(u,v), where u and v are functions of z and y. The
chain rule for functions of two variables is

0: _0:0u 0:00 0:_0:0u s 00
0z Oudzx Ovdr’ Oy Oudy Oviy’
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Complex Numbers

2.1 Are Complex Numbers Necessary?

Much of mathematics is concerned with various kinds of equations, of which
equations with numerical solutions are the most elementary. The most funda-
mental set of numbers is the set N = {1,2,3,...} of natural numbers. If a
and b are natural numbers, then the equation z + a = b has a solution within
the set of natural numbers if and only if a < b. If a > b we must extend the
number system to the larger set Z = {...,—-2,-1,0,1,2,3...} of integers.
Here we get a bonus, for the equation £ + a = b has a solutionz =b—ain Z
for all a and b in Z.

If a,b € Z and a # 0, then the equation az +b = 0 has a solution in Z if and
only if a divides b. Otherwise we must once again extend the number system
to the larger set Q of rational numbers. Once again we get a bonus, for the
equation az + b = 0 has a solution z = —b/a in Q for all a # 0 in Q and all b
in Q.

When we come to consider a quadratic equation az? + bz + ¢ = 0 (where
a,b,c € Q and a # 0) we encounter our first real difficulty. We may safely
assume that a, b and c are integers: if not, we simply multiply the equation by
a suitable positive integer. The standard solution to the equation is given by

the familiar formula  bs P da

T=
Let us denote b2 — 4ac, the discriminant of the equation, by A. If A is the
square of an integer (what is often called a perfect square) then the equation
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has rational solutions, and if A is positive then the two solutions are in the
extended set R of real numbers. But if A < 0 then there is no solution even
within R.

We have already carried out three extensions (to Z, to Q, to R) from our
starting point in natural numbers, and there is no reason to stop here. We can
modify the standard formula to obtain

. ~b+ /(-1)(4ac — b?)
- 2a ’

where 4ac — b*> > 0. If we postulate the existence of v/—1, then we get a

13 H ”
solution _ I W rr
2a )
Of course we know that there is no real number /=1, but the idea seems
in a way to work. If we look at a specific example,

22 +4z+13=0,

and decide to write 7 for v/—1, the formula gives us two solutions z = —2 + 3¢
and £ = —2 — 3i. If we use normal algebraic rules, replacing i> by —1 whenever
it appears, we find that

(=2 +30)% + 4(—2+ 31) + 13 = (=2)% + 2(-2)(3i) + (3i)> — 8 + 121 + 13
=4—12i —9— 8+ 12 +13 (since i? = —1)
= 0,

and the validity of the other root can be verified in the same way. We can
certainly agree that if there is-a number system containing “numbers” a + b,
where a,b € R, then they will add and multiply according to the rules

/

(a1 + b11) + (a2 + b2i) = (a1 + a2) + (b1 + b2)i (2.1)
(@1 + b1t)(az + bai) = (ar1a2 — bib2) + (a1b2 + braz)i. (2.2)

We shall see shortly that there is a way, closely analogous to our picture of real
numbers as points on a line, of visualising these new complex numbers.

Can we find equations that require us to extend our new complex number
system (which we denote by C) still further? No, in fact we cannot: the impor-
tant Fundamental Theorem of Algebra, which we shall prove in Chapter
7, states that, for all n > 1, every polynomial equation

anz™ + an_1z" 4+ -+ az+ag =0,

with coefficients ag,ay,...,a, in C and a, # 0, has all its roots within C. This
is one of many reasons why the number system C is of the highest importance
in the development and application of mathematical ideas.
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EXERCISES

2.1. One way of proving that the set C “exists” is to define it as the set
of all 2 x 2 matrices

where a,b € R.
a) Determine the sum and product of M(a,b) and M(c,d).
b) Show that

M(a,0) + M(b,0) = M(a+b,0), M(a,0)M(b,0) = M(ab,0).

Thus C contains the real numbers “in disguise” as 2 x 2 diagonal
matrices. Identify M (a, 0) with the real number a.

c) With this identification, show that M(0,1)2 = —1. Denote
M(0, 1) by 1.

d) Show that M(a,b) = a + bi.

2.2. Determine the roots of the equation z2 — 2z + 5 = 0.

2.2 Basic Properties of Complex Numbers

We can visualise a complex number z = z + yi as a point (z,y) on the plane.
Real numbers = appear as points (z,0) on the z-axis, and numbers yi as points
(0,y) on the y-axis. Numbers yi are often called pure imaginary, and for
this reason the y-axis is called the imaginary axis. The z-axis, for the san\e
reason, is referred to as the real axis. It is important to realise that these
terms are used for historical reasons only: within the set C the number 3: is no
more “imaginary” than the number 3.

If 2 = z + iy, where = and y are real, we refer to = as the real part of z
and write z = Re 2. Similarly, we refer to y as the imaginary part of z, and
write y = Im z. Notice that the imaginary part of z is a real number.

The number Z = = — iy is called the conjugate of 2. It is easy to verify
that, for all complex numbers z and w,

iy

=z, ztw=z+w, ZzZU=zZw, (2.3)

and
z+zZ=2Rez, z—-z=2iImz (2.4)
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Note also that zZ = z if and only if z is real, and Z = —=z if and only if 2 is pure
imaginary.
The following picture of a complex number ¢ = a + b is very useful.
Y
c=a+1b

b=Imc le

a=Rec——

JC=a—1b

The product cZ is the non-negative real number a? + b%. Its square root
Ve = va? + b2, the distance of the point (a,b) from the origin, is denoted by
|c| and is called the modulus of c. If ¢ is real, then the modulus is simply the
absolute value of c. Some of the following results are familiar in the context
of real numbers:

Theorem 2.1

Let 2 and w be complex numbers. Then:
(i) |Rez| < 2|, |Imz| < |z, 2] = |2[;
(i) |zw| = |z|wl;

(iii) |z +w| < |z] + [wl;

(iv) |z — w| > ||z] — [w]|-

Proof

(i) is immediate.
(i) By (2.3), \
|lzw|? = (2w)(zW) = (22)(ww) = (|2]lw])

and Part (ii) follows immediately.
For Part (iii), observe that

|z4+w|? = (z4+w)(Z+ W) = 2Z + 20 + wZ + wb. (2.5)
Now,

2 + wZ = 20 + z@ = 2Re(zw) < 2|2w| = 2|2||w| = 2|z||w],



2. Complex Numbers 23

and so, from (2.5),
|2+ wf? < [2]? + 2|z[fw] + [w]? = (|2] + [w]).

The result now follows by taking square roots.
For Part (iv), we observe first that

2| = |(z — w) + w| < |z — w| + [v]

and deduce that
|z —w| > 2] = |w|. (2.6)
Similarly, from
lw| = |z—(z—w)| <zl + |z — w|

we deduce that
|z —w| > |w| - |z]. (2.7)

Hence, since for a real number = we have that |z| = max {z, —z}, we deduce
from (2.6) and (2.7) that
|z = w| > |2 = |wl].

a

The correspondence between complex numbers ¢ = a + b and points (a, b)
in the plane is so close that we shall routinely refer to “the point ¢”, and we
shall refer to the plane as the complex plane, or as the Argand! diagram.
The point c lies on the circle z2 + y2 = r2, where r = |c| = Va2 + b2.

ry

O a

If ¢ # 0 there is a unique 6 in the interval (—m, 7] such that

cos9=——a— sinf = b

e Vain
and we can write
c¢=r(cosf +isinf). (2.8)

! Jean-Robert Argand, 1768-1822.
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This amounts to describing the point (a,b) by means of polar coordinates,
and r(cos@ +isinf) is called the polar form of the complex number. By some
standard trigonometry we see that

(cos @ + isin @) (cos ¢ + isin @)
= (cosf cos ¢ — sin fsin ¢) + i(sin 6 cos ¢ + cos fsin ¢)
= cos(0 + @) + isin(0 + @) . (2.9)

Looking ahead to a notation that we shall justify properly in Chapter 3, we note
that, if we extend the series definition of the exponential function to complex
numbers, we have, for any real 0,

i . 1. 1 . 1. 1.
e =144+ -2—3(19)2 + ﬁ(zﬁ)s + 5(10)4 + 5(10)5 + -

—_ 1 2 1 4 . 1 3 1 5
_(1—2—!0 + 5 —-~~>+z<0—§0 07—

=cosf +isinf.

We may therefore write (2.9) in the easily remembered form
¢96id — oi(6+0)
From well known properties of sin and cos we deduce that
(=9 = cos(—6) + isin(—6) = cos § — isin¥,

and Euler’s? formulae follow easily:

1 . : 1, )
cos @ = 5(6'9 +e7 ), sinf= Z(ew —e ). (2.10)

With the exponential notation, the polar form for the non-zero complex
number ¢ = a + bi is written as re*’, where a = r cos 8, b = rsin 6. The positive
number 7 is the modulus |c| of ¢, and 6 is the argument, written argc, of c.
The polar form of ¢ is re™%.

The periodicity of sin and cos implies that e?® = ¢¥(®+2n7) for every integer
n, and so, more precisely, we specify arg c by the property that argc = 6, where
c =re? and —7 < § < m. We call argc the principal argument if there is
any doubt.

Multiplication for complex numbers is easy if they are in polar form:

(r16%)(rae'?) = (rirp)ef®1 %),

We already know that |c;cz| = |c1] |c2|, and we now deduce that

arg(cicz) = argey + argez  (mod 27) .
? Leonhard Euler, 1707-1783.
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By this we mean that the difference between arg(c;c;) and arge; + arge; is an
integral multiple of 2.
The results extend:

IC1Cz .. .Cnl = lcll |Czl “es |c,,[ s

argeicy...cp = argey +argep + -+ arge,  (mod 27),

and, putting ¢; = ¢ = -+- = ¢n, we also deduce that, for all positive integers
n,
™ = le|®, arge™ =narge {mod 27).

Example 2.2

Determine the modulus and argument of ¢, where c = 1 + V3.

Solution

An easy calculation gives |c| = 2, argc = 6, where cosf = 1/2, sinf = \/?:/2;
hence arg = /3. It follows that |c®| = 25 = 32, while arg(c®) = 57/3 = —=/3.
(Here we needed to make an adjustment in order to arrive at the principal

argument.) The standard form of c®, by which we mean the form a + b,
where a and b are real, is 32(cos(—/3) + isin(—m/3)) = 16(1 — iv/3). a

Remark 2.3
For a complex number ¢ = a + bi = re'® it is true that tand = b/a, but
it is not always true that § = tan~!(b/a). For example, if ¢ = —1 — i, then

6 = —37/4 # tan~1 1. It is much safer — indeed essential — to find 8 by using
cosf = a/r,sinf = b/r.

Finding the reciprocal of a non-zero complex number c is again easy if the
number is in polar form: the reciprocal of rei® is (1/r)e™%. In the standard
form ¢ = a + bi the reciprocal is less obvious:

1  a-b
a+bi  a2+b2’
The technique of multiplying the denominator of a fraction by its conjugate is
worth noting:



26 Complex Analysis

Example 2.4

Express
3+7i

2+ 5

in standard form.

Solution
3+ 7 (3+7i)(2-54) —l(41—i)
2+5i (2+53)(2-5) 29 '

a

Again, the fact that every complex number has a square root is easily seen
from the polar form: 1/7e*(®/2) is a square root of re*®. From this we may deduce
that every quadratic equation

a2 +bz+c=0,

where a,b,c € C and a # 0 has a solution in C. The procedure, by “completing
the square”, and the resulting formula

. —b+ /b2 —4ac
- 2a

are just the same as for real quadratic equations.

Example 2.5

Find the roots of the equation

22+ 2iz+ (2-4i) =0.

Solution

By the standard formula, the solution of the equation is
1 1
5 (-2i+ V(202 - 42— 1)) = > (-2i £ V=127 16i) = —i £ V=3 + 4i.

Observe now that (1 + 2i)2 = —3 + 41, and so the solution is

z=—i+(1+2)=1+i or —1-3i.
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The addition of complex numbers has a strong geometrical connection, being
in effect vector addition:

Y c+d

9]

The geometrical aspect of complex multiplication becomes apparent if we use
the polar form: if we multiply ¢ by re? we multiply |c| by a factor of r, and
add 0 to argc. Of special interest is the case where 7 = 1, when multiplication
by e corresponds simply to a rotation by 6. In particular:

— multiplication by —1 = €™ rotates by ;

- multiplication by i = e™/2 rotates by 7/2;

—in/2

— multiplication by —i = e rotates by —m/2;

Y

ic

Example 2.6
Find the real and imaginary parts of ¢ = 1/(1 + €%).
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Solution

One way is to use the standard method of multiplying the denominator by its
conjugate, obtaining

. 1+e % _ (1 +cosf) —isin
T (1+ef)(1+e) 2+2cosf
and hence 1 ind
—Ssin
Rec = 5, Ime = m.

More ingeniously, we can multiply the numerator and denominator by e~#¢/2),
obtaining
_ e—i(6/2) _ cos(8/2) —isin(6/2)
€= =672 1 i0/) 2 cos(8/2) ’

and hence 1 1
Rec= 3 Ime= -3 tan(6/2) .

The verification that the two answers for the imaginary part are actually the
same is a simple trigonometrical exercise. O

Example 2.7

Sum the (finite) series
C=1+cosf+cos20+---+cosnb,

where 6 is not an integral multiple of 2.

Solution
Consider the series
Z=1+e€%+e*0 ... 40,

This is a geometric series with common ratio e?®. The formula for a sum of a
geometric series works just as well in C as in R, and so
eiln+1)6 _q ei(n+3)8 _ o—3ib

e —1 = 36 _ o—3i8
ei(n+§)a _ e-%io
= 2isin 10 (by the Euler formula (2.10))
—i(cos(n + 2)8 + isin(n + 2)8) +i(cos 10 —isin 16
= ( ( 2) ( - 21) ) ( 2 2 ) (since 1/ = —i)
2sin 36

(sin(n + 3)0 + sin 36) + i(cos 18 — cos(n + 1)0)
2sin 6 )
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Hence, equating real parts, we deduce that
_ sin(n + 3)0 +sin 36
- 2sin %0

C

(6 # 2kr).

As a bonus, our method gives us (if we equate imaginary parts) the result that

cos 16 — cos(n + 1)

sinf +sin26 + .-+ +sinnf =
2sin ;6

Example 2.8

Find all the roots of the equation z* + 1 = 0. Factorise the polynomial in C,
and also in R.

Solution
z% = —1 = ¢'" if and only if z = e*™/4 or e*37i/4, The roots all lie on the unit

circle, and are equally spaced.

Yy
£37i/4 emi/4
L ] L]
-~ T
[ ] *
e—3mi/4 e—mil4

In C the factorisation is
A4l=(z- e1r.i/4)(z — emi/4) (7 — 3T/ ( . gmImI/A)
Combining conjugate factors, we obtain the factorisation in R:
24+ 1= (2% — 2zcos(m /4) + 1) (2% — 2z cos(37/4) + 1)
= (22— 2V2+ 1)(22 +2v2+1).

The strong connections between the operations of complex numbers and
the geometry of the plane enable us to specify certain important geometrical
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objects by means of complex equations. The most obvious case is that of the
circle {z : |z — ¢| = r} with centre c and radius r > 0. This easily translates to
the familiar form of the equation of a circle: if 2 = z + iy and ¢ = a + ib, then
|z—c| = r if and only if |z—c|? = 72, that is, if and only if (z—a)%+(y—b)? = r%.
The other form, z2 + y2 + 2gz + 2fy + ¢ = 0, of the equation of the circle can
be rewritten as 2% + hz 4+ hz + ¢ = 0, where h = g — if. More generally, we
have the equation

AzZ+Bz+Bz+C=0, (2.11)

where A (# 0) and C are real, and B is complex. The set
{z€C: Azz+ Bz+Bz+C =0}
is:
(C1) a circle with centre —B/A and radius R, where R? = (BB — AC)/A? if

BB - AC > 0;
(C2) empty if BB — AC < 0.

If A =0, the equation reduces to
Bz+Bz+C=0, (2.12)

and this (provided B # 0) is the equation of a straight line: if B = B; + iB;
and z = z + iy the equation becomes

Biz - By+C=0.

Theorem 2.9
Let ¢, d be distinct complex numbers, and let k > 0. Then the set
{2z : |z—¢c| =Fk|z—d|}

is a circle unless k = 1, in which case the set is a straight line, the perpendicular
bisector of the line joining ¢ and d.

Proof

We begin with some routine algebra:

{z:lz—c=klz=d|} ={z : |z—c|®> = k?|z - d|?}
— e (2-(E-0) =Kz - d)(z - )}
={z: 22— cz—Cz+cE=k?(2z - dz —dz + dd)}
= {z : A2z + Bz + Bz + C =0},
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where A =k* -1, B=¢ - k2d, C = k*dd — cc.
If K =1 we have the set

{z:(€-d)z+ (c—d)z+ (dd — c¢) = 0}

and this is a straight line. Geometrically, it is clear that it is the perpendicular
bisector of the line joining c and d.
If A # 1 then the set is a circle with centre

R 2
‘% - _’22‘1_ <, (2.13)
for we can show that BB — AC > 0:
BB — AC = (c — k*d)(c — k*d) — (k* — 1)(k*dd — cc)
= c¢ — k%cd — k*ed + k*dd — k*dd + k*dd + k*cc — c¢
= k*(c — cd — &d + dd)
=k*(c—d)(c—-d) = k*|c-d* > 0.

The radius of the circle is R, where

_ BB-AC _ K*c—dP

2
= . 2.
R yCR TV (214)
a
Remark 2.10
The circle {z : |z — ¢ = k|z — d|} has PQ as diameter. If S is the centre of the
circle, then
Q
D(d
5 (d)
C(c)
From (2.13) and (2.14) we see that
k*d —c | k*d—c| Kk%c-d|? 9
1SDl = |e— _ = =R, (2
|SC|.|SD| = |c o d T 1) R (2.15)

We say that the points C and D are inverse points with respect to the circle.
We shall return to this idea in Chapter 11.
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Remark 2.11

The observation that C and D are inverse points is the key to showing that
every circle can be represented as {z : |z — ¢ = k|z — d|}. Suppose that X is
a circle with centre a and radius R. Let ¢ = a + ¢, where 0 < ¢ < |a|, and let
d = a+ (R?/t). Then c and d are inverse points with respect to X. For every
point z = a + Re* on X,

_ Re*® — ¢ _
" |Re~i — (R2/t)|

R —te™%
te=? — R

teie
R

z—¢
z—d

z—-c
Z—d

_ 2
=<

and so |z — ¢| = (¢/R)|z — d|. The answer is not unique.

EXERCISES

2.3. Show that Re(iz) = —Im 2, Im(iz) = Re 2.

2.4. Write each of the following complex numbers in the standard form
a + bi, where a,b € R:

a) (3+29)/(1+1);
“b) (1+14)/(3 —4);
¢) (z+2)/(z+1), where z =z + yi with z,y in R.
2.5. Calculate the modulus and principal argument of

a) 1-1 b) -3i
c) 3+4 d -1+2i

2.6 Show that, for every pair ¢, d of non-zero complex numbers,
arg(c/d) = argc — argd (mod 27).
2.7. Express 1 + i in polar form, and hence calculate (1 + 7).

2.8. Show that (2 + 2iv/3)? = —2!%, (Don’t use the binomial theorem!)
2.9. Let n € Z. Show that, if n = 4g + r, with 0 < r < 3, then

1 ifr=0
= i ifr=1
-1 ifr=2
-1 ifr=3.

2.10. Calculate 312 4r.
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2.11. Show by induction that, for all z # 1,

no1_ 1= (n+1)2" + nznt!

2
1+22+32z“+---+nz =272

Deduce that, if |z]| < 1,

e 1
nz""1 = .
; (1-2)2

2.12. Let z;, 22 be complex numbers such that |z;| > |z2|. Show that, for
alln > 2,
n—1

| 1]
[z1] = || |

z2

2
2.13. Prove that, if z;, 29 € C, then
21 + 22f* + |21 — z2* = 2(|21]? + |22[*) .
Deduce that, for all ¢, d in C,

lc+ Ve — @ +]c— Vet —d?| =c+d +|c—d.

2.14. Sum the series

cosf + cos 30 + - - - + cos(2n + 1)6.

2.15. Let v = pe’® (¢ R) be a root of P(z) = 0, where
P(z) = @n2" + an_12" ' + -+ + a1z +ao,

and where ag,a1,...,a, are real. Show that ¥ is also a root, and
deduce that 22 — 2pcos@ + p? is a factor of P(z).

2.16. Determine the roots of the equations
a) 22— (3—14)z+(4-3i) =0
b) 22- (3 +i)z+ (2+1) =0.

2.17. Give geometrical descriptions of the sets

a) {z:122+3 <1} b) {z:|z] >]22+1]}.
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2.18. Determine the roots of z5 = 1, and deduce that

2 -1= (z—1)(22—2zcos-251+1)(22—2zc0s4?7r+1).

Deduce that
4r 1 2T 4 1

cos 2_7r + cos — = cos cos =
5 2’ 5 5 4’

and hence show that




3

Prelude to Complex Analysis

3.1 Why is Complex Analysis Possible?

The development of real analysis (sequences, series, continuity, differentiation,
integration) depends on a number of properties of the real number system.
First, R is a field, a set in which one may add, multiply, subtract and (except
by 0) divide. Secondly, there is a notion of distance: given two numbers a and
b, the distance between a and b is |a — b|. Thirdly, to put it very informally, R
has no gaps.

This third property is made more precise by the Least Upper Bound Axiom
(see Section 1.2), a property that distinguishes the real number system from
the rational number system and is crucial in the development of the theory of
real functions. Might something similar hold for complex numbers?

Certainly C is a field, and the distance between two complex numbers a
and b is |a — b|. However, the whole idea of a bounded set and a least upper
bound depends on the existence of the order relation < in R, and there is no
useful way of defining a relation < in C. In R, the “compatibility” property

a<band ¢c>20 = ac<bc

has the consequence that a2 > 0 for all a # 0 in R. It is this that makes a useful
ordering of C impossible, for the same compatibility property — and an order
without that property would be of no interest — would force us to conclude that

12=1>0, ¥#=-1>0.
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Despite the absence of order in C, inequalities play as crucial a role in
complex analysis as they do in real analysis. We cannot write a statement
z < w concerning complex numbers, but we can, and very frequently do write
|2z] < |w|. (One beneficial effect of the absence of order in C is that when we
say something like “Let K > 0...” we do not need to explain that K is real.)

All is not lost, however. In real analysis we can deduce from the Least
Upper Bound Axiom the so-called Completeness Property. See Theorem
1.3. Informally one can see that this is another version (in fact equivalent to
the Least Upper Bound Property) of the “no gaps” property of R. In a Cauchy
sequence the terms a, of the sequence can be made arbitrarily close to each
other for sufficiently large n. The property tells us that there is a number, the
limit of the sequence, which the terms approach as n — oo.

It is clear that the definition of a Cauchy sequence and the Completeness
Property do make sense if we switch from R to C. A sequence (c,) of complex
numbers is said to be a Cauchy sequence if, for every ¢ > 0 there exists N
such that |a,, — a,| < € for all m,n > N. Then we have:

Theorem 3.1 (Completeness Property of C)

If (¢,) is a Cauchy sequence in C, then (c,) is convergent.

Proof

We assume the completeness of R. Let ¢,, = a,, + ib,,, where a,, and b,, are real,
and suppose that (c,) is a Cauchy sequence. That is, suppose that for all e > 0
there exists N such that |c,, — ¢c,| < € for all m,n > N. Now

lem — ¢nl| = [(am — an) + i(bm — ]
= [(am - an)2 + (bm — bn)2]1/2

> max {|am — an|, |bm — bnl},

and so (an), (bn) are both real Cauchy sequences, with limits a, 3 respectively.
Thus, for all € > 0 there exists N; such that |a, — a| < €/2 for all n > Ny,
and there exists N, such that |b, — 3| < €¢/2 for all n > N,. Hence, for all
n > max {Ny, N2},

len — (@ +18)| = [(an — @) +i(bn — B)| < lan —a| + b — B] < €,

and so (cn) = a +10. O

As in Section 1.3, the Completeness Property translates for series into
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Theorem 3.2 (The General Principle of Convergence)

Let 2:;1 ¢n be a series of complex terms. If, for every € > 0, there exists N
such that

m
Z el <€
r=n+1
for all m > n > N, then 3 -, cn is convergent.

In general terms, because the definitions involve inequalities of the type
|a| < |b|, the notions of limit and convergence for sequences and series apply
to the complex case without alteration. The geometry of the plane is, however,
more complicated than that of the line, and the next section draws attention
to this aspect.

3.2 Some Useful Terminology

In real analysis one makes frequent reference to intervals, and notations such
as [a, b) for the set {z € R : a < z < b} are very useful. In complex analysis
the situation is inevitably more complicated, since we are usually dealing with
subsets of the plane rather than of the line. It is therefore convenient at this
point to introduce some ideas and terms that will make our statements less
cumbersome.

First, if c € C and r > 0, we shall denote the set {z € C : |z —¢| <7} by
N(c,7). We shall call it a neighbourhood of ¢, or, if we need to be more
specific, the r-neighbourhood of c. .

Next, a subset U of C will be called open if, for all © in U, there exists
d > 0 such that N(u,8) C U.

@N(u, 9)

Among important cases of open sets, apart from C itself, are
C\{c}, N(er), {z€C:|z—c|>r}.

The empty set 0 is also open; the definition applies “vacuously”, for in this case
there are no elements v in U.
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A subset D of C will be called closed if its complement C \ D in C
is open, that is, if, for all 2 ¢ D there exist § > 0 such that N(z,6) lies
wholly outside D. Amang closed subsets of C are C, (), any finite subset of C,
{z€C:|z—c|<r}, {z€C : |z— | >r}. There exist sets that are neither
open nor closed (see Example 3.4), but the only two subsets of C that are both
open and closed are C and 0. (See Example 3.5 below.)

The closure S of a subset S of C is defined as the set of elements z with the
property that every neighbourhood N(z,d) of z has a non-empty intersection
with S. The interior I(S) of S is the set of z in S for which some neighbourhood
N(z,6) of z is wholly contained in S. The boundary 8S of S is defined as

S\1(S).

Theorem 3.3
Let S be a non-empty subset of C.
(i) I(S) is open. (i) S =1(S) if and only if S is open.
(iii) S is closed. (iv) S =S ifand only if S is closed.
Proof*

(i) If I(S) = 0 the result is clear. Otherwise, let z € I(S). By definition, there
exists a neighbourhood N(z,§) of z wholly contained in S. Let w € N(z,§).
Since N(z, §) is open, there exists a neighbourhood N(w, €) of w such that

N(w,e) C N(2,8) C S.

N(w,e) N N(z6)

Thus w € I(S), and, since w was an arbitrary element of N(z, ), we con-
clude that N(z,8) C I(S). Thus I(S) is open.

(ii) From Part (i), S = I(S) immediately implies that S is open. For the con-
verse, suppose that S is open, and let 2 € S. Then there exists N(z, )
wholly contained in S, and so, by definition, z € I(.S). Since it is clear that
I(S) C S, we deduce that S =1(S).
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(iii) If C\S is empty then it is certainly open, and so S = C is closed. Otherwise,
let z € C\ S. Then it is not the case that every N(z,d) intersects S, and
so there exists some N(z,d) wholly contained in C\ S. Let w € N(z,9).
Asin Part (i) we must have a neighbourhood N(w,€) of w such that

N(w,e) C N(2,8) CC\ S.

Thus w ¢ S and, since this holds for every w in N(z,6), we deduce that
N(z,8) c C\'S. Thus C\ S is open, and hence S is closed.

(iv) From Part (iii), S = S immediately implies that S is closed. It is clear
from the definition that S C S for every set S. Suppose now that S is
closed, and let z € S. Then every N(z,6) intersects S. If z ¢ S, then, since
C\ S is open, there exists N(z,¢) wholly contained in C\ S, and we have
a contradiction. Hence z € S, and so we have proved that S = S.

a

Example 3.4

Let
S={(z,y) : —a<z<a, -b<y<b}.

Find I(S), S, 85, and deduce that S is neither open nor closed.

Solution
I(S)={(z,y) : —a<z<a, -b<y<b},
S={(z,y) : —a<z<a, -b<y<b},
0S=TUUUVUW,
where

T={(a,y)=—bSySb}, U={(—a,y)i—bSySb},
V={(z,b) : —a<z<a}, W={(z,-b): —a<z<a}.

Since S # I(S) and S # G, it follows from Theorem 3.3 that S is neither open
nor closed. a

Example 3.5
Show that C and () are the only two subsets of C that are both open and closed.
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Solution

Let U be both open and closed. Suppose, for a contradiction, that U and C\ U
are both non-empty, and let z € U, w e C\ U. ‘

w

Let
o=sup{Ae(0,1):(1-ANz+IweU}.

Let ¢ = (1 — 0)z + ow. Then either ¢ € U or ¢ € C\ U. Suppose first that
c € U. Since U is open, there is a neighbourhood N(c,d) lying wholly within
U, and so in particular there is a A > o for which (1 - X)z+ Aw € U. This is a
contradiction. On the other hand, suppose that ¢ € C\ U. Then, since C\ U is
open, there is a neighbourhood N(c, §) lying wholly within C \ U. Thus there
exists 7 < o such that 7 is an upper bound of {\ € (0,1) : (1 - X)z+ \w e U}.
This too is a contradiction. Hence C and () are the only open and closed sets

in C.
We shall use the following notations and terminology:
e N(a,7) ={z : |z — a| < r}, a neighbourhood, an open disc;
e N(a,r) ={z : |z —a| <7}, a closed disc, the closure of N(a,r);
e k(a,r)={z : [z —a| =7} = ON(a,r) = ON(a,r),a circle;

e D'(a,r)={z:0<|z—aqa|] <r}=N(a,r)\ {0}, a punctured disc.

EXERCISES

3.1. Show that a closed interval [a,b] on the real line is a closed subset
of C, but that an open interval (a,b) is not an open subset of C. Is
it closed?

3.2. Show that the set A = {z € C : 1 < |2| < 2} is open. Describe its
closure and its boundary.
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3.3 Functions and Continuity

In complex analysis, as in other areas of mathematics, we think of a function as
a “process” transforming one complex number into another. While this process
may involve a complicated description, most of the important cases involve the
use of a formula. Frequently the function is defined only for a subset of C, and
we talk of the domain of definition, or simply the domain, of the function.
Thus the function z — 1/z has domain of definition C \ {0}.

Ifz=z+iy€ Cand f : C— Cis a function, then there are real functions
u and v of two variables such that

f(z) = u(z,y) +iv(z,y). (3.1)
For example, if f(z) = 22, then
f(2) = (z +1iy)? = (2* - ¢*) +i(22y), (3.2)

and so
u(z,y) =z° — 3%, v(z,y) = 2zy.

We refer to v and v as the real and imaginary parts of f, and write u = Re f,
v =Im f. By |f| we shall mean the function z — |f(z)].

We cannot draw graphs of complex functions in the way that we do for real
functions, since the graph {(z, f(z)) : z € C} would require four dimensions.
What can be useful is to picture z and w = f(2) in two complex planes, and it
can be instructive to picture the image in the w-plane of a path in the z-plane.

Yy LU

f(2)

z-plane w-plane

As the point z moves along the path P in the z-plane, its image f(z) traces
out the path P’ in the w-plane.

For the function z — 22, the hyperbolic curves 2 — y%2 = k and 2zy =l in
the z-plane transform (see Figure 3.1) respectively to the straight lines u = k
and v = in the w-plane.
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Figure 3.1. The z-plane

Less obviously, but by a routine calculation, we see that the straight lines
z = k and y = | in the z-plane transform respectively (see Figure 3.2) to the
parabolic curves
v? = 4k (k? —u), vP=4(u+1%)

in the w-plane:

Figure 3.2. The w-plane

The concept of a limit is, as in real analysis, central to the development of
our subject. Given a complex function f and complex numbers ! and c, we say
that lim,_,. f(z) = Lif, for every € > 0, there exists § > 0 such that |f(z)—I| < €
for all z such that 0 < |z—c| < 6. Formally this definition is exactly the same as
for real functions, and many real analysis proofs can simply be reinterpreted as
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proofs in complex analysis. Our accompanying picture is different, however, for
the set {z € C : 0 < |z — ¢| < 8} is not a punctured interval, but a punctured
disc:

The two-dimensional nature of the definition does introduce some compli-
cations. For real numbers there are in effect only two directions along which
a sequence of points can approach a real number ¢, but in the complex plane
there are infinitely many paths towards ¢, and the existence of a limit requires
that the limit should exist for every possible path.

Example 3.6
Let f(z + iy) = u(z,y) + iv(z,y), where v(z,y) = 0 for all z, y, and

uz:y) = 5 (@) #(0,0).

Show that lim,_,o f(z+40) and lim,_,o f(0+iy) both exist, but that lim,_,o f(2)

does not.

Solution
Since u(z,0) = 0 for all z and u(0,y) = 0 for all y, it is clear that

-] . — . . —
ix_x)x})f(m+20) = 11’1_£'I}J,f(0+zy) =0.
On the other hand, if z = re’® = r(cos§ + isin#),

2 cosfsinf
72

[f(2)l =

=|cosfsinf|.

If, for example, § = w/4, then |f(2)| = 1/2 for all values of r. Thus, no matter
how small € may be, within the neighbourhood N (0, €) there is a z (= (¢/2)+:0)
for which f(z) = 0 and a z (= (¢/2)ei™/*) for which f(z) = 1/2. The limit does
not exist. a

In that example we obtained differing limiting values when 0 was ap-
proached from different angles by straight line paths. It might be thought that
the limit of f(z) as z — 0 would exist if all these straight line paths led to the
same result. But even this is not so:
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Example 3.7
Let f(z + iy) = u(z,y) + iv(z,y), where v(z,y) = 0 for all z, y, and

u(z,y) = z2 + y4 ((may) # (0, 0)) .

Show that, for all §, lim,_,o f(re*’) = 0, but that lim,_,¢ f(z) does not exist.

Solution \ \

o\ _ r° cosfsin” §
[£(re)l 72 cos? 0 + résin* @

If cos@ = 0 then |f(re®)| = 0 for all 7. Otherwise, for any fixed 6 such that

cosd # 0,

3 3

r
r2cos? 0 + rtsin* 6

r
r2cos2d

r
cos? 6

|f(re®)] <

for sufficiently small 7, and so lim,_,o f(re*’) = 0. On the other hand,

4
2 N _ Y - l
f(y +y1’)_y4+y4 21
and so there are points 2 arbitrarily close to 0 for which f(2) = 1/2. The limit
does not exist. a

Naturally, we are chiefly interested in cases where the limit does exist, and
especially in continuous functions: a complex function f is said to be contin-
uous at a point c if lim,. f(z) = f(c). To spell it out in full, f is continuous
at c if, for all € > 0, there exists § > 0 such that |f(z) — f(c)| < € for all z in
the punctured disc D'(c, §).

Example 3.8

Show that the function f : z +— |z|? is continuous at every point c.

Solution
Let € > 0 be given. Observe that
1£(2) = ()| = |I2I* = Iel?| = |I2] = lel|(I2] + lel) < |z = ¢[(|z] + |e]) -

Let § < 1. Then 0 < |z — ¢| < 1 implies |z| — |¢| < 1 (by Theorem 2.1), and so
|z| < |c| + 1. Hence

|£(2) = () < (2lel +1) |z = ].

Hence, if § = min {1,¢/(2|c| + 1)}, then z € D'(c, §) implies that |f(z) — f(c)| <
€. Thus f is continuous at c. 0O
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Remark 3.9

The standard “calculus of limits”, familiar for real functions, applies also to
complex functions, and the proofs are formally identical. (See [9, Chapter 3].)
If lim,, f(z) = and lim,_,. g(2) = m, then kf(2), f(z) £ g(z), f(2)g(z) and
(provided m # 0) f(z)/g(z) have limits kl, [ + m, lm and l/m, respectively.
Also, the continuity of f and g at c implies the continuity of kf, fx g, f-g
and (unless g(c) = 0) f/g.

We shall also be interested in limits as z — oo, and here there is a potential
difficulty, since there are many paths to infinity on the complex plane. The
obvious definition is that lim, ,, f(z) = L if, for every ¢ > 0, there exists
K > 0 such that |f(z) — L| < € whenever |z| > K. Similarly, f(z) & oo as
z = oo if, for all E > 0 there exists D > 0 such that |f(z)| > E whenever
|2| > D. It can sometimes be useful to think of oo as a single point, and to
extend the complex plane by adjoining that point. If this seems artificial, one
can change the visualisation of complex numbers by thinking of the complex
plane as the equatorial plane of a sphere of radius 1, with north pole N.

For each P # N on the sphere we define P’ as the point in which NP meets
the equatorial plane. This gives a one-to-one correspondence between the points
P on the sphere (except N) and the points on the plane. We may thus visualise
the complex numbers as points on a sphere (the Riemann! sphere, and the
“missing” point IV is the point at infinity. For the most part, however, it is
sufficient to note that lim, o, f(2) is the same as the more easily understood
liInlz|—>c<> f(z)

1 Georg Friedrich Bernhard Riemann, 1826-1866.
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3.4 The O and o Notations

This is a convenient place to introduce some extremely useful notations which
enable us to grasp the essence of analytic arguments without unnecessary detail.
In analysis one frequently requires to prove that a quantity g is “small”. That
is an over-simplification, for what is small depends on the context: we do not
normally think of the diameter of the earth’s orbit as small, but it is indeed
small compared with the distance to the edge of the galaxy. So, more precisely,
one requires in fact to prove that g is small by comparison with another quantity
Q. Furthermore, we are always interested in the ultimate comparison between
the quantities, and so to say that g is small compared with Q is to say that, in
the limit, the ratio ¢/Q is zero. We can save a lot of unnecessary technicalities
by using O and o notations, which we now proceed to explain.

Let f, ¢ be complex functions (and here there is a tacit assumption that ¢
is in some way “better known” than f); then

e f(z) = O(¢(z)) as z = oo means that there is a positive constant K such
that |f(z)| < K|¢(z)| for all sufficiently large |z|;

e f(z) = O(¢(z)) as z — 0 means that there is a positive constant K such
that |f(z)| < K|¢(z)| for all sufficiently small |z|;

o f(z) = o(¢(2)) as z = oo means that lim,| o f(2)/¢(2) = 0;
e f(z) = o(¢(z)) as z = 0 means that lim,_,o f(2)/¢(2) = 0.

We can use the notation in a very flexible way, writing, for example, O(¢)
for any function f with the property that | f(z)| < K|¢(z)| for sufficiently small
(or sufficiently large) 2.

Example 3.10

Show that, as z — 0,
1. O(z) + O(z) = O(2), o(z) + o(2) = o(z);
2. for all K # 0, K O(z) = O(z2), K o(z) = o(2);
3. 0(2)0(2) = O(z?), O(z)0(z) = o(z).

Solution

1. Let f1(z) = O(z), f2(z) = O(z). Thus there exist positive constants K;, K,
such that, for all sufficiently small z,

If1(2)] < Kilz], |f2(2)] < Kalz].
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Hence
1f1(2) + f2(2)| < |f1(2)| + | f2(2)] < (K1 + K3)lz,
and so f1(z) + f2(2z) = O(2).
Suppose now that f1(z) = o(z), f2(z) = o(z). Then, as z = 0, f1(z)/z = 0
and f1(z)/z — 0. It follows immediately that

f1(2) + fa(2) _ f(2) + f2(2) -0

z z

and so fi(z) + f2(z) = o(2).
2. Let f(z) = O(z), so that there exists a positive M such that |f(z)| < M|z|
for all sufficiently small z. Hence

|Kf(2)| = |K||f(2)] < M|K]|z],

and so K f(z) = O(z).

Let f(z) = o(z), so that f(z)/z = 0 as z — 0. Hence K f(z)/z — 0, and so
K f(z) = o(2).

3. Let fi1(z) = O(2), f2(z) = O(z), so that there are constants K;, K3 such
that, for sufficiently small z,

If1(2)| < Kalz], |f2(2)] < Kalz].
Then |f1(2) f2(2)| < K1K3|2?|, and so f1(z)f2(2z) = O(2?). Also,

fi(z )fz( ) < K1Ks|z| -0,

and so fi(z)f2(2) = o(z).
a

Note that f(z) = o(¢(z)) implies that f(z) = O(¢#(z)), but that the converse
is not true: 1+ z = O(1) as z — 0, but it is not true that 1 + z = o(1).

Example 3.11

Show that, as z — 0,
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Solution

By an easy calculation, for all |z| < %,

1 1-(1-22)(1+22z+ 2%
o (1-22)| =
D z)\ ‘ (1+2)2
322 +223| _ 3|z% + 223
= <
1+22 = (1-|2])?
4|z|2 _ 2
SV 16z|*,
since |z| < 1 implies that (1 — |z[)2 > § and 3|2(® + 2|2|* < 4|2|?. Thus
1 2
m;—(l—zz)—o(z )s
and the result follows. O

Example 3.12

Show that, as z — oo,

3 1
42°+7 4 16+O<—>.

(z2+2)2 2z 23 24
Solution
43+ 7 _ 4+ (7/23)
(22+2)°  2(1+(2/22))°
1 7 4 1
=3 (4 + z_3> [1 -z +0 (2—4)] (by Example 3.11)
4 16 1
=; 50 (?4)
EXERCISES

3.3. Show that

O(z%) asz—0

2 3y _

0(z') +0(z )—{ 0(z3) asz— co.

3.4 Show that, for all positive integers n,
(14+2)"=14nz+o(2)

as z — 0.
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3.5. Show that, as z — oo,

322+ T7z+5

- 1 -2
e —3+z+0(z ).

3.6 Let p(z) = ap + a1z + -+ + anz™, where n > 1 and a, # 0. Show
that

p(2) =0(1)asz =0, p(z) =0(z") as z = 0.






4

Differentiation

4.1 Differentiability

The definition of differentiability of a complex function presents no problem,
since it is essentially the same as for a real function: a complex function f is
said to be differentiable at a point c in C if

f(z) - f(e)

lim —=———-2

z—cC Z—2C
exists. The limit is called the derivative of f at c and is denoted by f'(c). Al-
though the definition is formally identical to that used in real analysis, the fact
that differentiability requires the rate of change of f to be the same in all possi-
ble directions means that its consequences are much more far-reaching. Certain
things, however, do not change: the standard “calculus” rules for differentiation
of sums, products and quotients, and the “chain rule” (fog)'(z) = f'(g(2))g’'(2)
are all valid for complex functions, and the proofs are in essence formally iden-
tical to those in real analysis. (See [9, Chapter 4].) Since (trivially) z > z is
differentiable, with derivative 1, it follows that polynomials are differentiable
at every point in the plane, and that a rational function p(z)/q(z) (where p
and q are polynomials with no common factor) is differentiable except at the
zeros of q.

If, as usual, we write f(z + ty) as u(z,y) + iv(z,y), and write c as a + b,
then, keeping b fixed, we have
f(z +ib) — f(a+1ib)  wu(z,b) —u(a,b) + iv(:c, b) — v(a,b)

(z + ib) — (a + b) zT-—a z—a
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Hence the existence of f'(c) implies the existence of the limits

lim u(z,b) — u(a,bd) and lim v(z,b) — v(a,b) ,
z—a T—a z—a T —a

that is, the existence at the point (a,b) of the partial derivatives du/dz and
O8v/0z. Moreover

)= — +i—. 4.1
1) oz ' ‘bz (4.1)
If we now keep a fixed, we see that

flatiy) - fla+b) _ u(e,y) —u(a,b) i(v(a,y) — v(a b))

(a+iy) — (a+ib) i(y — b) i(y —b)
— v(a, y) - v(a,, b) _ iu(aw y) — u(a’ b)
(y-9) y—b '

and so the differentiability of f at c implies the existence at (a,b) of the partial
derivatives 0u/8y and Ov/8y. Moreover,

.ﬂd=g§—%§. (4.2)

Comparing (4.1) and (4.2) gives the Cauchy—Riemann equations

u Ov ov Ou
g—a—y, ’a—z'——'a—y‘. (4'3)

We record our observations thus far:

Theorem 4.1

Let f be a complex function, differentiable at ¢ = a + ib, and suppose that
f(z +iy) = u(z,y) + w(z,y), where z, y, u(z,y) and v(z,y) are real. Then
the partial derivatives Ou/0z,\dv/8z; Ou/By and Hv/dy all exist at the point

(a,b), and
Ou Ov v Ou

6z 8y’ B oy’

We thus have a necessary condition for differentiability at c. Is it also suffi-
cient? Well, not quite. Consider the following example:
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Example 4.2
Let f(z + iy) = u(z,y) + iv(z,y), where

u(z’y) = \/@’ v(m,y) =0.

Show that the Cauchy-Riemann equations are satisfied at z = 0, but that f is
not differentiable at that point.

Solution
It is clear that Ov/8z = Bv/8y = 0, and almost as clear that du/8z = Ou/dy =
0 at the point (0, 0), since the function u(z,y) takes the constant value 0 along
both the z- and the y-axes. More formally, at the point (0, 0),

bu = lim u(2,0)~u(0,0 = lim S_ 0,

Oz =50 z-0 250 T
and the computation for du/dy is essentially identical. Thus the Cauchy-
Riemann equations are trivially satisfied.

On the other hand,

f(2) = £(0) _ vIeyl _ /TcosBsinf] _ /[cosGsmale~,

z-0 T+1y cosf+isind

where z = r cos § and y = rsin 6. The expression on the right is independent of
r, and so (f(z) — £(0))/(z — 0) takes this constant value for points on the line
zsinf — ycosf = 0 arbitrarily close to 0. For § = 0 or § = w/2 the constant
value is 0, but (for example) for § = w/4 the value is (1 — i)/2. We are forced
to conclude that the limit does not exist.

d
The Cauchy-Riemann equations arise fro e requirement that the rate

of change of the function at the point ¢ must be the same in the z- and y-
directions, and with hindsighht it was probably unreasonable to suppose that
they might be a sufficient condition for differentiability, for there are many
other ways of approaching the point c¢. Remarkably, they do come close:

Theorem 4.3

Let D = N(c,R) be an open disc in C. Let f be a complex function whose do-
main contains D, let f(z+1iy) = u(z,y)+iv(z,y), and suppose that the partial
derivatives 0u/dz, Ov/8z, Ou/By, Bv/By exist and are continuous throughout
D. Suppose also that the Cauchy—Riemann equations are satisfied at ¢c. Then
f is differentiable at c.
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Proof*

Let ¢ = a + ib and let ! = h + ik be such that the neighbourhood N(c, |!|) lies
entirely in D.

Ne,]l]) D

By a standard argument in two-variable calculus,
u(a + h,b+ k) —u(a,b) = [u(a + h,b+ k) — u(a,b+ k)
* bt ) —ulot)]
= h—(a+0h b+k)+k (a b+ ¢k),

by the mean value theorem, where 6,¢ € (0,1). Since the partial derivatives
are continuous, we may deduce that

8 p
u(a+h,b+k) — u(a,b) = h(a—: +51) + k(a—: +e2:

where €;,e3 = 0 as h, k — 0, and where the partial derivatives are now evalu-
ated at (a,b). Similarly,

v(a + h,b+ k) — v(a,b) =h(% +e3) +k(g—: +e4)

where again e3,e4 — 0 as h,k — 0. Hence

Oz Ay Oz

) .
=(h+ ik)(% + i%) + €1h + egk + iesh + iesk,

fle+1) - £ h(a“ + 61) + k(a—u + 62) +ih(@ +e3) +ik(g—: +e4)

by the Cauchy-Riemann equations. Thus

fle+)=f(e) _Ou  .6v 1 . . Ou .Ov
i —6z+zaz+l(61h+62k+zeah+ze4k)—>az+zaw
as | = 0. Thus f'(c) exists, and equals 8u/dz + i(8v/8z). a

A slight modification of this argument, in which c is replaced by an arbitrary
point w in D, gives:
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Theorem 4.4

Let D bean open discinC. Let f be a complex function whose domain contains
D, let f(z + iy) = u(z,y) + iv(z,y), and suppose that the partial derivatives
Odu/dz, Bv/dz, Ou/dy, Ov/By exist and are continuous throughout D. Suppose
also that the Cauchy—Riemann equations are satisfied at all points in D. Then
f is differentiable at all points in D. O

Remark 4.5

What goes wrong in Example 4.2 is that the partial derivatives are not contin-
uous at the origin. If z,y > 0, then
o/ _1[i 0 _1f

oz 2Vz' o8y 2Vy’

and neither of these has a limit as (z,y) — (0,0).

Let U be an open set in C. A complex function is said to be holomorphic
in U if it is differentiable at every point in U. A function which is differentiable
at every point in C is called an entire function. From our opening remarks
about differentiability, it is clear that every polynomial is an entire function. A
rational function such as z — (z+1)/(z+1) is holomorphic in the set C\ {-1}.

Some examples are instructive:

Example 4.6

Verify the Cauchy-Riemann equations for the functioy[z — 22,

Solution
Here
u(:c,y) =z? - y2 ) v(a:,y) =2zy,
and so
u_dv_, o _ ou_,
r oy O ez oy Y

The partial derivatives are continuous and the Cauchy-Riemann equations are
satisfied. Observe also that the derivative is

Ou  Ov

£+z%=2(z+zy)=2z.
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Example 4.7
Verify the Cauchy-Riemann equations for the function z — 1/z (z # 0)..

Solution
Here a: —y
u(z,y) = m ) v(z,y) = 21yt
and
ou_ b ot B ou
0z~ 8y (22 +y?)?’ 8z~ By  (z2+4+792)?°
The derivative is
Ou  ,Ov _ (y?—a?) + 2izy
oz Oz (z2+y2)?2 °
and we can check this answer by calculating that
1 z2 (y? — %) + 2izy

22 (22)? (x2 +y2)?

Example 4.8

Show that the function z — |z|? is differentiable only at 0.

Soltion

Here u(z,y) = 22 +y? and v(z,y) = 0. Since fu/8z = 2z and Ou/8y = 2y, the
Cauchy-Riemann equations are satisfied only at z = 0. Hence differentiability
fails at all non-zero points. To verify differentiability at 0, observe that

2 _ini2 =
%=%=“O

as z — 0. The derivative exists, and has value 0. O

Given that in real analysis the functions z — z% and z — |z|? are identical,
the very different conclusions of Examples 4.6 and 4.8 are, on the face of it,
surprising. One way of explaining the crucial difference between them is to
observe that 22 depends only on z, whereas |z|2 = zZ depends on both z and z.
Exploring thisidea, we express the complex function f(z,y) = u(z, y) +iv(z,y)
of two real variables z and y as a function of z and Z, using the equations

1 _ 1 _
z—i(z-t—z), y—ﬂ(z zZ).
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If we then pretend that we can apply standard two-variable calculus to this
situation, we find that

of sz ofoy_1(0f of
0z 0z 0z Oyodz 2\0Oz Oy /)’

and this is equal to 0 (so that f is a function of z only) if and only if 8f/0z +
i0f /8y = 0, that is, if and only if

ou_ov) (o, 0w\
8z Oy *\oz oy) 7’

that is, if and only if the Cauchy-Riemann equations are satisfied. This far from
rigorous argument helps to convince us that the Cauchy-Riemann equations
mark the difference between a true function of z and something that is merely
a complex-valued function of two real variables.

From the Mean Value Theorem of real analysis (see (9, Theorems 4.7 and
4.8]) we know that a function whose derivative is 0 throughout (a,b) has a
constant value. A similar result holds for holomorphic complex functions.

Theorem 4.9

Let f be holomorphic in a neighbourhood U = N(ag, R), and suppose that
f'(z) = 0 for all z in U. Then f is constant.

Proof
In the usual way, let f(z + iy) = u(z,y) + iv(z,y). Then
Ou . Ov Ov . Ou
' .t _ v .7
f'(z) = 5z ‘8z Oy z@y ’

and so f’(z) = 0 implies that
Ou Ov Ou Ov

at every point in U.
Let p = a + bi and ¢ = ¢ + di be points in U. Then
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at least one of 7 = a + di and s = ¢ + bi lies in U. (See Exercise 4.2 below.)
Suppose, without essential loss of generality, that r lies inside U. Then both
z — u(z,d) and y — u(a,y) are real functions with zero derivative, and so are
constant. Thus

u(a, b) = u(a, d) = u(c, d)a
and similarly v(a,b) = v(c,d). Thus f is constant. O

Remark 4.10

This theorem can certainly be extended to a subset more general than an open
disc, but not to a general open set. For example, if the open set U is a union
of two disjoint open discs D; and Dy,

1 fzeD,
f(z)_{ 2 ifz € D,
has zero derivative throughout its domain. This is an example where a more
precise general theorem would require some exploration of topological ideas
(the illustrated set U is not “connected”). In a first course, however, it is not
a good idea to introduce too many new concepts, and I intend that all the sets
we consider should have the connectedness property.

then the function

The proof of Theorem 4.9 involves a slightly clumsy double use of the real
Mean Value Theorem, and it is natural to ask whether there is a useful complex
analogue. .One’s first guess at such an analogue might be something like this:
given a holomorphic function f and a pair of points ¢ and w in its domain, then
f(w) = f(c) + (w—c)f'(¢), where ( lies on the line segment between ¢ and w.
But this cannot be true in general. Suppose, for example, that ¢ = 1, w = ¢
and f(z) = 23. Then the proposed theorem would require the existence of ¢ on
the line segment between 1 and i with the property that —i = 1 + 3(i — 1)¢2.
Thus . .

2 —t—1 4
¢= 3i—1) 3
and so { = £(1/v/3)e!™/4. For neither of these values does ¢ lie on the line
segment between 1 and 3.

What we do have is a similar but less precise result, sometimes known as

Goursat’s! Lemma. Its proof is trivial, but we shall see that it is nonetheless a

! Edouard Jean-Baptiste Goursat, 1858-1936.
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useful observation.

Theorem 4.11 (Goursat’s Lemma)

Let f be holomorphic in an open subset U of C, and let ¢ € U. Then there
exists a function v with the property that

f(z) = f(c) + (z = )f'(c) + (2 = c)v(z, ), (4.4)

where v(z,¢) > 0as 2z = c.

Proof

Let
_f@)-fl)
v(z,¢) = pops - f'(c).
Since . f is holomorphic, v(z,¢) — 0 as z = ¢, and Equation (4.4) clearly
follows. a

The following alternative formulation of the lemma is perhaps worth record-
ing here: if f is holomorphic in an open subset containing c, then there exists
v such that

f(e+h) = f(c) = hf'(c) = hv(c, h), (4.5)

and v(c,h) = 0 as h = 0.
There is a converse to Goursat’s Lemma:

Theorem 4.12

Let f be a function defined in an open subset U of C, and let ¢ € U. If there
exists a complex number A such that

f(z) = f(e) — A(z — ¢)
z—c

then f is differentiable at ¢, and f'(c) = A.

— 0 as z—oc, (4.6)

Proof
From (4.6), with z # ¢, we deduce that
H =16 _ 4,
z-c

as z — ¢, and the result follows immediately. O
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We end this section with a striking result that is an easy consequence of
Theorem 4.9:

Theorem 4.13
Let f be holomorphic in N(ag, R). If |f| is constant in N(aq, R), then so is f.

Proof
If |f| = O, then certainly f = 0. Suppose that |f(z)] = ¢ > 0 for all z in
N(ag, R). Thus
f(:l: + iy) = u(z’ y) + iv(:c, y) )
and
[u(z, y)]” + [o(=,9))* = 2
for all z + iy in N(ao, R). Hence, differentiating with respect to z and y, we
have
wuz + vy, =0, wuuy+vy, =0.
From these equalities and the Cauchy-Riemann equations we deduce that

i, = —uvy, = uvyy, = —v?yy = —viu,

ulv, = —uzu,, = UVVy = UVUp = —v%y,,

and from these equalities we deduce that

vy, = —uly, = vy, = ~vly,,
TR S S
uyy = u'uy, = —viuy = —viyy.
Thus
Pu, = ctuy = c?vy = c?vy, =0,
and so

Ug = Uy =V =V, =0.
v v

Hence, by Theorem 4.9, f is constant throughout U. a
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EXERCISES

4.1. Verify the Cauchy-Riemann equations for the functions
a) f(z) =i2% +2z;
b) f(z) = (z +1)/(22 — 3i).

4.2. Let p = a + ib, ¢ = c + id lie within the neighbourhood N(0, R).
Show that at least one of a + id, ¢ + b lies within N(0, R).

4.3 Show that f is differentiable at c if and only if there is a function A,
continuous at ¢, such that f(z) = f(c) + A(z)(z — ¢). If this holds,
show that lim,,. A(z) = f'(c).

4.2 Power Series

Infinite series involving real numbers play an important part in any first
course in analysis, and some familiarity with the main ideas is assumed. (See
Chapter 1.) Many of the essential definitions and results are easily extended
to series involving complex numbers. For example, if Zf:’:l zn = Sy, and if
SNy — S as N = oo, then we say that the infinite series ) .., z» converges
to S, or that it has sum S. Again, it is just as true in the complex field as in
the real field that if Zf’:l zn, is convergent then lim,_,o 2z, = 0.

If Y02 | |2a] is convergent we say that 3 . | 2, is absolutely convergent,
and we may show, exactly as in the real case (see (9, Theorem 2.36]), that
Y o, 2n is itself convergent. Since Y -, |zn| is a series of (real) positive terms,
the standard tests for convergence, such as the Comparison Test and the Ratio
Test, can be applied. (See [9].)

Power series ) .. ,cn(z — a)”, where z, a and c, are complex, play a
central role in complex analysis, and it is entirely appropriate, indeed necessary,
to introduce them at this relatively early stage. The following simple theorem
has some quite striking consequences:

Theorem 4.14

Suppose that the power series Y ., ¢n(z — @)™ converges for z — a = d. Then

it converges absolutely for all z such that |z — a| < |d].
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Proof
a+d

The series converges at all interior points of the circle.

Since ¢,d™ — 0 as n — oo, there exists K > 0 such that |c,d"| < K for all n.
Let z be such that |z — a| < |d|. Then the geometric series Yoo (|z — al/|d|)"

converges. Since, for all n,
"o (=)’
- |d| '

the series ) o cn(z—a)" is, by the Comparison Test, (absolutely) convergent.
O

zZ—a

d

loa(z = a)"| = lend”) }

As a consequence, we have an almost exact analogue of a result (Theorem
1.9) in real analysis:

Theorem 4.15

A power series Y~ cn(z — a)™ satisfies exactly one of the following three
conditions:

(i) the series converges for all z;
(ii) the series converges only for z = a;

(iii) there exists a positive real number R such that the series converges for all
z such that |z — a| < R and diverges for all z such that |z —a| > R.

Proof

Let D be the set of all z for which the series Y .., cn(z — a)™ is convergent,
and let
M={z—a| : z € D}.

Suppose first that M is unbounded. Then, for every z in C, there exists d in D
such that |d| > |z — a|, and it follows from Theorem 4.14 that > o cn(z — a)”
is convergent. This is Case (i).

Suppose now that M is bounded, and let R = supM. If R = 0 then
D = {a}, and we have Case (ii). So suppose that R > 0, and let z be such that
|z—a| < R. Then, by definition of R, there exists d such that |2 —a| < |d| < R,
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and such that E?:o cnd™ is convergent. From Theorem 4.14 it follows that
Yoo cn(z — a)™ is convergent.

Now let z be such that |z — a| > R, and suppose that Y oo cn(z —a)™ is
convergent. Then z —a € D, and so we have an immediate contradiction, since
R was to be an upper bound of M. O

The number R is called the radius of convergence of the power series,
and we absorb Cases (i) and (ii) into this definition by writing R = oo for Case
(i) and R = 0 for Case (ii).

Theorem 4.15 is silent concerning numbers z for which |z —a| = R, and this
is no accident, for it is not possible to make a general statement. The circle
|z — a| = R is called the circle of convergence, but in using this terminology
we are not implying that convergence holds for all — or indeed any — of the
points on the circle.

The strong similarity between real and complex power series continues, for
Theorem 1.9 extends to the complex case, and the proof is not significantly
different. (See [9, Theorems 7.26 and 7.28].)

Theorem 4.16
Let 3 o2 ;cn(z — a)™ be a power series with radius of convergence R.

G) If .

lim |- | =,
n—00 | Cp41l
then A = R.
(ii) If
lim |c,|~Y/™ = A,
n—00
then A = R.

O

It is often convenient to prove results about power series for the case where
a = 0, since it simplifies the notation, and it is easy to modify the results to
cope with the general case, simply by substituting z — a for z. The following
useful theorem is a case in point. It tells us that if we differentiate a power
series term by term we do not change the radius of convergence.

Theorem 4.17

The power series Y oo,

radius of convergence.

cn(z — a)™ and Y o2 ncp(z — @)™ ! have the same
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Proof*

We shall prove this for the case where a = 0.
Suppose that the series Y oo cn2™ and Y oo ; nc, 2™~ ! have radii of con-

vergence R;, R, respectively. For each z # 0 and for all n > 1,

Y

lenz™| < l2|lnca 2™,

and so, by the comparison test, Y .., cnz" is absolutely convergent for every
z with the property that > ., nc,z"~! is absolutely convergent, that is, for
every z such that |z| < Ry. It follows that R; < R;.

Suppose now, for a contradiction, that R, < R;, and let z;, z; be such that

R; < |29]| < |z1| < Ry.

From Exercise 2.12 we have

-1
" |21

22
21| — |22

2

and from this we deduce that, for all n > 2,

Incazy™t < len2T] .

1
|z1] — |22|

Since |21| < Ry, the series Y o |cn 27| is convergent. Hence, by the comparison
test, > oo | [ncn23 1| converges also, and this is a contradiction, since |z2| > Rs.
We deduce that R; = R,. O

Remark 4.18

The theorem holds good for a series with zero or (more importantly) infinite
radius of convergence.

The crucial importance of power series can be seen from the next result.
It is quite awkward to prove, but easy enough to understand. It tells us that,
within the circle of convergence, it is legitimate to differentiate a series term
by term.

Theorem 4.19

Let Y o> ;cn(z — a)™ be a power series with radius of convergence R # 0, and
let

f(2)=) ca(z—a)® (lzl <R).
n=0
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Then f is holomorphic within the open disc N(a, R), and

fl(z) = chn(z —a)"t.

n=1

Proof*
Again, it will be sufficient to prove this for the case where a = 0.

Let g(z) = Y22, ncaz™ 1. From Theorem 4.17 we know that g is defined
for |z| < R. We shall show that, within the disc N(a, R),

f(z+h) - f(2)

- -g(2)] = 0 ash— 0,

from which we deduce that f is differentiable, with derivative g.

The proof, though conceptually simple, is technically awkward, and it pays
to record some preliminary observations. Let 0 < p < R, and let z, h be such
that |2| < p, |z| + |h| < p. Then the geometric series

N Y (IR 1)

are both convergent, with sums

p p
) ) 4.7
pysyr R g1y (47

respectively. Also, from Exercise 2.11 we know that

ad 1

N -l &
. gnz L (2| < 1),
and it follows that
o nfz| ! p
Y ——-= 5 - (4.8)
n=0 p (P - |z|)
We have that
_ oo n_ ,n
f(Z-{-h}Z f(z) —g(z) = ch((z'i'hzl 2 _nzn-1>
n=0
00
(Z + h)n -2z" n-1
< X~ v Z
< §|cn| . nz
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Now, by the binomial theorem,

(z+h)" -2

_ n—1|( _ n n—2 n n—3;2 . n—1

5 nz = (2>z h+(3>z h+---+h
< (5)1em+ (5 ) —s1n 4 oo 1
— (lzl + |h|) - |Z| _ nlzln—l .

Al

Also, since cpp™ — 0 as n — oo, there exists K > 0 such that, for all n > 1,

lenp™ < K.
Hence . i
ens™| = lews™ 20 < KB
p p
len(z + h)™] = |enp™| |2 +nh}" < K|Z -:nh|" < K(IZ[ ';nlhl)" '
Hence,
f(z+h)—f(2) > K (2] + |A])" _Jz®  nlhllzt
_ K p p___ rlh
= (p_ =T A= (- |z|)2> (by (4.7) and (4.8))

_Kp |h| ___Inl
Al ((p—lzl—lhl)(P-lzl) (p—|2|)2>

_ _Ep 11
T \—E - s

Kplh|
= 5
(o I2| ~ Ih) (o~ I2I)
and this tends to 0 as h — 0. a
Example 4.20

Sum the series
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Solution
From )
2 .3 1
l+z+2+2"+--- = 1 (2] < 1)

we deduce, by differentiating term by term, that

14224322 +423 +... = = (2| < 1).

(1-2)?

Hence .

Z+222+323+4Z4+"'=Z—1_—z)2 (|Z|<1),
and so, again by differentiation, for all z in N(0,1),

d z 142
12 4 92 2,2 42,3, ., -9 - )
+2°2+ 32" +4%2" + & \T=2n L

We define the function exp by means of a power series, convergent for all z:

® _n 2 3

z z z
expz=zﬁ=l+z+—+—

» g (4.9)

The function is holomorphic over the whole complex plane, and one easily
verifies that
(exp)'(z) = exp z. (4.10)

Let F,,(2z) = exp(z + w)/ exp z. Then, by the quotient rule,

(exp z) (exp(z + w)) — (exp(z +w))(exp z)
(exp z)?

Fu(2) = =0,
and so F,(z) = k, a constant. (See Exercise 3.2.) Since F,,(0) = expw, we
deduce that F,,(z) = exp w for all z, and so we have the crucial property of the
exponential function, that

exp(z + w) = (exp z)(expw) . (4.11)

In real analysis (see [9, Chapter 6]) we use this property to establish, for every
rational number ¢, that exp g = €9, where e = exp 1, and then we define e* to
be exp z for every real number z. It is equally reasonable to define e* to be
exp z for all z in C. We shall use both notations. The functions cos, sin, cosh
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and sinh defined by

% ,2n 2 gt
cosz:E(—l)"m=1-—ﬁ+E—m, (4.12)
sinz=§(—1)"%=z—;—j+;—j—--- , (4.13)

coshz=§)%=l+§+z—‘:+---, (4.14)
sinhz=§%=z+§-+;—j+---, (4.15)

are all entire functions (holomorphic over the whole complex plane), and it is
easy to verify that the formulae

cos z + isin z = e** cosh z + sinh z = e*, (4.16)
cosz = %(eiz +e7%), sinz = 2%_(6*‘ —e7'), (4.17)
cos?z+sin’z =1, (4.18)

coshz = %(e‘ +e7%), sinhz = %(ez —e’ %), (4.19)
(cos)'(z) = —sinz, (sin)'(z) = cos z, (4.20)
(cosh)'(z) = sinh z, (sinh)'(z) = cosh z, (4.21)

are valid for all complex numbers z.

It is not by any means obvious that for all real z the sine and cosine defined
by means of these power series are the same as the geometrically defined sine
and cosine that enable us to put complex numbers into polar form. A proof
that they are in fact the same can be found in [9, Chapter 8]. Here we shall
assume that the functions cos and sin, defined by the above power series, have
the properties

cosz >0 (z € [0,m/2)), cos(m/2)=0.
(In a strictly logical development of analysis, this is the definition of . See [9,
Chapter 8].) From (4.18) we deduce that

sin(m/2) = £4/1 — cos?(n/2) = £1.

Since sin0 = 0 and (sin)’(z) = cosz > 0 in [0,7/2), we must in fact have
sin(7/2) = 1. From (4.11) and (4.16) we see that
cos(z + w) + isin(z + w) = ei*T¥) = ¢izeiv
= (cos z + isin z)(cos w + % sin w)

= (cos z cosw — sin zsinw) + i(sin z cosw + cos zsinw),
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and so the familiar addition formulae

cos(z + w) = cos z cosw — sin zsinw (4.22)

sin(z + w) = sin zcos w + cos z sinw (4.23)
hold for all z, w in C. From these it follows that

cos 7 = cos?(w/2) — sin®(n/2) = -1, sinw = 2sin(r/2) cos(n/2) =0,

2 2

cos2m =cos“m —sin“mr =1, sin2r =2sinwcosm=0.

Hence we have the periodic property of the exponential function: for all z in C,
e*t2™ = e*(cos 2w + isin2r) = €*. (4.24)
Writing z as z + iy with z, y in R, we see that
e* = "W = ¢%eV = e"(cosy + isiny).
Thus
le*| = e*, arge* =y (mod 27). (4.25)

Since e” is non-zero for all real z, we have the important conclusion that e*
is non-zero for all complex numbers z. Thus z — e~% = 1/e® is also an entire
function.

EXERCISES

4.4. Let p(z) = ao + a1z + a2 + -+ + a,2z™ be a polynomial of
degree n. Show that
im P2

1
|z| 400 An 2™

4.5. Show that e = e for all z in C, and deduce that

sinz=sinZ, C0SZ=cosZ.

4.6. Use Formulae (4.17) to prove that, for all complex numbers z, w
cosh(z + w) = cosh 2z cosh w + sinh z sinh w,

sinh(z + w) = sinh 2 cosh w + cosh z sinh w .

4.7. Show that, if F(z) = cosh? z — sinh? 2, then F'(z) = 0, and deduce
that cosh® z — sinh? z = 1 for all 2.
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4.8.

4.9.

4.10.

4.11.

4.12.
4.13.

4.14.

Show that cos(iz) = coshz and sin(iz) = isinhz. Determine the
real and imaginary parts of cos z and sin z, and verify the Cauchy-
Riemann equations for each of the functions cos and sin.

Show that

|sinz|? = sin? @ +sinh®y, |cosz|? = cos®z + sinh?y.

We know that, for all z in C,
cos’z+4sin’z=1.

This does not imply that | cos z| < 1 and |sinz| < 1. Show in fact
that, for all real y,

. 1 . 1
| cos(iy)| > 56“", | sin(iy)| > 5(6"" -1).
Show that, for all z in C and all n in Z,
sin(z + nr) = (-1)"sinz, cos(z +nm) = (—1)"cosz.

Show that, for all z in C,

cosh(z + 2mi) = cosh z sinh(z + 274) = sinh z.

Determine the real and imaginary parts of exp(z2?) and exp(exp z).

Show that, if z and y are real,

| sin(z + ty)| > sinhy.

Show that, as z = 0,

2

e’ =1+42z+0(2%), cosz:l—fz—+o(23).
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4.3 Logarithms

In real analysis the statements y = e and z = logy (where y > 0) are equiv-
alent. (Here log is of course the natural logarithm, to the base e.) If we try to
use this approach to define log z for complex z then we hit a difficulty, for the
fact that e* = e*t2™ for all z means that z — e* is no longer a one-to-one
function. The notion of a logarithm is indeed useful in complex analysis, but we
have to be careful. Let us suppose that w = log z (where z # 0) is equivalent
to z = e", where w = u + iv. Then

z = eu+iv — eueiv
and so e* = |z|, v = arg z (mod 27). Thus u = log|z|, while v is defined only

modulo 27. The principal logarithm is given by
log z = log|z| +iarg z,

where arg z is the principal argument, lying in the interval (—,x]. It is conve-
nient also to refer to the value of the principal logarithm at z as the principal
value of the logarithm at z. It should be emphasised that the choice of the
principal argument as lying in (—m, 7] is completely arbitrary: we might have
chosen the interval [0,27) - or indeed the interval (—m/8,157/8] — instead. It
follows that the choice of the principal logarithm is similarly arbitrary. However,
we have made a choice, and we shall stick to it.
With the choice we have made,

log(-1) = ir, log(—i) = —i(r/2), log(l+iv3)=log2+i(n/3),
and so on. Statements such as
log(z122) = log z; + log z; and log(z*) = klog 2

need to be treated with some care, for the imaginary parts may differ by a
multiple of 2w. To take the simplest example, log(—1) + log(—1) = 2iw, and
this is not the principal logarithm of (—1)(—1).

A useful approach to the untidiness caused by functions such as arg and
log is to define a multifunction f as a rule associating each 2z in its do-
main with a subset of C. The elements of the subset are called the values
of the multifunction. Thus we can define Argz (note the capital letter) as
{argz + 2nm : n € Z}, and Log z as {log z + 2n7i : n € Z}. Then we can say
definitely that

Arg(zw) = Argz + Argw, Log(zw) =Logz + Logw,
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where, for example, the second statement means that every value of the mul-
tifunction Log(zw) is a sum of a value of Logz and a value of Logwj; and,
conversely, the sum of an arbitrary value of Log z and an arbitrary value of
Logw is a value of Log(zw).

The multifunctional nature of the logarithm affects the meaning of powers
c?, where ¢, z € C. We define c? in the obvious way as e?!°6¢, and immediately
realise that z — ¢* may sometimes have to be interpreted as a multifunction.
If we use the principal logarithm of ¢ we can assure ourselves that c*c* =
¢, but (¢*)¥ = ¢** and c*d* = (cd)® may fail unless we interpret them in
multifunction mode.

Example 4.21
Describe (1 + )%

Solution

This is not a single complex number, but a set:

(1+1)f = el8(+9) = {exp[i(log(V2) + (2n + 1)mi)] : n € Z}
= {exp[—(2n+ })mr +ilog(v2)] : n€ Z}.

Example 4.22

Comment on the statements

€8 =2, log(e’) =z, (&) =¢e™".

Solution
For the first formula, given the ambiguity of log, we should examine the mul-
tifunction e“°8 %, However, we find that
eLogz = {elog|z|+iargz+2mri ‘ne Z} — {|z|eiargz62nni ‘ne Z}
= {2 : n € Z} = {2},
and so the first formula can be used with perfect safety.

On the same principle, we next examine the multifunction Log(e*). Here
w € Log(e?) if and only if e¥ = e?, that is, if and only if

we€{z+2nmi : neZ}={z+ (y+2nm)i: neZ}.
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This set certainlv includes z, but we cannot be sure that using the principal
logarithm will gi- ¢ us the answer z. For example, if z = 5iw/2, then log(e?) =
in/2 # 2.

By definition,

(ez)w = ewlos(e”) — {ew(z+2n1ri) ‘ne Z} — {eszan'w nc Z} .
In fact all we can say is that € is a value of the multifunction (e*)™. a

All this may seem somewhat confusing, but in practice it is usually sur-
prisingly easy to sort out whether or not a formula is true in function or in
multifunction mode. If a is real and positive, we shall normally regard z — a®
as a function rather than a multifunction. Thus a* is defined as e?!°8%, where
log has its usual real analysis meaning.

Finally, we would expect that the formula for the differentiation of the real
function log z might extend to the complex plane. Also, since all the values of
the multifunction Log z differ by a constant, we would expect the ambiguity to
disappear on differentiation:

Theorem 4.23

Proof

Let z = z + iy = re*®. Then the values of Log z are given by
{logr +i(6 + 2n~) : n € Z}.
If we choose any one of these values, we see that
logz = % log(z? + y?) + i(tan~ (y/z) + 2n7 + C) ,

where C = 0 or +m. (The +r is necessary, since tan~!(y/z) by definition
lies between —7/2 and 7/2, and so, for example, arg(—1 — i) = —37/4 =
tan~!1 — 7.) Hence, calculating the partial derivatives with respect to z of the
real and imaginary parts, we see that

(log)'(2)

T . 1 -y _ zT—y 1

= 1 =T =
a:2+y2+ 1+ (y/z)? 22 z2+y* 2
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EXERCISES

4.15. Describe the multifunction z¢, and determine the real and imaginary
parts of the multifunction (—).

4.16. Define the multifunction Sin~! by the rule that w € Sin™" z if and
only if sinw = z. Show that

Sin~!z=—i Log(iz £ V1 —22).
Describe Sin~'(1/v/2).

4.17. By analogy, define Tan™! by the rule that w € Tan"! z if and only
if tan w = 2. Show that

1 141z
-1__ * .
Tan Z_ZiL0g<1—iz) (z # £i).

Suppose now that z = e®, of modulus 1, where —7 /2 < < 7/2.
Show that

; 1 cosf ™
-1/ 10\ _ . al
Tan™"(e )——2i (log’—————1 Sin6’+2(2mr+2)) ,

and deduce that

Re(Tan“l(eia)) = {n1r+§ :nE Z} .

4.18. Comment, on the mathematical rather than the literary content, of:

Little Jack Horner sat in a corner
Trying to work out .

He said, “It’s the principal logarithm
Of (-1)~%”

4.4 Cuts and Branch Points

As we have seen in the exercises above, there are many multifunctions, and it
is easy to define still more complicated examples. For our purposes only two
multifunctions will really matter, namely Log z (along with its close companion
Argz) and z!/™, and there is an easy way of dealing with them. First, the
principal logarithm is holomorphic in any region contained in C \ (—o0,0]. We



4. Differentiation 2 7 0 5 8 4 , 75

think of the plane as having a cut along the negative z-axis, preventing arg z
from leaving the interval (—m,n].

Y

If z moves round any closed path wholly contained in C\ (—o0, 0], the logarithm
changes continuously and returns to its original value. '

As with the definition of the principal argument and the principal logarithm,
the position of the cut is ultimately arbitrary. The positive z-axis would do as
well. So would any half-line containing the origin, and more complicated cuts
would also be possible. The key points are that the cut should contain 0 and
should go off to infinity, and we say that 0 and oo are branch points. If our
cut failed to contain 0 or failed to go off to infinity without gaps we could find
a circular path round which the logarithm could not both change continuously
and return to its original value.

The other inescapable multifunction is z
If z = €* then, as a multifunction,

1/n where n is a positive integer.

ZM/n = {pM/nei0t2km/n k= 0,1,...,n - 1}.

Again the position of the cut is to an extent arbitrary, but the natural way
to proceed is to define r1/m¢#/" as the principal value and to make a cut
along [0, 00). Once again, if z moves round any closed path wholly contained in
C\ [0,00) then the value of z}/™ (whether the principal value or not) changes
continuously and returns to its original value. Again, 0 and oo are branch
points.

For more complicated multifunctions it can be harder to determine the
branch points and the appropriate cut, but the functions we have mentioned
will be sufficient for our requirements.

4.5 Singularities

Let f be a complex function whose domain includes the neighbourhood N(c, r).
It can happen that lim,_,. f(z) exists, but is not equal to f(c). In such a case
we say that f has a removable singularity at the point c¢. The terminology is
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apposite, for we can remove the singularity by redefining f(c) as lim,_,. f(z).
For example, we might, admittedly somewhat perversely, define

22 ifz#2
f(z)‘{ 5 ifz=2

Then f has a removable singularity at 2, and the singularity disappears if we
redefine f(2) to be 4. Singularities of this kind play no significant part in the
development of our theory, and when in future we refer to singularities, it will
be assumed that they are not of this artificial kind.

More importantly, we have already come across a function, namely z — 1/z,
which is holomorphic in any region not containing 0. For a complex function f,
a point ¢ such that f(z) has no finite limit as z — c is called a singularity. If
there exists n > 1 such that (z—¢)™ f(2) has a finite limit as z — ¢, we say that
the singularity is a pole. The order of the pole is the least value of n for which
lim,,.(z — ¢)™ f(z) is finite. Poles of order 1, 2 and 3 are called (respectively)
simple, double and triple. If f is a function holomorphic on an open subset
H of C except possibly for poles, we say that f is meromorphic in H . It is,
for example, clear that the function 1/z is meromorphic (in C), with a simple
pole at 0.

Example 4.24

Show that 1/ sin z is meromorphic in C, with simple poles at z = n7w (n € Z).

Solution

From Exercise 3.8 we know that
sin(z + iy) = sinz coshy + icos zsinh y,

and we know that coshy > 1 for all real y, and sinhy = 0 if and only if y = 0.
Hence Re(sin(z + iy)) = 0 if and only if sinz = 0, that is, if and only if
« = nr. Since cosnm = £1, Im(sin(z + iy)) = 0 if and only if y = 0. Thus the
singularities of the function 1/sin z occur exactly at the points nr.

From Exercise 3.11 we know that sinz = (—1)"sin(z — n) for all n in Z.
Hence

- —1)*(z —
lim 22T = fiy Sz n)
zonm sinz  z-onm sin(z —nm)

= (-1)".
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Example 4.25

Show that cos z = —1 if and only if z = (2n + 1)m, where n € Z. Hence show
that

1
1+ coshz
has double poles at z = (2n + 1)i.
Solution .
One way round the first statement is clear: we know that cos(2n + 1)7 = —1.
For the converse, note that cos(z + iy) = —1 if and only if
coszcoshy —isinzsinhy = -1,

that is, if and only if

coszcoshy = -1, (4.26)

sinzsinhy =0. (4.27)

From (4.27) we deduce that either (i) y = 0 or (ii) £ = mn (where m € Z).
Suppose first that y = 0. Then coshy = 1 and so, from (4.26), cosz = —1.
Hence z + iy = (2n + 1)7 + 0i, as required. Next, suppose that z = mm.
Then cosz = %1, and so (4.26) gives (£1) coshy = —1. Since coshy > 1 for
all y # 0, this can happen only if y = 0 and cosz = —1, that is, only if
z+iy=(2n+ 1)w + 0i.

Turning now to the second part of the question, we begin by observing that
1+cosh z = 1+cos(iz), and so 1+cosh z = 0 if and only if iz is an odd multiple
of m, that is, if and only if z = (2n + 1)mi. So the singularities of 1/(1 + cosh z)
occur at these points. The periodicity of cos gives

cosh z = cos(iz) = — cos(iz + (2n + 1))
= —cosi(z — (2n + 1)mi) = —cosh(z — (2n + 1)m),

and so, as z = (2n + 1)4,

(z - (2n+ 1)1ri)’c _ (z -(2n+ 1)7r'i)lc
1+ coshz ~ 1-—cosh(z — (2n + 1)mi)
2 4
= (s=Gn+mi)* /[- o@nitir) (e-@nthr) ]
oo ifk=1
{ —2 ifk=2

Thus the singularities are all double poles. a
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If p and g are polynomial functions, we say that the function r, defined on
the domain {z € C : ¢(z) # 0} by r(z) = p(z)/q(z), is a rational function. If
we suppose, without essential loss of generality, that p and ¢ have no common
factors, then r is a meromorphic function with poles at the roots of the equation
g(z) = 0. For example, z — (z +1)/z(z — 1)? has a simple pole at z =0 and a
double pole at z = 1.

Other types of singularity can arise, and will be discussed properly later.
For example, the function e}/* clearly has a singularity at z = 0, but this is
not a pole, since foralln > 1

1 1
nel/z — (14 2 4.
z'e z <+z+ +(n+1)!z"+1+ )

has no finite limit as z — 0. This is an example of an isolated essential sin-
gularity. Even worse is tan(1/z), which has a sequence (2/nm),eN of singular-
ities (in fact poles) with limit 0. At 0 we have what is called a non-isolated
essential singularity.

EXERCISES
4.19. Show that z +— tanz is meromorphic, with simple poles at
2n+1)7/2 (ne€Z).
4.20. Investigate the singularities of z — 1/(zsin z).

4.21. Let r be a rational function with a pole of order k at the point c.
Show that the derivative of » has a pole of order k + 1 at c.
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5.1 The Heine—Borel Theorem

Therather technical Heine!-Borel? Theorem is necessary for some of our proofs,
and this is as good a place as any to introduce it. The result we shall need most
immediately is Theorem 5.3.

A subset S in C is said to be bounded if there exists a positive constant
K such that |z| < K for all z in S. Geometrically speaking, S lies inside the
closed disc N(0, K).

By an open covering of a set S we mean a possibly infinite collection

C={V;:iel}

of open sets V; whose union |J {V; : i € I} contains the set S. If I is finite we
say that the covering is finite. A subcovering of C is a selection S of the open
sets V; which still has union containing S:

S={V;:ieJ},

where J is a subset of I and S C |J{V; : ¢ € J}. It is called a finite subcovering
if J is a finite subset of I.

! Heinrich Eduard Heine, 1821-1881.
2 Félix Edouard Justin Emile Borel, 1871-1956.
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Theorem 5.1 (The Heine—Borel Theorem)

Let S be a closed, bounded subset of C. Then every open covering of S contains
a finite subcovering of S.

Proof*

Since S is bounded, we may suppose that it is enclosed within a square @ with
side I:

Let C be an open covering of S, and let us suppose, for a contradiction, that
there is no finite subcollection of C that covers S. Divide the square @Q into 4
equal parts by bisecting the sides. Then for at least one of these parts — call it
Q1 - the set SN Q; of S is not covered by a finite subcollection of C. We may
now subdivide the square Q; in the same way and obtain a still smaller square
Q2 with the property that the set SN Q5 is not covered by a finite subcollection
of C. Continuing this argument we find squares

QoQ105Q225Q3>D -,

with the property that S N @, is not covered by any finite subcollection of C.
For n = 1,2,3,..., Q, is a square with side /2", and the distance between
any two points within Q,, is less than [1/2/2", the length of the diagonal of the
square.

/Q3, with side [/8
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For each n, let a,, be the centre of the square Q,,. We show that the sequence
(o) is a Cauchy sequence. For a given € > 0 there exists N such that [v/2/2V <
€. If m,n > N then both a,, and a, are inside or on the boundary of the square
Qn, and so

|om — an| < IV2/2N < €.
By the completeness property it follows that the sequence (a,) has a limit .

We show now that « lies inside or on the boundary of every square Qx.
Let N € N. Then, for all m > N the point a,, lies inside or on the square Q y,
and so |, — an| < 1v/2/2N*1. 1t follows that '

lo — an| = lim |am — an| < IV2/2NF
m—00

and so « lies inside or on the boundary of Q.

Since C is a covering, a € U for some U in C. Since U is open, there exists
a neighbourhood N(a,d) wholly contained in U. If we now choose n so that
l\/§/2” < 4, we see that the square @, lies entirely within N(a,d) and so
entirely within U.

N(e,d)

Qn

This is a contradiction, for @,, chosen so as to be covered by no finite
selection of the open sets from C, is in fact covered by the single open set
U. a

Remark 5.2

Both “closed” and “bounded” are required in the theorem. If, for example, S
is the bounded open disc N(0,1), then

C={N(0,1-1):neN}

is an open covering of S, but no finite subcovering of C will suffice. Similarly,
if S is the closed, unbounded set

{z€C :Rez>0,Imz > 0}
(the first quadrant of the complex plane), then
C ={N(0,n) : ne N}
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is an open covering of S, but again no finite subcovering will suffice.

One very significant consequence of the Heine-Borel Theorem is as follows:

Theorem 5.3

Let S be a closed, bounded set, and let f, with domain containing S, be con-
tinuous. Then f is bounded on S; that is, the set

{If(2)] : z € S}

is bounded. Moreover, if M = supg|f|, then there exists z in S such that

|f(2)] = M.

Proof*

Let ¢ = 1. By continuity, for each ¢ in S there exists . > 0 such that
|f(2) — f(c)] < 1 for all z in N(c,&;). The sets N(c,d.) certainly cover S,
and so, by the Heine-Borel Theorem, a finite subcollection

{N(ci, o) : 1 =1,2,...,m}
covers S. Let
K =max{|f(c))| + 1,...,[f(em)| + 1},
and let z € S. Then z € N(c;, d;) for at least one ¢ in {1,2,...,m}, and so

[f (@) = 1f(ea)l < 1£(2) = f(e:)l < 1.

Hence
[f() < |f(a)| +1< K.

Let M = supg |f|, and suppose, for a contradiction, that |f(z)| < M for all
z in S. It follows that the function g : S — R given by

9(z) =1/ (M — |£(2)])

being continuous, is bounded in S. On the other hand, for all K > 0 there

exists z in S such that M — |f(z)| < 1/K (for otherwise a smaller bound

would be possible). Thus |g(z)| = g(z) > K, and so g is not bounded. From

this contradiction we gain the required result, that the function |f| attains its

supremum within S. O
The following result is an easy consequence:
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Corollary 5.4

Let S be a closed bounded set, and let f, with domain containing S, be con-
tinuous 'and non-zero throughout S. Then inf {|f(2)| : z € S} > 0.

Proof

From the hypotheses we see that 1/f is continuous throughout S. Hence
there exists M > 0 such that sup{|1/f(2)| : z € S} = M. It follows that
inf {|f(z)] : z€S}=1/M > 0. m]

EXERCISES

5.1 Show that both “closed” and “bounded” are required in Theorem
5.3.

5.2 Parametric Representation

It will be convenient in this section to define curves by means of a parametric
representation. That is, a curve, or path, C is defined as

C = {(r1(¢),r2(¢)) : t € [a,B]},

where [a, b] is an interval, and 7, r are real continuous functions with domain
(a, b].
This has some advantages over the standard approach

C ={(z,f(2)) : z €[a,8]},

for there are no problems when the curve becomes vertical, or crosses itself:

<

The other advantage is that the definition imposes an orientation, which is
the direction of travel of a point on the curve as ¢ increases from a to b.
We shall find it useful to use vector notation and to write

C={r(t) : t €a,b]}
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where r(t) is the vector (r1(t),r2(t)).

If r(a) = r(b) we say that C is a closed curve. If a < t < t' < b and
| — t| < b — a implies that r(t) # r(t'), we say that C is a simple curve.
Visually, a simple curve does not cross itself.

Some examples will help.

Example 5.5

If r(t) = (cost,sint) (t € [0,2n]), then C is a simple closed curve. The curve,
a circle of radius 1, begins and ends at the point (1,0), and the orientation is

anticlockwise.
Y

Example 5.6

Let r(t) = (t2,t) (t € [-1,1]). The curve, a parabola, is simple but not closed.
It begins at A(1,—1) and ends at B(1,1), and the orientation is as shown.

Y

Example 5.7

Let r(t) = (costcos2t,sintcos2t) (¢ € [0,2n]). This is a closed curve, but is
not simple, since

() = r(%) =x(§) = x(}) = (0,0).

As t increases from 0 to 27 the point r(t) follows a smooth path from A to O
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to B to O to C to O to D to O and back to A:

Consider a curve

C=1{r(t) : te[ab]},
and let D = {a = to,t1,...,tn = b} be a dissection of [a,b], with
tg<t1 <+ <tn.

Each t; in D corresponds to a point P; = r(¢;) on the curve C, and it is
reasonable to estimate the length of curve C between the point A = P, and
B =P, as

L(C,D) = |PoPy| + |PiPy| + -+ + |Pr_1Pa. (5.1)
In analytic terms, this becomes
£(C,D) = an —r(t-)ll (5.2)

where, for a two-dimensional vector v = (v, v2), we define ||v||, the norm of
v, to be /v + vZ.

It is clear that if we refine the dissection D by adding extra points then
L(C, D) increases: if Q is a point between P;_; and P;, then, by the triangle
inequality, the combined length of segments P;_;@ and QPF; is not less than
the length of the segment P;_, P;.

Q

P,

Let D be the set of all dissections of [a, b]. If {£(C, D) : D € D} is bounded
above, we say that the curve C is rectifiable, and we define its length A(C)
by

A(C) =sup{L(C,D) : D € D}.

Not every curve is rectifiable:
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Example 5.8
Let C = {(t,72(t)) : t €[0,1]}, where

o= {000 128

Show that C is not rectifiable.

Solution
Forn=1,2,3,..., let

po=fod L 220

nr’(n—-Un’ " 2n’w
Observe that

, 2 —isin kx\ _ 0 if k is even
2\kr) " kr 2 )~ \ x2/kr ifkis odd.

Hence, if k is even,
(%) ‘((;:fl—);) l - “(%O) - ((kfl)w’*(kfm)
> e+ )m

k+1)r’

and if k£ is odd we can similarly show that
r 23 _ r 2
kx (k+1)7

£(C,Dn)>%(l+l+---l>,

> 2 > 2
kr ~ (k+ )7’
It follows that
2 3 n

and from the divergence of the harmonic series we see that there is no upper
bound on the set {£(C,D) : D € D}. O

The following theorem, whose proof can be found in [9, Theorem 8.5], iden-
tifies a wide class of rectifiable curves, and gives a formula for their lengths:

Theorem 5.9

Let C = {r(t) : t € [a,b]}, where r(t) = (r1(t),r2(t)), and suppose that 71, 72
are differentiable and r}, 75 are continuous on [a,b]. Then C is rectifiable, and
the length A(C) of C is given by

b
A(C) = / e (6)]| dt . (5.3)
O
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Here r'(t) = (r{(t),r5(t)), and so we have the alternative formula

b 2 2
A(C) = / V@) + () . (5.4)

We can easily “translate” a pair (a(t),ﬂ(t)) of real continuous functions
defined on an interval [a, b] into a continuous function v : [a,b] = C, where

1(t) = alt) +iB(t) (t € [a,b)]).

Thus, in Example 5.5, ¥(t) = €%, and in Example 5.7, v(t) = e cos 2t. The
image of v is the curve

" ={y(t) : t € [qa,b]}.

Observe that ||r(t)|| translates to |y(t)|, so that (5.3) becomes

b
Aly*) = / Iy (8)] .. (5.5)

The formula applies if v is smooth, that is to say, if 4 has a continuous deriva-
tive in [a, b].

We shall not always be meticulous about preserving the distinction between
the function v and the associated curve v*.

Example 5.10

Determine the length of the circumference of the circle {re® : 0 <t < 2x}.

Solution

Here |y'(t)| = |ire't| = r, and so, with some relief, we see that

2
A=/ rdt =2nr.
0

Example 5.11
Find the length of v*, where

y(t)=t—ie” (0<t<2n).
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Solution

Since
v'(t) =1—e % = (1 — cost) + isint,

it follows that
t
[Y' ()] = (1 — cost)® +sin®t = 2 — 2cost = 4sin? 3"
Hence, since sin(t/2) is non-negative throughout the interval [0, 27],
' .t
¥ ()] = 2sm§ .

Thus
2w

. 2w ot ¢
A(y*) = 2sm§dt= —4cos§ =8.
0 0

Remark 5.12

The curve v* is called a cycloid, and looks like this:

Figure 5.1. A cycloid

It is the path of a point on the circumference of a wheel of radius 1 rolling
along the line y = —1 and making one complete rotation. The points Py, P}
and P, correspond respectively to the values 0, 7 and 27 of ¢.

EXERCISES

5.2. For any two distinct complex numbers, the line segment from ¢ to d
can be parametrised by

Y(t)=(1—-t)e+td (0<t<1).
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By using (5.5), verify that the length of the line segment is what it
ought to be.

5.3. Sketch the curves
a) {(acost,bsint) : 0 <t < 2r} (a,b>0);
b) {(acosht,bsinht) : t € [0,00)} (a,b> 0);
c) {(at,a/t) : t € (0,00)} (a>0).
5.4. Sketch the curve {te' : t € [0, 27]}, and determine its length.

5.5. Let a,b € R, with a < b. Determine the length of A(a,b) of the curve
{et*® : t € [a,b]}. Determine lim,_,_., A(a,b).

5.3 Integration

We aim to define the integral of a complex function along a curve in the complex
plane.
Let v : [a,b] & C be smooth, and let f be a “suitable” complex function
whose domain includes the curve v*. We define
b
/ f(z)dz = / f('y(t))'y’(t) dt. (5.6)
¥ a

This does require a bit of explanation. First, if we define g : [a,b] = C by

9(t) = f(r()'(®),

then g(t) = u(t) +iv(t), where u, v are functions from [a, b] to R, and we define
f: g(t) dt in the obvious way by

/abg(t)dt=/abu(t)dt+i/abv(t)dt.

Secondly, f is “suitable” if and only if the right hand side of (5.6) is defined,
that is, if and only if f(7(t))7'(t) is integrable. The reader who is familiar
with some version of formal integration theory will know what this means, but
for our purposes it is sufficient to know that every continuous function f is
suitable.

We refer to f,y f(z) dz as the integral of f along ~. If v is a closed curve,
we call it the integral round 7.

The following easy result has, as we shall see in Chapter 8, far-reaching
consequences.
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Theorem 5.13

Let v(t) = e®* (0 <t < 27), so that 4* is the unit circle (with centre 0 and
radius 1), and let n be an integer. Then

/z”dz— 2mi ifn=—.
., ~10 otherwise.

Proof
By (5.6),

27 2
/z"dz =/ re™tieit dt = i/ rhe(ntl)it gp
v 0 0

If n = —1 this becomes

27
i dt = 2mi.
0
Otherwise
27
/ 2"dz = i/ 7™ [cos(n + 1)t + isin(n + 1)t] dt
¥ 0
o [[sin(n+1)t  cos(n+1)t]*"
=ir -1 =0.
n+1 n+1 0
a
Remark 5.14
We shall see shortly that it is legitimate to shorten the argument by writing
27 n 27
/ ,,_ne(n+1)it dt = [ T e(n+1)it] =0.
o (n+1) 0

Remark 5.15

Although we write f,y, the integral does not depend on the particular (smooth
increasing) parametrisation of the contour v*. Thus, for example, if in Theorem
5.13 we were to parametrise the circle by §(t) = e?* (0 < t < ) the value of
the integral would not change.

In Theorem 5.13 the parametrisation ¥(t) = e implied that the closed
curve was traversed in the positive (anti-clockwise) direction. If it is traversed
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in the other direction we must take y(t) = e™®. If n # —1 this makes no
difference to the answer, but if n = —1 we obtain

2r .
/z'l dz = / e (—ie ") dt = —2mi.
¥ 0

In general, if v : [a,b] = C is a curve, we define %, the same path but with
the opposite orientation, by !

(F)t)=v(a+b-1t) (t€[ab]). (5.7)

/‘7 f(z2)dz = — /7 f(2)dz. (5.8)

Then we have

To see this, observe that
b
/v $@)dz= [ (5 O)Y @) d
b
= / f(v(@+b-1) (- (a+b—-1t))dt
= /ba f(v(w)) (=7 (v))(~du), where u=a +b —t,

b
—- [ 160n @du= - f7 £(z)dz.

At this point it is important to recall some of the standard properties of
integrals. For real numbers a < b < ¢, real functions f and g, and a constant k,

/:(fig)=/:fi/abg, (5.9)
/abkf=k/:f, (5.10)
/abf+/bcf=/:f. (5.11)

We define [ f = 0, and if a > b we define

[1=-]r

With these conventions, (5.11) holds for arbitrary real numbers a, b and c.
These formulae easily extend to functions f,g : R — C, and to the case where
the constant k is complex.
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The requirement in (5.6) that 4 be a smooth function is inconveniently
restrictive, and there is no great difficulty in extending the definition to the
case where v is piecewise smooth. Geometrically, the curve consists of finitely
many smooth segments:

Analytically, v : [a,b] — C is piecewise smooth if there are real numbers
a=cp<c < <cyp=b
and smooth functions v; : [¢i—1,¢;) = C (i =1,...,m) such that
vi(e) = vir(a) (E=1...,m-1).
Then

/7 () dz = i( [ 1 dz) . (5.12)

i=1

In practice we proceed in a slightly different way.

Example 5.16

Let v = 0(0, R) be the closed semicircle shown.

3.

R R

Determine |, 2% dz.

Solution

The curve is in two sections, first the line segment v; from (—R,0) to (R,0),
then the semicircular arc v, (in the positive direction. The easiest way to
parametrise v; is by

v(t)=t+i0 (t€[-R,R]),
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R 3
/zzdz=/ t2dt=£.
mn -R 3

Again, it is natural to take

72(t) = Re* (te[0,7]),

and so

and so, from (5.6)

T ) ) o 3
/ z2d1=/ R2e2* . Riet = [leesu] =_£.
Y2 0 3 0 3

/zzdz=/ zzdz+/ 22dz=0.
¥ 7 72

Hence

Remark 5.17

The procedure adopted is not quite in accordance with (5.12). It is, however,
always possible to carry out the “official” procedure by re-parametrising v, and
72 so that the end of the interval domain of 4, coincides with the beginning of
the interval domain of 7. In our example we could define

mt)=4Rt—-R (t€[0,3]),  7(t)=Re"®-D (te(3,1]).

The answer is the same as before, since the changes simply amount to
making a substitution in the integral:

1/2 1/2 3
/ 22dz = / (4Rt — R)*4Rdt = [1(4Rt - R)3] = 2—R;;
n 0 3 0 3

1
/ Z2 dz = R262i1r(2t—l)2i7rRei1r(2t—l) dt
72 1/2

= R3/ ie*¥ du (where u = 2m(2t — 1))
0

_ R¥[ 5™ _ 2R3

-3 [e ]o R

All we achieve by doing it this way is more likelihood of error because of the
extra technical difficulty involved.
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We have already dared to suppose that some of the rules of real variable
calculus might apply to complex-valued functions. In solving Example 5.16 we

wrote . 1 9 0;
3it 3it]" v
d = |= ] = —_—— = —,
Ae =15 T TH T3
This certainly works, for if we do it the hard way we have

/"CSit dt = fﬂ (cos 3t + isin3t) dt = l[sinSt —icos3t]1r = %
0 0 3 0 3 )

We might suspect that there is a theorem lurking in the shadows, and we would
be right:

Theorem 5.18

Let f : [a,b] — C be continuous, and let

F(z) = /z f(t)dt (z € [a,b]).

Then F'(z) = f(z) for all z in [a,b]. If © : [a,b] = C is any function such that
@' = f, then

b
/ f(t)dt = O(b) — O(a).

Proof

The proof is entirely routine, and depends on the separation of real and imag-
inary parts. Suppose that Re f = g, Im f = h. Then

Flz) = / " 19(t) + ih(t)] dt = / " o(t)dt +i / * h(t) dt
_Gle)+iH(z) (say).
Hence, by the Fundamental Theorem of Calculus,
F(z) = G'(2) + iH'(2) = 9(c) + ih(z) = f(z).

Suppose now that ©' = f. Writing ® = & + i¥ in the usual way, we see
that
=G =9 V=H=h,

and so, for some constants C, C’, and for all z in [a, ],

Gz)=%(z)+C, H(z)=¥(z)+C'.
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Putting z = a gives C = —$(a), C' = —¥(a), and so

b
/ F(t)dt = G(b) +iH(b) = (8() — (a)) +i(¥() - ¥(a))
= (8(b) + 17(b)) — (#(a) + i¥(a) = O(b) - 6(a).

As a consequence of this result we have the following theorem:

Theorem 5.19

Let v : [a,b] — C be piecewise smooth. Let F be a complex function defined
on an open set containing v*, and suppose that F'(z) exists and is continuous
at each point of v*. Then

/ F'(z)dz = F(1(b) - F(x(a)) -

In particular, if v is closed, then

/F’(z)dz =0.

Proof

Suppose first that v is smooth. The assumptions imply that Fov is differentiable
on [a, b]. Since (F 07)'(t) = F'(v(t))'(t), it follows from Theorem 5.18 that

b
/ Fl(2)dz = / (Foy)(t)dt = F(y(3) - F(x(@).  (5.13)

Now suppose that - is piecewise smooth. That is, suppose that there are real

numbers a = ¢p < ¢ < -+- < ¢y, = b and smooth functions v; : [c;—1,¢i] =
C (z=1,...,m) such that
’yi(c,') = fyi+1(ci) (1, = 1, vy — 1) y (5.14)

and, for each i, y coincides with v; in the interval [c;_1, ¢;]. Then (5.13) applies
to each of the functions v; and so

/F’ yaz=3" [ F(z)d

i=1 i

= [F(m(e1)) - F(m(a))] + [F(12(c2)) = F(v2(c1))] + -
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oo+ [F(Ym(®) = F (Ym(cm-1))]
= F(vm(b)) — F(m(a)) (by (5.14)
= F(y(b)) - F(v(a)) .
If v is closed, then ~(b) = v(a), and so f_y F'(z)dz=0. O

Two easy cases are worth recording formally as a corollary:

Corollary 5.20

Let « be piecewise smooth and closed. Then

/1dz=/zdz=0.
¥ ¥

Proof
In the theorem, take first F(z) = z, then F(z) = z2/2. O
Example 5.21
Let v* be the top half of the ellipse
22 y?
atp=b

traversed in the positive (counterclockwise) direction. Determine

/ coszdz.
y
Solution

The ellipse meets the z-axis at the points (a,0) and (—a,0). By Theorem 5.19,
we do not need to find a parametrisation of :

. —a .
/coszdz: [smz]'J = —2sina.
o

Remark 5.22

A closed piecewise smooth curve 4 can be quite a complicated object, but
Theorem 5.19 assures us that, for suitable functions F, the integral of F' round
~ has the value 0.
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For the most part, however, we shall be interested in simple curves, with no
crossings.

In its most general aspect, a contour is a simple closed curve. Here we shall
make a more restrictive definition, for we shall not be considering anything
more general: a contour in C is a piecewise smooth, simple, closed curve. This
definition is certainly general enough to cover all the significant applications in
a book at this level. Unless we specify otherwise, we shall assume that contours
are traversed in the positive (anti-clockwise) direction.

Let v : [a,b] = C be a piecewise smooth function, determining a simple
closed curve ~v*.

v(a) = (b)

We shall regard it as geometrically obvious that the complement of the set v*
is the disjoint union of two open sets I(y), called the interior of 4*, and E(¥y),
called the exterior of v*. The interior is bounded and the exterior unbounded.
In its general form this is the Jordan Curve Theorem, and a proper proof,
not appealing to geometric intuition, is difficult. It appears in Jordan’s® Cours
d’Analyse of 1887. I am not suggesting that you read this: in a much more
ambitious book than this, Ahlfors (1] remarks that “no proof is included of the
Jordan Curve Theorem, which, to the author’s knowledge, is never needed in
function theory.”

3 Marie Ennemond Camille Jordan, 1838-1922.
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EXERCISES
5.6. Let v(t) =z —a—1t (0 <t < h). Show that
d 1 ( 1 1 >
L T n\(z—a-h)» (z—a))"’

5.7. Evaluate [ f(z)dz, where
a) f(z) = Rez, v(t) = t2 +it, t € [0,1];

b) f(z) = 2% 7(t) = €, t € [0,7];
c) f(z) =1/z,y(t) = €*, t € (0, 6n];
d) f(z) = cos z, where v* is the straight line from —m —im to m —im

followed by the straight line from 7 — iw to 7 + im.

5.4 Estimation

In analysis, both real and complex, it is important to be able to estimate a
quantity, especially to put a bound on its value. The results of this section will
prove to be powerful tools as the theory develops.

Theorem 5.23

Let g : [a,b] = C be continuous. Then

[ swa|< [awlae.

Proof
We know (see [9, Theorem 5.15 (iv)]) that the inequality holds for every inte-

grable real function g,
b b
[ swa < [Clgenat.

To show that it holds also for complex-valued functions, observe first that, for

some 0,
b b b
/g(t)dt =e’9/ g(t)dt:/ eg(t) dt
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b b
=/ Re[eiog(t)] dt+i/ Im[e"og(t)] dt

Since the imaginary part of the left-hand side is zero, we deduce that

/bg(t) dt| = /bRe[ewg(t)] dt

/ le®g(t)|dt (by Theorem 2.1)

/ l9(8)] dt .

As a consequence, we have

Theorem 5.24

Let v : [a,b] =& C be piecewise smooth, and let f be a continuous complex
function with the property that |f(z)|] < M for all z in 4*. Then

z)dz| < Ml,

where | = f: |¥'(t)| dt is the length of v*.

Proof
By Theorem 5.23,

Lﬂ@a:

gM/Wmm=ML
a

F(v@®)Y' (t) dt) <

/ £ (2(®) 1Y ()]

O

Theorem 5.24 has many applications. First, by a convex contour we mean a
contour 4 with the property that, for all a, b in I(y), the line segment connecting
a and b lies wholly in I(y).
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Theorem 5.25

Let y be a convex contour, and suppose that [ . f(z) dz = 0 for every triangular
contour 7 within I(v). Then there exists a function F, holomorphic in I(¥y), such
that F'(z) = f(z) for all z in I(y).

Proof

Let z € I(y). Since I(y) is open, there exists § > 0 such that N(z,d) C I(y). If
we choose h in C so that |h| < 4, we can be sure that 2+ h € I(y). Let a be an
arbitrary fixed point in I(y). Then, by the convexity of I(v), the entire triangle
with vertices at a, z and z + h lies within I(v).

Our hypothesis concerning f implies that

(w)dw+/ f(w)dw—/ f(w)dw =0;

[a,2] [z:2+h] [a,2+h]

hence, if we define F(2) as [, ., f(w) dw, we have that

F(z+h) - F(z) = /[ " f(w)dw.

We know that, for a constant k, f[ 2,24+h) k dw = kh, and so in particular

[ iGde=hs).
(z,z+h}]

By Theorem 5.3, the function f, being continuous, is bounded within I(vy), and
so, by Theorem 5.24,

F(z+h) - F(2)
h

-8f(2)

[ () £z)) du
[z,2+h]

=

I
=~

- |hl sup |f(w) - f(2)I.

w€(z,z+h]
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Since this, again by the continuity of f, tends to zero as h — 0, we deduce that
F' exists and that F' = f. O

In view of Theorem 5.19, this theorem has an immediate consequence:

Corollary 5.26

If  is convex, and if [, f(z) dz = 0 for every triangular contour 7 within I(y),
then f_y f(z)dz = 0.

Example 5.27
Let f(z) =1/(2% + 1) and let v(t) = Re® (0 < t < 7). Show that

lim /f(z)dz =0.
R— 00 5
Solution
For each point on v*,
1 1
[f(")l ~ | R3e3 + 1) - ]R3e3“ + 1’ )

Now, by Theorem 2.1,
|R363it + ll > |R3e3itl —1= R3 -1,

and the length of v* is Rw. Hence

[rf(z) dz

which clearly tends to zero as R tends to infinity. O

Rn
< < —
0< “R3-1’

Example 5.28
Let f(2) =1/(z + }) and let y(t) = €** (0 < t < ). Show that

[, f(2)dz

<2r.

Solution

Here
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for all z on 4*, and the length of the curve is 7. The required inequality follows
immediately. O

EXERCISES

5.8. Let v(t) = (1 —t)i+t (0 <t < 1), so that 4* is the straight line
from ¢ to 1. Show that, for all z on «,

and deduce that, if

then |I| < 4v/2. What is the true value of |I|?

5.9. Let
B —4z+1

f(z) = (22 +5)(22-3)°’
and let 7(t) = Re® (0 <t < 7). Show that

TR(R® +4R +1)
/J("‘)dz\ @O -3)

5.10. Show that, if u and v are real,

| sin(u + iv)| < cosh2v.

5.11. Let v* be as shown

(—a,a) b Y Ea, a)
5 z
(—a,—a) (a, —a)

and let f(z) = sin(2?). Show that

[rf(z)dz

< 6a cosh(4a?).
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5.5 Uniform Convergence

In Theorem 4.17 we established that the process of differentiating a power series
(within the circle of convergence) term by term is valid. It was useful to have
that result at an early stage, but in fact it is an instance of a general result in
a theory whose key notion is that of uniform convergence. It is convenient
to finish this chapter with a brief account of the main ideas. We include only
results that will be used later.

Let f be a bounded complex function whose domain is a subset S of C. We
define ||f||, the norm of f, by

£l = sup |£(2)]. (5.15)
z€S

It is clear that ||f|| > 0, and that ||f|| = O only if f = 0. Less obviously, we
also have the triangle inequality: if f and g have the same domain, then

If+gll < IfI1+ gl (5.16)

To see this, observe that, for all z in the common domain S of f and g,

1£(2) + 9(2)| < |£(2)| +1a(2) < [IF]l + llgll -

Hence
I1F +all = sup|£(2) + 9()| < 1] + ]

Let f, be a sequence of complex functions whose domain is a subset S of
C. We say that (f,) tends uniformly in S to f, or has uniform limit f,
or is uniformly convergent to f, if, for every ¢ > 0 there exists a positive
integer N such that ||f — f»|| < € for all n > N. This certainly implies that, for
each z in S, the sequence (f,(z)) tends to f(z), but the converse implication
may be false.

Example 5.29

Let
ful2) = 11‘_zz (z € N(0,1)).

Show that (f,) converges pointwise, but not uniformly, to f, where f(z) =

1/(1 - 2).

Solution
For each z in N(0,1),

lim fa(z) =

n—oo 1-2"
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(We say that (f,) tends pointwise to f, where f(z) = 1/(1 — z). ) On the
other hand, for each fixed n, f — f, is not even bounded in the set N(0,1),
since, as z — 1,

1 _1-z 9
f(z)_fn(z) o 1

The convergence is not uniform. O

Theorem 5.30

Let f, be a sequence of functions with common domain S, converging uniformly
in S to a function f. Let a € S. If each f, is continuous at a, then so is f.

Proof

Let € > 0 be given. There exists N such that ||f — fn|| < €/3 for all n > N,
and there exists § > 0 such that |fn41(2) — fv+1(a)| < €/3 for all z such that
|z — a| < . Hence, for all such z,

|£(z) = f(a)l = |(£(2) = fN+1(2)) + (fN+41(2) — Fn4a(a)) + (Fv+a(a) - £(a))l
<|f(2) = fn+1(2)] + |fN+1(2) = fua(a)l +1f(a) - fn4a(a)l
SNf = fvaall + 1fv+1(2) = fna ()l + [1f = fvall
<e,

and so f is continuous at a. O

The idea of uniform convergence applies also to series of functions. Given a
sequence (f) of functions with common domain S, we define the function F,

(z€9).

;:l
—~~
N
N
Il
K
>
—~~
N
N

k=1

If the sequence (F,) tends uniformly in S to a function F, we say that the
series Y | fn is uniformly convergent, or that it sums to F uniformly
in S. Again, it is possible for a series to sum pointwise, but not uniformly:
it follows immediately from Example 5.29 that the series ) .. ; z" converges
pointwise to 1/(1 — z) in N(0, 1), but not uniformly.

The following result, known as the Weierstrass? M-test, is & useful tool
for establishing the uniform convergence of a series.

4 Karl Theodor Wilhelm Weierstrass, 1815-1897.
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Theorem 5.31

For each n > 1, let f, be a complex function with domain S, and suppose that
there exist positive numbers M, (n > 1) such that ||fa|| < Mp. If Y00 | M, is
convergent, then Y > | f, is uniformly convergent in S.

Proof
For each zin S andeachn >1

1fn(2)] < fnll € My,

and so, by the Comparison Test, Y -, fn(2), being absolutely convergent, is
convergent. Denote its sum by F(z) and its sum to N terms by Fiy(z). Let
€ > 0. Since Y- ; M, is convergent, there exists N such that, for alln > N,

i M;, <6/2.

k=n+1
Hence, for allm >n > N and all zin S,

Y K@< D IS ) Me<e/2.

k=n+1 =n+1 k=n+1

Letting m tend to oo, we deduce that, for all z in S,
|F(z) — Fn(z)| < €/2<ce.
Hence |F — F,|| < e for all n > N, and the proof is complete. a

The following example should be compared with Example 5.29:

Example 5.32
Show that the geometric series Y .-, 2™ converges uniformly in any closed disc

N(0,a), provided 0 < a < 1.

Solution
For all z in N(0,a) and all n > 1,

|2"| < a™.

Since 3.2 a™ is convergent, it follows by the M-test that > > 2™ converges
uniformly in N(0,a). m]

This is in fact a special case of a more general result concerning power
series:
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Theorem 5.33

Let 3 o”, cn(z—a)™ be a power series with radius of convergence R > 0. Then,
for all 7 in the interval (0, R), the series is uniformly convergent in the closed
disc N(a,r).

Proof

For all z in N(a,r), and for all n, we have that
len(z — @)™ < |enr™|.

Since )., |an™™| is convergent by Theorem 4.14, the required conclusion fol-
lows immediately from the M -test. a

In Chapter 8 we shall have occasion to use the following result:

Theorem 5.34

Let v be a piecewise smooth path, and suppose that (f,) is a sequence of
continuous functions, with common domain containing v*, such that > oo, fn
sums uniformly to a function F. Then

[l e

Proof
For each n, denote 2;::1 fr by Fy, so that F = lim,,_, o, Fy,. By Theorem 5.24,

/F(z) dz — Z/ fie(2)dz| = | | [F(2) = Fn(2)] dz
v k=1Y7 v
S LOY)IF - Full,

where L(7*) is the length of 4*. By the assumption that > > f, sums uni-
formly to F, this can be made less than any pre-assigned ¢ > 0 by taking n
sufficiently large. O



6

Cauchy’s Theorem

6.1 Cauchy’s Theorem: A First Approach

From Theorem 5.19, which can be seen as a complex version of the Funda-
mental Theorem of Calculus, we discern a strong tendency, when “reasonable”
functions f and contours 4 are involved, for f f(z)dz to be zero. Corollary
5.20 mentions two special cases which we shall need to quote later, but many
other familiar functions have the same property: for example, for a piecewise

smooth contour +,

/sinzdz:/coszdz:/expzdz:O
¥ ¥ ¥

(Simply observe that sinz = (— cos)’(z), cosz = (sin)’(z), exp z = (exp)’(2).)
The following general result occupies a central position in complex analysis:

Theorem 6.1 (Cauchy's Theorem)

Let v*, determined by a piecewise smooth functiony : [a,b] = C, be a contour,
and let f be holomorphic in an open domain containing I(y) U~*. Then

[rf(z)dz =0.

How hard this is to prove depends on how general we want to be. In this
chapter we first examine an approach that is adequate provided I(v) U v* is
either '
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(a) convex, or
(b) polygonal (whether convex or not).

In the next section we shall present a more difficult proof, which establishes
the result for a general piecewise smooth contour.
We begin by showing that the theorem holds for a triangular contour:

Theorem 6.2 - Sce s M v Wt e

Let T be a triangular contour, and suppose that f is holomorphic in a domain
containing I(T') UT. Then [ f(2)dz = 0.

Proof

Let T be a triangle whose longest side is of length [, and suppose, for a contra-

diction, that
IR
T

We divide the triangle T into four equal subtriangles A;, A3, A3, A4, as shown:

=h>0.

and (for t = 1, 2, 3,4) let U; be the boundary of A;, oriented as shown. Observe

now that
4
/Tf(z)dz=§=_‘;/m f(2)dz,

since on the right hand side each of the internal lines is traversed once in each
direction, and so only the outer contour survives. Since

h=‘/Tf(z)dz S;/L‘,‘f(z)dz

we must have

[ f(e)as >4
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for at least one of the triangular contours U;. Choose one of these triangles,
and rename it as T}. Thus T}, with longest side /2, has the property that

f(2)dz

>2
T 4

We may repeat the process by subdividing Tj, choosing T3, with longest
side [ /4, such that

h
f(z)dz| > —;

then, continuing, we obtain, for each n > 1, a triangle 15, with longest side
/2", such that

(6.1)

f(2)dz| > L
T, 4n

Much as in the proof of the Heine-Borel Theorem (Theorem 5.1), we can, for
each n, select a point a, within T}, and obtain a Cauchy sequence (a;), with
limit a lying inside every T,. Condtr' s i-derte - -Hassm.
Let € > 0 be given. From Theorem 4.11, there exists § > 0 such that
£ (2) - f(@) = (z = &) f'(@)| < ez - a (6.2)

for all z in N(a,é). Choose n so that T, C N(a,d).
By Corollary 5.20,

/T“ f(@)dz =0 and /T“(z—a)f’(a)dz=0.

Hence

[
./T,‘f()d /Tﬂ[f(z) f(@) = (z - a)f'(a)]dz.

Now, the perimeter of T,, is at most 3//2", and the maximum value of |z — a|
for z and « in or on T}, is I/2". Hence, by (6.2) and Theorem 5.24,

3t 1 3%
| f@dz Seqman =7
Comparing this with (6.1), we see that
h < 3i%.

Since € can be chosen to be arbitrarily small, this gives a contradiction, and we
are forced to conclude that
/ f(z)dz=0.
T
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Corollary 6.3

Let v be a piecewise smooth function determining a convex contour v*, and let
f be holomorphic in an open domain containing I(y) U~*. Then

/ f(z)dz=0.

~

Proof

From Theorems 6.2 and 5.25 we deduce that there exists a function F' such
that F' = f. Hence, by Theorem 5.19, f‘r f(z)dz=0. O
Corollary 6.4

Let v be a function determining a polygonal contour v*, and let f be holomor-
phic in an open domain containing I(7) U~*. Then

[yf(z)dz 0.

Proof

The polygon can be divided into triangles A4;,A,,...,A4,, with contours
T, Ts,...,T,, respectively:

Then, by Theorem 6.2,

/yf(z)dz=i2:;/7‘if(z)dz = o0.
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6.2 Cauchy’s Theorem: A More General Version

Since we shall need to use Cauchy’s Theorem and its consequences for contours
that are neither convex nor polygonal, it becomes a duty on the author’s part
to present a proof of a more general case. Whether there is a corresponding
duty on the reader’s part is left to individual conscience! There is no doubt,
however, that useful skills follow from the mastery of substantial proofs.

Proof* of Theorem 6.1

We begin by remarking that, by Corollary 6.4, Cauchy’s Theorem is valid for
any square or rectangular contour.

It will be convenient to use the notation Q(a,¢€) for the open square with
sides parallel to the coordinate axes, centre at the point a and diagonal of

length e.
€
/ a

From the differentiability of f we deduce that, for every ¢ > 0 and every a
in I(y) U ~*, there exists §, > 0 with the property that

1£(2) = f(a) = (z = a)f'(a)| < €|z -«
for all z in the open square Q(a,d,). From the open covering
{Q(a,0a) : @ €I(y)Un"}

of the closed bounded set I(y) U~* we can, by the Heine—-Borel Theorem (The-
orem 5.1), select a finite subcovering

{Q(ai,8q,) : 1=1,2,...,N};

then, simplifying the notation by writing §; rather than §,,, we may assert that
there exist points a; (i = 1,..., N) with the property that

|f(2) = f(ou) = (z — i) f' ()l < €|z — e (6.3)

for all 2 in the open square Q(a;, 6;).

Since the squares Q; = Q(,d;) are open, a point on the boundary 8Q; of
one square @Q; must lie properly inside another square Q;. Hence there exists
n > 0 with the property that, for all z in I(y) U +*, there is a square Q; for
which z € Q; and the distance d(z,0Q;) > 7.
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Now suppose that I(y) U y* is covered by a square of side L, divided into
smaller squares of side ! by a grid of lines parallel to the coordinate axes, and
choose | < n/v/2.

Lemma 6.5

Let Q be a square in the grid such that QN (I(y)Uy*) # 0. Then Q is contained
in some Q;.

Proof

Suppose, for a contradiction, that @ is not wholly contained in any one of
Q1,Q2,...,Qn. Let z € Q. By the covering property, z lies in at least one of
the squares @1, Qs, ..., @n. Choose one of those squares, and call it Q;. By our
assumption, there exists w in @ such that w ¢ Q;. By the covering property,
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w € Q; for some j.

(oF

Qj

The line from z to w crosses the boundary of @;, and so, for every @Q; containing
z’

d(2,00Q;) < |z —w| < W2 <1.

This is a contradiction, and so @ must be wholly contained in a single Q;. O

Returning now to the main proof, we see that I(y) is thus divided into a set
S of squares o and a set T of incomplete squares 7, with boundaries do, O,
respectively. Each o and each 7 is contained in one of the squares @1, Q2,... QN
covering I(y) U~*. We have lots of diagrams like

some involving incomplete squares, and because of all the internal cancellations
we can assert that

/f(z)dz= Z/ f(z)dz + Z/ f(z)dz.
¥ s€S 8o €T or
Hence, using Theorem 6.4, we deduce that

/ f(2)dz=Y" [ f(2)dz. (6.4)

€T or
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By Theorem 5.5, our assumption about the function + is sufficient to assure
us that the curve 4* is rectifiable, with total length A (say). Now consider a
typical incomplete square 7, contained, by Lemma 6.5, in an open square Q;,

and suppose that the length of the piece of contour forming part of the boundary
of 7 is A\;. By Lemma 6.5, 7 is contained in a square Q; = Q(,d;) with the
property that

1f(2) = flai) = (2 — )| < ¢|z — i

for every z in Q;, and so certainly for every 2 in 7. By a now familiar argument,

we deduce that
‘/ f(z)dz S/ €|z — a;|dz.
ot or

The total length of the boundary of r is certainly not greater than 4!+ A, and
|z — a;| cannot exceed Iv/2. So, by Theorem 5.24,

o

Summing over all T gives

< (44 A)elvV2 < 4(12 + 11, )eV/2.

< 4(A+14)eV2,

L f(2)dz

where A is the area of the outer, bounding square, and A is the length of the
contour v*. Since the expression on the right can be made arbitrarily small, we
are forced to conclude that

/7f(z)dz=0.
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6.3 Deformation

As we shall see, the consequences of Cauchy’s Theorem are many and impor-
tant. We end this chapter with some of the most obvious corollaries to the
result.

Theorem 6.6

Let 71,72 : [a,b] = C be piecewise smooth curves such that

v1(a8) =y2(a), MmO =r®), mt)#rt) (t,t:€(ab)).

If f is holomorphic throughout an open set containing 47, 753 and the region
between, then

(2)dz= | f(2)dz.

71 2
Proof
Y2
A B
11(e) = (a) <> 1) = ()
a4t

Let o* be the simple closed curve travelling from A to B via v; and from B to
A via —,. Since f is holomorphic in an open domain containing I(c) U o*, we
have that

O=/,f(z)dz= fe)ds = [ 12z,

Finally, we have

Theorem 6.7 (The Deformation Theorem)

Let 71, 42 be contours, with ~, lying wholly inside v,, and suppose that f is
holomorphic in a domain containing the region between v; and ~2. Then

(2)dz= | f(2)d=z.
T2

g!
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Proof

Y2

Join the two contours by linZ; AB and CD as shown. Denote the (lower)
section of v, from A to D, by vy; and the (upper) section, from D to A, by
~14. Similarly, denote the lower section of v from B to C, by 42;, and the
upper section, from C to B, by 72..

Form a contour o, by traversing from A to B, then from B to C by —7ay,
then from C to D, and finally from D back to A by v;,. By assumption, the
function f is holomorphic inside and on o, and so f o f(2) dz = 0. That is,

/ABf(z)dz‘/mf(z)dz+/CDf(Z)dz+/mf(z)dz=0. (6.5)

Similarly, form a contour o3 by traversing from A to D by 4;;, then from D to
C, then from C to B by —v;, and finally from B back to A. Thus

f(2)dz — /CD f@dz— [ f(z)dz - /AB f()dz=0.  (6:6)

Adding (6.5) and (6.6) gives

( " (z)dz + N f(2) dz) - ([m f(2) dz+[mf(z) dz> =0,

and so
2)dz = z)dz,

as required.
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EXERCISES

6.1. Let v be a contour such that 0 € I(y). Show that

/z"dz={27”' 1fn=—-1
‘v 0 otherwise.
By taking v* as the ellipse
g2 y?
{(z,y) : ZTe= 1},

show that
2 dt 2

o aZcos®t+b2sin’t ab’

6.2. Look again at Exercise 5.11, and obtain the improved bound

/ sin(2?) dz

6.3. By applying Cauchy’s Theorem to e* and integrating round a circu-
lar contour, show that

< 2acosh(4a?).

27
/ "% cos(rsinf + 6)df = 0.
0
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Some Consequences of Cauchy’s Theorem

7.1 Cauchy’s Integral Formula
We have already observed in Theorem 5.13 that if o is a circle with centre 0

then 1
/ —-dz = 2mi.
- 2

More generally, if k(a, r) is a circle with centre a, then

/ 1 dz = 2mi (7.1)

(a,r) zZ—a

for, with z = a + re®,

2w . 10
/ 1 dz = / u'e_.odg = 27t.
x(ayr) 20 0 ret

This observation will play a part in the proof of the main result of this sec-
tion, which shows that the value of a holomorphic function inside a contour is
determined by its values on the contour. (Recall that by a contour we shall
always mean a closed, simple, piecewise smooth curve, and that, unless we spec-
ify otherwise, it is traversed in the positive direction.) That is an extraordinary
result, and reveals a fundamental difference between complex analysis and real
analysis. Even for an analytic real function f (infinitely differentiable and with
a Taylor series expansion) we can make no deduction at all about the values of
the function in (a, b) from its values at a and at b.
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Theorem 7.1 (Cauchy's Integral Formula)

Let v be a contour and let f be holomorphic in an open domain containing
I(y) U~4*. Then for every point a in I(%),

f(a) = i/—f(—z)dz.

2t J, z—a

Proof
Let a € I(y). By the differentiability of f at a we know (see Theorem 4.11) that

f(2) = f(a) + (z — a)f'(a) + v(z,0)(z - a), (7.2)

where v(z,a) tends to 0 as z — a. That is, for all € > 0 there exists § > 0 such
that |v(z,a)| < € for all z in N(a,§).

Let k = k(a,r), the circle with centre a and radius r, where r is chosen se-
that
(i) the disc N(a,r) lies wholly inside v; and
(i) r < 4.

Since f(z)/(z — a) is holomorphic in the region between o and v we deduce by
the Deformation Theorem (Theorem 6.7) that

Mdz: MdZ

yZ2—a xZ—a

=f(a)/~ziadz+f’(a)/~1dz+/nv(z,a)dz (by (7.2))

=2mi f(a) + / v(z,a)dz (by (7.1) and Corollary 5.19).

/ &) dz — 2mi f(a) /v(z, a)dz
~ zZ—aQa I3
Since this holds for every positive ¢, we deduce that

f(a):i/izldz.

Thus

< 27re (by Theorem 5.24).

2ri J, z —



7. Some Consequences of Cauchy’s 1 heorem 121

Remark 7.2

Dividing f(z) by z — a introduces a singularity (unless f(a) = 0). Cauchy’s
Integral Formula is the first indication that integration round a contour depends
crucially on the singularities of the integrand within the contour.

Example 7.3

Evaluate

Solution
Since

1 1 1 1
2+1° 2i\z—-1 z+i)’
we may deduce that

sin 2z 1 sin 2z 1 sin 2z
o, 02 =2 -dz — ]
x(0,2) z¢+1 21 £(0,2) zZ—1 21 £(0,2) zZ+1

= 7(sini — sin(—1%)) = 2wsini = g (et —e) =mife—e71).
a

If we could be sure that the procedure of differentiating under the integral
sign was valid, we could deduce from Cauchy’s Integral Formula that

f'(a)=-21lr—i/7§_a(j<__zzl) dz=§71;[y-(;f_(—2?dz.

In fact this is true, though what we have just written does not even approximate
ta a proof.

Theorem 7.4

Let 4 be a contour, let f be holomorphic in a domain containing I(y) U~*, and
let a € I(7y). Then
1 z
fl ( a) - f ( )

~ 2mi ), (z2-a)? dz.

Proof
Since a € I(7y), there exists § > 0 such that
|z —a] > 2§ (7.3)
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for all z on the contour 4*. If 0 < |h| < §, then a + h € I(y) and, for all 2z on
7
|z—a—h|>|z—d - || > 5. (7.4)

Since f is continuous on the closed, bounded set 4*, it follows by Theorem 5.3

that the set
{lf(2)| : z€~"}

is bounded, with supremum M (say).
By Cauchy’s Integral Formula,

f(a+h’1—f(a) _ 21:ihfyf(z)<z_‘lz_h-zia) dz
1

1 e
“omi), Ga-hGE-a %

Hence

‘(+h) f(a) %/(fﬁ_

5 (z-a)? dz'

h
w10 [emehema ~ o)
/(z—a f(zz—a—h)dz )

By Theorem 5.24 and Equations (7.3) and (7.4) we now conclude that

Ihl

foxh)f@) L[ 6) | MEN
h 2mi J, (z — a)? 8né3 ’
where L is the length of the contour 4. Thus
i |[f@ER =S@) _ 1 [ &) L
h0 h 2mi J, (z — a)?

and so
oy 1 f(2)
fi(a) = 27ri[1 (z—a)? dz,

as required. O
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More generally, we have the following theorem:

Theorem 7.5

Let 4 be a contour, let f be holomorphic in a domain containing I(y) U~*, and
let a € I(y). Then f has an nth derivative f(® for all n > 1, and

f(n)(a)= L!-/(z_;(:))n'ﬁdz'

2w

Proof*

The proof is by induction on n, and we have already proved the result for n = 1.
We suppose that the result holds for n = k — 1 and consider the expression
[f*=V(a+h)— f*-1(a)]/h. As in the proof of Theorem 7.4, we can find § > 0
and can choose h such that |z — a| > 2§, |z — a — h| > 4. By the induction
hypothesis,

fED(@+h) - fED@) (k-1) 1 1
h = T2rik Lf(z)[(z—a—h)"_(z—a)"] &

To prove the theorem, we need to show that E(h), defined by
F4D(a+h) - fEV@) K / 1)

E(h) = h omi (z_—?)"’—+T

tends to 0 as h — 0. Now,

B = 2mh /f [ a—h)k'(z—la)k‘(z—k:)k“]d"’

and

1 1 kR
(z—a—-h)* (z—a)f  (z—a)

where g(w) = 1/(z — w)*. Hence, by (4.5), we know that D = hv(a, h), where
v(a,h) > 0as h—0.

There exists M such that |f(z)| < M in I(y) U~*, and the contour 4* has
length L (say). Hence, by Theorem 5.24,

k - IMLjv(a, b)|
2 ’

which tends to 0 as h — 0. O

D= g(a+h) - g(a) - hg'(a),

B(R)| < &
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Remark 7.6

It is worth drawing attention to the fact, on the face of it rather surprising, that
a differentiable function f necessarily has higher derivatives of every order. This
is in complete contrast to the situation in real analysis, where, for example, the
function f given by

_ [ 2%sin(l/z) ifz#0
f(z)‘{ 0 ifz=0

is differentiable at 0, but f’ is not even continuous.

The statement of Theorem 7.5 tends to suggest that one wants to use the
integral to obtain the derivative. Frequently, however, it is appropriate to turn
the formula round, and to use the equality

/ ( f(Z) _ 2w )' f(n—l)(a) (75)

z—a)* (n-1

to compute the integral.

Example 7.7

Evaluate

sin z
/ € 3 dz.
x(0,1) z
Solution

By Theorem 7.5, the value of the integral is (1/2!)27if"(0), where f(z) = e*»=.
Now, f'(z) = e*®# cos z, and f"(z) = e**®#*(cos? z — sin z). Thus f"(0) = 1, and

L]o] sin
1nz
/ ¢ 5 dz =mi.
x(0,1) %
O

We finish this section by showing that Cauchy’s Theorem has a converse:

Theorem 7.8 (Morera's Theorem)

Let f be continuous on an open set D. If f,7 f(z)dz = 0 for every contour
contained in D, then f is holomorphic in D.
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Proof

Let a € D, and let r be such that N(a,r) C D. Within this convex open
set every contour v, in particular every triangular contour 7, is such that
j:y f(z)dz = 0. Hence, by Theorem 5.19, there exists a function F, holomorphic
in N(a,r), such that F'(z) = f(z) for all z in N(a,r). By the remark following
Theorem 7.5, F has derivatives of all orders within N(a,r), and so certainly
f'(a) exists. Since a was chosen arbitrarily, it follows that f is holomorphic
in D. a

EXERCISES

7.1. Evaluate the following integrals:

7.2. Evaluate m
/ 2 (myn €N).
x(0,2) (1 - z)n '
7.3. Suppose that the function f is holomorphic in N(a, R). Show that,
if0<r<R,

I} — i i —i0
flo)= 5 [ Feyean
where F(6) is the real part of f(a + re'f).

7.4. Suppose that the function f is holomorphic in N(0, R'), and let a
be such that [a|=r < R< R'.

a) Show that

2 _ =
f(a)=2im. / R -9 __ )ds.

x(0,r) (z —a)(R? — za)

_b) Deduce Poisson’s! formula: if 0 < r < R, then

. 1 2x R2 — 2
0y _
f(re®) = 2r Jo R2- 2Rrcos(f — ¢)

! Siméon Denis Poisson, 1781-1840.

—7 f(Re®)dg.
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7.5. Evaluate

/ sin’ zdz
x(0,4) [2 = (7/6))[z + (m/6)] °
7.6. Prove the following result:

Let v be a contour, and let f be continuous on «4*. Then g, defined

by
9(z) = / ii(TW)z dz,

is holomorphic in C \ v*.

7.2 The Fundamental Theorem of Algebra

Recall now that a function f which is holomorphic throughout C will be called
an entire function. We have already encountered several such functions: every
polynomial function is an entire function, and so are exp, sin and cos. When
regarded as real functions, sin and cos are also bounded, but the boundedness
property fails when we consider the whole complex plane: both |cos(iy)| =
coshy and |sin(iy)| = |isinhy| (where y is real) tend to infinity as y — oo.
It is thus natural to ask whether there exist any bounded entire functions.
Liouville’s Theorem? says in essence that there are none:

Theorem 7.9 (Liouville's Theorem)

Let f be a bounded entire function. Then f is constant.

Proof

Suppose that |f(z)| < M for all z in C. Let a € C and let yg be the circular
contour |z — a| = R. Then, by Theorems 7.4 and 5.24,

, 1 / f(2) 1 M M
=|— L —.—=. = —.
£ (a)l 2mi J,, (2 —a)? dz| < 27 " R? 2nR R
This holds for all values of R, and so f’(a) = 0. Since f'(a) = 0 for all a in C,
it follows from Theorem 4.9 that f is a constant function. a

% Joseph Liouville, 1809-1882.
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The rather grandly named Fundamental Theorem of Algebra has already
been mentioned (see Section 2.1) as one of the justifications for studying com-
plex numbers. It was proved first by Gauss®, and is a fine example of a deep
and difficult theorem that yields easily once we have developed suitable tools.
For a history of the theorem, see [11].

Theorem 7.10

Let p(2) be a polynomial of degree n > 1, with coefficients in C. Then there
exists a in C such that p(a) = 0.

Proof

Suppose, for a contradiction, that p(z) # 0 for all z in C. Then both p(z) and
1/p(z) are entire functions. Certainly |p(z)] = oo as |z| = oo (see Exercise
3.6), and so there exists R > 0 such that |1/p(z)| < 1 whenever |z| > R. By
Theorem 5.3, the function 1/p(z) is also bounded on the closed bounded set
{z : |z| < R}. Thus, by Theorem 7.9, 1/p(z), being a bounded entire function,
must be constant. From this contradiction we deduce, as required, that the
polynomial equation p(z) = 0 must have at least one root. O

It is now straightforward to prove

Theorem 7.11 (The Fundamental Theorem of Algebra)

Let p(z) be a polynomial of degree n, with coefficients in C. Then there exist
complex numbers 3, a;,as,...,a, such that

p(2)=B(z-a1)(z—2)...(z—ap).

Proof

The proof is by induction on n, it being clear that the result is valid for n = 1.
Suppose that the result holds for all polynomials of degree n — 1, and let p(z)
have degree n. By Theorem 7.10 there exists a; in C such that p(a;) = 0.
Hence p(2) = (z — a1)g(2), where ¢(2) is of degree n — 1. By the induction
hypothesis there exist 8, as,...,a, in C such that

q(z2) =B(z—az)...(z—an).
3 Johann Carl Friedrich Gauss, 1777-1855.
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Hence
p(2) =B(z—ou)(z —a2)...(z2 - an),

as required. O

EXERCISES

7.7. Let p(z) = ag + a1z + -+ - + a,z" be a polynomial of degree n with
real coefficients. Show that p(z) factorises into linear and quadratic
factors. That is, show that, for some k,! > 0 such that k + 2] = n,
there exist real numbers a;,az,...,ak, B1,82y-+-,081, Y1572+ -+ N
such that

p(z)=an(z—a1)...(x - cvk)(:c2 +Biz+m)... (22 +Bix+m).

Deduce that a polynomial of odd degree must have at least one real
root.

7.8 Find the real factors of

z8+1, z*—32°+422-62+4, z*'+323—-322-Tz+6.

7.3 Logarithms

We have already encountered the logarithm function in Section 3.5, where we
discussed the problem of finding w such that e = z. A related problem is that
of finding, for a contour v, such that 0 ¢ I(y) U~*, a function log.,, holomorphic
in I(y), such that exp[log., 2] = z.

This follows from a theorem concerning what, following the terminology of
real analysis, we might call the Indefinite Integral Theorem:

Theorem 7.12

Let v be a contour and let f be holomorphic in an open domain containing
I(y) U~*. Then there exists a holomorphic function F such that F'(z) = f(2)
for all 2z in I(y).

Proof
Choose and fix a point a in I(y), and, for each 2z in I(y), let §, be a smooth
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curve from a to 2, lying wholly within I(y). Let
F) = [ fw)du;
6‘

by the deformation theorem (Theorem 6.7), this is independent of the precise
curve we choose from a to z. Choose h so that N(z,|h|) lies wholly in I(y).
Then certainly the line segment [z, z + h| lies within I(y).

We can certainly arrange for the closed path (6,, (z,z + A, —5,+h) to be
simple (that is, without crossings), and so, by Cauchy’s Theorem,

F(z)+/ f(w)dw—F(z+h)=0.
[z,24+hA]

Hence
F(z+h) - F(z) = / f(w) dw.
[z,2+h]

Now,

/[z,”h] f(z)dw = f(2) / ldw = hf(z),

(z,2+hA]
and so, by Theorem 5.24,

Fe+h-F@) [ _1 o
|———-—h————z“‘f(2).—m /[.z,z+h](f(W) f(2))d

1
< gliel swe  17w) = 1]

we€(z,z+h)

Since, by the continuity of f, this tends to 0 as h — 0, we deduce that F is
differentiable at z, with derivative f(z). a
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Example 7.13
Show that there exists F' such that F'(z) = e’ within the neighbourhood
N(0,R).

Solution
By the theorem just proved, the required function is given by

F(z) =fe‘”2 dw,
v

where « is any smooth path from 0 to 2. The fact that we cannot “do” the
integral by antidifferentiation has nothing to do with the existence of the func-
tion. O

Theorem 7.14

Let D be an open disc not containing 0. Then' there exists a function F', holo-

morphic in D, such that
eF@ =2 (zeD).

Proof

Let a be an arbitrary fixed point in D and, for each z in D, let 8, be a smooth
path in D from a to z. The function 1/z is holomorphic in C\ {0} and so, by
Theorem 7.12, the function G given by

G(z):/éx%dw

has the property that G'(z) = 1/z. Let H(z) = ze~%(%). Then, for all z in D,
H’(z) = G(2) _ ze—G(z)Gl(z) = e~ G(2) _ =G(2) = 0,

and so, by Theorem 4.9, e%(*) = Cz, for some constant C. Let F(z) = G(z) —
log C; then eF(?) = 2, as required. O

Remark 7.15

It is reasonable to denote the holomorphic function F as logp z. Like the log-
arithm of a number, it is not quite unique. If e7:(2) = ¢F2(2) (= 2) for all z in
D, then differentiation gives

2F!(z) = eF1 GV F(2) = e Fy(2) = 2Fy(2).
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Thus F; — F, has zero derivative and so is a constant K. Since eX = 1 we must
have K = 2nmi for some integer n:

Fi(z)— Fy(z) =2nmi (2 € D).

7.4 Taylor Series

In real analysis there are distinctions between functions that are differen-
tiable, infinitely differentiable (having derivatives of all orders), and ana-
lytic (having a Taylor? series expansion). We have already seen that a holo-
morphic function is infinitely differentiable. In fact it also has a Taylor series
expansion. Precisely, we have the following theorem:

Theorem 7.16

Let ¢ € C and suppose that the function f is holomorphic in some neighbour-
hood N(c, R) of c. Then, within N(c, R),

f&) =Y anlz o),

n=0

where, forn=0,1,2,...,
(n)
o =1 ()
n!

Proof

It-is helpful first to record the sum of the following finite geometric series:

1 h_ A1 pr+ (
(z—c)"*!' " z—c—-h (z—-c)"ti(z—c—h)’

- 4 7.6
Z—c’ (z—c¢)? )
Let 0 < R; < Rz < R. Then f is holomorphic throughout the closed disc
N(c,R;). Let C be the circle k(c, Rz), and let ¢ + h € N(c,R;). Then, by
Theorems 7.1 and 7.5 and Equation (7.6),

1 (2)

f(c+h)=% cz—c—h

_ 1 f(2) f(2) n/ f(z)
_21ri[cz—cdz+h/c(z—c)2dz+ +h c(z—c)"“dz
4 Brook Taylor, 1685-1731. '
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+ Al /;‘ f(z) dz]

(z=c)"t(z—c—-h)
= Q)+ R+ e+ o f() + B,
where _— £(2)
En = 2mi /C (z=c)*t(z—c—h) dz.
We complete the proof by showing that E, — 0 as n — oo. First, by Theorem

5.3, there exists M > 0 such that |f(z)| < M for all z on the circle C. For all
zon C,

|z—c—h|>|z—c| - |h| > R2 - Ry,
since |z — ¢| = Rz and |h| < R;. Hence, by Theorem 5.24,
n+1 n
L "21Ry - o d -5 (m) .
2m R}™ (R —R)) R:—Ri \R;
Since |h|/R; < 1, we deduce that E, — 0 as n — oo. Thus

|En| <

N
fle+hy =3 = f(),
n=0

and substituting z = ¢ + h gives

f(Z) = za’ﬂ(z—c)na

n=0
where

an = —%f(")(c) =L /C _f&) dz (7.7)

T omi Jo (z—c)nt T

Remark 7.17

The Taylor series of a function f is unique. If f(z) = Y_n_;an(z —c)™ then, by
Theorem 4.19, f(™)(z) = nla,+ positive powers of z—c, and so a, = f(™(c)/n!.
Thus if we find, by whatever method, a power series for a function, the series
we find must be the Taylor series.

Example 7.18

Show that, for all real a,

(1,+z)a=1+i“(“'l)“7‘lf“'"“) (2 < 1).
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Solution

The function is holomorphic in the open set C \ {—1}, so certainly in the
neighbourhood N(0,1). Moreover, the principal argument of 1 + z lies safely
in the interval (—m/2,7/2), and so there is no ambiguity in the meaning of
(1+ 2)® = e*198(1+2)_ A routine calculation gives

fM(z)=a(a-1)...(a-n+1)(1+2)*" (n=12...)

and so
f™0) ala—1)...(a-n+1)
nl n! )
Hence
+1) .
(1+z)“—1+2 nf“ ntl, (2] < 1)
as required. a

We sometimes want to say that the Taylor series

is the Taylor series of f at c, or that the series is centred on c, or that c is
the centre of the series. To qualify Remark 7.17 above, the Taylor series of a
function is unique once we choose the centre, but a function has many different
Taylor series, with different centres. For example, the function 1/(1 + z)? is
holomorphic in C \ {—1}, and its Taylor series, centred on 0, is

1-22+4322 -4+ = (-1)*(n+1)2" (2] <1).

n=0
If we choose an arbitrary complex number ¢ # —1 as centre, we find that

1 1 1

T+22 [c+D)+(-oF (c+1)2[1+ ((z—c)/(c+ 1))]2

—Z‘ 0t g (z-cl <le+1)).

(c +1)n+2

Example 7.19

Show that
22 3
log(1+)—z—?+?—--- (2] <1).
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Solution

Within the neighbourhood N(0, 1), 1+z stays clear of the cut along the negative
z-axis.

f(z) = 10g1(1+2) f(0) =0
2) = 0 = 1
" _ 1 f 0) 1
F@) =~y ST g
f”’(z) — 2 f"'l_(o_.) = l
(1+2)3 3! 3
o _ (n) _1\n-1
f(")(z) — (_l)n-l ((;"+:))’: fn!(O) - ( 171 :
and so o
log(1 + 2) = Z(-n"-l% (|2l < 1).
O
Remark 7.20

The ambiguity in the definition of log presents no problem here. When we wrote
f(0) = 0 we were taking the sensible view that log1 = 0. If, say, we insisted on
taking log1 = 2xi (which is certainly one of the values of Log 1) then only the
first term of the Taylor series would be altered.

Remark 7.21

The series for 1/(1 + z)? could be obtained from the series for log(1 + z) by
differentiating twice.

EXERCISES
7.9. Recall that f is an even function f if f(—z) = f(z) for all z in C,

and that f is an odd function if f(—2) = —f(z) for all z in C. Let
f be a holomorphic function with Taylor series

f(z) = Zanz" (Iz| < R).
n=0

Show that:
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a) if f is even, then a, = 0 for all odd n;
b) if f is odd, then a, = 0 for all even n.
7.10. Let ¢ € C. Determine Taylor series centred on c¢ for e* and cos z.

7.11. Let f be an entire function, with Taylor series

f(z)= Z anz”™.
n=0
For each 7 > 0, let M(r) = sup {|f(2)| : z € x(0,7)}.

a) Deduce from (7.7) that

Ianl S ..ZK(_T). R
,,.n
b) Suppose now that f is bounded. Give an alternative proof of
Liouville’s Theorem (Theorem 7.9) by deducing that a, = 0 for

alln > 1.

c) More generally, suppose that there exists N > 1 and K > 0 such
that |f(z)| < K|z"| for all z. Show that f is a polynomial of
degree at most V.

7.12. Let f, g be functions whose Taylor series

f(z) = Z anz™, g(z) = anz"
n=0 n=0

have radii of convergence R;, R,, respectively. Let h(z) = f(2)g(z),
where |z| < min{R;,R;}. By using Leibniz’s formula for h(")(z),
show that h has Taylor series

h(z) = Z cn 2™,

n=0
where ¢, = > I an_rbr, the radius of convergence being at least
min {R;, R, }.
7.13. The odd function tanz, being holomorphic in the open disc
N(0,7/2), has a Taylor series
tanz =a1z+a3z3+0525 + -
Use the identity sinz = tan zcos z and the result of the previous
exercise to show that

(=" —y _G2n—1 | Q2n-3
(@n+1)! T T 41

Use this identity to calculate a;, a3 and as.

e () g (120
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7.14. The odd function tanh z is also holomorphic in N(0,7/2), and has
a Taylor series

tanhz = byz + b3z + bgz® +--- .

With the notation of the previous example, show that be,41 =
(-1)"azn41.
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Laurent Series and the Residue Theorem

8.1 Laurent Series

In Section 3.5 we looked briefly at functions with isolated singularities. It is clear
that a function f with an isolated singularity at a point ¢ cannot have a Taylor
series centred on c. What it does have is a Laurent! series, a generalized
version of a Taylor series in which there are negative as well as positive powers
of z—c

Theorem 8.1

Let f be holomorphic in the punctured disc D’(c,R), where R > 0. Then there
exist complex numbers a, (n € Z) such that, for all z in D'(a, R),

00,

f(z) = Z an(z-c)".
If0 < r < R, then f(w)
1 w
an, = Zr—i [‘(c,r) WT dw. (8-1)

Proof

It will be sufficient to prove this for the case ¢ = 0. Let z € D’(0, R), and let
! Pierre Alphonse Laurent, 1813-1854.
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0<r <|z|<rs <R

Let z € D(0,R). The function f is holomorphic inside and on both the
contours

M:A>E—->D—->C—>F—->B-A,
v%:A—>B—->G—-C—->D—->H-A,

and we may suppose without loss of generality that z lies inside ;. Hence,
since the function f(w)/(w — z) is holomorphic on I(vy2) U~3,
1
2mi J,, w—2
By contrast, it follows from Theorem 7.1 that
1
2mi

(w)
dw = . .
[ dw =10 (83)
If we now add (8.2) and (8.3), the integrals along the straight line segments
cancel each other. The outer and inner circles are traversed in the positive and

negative directions respectively, and so

f(z) = L/'c fw) dw —/K f(w) dw. (8.4)

- 2mi 0,r2) w-—2z 0,71) w—2z

For all w on the circle (0, 72) it is clear that |z/w| < 1. Thus

1 1 1 1
w-z w 1 - (z/w) :E(l'i'(Z/W)+(z/w)2+(z/w)3+...)

oo n

_ z
_an+1 '

n=0
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Similarly, |lw/z| < 1 for all w on £(0,71), and so

1 2wt
_Z=_Zzn+1.

n=0

Hence, from (8.4),

1 — z" 1 -
=g [ TOY gt g [ @)Y . (65)

n=0 x(0,7r1) n=0

Both the series are uniformly convergent by Theorem 5.33 and so, by Theorem

5.34,
=S gt Zb (),
n=0
where
1
an = i/ fgl_ﬁz dw, bn=_‘/ f(w)wndw'
2mi x(0,72) w 21 x(0,71)

By the deformation theorem (Theorem 6.7) we can replace both «(0,7;) and
k(0,72) by k(0,r), where 0 < r < R. Then, changing the notation by writing
bn as a_,_1, we obtain the required result, that

flz) = Z an2", (8.6)

n=-—00
where

1 f ( )
- d 8.7
. 27t Ji(o,r) w0 &7

a

The series (8.6) is called the Laurent expansion, or Laurent series of
f in the punctured disc D'(0, R). The sum g(z) = 372 ___ an(z — )" is called
the principal part of f at c.

There is a uniqueness theorem for Laurent series:

Theorem 8.2

Let f be holomorphic in the punctured disc D’'(c, R), and suppose that, for all
z in D'(c, R),

f(z) = }: bz —c)™. (8.8)

n=-—00

_ 1 f(w)
B 2_7'.; -/r;(c,r) (w - c)n+1 -

Then, for all n in Z,
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Proof

Again, it will be sufficient to consider the case where ¢ = 0. Let a,, be as defined
in (8.7), and let r € (0, R). Then

f(w) S
2mia, = / dw = / bew* ™" | dw
" x(0,r) wntl &(0,r) Lg:z—m ]

= /(0 )[i bkw"'"—l] dw +/ [f: b_lw_'_"_l] dw.

k=0 ~(0,r) {7

Both these power series are convergent by assumption, and so, by Theorems
5.33 and 5.34, may be integrated term by term. Hence

[+ <]
2mia, = Z bk/ wF " dw = 2mib, ,

k=—o00 x(0,r)
since, by Theorem 5.13, fn(oT w* " 1dw = 0 unless k —n — 1 = —1. Thus
bn, = an, and so the series (8.8; is indeed the Laurent expansion of f. O

Corollary 8.3

If f has Laurent expansion

[=<]

fz)= ) an(z=0)"

n=-—0o

in the punctured disc D'(c, R), then

/ f(2)dz = 2mia_, .
s(c,r)

Proof
Simply put n = -1 in the formula (8.7). o

This rather innocent result has far-reaching consequences, as we shall see
shortly. The coefficient a_; is called the residue of f at ¢, and we denote it by

res(f,c).

Example 8.4

Determine

/21 dz,
42241
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where v is the semicircle [-R,R] U {z : |z| = R, Im 2z > 0}, traversed in the
positive direction, with R > 1.

Solution

R R

The integrand has a singularity at ¢. The Laurent expansion at 7 is given by

1 1 1 1 _ 1 1 z=i !
22+1 (z—i)z+19) 2z—-1i 2A+(z—19) z-1i2 2i
1 z—i  (z2-14)? (2-1)}
= 1- - )
%i(z —3) ( 2 T T@e  @e T
The function z — 1/(2z2 + 1) has a simple pole at 4, and the residue is 1/2i.
Hence

/ L dz =2mi(1/2) = 7.

22+1

Remark 8.5

You will notice that in this example nearly all of the Laurent expansion is irrel-
evant. We shall shortly consider techniques for obtaining the crucial coefficient
a_1 without going to the trouble of finding the whole expansion.

The uniqueness theorem proves very useful in obtaining Laurent expansions,
since the formula (8.7) for the coefficients often presents us with an integral that
is far from easy to evaluate. For example, the function sin(1/2) is holomorphic
in C\ {0}, and the uniqueness theorem assures us that the obvious series

o n z—2n—1
g(_l) (2n +1)!

is none other than the Laurent expansion. From (8.7) we note that

1

= — fw)w™ 1dw,
271 x(0,r) ( )

a-n
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and so we have the incidental conclusion that, for every non-negative integer n
and every contour < such that 0 € I(%),

-1)"2mi
2n : 1 = (
[’w sin(1/w) dw @t
while

/wksin(l/'w)dw=0-

v

unless k is even and non-negative. These conclusions would be hard to reach
without the power of Laurent’s Theorem.

Remark 8.6

For a function f that is holomorphic in an open domain containing the disc
D(c, R), we have a Taylor series

f(z) = Zan(z_c)n’

n=0

Ly )y,

n! - 2_71'1 (c,R) (w - C)"’+1

where

an

This is also the Laurent expansion. If f is holomorphic throughout the disc
then the negative coefficients in the Laurent expansion are all 0.

It is often sufficient to know the first few terms of a Laurent expansion, and
here the O and o notations can save a lot of unnecessary detail.

Example 8.7

Calculate the first few terms of the Laurent series for 1/sin z at 0.

Solution
The function 1/ sin z has a singularity at 0 but is otherwise holomorphic in the
neighbourhood N(0, 7). We know that, as z — 0,
23
sinz =z — 3 +0(2%).
Hence, for z near 0,
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a

If we require more terms it is in principle easy to compute them. See Exercise
8.1.

Example 8.8
Show that
cot z = oz +0(2%)
z 3
Solution

From what we know already,

_cosz [ 2° NV 3
cot z = = = (1 3 +O0(z )) (Z+6+O(z ))

_1_ (L.l 3

=--2(3 6)+O(z)

1 =z 3

= 3-i-O(z).

EXERCISES

8.1. Show that
. —1+E+B—3-+0(4)
=Z76 360 OV

sin z

8.2. Show that
L__2 1. 2
l—cosz 22 6 120 ’

8.3. Show that the coefficient of 2~! in the Laurent series of el/%¢2* is

> s
= nl(n+1)!

8.4. Determine res(f,0), where:
a) f(z) =1/(z*sinz2);
b) f(z) =1/[z3(1 — cos z)].
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8.2 Classification of Singularities

We encountered singularities in Section 3.5, but the Laurent series helps us to
understand them better. Let f(z) have a Laurent series Y oo __ an(z — ¢)™.
If a, # O for infinitely many negative values of n, then f has an essential
singularity at c. Otherwise, if n is the least integer (positive or negative) such
that a, # 0, we say that n is the order of f at ¢, and write n = ord(f,c). It is
clear that ord(f, c) is the unique integer n such that f(z) = (z — ¢)"g(z), where

g is differentiable and non-zero at c.

Example 8.9

Show that cos(1/z) has an essential singularity at 0.

Solution

Since cos(1/2) has the Laurent series

1 ., 1 _4
1- Tk + AR
it is clear that it has an essential singularity at 0. O

The coefficients of the Laurent series for f do not depend on the value of
f(c), which we may take as undefined. If ord(f,c) = n > 0 then f becomes
differentiable at c if we define f(c) as ao. Thus, whether f(c) was undefined, or
had a value other than ag, we can remove the singularity at ¢ by defining (or
redefining) f(c) to be ag. This is what is called a removable singularity. Note
that f has (at worst) a removable singularity at c if and only if lim,_,. f(z) is
finite.

If ord(f,c) = —m, where m > 0, then f has a pole of order m at c. A
pole of order 1 is usually called a simple pole. From Examples 8.7 and 8.8
we see that sin and cot both have simple poles at 0, and from Exercise 7.2 we
see that 1/(1 — cos 2) has a pole of order 2 (a double pole) at 0.

It is clear that if c is a pole of f then f(z) — oo as 2 — c. If f has an
essential singularity at c, then lim,_,. f(z) does not exist. Indeed we have the
following remarkable theorem, due to Casorati? and Weierstrass, which says
that within an arbitrarily small punctured disc D'(c, ) the value of f(z) can
be made arbitrarily close to any complex number whatever:

2 Felice Casorati, 1835-1890.
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Theorem 8.10 (The Casorati-Weierstrass Theorem)

Let f have an essential singularity at c, and let d be an arbitrary complex
number. Then, for all § > 0 and for all € > 0 there exists z in D’(c,J) such that
|f(2) —d| <e.

Proof

Suppose, for a contradiction, that for some d in C there exists ¢ >0 and § > 0

such that |f(z) —d| > € for all z in D'(c,5). Let g(z) = 1/(f(2) — d). Then, for

all zin D'(¢,§), )
lg(2)] < p

and so g has (at worst) a removable singularity at c. Since g is not identically

zero, ord(g,c) = k > 0, and so

ord(f,c) = ord(f — d,c) = —k.
(See Exercise 8.5 below.) This contradicts the assumption that f has an essen-

tial singularity at c. a

As a consequence we have the following result, which says that a non-
polynomial entire function comes arbitrarily close to every complex number in
any region {2 : |z| > R}:

Theorem 8.11

Let f be an entire function, not a polynomial. Let R > 0, ¢ > 0 and c € C.
Then there exists z such that |z| > R and |f(2) — ¢| < e.

Proof

The function f has a non-terminating Taylor series Z?:o a,z"™, converging for
all 2. It follows that the function g, defined by g(z) = f(1/z), has an essential
singularity at 0. So, by Theorem 8.10, for all ¢, R > 0 and all ¢ in C, there
exists z such that |z|] < 1/R and |g(z) — ¢|] < e. That is, |1/z]| > R and
|f(1/2z) —c| <e. O

EXERCISES

8.5. Let f and g have finite order at c. Show that:
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a) ord(f - g,c) = ord(f,c) + ord(g,c);

b) ord(1/f, ¢) = —ord(f,c);

¢) if ord(f,c) < ord(g, c), then ord(f + g,c) = ord(f,c).
8.6 Use the previous exercise to deduce that

a) 1/zsin® z has a triple pole at 0;

b) (cot z + cos 2)/sin 2z has a double pole at 0.

c) 22(z—1)/[(1 — cos z) log(1 + z)] has a simple pole at zero.

8.3 The Residue Theorem

Let 4 be a contour and let f be holomorphic in a domain containing I(y) Uy,
except for a single point ¢ in I(y). Then f has a Laurent expansion

oo

f)= ) an(z=o)",

n=-—0oo

valid for all z # ¢ in I(y)U~*. From Corollary 8.3 and the Deformation Theorem
(Theorem 6.7), we deduce that

/ f(z)dz = 2mia_; .
.
We refer to a_; as the residue of f at the singularity ¢, and write
a_; =res(f,c). (8.9)
R —————R ST e 2

The next result extends this conclusion to a function having finitely many
singularities within the contour:

Theorem 8.12 (The Residue Theorem)

Let v be a contour, and let f be a function holomorphic in an open domain
U containing I(y) U~v*, except for finitely many poles at ¢;,ca,...,cm in I(y).

Then
L/ f(z)dz = 21rzZres (f,ck)
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Proof
For k =1,2,...,m, let fi be the principal part of f at cx. Suppose in fact that
¢k is a pole of order Ny, so that the Laurent series of f at ¢y is

oo

Z al®(z — )"

n=—N,.
Then fi(z) = E;i_ N as,k)(z — ck)™, a rational function with precisely one
singularity, a pole of order Ny at ci. Notice also that

&)= ful5) = 3 a2 - )

n=0

and so f — fi is holomorphic in some neighbourhood of c.

Let g=f—(fit+ fat -+ fm). We write g = (f — f) — ;.4 fi and
observe that f — fr and each f; (j # k) are holomorphic at cx. This happens
for each value of k and, since there are no other potential singularities for g,
we conclude that g is holomorphic in U. Hence f.’ 9(2z)dz =0, and so

m
/ f(z)dz=%" / fu(2) dz. (8.10)
) k=1Y"7
By Theorem 5.13,
/fk(z) dz = 27ria(_kl) = 2mires(f,ck),
~

and the result now follows immediately from (8.10). a
Accordingly, the key to integration round a contour is the calculation of

residues, and it is important to be able to calculate those without computing
the entire Laurent series. Simple poles are the easiest:

Theorem 8.13
Let f have a simple pole at ¢. Then

res(f,c) = lim(z — /()

Thus, if
a

1(2)

+0(1),

Tz-c
then res(f,c) = a.
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Proof

Suppose that f has a simple pole at c, so that the Laurent series is

fz)=a-1(z—¢)7 1 + Zan(z -co)".
n=0

Then, as z — ¢,

oo

(z—c)f(z)=a_1+ Zan(z — o)™ 5 a_; =res(f,c).

n=0

Example 8.14

Evaluate

/ 51121(1rz) dz
v 2441
where v is any contour such that i, —i € I(y).
Solution

The integrand f has simple poles at i and —i. Recalling that sin(iz) = isinh z,
we obtain from Theorem 8.13 that

. . sin(rz) sinhw
res(f,6) = im =757 = —5

. . sin(m2z) sinhw
sl 3 = Jim ) - 22

¥

Hence

/ Su;(ﬂ-z) dz = insinhw.
y 2+ 1

a

In that example, and in many others, the integrand f(z) is of the form
g(z)/h(z), where both g and h are holomorphic, and where h(c) = 0, h'(c) # 0.
A technique applying to this situation is worth recording as a theorem:

Theorem 8.15

Let f(z) = g(z)/h(z), where g and h are both holomorphic in a neighbourhood
of ¢, and where h(c) = 0, h'(c) # 0. Then

res(f,c) = %
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Proof

o zZ—c . z—cC _ g(c)
res(f, c) = ll_rﬂ:g(z) h_(zj = g(c) ll_rfi h(z) - h(c) = R (<) .

z

a

In the last example this observation makes little or no difference, but it can
help in other cases.

Example 8.16

Evaluate

/' dz
,244+1’

where 7 is the semicircle [-R, R]U {2z : |z| = R and Imz > 0}, traced in the
positive direction, and R > 1.

Solution

Within the semicircle, the integrand f has two simple poles, at e
From (8.15) we see that

im/4 3iw/4

and e

) 1 e—3dir/4 —1—4

ir/dy _ - —
res(f,e™") = gedim/a T 4 T 4/
res(f, 63”‘./4) _ 1 e-—11|’/4 _ 1 —_ fl:

T 2edin/t T T 4 42

H
ence dz —2%

—f  —or
20 +1

a

Multiple poles are a little more troublesome. A more general version of

Theorem 8.13 is available, but it does not always give the most effective way
of computing the residue:
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Theorem 8.17

Suppose that f has a pole of order m at c, so that

f@)= ) anlz-0o",
and a_,, # 0. Then
res(f,) = =37 9™ (),

where g(z) = (z — ¢)™f(2).

Proof
From
gz)=a_m+tamti(z—c)+---+a_1(z - c)m—l 4o

we deduce, differentiating m — 1 times, that
g™V (2) = (m —1)la_1 + positive powers of (z—c);

hence
g™ V() = (m - Dlay = (m = Dires(,c).

Example 8.18

Evaluate

/ dz
i (22 + 1)2 ’

where v is the semicircle [-R, R]U {z : |z| = R and Im 2z > 0}, traced in the
positive direction, and R > 1.

Solution
The integrand f has a double pole at i, and f(z) = (z — i)~2g(z), where
9(z) = 1/(z + i)%. Hence g'(z) = —2/(z +1)3, and so
N o M\ _2 _ __2 _ i
res(f,1) = ¢'(¢) = —( DERrArE

Hence
1

/ 92 ol T
4 (22+1)2 4 2
a
For multiple poles it is frequently less troublesome to calculate the relevant
terms of the Laurent series.
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Example 8.19
Find the residue of 1/(2%sin z) at the triple pole 0.

Solution

1 1 (z—%3+0(25))_1= 1 (1—-§+0(z4))_1

z?sinz 22

1 22 4
_z—3<1+—é-+0(z )).

The residue is the coefficient of z~!, namely 1/6.
The alternative method, which involves calculating lim,_,¢ g”(z), where
g(z) = 23f(z) = z/sinz, is much harder. a

EXERCISES

8.7. Let f be an even meromorphic function, that is to say, let f be
such that f(—z) = f(z) for all z, and suppose that f has a pole at
0. Show that res(f,0) = 0.

8.8. Calculate the residue of 1/(z —sinz) at 0.
8.9. Calculate the residue of 1/(2% + 1)% at —1.

8.10. Calculate the residue at 0 of

1+ 2%
28(1-22)(2-2) °

8.11. Using the method of Example 8.19, show that the residue of cot 7z/z2

at the triple pole 0 is —m /3.

8.12. Show that cot wz and cosec w2z have simple poles at every integer n,
and that

(-1

1
res(cotwz,n) = —, res(cosecmz,n) =
T T

Show, more generally, that, if f has no zeros on the z-axis,

res(mf(z) cotwz,n) = f(n), res(wf(z)cosecwz,n) = (-1)"f(n).

8.13. Evaluate the integrals:
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/ sinmTzdz
x(0,2) (22 +1)3°

/ dz
w(0,m/4) 22 tanz
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Applications of Contour Integration

9.1 Real Integrals: Semicircular Contours

One of the very attractive features of complex analysis is that it can provide
elegant and easy proofs of results in real analysis. Let us look again at Example
8.16. The contour « is parametrised by

7(t)=t+i0 (-R<t<R) }
72(t) = Re®* (0<t<m),

T dz
7_/ +1 /Rt4+1 /R4e4"+1 (9:2)

By Theorem 5.24,

and so

TR

e‘“‘ + 1 SE-T1

which tends to 0 as R — oo. Hence, letting R — oo in (9.2), we obtain the
Cauchy principal value:

®  dt T
PV/ _— =
( )_oot4+1 V2

1 —
th+1 ¢

© dt 0 4t
and —_Y
o tt+1 o 1

Since
ast — oo

both




154 Complex Analysis

converge. So we can leave out the (PV) and conclude that

/°° dt _ T
i+l 2

If necessary, we may then deduce by symmetry that

/ ® dt 0w
o tt+17 2y2°
This result can of course be obtained by elementary methods, but the process
is lengthy and tedious.

Similarly, if we examine Example 8.18, in which the contour has the same
parametrisation (9.1), we find that

1r_/ dz _/R dt +/1r iReit dt
2= )@ Jp@r ), @)

/" iRett dt 7R
o (RPeBt 1 1)

<
which again tends to 0 as R — oo. Hence

/°° @ o«
—eo (B2+1)2 7 27

since, as in the last example, we can dispense with the (PV) in front of the
integral. Here the elementary method is not quite so tedious as in the previous
case: substituting ¢t = tan 6 gives

0o n/2 2 w/2
/ 2L2=/ ﬂd@:/ cos? 8 d6
oo (2 +1) —n/2 Sect 6 —n)2
1 w/2

/2 1 T
= - = - 1gi = —,
=3 /_"/2 (1 + cos26)dé 5 [(H— 2s1n29] a2 2

and

The two integrals we have examined are both special cases of the following
general theorem.

Theorem 9.1
Let f be a complex function with the properties:

(i) f is meromorphic in the upper half-plane, having poles at finitely many
points p1, Pz, - - ., Pn;

(if) f has no poles on the real axis;
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(iii) zf(z) =0 uniformly in the upper half-plane, as |z| = oo;
(iv) fo z) dz and f_ z) dz both converge.
Then

/oo f(z)dz = 2mi Zres(f,pk).
- k=1

Proof

Consider | o f (z) dz, where the contour v is the semicircle of radius R in the
upper half-plane. Thus

R ~
_ . 9 Rei® 4g . )
[yf(z)dz—/_ﬂ_f(z)d +/0 f(Re®)iRe™ d8 (9.3)

From Condition (iii) we know that, for all € > 0, there exists K > 0 such that
|zf(2)| < € for all z in the upper half-plane such that |z| > K. Hence, for all
R>K,

\ / f(Re*)iRe® do‘ < Te.
0

Thus [ f(Re)iRe?® d9 — 0 as R — oo and so, letting R tend to oo in (9.3)
and applying the residue theorem, we see that

(PV / f(z) dz = 2mi Zres fypk)

k=1

Condition (iv) means that we can dispense with the principal value prefix
(PV). a

Example 9.2

Evaluate
/°° cosz dz
o T2+ 2z 44
Solution
Let

etz

1= armya
Then f(2) has two poles, at —1+14+/3 and —1 —41/3, and only the first of these
is in the upper half-plane. From (8.15) we calculate that
ei(~1+iv3) e—te—V3

res(f, -1 +4v3) = A-1+iv3)+2  2iv3
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In the upper half-plane, for all sufficiently large |z2|,

12f(2)| =

zeiz
22422+ 4‘
zet®e™V
2242244
||
= |22 - 2|z| — 4

‘ (where £ = Rez and y = Im z2)
(since |e**| =1 and [e7Y| < 1).

It follows that |2f(2)| tends uniformly to 0 in the upper half plane.
All the conditions of Theorem 9.1 are satisfied, and so

00 eiz . ) T i _J3
/wm—2mres(f,—l+z\/§)—%e e .

Equating real parts gives

00
d
/ _S08zdr T ~VBeosl.
—00 T +21:+4 V3

Our method gives us a bonus, since equating imaginary parts gives

o o) : d
/ _____:m:z: L —_ le"‘/ﬁsinl.
o T2+ 244 V3

Remark 9.3

An approach using
Cos z
&)= a1

would not work, since cosiy = coshy ~ 1e¥ as y — 0o, and so Condition (iii)
certainly fails.

EXERCISES

9.1 Show that
/°° z? T
—dz=—.
9.2 Show that

/00 $2 p _1|'
e BTN+ T
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9.3. Show that

x 1 T
— de=2.
/0 +17°73

/00 1 da:—s—ﬂ
o (@212 8

9.5. More generally, show that

/°° 1 dp = T 2n — 2
oo (Z2+ 1) Tom-2\pn-1/"

9.4. Show that

9.6. Show that

/°° 1 dz = 4
oo (242 +1)2 T 33

/°° cosT T
T—d$=‘—.
o zT¢+1 2e

9.8. By expressing sin’ z as 1(1 — cos2z), determine the value of
/°° sin? z dz
0 1+ 1:2 ’
9.9. Suppose that ¢ > 0, d > 0 and ¢ # d. Show that
/°° coszdz o i e *
oo (Z2+c?)(z2 +d2)  c2-d2 \ d c )’
9.10. Show that, if ¢ > 0,

/°° coszdr _ m(c+1)e™*
oo (242 2¢3 '

9.7. Show that

9.11. Show that, if K > 0 and s > 0,

® cossz T ks

————dz= e
—oo K2+ 22 k
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9.2 Integrals Involving Circular Functions

We are familiar with the idea of rewriting an integral

/ f(z)dz
~{0,1)

round the unit circle (0, 1) as an integral
27 . .
f(e®)ie? db.
Sometimes it is useful to reverse the process. Consider an integral of the form

2w

f(sinf,cos6) db .

If z = €' then

ont =1 (s+2) wmo= & (s-2) 0= 2
2 z 21 z

and so the integral can be expressed as fn(O 1) 9(z) dz.
Some examples will demonstrate the technique.

Example 9.4
Evaluate
27
dé
I= —_— >b> .
/0 a+bcosf (a 0)
Solution

The substitution gives
1 dz , dz
I = —r———T -— = —27' _____—_2
x(01) @+ 3 b(z +277) iz x(0,1) 022 + 20z + b

dz
= _2 __ e
’ /n(o,1) b(z—-a)(z-8)’

where

and G = —

are the roots of the equation bz? + 2az + b = 0. The integrand has simple poles
at o and §. Now,

Ny
b

252

a+
8] = 22

>1,

ol 8
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and so 3 does not lie within the contour (0,1). Since a8 = 1 we deduce that
|a| < 1. The residue at a is

1 1

bla-pB) 2va2-02’

and so
1 2

I = 2mi(—2i = .
mi(—2i) 2W/aZ — b2 Val - b2

a

The technique requires that the limits of integration be 0 and 2x. It is,
however, sometimes possible to transform an integral into the required form.

Example 9.5
Evaluate
" dé
I -/0 Zrcozg @20
Solution

We use the identity 2 cos?§ = 1 + cos 20 and then substitute ¢ = 26 to obtain

I_/ZW d¢
“Jo (2a2+1)+cos¢’

Then from the previous example we deduce that

™
ass
a
Example 9.6
Evaluate
2r
cos 0 df
1= [t (el <D

Solution

With z = e* as usual, we find that

1 1+ 22
I=— _ e dz.
2 /,‘(0,1) 2(1-az)(z —a) z
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The integrand has simple poles at 0, a and 1/a, the first two of which lie inside
the contour. The residue at 0 is —1/a, and at a is (1 + a?)/[a(1 — a?)]. Hence

Tem 1+a®> 1\ _ m(14a®-14ad%)  2ma
“ " \a(l-a?) a) a(l —a?) T 1-a?’

O

Sometimes it is easier to solve the problem by considering the integral from
0 to 2m of a complex-valued function. The next example could be done by
substituting (z3 + 273)/2 for cos 36, but the resulting integral is much more
difficult to evaluate.

Example 9.7
Show that
/2" cos 30 d6 _m
o 5—4cosf 12°
Solution

m e3ib dg _/ 23 dz _ / 28dz
o H5—4cosf x(0,1) 2[5 — 2(z + 271)] ¢ x(0,1) 222 — 52+ 2
/ 28 p
=1 -—_—Aaz.
x(0,1) (22 -1)(z-2)

The integrand has a simple pole within (0, 1) at 1/2, and the residue is —1/24.
Hence, equating real parts, we deduce that

2m
cos 36 d6 L T

EXERCISES

9.12. Evaluate
/2# de
o 1—2acosf+ a?
(i) if |a| < 15 (ii) if |a| > 1.
9.13. Show that

/2" cos?20df  m(1+p?)
o l—2pcosf+p2 1-—p?

(0<p<1l).
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9.14. Show that, ifa > b > 0,
/2" sin?0dd 2«
0

a+bcos€=b_2(a_ a?=5).

9.15. Let a > 0. Show that
/2" cos30d  2me~3
0

cosha —cosf  sinha °

By putting o = cosh™!(5/4), recover the result of Example 9.7.

ez
— dz.
/n(O,l) zn+tl Z

27
/ %% cos(nf — sin6) d =
0

9.16. Evaluate

Deduce that

2w
nl’

9.17. Let m € R and a € (—1,1). By integrating e™*/(z — ia) round the
circle (0, 1), show that

/2" e™%36cos(m sin 0) — asin(msin 6 + 6))
0

T 2smd f a2 df = 2w cosma,
/2"'6’" cs8[sin(m sin §) + a cos(m sin6 + @
0

T~ 250 £ a2 ) df = 2w sinma.
— 2sin a

9.3 Real Integrals: Jordan’s Lemma

The range of applications to real integrals is extended by the use of the following
result, usually known as Jordan’s Lemma:

Theorem 9.8 (Jordan's Lemma)

Let f be differentiable in C, except at finitely many poles, none of which lies on
the real line, and let ¢y, ¢, ..., c, be the poles in the upper half-plane. Suppose
also that f(z) — 0 as z — oo in the upper half-plane. Then, for every positive
real number a,

[ <] 00 n
/ f(z)cosazdr + i / f(z)sinaz dz = 2mi Z res(g, ¢;),
- -0 k=1

where g(z) = f(z)e***.
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Proof
Let € > 0. Let R be such that
(i) |ex| <Rfork=1,2,...,n;
(ii) |f(2)| < € for all z such that |z| > R and Im z > 0;
(iii) ze=2* < 1for all z > R.

Let u,v > R. Let o be the square with vertices —u, v, v + iw, —u + tw, where
w=u+"v.

—u+iw v+ iw

(0 b'e

—-u v

From the Residue Theorem (Theorem 8.12) we know that

/g(z) dz = 27rines(g, k),

k=1

for the poles of g are in the same places as those of f. Now,

/g(Z) dz = v f(z)eiaz d:l?-{-/w f(v+iy)eiav—ay dy
? 0

—u
v

- f(z + iw)e*** % dg — / f(—u+iy)e ¥ dy,
—u 0

Our choice of u and v ensures that |v+iy|,| —u+1iy| > R for all y in [0, w],
and |z + iw| > R for all z in [—u,v]. Hence

o (94)

elm

w w
/ f(v+iy)ei“”‘°ydy’s(s / e-“ydy[=§(1—e"°w)s
0 0

and similarly

/ e~V dy| <<, (9.5)
0 a

/ f(—u+iy)eton—ay dy‘ <e
0
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while (for sufficiently large w)
v . v
f(z +iw)e** % dz| <e / e"dz| = ewe™® < €. (9.6)
—u -u
Hence, for sufficiently large v and v,
v n
f(z)e**® dz — 2mi Z res(g, ck)
—u k=1
can be made smaller than any positive number. Thus
o0 k3
/ f(z)e*** dz = 2mi Zres(g, ck) - (9.7)
—o° k=1
a

Remark 9.9

If, instead of the square, we had used the semicircle with centre 0 and radius

R we would have concluded only that

(PV) /oo f(z)ei*" de = 2mi Xn:res(g, Ck)
—oo k=1

and it is possible for this to exist when the integral from —oo to oo does not.

(See Section 1.7.)

Example 9.10
Evaluate
< zrsinzdc
o 4B
Solution

In Jordan’s Lemma, let f(z) = z/(2%+b?) and let a = 1. Thus g(z) = ze'*/(2%*+

b%). The only pole in the upper half-plane is at ib, and the residue is

ibe~t 1 —b

2ib 2

Hence

(9.8)
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Equating imaginary parts gives

/°° zsinzdr —b
———— =me .
o T2+ b2

The integrand is an even function, so

/°° :z:sinzd:z:_we_b
0o T24+b 2

If we equate real parts in (9.4), we obtain

/°° Tcoscdzx -0
oo T2+ Y? '

which we knew anyway, for the integrand is an odd function. O

Remark 9.11

Here we cannot deduce from the comparison test (Theorem 1.18) that the
integral from 0 to oo converges.

Sometimes we need to make a small detour in our preferred contour so as to
avoid, or sometimes to include, a pole. Before giving an example, we establish
the following lemma:

Lemma 9.12
/7

Suppose that f has a simple pole at ¢, with residue p, and let 4* be a circular

arc with radius r:
y@) =c+re? (@<<PB).

Then
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Proof

In a suitable neighbourhood N(c, §) we have a Laurent expansion

&)= =2 43 an(z— o

zZ—C
n=0

If we define g(z) as f(z) — (p/(z — c)), we see that g is bounded in N(c,4).
That is, there exists M > 0 such that |g(z)| < M, and so, if 0 < r < 4,

[yg(z) dz

Thus [, g(z)dz — 0 as r — 0. Next, recall that

P riei® .
/Y P dz=p/a md@:w(ﬂ—a).

zZ—C

<SMr(B-a).

Given € > 0, it now follows that, for sufficiently small r,

[ #era= [ 22
[’ 9(2) dz

/ £(2) dz — ip(B - a)

dz
c

<SMr(B-a)<e.

Thus
lim s f(z)dz = ip(B - a)
as required. O
Example 9.13
Show that
* sinz T
A T d(L' = 5 .
Solution

Consider €*#/z, which has a simple pole at z = 0, with residue e‘® = 1. Except
for the existence of this pole, the conditions of Jordan’s Lemma are satisfied
by the function 1/z, and we modify the contour to a square with a small
semicircular indentation o to avoid 0.
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-u+iw v+ iw

lzl=r

I

The inequalities (9.4), (9.5) and (9.6) all survive, and so, instead of (9.7),
we have the modified conclusion that

-r _iz iz oo _iz
/ i—dx—/e——dz+/ € dz =0. (9.9)
oo T c 2 r

By Lemma 9.12, as 7 — 0,

eiz
—dz > 7.
(-4

Hence, letting r tend to 0 and taking imaginary parts, we deduce that

Since sinz/z is an even function, we obtain finally that

00 .t

sSinx ™
/ —dz=—.
0 T 2

Remark 9.14
Taking real parts in (9.9) gives
-T oo
/ coszdm+/ cosmdz 50
oo T . z

as r — 0, which was obvious anyway, since cos z/z is an odd function. However,
since cos z/z ~ 1/z as z — 0, the integral [*_(cosz/x) dz does not exist. (See
Section 1.7.)
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EXERCISES

9.18. Evaluate
/'°° coszdz /'°° sinwz dz
0 T2 —22+2" J_z2-2z+2
/°° z¥sineg _ w
oo (1422)2 7 2¢°
9.20. Show that, for all real a,

® (22 — a®)sinzdz
=m(2e*+1).
L ray s e

9.19. Show that

9.21. Show that

/°° sinwzdm_ﬂ_
o z(l-z?)

9.4 Real Integrals: Some Special Contours

An ingenious choice of contour can sometimes be used to compute a difficult
integral.

Example 9.15

Evaluate
oo
/ _z dz.
0 1 + :E4

Solution

Here there is no point in finding the integral from —oo to oo, since the inte-
grand is an odd function, and this integral is trivially equal to 0. We consider
/ 0,2/ (1+ 2%)) dz, where g(0, R) is the quarter circle in the first quadrant.
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The integrand has a simple pole at e*"/4, with residue
eiw/4 _ _]_'e—i1r/2 _ —1'
4edin/4 4 -4

and so

R n/2 i0 R . .
T Re . i0 iy . . 1 T
- . — i — dy =2 —2)=2=.
/; T dac+/0 1T RioH® i1Re' df /(; T4y idy m( 4) 2

The middle term tends to 0 as R — oo, and the contribution of the section

from iR to 0 is R . R
_/ iy ,-dy=/ Y gy
o 1+t o 1+

the same as the contribution from the section from 0 to R. Letting R — oo, we
deduce that

d

and so /oo z dz _ E

0 1 + 334 - 4

(]
Example 9.16
Evaluate
oo eaa:
/_w1+e‘dm O0<a<l).

Solution

Here there is no problem over the convergence of the integral, since

eaa:
15 ™ e~(1=9)2 a5z — oo,
e
and (o2
1 o ~ eat as T — —o00.
+e

We consider the complex function f(z) = e®*/(1+ €*), and the rectangular
contour with corners at +R, +R + 2i.

)
—R + 27 R+ 2mi

T




9. Applications of Contour Integration 169

The function has a simple pole at 7, with residue ™t /e™ = e™¢/(-1) =
—e®™t. Hence

. R €% 2 ea(R+iy)
. ami __ P
—27ie _/_R1+e¢ drc + /0 1+eR+iyzdy

R ea(:c+21ri) 27 ea(_R'Hy) .
- /Rl———+ez+21ri dm‘/o iRy iy (910)

Now, for sufficiently large R,
ea(R+i‘y) aR

1+ eR*H'y

27 ea(R+iy)
A 1+ eR+iy tay

e

—(1-a)R
SeR_1§2e 4,

Hence
< 47re—(1—a)R,

which tends to 0 as R — oo. Similarly, for sufficiently large R,
ea(—R+iy) -aR

1 4+ e~ R+iy

2m ga(—R+iy) R
: —-a
/0 r:;m’dy‘ < dme™™7,

which again tends to 0 as R — oo. Also,

R ca(z+2mi) sami R caz
————dz =™ —d
/R1+ez+2wz € »/—R1+e: z

e
< < 2e7°R
“1l-e R~

Hence

Hence, letting R — oo, we see from (9.10) that

2ani * e : QT
(1—e*™) 1+ezd1:=—27rze .
)

Hence

oo az .
/ g™ __T (9.11)

o 1+ €7 gemi — e~9%  ginaw

Remark 9.17

If we substitute z = log ¢ in this integral, we obtain

GOta.—l
dt,
L i
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and if you have come across real beta- and gamma-functions (see [13]) you may
recognise this last integral as B(a,1 — a) = I'(a)I'(1 — a). (The further substi-
tution ¢t = u/(1 — u) changes the integral to fol u®~1(1 — u)~°® du, which relates
to the usual definition B(m,n) = fol z™ }(1 - )" 'dz of the B-function.)
Formula (9.11) thus gives us the identity

I'(a)r(1-a)= O0<a<1). (9.12)

sinam

Following on from this remark, we see that from (9.12) it follows, by putting
a =1, that
2 )

r3)=vr. (9.13)

From [13] we have the definition
o o) 00 2
I'(n) =/ t"le~tdt = 2/ z?le=% 4.
0 0
Thus

I eran=ir) =
4]

. —z? . .
Since e~*" is an even function, we can deduce that

/00 e = dz = /7. (9.15)

-0

(ST

- (9.14)

These integrals are important in probability theory, since e~%" occurs as the

probability density function of the normal distribution. See, for example, [6].
Here I have been breaking the rules by referring to aspects of real analysis

not mentioned in Chapter 1. It is in fact possible to obtain the integral (9.15)

by contour integration, and the beautifully ingenious proof is a rare delight:

Theorem 9.18

Proof

Let f(z) = e, and let g(z) = f(z)/sinnz. Let c = e™/4 = (1/v/2)(1 + i).
Note that ¢ = i. We integrate g(z) round the parallelogram with vertices
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+Rc+ 1.

Re-1 Re+ 3

-1 /] )

D=

N

“Re-1 “Re+1

Since the zeros of sin 7z are at 0, £1,+2,..., the only pole of g within the
contour is at 0, where the residue is 1/7. Hence the integral round the contour
has the value 2i. The sloping sides can be parametrised (respectively) by

oity=ct+3%, oat)=ct-3 (-R<t<R).

Now,

flet+3) exp[iﬂ'(ct + %)2]

= exp [i7r(it2 +ct+ %)] (since c? = 1)

= exp[—nt? + mict + (im/4)],
and so, since sinw(ct + %) = cos mct,
g(ct + 1) = exp[—nt? + mict + (ir/4)]/ cosmet .
Similarly, since sin 7(ct — -;—) = —cosmct,
g(ct — 3) = — exp[—nt? — mict + (i /4)]/ cos mct .

Hence the combined contribution to the integral of g of the sections of the
contour from —Rc + % to Rc+ % and from Rc — % to —Rc — % is

/R exp(—mt?) exp(im/4)

_R cos et

R 9¢2 exp(—nt?) cos met it

(eiwct + e—iﬂct) cdt = /

-R cosmct

R 2
=2i/ e~ dt.
-R
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As for the contribution of the horizontal section from Rc — % to Rc+ %, for
all uin [-31, 3],
| explim(Re + u)?)| = | explin(R% + V2Ru(1 + 3) + u?))|
= exp[-7(R? + V2Ru)] < exp[-7(R? - (R/V2))],
and, from Exercise 4.13, we have that
|sin[r(Rc + w))| = |sin[(7/v2)(R +iR + V2u)]| > sinh(7R/V?2). .
Hence
exp(-7(R? - (R/v2))]
sinh(mR/v/2)

and this certainly tends to 0 as R — oo. A similar argument establishes that,
as R — oo,

<

)

1/2
/ 9(Re+ u) du
-1/2

1/2
/ g(=Rc+u)du — 0.
2

-1/

Letting R — oo, we have

® 2
21 / e ™ dt =24
-0

and so

had 2

/ e™dt=1.

—00
The proof is completed by substituting £ = t/+/7 in this last integral. a
Example 9.19
Show that

oo 2 2
/ e™® cos2azdz = J/me " .
0

Solution

It is sufficient to consider a > 0, since cos is an even function. We consider the
2 . .
function e™* and integrate round the rectangle with vertices 0, R, R + ia, ia.

Y
ia R+ ia
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The function e~ has no poles, and so

R 2 a i \2 R : V2 @ 2
o=/ e~® d:r+/ e~ (R+iv) idy—/ e~ (z+ia) d:c—/ eV idy. (9.16)
0 0 0 0

Now,
R R
/ e—(:¢:+ia.)2 dz = ea’/ e~ % e~2%iez 4,
0 0
2 R 2
=e° / e” " (cos2az — isin2az)dz.
0

Also,

/a e~ (R+iw)?; dy‘ = F
0

a
. 2, _p3 2
/ e~ %ifvey zdy‘ <e Rae,
0

and this tends to 0 as R — oco. Hence, letting R — oo in (9.16), taking real
parts, and noting that the final term of (9.16) is pure imaginary, we find that

e 2 2 © 2
0 =/ e~ " dr—e° / e~ * cos2azdz.
0 0

Hence, from _(9.14),

2

o0
2
-z — 1 —-a
/o e cos2axdr = }/Te

a
The solution of the next example requires a simple result in real analysis:

Lemma 9.20
If 0 < 6 < /2, then
sin 6@
< —X1.
S5 = 1

Al

Proof

Since limg_,¢(siné/6) = 1, and since [sin(r/2)]/(7/2) = 2/, it is enough to
show that sin6/6 decreases throughout the interval (0,7/2). The derivative is
fcosf —sinf

62 ’
and so the problem reduces to showing that F'(§) = 6 cos§ —sin 6 < 0 through-

out [0,7/2). This is clear, since F(0) = 0 and F'(§) = —fcosf is certainly
non-positive in [0, 7/2]. O
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Example 9.21

Evaluate

o0
/ cos(z?) dz .
0

Solution

Here again we devise a contour where the sections that do not tend to 0 both
contribute to the answer. We consider f,1 exp(iz2) dz where 7 is as shown:

lzl=R
/4

I

The function is holomorphic throughout, and so

0= /R exp(iz?) dz + /“/4 exp(iR%e**)iRe'® df — /R exp(it2e’ /2)e™/4 dt
=If+I2—13 (say).o ’
Now,
| exp(iR%e*)iRe*| = |Rexp (R?(i cos 20 — sin 26))| = Rexp(—R? sin 26)
< Rexp(—4R%9/m) (by Lemma 9.20).
Hence

n/4
|| <R / exp(—4R2%0/7) df = ZWR[I — exp(—R?),
0

which tends to 0 as R — oo. Hence, letting R — oo and using (9.14), we deduce

that

oo . 00 .
¢ do= lim L= 1t [T et gp = LHIVT

0 R— o0 \/5 0 2\/§

Taking real and imaginary parts, we see that

/0~°° cos(z?) dz = /000 sin(z?) dz = /= /8.
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EXERCISES
9.22. By considering the integral of €**/ cosh z round the rectangular con-
tour
)
i
[ %ﬂ’ 1
—u U z
show that

® s ™
£ dr=—T (-1 1).
/_Oo coshz *° cos(mwa/2) (-l<ae<l)

9.23. By integrating f(z) = 2"*3e~7 round the contour v shown,

lzl=R
/4

prove that

e 4 !
/0 " 3e % coszdz = (—1)" ! (4n+3)! 2’;:;3) .

You may assume that [° z"e~"dz = nl.
9.24. Show that, for all a,b > 0,

/°° cosaz — cos bz
2
oo T

) . 2
sinx T

9.25. By considering the integral of z/(a — e~**) round the rectangle with
vertices +m, +7 + iR, show that

dz =n(b—a).

Deduce that

r rsinz ™
- =—1 1 .
/0 T 2acosa a2 dz . og(l+a) (0<ax<1l)
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9.5 Infinite Series

One of the more unexpected applications of the residue theorem is to the sum-
mation of infinite series. The key to the technique is the observation that cot 72
and cosec mz both have simple poles at each integer n. These in fact are the
only poles, since sin 7z = 0 if and only if 2 is real and an integer.

We begin with an example.

Example 9.22
Show that

= 1 1 1

-_ = - 1).

,; Tl 2 cothma 57 0<a<1)
Solution
Let mwcotmz

g(z) = R 0<a<l),

and consider the square contour o, with vertices at (n + 1)(+1 £1).

Y

n ny1l %

Within the contour, the function g has simple poles at ai, —ai and £1,+2,...+
n. The residue of the simple pole (see Exercise 8.12) at the non-zero integer k
is 1/(k? + a2). The residue at ai is

mcotmwz

1 ) 1
lim_ — = — mcotima = — —mcothma,
z—ai z+ai 2ai 2a

and a similar calculation shows that this is also the residue at —ai. Hence

n
/ g9(z)dz = 27ri( Z ;zrt—ai - %rcothna) . (9.17)

be=—m
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We now examine what happens as n — 00, and for this it is useful to prove
a lemma, only half of which we need immediately.
Lemma 9.23

Let n be a positive integer and let o, be the square with corners at (+1 +

i)(n+ 1). Then there exist constants A, B such that, for all n and for all z on
the square o,

|cotmz| < A |cosecmz| < B.

Proof
On the horizontal sides, where z = z £i(n + 3),

eiﬂ[zii(n+ % )] + e—i""[xii(""‘ % )]

|cot 2| = eitleti(n+3)] — g—im{zi(n+3)]

em(n+3) + e—T(n+3)

e1r(n+%) _ e—n(n+%)
= coth(n + 3)7
< coth(3 ),
since coth is a decreasing function in the interval (0, 00). On the vertical sides,

where z = £(n + 1) + iy, using the properties that cot(z + 37) = — tanz and
cot(z + nm) = cot z, we see that

|cotz| = | — tanmiy| = |tanh7y| < 1.

(See Exercise 4.7.)

As for cosecmz, on the vertical sides we make use of the equalities cosec(z +
3m) = sec z and cosec(z + nw) = (—1)" cosec z to show that

|cosecrl(n + ) +iy]] = | seciy| = |sechy| < 1.
(See Exercise 4.7.) On the horizontal sides, where z = z + i(n + %),

1 1
17r[zi:1(n+ )] e—im[zEi( n+1)] = 1r(n+%) _e—ﬂ(n+%)

= cosech(n + 1)m < cosech($ ),

| cosec mz| =

since cosech is a decreasing function in the interval (0, co). O
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It now follows, since the contour o, is of total length 4(2n + 1), and since
min {|z| : z € 0o} =n+ 1, that

/a.. g9(z)dz

and this tends to 0 as n — oo. Hence, letting n — oo in (9.17), we find that

TA
CESIEr

cot mz
22 + a2

< 4(2n+ 1)7 sup

Z€E0p

<4(2n+1)

oo

1 T g
Z o el coth ma . (9.18)
n=-oo
That is,
1 +2 i 1 __r thTa
a? nta? a’’ ’
n=1
and so -
1 T 1
———— = — coth - —. 9.19
nz=:1 n?2+a?2 2a coth 7a 2a2 ( )

This example is an instance of a general result:

Theorem 9.24

Let f be a function that is differentiable on C except for finitely many poles
C1,C2,...,Cm, None of which is a real integer. Suppose also that there exist
K,R > 0 such that |22f(z)| < K whenever |z| > R. Let

9(z) =mf(z)cotmz h(z) = wf(z) cosecnz.

Then
Y fr) =) res(g,ck), (9.20)
n=-00 k=1
Z (-1)"f(n) == ) res(h,ck). (9.21)
n=-o00 k=1
Proof

Certainly the series ) f(n) and Y (—1)" f(n) are (absolutely) convergent, since
|f(n)| < K/n? whenever |n| > R. For both mcot 7z and 7 cosecmz the set of
poles is precisely the set of real integers, and so for both g and h the set of
poles is {c1,¢2,...,m} UZ. The residue of g at the integer n is f(n), and the
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residue of h at n is (—1)"f(n). (See Exercise 8.12.) We use the square contour
on of Example 9.22 . Then, by Lemma 9.23, if n is large enough,

/ﬁg(z)dz
/h )dz

and these both tend to 0 as n — oo. Thus, letting n — oo, we obtain the
equalities (9.20) and (9.21). O

< 4(2n+1) sup |7 f(z)cotwz| < 4(2n + 1) A

z2€0n

an

< 4(2n +1) sup |r f(z) cosecmz| < 4(2n + 1)

zZ€Eopn

Example 9.25
Show that

( l)n 7‘,3
Z ¢ (2n + 1)3 32

Solution

The function -

(22 + 1)3sin7z

has a pole of order 3 at —1. The residue is 3¢”(—3), where

h(z) =

3 _r_1
q(z) (Z+ ) h( ) 8 Sin7rz -
Since
¢(z) = _7I'_2 cos Tz "(z) = _7r_2 —sin?rzwsinmz — 2sinmwz 7 cos w2
~ 8 sin’nmz’ ? -8 sin 7z
we see that res(h, —3) = —7%/16. Hence, by Theorem 9.24,
™ 11 1 1. 1.1
16 (-5)3 " (-3)% (-1)® 18 3 58
1 1 1
_2<13 FTE" > ’

and so, as required,
3

— (=) _ =
;(2n+ 13~ 32°
|

The requirement in Theorem 9.24 that f have no poles at real integers can
be relaxed, simply by treating the “offending” integer on its own.
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Example 9.26
Show that
oo
1 _ w2
DTS
Solution
Here the function
o(z) = TCOSTZ
ZZsinnz

has simple poles at +1,+2,..., and a triple pole at 0. The residue at each
non-zero integer n is 1/n?, and at 0 (see Exercise 8.11) the residue is —m2/3.

Hence

> a7

2T g
n€Z\{0} n

and so o

S h=5

28
fn 6
O

Remark 9.27

Alternatively one could deduce the value of > (1/n?) from (9.19) by letting
a — 0. The limiting process is legitimate since the series 3 oo [1/(n? + a?)]
is uniformly convergent for a in [—1,1]. The actual calculation is a pleasant
exercise on L’Hopital’s Rule.

EXERCISES
9.26. Sum the series o
)3 (="
2 42"
=n +a
9.27. Show that, if a is not an integer, then
= 1
Z —— = 72 cosec® Ta .
nEt, (N +0)

Deduce the values of

- 1 - 1- - 1
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9.28. Show that, if a is not an integer,

[o <]

1 1 T
§ ’ — -_-__4_——§(cot7ra+coth7ra).
n=1 n a 20 4a
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Further Topics

10.1 Integration of f’/f; Rouché’s Theorem

In this section we examine an integral that in effect counts the number of poles
and zeros of a meromorphic function f. Recall that, if f has Laurent series
3 e an(z—c)™ at ¢, then ord(f,c) = min{n : a, # 0}. Iford(f,c) =m >0
then f(c) = 0, and we say that c is a zero of order m of the function f. If

ord(f,c) = —m < 0, then c is a pole of order m.

Theorem 10.1

Let v be a contour, let f be meromorphic in a domain that contains I(y) U~*,
and suppose that Q = {q € I(y) : ord(f,q) # 0} is finite. Then

1 / ') dz = Z ord(f,q) -

mil, f) T &

Proof

The function f'/f is differentiable in I(y) \ Q. Let ¢ € @ and suppose that
ord(f,q) = m # 0. Then f(z) = (2 — ¢)™g(z), where g is holomorphic and
non-zero at q. Hence

f'(2) =m(z — 9™ g(2) + (2 — Q)¢ (2),
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and so

£E@)_ m  d)

f@) " z-a 9@
Since ¢’ /g is holomorphic at ¢, we deduce that
res(f'/f,q) =m = ord(£,q).

The result now follows from the Residue Theorem. O

Remark 10.2

Informally, this result says that the integral of f'/f is 2mi times the number of
zeros minus the number of poles, where each is counted according to its order.
Thus, for example, if v = (0, 6) and

B (z-1)(z2-2)3
f&) = G- dpi 52

then

/ @) 4y = amif(143) - @ +2+2)] = —dmi.

The fact, on the face of it surprising, that (1/21) f,y( f'/f) is an integer has
the following interesting consequence, as observed by Rouché! :

Theorem 10.3 (Rouché’s Theorem)

Let v be a contour, and let f, g be functions defined in an open domain D
containing I(y) U v*. Suppose also that:

(i) f and g are differentiable in D, except for a finite number of poles, none
lying on ~*;

(ii) f and f + g have at most finitely many zeros in D;
(iii) |g(2)| < |f(2)| for all z in ~*.

Then £(2)+9(2) £(:)
z)+g(z _ [ f2)
f, @ +em Z ), q0) %

! Eugéne Rouché, 1832-1910.
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Proof

The basic idea of the proof is that a small change in the function f should
bring about a small change in (1/277) f-,( f'/f). But integers are not amenable
to small changes, and so, if the change in f is sufficiently small, as measured
by Condition (iii) in the statement of the theorem, then the change must be

zero.
By Corollary 5.4,

inf {|f(2)] - |9(2)| : z€4*}=6>0. (10.1)
Let 0 <t <1, and let
1 f +tg'
) = 2ri ), f+tg

If f(c) + tg(c) were O for some ¢ on 4*, then we would have |g(c)| = |f(c)|/t 2
|£(c)|, in contradiction to (iii) above. Hence f + tg has no zeros on ~*.
We show that J(t) is continuous. Let 0 < ¢ < u < 1. Then

: } (f' +ug)(z) _ (' +1td')(2) (u—-t)(fg' - f'9)(2) |
(f +ug)(2) (f +19)(2) (f +ug)(2)(f +19)(2)

Now, fg' — f'g, being continuous on 4*, is bounded, by Theorem 5.3: say
|(fg'— f'9)(2)| < M for all z on 4*. Also, from (10.1), |(f+ug)(2)(f+1tg)(2)| =

2. Hence ) , ’ ,

(f +ud)(z)  (f+td)(z)| _ Mu—t|

(f+ug)(z)  (f+19)(2) ¢
which can be made less than any positive € by choosing |u—t| sufficiently small.

Let A denote the length of the contour «. Then

f'+ug  f+td AM
f+ug f+tg 2742
where K is a constant independent of u and t. If |u — t| < 1/K, then |J(u) —
J(t)| < 1 and so, since J(u) and J(t) are both integers, J(u) = J(t). Hence, if
n> K,

A
|7(u) = J(#)| < 5 sup t| = Klu—t|,

J(0) = J(1/n), J(1/n) = J(2/n),...,J((n - 1)/n) = J(1),
and so J(0) = J(1). O

The Fundamental Theorem of Algebra (see Theorem 7.11) is an immediate
corollary. Let

p(2) = @nz™ + ap_12"" 4+ -+ a1z + ap = anz” + g(2)



186 Complex Analysis

be a polynomial of degree n. On a circle k(n, R) with sufficiently large radius,
|g(2)] £ |anz™|. Neither function has any poles, and so the number of zeros
(counted according to order) of anz™ + g(z) is the same as that of a,2". The
latter function has a single zero of order n, and the theorem follows.

Another interpretation of fv( f'/f) is useful. In Section 7.3 we encountered
the function log z, defined within a contour 7 such that 0 ¢ I(vy) U~y*. Certainly
(log)'(f(z)) = f'(z)/f(z), and so, recalling Theorems 5.18 and 5.19, we can
interpret f,y( f'/f) as measuring the change in log (f(z)) as z moves round the
contour 4. If f has no zeros or poles within v, then f'/f is holomorphic, and
f,y(f'/ f) = 0. In this case there are no branch points of log (f(z)) within 7,
and the function returns to its original value. Since

log (f(2)) = log|£(2)| + iarg (£(2)) ,

we can equally well interpret the integral [ , as measuring the change in
arg ( f (z)) as z moves round ~. This observation is frequently referred to as
the Principle of the Argument.

A very simple example illustrates the point. If f(z) = 23, then f'(z)/f(z) =
3/2, and the integral of 3/z round the unit circle is 673. (This is in accord with
Theorem 10.1, since f has a triple pole at 0.) The change in arg(z3) is 6, since
23 goes round the circle three times. This prompts a definition:

1f7f
Ay(argf) =< [ =. (10.2)
i), f
Thus, in the notation of Theorem 10.1,
A (arg f) =2 Z ord(f,z). (10.3)
z€EQ

We easily see that A, behaves logarithmically:

A, (arg(fg)) = A,(arg f) + A,(arg g) ;

for

+
.| -

=~
@ |9

_1 (e 1 [f9g+fgd 1 [f
Av(arg(fg))—;L s —i/7 = ‘i/n

A,(arg f) + Ay(argg).

In a similar manner one can show that

Ay(arg(1/f)) = ~Ay(azg f).
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The argument changes continuously as z moves round the contour, and if
we divide the contour v into pieces v; and 72,

M

Y2

then
Ay(arg f) = Ay, (arg f) + Ay, (arg f) -

The Fundamental Theorem of Algebra establishes that every polynomial of
degree n has n roots, but gives no indication of where in the complex plane
these roots might be. We can sometimes use the principle of the argument to
be more specific over the location of roots.

Example 10.4

Show that the function f(z) = z% + 23 + 1 has one zero in the first quadrant.

Solution

We can use elementary calculus to establish that the equation z* +z3 +1=0
has no real roots, for z* + 3 + 1 has a minimum value of 229/256 when
z = —3/4. There are no zeros on the y-axis either, since f(iy) = (y* +1) —iy3,
and this cannot be zero. Let R be real and positive, and consider a contour
v consisting of the line segment v; from 0 to R, the circular arc v, from R
to iR and the line segment 3 from iR to 0. It is clear that arg f(z) has the
constant value 0 throughout v,, and so A, (arg f) = 0. On ~3 the argument is
tan~!(—y®/(y* 4+ 1)). This has the value 0 when y = 0, and its value at y = R
tends to 0 as R — oo. Thus A,,(arg f) » 0 as R - oo Coming finally to 7,
we use Rouché’s Theorem to observe that, for sufficiently large R,

A, (arg f) = Ay, (argz*) - 27 as R — .

Thus A, (arg f) = 2r for sufficiently large R, and so there is one rgot of f(z) =0
in the first quadrant. 0O
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EXERCISES

10.1. Show that the equation 28 + 323 + 7z 4+ 5 = 0 has two roots in the
first quadrant. Are the roots distinct?

10.2. Let a > e. Show that the equation e* = az™ has n roots inside the
circle (0, 1).

10.3. Show that the polynomial z° + 15z + 1 has precisely four zeros in
the annular region {z : 3/2 < |z| < 2}.

10.4. Show that the equation z5 + 7z + 12 = 0 has one root on the neg-
ative real axis. Show also that there is in addition one root in each
quadrant, and that all the roots are in the annulus {z : 1 < 2| < 2}.

10.5. Let n > 3. Show that the polynomial 2™ + nz — 1 has n zeros in

N(0, R), where
9 \1/2
R=1+ (—) .
n—1

10.2 The Open Mapping Theorem

In this section we explore some further properties of holomorphic functions.
The first observation is that, unless the holomorphic function f is identically
zero, the zeros of f are isolated. Precisely, we have:

Theorem 10.5

Let f be holomorphic in an open set U and let ¢ € U be such that f(¢) = 0.
Then, unless f is the zero function, there exists § > 0 such that f(z) is non-zero
for all z in the punctured disc D’(c, §).

Proof

Since f is holomorphic in an open set containing c, it has a Taylor series: within
N(e,r),

oo
f(z) = Zan(z —c)".
n=0
If f is the zero function then all the coefficients a,, are zero. Otherwise there
exists m > 0 such that a,, # 0 and

f(Z) = am(Z - C)m + am+1(z - c)m+1 + ..
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Let
9(2)=(z=¢c)"™f(z) = am +ampr(z —c) +---.

Then g(c) # 0 and so, since g is continuous at ¢, there exists § > 0 such that
g(z) # 0 for all z in N(c,d). Since f(z) = (z — c)™g(z), it follows that f(z) # 0
for all z in D'(c,§) a

Before stating our next theorem, let us look again at the function z — z™.
It maps 0 to 0, and maps each neighbourhood of 0 onto another neighbourhood
of 0. In fact the function maps the neighbourhood N(0,¢€) onto N(0,€™), and
for 0 < r < ¢, maps each of the points rei(@+2km)/n (k = 0,1,...,n — 1) to the
single point 7"e**. We say that the neighbourhood N (0, €) maps to N (0, €*) in
an “n-to-one” fashion.

The following theorem in effect states that every non-constant holomorphic
function behaves in essentially the same way:

Theorem 10.6

Let f be non-constant and holomorphic in a neighbourhood of ¢, and let f(c) =
d. Let g(z) = f(z) — d, and let n be the order of the zero of g at c. If e > 0
is sufficiently small, then there exists § > 0 such that, for each w in D’(d, ),
there exist n distinct points z; (i = 1,...,n) in D’(c,€) such that f(z;) = w.

Proof

By Theorem 10.5, if ¢ > 0 is sufficiently small then f(z) # d for all z in
D'(c,2¢). If f'(c) # 0 then the continuity of f’ ensures that f'(z) # 0 in some
neighbourhood of ¢. On the other hand, if f'(c) = 0 it follows by Theorem 10.5
that f'(z) # 0 in a suitably small punctured disc with centre c. So we refine
our choice of € so as to have both f(z) # d and f'(z) # 0 for all z in D'(c, 2¢).

Since the set k(c,€) = {z : |z — ¢| = €} is closed and bounded, it follows by
Theorem 5.3 that

inf{|g(z)| : |z—c =€ =8>0.

Let w € D'(d,§). Then
f(2) —w=9g(2) + (d - w).

Since |g(2)| > § > |d — w| for all points on the circle x(c,€), and since g has
a zero of order n inside that circle, it follows by Rouché’s Theorem (Theorem
10.3) that f(z) — w( = g(2) + (d — w)) has n zeros z; (j = 1,2,...,n) in
D'(c,€). Since ¢'(z) = f'(z) # 0 for all z in D’(c,€), these zeros are all simple,
and so distinct. a
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One consequence of this result is the Open Mapping Theorem:

Theorem 10.7 (The Open Mapping Theorem)

Let f be holomorphic and non-constant in an open set U. Then f(U) is open.

Proof

Let d € f(U), and let ¢ € U be such that f(c) = d. Choose ¢ > 0 and § as in
the proof of Theorem 10.6 and such that N(c,e) C U. Let w € N(d, §). Then
there is at least one zero zg of f(z) —w in N(c,€). That is, there exists at least
one zg in N(c,¢) such that f(zp) = w. Thus

N(d,8) € {f(2) : z€ N(c,e)} € f(U).
Hence f(U) is open. a

The Maximum Modulus Theorem now follows easily:

Theorem 10.8 (The Maximum Modulus Theorem)

Let f be holomorphic in a domain containing I(y) U 4*, and let M =
sup {|f(z)] : z € I(y)U~*}. Then |f(2)|] < M for all z in I(y), unless f is
constant, in which case |f(z)| = M throughout I(y) U~*.

Proof

Let ¢ be an element of the open set I(y), and let N(c,e) C I(v). Then, by
Theorem 10.7, d = f(c) lies in an open set U, the image of N(c,¢), and U is
wholly contained in the image of the function f. Hence there is a neighbourhood
N(d,$) of d contained in U and so certainly contained in the image of f, and
within this neighbourhood there are certainly points w such that |w| > |d|.
Hence, unless f is constant, the maximum value of f(z) for z in I(y) U v* is
attained on the boundary. O

Another consequence is the Inverse Function Theorem:

Theorem 10.9 (The Inverse Function Theorem)

Suppose that f is holomorphic in an open set containing ¢ and that f'(c) # 0.
Then there exists 7 > 0 such that f is one-to-one on N = N(c,n). Let g be
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the inverse function of f|y (the restriction of f to N). Let z € N and write
f(z) = w. Then ¢'(w) = 1/f'(z2).

Proof

Write f(c) as d, and let ¢,6 be as in the proof of Theorem 10.6. Since f is
continuous at ¢, there exists 7 such that 0 < 7 < e and |f(z) —d| < § whenever
|z—¢ < n. Let N = N(c,n). Since f'(c) # 0, the zero of f(z)—d at c is of order
one, and so, by Theorem 10.6, f|n is one-to-one, and has an inverse function
g-

Look again at Theorem 10.6, in the case where n = 1. It establishes the
existence of a single point z; in D’(c,¢) such that f(z;) = w, and we can of
course write 21 = g(w). Thus g(w) € D'(c, €) whenever w € D'(d, §). It follows
that g is continuous at d.

Finally, if z, ¢ € N and if f(z) = w, f({) = w, then, by Exercise 4.4,

(O - f(z) = A(2)(¢ - 2),

where A(2) is continuous at z, and tends to f'(z) as { — z. That is,

w—w=A(g(w))(g(w) - g(w)),
or, equivalently,
o(0) - 9(w) = s (0 = )
A(g(w))
Since 1/(A o g) is continuous at w, we deduce that g is differentiable at w and

that ¢'(w) = 1/f'(g(w)) = 1/£(2). O

It is important to note that the one-to-one property in the statement of the
inverse function theorem is a local property, holding within a neighbourhood:
for example, the exponential function has non-zero derivative at every point,
but the function is not one-to-one. In fact, one-to-one entire functions are very
rare:

Theorem 10.10

Let f be a non-constant entire function, one-to-one throughout C. Then f is
linear, that is, there exist a,b € C such that f(z) = az+ b (z € C).

Proof

Suppose first that f is not a polynomial. By Theorem 10.7 the image of the
open set N(0,1) is an open set, and so contains a neighbourhood N(f(0),¢) of
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£(0). On the other hand, from Theorem 8.11 we know that there exists z such
that |z| > 1 and such that |f(z) — f(0)| < ¢, and so we have a contradiction to
our assumption that f is one-to-one. Hence f must be a polynomial, of degree
n (say), and by the Fundamental Theorem of Algebra we must have

f2)=clz-a1)(z—a2)...(z —ay).

The one-to-one property forces all the roots to coincide, and so f(2) = ¢(z—a)™,
for some « in C and some n > 1. Now, if w;,w; are two distinct nth roots of
1, we have f(a + w1) = f(a + w3) = ¢, and this gives a contradiction unless
n=1. O

EXERCISES

10.6. Let f be holomorphic in a domain containing N(0, R), and let M
be a positive real number. Show that, if |f(z)] > M for all z on
the circle (0, R) and |f(0)] < M, then f has at least one zero in
N(0, R).

Use this result to outline a proof of the Fundamental Theorem of
Algebra.

10.7. Let f be holomorphic in the closed disc N(0,R). Show that Re f
cannot have a maximum value in N(0, R). Can it have a minimum
value? [Hint: consider ef ]

10.3 Winding Numbers

Many of the theorems we have stated and proved in this book concerning
piecewise smooth functions (t) giving rise to simple, closed curves can, with
some modification, be extended to curves that are not simple. The key is the
notion of the winding number of a curve. For clarity, let us refer to v* as a
W-contour if v is closed and piecewise smooth.

If in (10.2) we take f(z) = z — ¢, then f'(2) =1 and so

l[, dz = A, (arg(z - ¢)).

1 zZ—C

If the contour + is simple, then this is equal to 2 if ¢ € I(v) and 0 if ¢ € E(y),
but if 4* is a W-contour we may obtain 2nw, where n is an integer other than
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Figure 10.1. A curve that is closed but not simple

0 or 1. This integer is called the winding number of the W-contour, and is
denoted by w(v,c). That is,

1 dz

w(y,c) = 2

Frt (10.4)

For the contour in Figure 10.1 we have w(y,1) = 2, w(v,3/2) =1 and w(7,3) =
0.

It is possible to extend several key theorems to the case of W-contours. See
(3] or [10]. In particular, the residue theorem becomes

Theorem 10.11

Let v be closed and piecewise smooth, and let the function f be a meromorphic
within a disc containing 4*, with poles at ¢;,cs,...,¢,. Then

/ f(z)dz = 2mi z w(y,ci)res(f,¢:) .
Y i=1

For example, if 4* is as in Figure 10.1, and if f is meromorphic in the open
disc N(0,4) with poles at 1, 3/2 and 3, then

/ f(z) dz = 2mi[2res(f, 1) + res(f, 3/2) + Ores(f,3)].

In the same way, Theorem 10.1 becomes
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Theorem 10.12

Let v be a W-contour, let f be meromorphic in a disc D that contains v*, and
suppose that Q = {g € D : ord(f,q) # 0} is finite. Then
1 f'(2)
2mi J, f(2)

dz =" w(v,q)ord(f,q).

q9€Q

Remark 10.13

It is of course possible that for some of the members q of the set Q we have
w(y, q) = 0. For example, referring again to Figure 10.1, we might have f(z) =
(z — 1)%(2z — 3)(z — 3), with zeros at 1 (double), 3/2 and 3, and our theorem
would give

/f'(z) dz = 2mi[(2 x 2) + (1 x 1) + (0 x 1)] = 10.

£100
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Conformal Mappings

11.1 Preservation of Angles

This chapter explores the consequence of a remarkable geometric property of
holomorphic functions. Look again at Figures 3.1 and 3.2 on page 42. For
arbitrary k& and ! the lines u = k and v = [ in the w-plane are of course
mutually perpendicular, and visually at least it seems that the corresponding
hyperbolic curves 22 —y? = k and 2zy = [ in the z-plane are also perpendicular.
Again, the lines ¢ = k and y = [l are mutually perpendicular, and it appears also
that the corresponding parabolic curves in the w-plane are also perpendicular.
These observations are in fact mathematically correct (see Exercise 11.1), and
are instances of a general theorem to be proved shortly. First, however, we need
to develop a little more of the theory of the parametric representation of curves
that was introduced in Section 5.2.

In the space R? of two dimensions, the parametric representation of a
straight line L through a = (aj,a2) in the direction of the non-zero vector
v = (v1,v2) is

L={a+tv:teR}={(a;+tv,a2+tvz) : t € R}.
Suppose now that we have a curve

¢ ={(r(®)r2(t) : t € [a,0]},

where 7, and r; are differentiable. For each u in [a, b], the tangent T, to C at
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the point (r1(u),r2(u)) is in the direction of the vector (r}(u),r4(u)), and so
Ty = {(r1(u) + tri(u),r2(u) + try(u)) : t €R}.

As in Section 5.2, we can easily translate the vector (ry(t),r2(t)) into a
complex number «(t). Thus, if v is differentiable, the tangent to the curve

C={y(t) : t €a,b]}

at the point vy(u) is
T.={v(u) +t7'(u) : t € R},

provided v'(u) # 0. If 4'(u) = 0 then there is no well-defined tangent at the
point y(u). (For example, consider the cycloid in Figure 5.1, where 4'(t) =
1 — e~ =0 when t = 2n7 (n € Z). At each of these points the graph has a
cusp.)

Now consider two smooth curves

= {71(t) (te [Oa 1]}a C = {72(t) tte [0, 1]},

intersecting in the point ;(0) = 42(0). Suppose that v;(0) and ~5(0) are both
non-zero, so that there are well defined tangents 77 and T, at the point of
intersection:

Cz T2

T
C

We then define the angle between the curves C; and C; to be the angle between
the tangents, namely arg(v4(0) — 74(0)). This is a reasonable definition: for
i = 1,2, arg(7/(0)) is the angle made by the non-zero vector +}(0) with the
positive z-axis, and the angle between the two vectors v (0) and v5(0) is the
difference between the two arguments.

We now have a theorem which says roughly that angles are preserved by
holomorphic functions. More precisely, if we take account of the potential am-
biguity in the argument, we have
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Theorem 11.1
Let f be holomorphic in an open subset U of C. Suppose that two curves
cl = {71(t) 1 te [03 1]}1 c2 = {’72(t) S [0’ 1]} )

lying inside U meet at a point ¢ = 71 (0) = 2(0). Suppose that f'(c), v1(0) and
v5(0) are all non-zero. Let

Di={f(n®) :te01}, Dz={f(r(t) :te0,1]}.

If the angle between C; and C; is ¢ and the angle between D; and D, is ¥,
then ¢ = ¢ (mod 27).

Proof
The curves D; and D, meet at f(c) at an angle

¥ = arg(f 0 72)'(0) — arg(f 0 72)'(0) .
By the chain rule,

(o)) _ FnONRO _ £em© _ %O )
(Fom)0) ~ F (130 FO7R0) ~ 7%(0) |

Hence
3 = arg(f 0 72)'(0) — arg(f ©72)'(0)
= arg75(0) — argv5(0) (mod 27) (by (11.1) and Exercise 2.6)
= 9.

Remark 11.2

The proof of the theorem makes it clear that the sense as well as the magnitude
of the angle between C; and C; is preserved by f. An obvious example of a (non-
holomorphic) f preserving magnitude but not sense is f : z — %, which we can
think of geometrically as reflection in the z-axis.

Remark 11.3

The trivial observation that

|£(z) = £ (<)

P = |f'(c)| as z—>¢c
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has a geometric interpretation, that the local magnification of the mapping
f at the point ¢ is |f'(c)|-

Remark 11.4

The condition f'(c) # 0 in the statement of Theorem 11.1 is essential. For
example, consider the holomorphic function f : z — 22, noting that f’(0) = 0.
The positive z-axis maps to itself, and the line § = 7/4 maps to the positive
y-axis. The angle between the lines doubles.

We shall say that a complex function f is conformal in an open set U if
it is holomorphic in U and if f'(¢) # 0 for all ¢ in U. Thus, for example, the
function z +— 2% is conformal in the open set C \ {0}. Theorem 11.1 tells us
that conformal mappings preserve angles.

EXERCISES

11.1 With reference to Figures 3.1 and 3.2, suppose that k,I,z,y # 0.

a) Show that the hyperbolas z2—y? = k and 2zy = I (with k,1 > 0)
meet at right angles.

b) Show that the parabolas v? = 4k%(k% — u) and v? = 412(12 + u)
meet at right angles.

11.2 Let f be conformal in the open set U. Show that the function g :
2+ f(Z) preserves the magnitude of angles but not the sense.

11.2 Harmonic Functions

Let U be an open subset of R2. A function f : U — R is said to be harmonic
if

(i) f has continuous second order partial derivatives in U;

(ii) f satisfies Laplace’s! equation

of o
8—;; + a_yé ~0. (11.2)

! Pierre Simon Laplace, 1749-1827.
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Harmonic functions are of immense importance in applied mathematics, and
one major reason why complex analysis is important to applied mathematicians
is the.t harmonic and holomorphic functions are closely related. First, we have

Thedrem 11.5

Let f be holomorphic in an open set U, with real and imaginary parts u and
v. Then both v and v are harmonic in U.

Proof
We are supposing that u,v : R? = R are such that
f(z +iy) = u(z,y) + iv(z,y) -

Since f is infinitely differentiable by Theorem 7.5, we know that u and v have
partial derivatives of all orders, and by the Cauchy—Riemann equations we have

Pu _ 8 (ou) _ B @)_ﬁ(@ _9(ouy_ O
0z2 ~ 8z \Oz) 0Oz \Oy) oy\oz/) oy\ Oy) = Oy’

and similarly

v 8%
oz? ~  0y?’
Thus both u and v are harmonic functions. O

There is a converse:

Theorem 11.6

Let D be an open disc, and suppose that u : D — R is harmonic. Then there
exists a complex function f, holomorphic in D, such that u = Re f.

Proof.

If such an f exists, with Re f = v and Im f = v (say), then f'(2) = uy +iv; =
ug — tuy. So we define g(z) = uz(z,y) —tuy(z,y) (where, as usual, z = z +1y).
Then u, and —u, have continuous first order partial derivatives and, in D, the
Cauchy-Riemann equations are satisfied by the real and imaginary parts of g:

(Uz)e = (—uy)y, (Ua)y = —(~Uy)z-
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Hence, by Theorem 4.3, g is holomorphic in U. By Theorem 5.25 there exists
a holomorphic function G such that G’ = g. If we write ReG = H, ImG = K,
then

G'=H,+iK, = H, —iH, = uz — iy,
and so (H — u); = (H — u), = 0 throughout D. Hence H(z,y) — u(z,y) = k,
a real constant. Let f(z) = G(z) — k;thenRe f = H — k = . a

Remark 11.7

The function Im f, which is also harmonic, is called a harmonic conjugate
for u.

In practice a certain amount of guessing can produce a harmonic conjugate
and an associated holomorphic function:

Example 11.8

Let u(z,y) = z® — 3zy? — 2y. Verify that u is harmonic, and determine a
function v such that f = u + iv is holomorphic.

Solution
We easily see that o2 o
u u
ﬁ+.67 =6z + (—6z) =0.

The required function v must satisfy the Cauchy-Riemann equations, and so

v Ou

— = — =3z - 3.

Oy Oz ’ 4

By integration we deduce that v(z,y) = 3z%y — y® + g(z) for some function g.
Then from B oy + o) and — ou

5z YT By
we deduce from the Cauchy-Riemann equations that g'(z) = 2. Hence, choosing

g(z) = 2z, we obtain

6zy + 2

v(z,y) = 3%y - ¢° + 22,
and we easily verify that v is again a harmonic function. Observe that
f(2) = (2% - 3zy? — 2y) + i(32%y — v° + 2z) = 2° + 2iz.

a
Many boundary-value problems in applied mathematics come under the
general heading of the Dirichlet? problem:

2 Johann Peter Gustav Lejeune Dirichlet, 1805-1859.
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e Let U be an open set bounded by a simple closed piecewise smooth curve,
and let F' be a continuous real-valued function with domain OU, the bound-
ary of U. Can we find a function f that is continuous on U, harmonic in
U, and such that f = F on 8U?

The following solution (which I shall not prove) exists for the case where
U is the open disc N(0,1). Here the boundary value function F has domain
{€¥® : 0 < 8 < 2}. For re® in U, let

; 1 [ 1-r2 ;
0y _ it
9(re”) = 2 /0 1—2rcos( — t) +r? F(e%)dt. (11.3)

Let 0
oy _ J 9(re?) if0<r<1
f(re®) = { F(re®) ifr=1;
then f is harmonic in N(0, 1), continuous in N(0,1), and f = F on the circle
£(0,1). (For a proof, see [4].)

It is clear that rescaling and translating will give a solution of the Dirichlet
problem for a general open disc N(a, R). We now look at a strategy for solving
the problem in the general case. The first element of the strategy is a theorem
due to Riemann:

Theorem 11.9 (The Riemann Mapping Theorem)

Let v* be a contour. Then there exists a one-to one conformal mapping f from
I(y) onto N(0,1), with =1 : N(0,1) = I(y) also conformal.

A proof of this can be found in [4]. Unfortunately there is no practical general
method for finding the function f, which is why the next section will deal with
a number of ways of transforming open sets using conformal mappings.

The other part of the strategy is a theorem to the effect that the composition
of a harmonic function and a conformal mapping is harmonic. Precisely,

Theorem 11.10

Let D = I(y), where « defines a simple, closed, piecewise smooth curve in the
z-plane, and let f, where f(z+iy) = u(z,y)+iv(z,y), be a conformal mapping
transforming D into D* (in the w-plane). If 6*(u,v) is harmonic in D*, then
8, given by

0(2: y)=6° (u(m, Y), ’U(:l:, y)) ’

is harmonic in D.
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Proof

By Theorem 11.6, there is a harmonic conjugate ¢* for 6* such that F*(w) =
6* (u,v) + i¢*(u, v) is holomorphic in D*. Hence F* o f is holomorphic in D,
and so 0, its real part, is harmonic in D. O

To “solve” the Dirichlet problem we first use a suitable holomorphic func-
tion f to transform U into N(0,1), find the appropriate harmonic function in
N(0,1), then use f~! to transform back into U. This is a strategy rather than
a solution, for there are practical difficulties in the way. As already mentioned,
there is no general method for finding f, and the feasibility of evaluating the
integral in (11.3) depends on the nature of the boundary value function F.

Using the close connection with holomorphic functions, we finish this section
by establishing a maximum principle for harmonic functions.

Theorem 11.11

Let v be a contour, and let u be harmonic and non-constant in I(y) Uv*. Then
u is bounded in I(y) U~*. Let

M = sup {u(:z:,y) : (:z:,y) € 1(7) U’Y‘} .
Then u(z,y) < M for all (z,y) in I(y).

Proof

Choose v so that f = u + v is holomorphic. Then g : z — ef(?) is again
holomorphic. Observe that

lg(2)| = e*(=¥)., (11.4)

By Theorem 5.3, g(z) is bounded, and it follows from (11.4) that u(z,y) is
bounded above. Next, observe that

eV =sup{lg(z)| : z€ () U7}

By the Maximum Modulus Theorem (Theorem 10.8), |9(z)| < eM for all z in
I(y). Hence u(z,y) < M for all (z,y) in I(y). O

EXERCISES

11.3. Verify that the following functions u are harmonic, and determine a
function v such that u + v is a holomorphic function.
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a) u(z,y) = z(1+ 2y);

b) u(z,y) = e cos y;

_y

22 + 42

11.4 With reference to Theorem 11.11, let

) u(z,y) =z -

m = inf {u(z,y) : (z,y) € I(y)U""}.

Show that u(z,y) > m for all (z,y) in I(y).

11.3 Mobius Transformations

In transforming regions by means of conformal mappings, straight lines and
circles play an significant role, and there is an important class of conformal
mappings that transform circles and lines into circles and lines.

In this section it is convenient to deal with the extended complex plane
C U {0} mentioned in Section 3.3. (Recall that there is a single point at
infinity.) We shall denote C U{oo} by C*, and will use the following conventions,
in which c is a (finite) complex number:

ctoo=200+c=00 CcX00=00XC=00
c/oo=0, c/0=o00.
O=—00=00, 00+00=00X00=00.

We shall also extend the meaning of “circle” to include a straight line, which
we think of as a circle with infinite radius.
A Mo6bius?® transformation, also called a bilinear transformation, is a map

az+b
cz+d

(zeC*, a,b,c,d € C ad — bc # 0). (11.5)

The condition ad — bc # 0 is necessary for the transformation to be of interest:
if a = b = ¢ = d = 0 the formula is meaningless, and otherwise the condition
ad—bc = 0 gives a/c = b/d = k (say) and the transformation reduces to z — k.

It is clear that a Mobius transformation is holomorphic except for a simple
pole at z = —d/c. Its derivative is the function

o ad — be
(cz+d)?’
and so the mapping is conformal throughout C\ {—d/c}.
3 August Ferdinand Mébius 1790-1868.
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Theorem 11.12

The inverse of a Mobius transformation is a Mdbius transformation. The com-
position of two Mdébius transformations is a Mo6bius transformation.

Proof

As is easily verified, the Mo6bius transformation

wrs S0 (11.6)
—cw+a

is the inverse of z — (az + b)/(cz + d).
Given Mdbius transformations

fl:z»—)

azz + b

a1z+ b
coz+dy’

and Tz
caz+d; nd f2

an easy calculation gives

A
(frof2)(5) = 552,

where
A =ajaz +bica, B=aibe +bids, C =cjas +dica, D =c1bs + dyds.
Thus f; o f; is a Mdbius transformation, since a routine calculation gives

AD - BC = (a1d1 - b1C2)(a2d2 - szz) # 0.

Remark 11.13

The composition of Mdbius transformations in effect corresponds to matrix
multiplication. If we define the matrices of f; and f; as

a; b ax by
(Cl d1> and (cz dz)’

then the matrix of f; o fa is

ay b1 a b2
C1 d1 Co d2 )

Recalling that
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we see that this is essentially the matrix of the inverse of z — (az +b)/(cz +d)
as indicated in (11.6), since multiplication of all the coefficients by a non-zero
complex constant k does not change a Mdbius transformation.

Among special Mdbius transformations are:
M1) z—az(b=c=0,d=1);
(M2) 2z z+b (a=d =1, c=0 - translation by b);
(M3) 2= 1/2(a=d=0, b=c=1 - inversion).

In (M1), if a = Re%, the geometrical interpretation is an expansion by the
factor R followed by a rotation anticlockwise by 6.

Theorem 11.14

Every Mobius transformation

az+b
cz+d

F:zm

is a composition of transformations of type (M1), (M2) and (M3).

Proof
If ¢ = 0 then d # 0 and it is clear that F' = g, 0 g;, where

a b
glzz»—>&z, ggzzr—)z+3.
If ¢ # 0, then F = g5 0 g4 093049041, with

1
g1:2mcz, Gg2:z—2+d, gszzr—>;,

1 a
94 : z»—)z(bc—ad)z, gs 2zt -,

for
91(2) =cz, (gog1)(z) =cz+d, (930g20q)(2) = L
’ cz+d’
bc — ad a bc—ad az+b
(94092091)(2) = m» (95094092091)(2) = ;"‘ clcz+d) cz+d’

a
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It is clear that transformations of type (M1) and (M2) preserve shapes, and
in particular that they transform circles to circles. Inversion transformations in
general will change shapes, but circles survive. From Theorem 2.9, a circle X'
in the z-plane can be written as the set of z such that

z—c¢
z—d| ks
where ¢,d € C and k£ > 0. If w = 1/z, the image X’ in the w-plane is the set of
w such that
(1/w)—d| |d| |w~(1/d)]’

and so this too is a circle. Recall from Remark 2.11 that the points ¢ and d
are inverse points with respect to the circle X. From (11.7) it follows that their
images 1/c and 1/d are inverse points with respect to X’.

It thus follows from Theorem 11.14 that (with our extended definition of
“circle”) we have:

Theorem 11.15
A Mobius transformation transforms circles into circles, and inverse points into

inverse points.

Here we must recall that two points are inverse with respect to a line if each
is the reflection of the other in the line.

If we require to find a M6bius transformation that carries out a particular
transformation, it can be useful to know a way of writing down the transfor-
mation that sends three chosen distinct points to distinct chosen destinations:

Theorem 11.16

Let (21,22, 23), (w1,ws,w3) be triples of distinct points. There is a unique
Mobius transformation f mapping 2; to w; for i = 1,2, 3.

Proof

The Mo6bius transformation

gz zZ—21 22 — 23
) z— 23 22— 21

maps 21, 22, 23 to 0, 1, oo, respectively. Similarly, the M6bius transformation

w —w Wy — W3
h:w—
w — W3 W — W1
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maps wj, wz, w3 to 0, 1, co. It follows that h~! 0 g maps 2, z3, 23 into wy, wo,
w3.

To prove uniqueness, suppose first that j : z — (az + b)/(cz + d) has 0, 1,
oo as fixed points. Then 5(0) = 0 implies that b = 0, j(c0) = oo implies that
¢ =0, and j(1) = 1 implies that a = d. It follows that j is the identity function
z + z. If p is a Mobius transformation mapping each z; to w;, then hopog~!
fixes 0, 1, oo, and so is equal to the identity function j. It follows that

p:(h—loh)opo(g_log)=h_lo(hopog_l)ogzh-lojogzh'log.
O

From Theorems 11.15 and 11.16 we deduce:

Theorem 11.17

Let S1, S2 be circles in the plane. There exists a Mobius transformation map-
ping S; onto Sa.

Proof

A circle is determined by the position of three distinct points on it. (If the three
points are collinear, or if one of the points is co we have a straight line.) Choose
three distinct points on S; and three on S;. A suitable Mébius transformation
is then the unique Mobius transformation F' mapping the three chosen points
on S; to the three chosen points on S,. 0O

Example 11.18

Find a Mébius transformation mapping the real axis L = {z : Imz = 0} onto
the circle S = {z : |2| =1}.

Solution

Choose —1,0,1 on L and —1,%,1 on S. Let F(z) = (az + b)/(cz + d), and
suppose that F(—1) = —1, F(0) = i, F(1) = 1. We obtain the equations

—a+b=c—-d, b=id, a+b=c+d,

from which we easily deduce that

The solution is not unique.



208 Complex Analysis

We can check the answer. If z is real, then |z 4+ i| = /1 + 22 = |iz + 1|, and
so |F(z)| = 1. Also, .
Fl(y)= Y%
(w) —tw+1’
and if |w| = 1, then

(w—-4)(1+4+iw) wH+w+i(lw®*-1)  2Rew

Fl(w) = = =
(w) 11— iw? 11— iw|? 11— iwp?

€ R.

Remark 11.19

In Example 11.18 above, we can in fact obtain more information. If Im2 > 0
then z is closer to 7 than to —i, and so |z — i| < |z + . It follows that

z—1
i(z+1)

_ |z — 1]
|z + 14

|F(2)| =

<1,

and so the upper half-plane {z : Imz > 0} maps to the interior {w : |w| < 1}
of the circle. If we wanted the upper half-plane to map to the exterior, then
iz+1

z — -
zZ4+1

would do the trick.

The next example shows that we can control the exterior/interior question
in advance by using the inverse points property of Theorem 11.15.

Example 11.20

Find a Mébius transformation mapping the half-plane {z : Rez < 1} onto
{z : |z2-1] > 2}.

Solution

The points 0 and 2 are inverse points with respect to the line

L={z:Rez=1}
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while the points 0 and —3 are inverse with respect to the circle
S={w:|w-1=2}.

Since we wish to map {z : Rez < 1} to the exzterior of the circle S, we look
for a Mébius transformation F such that F(0) = —3 and F(2) = 0. We now
choose 1, a point on L and —1, a point on S, and suppose that F(1) = —1.
Writing F(z) as (az + b)/(cz + d), we then have

b=-3d, 2a+b=0, a+b=-c—d,

from which we easily deduce that

326
F(z) = . .
()= 22 (118)
O
We can examine the transformation (11.8) more closely. Consider its inverse,
given by 0rt 6
+
Fiz) =2 (11
()= 212, (119)

which maps the circle S = {z : |z — 1| = 2} onto the line L = {w : Rew = 1}.
A typical point 1 + 2¢%*® on S maps to
v 2(1+26¢) +6)  4+2e®  (4+29)(1—e )
T —(1+29)+3 1-e€®  (1-eP)(1—eF)

_2+2e% —4e7®  (2-2cos6) +6ising 3isinf
 2-2cosf 2—2cosf - 1—cosf
6isin(6/2) cos(6/2) . 0
1 =1 —.
25in(6/2) +3icot 3

g Q
1-2¢
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Thus, as 6 goes from 0 to 27, the image point in the w-plane traverses the
line Rez = 1 from 1 + 400 to 1 — i00. The image of the semicircle from /2 to
3m/2 (from the point 1 + 2 to the point 1 — 2i) is the line segment from 1+ 3:
to 1 — 3i. To find the image of the line from @ to P, we note that Rez = 1 if
and only if z + Z = 2, that is (by (11.8)) if and only if

3w—6+3u‘1—6_2
w+2  w+2

After a bit of algebra, this reduces to ww — (w + @) — 8 = 0, that is, to
(u—1)%2 + 9% = 9, the circle with centre 1 and radius 3. That the image is
the semicircle shown can be seen either by noting that the image of 1 under
the transformation (11.9) is 4, or by using the conformal property to argue as
follows: a spider in the z2-plane crawling from P to @ on the semicircular arc
makes a left turn of w/2 when it moves on to the line-segment from Q to P;
the image spider, which has been crawling on the line segment from P’ to Q’,
must then make a left turn of /2 on to the semicircular arc from Q' to P’
shown in the diagram.

EXERCISES

11.5 Find MGébius transformations mapping:
a) 1,4,0t00, 1, co, respectively;
b) 0, 1, oo to %, 0o, 1, respectively;
c) 1,4, —1 to 4, —1, oo, respectively.

11.6 Determine the local magnification of the Mébius transformation z —
(az +b)/(cz + d) at a point ¢ in C.

11.7 a) Determine a M6bius transformation mapping the disc
Di={z:|z+1] <2}
onto the complement of the disc D = {z : |z + 2| < 1}.

b) Determine a ..8bius transformation mapping the disc D; (as
above) onto the half-plane {z : Im2 > 3}.

11.8 Find a Mdbius transformation F' which maps the disc
Dy ={z:|z| <1}

onto the disc D = {w : |[w—1| <1}, and such that F(0) = 1,
F(1) = 0. Do these properties define F uniquely?
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11.9 Let .
1+iz

itz

Obtain formulae for F? (= F o F), F3 and F*. Describe the image
under each of F, F2, F3 and F* of the line segment on the real axis
between —1 and 1.

F(z) =

11.4 Other Transformations

We have already noted the geometrical aspects of the mapping z — 22, which is
holomorphic for all z and conformal for all z # 0. This applies more generally
to the mapping F,, : z — 2™, where n > 2 is a positive integer. Clearly
F,, maps the unit circle to itself, but the mapping is not one-to-one: the arc
{€%® : 0 < 6 < 27/n} maps to the whole circle {e?*® : 0 < 6§ < 27}.

Angles between curves are preserved unless they meet at the origin, where
they multiply by n: if z = €%, so that Oz makes an angle 6 with the positive
z-axis, then z" = €%, and Oz™ makes an angle nf with the z-axis.

The mapping z — 2%, where a > 0 is real, is of course a multifunction if
a ¢ N, but is conformal in a suitably cut plane.

Example 11.21

Let a € (0,n). Find a transformation, conformal in

{re® : r>0, -m <0< m}

that maps the sector {re?® : r > 0, 0 < 8 < a} onto the half-plane
{w: Imw > 0}.
Solution
Let F(z) = z"/*. Then
{F(re?®) : r>0,0<0<a}={r"/*e%"/* :r>0,0<6<a}
={pe®* : p>0,0< ¢ <7},

where p = r"/*, ¢ = 6r/a. a

We have already remarked that the image under z +— 22 of a circle
{z : |z| = R} is again a circle with centre O, but the circle in the w-plane

is traversed twice. Circles with centre other than the origin have more compli-
cated images:
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Example 11.22

Find the image under z — 22 of the circle § = {z : |z — 1| = 3}.

Solution
If z = 1 + 3¢% is an arbitrary point on the circle S, then
w =1+ 6e + 9¢%*
and so
w+8=(6+9(e” +e7))e’ = 6(1+ 3cosf)e’d.

The path of w is a curve called a limagon, and looks like this:

As z moves on the circle S along the upper arc from 4 to —2, w moves from
the point 16 along the loop through the points —8 4 67 and —8 to the point 4.
Then, as z continues along the lower arc from —2 back to 4, w moves from 4,
passes through —8 and —8 — 6%, and finishes at 16. O

The exponential function z — e* = expz is conformal for all z. As we
recorded in (4.25), if z = z + iy, then e* = e®¢'?, and so

le*| = e* arg(e’) =y (mod 27).

The line £ = a maps by exp to the circle |w| = €2, and the line y = @ maps to
the half-line argw = a. A vertical strip bounded by z = a and = = b maps to

the annulus
{w:e* < |u| <€}y

=
=
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and, if |a — b| < 2, a horizontal strip bounded by y = a and y = b maps to an
infinite wedge between the half-lines argw = a and argw = b:

) v
b argw =1b
/ argw =a
a
z u

If we drop the restriction that |a — b| < 2w, this needs some qualification.
Certainly it is the case that as z moves from ia to ib, w moves on the unit
circle from €@ to e, but may in the process have travelled all the way round
several times.

We can sometimes combine different transformations to achieve a desired
geometric éffect:

Example 11.23

Find a conformal mapping that transforms the sector {z : 0 < argz < w/4}
into the disc {w : |w — 1] < 2}.

Solution

First transform the sector into the upper half-plane {z : Imz > 0} using 2z —
2%. Then find a Mobius transformation mapping the half-plane to the disc. This
is not unique, but one way is to map 0 (on the half-plane) to —1 (on the circle),
and to map the inverse points ¢ and —i relative to the half-plane to the inverse
points 1 and oo relative to the circle. We obtain the Md&bius transformation
2+ (32 — i)/(z + ©). The required conformal mapping is

324 -4
2441

Example 11.24

Find a conformal mapping that transforms the vertical strip
S={z:-1<Rez<1}

into the disc D = {z : |2| < 1}.
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Solution

The mapping z — iz transforms S into the horizontal strip
S1={z:-1<Imz<1}.

Then the mapping z — e* transforms S; to S; = {z : —1 < argz < 1}. Next,
the mapping z — 2™/2 transforms S to the half-plane S3 = {z : Rez > 0}.
Finally, the Mobius transformation z — (—z + 1)/(z + 1) maps Ss to the disc
D. The composition of these four mappings is

_eiz‘rr/2 +1

ze eizm/2 41 :

This map is holomorphic unless €'*"/241 = 0, that is, unless z = 4n+2 (n € 2Z),
and this cannot happen within the strip S. Its derivative is easily seen to be

_,iﬂ.eurz/2

(eizn/Z + 1)2 ’

and this is non-zero throughout the strip S. a

Finally, we mention a class of transformations which give rise to curves
known as Joukowski’s? aerofoils. Their importance lay in the fact that they
transformed circles into shapes that approximated to the profile of an aeroplane
wing, and facilitated the study of the air flow round the wing. We shall look
only at the simplest of this class of transformations.

The general Joukowski transformation is given by the formula

k
w—ka (z-a
w+ka (z + a) )
We shall consider only the simplest case, when a =1 and k = 2:

w—2 z-1)2
voz_ (1), 110

and this simplifies to
1
w=z+-.
z

The more complicated formula (11.10) demonstrates that the Joukowski trans-
formation is a composition h~! 0 g o f, where
z—-1 2 z—2
P2 — Tz 2 h:zm—
f z+1’ 9 ’ z+1
4 Nikolai Egorovich Joukowski (Zhukovskif), 1847-1921.

)
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for (11.10) can be written as

h(w) = g(£(2)) -

Observe that both f and g~! are Mobius transformations. Accordingly, the
Joukowski transformation transforms a circle first into another circle, then by
squaring into a limagon, and finally, by the Mdbius transformation A~!, into
the aerofoil shape. The diagram below shows what happens to the circle with
centre (—1/4) + (1/2)i passing through the point 1.

For more information on special transformations, see [5).

EXERCISES

11.10 Find the image of the first quadrant
Q={z:Rez>0, Imz >0}

under the mappings

- 2 2 _
Fl:zn—><z 1), Fg:zr——>z 1.

z+1 22+1
11.11 Find a conformal mapping that transforms
E={2:Rez>0,Imz2>0, |z| > 1}
into {w : |w| < 1}.
11.12 Find a conformal mapping that transforms
Q=1{z:Rez<7/2, Imz > 0}

to the half-plane {z : Rez > 0}.
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Final Remarks

Introduction

The purpose of this very brief final chapter is to make the point that complex
analysis is a living topic. The first section describes the Riemann Hypothe-
sis, perhaps the most remarkable unsolved problem in mathematics. Because
it requires a great deal of mathematical background even to understand the
conjecture, it is not as famous as the Goldbach Conjecture (every even number
greater than 2 is the sum of two prime numbers) or the Prime Pairs Conjecture
(there are infinitely many pairs (p,q) of prime numbers with ¢ = p + 2) but
it is hugely more important than either of these, for a successful proof would
have many, many consequences in analysis and number theory.

The second and final section deals with iteration of complex functions, a
topic that has given rise to arguably the most powerful visual images of twen-
tieth century mathematics, and has demonstrated that fractal sets, far from
being an isolated curiosity, occur as answers to simple and natural questions in
analysis.

12.1 Riemann’s Zeta Function

It is well known that, for real values of s, the series

11
R TR
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is convergent if and only if s > 1. If we allow s = o + i to be complex, then

irl — irlognl —

[n°] = [n°]ln |

In%lle n

and so the series is (absolutely) convergent if o > 1. We define Riemann’s
Zeta Function ¢ by

(()=)_n"* (Res>1). (12.1)

An immediate connection with number theory is revealed by the following
theorem, due to Euler, in which P denotes the set {2,3,5,...} of all prime
numbers.

Theorem 12.1
1
<— H 1—— (Res>1).
eP

Proof
Observe first that

1 11 1 11
(8)(1-—) (1+—+3—,+ )(1—5)-1+3—,+5+~-,

all terms 1/n®, where n is even, being omitted. Next,

1 1 11 1
C(S)(l——)(1—§> It tm et

where now we are leaving out 1/n® for all multiples of 2 or 3. If p;, is the kth
prime, we see that

C(s)(l—l) (1-%)...(1-%) =1+neo.$’

where Dy is the set of natural numbers not divisible by any of the primes
2,3,...,px. Hence

(-2) (-2 (-2) -1

1
(px +1)°

1
+
(px +2)°

+...’
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and this tends to 0 as k — oo. Hence
1
¢« I1 (1—;) -1,
peEP

as required. O
We have already (see Remark 9.17) come across the gamma function
oo
I'(s) =/ e *dz (s>0), (12.2)
0

and here too we can allow s to be complex and regard the function as defined
whenever Re s > 0. It is easily proved that

I'(s)y=(s—-1)I'(s-1) (Res > 1), (12.3)

and we can use this functional equation backwards to define I'(s) for Re s < 0:
if Re(s + n) € (0,1), then

I'(s+n)
s(s+1)...(s+n-1)"

I'(s) =

This fails if s is 0 or a negative integer, and in fact it can be shown that I' is
a meromorphic function with simple poles at 0,-1,-2....
Substituting £ = nu in the integral (12.2) gives

[o <]
n“‘I’(s):/ e ™y’ ldu,
0

and summing from 1 to oo gives

(e <]

¢(s)I(s) = E [/ooo e~ "uqyt! du] = /ooo (e +e 4. )u1du

n=1
© euys~ldy
B /0 l—ev °~
(The change in the order of integration and summation can be justified, but I
am deliberately omitting formal details in this chapter.) It follows that

1 ua—l

c(s)=m/0°°eu—_1du (Res > 1).

A more difficult formula, which I shall not prove (see [14]), gives

irl-—s) [ (-=2)! d
2m c -1

(s) = z, (12.4)



220 Complex Analysis

where C is a (limiting) contour beginning and ending at +00 on the z-axis,
encircling the origin once in a positive direction, but slender enough to exclude
the poles +2im, +4im, ... of the integrand.

Wy
e
N

¢ —2m

We interpret (—z)*~! in the usual way as e(s~1)198(=2) noting that the cut for
log(—z) lies along the positive z-axis.

The formula (12.4) makes sense for all s in C, except possibly for the poles
2,3,4,...of I'(1 - 5), but we already know that {(s) is defined at these points.
In fact we now have ((s) defined as a meromorphic function over the whole of
C, with a single simple pole at s = 1.

By developing these ideas a little further (again see [14]) one obtains a
functional equation for ¢, somewhat more complicated than Equation (12.3)
for the gamma-function:

C(s) =227 I(s)] ™" sec(ms/2)¢(1 - s).

At each negative integer [I"(s)] ! has a zero of order 1. If the integer is odd, then
this is cancelled by the pole of order 1 for sec(rs/2), but if s = -2, —4, ... we
have {(s) = 0. In fact those are the only zeros of ¢ in the region {s : Res < 0}.

From (12.1) it is not hard to deduce that there are no zeros of { in the
region {s : Res > 1}, and so we have the conclusion that the remaining zeros
of ¢ lie in the strip {s : 0 < Res < 1}. Riemann conjectured:

All the zeros of ¢ in the strip {s: 0 <Res <1} lie on the line
{s : Res =1},
and this has become known as the Riemann Hypothesis.

It is something of a puzzle that (at the time of writing) this is still unproved,
for complex analysis is replete with powerful results and techniques (a few of
which appear in this book). The late twentieth century saw the solution of
several of the classical unsolved problems, notably the Four Colour Theorem
and the Fermat Theorem, but the Riemann Hypothesis has so far resisted all
attempts. As early as 1914 Hardy! (8] proved that ¢ has infinitely many zeros
on the line Res = %, and nobody seriously believes that Riemann’s guess is
incorrect.

! Godfrey Harold Hardy, 1877-1947.



12. Final Remarks 221

A much weaker version of the Hypothesis is that there are no zeros of ¢ on
the line Re s = 1, and it'was by proving this result that Hadamard? and de la
Vallée Poussin® were able to establish the Prime Number Theorem: if 7(z) is
defined as |{p € P : p < z}|, then

T

mw(z) ~ gz’
A precise error term in this formula would follow from the full Riemann Hy-
pothesis.

There is an extensive literature on consequences of the Riemann Hypothesis,
which is not as silly as it might seem at first sight. Titchmarsh?, in his book
The zeta-function of Riemann (15, at the beginning of the final “Consequences”
chapter, puts the case very well:

If the Riemann Hypothesis is true, it will presumably be proved
some day. These theorems will then take their place as an essential
part of the theory. If it is false, we may perhaps hope in this way
sooner or later to arrive at a contradiction. Actually the theory, as far
as it goes, is perfectly coherent, and shews no sign of breaking down.

As the spelling “shews” might suggest, Titchmarsh was writing in 1930, but
his summary is just as true in 2003.

The classic texts by Titchmarsh [14, 15] and Whittaker and Watson [16]
are an excellent source of further information.

12.2 Complex Iteration

The first hint that simple and natural questions in complex analysis might
have unexpectedly complicated answers came in a question posed by Cayley® in
1879. Let us first remind ourselves of Newton’s® method for finding approximate
solutions to equations. Let f be a real function. If z( is chosen appropriately
and if, for alln > 0,

_ f(an) (12.5)

T )
n

then the sequence (z,) tends to a root of the equation f(z) = 0. The term
“appropriately” is deliberately vague, for f(z) = 0 may have several roots,

? Jacques Salomon Hadamard, 1865-1963.

3 Charles Jean Gustave Nicolas Baron de la Vallée Poussin, 1866-1962.
4 Edward Charles Titchmarsh, 1899-1963.

5 Arthur Cayley, 1821-1895.

® Isaac Newton, 1643-1727.
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and an inappropriate choice may well lead to a divergent sequence (z,). For
example, if f(z) = z/(z? + 1), then the only root of f(z) = 0 is 0, but any
choice of zy for which |zg| > 1 leads to a divergent sequence ().

The formula (12.5) makes sense if we interpret it for a complex function:
we rewrite it (for psychological rather than logical reasons) as

f(zn)

T T i)
n

(12.6)

where 2p is an arbitrary starting point. If f(z) = 0 has roots oy, as,...,am,
then there are basins of attraction Bj, B;,...,B,, in the complex plane
defined by

Bi={2z€C: nll’r{.lozn=ai} (1=1,2,...,m).

For a linear function z — k there is just one basin, namely C itself, and for the
quadratic function z2 — 1, with two zeros 1 and —1, there are two basins

Bi={2€C:Rez>0} and B_;={z€C : Rez<0}.

This much is straightforward and unsurprising. When it came to the cubic func-
tion 23 —1, Cayley remarked that “it appears to present considerable difficulty”.
It does indeed, for the basin of attraction of the root 1 looks like this:

Cayley, of course, had no access to a computer, and could not possibly have
guessed that the answer would be so complicated.
The process described by (12.6) can be defined in a different way. Given the
function f we can define
f(2)

F(Z)=Z—m
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and write
z1 = F(2), 22 = F(F(%)),... .

The functions Fo F, FoF o F, ... are written F2, F3, ..., and are called
iterates of F. The basin of attraction of a root a of f(z) =0 is then the set

By ={z€C: lim F*(2) =a}.

n—oo

It is this process of iteration that gives rise to Julia” sets.
n

Let g be a polynomial function, and, forn =1,2,...,let g" =gogo---0g
be the nth iterate of g. The filled in Julia set F of g is defined by

F={z€eC: g"(z) » ocoasn — oo},

and the boundary 8F of F is called the Julia set of g.
Consider the simplest possible quadratic function g : z +— 2%, where g™(2) =
22", Here it is clear that

F={z:]2|<1}, O0F={z:|z| =1},

an unexciting conclusion, but it makes the point that not all Julia sets are
“funny”. The situation changes dramatically if we consider the quadratic func-
tion f. : z +— 22 + ¢, with ¢ # 0. If ¢ = (0.6)i the filled in Julia set looks like
this:

7 Gaston Maurice Julia, 1893-1978.
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If c = —0.2 + (0.75)7 it looks like this:

The Mandelbrot? set, depicted below, is defined as
M={ceC: f(0) / }.

It seems appropriate to end this book with a picture that is the most strik-
ing of all the images of late twentieth century mathematics. This has been a
flimsy account of an important area. Much solid and fascinating mathematics
is involved in a proper study, but this is well beyond the scope of an introduc-
tory book. For a mathematical account of fractal sets, including. Julia sets and
the Mandelbrot set, see [7]. For a more visual account, with lots of excellent
pictures, see [12].

8 Benoit Mandelbrot, 1924—.
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Solutions to Exercises

Chapter 1

1.1.

1.2.

1.3.

1.4.

1.5.

Let A be bounded below by b. Then —A = {z € R : —z € A} is bounded
above by —b, and so has a least upper bound c¢. Then —c is the greatest
lower bound of A.

The result certainly holds for n = 1. Suppose that it holds for n — 1. Then
g =(3/2)(3"14+1) -1=(1/2)(83" +3-2) = (1/2)(3" + 1).
2

It is useful to note first that v and § are the roots of the equation z* —
z—1=0. Thus
V=qg+1, 62=6+1. (13.1)

Since (1/v/5)(7—4) = 1 and (1/V5)(v2 - 6%) = (1/VB)(y+1-6-1) = 1,
the result holds for n = 1 and n = 2. Let n > 3 and suppose that the
result holds for all k < n. Then f, = (1/VB)[y* 1 =" +4""2-4""2%] =
(1/VB)I" 2 (v +1) = 8*7%(6 +1)] = (1/VB)[y" - &7), by (13.1).

From elementary trigonometry we have 2sin(w/4) cos(w/4) = sin(n/2) =
1. Also, sin((7/2) — 0) = sin(7/2) cos(—6) + cos(m/2) sin(—6) = cos 6, and
so sin(m/4) = cos(m/4). Thus 2cos?(w/4) = 1, and so cos(w/4), being
positive, is equal to 1/v/2.

a) We easily deduce that cos20 = 2cos?6 — 1 and sin 20 = 2sin 6 cos 6.

Then cos 36 = cos 26 cos §—sin 20 sin§ = (2 cos® §—1) cos §—2 cos (1 —
cos? §) = 4cos® §—3 cos §. Put § = 7/6; then 4 cos®(7/6)— 3 cos(n/6) =
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cos(m/2) = 0, and so cos(m/6), being positive, is equal to v/3/2. It

follows that sin(m/6) = /1 — cos?(m/6) = 1/2.

b) These follow immediately from sin((7/2) — 6) = cos .

1.6. We know that cos(u + v) = cosucosv — sinusinv and easily deduce that
‘cos(u — v) = cosucosv + sinusinv. Hence cos(u + v) + cos(u — v) =
2 cos u cos v and cos(u+v) —cos(u —v) = 2sinusin(—v). The result follows
ifwelet u=(z+y)/2and v=(z —y)/2.

1.7. We verify that a; = 2°cos0 = 1, a; = 2! cos(7/3) = 1. Suppose that
n > 3 and that a; = 2¥~1 cos((k — 1)7/3) for all k < n. Then

an = 2ap_1 —4a,_3 = 2" }cos g"—_:fh — cos 1"—_33&]

= 2""cos @;32)1 + cos &F] (since cos(f — 7) = — cos6)
=2" cosS"—_alEcosg =21 cos‘"—_aIM .

Chapter 2

2.1. a) M(a,b)M(c,d) = M(ac — bd,ad + bc).
b) This is routine.
¢) M(0,1)M(0,1) = M(0.0 - 1.1,0.1 — 1.0) = M(-1,0).

K M(a,b)=(_ab Z):(Z g)+b(_01 é>=a+bz’.

22, z=1£v-4=1x£2i.

2.3. Letz=z+1iy. Then iz = iz — y and so Re(iz) = —y = —Imz, Im(iz) =
z = Rez.

24. a) (3+2)/(1+14)=[B+2i)(1—-1)]/2=3(5-1).
b) (1+1)/(3—14) =[(1+1)(3+1)]/10 = 75(2 + 4i) = (1 + 23).

¢) (z+2)(z4+1) =[(2+2)(2+1))/[(z+ 1)(z2+1)] = [(z® + y* + 3z +
2) —yi)/(z? + 4% + 2z +1).

2.5. a) |z| = V2, argz = —%/4; b) |z| = 3, argz = —7/2: ) |z| = 5,
argz = tan~%(4/3); d) |z| = v/5; argz = w + tan~1(-2).

2.6. Letc = re¥,d = pe', with 6 = argc, ¢ = argd. Thenc/d = (r/p)e*®—%),
So, taking account of the potential ambiguity in arg, we have arg(c/d) =
60— ¢.

2.7. 1+i=v2ei"/4; 50 (14 )16 = 28e%i™ = 28 = 256.
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2.8.
2.9.

2.10.
2.11.

2.12.

2.13.

2.14. e

2.15.

2.16.

2.17.

2 +2iv/3 = 4€'™/3; 50 (2 + 2iv/3)° = 218%™ = 218,

i* = 1; s0 i%9 = 1 for every q in Z. Thus 49+1 = 4, {49+2 = 32 = ],
j49+3 — 3 — ;.

Ynmoi® = (1 -)/(1-9)=1-4)/1-9)=1.

When n = 1 the right hand side is (1 — 2z + 22)/(1 — z)? = 1, and so the
result is true when n = 1. Suppose that it holds for n = k. Then

1— (k+1)zk + kzF2

14224 (k+1)2* = + (k+1)2*

(1-2)2
_1— (k+1)z* + k2" 4 (k + 1)2F — 2(k 4+ 1)25*1 + (k + 1)24+2
- 1-27)
11— (k+2)25 4 (k4 1)2++2
B (1-2)? '

and so the result holds by induction for all n. The sum to infinity follows
easily.

Ifais positiveand 0 < r < 1, thena+ar+:--ar*~! <a/(1-r). Puta =1
and r = |z2/z1| to obtain 1+ |z3/z1| + - -+ + |22/21|""! < 1/[1 — |22/ 2]
The left hand side is greater than n times its smallest term, so greater
than n|zz/z1|" 1. Hence n|z2/21|""! < 1/[1 = |22/ 2z1]] = |z1]/ (| 21| — |22])-

|21 +22|2+|21 —Zz|2 =21Z1+21Z2+ 2221+ 2922 +2121 — 2122 — 2221 + 2222 =
2(z1Z1 + 2222) = 2(|21|® + |22|?). Hence, putting z; = ¢, 2 = Vc? — d2,
we have [lc+ VE—@| +|c - VI —@|)” = [|z1 + 22| + |21 — 2|2 =
|21 +22|2 + IZl —Z2|2 +2|(21 +22)(21 —Zg)l = 2(|21|2 + |22|2) +2|Zl - Z2|
2lc|2+2|c—d?|+2|d|? = |c+d|2+|c—d|?+2|c+d|[c—d| = [Jc+d|+]c—d]]*.
The result follows if we take square roots.

i0 + e316’ -+ e(2n+1)z0 = ezo[e(2n+2 1]/[6210 ] [e(2n+2)i8

1)/[e* - "0] = [e(?n*+2i — 1]/2isin6 = (1/2sin8)[—i(cos(2n + 2)0 +
isin(2n + 2)0) + i), of which the real part is [sin(2n + 2)6]/(2 sin 6].

Since @Y™ +an-17" "1 +---+a;y+ag = 0, the complex conjugate is also
equal to 0; that is, since the coefficients a; are all real, a, 7™ +an_17" " +
-4 a17+ a9 = 0. Thus v = pe*’ and 5 = pe~* are both roots and so
P(z) is divisible by (z — pe®)(z — pe=%) = 22 — 2pcos § + p?.
a) By the standard formula, z = 1(3 — i £ /(3 -14)2 - 4(4 - 31)) =
3(3—ixv/-8+61) =1(3 —z:t(1+3z)) =2+iorl—2i
b) Slmllarly,z—2[3+z +/(B+9)2-8-4) = 1(3+i+V2i) =

IB+it(1+49)])=2+iorl

a) {z : |2z + 3| < 1} is the circular disc with centre —2 and radius 3.
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b) |z|> > |2z+1|? ifand only if 2 +y? > (2z+1)%+(2y)?, that is, if and
only if 322 +3y? +4z+1 > 0, that is, if and only if (z+ 2)* +32 > 1.
Thus the set is the exterior of the circular disc {z : |z + 3| < 1}.

2.18. The rocts of 25 = 1 are 1, e¥27/5, ¢*47/5 and so 25 — 1= (2 — 1)[2% -

" 2z cos(2m/5) + 1][2% — 2zcos(4m/5) + 1]. Since we also have 25 — 1 =
(2 =1)(2* + 2% + 2% + 2z + 1), we deduce that [z2 — 2z cos(27/5) + 1][2% —
2zcos(4m/5) + 1] = 2* + 28 + 22 + z + 1. Equating coefficients of 2*
gives cos(2m/5) + cos(4m/5) = —3, and equating coefficients of 22 gives
cos(2m/5) cos(4m/5) = —1. Hence cos(27/5) and cos(4m/5) are the roots
of the equation z2+ %z—% = 0. The roots of this equation are %(—1:1: \/E_))
and, since cos(27/5) is positive and cos(47/5) is negative, we must have
cos(2m/5) = 1(v/5 — 1), cos(m/5) = — cos(47/5) = 3(v/5 + 1).

Chapter 3

3.1.

3.2.

3.3.

3.4.

Let ¢ be a point in C not lying in the real interval [a,b]. Let § =
min {|c — z| : z € [a,b]}. Then § > 0, and the neighbourhood N(c,d/2)
lies wholly outside [a,b]. Thus [a,b] is closed. On the other hand, (a,b) is
not open, since for every c in (a,b) there is no neighbourhood N(c,§) of
c lying wholly inside (a, b). It is not closed either, for a ¢ (a,b), yet every
neighbourhood N(a,d) of a intersects (a, b).

Let z € A; thus |z| =r, where 1 < r < 2. If § = min {r — 1,2 — 7}, then
N(z,6) C A. Hence A is open. The closure of A is {z : 1 < 2 <2}, and
0A = k(0,1) U x(0,2).

If f = g+ h, with |g(2)| < K|z/?, |h(z)| < L|z|? for all sufficiently small z,
it follows (since |z|> < |2|2 for all |2z| < 1), that |f(2)| < |9(2)] + |h(2)| <
(K + L)|z|? for all sufficiently small z. Thus O(z%) + O(z3) = O(z?) as
z—0.

If f = g+ h, with |g(2)| < K|z|?, |h(z)| < L|z|® for all sufficiently large z,
it follows (since |z|® > |z|? for all |z| > 1), that |f(2)| < |g(2)| + |h(2)] £
(K + L)|z|® for all sufficiently large z. Thus O(22) + O(z%) = O(z23) as
z — oo.

n

1[(1+z)"—(1+nz)]=Z(:)z’“l — 0 asz— 0.

z r=2
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3.5.
32247245 7 5 1\7?
FESIE (3+z+ )(1’“?)
7 5 2 s
={3+-+-)(1-=40(27%) | (by Example 3.11)
z VA V4
=3+%+0u4)
as z — o0.

3.6. For all z such that |z| < 1, |p(z)| < |ao| + |a1| + -+ + |an|- So p(2) = O(1)
as z — 0. Also, for all |z| > 1

Ip(2) = 2"

and so p(z) = O(z™) as n — oo.

Ap— 27
(an+ 22 e 2] < 2 (Janl + Jancs |+ + lao),

Chapter 4

4.1. a) f(z) =i(z? — y? + 2izy) + 2(z + 1y) = (2 — 2zy) +i(x? — y? + 2y);
so u = 2z — 2zy, v = =2 — y? + 2y. Thus Ou/0z = Ou/dy = 2 — 2y,
Ov/dz = —0u/dy = 2z.

b) Multiply numerator and denominator by the conjugate of the denom-
inator to make the denominator real: f(z) = (z +i)(2z + 31)/(2z —
31)(22+3i) = (222+3iz+2iz-3) /(422 +6i(z—2)+9) = (2(z*+y?)+
3i(z +iy) + 2i(z —iy) — 3) / (4(z% — y?) — 12y +9). Hence u = (222 +
2y? —y—3)/(4z%+4y%* — 12y +9), v = 5z/(4z? + 4y? — 12y +9). Then
verify that du/0z = Ov/0y = (60z — 40zy)/(4z? + 4y? — 12y + 9)2,
dv/dx = —0u/By = (20y? — 20z2 — 60y + 45)/(4z% + 4y* — 12y + 9)2.

4.2. Since a?+b% < R? and ¢+ d? < R?, it follows that (a2 +d2)+ (b2 +¢?) <
2R?. Hence at least one of a? 4+ d? and b? + ¢? is less than R2.

4.3. Suppose first that f is differentiable at c. For all z # ¢, let A(z) = (f(z)-
f(c))/(z = ¢). Certainly f(z) = f(c) + A(z)(z — c). Then lim,_,. A(z) =
f'(c), and so A is continuous if we define A(c) = f'(c).

Conversely, suppose that A exists, and is continuous at c¢. Then, for all

z#c,
A(Z) - f(Z) _f(c) .
z—c¢
Since A is continuous at ¢, the limit

Lo 12— F()

z—¢ z—c
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4.4.

4.5.

4.6.

4.7.

4.8.

4.9.

4.10.

exists. Thus f is differentiable at c.

p(z) =1+a"_1+...+ %o

An2™ AnZ Anp 2™

— 1as|z] = o0.

€% = e%el = eTe~ W = e, Hence

sinz = (1/2i)(e?* — e=*2) = (=1/2i)(e”** — e**) = sin z,

and

co5z = (1/2)(e"* + e=%) = (1/2)(e™** +€**) = cos Z.

cosh zcoshw + sinhzsinhw = [(e* + e7%)(e¥ + ™) + (e* —e™*)(e¥ —
e—w)] — %[ez+w+e—z+w+ez—w+e—z—w+ez+w_e—z+w_ez—w+e—z—w] =
2(e**¥ +e~(2¥%)) = cosh(z+w). Similarly sinh z cosh w+cosh z sinhw =
il(eF—e*)(e¥ +e ) +(e*+e7%)(e¥ —e )] = jle* TV —e~F W 4V -
e—z—w+ez+w+e-z+w_ez—w__e—z—w] — %(ez+w_e-(z+w)) - sinh(z+w).
F'(2) = 2cosh zsinh z — 2sinh z cosh 2 = 0 for all z. Hence, by Theorem
4.9, F(z) is constant throughout C. Since F(0) = 1, F(z) =1 for all z.

cos(iz) = 3(eii®) + e~ii2)) = L(e™* + %) = cosh z; sin(iz) = &(e'(®) —
e~ii2)) = (—4)l(e* — e*) = £(e* — e~*) = isinhz. Hence cosz =
cos(z + iy) = cos cos(iy) — sin z sin(iy) = cos z coshy — isinzsinhy. So
u = coszcoshy, v = —sinzsinhy, and u/dz = dv/fy = — sinz coshy,
8v/dz = —Bu/By = — coszsinhy.

Similarly, sin z = sin(z + iy) = sinz cosiy + coszsiniy = sinzcoshy +
icoszsinhy. Thus u = sinzcoshy, v = coszsinhy, and du/dr =
8v/0y = cos cosh y, Ov/8zr = —Bu/By = —sinz sinh y.

For the second part, use the identities sin? z + cos?z = 1 and cosh®z —
sinh’z = 1 to show that |sinz|? = sin®zcosh’?y + cos?zsinh®y =
sin? z(sinh®y 4+ 1) + (1 — sin? z) sinh®y = sin?z + sinh® y. Similarly,
| cos z|? = cos? z(1 + sinh® y) + (1 — cos? z) sinh? y = cos? z + sinh? y.

Since cos(iy) = coshy and sin(iy) = isinhy, we have that |cos(iy)| =
3(e¥ + e7¥) > 1ev. Also |sin(iy)| = %|e¥ —e¥|. If y > 0 then e¥ <
1 < e¥, and so |sin(iy)| > 3(e¥ —1); if y < 0 then e¥ <1 < e, and so
| sin(iy)| > %(e‘y — 1). Combining the two inequalities gives |sin(iy)| >
1(el¥! — 1) for all real y. Both cos and sin are unbounded in C.

2 2

cosm = —1, while sinm = 0. Hence cos 2w = cos®* 7 — sin® 7 = 1, while
sin27 = 2sinwcosm = 0. It now follows that sin(z + 7) = sinzcosm +
coszsinm = —sinz and cos(z + m) = coszcosm — sinzsinm = — cos z.
From these formulae it follows (and can be proved formally by induction)
that sin(z + nw) = (—1)"sin z and cos(z + n7) = (—1)" cos z.
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4.11.

4.12.

4.13.

4.14.

4.15.

4.16.

4.17.

cosh(z + 27i) = cosi(z + 2mi) = cos(iz — 2w) = cosiz = cosh z, sinh(z +
27t) = —isini(z + 2mi) = —isin(iz — 27) = —isiniz = sinh 2.

First, e?” = e ~¥ +22vi = o2~ e22vi — ¢2"~v" (cog(22y) + i sin(2zy)).
So u = €=~V cos(2zy), v = €=V sin(2zy). As a check, observe
that Ou/0z = Ov/Oy = e= v’ (2z cos(2zy) — 2ysin(2zy)), Ov/dz =
—Bu/Oy = =V’ (2z sin(2zy) + 2y cos(2zy)).

Next,

ee‘ — 'ee' cosy+ie®siny _ (ee’ cos y)(eie’ sin y)

= e®" ®Y(cos(e®siny) + isin(e®siny)) .

Thus u = e ¥ cos(e” siny), v = e ¥ sin(e” siny). The verification
of the Cauchy-Riemann equations is a pleasant exercise in partial differ-
entiation.

[sin(e-+iy)| = 3=V —e=i=48| > 1|jeiwe-v| - emizer|| = L(ev—e¥) =
sinh y.

Since the series converges, there exists K > 0 such that

1> (/| <K.

Hence, for all |z| < 1,

|ez—1—z|§K]z}2.

Again,
cosz—(1-(2%/2) =z 28
p 3wt
and this tends to 0 as z — 0.
As a multifunction, z¢ = e!lo8z = [eilloglzl+iargz+2nmi) , p ¢ 7} —
{etloglzlg=argz=2nm . n ¢ 7} For z = —i we have log|z| = 0 and

argz = —1/2. So (i)} = {e(*/2)=2n7 . n € Z}.

weSnTlz & L(eW-—eTW) =2 < ¥ -2ize™ -1=0 =
e¥ =izt V1-22 < w € —ilog(iz+ V1-2%).If z = 1/V2
then Sin~ 'z = —iLog(% + \/LE) = —i(Log(e™/%) U Log(ei("~/4) =

{nw+ (-1)"n/4 : n € Z}.

w€ Tan™'z < sinw/cosw =z <= (¥ -1)/(e?™ +1) =iz <
e?™(1 —iz) = 1+iz < w € (1/2i)Log(1 +1iz)/(1 - iz)).

Putting z = e gives (1+iz)/(1—iz) = [(1+iz)(1+42)]/[(1—iz)(1+iZ)] =
(1+2iRez—22)/(1+2Imz2+2%) =icosf/(1+sinh), a complex number
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4.18.

4.19.

4.20.

4.21.

with argument 7/2 (since cos6/(1 + sin@) is positive in (—m/2,7/2)).
Hence Tan™* (%) = {(1/2i) [log(cos 8/(1+sin6))+(2n+3)mi)] : n € Z},
of which the real part is {n + {7 : n € Z}.

(-1)~% = exp(—i Log(—1)), of which the principal value is

exp((—i)(ir)) = exp(n) .
The logarithm of this is .

The function sin z/cos z has singularities where cosz = 0, that is, at
the points (2n + 1)m/2. Now cos(w + (2n + 1)7/2) = coswcos(2n +
1)7/2—sinwsin(2n+1)r/2 = (—1)"*! sin w, and sin(w+ (2n+1)7/2) =
sinw cos(2n+1)m/2+ coswsin(2n+1)7/2 = (—1)™ cos w. Hence, putting
w = z—(2n+1)7/2, we see that lim,_,(3n41)r/2(2 — (2n+1)7/2) tanz =
lim,,_, ¢ w(— cos w/sinw) = —1. So the singularities are all simple poles.

sin z = 0 if and only if 2 = nw. Now, sin(w+nn) = (—1)" sinw, and so, if
n # 0, lim; ,nx(z — nm)(1/zsin 2) = limy o (w/(w + nr)(—1)"sinw) =
(=1)*/nn. If n = 0, then lim,_, 22(1/zsin z) = 1. There are simple poles
at z=nmr (n=%1,%2,...), and a double pole at z = 0.

Let r(z) = p(z)/(z — c)*q(z), where p(c) and g(c) are non-zero. Then
r'(2) = [(z - o)¥q(2)p'(2) — ((z = ©)*d'(2) + k(2 — ¢)*q(2))p(2)] /(2 -
¢)*q(2))* = [(z - ¢)(a(2)p'2) - &' (2)p(2)) — ka(2)p(2)] /(2 = ©)**+* (a(2))".

Then (z — c¢)*r'(z) =— o0 as z — ¢, and lim,.(z — ¢)**1r'(2) =
—kp(c)/q(c). Thus c is a pole of order k + 1.

Chapter 5

5.1.

5.2.
5.3.

Let S be the open disc N(0,1), so that S is bounded but not closed.
If f(z) = 1/(1 — z), then f is continuous but not bounded in S. Next,
let S = C, so that f is closed but not bounded. If f(z) = 2, then f is
continuous but not bounded.

The length is fol |y (¢)| dt = fol |d —c|dt =|d - ¢

a) The curve is an ellipse:
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b) The curve is part of a hyperbola:

c) The curve is one branch of a rectangular hyperbola:

o
40
30

20

5.4. The curve is a spiral:
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5.5.

5.6.

5.7.

5.8.

5.9.

60

o

€0

Writing v(t) = tei, we have v/(t) = (1 + it)e'* and so |y'(t)| = V1 + ¢2.
Hence

2m 2
A(y*) = V1+t2dt = [%t\/l +12+ 1sinh™! t)]‘;r

0
=mv/1+4n? + }sinh™ 27.

Writing ~(t) = eH’“ we have v'(t) = (1 +i)et** and so |y/(t)| = v2¢t.
Hence A(y*) = f \/_e‘ dt = v2(e® — e*), which tends to v/2e® as a —
—0o0.

We use Theorem 5.19, with F({) = —1/(n¢™). Thus f.,(dC/C"H) _
[=1/(n¢™)Z 27" = (1/n)[1/(z —a - B)" - 1/(z-a)"].

a) [, f(z)dz = [} t3(2t +1i)dt = [(t4/2) + i(£*/3)]3 = (1/6)(3 + 23).
b) Here we can use Theorem 5.19, noting that z = 0 when t = 0 and
z = —1 when t = m: so f f(z)dz= [z 3/3]-1 = -2/3.
¢) This is not a simple curve, since, for example, 7(27) = v(4x). So,
from the definition, [ f(z)dz = fo e~ .iett dt = 6mi.
d) Since the curve is piecewise smooth, we may use Theorem 5.19, with
F(z) = sin z. Thus f,’ cos zdz = sin(m+im) —sin(—m —iw) = 2sin(r+
im) = 2(sinm cosh 7 + i cos w sinh 7) = —2¢sinh 7.
24 = (12)" = (L= )2 + ) = (262 — 2+ 1) = 4[(t ~ })* + {2
Since 7* has length v2, it follows by Theorem 5.24 that |I| < 4v/2.
We evaluate I using Theorem 5.19, with F(z) = —1/(323). Thus I =
[- 1/323]: =-2+4%, andso |I| = v2/3.
The result follows from the fact that, on the curve v*, |23 — 4z + 1| <
|zl + |2 +1=R3+4R+1, |22 +5| > |2/ —5=R? -5, and |23 — 3| >
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|z|> =3 = R® — 3. Thus |f(z)] < (R®+ 4R + 1)/[(R? - 5)(R® - 3).
Since A(y*) = 7R, we deduce from Theorem 5.24 that |f,1 f(z)dz| <
[rR(R®+ 4R + 1))/[(R? — 5)(R® - 3)).

5.10.
| sin(u + iv)|?> = | sin u cosh v + i cos usinh v|?
= sin? u cosh? v + cos® usinh? v
1 1
< cosh? v + sinh®v = Z(e” +e7v)?% 4+ Z(e" —e™?)?
1
= E(ez” + e'2”) = cosh 2v.

5.11. Although the conditions for Theorem 5.19 are satisfied, we cannot write
down a function F with the property that F'(z) = sin(z2). But this
matters not at all, since all we are looking for is an estimate. First, it is
clear that the length of 4* is 6a. Next, from the previous example,

| sin(2?)| = | sin[(z? — y?) + 2izy]| < cosh(4zy).
The largest value of cosh(4zy) is obtained when |4zy| is as large as pos-
sible, and this occurs at the corners (+a,+a). Hence, by Theorem 5.24,
l J, sin(z?) dz| < 6a cosh(4a?).
Chapter 6
6.1. By Theorem 6.7, the integral round « is the same as the integral round

the unit circle, and we know this integral from Theorem 5.13. If y(t) =
acost + ibsint (0 < ¢t < 2m), then

27ri—/ldz—/2” —asint + ibcost &t
“Jyz "7 Jo acost+ibsint

_ /2" (—asint + ibcost)(acost — ibsin t) dt
0 a?cos?t + b2sin®t

_ / 27 (b% — a?) sint cost + iab(cos? t + sin® )
0

dt.
a? cos?t + b2sin®t

Equating imaginary parts gives

/ m dt 27
o a2cos?t+b2sin’t ab’
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6.2. By Theorem 6.7, the integral round the contour shown in Exercise 5.11
is equal to the integral along the straight line from (—a,a) to (a,a). The
length of this line is 2a, and so

/7 sin(z?) dz

< 2acosh(4a?).

6.3.

0= / e*dz = /2” er(cos 8+isin9)irei9 do
x(0,r) 0

2w
= / ire’ €08 861(9+r sin 6) de
0

27
_ ir/ e cosﬂ[cos(g + rsinf) + isin(f + rsin )] df .
0

Dividing by ir and taking real parts gives the required result.

Chapter 7

7.1. a) From (7.5), fn(O ) (e¥2/2"*1) dz = (2mi/n!)f(™)(0), where f(z) =
ek, and this is equal to 27ik™/n!.

b) Since 1/(22—22+2) = (4/2)[(1/[z—(1-1)]) - (1/[z—(1+4)])], we can
split the integral in two and obtain the value —7[(1—1)3 — (1+1)3] =
4mi.

c) The integral is equal to —(1/2)f (0.2) € */[z — (wi/2)] dz, and this is

equal to —mie™/2 =

72 [yople™/(1 =2 dz = (1) [ o 5 [e™/(z = )] dz = (~1)"[2mi/(n -

Dm(m-1)...(m-n+2) = 21ri< ™ ). This is equal to zero if

n—-1
m<n-—2.
7.3.
' 1 f(2) 1 /2" flat+re®)
= = - *” df
fia) 278 J(a,r) (2 —a)? dz 2mi Jy o
1 2w

L i6y ,—if
=20 fla+re)e™*"df.

Suppose that Re[f(a + re®?)] = F and Im(f(a + re?®)] = G. Thus
f'(a) = J +iK, where J = (1/2r7) [2" [Fcos§ + Gsin6)d = F. + G,
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7.4.

7.5.

7.6.

(by splitting the integral into two and using an obvious notation), and
= (1/2rx) foz" [-Fsinf + Gcosf] = —F, + G.. That is,
flla)=Fe+ G, +i(—F, + G,). (13.2)

Now, the integral L = (1/2rm) 02" fla + re®)e??dd is equal to
(1/2r%xi) [, r f(2) dz, and this equals 0, since f is holomorphic. That
is,

1 27 1 2w
— [FcosB—GsinH]d0=—2r7r/ [Fsinf + Gcosf] =0.
2rm 0 / 0
In the notation of (13.2), we have
F.-Gy=0, F,+G.=0, (13.3)

and from (13.2) and (13.3) we deduce that

f'(a) = 2(F. - iG,) = lr " Re[f(a + re®)]e~%%d9.
T Jo

a) Write g(z) = (R? — aa)f(z)/(R? — za). Since |za| < R2, the denomi-
nator is non-zero inside and on the contour. Hence g is holomorphic,
and (1/27i) J1q m 9(2)/(z - a)] = g(a) = £(a)

b) Hence, writing z = Re’® and a = re'®, we see that

1 > (R?-1r2f(Re)iRe' do

2mi (R? — Rrei(¢=9))(Rei¢ — reif)

L /2" (R? —r)f(Re™) d¢

“ 2 Jy  (R—rei(#-9))(R — rei-9))

_ 1 o .(Rz_rz) i
" 2r Jo RZ—2Rrcos(f - ¢)+r? f(Re') dg

fla) =

1/([z = (/6)[z + (n/6)]) = A/[z = (n/6)] + B/ ([z ~ (n/6)]*) + C/[z +
(m/6)], where A = —-9/7%, B = 3/7 and C = 9/n%. Hence I =
(—9/7r2)fn(0,4) sin zdz/[z — (/6)) + (3/~) fn(0,4) sin? zdz/[z — (7/6))2 +
(9/7?) fn(0,4) sin?zdz/[z + (n/6) =  (=9/7%)2wisin®(n/6) +
(3/m)2mi[2 sin(m/6) cos(m/6)] + (9/72)2misin®(—7/6) = 3iv/3.

The continuous function f is bounded on ¥*: say |f(z)| < M. For all z in
I(~) there exists N(z2, §) wholly contained in C\ v*. Thus |z —w| > § for
every point w on v*. If h is such that |h| < §/2, then |z —w — h| > §/2
for every point w on v*.
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7.7.

7.8.

7.9.

7.10.

Note now that

Flo(z+ ) — g(2)] =

Hence

}%[g(z +h) —g(2)] - [1 (—15(—L2)2’ dw’

[ 1w (@sm=—=m @) i

w 2M A(~*
[ aul < 2,

= |h|

which tends to 0 as h — 0. Hence the derivative of g exists and equals
L (w)/(w = 2)?| dw.
By the Fundamental Theorem of Algebra, p(z) factorises as

an(z—a1)(z —az)...(z —an).

Suppose that the roots are ordered so that aj,...,ax (k > 0) are real,
and ag+1,.-.,0, € C\ R. As observed in Exercise 2.18, the remaining
factors occur in conjugate pairs ¢ — u, ¢ — i , and so l = n — k is even.
The two factors combine to give a real quadratic factor 22 — 2 Re pu + |p|?.
If n is odd, then k = n — [ must also be odd, and so is at least 1.

z6 +1 = (m _ em’/G)(z _ e—‘m’/ﬁ)(z _ 63"i/6)(£ _ e—31ri/6)(a: _ eSwi/G)(z _
e~57/6) = (22 — 2z cos(m/6) + 1)(z? + 1)(z% — 2z cos(57/6) + 1) = (z% +
1)(z? - zv/3 +1)(z? + zv/3 + 1). Here k = 0.

2t — 323 + 422 — 62+ 4= (z — 1)(z — 2)(z2 + 2).

zf + 323 - 322 -7z +6 = (z — 1)%(z + 2)(z + 3). Here I = 0.

If f is even, then 0 = f(z) — f(-2) = (ap + a1z + azz® +---) — (a0 —
a1z +az2% — ---) = 2(ayz + a32® + - - ). This is the unique Taylor series
for the zero function, and so coincides with the obvious Taylor series
0 + 0z + 0z2 + -- . Hence azn41 = O for all n > 0. The odd function is
dealt with in the same way.

— »)2 _ .3
ef =ee* C =¢° 1+(z—c)+(z 2'6) +(Z 3'6) +]
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cos z = cos|(z — ¢) + ¢] = cos(z — ¢) cosc — sin(z — ¢) sinc

coscz( l)n (z —c)" smci —1" —c)nt!
- (2n+1)! '

n=0

7.11. a) From (7.7), an = (1/27i) [

K

(o,r)[f(z)/z"+1] dz; hence
lan| < (1/27).27r. M(r)/r™! = M(r)/r™. (13.4)

b) Since |f(z)| < M for some M, |a,| < M/r™ for all r. Letting r — oo,
we see that a, = 0 for all n > 1. Thus f is constant.

¢) From (13.4) we have |ay| < K7V " for all 7. Letting r — oo, we see
that a, = 0 for all n > N. Thus f(2) is a polynomial of degree at
most N.

7.12. By Leibniz’s formula,

1o f(" ’)(0 y(”(O -
Cpn = ',;!'h( ) Z Zan -

r=0 r=0

7.13. The series for sin and cos give the identity

— 2 + i _ (a + 3 + ) 1- 2 + é
T T 17T a2 PTIT :
From the previous example, it follows, by equating coefficients of z2"+1,
that
(=) a2n—-1 , G2n-3 a
AT _ %2n1 e (=)
@2n+ 1) W1 T Ty 4! + D G

Putting n = 0 gives a; = 1. Putting n = 1 gives a3 — (a1/2) = —1/6, and
so a3 = 1/3. Putting n = 2 gives as — (a3/2) + (a1/24) = 1/120, and a
routine calculation gives as = 2/15.
7.14. From the definitions, tanh z = —itan(iz) = —i(a;(i2)+a3(iz)3+as(iz)®+
) = a1z — a3z® + asz® — - - -. In general, bant1 = (—1)"azn41.

Chapter 8

8.1. 1/sinz=z"11-%z +120z4+o( 2B) 7 =27 1+ (32% - g2t +o(2%)) +
(ézz—mz +o(z )) +0(2%)] =271+ 322 + (F — mg)2t +0(2%)] =
27l 4 Fz 4 55528 4 o(2%).
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8.2.

8.3.

8.4.

8.5.

8.6.

8.7.

8.8.

(1—cosz)™! = [122 — 42* + 7552%(27)] 7! ‘2[1 - %22 + 3(13022 +
o(2°%)]~ 1—22‘2[ +( 222_%12 + o 5))+( 522 ;mz +o( )+
o(2%)] = 2272 [1- L 22+ (5 — s25) 2" +0(2%)] = 22724+ 4+ 3522 +o(2%).
(

el/2e?* = [14+(1/2)+(1/2!)(1/2)? (1/3') 1/z)3+- - |[1+22+(1/2)(22)%+

(1/3")(22)3 + - - -]. The coefficient of 271 is 1 + (1/2!)2 + (1/3!)(22/2!) +

(1/4)(23/3!) + -+ - = X202, (27/[n!(n + 1)1]).

a) From Exercise 8.1, 1/(z*sinz) = 275+ 273 + 35271 + 0(1), and so
res(f,0) = 35.

b) From Exercise 8.2, 1/[z%(1 — cos z)] = 227° + 2273 + Z527 + o(1),
and so res(f,0) = 13-

a) Let ord(f,c) = m, ord(g,c) = n, so that f(z) = (z — ¢)™f*(2),
g(z) = (z—¢)"g*(z), where f* and g* are differentiable and non-zero
at c. Hence (f-g) = (2—¢)™*t"(f*-9*)(z), where f*-g* is differentiable
and non-zero at c¢. Thus ord(f - g,¢) = m + n = ord(f, c) + ord(g, ¢).

b) With the same notation, (1/f)(z) = (z — ¢)"™(1/f*)(c). Since 1/ f*
is differentiable and non-zero at c, it follows that ord(1/fc) = —m =
—ord(f,c¢).

c¢) Suppose that m < n. Then (f + g)(z) = (z — ¢c)™h(z), where h(z) =
f*(z) + (z — ¢)"™g*(2). Since h is differentiable at ¢, and since
h(c) = f*(c) # 0, it follows that ord(f + g) = m = ordf.

a) Since ord(1/sin z,0) = ord(1/2,0) = —1, it follows from (a) above
that ord(1/zsin? z,0) = —3. That is, the function has a triple pole
at 0.

b) From ord(cot z,0) = —1, ord(cosz,O) = 0, ord(sin22,0) = 1, we
deduce that ord([(cot z + cos z)/sin 2z],0) = —2.

c) Clearly ord(z2(z — 1),0) = 2. Since log(1 +2) = z — 122 + ... and
1—cosz = 32— L 2%+ ., we have that ord((1—cos 2) log(1+z),0) =
3. Hence ord(2%(z — 1)/[(1 — cos 2) log(1 + 2)],0) =2 — 3 = —1.

Suppose that the Laurent series of f at zero is f(z) = --- +a_3z73 +
a2z 24+a_1z7 +ap+ayz+---. Then f(—-2) = ---—a_3z 3 +a_s27% -
a_1z‘l +ap —ajz+ -+, and so from f(z) = f(—z) we deduce that
0=---+a_32734+a_127! + a2z + ---. By the uniqueness theorem this
must coincide with the obvious Laurent series ) .. . 0z" for the zero
function. Hence a,, = 0 for all odd n. In particular, the residue a_; is
Zero.

z—sinz = (23/6) — (25/120) + - - - = (1/6)z%[1 — (22/20) + O(z*)]. Hence

1/(z=sinz) = (6/2%)[1-(22/20)+0(2*)] 7 = (6/2%)[1+(2?/20)+0(z*)].
Hence res((z — sin z)71,0) = 3/10.
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8.9. The function has a double pole at —1, and f(z) = (z + 1)~2g(z), where

9(z) = 1/(2%2 — 2 + 1)%. Then ¢'(z) = —2(2z — 1)/(22 — z + 1), and so
res(f, —1) = ¢'(~1) = 6/27 = 2/9.
Alternatively, writing 23 +1 = [(z+ 1) - 12 +1= (2 +1)3 - 3(2+ 1)% +
3(z+41), we see that f(z) = (1/9)(z+1)"2[1—(2+1)+(1/3)(z+1)?]"2 =
(1/9)(z+1)"2(1 4+ 2(z 4+ 1) + O((z +1)?) The residue is the coefficient of
(z +1)71, namely 2/9.

8.10. (1 + 2%)273(1 —22)71(1/2)(1 — 32)7! = 22731+ 25)[1 + 22 + 422 +
O(B)[1+ 32+ 322+ 0(2%)) = 12731 + 32+ & 2% + O(2%)). Hence the
residue is 21/8.

8.11. From Example 7.16 we know that cotmz = (1/7z) — (7z)/3 + O(z3).
Hence cot 7z/z% = (1/m23) — (7/3z) + O(z), and so the residue is —m /3.

8.12. By the periodic properties of the circular functions, cotw(z —n) = cot 7z
and cosecm(z — n) = (—1)" cosecrz. Hence (z — n)cotmz = cosn(z —
n)[(z—n)/sinm(z—n)] = 1/7 as z > n, and (z—n) cosecmz = (—1)"*[(z—
n)/sinw(z —n)] = (—1)"/r as z = n.

If f has no zeros on the z-axis, 7w f(z) cot 7z has a simple pole at each
integer n, and the residue is 7 f(n)lim,,(z — n)cotwz) = f(n). The
other result follows in the same way.

8.13. a) There is a triple pole at 2 = —1/2. We find the Laurent series at

1/2, noting first that sin 7z = sin[r(z+ 3) — 37] = — cos[m(z + )] =
1.2 1\2 1\4 ; 3 _ 1
R e e
2 2 2 2) /b
72/16. By the Residue Theorem, the value of the integral is m3i/8.
b) There is a triple pole at 0, and 1/2% tanz = (1/2%)[1 + 3z + O(2%)).

The residue at 0 is 1/3, and so the integral has value 27i/3.

Chapter 9

9.1. Inside the contour (0, R), 22/(1+2*) has simple poles at e*"/4 and 37%/4,
with residues 1/4€"/4 = (1 — 1)/4y/2 and 1/4€%"/4 = (=1 —i)/4V/2,
respectively. Since the conditions of Theorem 9.1 are satisfied,

| w0+ et de = (ori/avEl(~20) = 73

Hence

/Ooo [02/(1 + 2%)] da = 7/(2v/3).
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9.2.

9.3.

9.4.

9.5.

9.6.

9.7.

Inside o(0, R) there are simple poles at i and 2i, with residues —1/(6),
(—4)/[(—3)(43)] = 1/31, respectively. Hence

/_oo [#®/[(z® + 1)(z® + 4)]] dz = 2mi[-1/(6) + 1/(34)] = /3.

Inside o(0, R) there are simple poles at e*"/6, i and 5"/, with residues

(calculated with the aid of Theorem 8.15) (—v/3—1)/12, —i/6, (v/3—4)/12,
respectively. Hence [*°_[1/(z® + 1)] dz = (2ni)(—i/3) = 2x/3. Since the
function is even, it follows that [;° [1/(z® + 1)] dz = =/3.

Inside o(0, R) there is a triple pole at z = i, with residue

Hence [°_[1/(z? + 1)%| dz = 2mi[- 31/16] = 3m/8.

There is a pole of order n at z = i. The residue is

o (e ()
1 [(—n)(—n ~1)...(-n —n+2)} |

~ (n-1) (z +13)2m1
(=)™ n(n+1)...2n-2)(-1)" _ i (2n - 2)
- 22n-1(n —1)! PR U

and so

/°° 1 _ 7 (-2

@t T2\ no1 )

Since 224z +1 = (z —e®"/3)(z — e=2"%/3), the function has a double pole
inside o(0, R) at e?™*/3, with residue

d 1 _ 2 %
dz \(z—e 232 || _ 0wy (2sin(2m/3)) 343"
So [55, [1/(2* + 2 +1)%| dz = 4m/3V/3.
Consider the function f(z) = €'*/(z% + 1), and use the contour o(0, R),

with R > 1. The function has a simple pole at i, with residue e~!/2i.
The modulus of the contribution of the circular arc is

/-‘N e—Rsin9+iRc050.iRezo R
0 R?e%8 41 R? -1

| <

since sin@ is non-negative for 6 in [0,7]. This tends to 0 as R — oo.
Letting R — oo we see that [ [e?*/(z? +1)]dz = 2mie~!/(2i) =
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9.8.

9.9.

9.10.

9.11.

9.12.

m/e. Taking real parts gives [ [cosz/(z®+1)]dz = =/e, and so
Js” [cosz/(z? + 1)) dz = m/(2e), since the integrand is an even function.

Integrate e%%/(z2 + 1) round the contour o(0, R). There is one simple
pole i, with residue e=2/(2i). On the semicircular arc,

R2e% 1 1 “R-1’

/n e—2Rsin 6+2iR cos OiReiG do < ™R
0

which tends to 0 as R — co. Hence [ _[e%® dz /(2 + 1)] = 2mi/(2ie?) =
n/e2. Taking real parts, and using the even function property gives
Iy [cos2z /(22 +1)]de = =/(2€¢%). Finally, [;* [sin®z/(z? + 1)dz =
LI [1/(22 + 1)]dz — § [ [cos 20/(a? + 1) de = (n/4)(1 - e72).

The function f(z) = €'*/[(2%+c?)(22+d?)] has poles at ci, diin the upper
half-plane, with residues e=¢/[—2ic(c? — d?)], e~¢/[2id(c® — d?)]. In the
upper-half-plane, with z = = + iy, |2f(2)| < e ¥/[(|2]? - ¢*)(|z|? - d?)],
and so tends to 0 as |z| — oo. Hence, by Theorem 9.1, f_°°°° f(z)dz =

[r/(c* = d®)][(e=?/d) - (e7¢/c)].

The function f(z) = €**/(2% + c?)? has a double pole at ci, with residue
g'(ic), where g(z) = €'*/(z + ic)?. A routine calculation gives g'(ic) =
e °(c+1)/(4ic?). As in the previous exercise, the conditions of Theorem
9.1 are satisfied. Hence [ f(2)dz = m(c + 1)e~¢/(2¢%).

Integrate e**?/(k? + z2) round the semicircular contour o(0, R). For the
contribution of the curved part,

" eia(RcosO-}-iRsinG)iReiO do R
/(; k2 + R2¢2i < R2 — k2°

since sin@ > 0 in [0, 7], and this tends to 0 as R — oco. The integrand has
a pole ki within o(0, R), with residue e~**/2k i. Hence

/oo [ein/(k2 + 2:2)] dr = (ﬂ/k)e_k’ .

-0
Then equate real parts.

Substituting z = € gives I = (1/4) St/ (a2 + (1 +a®)z—a)]dz =
(1/4) fn(O,l) (1/[(z—a)(1—az)]) dz. If |a| < 1 there is a pole inside (0, 1)
at a, with residue 1/(1 — a2), and so I = 27/(1 — a?)

If |a| > 1 the pole inside (0, 1) is at 1/a, and the residue is lim,_,; /q[2z —
(1/a))/[(z = a)(az — 1)] = 1/(a® — 1). Hence I = 27/(a? - 1).)
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9.13. On substituting z = e*® we transform the given integral to

2 —2)\2 4 2
I=1/ a7 1, 1 N e L9
4 Ju(o,1) (1 =pz)(1 —pz71) iz 4i J(0,1) 2*(1 — p2)(2 — p)

Within the contour the integrand has a simple pole at p and a pole of
order 4 at 0. The residue at p is (p* + 1)2/[p*(1 — p?)]. Near 0 we have
the Laurent series

z 22

1 1
— (14 224 + 58 22241+ 5+ 5+,
z4( +22* + 2%)(1 + pz + p%2° + -+ +)( p)( +p+p2+ )

and the coefficient of 27! is
1 3 1 1) 1,6 4 o 1-p®
)| PPt ot ) =-S5 +P +P +]) = -
( P)( p p? p“( ) p*(1 - p?)
So

-7 P +2p* +1-1+p8\  =(1+p%
P’ p*(1-p?) S l-p?

9.14. The substitution z = e transforms the integral to

1 (22-1)2dz __1_/ (22 -1)%dz
2 Joo1) 22(b2% + 202 +b)  2bi Jy (o) (2 —a)(z - B)’

where o = (—a + Va2 — b?)/b and 8 = (—a — va? — b?)/b are the roots
of the equation bz2 + 2az + b = 0. Note that a3 = 1. Since |8| = (a +
va? —b%)/b > a/b > 1, it follows that |a| < 1, and so the only relevant
poles are a simple pole at a and a double pole at 0. The residue at « is
(a® - 1)%/[e*(a: = B)]. Now, (a® —1)/a® = [a = (1/a)]* = (e - §)?, and
so it follows that the residue at o is a — 8 = 2v/a? —b?%/b. Near 0 the
integrand has Laurent series

2—12(1-2z2+z4)(1+(2a/b)z+z2)-1 - —}5(1—2z2+z4)(1—(2a/b)z+0(z2)) ,

and it is clear that the coefficient of z=! is —2a/b. Hence

I=£<E_2__W—b’>_2_"(a_m)_

b\b b T b2
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9.15.

9.16.

9.17.

I= f2” e%? /(cosh @ — cos §)] d = 2i Fuoy2*/(22 =2z cosha+1)] dz =
sz 01)( 3/[(z—e*)(z—e™)]) dz. Since « > O we have 0 < e™* < 1 <

“. So the integrand has a simple pole within x(0,1) at e~*. The residue
is e3¢ /(e=> — e*) = —(1/2)e~3%/sinh a. Hence

I=2mi.2.(-1/2)e3*/sinha = 21e™3*/sinha.

Taking real and imaginary parts gives this as the value of the required
integral, while foz’r [sin36/(cosh a — cos 6)] dd = 0.

If cosh a = 5/4 then sinha = (cosh? @ —1)!/? = 3/4, and e~* = cosha —
sinh @ = 1/2. Hence fo [cos 36/(5 — 4cos )] df = (1/4)(2m)(1/8)(4/3) =
w/12.

Within x(0, 1) there is a pole (of order n+1) at 0. The Laurent expansion
is (1/2"*1)(1+z+---+(2"/n!)+---), and the coefficient of 27! is 1/n!.
Hence [, ol [e*/2™*1] dz = 2mi/n!. The integral is equal to

2w 2m
/ [ecos f+isin Oieie/e(n+l)i0] d9 = 1,/ ecos aei(sin 6—no) do
0 0
2m
=1 / e°°*% (cos(sin § — nf) + isin(sin§ — nd)) df .
0

Hence, equating imaginary parts, we have f02" €89 cos(nf — sin 6) df =
27 /nl.

The integrand has a pole at ia, with residue e!™®. Hence the integral
has the value 2mi(cosma + isinma) = 2w (—sinma + icosma). If we
substitute z = e*, the integral becomes

2w em(cose+isin0)iei9 de ) 27 em(cos 9+isin0)iei0(e—i0 + ia) do
/0 e —ia =1/0 1-2csinf + a?

) 2 e™ cosO[eimsinG + jaet(msin 9+0)] dé
=z/0 1—2asinf + a?

/21r e™m cos 6 [ieim sin 6 aet(m sin 6+6) ] d9

=j0 1 —2asiné + a?

The real and imaginary parts are (respectively)

/2" e™ 030 _ sin(msin @) — a cos(m sin 6 + 9)] do
0 1—2asiné + a2

bl

bl

/2" e™ <59 cos(msin @) — asin(msinf + )] db
0 1 - 2asinf + a?
and the required results follow immediately.
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9.18.

9.19.

9.20.

In the upper half plane, f(z) = 1/(z% — 2z + 2) has just one simple pole,
at 1 +i. From |f(z)| < 1/(|z|* — 2|z| — 2), we deduce that |f(2)| = 0 as
|z| = co. Hence Jordan’s Lemma applies. The residue of g(z) = f(z)ei™*
at 1414 is €19 /[(1+4) — (1 —4)] = —e~™/2i, and so, equating real and
imaginary parts, we have

/°° cosTzdr e /°° sintzdr
e T2 =22 +2 ")z -224+2

The function f(z) = 23/(1+22)? has a double pole in the upper half plane
at 7. From |f(z)| < |2|3/(|z|> —1)? we deduce that |f(z)| = 0 as |z| = oo.
The residue of g(z) = f(z)e'* at i is h'(i), where h(z) = 2%ei*/(z + 1)
Since h'(z) = i22(2% + 3)e'*/(z + i)3, we have res(g,i) = 1/4e. By Jor-
dan’s Lemma, [ (23" /(1 + 2%)%]dz = mi/(2e), and equating imagi-
nary parts gives the desired result.

We use the contour from the proof of Theorem 9.8, with a semicircular in-
dent of radius 7 so as to avoid 0. The function f(z) = (22 —a?)/[2(2%+a?))
satisfies the conditions of Jordan’s Lemma. The residues of g(z) = [(2% —
a?)e?]/[z(2? + a?)] at the simple poles 0 and ia are —1 and e~ 2, respec-
tively. If we denote the integral of g(2) round the indent (in the positive di-
rection) by I, we conclude that f__r )d:z: I +[7° g(z) dz = 2mie~°.
By Lemma 9.12, lim,_,o I, = mi. Hence f z)dz = 7rz(2€ %+1), and
the required result follows by taking 1magmary parts.

9.21. Here the function f(z) = 1/[z(1—22)] has three poles, all on the real axis.

9.22.

We use the contour of Theorem 9.8, indented at —1, 0 and 1 with semi-
circles I_, Ip a.nd 11 of radius r, and, denoting ™ /[2( [z 1 — 22)] by g(2),
deduce that f_ (z)dz— I_1+f_1+rg(:z:) dz— Io-i-f z)dz—I_1+

[T g(x) dz — 11 + J{5, 9(z) dz = 0. (The negative signs arise because
the three semlclrcular mdents are traversed in the negative direction.)
Thus ff‘;o 9(z) dz = lim,o(I-1 + Ip + I1). The residues of g(z) at —1,
0 and 1 are 1, 1 and J, respectively, and so it follows from Lemma 9.12
that ffooo 9(z) dz = 2mi. The result is now obtained by taking imaginary
parts and by noting that the integrand is an even function.

The function e®#/cosh z has infinitely rnany simple poles at z = (n +
%)m’ (n € Z). Only one of these, namely 1 37, lies inside our contour,
and the residue there is

6ia1r/ 2 eia-}r/2

- — _gptam/2
sinh(ir/2)  isin(m/2) ’

—e
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9.23.

9.24.

Hence
. v az L a(v+iy)
2meion/2 = / © 4o +/ — o idy
_ycoshz o cosh(v +iy)

v ea(z—f—ﬂ’i) ™ ea(—u+‘iy)
- / ————dz — / ———idy
_u cosh(z + i) o cosh(—u + iy)

=h+L-I;-1, (say).

Then
2e%v e'iay

|ev+iy + e—(v+iy) I

ea(v+iy)
cosh(v + 1y) ‘ -

and so I, tends to 0 as v — oo, since a < 1. Similarly,

2e~%ugiay 2e~%¢

—_ eu_e_u’

ea(—u+iy)
cosh(—u + iy) ‘ B

e—u+iy + eu—iy

and so [y — 0 as u — oo, since a > —1. Also, since cosh(z +
mi) = —coshz, I3 = —e"™I;. Hence, letting u,v — 00, we have
[ [e°%/ coshz]dz = 2meie™2/(1 + e™@) = 2m/(eim®/2 4 e~ime/2) =
m/ cos(ma/2).

The function f(z) is holomorphic. On the arc a from R to Rei™*,
1F(z)| = R4n+3|exp(Rei0)l = Rin+3g—Reosd < R4n+Se—R/\/§’ and so
| [ f(z)dz| < lrR4n+4e~R/VZ which tends to 0 as R — oo. Hence,
parametrising the line from 0 to Re’™/4 by z = (1+i)t (0 <t < R/V?2),
we deduce that

R R/V?2
/ ID4"+3€_I dz — / (1 + i)4n+3t4n+36—t(l+i)(1 + ’L) dt
0 0

tends to 0 as R — oo. Thus, since (1 + i)4"+* = (-1)"*+122n+2) we
deduce that (4n+3)! = (—1)"+122n+2 [ ¢4n+3¢=t(cost + i sin t) dt, and
equating real parts gives the desired result.

Let v be the semicircular contour o(0, R), indented at the origin by a
semicircle of radius 7. The function f(z) = (e*** — €i**)/2? is holomor-
phic inside and on the contour. On the outer semicircle £2, |e¥*?| =
e oRsinb < 1 |ehz| = ¢7bRsin6 < 1 and so |f(z)| < 2/R?. Hence
| [ f(2) dz| < 2m/R, which tends to 0 as R — oo. Calculating the
Laurent series of f(z) at 0, we have f(z) = (1/2%)[(1 + iaz — a%22 +
0(23)) — (1 +dbz — b%22 4+ O(23))] = i(a — b)z7! — (a? - b?) + O(2).
Thus f has a simple pole at 0, with residue i(a — b). Denoting the in-
ner semicircle (in the positive direction) by w, we know from Lemma
9.12 that lim, o [, f(z) dz = 7(b — a). Thus, letting R — oo, we have

J20 [(e'= — =) /a?)dz — [, f(z)dz + [ [(e**® — €*®)/2?] dz. Letting
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9.25.

r — 0 then gives [*_[(¢"** — €i*") /z?|dz = (b — a). The proof is com-
pleted by equating real parts.

Since sin® ¢ = 1(1—cos 2z) = 1(cos 0z —cos 2z), it follows from the above
tlhat [, [(sinz)/z]?dz = in(2 - 0) = = Hence [;° [(sinz)/z]?dz =

37)

Since the contour does not cross the cut (—o00,0], we may assume that
log z means the principal logarithm throughout. Since a —e~** = 0 if and
only if z = ilog a, the integrand has just one pole, at ilog a. This does
not lie inside the contour, since 0 < a < 1 implies that loga is negative.
Hence the integral round the contour has the value 0.

The contribution from the segment from 7 to 7 + iR is

/OR (7r+2'y)idy) =/0R (im —y)dy

a — e—ilm+iy at+ev '

and the section from —mw + ¢{R to —m contributes

_/R (—W+iy)idy__/ﬂ (im +y) dy
0 0

a— e—i(—mt+iy) a+evy

Combining the two while letting R — oo gives a contribution of

- oo omi
S =
(13.5)

The section from m + iR to —m + iR contributes

J=—/" (z +iR)dz

La—e i(z+iR)

and |J| < 27(m + R)/(e® — a). This tends to 0 as R — oo. Finally, the
section from —m to 7 contributes

/’r z(a — %) dz _/" z(a — cosz —isinz)dz

. (a—e®)(a—e®)  J_. 1-2acosz+a?

From (13.5), and by taking imaginary parts, we deduce that

4 zsinzdz - 27w
- d “" log(1+a) =0,
/_,, 1— 2acosz+ a? + a og(1+a)

and the required result follows since z sin /(1 + 2a cos = + a?) is an even
function.
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9.26.

9.27.

9.28.

The function 7cosecmz/(z2 + a%) has poles at +ai (and at every n).
At each of the poles *ai the residue is (—m cosechma)/(2a). Hence
> o [(=1)*/(n? + a?)] = 7/(asinh7a). That is,

n=-—00

1 — (=1)"*+!
_2—22(2) 2 = -W )
a on +a asinh ra

and so > o2, [(-1)"*!/(n? + a?)] = (1/2a%) — /(2a sinh 7a).

The function f(z) = m cot 7z/(2+a)? has a double pole at —a. The residue
is h'(—a), where h(z) = mcotrz. Since h'(z) = —n? cosec? w2z, we have
res(f, —a) = —n?cosec? ra. Hence, by Theorem 9.24, > oo __1/(n +

a)? = n? cosec2 ma.

With a = 1, we have Yo o ll/(2n+1)?] = 12:’__00[1/( +3)3
im2. With a = 3, we have Z /B +1)3 =33 [1/(n+ 3)%
$(4n?/3) = £w% With a = 1, we have

[e ]

S /tn+1%) = Z[l/(n+ | = 5 (2m%) = g

— 00

The function 7 cot ma/(2* — a*) has simple poles at a, —a, ia and —ia.
At a and —a the residue is 7 cot ma/(4a®); at ia and —ia the residue is
mcothma/4a%. Hence Y oo __[1/(n*—a*)] = —(7/2a3)(cot ma+cothma).,
That is, (—=1/a*) + 2302 [1/(n* — a*)] = —(7/2a%)(cot ma + cothma),
and so Y o [1/(n* — a%)] = (1/2a*) — (7/4a®)(cot ma + coth ma).

Chapter 10

10.1.

The equation f(z) = 0 has no roots on the positive z-axis, since £ > 0
implies that 28 + 323 4+ 7z + 5 > 5. It has no roots on the y-axis either,
since f(iy) = (¥®+5)+i(7y—3y>), and y®+5 > 0 for all real y. For R > 0
we consider the contour v consisting of 7;, the line segment from 0 to R,
~2, the circular arc from R to iR, and 73, the line segment from iR to 0.
Clearly A, (arg f) = 0. On 3 we have arg f = tan™![(7TR — 3R?)/(R® +
5)]. The quantity (7R — 3R?)/(R® + 5) stays finite throughout, is 0 when
R =0 and tends to 0 as R — oo. Hence A,,(arg f) — 0. As for v;, by
choosing R sufficiently large we may use Rouché’s Theorem to deduce
that A, (arg f) = A,,(arg2®) = 4. Hence there are two roots in the
first quadrant.

We can establish that the roots are distinct by observing that there are
no roots of f(z) = 0 on the line {rei™/* : r > 0}. For f(re'™/4) =r® +
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10.2.

10.3.

10.4.

10.5.

10.6.

5+ (1/v2)(7r —3r%) +(ir/v/2)(3r% +7), and the real and imaginary parts
can never be zero together. Then use two separate contours, 0 to R to
Rei™/% to 0, and 0 to Re*™/* to iR to 0, and show that there is one zero
inside each.

On the circle (0, 1), we have |az"| = a and |e*| = e¢**% < e. Thus |az"| >
|e*| on £(0,1). The function az™ —e* has no roots on (0, 1) and no poles.
By Rouché’s Theorem, A1) (arg(az™ — e*)) = Ago,1)(arg(az")) =
2nm, and so there are n roots of e* = az™ inside (0, 1).

On the circle (0, 3/2), |2°| = 243/32 and |15z+1| > 15|z|—1 = 21.5; thus
|15241| > |z|5. Hence there is no zero of the polynomial on the circle, and,
by Rouché’s Theorem, Ayg,3/2) (a1g(z°+152+1)) = Ax(0,3/2)(arg(15z+
1)) = 2m. Thus there is one zero in N(0,3/2).

On the circle 5(0,2), |z%| = 32 and |152+1| < 15|z|+1 = 31. Hence there
is no zero of the polynomial on the circle, and, by Rouché’s Theorem,
Ax0,2)(arg(z® + 152+ 1)) = A, (o,2) (arg(2z®)) = 10m. Thus there are five
zeros in N(0,2). We deduce that in the annulus {z : 3/2 < |z| < 2} there
are four zeros.

Writing f(z) = 2% + 7z + 12, observe that f(—1) = 4 > 0 and f(-2) =
—34 < 0. Hence there is a real root between —2 and —1. Since f'(z) =
5z% +7 > 0 for all z, there are no other real roots. There are no roots
on the y-axis, since f(iy) = i(y® + 7) + 12 cannot be zero. If |z| = 1,
then |f(z)| > |7z + 12| — |2%| > 12 — 7|z| — |25| = 4, and so there are no,
roots on the circle £(0,1). Also, |2° + 7z| < 8 < 12; s0 A,(,1)(arg f) =
Ar(0,1)(arg(12)) = 0. Hence there are no roots in N(0, 1).

If |z| = 2, then |f(2)| > |2%| — |7z + 12| > |25%] — 7|z| — 12 > 13. Hence
there are no roots on x(0,2). On (0,2), |7z + 12| < 26 < |2°|. Hence, in
each of the sectors 0 < 6 < 2n/5, 2n/5 < 6 < 4w /5, 4w /5 < 6§ < 67 /5,
6m/5 < 6 < 87/5 and 87/5 < 8 < 2m, A(arg f) = A(arg(2®)) = 2.
The root in the third of those sectors is the real negative root already
discovered, and the others are (respectively) in the first, second, third
and fourth quadrants. All roots are in the annulus {2z : 1 < | < |2}.

Let R > 1. On the circle x(0, R), |2"| = R" = [1+(R-1)]* > 1+ n(R -
1)+4n(n—1)(R—1)2 by the Binomial Theorem. Also [nz—1| < nR+1. So
we certainly have |z"| > [nz—1|if 14+n(R-1)+3in(n—1)(R-1)2 > nR+1,
that is, if —n + In(n—1)(R - 1) > 0, that is, if R > 1+ [2/(n — 1)]%/2.
For any such R, Ay, r)(arg(z" +nz — 1)) = Ao r)(arg(z")) = 2nm,
and so there are n zeros of 2" + nz — 1 in N(0, R).

Suppose that f has no zeros in N(0,R). Then 1/f is holomorphic in
N(0,R). Then |(1/f)(2)| < 1/M on the circle (0, R), and |(1/£)(0)| >
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10.7.

M. Since f is not constant, this contradicts the Maximum Modulus The-
orem. Hence there is at least one zero in N(0, R).

Let f(z) = ap + a1z + - -+ + a,2™ be a polynomial of degree n > 1. Let
M > |ag|. Since |f(z)| = oo as |z] = oo, we can find a circle (0, R)
on which |f(z)| > M. Hence there is at least one root of f(z) = 0 in
N(0, R). To show that there are n roots, use an inductive argument, as
in Theorem 7.11.

Let f(z) = w = u + iv. Since |e¥| = e¥, the existence of a maximum of
Re f on the boundary would imply the existence of a maximum of |ef|,
and this is not possible, by the Maximum Modulus Theorem. If Re f had
a minimum value on the boundary, then |e~f| would have a maximum
value, and so this too is impossible.

Chapter 11

11.1.

11.2.

11.3.

(i) For the first hyperbola, 2z — 2y(dy/dz) = 0, and so dy/dz = z/y.
For the second hyperbola 2y+2z(dy/dz) = 0, and so dy/dz = —y/z.
The two tangent vectors are perpendicular.

(ii) The two parabolas meet where u = k? — I? and v?> = (2kl)2. For
the first parabola, du/dv = —v/(2k?, and for the second parabola
du/dv = v/(21%. The product of the gradients of the two tangent
vectors is —(v/2kl)? = —1.

Observe that g = f o h, where h(z) = z. The function h preserves
magnitudes of angles while reversing the sense, while f preserves both
the magnitude and the sense. Hence g preserves magnitudes of angles,
while reversing the sense.

a) Verify that 8%u/8z% = —6%u/0y® = 0. From the Cauchy-Riemann
equations, 6v/0y = Ou/dz = 1+ 2y, and so v = y + y? + f(z).
Hence f'(z) = 8v/8z = —0u/8y = —2z, and so we may take v =
y +y? — z%. Observe that f(z) =z + 22y +i(y+y*> — z?) = (¢ +
iy) —i((z® — ¥%) +i(2zy)) = 2z — i2%.

b) 8%u/8z? = €®cosy, 8%u/0y® = —e®cosy, and so u is harmonic.
From the Cauchy-Riemann equations, 8v/0y = du/8z = e® cosy,
and so v = e®siny + f(z). Hence e*siny + f'(z) = Ov/0z =
—0u/0y = e®sinz, and so we may take v = e®siny. Observe that
f(z) = e®(cosy + isiny) = e®e'¥ = ™V = ¢=.

c) The calculations are more difficult here, but it is routine to verify
that 8%u/0z? = —0%u/8y? = (6z%y — 2y%)/(z? + y?)3. From the
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11.4.

11.5.

11.6.
11.7.

11.8.

Cauchy-Riemann equations, dv/8y = du/dz = 1 — 2zy/(z* + y?)?,
and sov = y—z/(z?+y?)+f(z). Hence (y* —2?)/(2? +*)*+f'(z) =

Ov/8z = —0u/dy = (y*> — 2?)/(z® + y?)?, and so we may take
v =y—z/(z%+y?). Observe that f(z) = z+iy—i(z—iy)/(z2+y?) =
z—1ifz.

Choose v so that f = u + iv is holomorphic. Then g : z — e~ f(®) is
holomorphic, and |g(z)| = e~*(*¥). Then
e”™ =sup{|g(2)| : z€I(y)U~"}.

By the Maximum Modulus Theorem (Theorem 10.8), |g(2)| < e™™ for
all z in I(). Hence u(z,y) > m for all (z,y) in I(y).

- _ _(-142)z2+1
) Fe) = gz DF@ ==, O Fa)="—7p—-

By Remark 11.3, the local magnification is |F'(¢)| = |(ad—bc)/(c¢+d)?|-

z—1 z—1

a) The answer is not unique. Suppose first that F maps 1 (on the
boundary of the disc D; to —1 (on the boundary of the disc Ds.
Then map the inverse points —1, oo to inverse points co, —2 (in
that order, so that the interior point 0 of the first disc maps to the
exterior point co of the second disc). This gives

2z

z+1°
[Check the answer: fw + 2| > 1 if and only if |z + 1| < 2.]

b) Again the answer is not unique. We choose boundary points and
map 1 to 3i. Then we choose inverse points —1 and oo and map
those to inverse points (reflections) 6i and 0 (in that order, so as
to map the interior of the disc to the half-plane above the line). We
obtain

F(z) =

12¢
z+3°
[Again we can check: |z+1| = 2 if and only if |(w — 63)/w| = 1, that
is, if and only if w lies on the perpendicular bisector of the the line
segment connecting 0 and 6i.]

F(z) =

The transformation F' must map the point 1 on D; to the point 0 on
D,. The points 0 and oo are inverse with respect to D;, while the points
1/2 and -1 are inverse with respect to D,. Since F(0) = 1/2, we must
have F(oo) = —1. The Mébius transformation is completely determined
by the images of 1, 0 and oc:
-z+1
F(z) = z+2
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11.9.

11.10.

11.11.

11.12.

. 1 ;s
1+i () _ itzti—z

; iz —l4+iz+1+1
1_+_(%-_;7z) iz iz

(FoF)(z) = ; .

Hence F3(z) = F2(F(z)) = (i+z)/(1+iz), and F%(2) = F2(F?(z)) = .
Since z is real,

1+iz)(1—iz) 1+2%
(i+2)(=i+2) 1422

lw|* = wi = ,
and so w = F(z) lies on the circle {w : |w| =1}. From F(-1) = -1,
F(1) =1 and F(0) = —i, we deduce that the image of the line segment
from —1 to 1 is the semicircle {eio : —m < 8 < 0}. The image under F 2
is the union (—o0, —1]U[1, 00) of intervals on the real line, and the image
under F3 is the upper semicircle {¢!® : 0 < § < 7}.

Observe first that Rez > 0 if and only if |(2 —1)/(z+ 1)] < 1. So
the image under z — (z —1)/(z + 1) of the right half-plane is the disc
{w : |w|-< 1}. By contrast, the real axis maps to itself, and, for all real

p,q,

ptai-1_((p-1)+qi)((p+1)—qi) _ (p*—1+4*) +2qi
p+qi+1 (p+1)?+¢* (P+1)2+¢°

has positive imaginary part if and only if ¢ > 0. Thus the positive half-
plane maps to itself, and so the first quadrant maps to the semicircle
{w : |w| <1, Imw > 0}. The square function maps this semicircle to
the complete closed disc N(0,1). So the image of Q under z — [(z —
1)(z +1)]? is N(0,1).

As for z — (22 — 1)/(2% + 1), the square function maps Q to the upper
half-plane {w : Imw > 0}, which then maps to itself by w — (w —
1)/(w+1).

First, z — 2% maps E to E' = {z : |z| > 1}. A suitable mapping is
z+ 1/2%,

First map Q to the first quadrant Q' = {z : Rez > 0, Imz > 0} using
z — (m/2) — z. Then multiply by e~#"/4 to transform Q' into Q" =
{z : —(n/4) < argz < (m/4)}. Then square to obtain the half-plane
{z : Rez > 0}. So a suitable mapping is

z— (g —z)ze'i"/2= —i (g—z)z .
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cosine function (cos), 8, 68
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