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Time Allowed: 150 Minutes
Maximum Marks: 40

Please read, carefully, the instructions that follow.

INSTRUCTIONS TO CANDIDATES

Please ensure that this booklet contains 10 numbered (and printed)
pages. The back of each printed page is blank and can be used for
rough work.

There are five sections, containing ten questions each, entitled Alge-
bra, Analysis, Topology, Calculus & Differential Equations and Miscel-
laneous. Answer as many questions as possible. The assessment of the
paper will be based on the best four sections. Each question carries
one point and the maximum possible score is forty.

Answer each question, as directed, in the space provided in the answer
booklet, which is being supplied separately. This question paper is
meant to be retained by you and so do not answer questions on it.

In certain questions you are required to pick out the qualifying state-
ment(s) from multiple choices. None of the statements, or one or more
than one statement may qualify. Write none if none of the statements
qualify, or list the labels of all the qualifying statements (amongst (a),

(b), and (c)).

Points will be awarded for questions involving more than one answer
only if all the correct answers are given. There will be no partial
credit.

Calculators are not allowed.



Notation

N denotes the set of natural numbers {1,2,3,---}, Z - the integers, Q - the
rationals, R - the reals and C - the field of complex numbers.

Let n € Nyn > 2. The symbol R" (respectively, C") denotes the n-
dimensional Euclidean space over R (respectively, over C), and is assumed
to be endowed with its ‘usual’ topology. M, (R) (respectively, M, (C)) will
denote the set of all n x n matrices with entries from R (respectively, C) and
is identified with R’ (respectively, C"Q) when considered as a topological
space.

The symbol (Z) will denote the standard binomial coefficient giving the

number of ways of choosing r objects from a collection of n objects, where
n>1and 0 <r < n are integers.

If X is a set and if E' is a subset, the characteristic function (also called the
indicator function) of F, denoted xg, is defined by

(z) = 1 ifxek,
XET) =V 0 ifz ¢ E.

The symbol |a, b[ will stand for the open interval {z € R | a < x < b} while
[a,b] will stand for the corresponding closed interval; [a,b| and ]a,b] will
stand for the corresponding left-closed-right-open and left-open-right-closed
intervals respectively.

The space of continuous real valued functions on an interval [a, b] is denoted
by Cla, b] and is endowed with its usual ‘sup-norm’ metric.

The di-metric on a space of functions defined over a domain X C R, when-
ever it is well-defined, is defined as follows:

a(r9) = [ 1f@) = gl)| do.
The derivative of a function f is denoted by f’ and the second derivative by
f//‘
The transpose (respectively, adjoint) of a vector x € R™ (respectively, C")
will be denoted by 27 (respectively, z*). The transpose (respectively, ad-

joint) of a matrix A € M, (R) (respectively, M, (C)) will be denoted by AT
(respectively, A*).

The symbol I will denote the identity matrix of appropriate order.

The determinant of a square matrix A will be denoted by det(A) and its
trace by tr(A).

The null space of a linear functional ¢ (respectively, a linear operator A) on
a vector space will be denoted by ker(y) (respectively, ker(A)).

GL,(R) (respectively, GL,(C)) will denote the group of invertible n x n
matrices with entries from R (respectively, C) with the group operation
being matrix multiplication.

The symbol S, will denote the group of all permutations of n symbols
{1,2,---,n}, the group operation being composition.

The symbol Z,, will denote the ring of integers modulo n.

Unless specified otherwise, all logarithms are to the base e.



Section 1: Algebra

1

1.1 With the usual notations, compute aba™" in S5 and express it as the

product of disjoint cycles, where
a = (123)(45)and b = (2 3)(1 4).

1.2 Consider the following permutation:
12 3 4567389 10
74 10 6 29815 3 )°

a. Is this an odd or an even permutation?
b. What is its order in Sig?

1.3 Which of the following statements are true?

a. Let G be a group of order 99 and let H be a subgroup of order 11. Then
H is normal in G.

b. Let H be the subgroup of S3 consisting of the two elements {e,a} where
e is the identity and a = (1 2). Then H is normal in Sj.

c. Let GG be a finite group and let H be a subgroup of GG. Define

W = ﬂgeggHg_l.
Then W is a normal subgroup of G.

1.4 Consider the ring C[0, 1] with the operations of pointwise addition and
pointwise multiplication. Give an example of an ideal in this ring which is
not a maximal ideal.

1.5 Compute the (multiplicative) inverse of 4x+3 in the field Zy; [z]/(z*+1).

1.6 Let A € M;(R). If A = (a;;), let A;; denote the cofactor of the
entry a;;,1 < 4,j < 5. Let A denote the matrix whose (1j)-th entry is
Ay, 1<i,j <5.

a. What is the rank of A when the rank of A is 57

b. What is the rank of A when the rank of A is 37

1.7 Write down the minimal polynomial of A € M,,(R), where

1 ifi+j=n+1,
A = (ay) and ayy = { 0 othervxj/ise.
1.8 Let V = IR® be equipped with the usual euclidean inner-product. Which
of the following statements are true?
a. If W and Z are subspaces of V' such that both of them are of dimension
3, then there exists z € Z such that z # 0 and z L W.
b. There exists a non-zero linear map 7" : V' — V such that ker(T)NW # {0}
for every subspace W of V' of dimension 4.
c. Let W be a subspace of V' of dimension 3. Let T": V' — W be a linear map
which is surjective and let S : W — V be a linear map which is injective.
Then, there exists € V such that x # 0 and such that S o T'(z) = 0.



1.9 Which of the following statements are true?

a. Let A € M3(R) be such that A* =1, A # £I. Then A%> + I = 0.

b. Let A € M(R) be such that A* =1, A+ [. Then A>+ A+ 1 =0.
c. Let A € M3(R) be such that A3 =1, A# I. Then A2+ A+1=0.

1.10 Find an orthogonal matrix P and a diagonal matrix D, both in My (R),
such that PTAP = D, where

[



Section 2: Analysis

2.1 Let {a,} be a sequence of real numbers such that
—2\"
n

2.2 Let f : [0, 00[— [0, 00[ be a continuous function such that

3=

) 3
lim = —.
n—oo 5

Compute lim,,_,oo @y,.

/Ooof(t) it < .

Which of the following statements are true?
a. The sequence {f(n)},en is bounded.

b. f(n) — 0 as n — oc.

c. The series Y| f(n) is convergent.

2.3 Let p : R — R be a continuous function such that p(z) > 0 for all
r€R, p(x) =0if |z > 1 and

/_Zp(t) it = 1.

Let f : R — R be a continuous function. Evaluate:

1 [ s

! [0 (2) 1
2.4 Let I C R be an interval. A real valued function f defined on [ is said
to have the intermediate value property (IVP) if for every a,b € I such that
a < b, the function f assumes every value between f(a) and f(b) in the
interval (a,b). Which of the following statements are true?
a. Define f:[0,1] — R by

sint if0<az <1,
Jx) = { 0 ifz=0.
Then f has IVP.
b. If f: R — R is strictly increasing and has IVP, then f is continuous.
c. If f:]a,b] — R is a differentiable function, then f’ has IVP.

2.5 Write down the Taylor expansion (about the origin) of the function

flz) = /OI tan~' ¢ dt.

2.6 Use the preceding exercise to find the sum of the series:



2.7 Let {f,} be a sequence of continuous real valued functions defined on R
converging uniformly on R to a function f. Which of the following statements
are true?

a. If each of the functions f,, is bounded, then f is also bounded.

b. If each of the functions f,, is uniformly continuous, then f is also uniformly
continuous.

c. If each of the functions f,, is integrable, then

i [ = [ s

2.8 Let f: R — R be a given function. Consider the following statements:
A: The function f is continuous almost everywhere.

B: There exists a continuous function g : R — R such that f = g almost
everywhere.

Which of the following implications are true?

a. A = B.

b. B = A.

c. A& B.

2.9 Give an example of an analytic function f : C — C such that f(P) = H,

where
P = {ze€C|z=x+1iy,z >0,y >0},

H = {zeC|z=a+1iy,y > 0}.

2.10 Which of the following statements are true?

a. There exists an analytic function f : C — C such that for every z €
C,z=x+iy,Ref(z) = ¢€"

b. There exists an analytic function f : C — C such that f is bounded on
both the real and imaginary axes.

c. There exists an analytic function f : C — C such that f(0) = 1 and for
every z € C such that |z| > 1, we have

[f()] < eFL



Section 3: Topology

3.1 Which of the following sequences {f,} are Cauchy?
a.
0 if o ¢ [n—1,n+1],
folz) = ¢ —n+1 ifze€n—1n],
n+1l—z if x€n,n+1],

in the space

o
X = {f :R — R | f is continuous and / |f(t)] dt < oo}
equipped with the d; metric (see, Notation).
b. fu(z) = =2 in the space C[0, 1] with the usual sup-norm metric.
c. fu(z) = - in the space C|0, 1] equipped with the usual sup-norm metric.

3.2 Let .
l—nr if0<z< )
Jnlz) = { 0 ifl<az<l
Let C[0, 1] be equipped with the d; metric. Which of the following statements
are true?
a. The sequence {f,} is Cauchy.

b. The sequence { f,,} is convergent.
c. The sequence {f,} is not convergent.

3.3 Which of the following normed linear spaces, all equipped with the sup-
norm, are complete?

a. The space of bounded uniformly continuous real valued functions defined
on R.

b. The space of continuous real valued functions defined on R having com-
pact support.

c. The space of continuously differentiable real valued functions defined on

0, 1].

3.4 Which of the following sets, .S, are dense?

a. S = UpnezDmn, in R2, where T, is the straight line passing through
the origin and the point (m,n).

b. S = GL,(R), in M, (R).

c. S ={A € M,(R) | both eigenvalues of A are real}, in My(R).

3.5 Which of the following subsets of R? are connected?
a. RA\Q x Q.

b. {(z,sinl) e R? | 0 <z < oo} U{(0,0)}.

c. {(z,y) €R? [ zy=1}U{(z,y) €R? |y =0}

3.6 Which of the following subsets are path-connected?

a. {(z,y) eR? | 22+ 2 <1} U{(z,y) eR? | y =1} C R~

b. U2 {(z,y) e R? | z =ny} C R

c. The set of all symmetric matrices all of whose eigenvalues are non-negative,
in M, (R).



3.7 Which of the following statements are true?
a. If K C M,(R) is a compact subset, then all the eigenvalues of all the
elements of K form a bounded set.

b. Let K C M, (R) be defined by
K = {AeM,(R) | A= A" tr(A) = 1,27 Az > 0 for all x € R"}.

Then K is compact.
c. Let K C C[0,1] (with the usual sup-norm metric) be defined by

1
K = {feC[O,lH / f(t)dtzlandf(x)ZOforalle[0,1]}.
0
Then K is compact.

3.8 A function f: R — R is said to be lower semicontinuous (Isc) if the set
f7Y(] = o0, al) is closed for every o € R. Which of the following statements
are true?

a. If E C Ris a closed set, then f = yg (see, Notation) is lsc.

b. If E C R is an open set, then f = xg is Isc.

c. I G={(z,y) € R? |y = f(z)} is closed in R?, then f is lsc.

3.9 Let X be a non-empty compact Hausdorff space. Which of the following
statements are true?

a. If X has at least n distinct points, then the dimension of C(X), the space
of continuous real valued functions defined on X, is at least n.

b. If A and B are disjoint, non-empty and closed sets in X, there exists
f € C(X) such that f(z) = —3 for all z € A and f(z) =4 for all z € B.

c. If AC X is a closed and non-empty subset and if g : A — R is a contin-
uous function, then there exists f € C(X) such that f(z) = g(x) forall x € A.

3.10 Which of the following subsets of R? are homeomorphic to the set
{(z,y) €R® | 2y = 1}7
(r,y) eR? | zy — 2z —y + 2 =0}.

a. {
b. {(z,y) e R? | 2* — 3z + 2 = 0}.
c. {(z,y) € R? | 222 — 2xy + 2y = 1}.



Section 4: Calculus and Differential Equations

o 2
/ e ™ dx.
0

4.2 Find the arc length of the curve in the plane, whose equation in polar

coordinates is given by r = acos/, when 6 varies over the interval [—7, 7].

4.1 Evaluate:

4.3 Let S =[0,1] x [0,1] C R2. Evaluate:

//max(a:,y) dxdy.
S
/OO /OO 6—(5&:2—6xy+5y2) dZL'dy

4.5 Let x = (z,y) € R?. Let n(x) denote the unit outward normal to the
ellipse v whose equation is given by

4.4 Evaluate:

2?2y
4L —
4+9

at the point x on it. Evaluate:

/ x.n(x) ds(x).

Y

4.6 Let w > 0 and let (zo,90) € R?. Solve:

L) = wy), L) = —walt), 20) = w0, 4(0) = w.

4.7 Let w > 0. Compute the matrix e?, where

0 w
i
4.8 Write down the first order system of equations equivalent to the differ-

ential equation
cy Ay, (dy\’
— = — -z | =) .
dx3 dx? dx
4.9 Consider the system of differential equations:
¥ o= ylx®+1)

/

y = 2xy?

a. Find the critical points of the system.
b. Find all the solution paths of the system.

4.10 Consider the boundary value problem:
—y"(z) = flz)for 0 <z <1, ¥ (0)=14¢'(1)=0.

In which of the following cases does there exist a solution to this problem?
a. f(x) = cosmz.

b. f(z) =z - 1.
c. f(z)=sinnmz.



Section 5: Miscellaneous

5.1 Write down the condition to be satisfied by the real numbers a, b, ¢ and
d in order that the sphere 22 + 4%+ 22 = 1 and the plane axz +by+cz+d =0
have a non-empty intersection.

5.2 In a triangle ABC', the base AB = 6 cms. The vertex C' varies such
that the area is always equal to 12 cm?. Find the minimum value of the sum

CA+CB.

5.3 Find the maximum value the expression 2x + 3y + z takes as (z,y, z)
varies over the sphere 22 + 2 + 22 = 1.

5.4 Let k,r and n be positive integers such that 1 < kK < r < n. Find

oy, 0 < ¢ < k such that
k
n k
=0

5.5 Which of the following sets are countable?

a. The set of all algebraic numbers.

b. The set of all strictly increasing infinite sequences of positive integers.

c. The set of all infinite sequences of integers which are in arithmetic pro-
gression.

5.6 Find all integer solutions of the following pair of congruences:

r = bmod8, x = 2mod7.
5.7 Let F': R — R be defined by

Evaluate: )
/ F(sinmzx) dx.
0

5.8 Let
o = 14iediily..

B = 1_%4_%_%4_...

vo= 1+34+5+5+
Which of the following numbers are rational?

a, &
.2
b. 8
5
c. &£,
v

5.9 In how many ways can 7 people be seated around a circular table such
that two particular people are always seated next to each other?

5.10 Find the sum of the following infinite series:
4 n 4.7 . 4.7.10 n
20 20.30  20.30.40

10



