MATEMATIK CALISMALARI

Editor: Do¢c.Dr. Ahmet KAZAN

yaz

yayinlari




MATEMATIK CALISMALARI

Editor
Doc¢.Dr. Ahmet KAZAN

yaz

yayinlari

2024



yaz

yayinlari

MATEMATIK CALISMALARI

Editor: Do¢.Dr. Ahmet KAZAN

© YAZ Yaynlari

Bu kitabin her tiirlii yaym hakki Yaz Yayinlari’na
aittir, tiim haklar1 saklidir. Kitabin tamami ya da
bir kismi1 5846 sayili Kanun’un hiikiimlerine gore,
kitabt yayinlayan firmanmn Onceden izni
almmaksizin elektronik, mekanik, fotokopi ya da
herhangi bir kayit sistemiyle c¢ogaltilamaz,
yayinlanamaz, depolanamaz.

E_ISBN 978-625-6642-76-8
Temmuz 2024 — Afyonkarahisar

Dizgi/Mizanpaj: YAZ Yaynlar
Kapak Tasarim: YAZ Yayinlari

YAZ Yaymlari. Yayme1 Sertifika No: 73086

M.Ihtisas OSB Mah. 4A Cad. No:3/3
Iscehisar/AFYONKARAHISAR

www.yazyayinlari.com
yazyayinlari@gmail.com

info@yazyayinlari.com



ICINDEKILER

On Some Perfect Arf Numerical Semigroups.................. 1
Sedat ILHAN

4-Boyutlu Oklid Uzayinda Homothetical
Hiperyuzeylerin LB'"Y Operatori...........ccccocevvvevevvivennane, 24
Mustafa ALTIN, Ahmet KAZAN

On the Shape of the Triangles in Dual Space and Dual
LOIeNtZ SPACE .....ccovviiiiiii e 45
Faik BABADAG, Ali ATASOY

Several of the Differential Operators on the Semi-

Riemannian Manifolds...........cccociiiiiniinienenee e 58
Derya SAGLAM
Characterizations of Special Ruled Surfaces R3 ........... 69

Esra DAMAR, Nural YUKSEL, Burgin SALTIK

A Short Note on Non-Self I-Nonexpansive Map.............. 87
Esra YOLACAN



"Bu kitapta yer alan béliimlerde kullanilan kaynaklarin, goriislerin,
bulgularin, sonuglarin, tablo, sekil, resim ve her tiirlii icerigin
sorumlulugu yazar veya yazarlarina ait olup ulusal ve uluslararasi
telif haklarina konu olabilecek mali ve hukuki sorumluluk da
yazarlara aittir."



ON SOME PERFECT ARF NUMERICAL
SEMIGROUPS

Sedat iILHAN!?

1. INTRODUCTION

Numerical semigroups, which emerged towards the end
of the 19th century, are an important subject within Algebra and
Number Theory, which has an important place in mathematics.
The numerical semigroups are used in many areas of
mathematics. Recently, the expression numerical semigroups;
Algebra has facilitated wider applications in fields such as
Algebraic Geometry, Topology and Differential Geometry. We
can see that Local, Noteherian Local, Gorenstein and Arf rings
can be characterized in terms of numerical semigroups,
especially under certain conditions (For details see [1,
17,18,19,20,21]).

The topic of numerical semigroups emerged when the
problem known as the "Frobenius Problem™ was put forward by
Sylvester ([14]). Later, Brauer derived the Frobenius formula for
a class of numerical semigroups ([16]).

Arf  Numerical semigroups, a class of numeric
semigroups were formed after Cahit Arf's study on multiple
points in algebraic curves ([15]). Lipman, on the other hand,
reintroduced the Arf rings in his studies, based on Arf's studies,
and saw that the numerical semigroups formed based on the
values of the rings also have the Arf property ([22]).
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However, recently many researchers have carried out
various studies on Arf numerical semigroups. (For details see
[5,10,23,25,28]).

The gaps and isolated gaps of numerical semigroups are
also important and some studies have been done on this subject
([2,13,24,30]). Many studies have been carried out on perfect
numerical semigroups, especially those obtained from discrete
spaces. For example, Frais and his colleagues studied the basic
properties of perfect numerical semigroups and investigated
their relationships with other concepts ([11,12]). Various
properties are also given about the parts of perfect numerical
semigroups ([13,26]). On the other hand, mathematical relations
of perfect numerical semigroups with Frobenius number was
also studied by Moreno and his colleagues ([27]).

P. A. Garcia-Sanchez et al. ([25]) gave all Arf numerical
semigroups with fixed Frobenius number and multiplicity up to
five in Theorem 3.1. We note that if Arf numerical semigroups
with multiplicity one then the only numerical semigroup with
multiplicity one is ¥ , which is trivially Arf. Also, Let us state
here that q° 1(m(d)). On the contrary, if g° 1(m(d)) then

t (d)T d contradiction arises, where q is the conductor of d.

2. NOTATION

Let ¥={ul ¢:u® 0} and ¢ be integer set. If (i)
p+ p,1d, for p,p,1 d (ii) ¥\d is finite (iii) 0T d then
di ¥ isanumerical semigroup.

For d numerical semigroup we write

d=< Q1quv---vqs>:¥é u;q; ZUJ-T ¥Ij.
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LT ¥ is minimal system of generators of d if
< L>=d and there isn’tany subset T1 L suchthat<T>=d

. Also, m(d)=min{kT d:k>0} and e(d)=s are called
multiplicity and embedding dimension of d, respectively. It is
know that e(d) £ m(d) . If e(d) = n(d) then d is called maksimal
embedding dimension (MED) (See [6,8,29]).

Let dbe a numerical semigroup, then t (d) = max (¢ \d)

is called as Frobenius number of d.
s(d)= Card ({xT ¥ :0£ x£ t (d)}Cd) and g=t(d)+1 are
called as the determine number and the conductor of d,

respectively. . Here, we will indicate the number of elements of
the set d by Card(d).

d be numerical semigroup such that d=< q,,q,,...,9,> ,
then we write

d=<q,0,...4,>={=0,r,1,...,L=td)+1® ..}

, where r,<r,,,s=s(d) and the arrow means that every

j+1?

integer greater than t (d)+ 11 d for 1£ j£ s = s(d).

Let d be a numerical semigroup. If g1 ¥ and qi d
then q is called gap of d. We denote the set of gaps of d, by

D(d),i.e,D(d)= ¥\d={ql ¥:ql d}.

The numberW(d) = Card (D (d)) is called the genus of d,
and it known thatWd) + s(d) = t (d) + 1 (see [5,8]) .

d is called symmetric numerical semigroup if
t(d)- wi d, for wi ¢\d. It is know the numerical semigroup

d=<1,1,> is symmetric and t(d)=1,,-1,- 1, . In this

t(d)+1

case, we write s(d)= Wd)= . d is called pseudo
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symmetric numerical semigroup if t(d) is even and

t(d)- pl d p= %,for p1 ¢\d. (For details see [2,3,4,9]).

Let dbe a numerical semigroup. We define the set
9:{uT ¥:zul d}, for z1 ¥ . If z=2 then the set gis
z
called the half of d([7,8]).We note that while d is symmetric

(pseudo symmetric) numerical semigroup, g need not be

symmetric (pseudo symmetric).
d=<5,9>={0,5,9,10,14,15,18,19, 20, 23,24, 25,27,28,29,30,32,® ...}
is symmetric numerical semigroup but

g: {ul ¥:2ul d}={0,57,9,10,12,14,® ..} is not

symmetric
(d=<3813>={0,36,8911® ..} is pseudo
symmetric numerical semigroup but

g: {ul ¥:2u1 d}={0,3,4,6,® ..}=<3,4> is not pseudo
symmetric ) .
A numerical semigroup d is Arf if z +z,- z,1 d, for

all z,z,,z,1 d such that z,3 z,3 z,. The intersection of any
family of Arf numerical semigroups is again an Arf numerical
semigroup. We note that ¥ is an Arf numerical semigroup and
every Arf numerical semigroup is MED ([10,23,25]).

Let d be a numerical semigroup and r1 D(d). If
r- 4,r+ 17 d then is r is called isolated gap of d. We denote
the set of isole gaps of d, by Y(d), i,
Y(d)={rT D(d):r- Lr+11 d}. A numerical semigroup d is
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perfect if Y(d)=f (see [12,13,26,27]). We note that Arf and
perfect numerical semigroups do not require each other. For
example, d=<31113>={0,3,69,11® ..} is an Arf

numerical semigroup but d is not perfect since Y (d) = {10}* f
On the other hand, V =<589>={0,58910,13® ..} is
perfect numerical semigroup since Y(V)=f . But V is not Arf

because 9+ 8- 5=121 V.

In this study, Arf numerical semigroups with multiplicity
5 and less than 5 are examined and whether half of them are
perfect or not.

3. PERFECT ARF NUMERICAL SEMIGROUPS

THEOREM 3.1. ([25]) Let d be an Arf numerical
semigroup. g and m(d) are conductor and multiplicity of d,

recpectively. Then the following is true

@) If g° O0(mod2)and md) = 2 then
d=<2,g+1>.

(b) (@) if g° O0(mod3) and md)=3 then
d=<3,g+1q+ 2>

@@ if  g° 2(mod3) and md)=3  then
d=<3,0,q+ 2>.

(© md) = 4 and conductor a, where

g° 0,2 or3(mod4). Then the all Arf numerical semigroups as
follows:
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(i) If g° O(mod4), then d=<4,4v+ 2,g+1,q+ 3>

for some vi }rlz%t @ If q° 2(mod4), then
d=<4,4v+ 2,q+1,q+ 3> forsome vi ]llquZE

(iiiy If g° 3(mod4), then d=< 4,9,9+ 2,q+ 3> .

(d md=5 and conductor q , Wwhere
g° 0,2,30r 4(mod5). Then the all Arf numerical semigroups
as follows:

(i) If g° 0(mod5), then d=<5,q- 2,g+1,g+ 2,gq+ 4>
or d=<5,q+ 1,9+ 2,9+ 3,g+ 4>

(i) If g° 2(mod5), then d=< 5,q,q+ 1,q+ 2,q+ 4>

(iii) If g© 3(mod5), then d=< 5,q,q+ 1,9+ 3,q+ 4>

(iv) If g° 4(mod5), then d=<5,9- 2,q,q+ 2,gq+ 4>
ord=<5,q0,9g+ 2,g+ 3,g+ 4> .

PROPOSITION 3.2. Let d be an Arf numerical
semigroup. g and m(d) are conductor and multiplicity of d,

recpectively. Then the following is true

(@) If m(d)=1 then d= ¥ is perfect.

(b) If md)=2 and g° 0(mod2)then d=< 2,q+1>
is not perfect.

PROOF. Let d be an Arf numerical semigroup.with g
and m(d) are conductor and multiplicity of d, recpectively.

(@ If md)y=1 then d=¥ is perfect, since
Y(d)=Y®X¥)="f .



Matematik Calismalar

(b) If md)=2 and gq° O0(mod2)then d=< 2,q+ 1>
={0,2,4,6,..,q,® ..}. Thus, we write that
Y(d)={pl D(d): p- L, p+171 d}={135,..,9- }* f. So,
d is not perfect.

PROPOSITION 3.3. Let d be an Arf numerical
semigroup with multiplicity m(d) = 3and conductor g. Then we

have
() if g° 0(mod3) then d=< 3,q+ 1,q+ 2> is perfect.
(i) if g° 2(mod3) then d=<3,q,q+ 2> is not
perfect.

PROOF. Let d be an Arf numerical semigroup with
multiplicity m(d) = 3and conductor g. Then we have

(i) if q° 0(mod3) then
d=<3q+1q+2>={0,36,9,..9- 3,q® ..} is perfect
since Y(d)={pT D(d): p- L,p+11 d}="f .

(ii) if q° 2(mod3) then
d=<3,q0q+2>={036.9,..09- 2,g® ..} is not perfect
since t (d)=g- 11 Y(d).

PROPOSITION 3.4. Let d be an Arf numerical
semigroup with multiplicity m(d) = 4and conductor g. In this

case,

(i) if g° O(mod4)and d=< 4,4v+ 2,q+ 1,q+ 3> for

some vi 1{12%1‘; then d is not perfect.



Matematik Calismalar

(i) If q° 2(mod4) and d=<4,4v+ 2,gq+1,q+ 3>
for some vi 112%%’ then d is not perfect.

(iii) if 9° 3(mod4) then d=<4,q,q+ 2,gq+ 3> is
perfect.

PROOF. Let d be an Arf numerical semigroup with
multiplicity m(d) = 4 and conductor g in Theorem 3.1/ (c).

(i)If g° O(mod4) then d=< 4,4v+ 2,q+ 1,q+ 3> for
some vi }rlz%l; Then we write that

d=<4,4v+ 2,0+ 1+ 3>={0,4,8,12,...,4v,4v+ 2,4v+ 4,4v+ 6,...,q- 2,0,® ..}
In this case, it is trivial Y(d)* f since g- 1T Y(d). Thus,d is
not perfect numerical semigroup.

(i) 1f q° 2(mod4),then d=< 4,4v+ 2,q+ 1,q+ 3> for

some vi ¥1,2,...,q'T2£. Thus,d is not perfect numerical

semigroup. Because

d=<4,4v+ 2,q+1,q+ 3>={0,4,812,...,4v,4v+ 2,4v+ 4,4v+ 6,...q- 2,0,® ..}

and, also
Y(d)={pT D(d): p- L,p+17 d}={4v+14v+3,.,q- 1} f
(iii) If g° 3(mod4) then

d=<4,9,9+ 2,q+ 3>={0,4,8,12,...,9- 3,q,® ..} is perfect
since Y(d)=f .

PROPOSITION 35. Let d be an Arf numerical
semigroup with multiplicity m(d)= 5and conductor q in

Theorem 3.1/(d) .

(@) If g° 0(mod5), then
d=<5,g- 2,g+ 1,9+ 2,g+ 4> is not perfect.
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(b) If g° 0(mod5), then
d=<5,g+1,q+ 2,9+ 3,q+ 4> is perfect.

(c) If g° 2(mod5), then d=<5,q,q+ 1,9+ 2,q+ 4>
is not perfect.

(d) If g° 3(mod5), then d=<5,9q,g+1,q+ 3,g+ 4>
is perfect.

(e) If g° 4(mod5), then d=<5,9- 2,q,q+ 2,gq+ 4>
is not perfect.

(f) If q° 4(modb), then d=<5,q,q+ 2,g+ 3,q+ 4>
Is perfect.

PROOF. Let d be an Arf numerical semigroup with
multiplicity m(d) = 5and conductor g in Theorem 3.1/(d) .

(@) If g° 0(mod5) then
d=<5,0- 2,q+1q+2,q+ 4>={0,510,15,..,9- 59- 2,,®}
is not perfect since Y(d)= {t (d)= g- 1}* f .

(b) If g° 0(modb5) then
d=<5,g+1q+ 2,q+ 3,g+ 4>= {0,5,10,15,...,9- 5,q,® ..}
is perfect since Y(d)=f .

(© If g° 2(mod5) then
d=<5,0,9+ 19+ 2,q+ 4>={0,510,15,...,9- 2,® ..} s
not perfect since Y (d) = {t (d)=g- 1} f .

(d) If g° 3(mod5) then
d=<5,09,9+1qg+ 3,g+ 4>={0,510,15,....,9- 3,q® ..} s
perfect. BecauseY (d) = f .
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(e) If g° 4(mod5), then d=<5,9- 2,q,q+ 2,q+ 4>
IS not perfect. Because
d=<5,q- 2,09+ 2,q+ 4>={0,5,10,15,...,9- 4,9- 2,® ..}

and Y(d)= {pl D(d): p- L, p+11 d}={q- 3,9- }* f.

0] If g° 4(mod5) then
d=<5,q,q+ 2,q+ 3,g+ 4>={0,510,15,..,9- 49® ..} is
perfect since Y (d)=f .

4. THE HALF OF PERFECT ARF NUMERICAL
SEMIGROUPS

Let d be numerical semigroup. We define the set

—={y1 ¥:zy1 d}. If z= 2 then the set —is called the ha
d d}. If hen th czj lled the half
z

of d. We note that If d is MED numerical semigroup then g

may be not a MED numerical semigroup. For example
d=<3813>={0,3,6,8,9,11,® ..} is a MED numerical

semigroup but g: {y1 ¥:2y1 d}={0,34,6,® .}=<34>
is not a MED numerical semigroup.

LEMMA 4.1. If d is Arf numerical semigroup then g is

Arf.

PROOF. Let d be an Arf numerical semigroup. Then
we have u+v- wi d for allu,v,wi d where u3 v3 w. If

u+v- wi d then 2(u+v- w)l dS u+v- wi g for all

10
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u,v,wi g where u3 v3 w since di g Thus, we obtain that

E is Arf.
2

LEMMA 4.2. Let d be a perfect Arf numerical
semigroup.with g and m(d) is conductor and multiplicity of d,

recpectively. If S given by Propotion 3.2 then g= ¥ s

perfect.

PROOF. Let d be a perfect Arf numerical semigroup
given by Proposition 3.2.

(@) If md)=1 then d= ¥ . Thus g: ¥ since 21 d.
d
So, 5_ ¥ is perfect.

by If md)=2 and q° 0(mod2) then
d=<2,q+1>={0,2,4,6,..,® ..}. So, it is clear that g: ¥

is perfect.

THEOREM 4.3. Let d be an Arf numerical semigroup
with  multiplicity m(d)= 3and conductor dsuch that

g° O(mod3)and d=< 3,gq+ 1,g+ 2> . In this case,

(a) if q IS odd then
doc3at1a*5, _Jo369,.. 9tL L0t g P i
2 2 2§ 2 2

not perfect;

(b) if q is even then

g:<3q+2 q+4
2 2

>= 10369 9. 39 ® _Jis perfect.
272

11



Matematik Calismalart

PROOF. Let d be an Arf numerical semigroup with
multiplicity m(d) = 3and conductor dsuch that q° 0(mod3)

and d=<3,gq+1qg+2>. We write that
d=<3,q+1q9+2>={0,36,9,..0- 3,® ..}. Inthis case,

+1

(@) if g is odd then qT and &25 are even. So,

=0 x=3a+ (qurl)a2+ (q;5)a3, for a,a,,a,1 ¥

()

2x=3(2a,)+ (g+ Da, + (q+ 5)a,
2x=3(2a))+ (q+ Da, + (q+ 2)a, + 34,
2x = 3(2a, + a;) + (q+ Da, + (q+ 2)a,
U 2x1<3qg+Lg+2>=d

oo

Thus, we find that g:< 3’q+ 1,q+ 5> .
2 2 2

g+l ,9+1

Lets T=]0360..97L 29" e By s
f b

—

evidence T g If

_ g+l g+5 _ q+
=<3, , > = 3u, +
B S y=3y (2

q+5
2

1)u2+ ( g sup, U, U T ¥

N

yi
g+1 gq+1 " .

S y=3u+ (T)u2 + (T+ 2)u,| T since the conductor of

T is %1 Thus we obtain g: T when q is odd. In this case,

9 is not perfect since SRR Y(g).

2 2 2

(b) if we make similar operations for the even condition
of a, we can easily find that

12
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d:<3lq+ 2,q+4
2 2 2

MIQ

s=<39+194+ 25=70360..9. 3
2" 77 i

N o
©)
it

. Thus, it is clear that g: ¥ is perfect since Y(E) =f.

THEOREM 4.4. Let d be an Arf numerical semigroup
with  multiplicity nm(d)= 3and conductor qgsuch that

g° 2(mod3)and d=< 3,q,q+ 2> . In this case,

@) if q is odd then
d_39*3 %5, _fp360,.9% L 39" e F i
2 2 2 t 2 2 !
perfect;

(b) if q is even then
9-<39915-J03609,.,92. 3925 [ is
2 2'2 i 2 2 &
perfect.

PROOF. Let d be an Arf numerical semigroup with
multiplicity m(d) = 3and conductor gsuch that gq° 2(mod3)

and d=<3,q9,q9+2>. We write that
d=<3,qq+2>={036,9,..09- 2,g® ..}. Inthis case,

(@) if g is odd then %3 and %5 are even. So,

N
1]
(e}

X = 3a, + (q;3)a2+ (q;5)as, for a,a,,a,1 ¥

(@)

2x=3(2a,))+ (q+ 3)a, + (q+ 5)a,
2x=3(2a) + (q+ 3)a, + (q+ 2)a, + 3a,
2x=3(2a,+ a,+ a;)+ ga, + (Q+ 2)a,
2x1 < 3,0,0+2>=d.

o o

Thus, we find that g_< 3 d+3 q; 5,

13



Matematik Calismalart

Lets K=103609.9"1 39 e ¥ 1t s
1 2 2 S

. - d
evidence Kl 5 If
" d +3 +5 +3 +5 a
y|5=<3’q2 'q2 >S y=3ul+(qT)u2+(q2 Uy U, Uy, Uy | ¥
S y=3u+ (%)uﬁ (q;1+ 2)u,1 K since the conductor
of K is %1 . Thus we obtain
d_.39*3a*5, _fp369. 971 39*1 g F
2 2 2 1 2 2 &

when ¢ is odd.

(b) if we make similar operations for the even condition
of a, we can easily obtain that

9_.399,15-J0369,.. 92 39 24 g

2 2'2 i 2 2

Thus, we find that g is perfect since Y(g) =f in both

cases.

THEOREM 4.5. Let d be an Arf numerical semigroup
with  multiplicity m(d)= 4and conductor qgsuch that

g° O(mod4)and d=<4,4v+2,qg+1,q+3> for some

1
g: <2,2v+1>={0,2,4,6,...,2v,® ...} is not perfect.

vi 11231J In this case,
4%

PROOF. It is clear.

THEOREM 4.6. Let d be an Arf numerical semigroup
with  multiplicity m(q)= 4and conductor qgsuch that

14
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g° 2(mod4)and d=<4,4v+2,g+1,q+3> for some

vifn2,.. 9 2F In this case,
i 4 %
g: <2,2v+1>={0,2,4,6,...,2v,® ...} is not perfect.

PROOF. It is trivial.

THEOREM 4.7. Let d be a Arf numerical semigroup
with  multiplicity m(d)= 4and conductor qgsuch that

q° 3(mod4), ie q= 4m+ 3, formi ¢* and
d=<4,9,9+ 2,q+ 3> . Then

g=< 2,2m+3>={0,2,4,6,...2m,2m+ 2,® ..}  is  not

perfect.

PROOF. Let d be an Arf numerical semigroup with
multiplicity m(d) = 4and conductor gsuch that q° 3(mod4),

i.e. g= 4m+ 3, formi ¢* and d=< 4,9,g+ 2,q+ 3> .

In this case,

x1 gzU x=2a,+ (2m+ 3)a,, for a,a,1 ¥

()

2x = 2(2a,)+ (4m+ 6)a,

2x= 4a, + (q+ 3)a,

2x=4a, + 09+ 0.(q+ 2)+ (q+ )3
2x1 < 4,9,g+ 2,g+ 3>=d.

oo o

Let’s D= {0,2,4,6,...2m,2m+ 2,® ..}. It is clear that

Di g If
2
yi g=< 2,2m+3>S y=2u + (2m+ 3)u,i D;u,u,l ¥

15
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since the conductor of D is 2m+ 2. Thus we obtain
=< 2,2m+3>={0,2,4,6,...2m,2m+ 2,® ..}. And it is

clear that g is not perfect since

|(§)= {ul D(d):u- Lu+11 d}={1,3,5,...2m+ 1} f .

THEOREM 4.8. Let d be an Arf numerical semigroup
with  multiplicity m(d)= 5and conductor qgsuch that

g° 0(mod5), g> 5.
(a) Let’s d=<5,9- 2,q+1,q+ 2,q+ 4> .Inthis case,

(1) if g is even then;

() if g=10 then g—<4567> {0,4® .} i

perfect;

(i) if g> 10 then
9.¢59.19,19,59,35-]051015..9-59. 10 .
2 2 2 2 2 1 2 2 :
Is perfect.

2 if q is odd then
d__garlarl o+l sa*l o fo51015.. 950 39l g §
2 2 2 2 2 f 2 2
is perfect.

(b) Let’'s d=<5,q+1,q+ 2,q+ 3,g+ 4> . So,

Q) if qis even then

9.¢59,19,29,39, 45-]051015..9- 590 .]
2 T2 T2 72 i 2

is perfect.

16
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(@) if q IS odd then
d_cgatla*l ya*l sa*l, o _To51015. 91 39% 1 g F
2 2 2 2 2 f 2

is perfect.

PROOF. Let d be an Arf numerical semigroup with
multiplicity m(d) = 5and conductor gsuch that q°® 0(mod5).

(@) Let’s d=<5,9- 2,q+ 1,9+ 2,q+ 4> .Inthis case,

(1) if g is even then;

(i) if g= 10 then it is clear that g=< 4,5,6,7> . Also,
d . . d
E:< 4,5,6,7>={0,4,® ...} is perfect since Y(E): f.

If we follow the path in the proof of the above theorems,
we see that there are the following equations.

(ii) if q> 10 then
959 19,719,599 3>=J051015..9. 59 10 .}
2 2 2 2 2 i 2 2 §
Is perfect.

2 if qis odd then
d__ga*tlarl,  a+l sa+l, .o 051015, 971 39*1 g f
2 2 2 2 2 f 2 §

is perfect.

We will give the following theorems without proof.
Because the proofs can be easily done in a similar way to the
above.

THEOREM 4.9. Let d be an Arf numerical semigroup
with  multiplicity md)=5 and conductor qsuch that

g° 2(mod5) and d=<5,9,q+ 1,g+ 2,q+ 4> . In this case,
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(1) if qis even then
d.c599,19,,9 35-{051015..9 69 10 .}
2 2 2 2 2 ) 2 2 :
is perfect,

2 if q is odd then
docgartarl g+l 9+l o Yo51015 i

2 2 T2 2 fooT 2 T2
is perfect.

THEOREM 4.10. Let d be an Arf numerical semigroup
with  multiplicity md)=5 and conductor qsuch that

g° 3(mod5) and d=< 5,9,9+1,q+ 3,q+ 4> . In this case,

1) if q is even then
g: 5,%,%+ 2,%+ 3,%+ 4> = ¥0,5,10,15,...,%- 4,%,@ i
Is perfect,
@) if q IS odd then
d__garia*l ja+rl ,a+l .. fos1015.. 91 ;1 g F

2 22 "2 "2 i 2 "2
is not perfect.

THEOREM 4.11. Let d be an Arf numerical semigroup
with  multiplicity md)=5 and conductor qsuch that

g° 4(mod5).Thus,

(i) let’s d=<5,9- 2,0,9+ 2,q+ 4> . In this case,

Q) if q is even then
9.¢59.199,19,55-J051015..9° 4. 59 4 [
2° 2 2 2 2 ) 2 2 :
is perfect,
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(@) if qis odd then
d_ sat3a*3, ,a*3, ,0a*3, 5. fo51015., 95t 59 g f
2 2 ' 2 2 2 i 2 2
is perfect.

(i) let’s d=< 5,9,9+ 2,9+ 3,q+ 4> . So,

Q) if q is even then

2 2 2
is not perfect,

d.c599,19,59 45-J051015..9. 296 .}
) ; 2“7

@) if q is odd then
d_.ga*t3a+3, ,Qq*3, ,0a*2, o 1051015 atl ;atle ¥
2 2 2 2 2 2 2 3
is perfect.

EXAMPLE 4. 12. Let’s gq= 23 in Theorem 4.10/(2).
Thus, we writed=< 5,23,24,26,27> = {0,5,10,15,20,23,® ...}
Arf numerical semigroup. Here, t (d)= 22, md)=5,s(d)=5
e(d)=5 ,
D(d)={12,3,4,6,7,8,9,11,12,13,14,16,17,18,19, 21,22} and
W)= Card(D(d))= 18. In this case, d is perfect since
Y(d)={pl D(d): p- L, p+11 d}=f . Also, d is MED since
m(d) = e(d)= 5. So we obtain that

g: {al ¥:2al d}={0,510,12,® ..} =< 5,12,13,14,16> s

not perfect since the set of isolated gaps of g is
d

Y(E): {11}* f .

EXAMPLE 4. 13. Let’s gq= 14 in Proposition 3.3./(ii).
Thus, we writed=<314,16>={0,3,6,9,12,14,® ..} Arf
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numerical semigroup. Here, t(d)=13, md)= 3= e(d),
s(d)=5, D(d) = {12,4,5,7,8,10,11,13} and
W) = Card(D(d))= 9. In this case, d is not perfect since
Y(d)={13}* f . Also, d is MED since m(d)= e(d)= 3. So we

obtain that g: {al ¥:2al d}={0,36,® ..}=<3,7,8> s
. d
perfect since Y(E) =f.

EXAMPLE 4.14. Let’s gq= 12 in Proposition 3.3./(i).
Thus, we writed=<31314>={0,369,12® ..}  Arf
numerical semigroup. Here, t(d)=11 and d is MED since
md) = e(d)= 3. Also, s(d)=4, D(d)={124,57810,11}
and W(d) = Card(D(d))= 8. In this case, d is perfect since
Y d)=f. So, we obtain that

g: {al ¥:2al d}={0,3,6,® ..} =< 3,7,8> is perfect since
the set of isolated gaps of g isf .

EXAMPLE 4.15. Let’s q= 16 and v= 3 in Proposition
3.4./(1). Thus, the Arf numerical semigroup
d=< 4,14,17,19>= {0,4,8,12,14,16,® ...} is not perfect since
Y(d)={13,15}* f . Here, t(d)=15and d is MED since
m(d) = e(d) = 4. Also, s(d)= 5,
D(d)={12,35,6,7,9,10,11,13 15} and
W(d) = Card(D(d)) = 11. So, we obtain that
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9_ fal ¥ :2af d}= 0,2,4,6,® .}=<2,7> is not perfect
2

since the set of isolated gaps of g is Y(g) = {135} f.
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4-BOYUTLU OKLID UZAYINDA
HOMOTHETICAL HiPERYUZEYLERIN LB"Y
OPERATORU

Mustafa ALTIN!?
Ahmet KAZAN?

1. GIRIS VE ON BILGILER

3-boyutlu uzaylarin genisletilmesi olarak diisiiniilebilen
4-boyutlu Oklid uzaymnda ve daha yiiksek boyutlu Oklid
uzaylarinda  homothetical  (hiper)yiizeylere ait  degisik
karakterizasyonlar iceren pekcok c¢alisma matematikgiler
tarafindan yapilmistir. Ornegin, (Biiyukkitiuk ve Oztirk, 2019)
kodlu c¢alismada, 4-boyutlu Oklid uzayinda homothetical
(factorable) yiizeylerin Gaussian egriligi, Gaussian torsiyonu ve
ortalama egriligi elde edilerek bu kavramlarla ilgili ¢esitli
karakterizasyonlar elde edilmis ve (Jiu ve Sun, 2007) kodlu
calismada ise, m >3 olmak (zere (n + 1)-boyutlu Oklid
uzayinda homothetical hiperyiizeylerin minimalligi ele alinmistir.

Ayrica, Laplacian’in  bir  genellestirilmesi  olarak
diistiniilebilen ~ Laplace-Beltrami  (LB)  operatéri  de
arastirmacilarin ilgisini fazlasiyla cekmektedir. Biz bu ¢alismada,
4-boyutlu Oklid uzayr E*’te homothetical hiperyizeylerin
dordincu Laplace-Beltrami operatorlerini ile ilgilenecegimizden
dolayi, 6ncelikle E* uzayi ile alakali bazi temel bilgiler verelim.
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E* uzaymda U = (uy, Uy, Uz, Uy), U = (V1, Uy, V3, V) VE
w = (wy, wy, ws,w,) Uc vektor olmak tzere, bu uzayda i ve v
vektorlerinin i¢ ¢arpimi

(17,, 1._7)) = u1v1 + uzvz + u3173 + u4v4 (1)

seklinde, bir 1 vektoriniin normu

12l = v/ (u, u) (2)

ile ve U, ¥, W vektorlerinin vektdrel ¢arpimi ise

€1 € €3 €4
U Uz Uz Uy 3)
Vi Uy V3 Uy
Wiy Wy W3 Wy

UXUVXWw=det

olarak tanimlanir. Ayrica,
A:E3 — E* 4)
(X1, X2, x3) — A(x1, %2, X3)
= (A1 (X1, X2, x3), Ap (X1, X2, X3), Az (X1, X2, X3), Ay (X1, X2, X3))
E*’te bir hiperyiizey olmak iizere, bu hiperytizeyin birim normal

vektoru ile birinci temel formunun, ikinci temel formunun ve
ticlincii temel formunun matrissel gésterimleri, sirasiyla

_ Agey XAy X Ayq (5)
(| Axy XA, XAy ||’

gdi1 Y912 Y13
921 Y922 Y23
9g31 Y932 Y33

hi1  hiy h13]

Ny

I= : (6)

11 = h21 hzz h23

h31 h32 h33

()

ve

My My Myg
Il =My My Mys (8)

ms3; Mgz Masg
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ile bulunur. Burada g;; = <Axi,Ax].>, hij = <Axl-x]-:NA>: m;j =

OA(x1,X2,X3) 02A(x1,X2,X3)
<(NA)xi; (NA)x]> rAxl- = %} Axixj = #}23
(Np)y, = W i,j € {1,2,3}dir.

I matrisinin tersi 11 ile gosterilirse, (4) esitligi ile verilen
hiperylizeyin sekil operatorii

S=1"11I 9)
formulu ile elde edilir.

(6), (7) ve (9) esitlikleri yardimiyla E*’te (4) esitligi ile
verilen hiperyiizeyin Gaussian ve ortalama egrilikleri, sirasiyla,

det[I1]

K = det(S) = aetll]

(10)

ve
3H = iz(S) (11)
formdlleri ile elde edilir.

E*’te bir hiperyiizeyin dordiincti temel formu IV ile
gosterilirse,

II=158,
H1=11.S=1.5.5, (12)
IV =II15=I1.5S5S=1S5.S5.5
esitlikleri gegerlidir.
Ayrica
a1 Q12 Ag3
[a;j] = |21 Q22 423 (13)
az1 Qzz d4szs
seklindeki bir matrisin determinant1 ve tersi ise, sirasiyla
det[a;;] = —a13022a31 + A12Q33031 + A1305103; —
(11023032 — (12021033 T A11022033 (14)
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ve
-1 _
[aij] =
Q32033 — Q3032 (13032 — Q12033 Aq2023 — A13032
Q23031 — dz1033 Q11033 — Q130317 (3021 — A11023 (15)

detlayl |0 au) — agya ay,031 — Q1104 1109y — Q10
21032 — G22031 Q12031 — A11032 Q11022 — Q12021

seklindedir. 4-boyutlu Oklid uzayinda hiperyiizeylerle ilgili daha
detayli bilgi i¢in (Altin vd., 2020), (Altin vd., 2021), (Giiler,
2020a), (Giiler, 2020b), (Aydin ve Ergiit, 2015) kaynaklarina
bakilabilir.

Diger taraftan 3-boyutlu Oklid uzayr E3’te bir
homothetical yuzey (bu ylzey factorable yilzey olarak da bilinir),
f ve g diferensiyellenebilir fonksiyonlar olmak tizere, parametrik
olarak X(w,v) = (w,v,f (W) g()) seklinde tanimlanmigtir
(Woestyne, 1993). 4-boyutlu Oklid uzayr E*’te ise bir
homothetical ylzey, fi(w), f,(w), g,(v) ve g,(v)
diferensiyellenebilir fonksiyonlar1 icin X(u,v) =
(u, v, f1(w) g, (), f,(u)g,(v)) seklinde parametrik olarak ifade
edilmistir (Blytkkitik ve Oztirk, 2019). 3-boyutlu Oklid
uzayinda homothetical yilizeylerin minimalligi, flatlig1 gibi farklh
karakterizasyonlar1 elde edilmisken; dért-boyutlu Oklid uzayinda
bu yiizeylerin Gaussian egrilikleri ve ortalama egrilik
fonksiyonlar1 yardimiyla Onemli karakterizasyonlar1 elde
edilmistir. Benzer sekilde, (n + 1)-boyutlu Oklid uzay:r E"*1’de
ise  fi.f2,..-.fn diferensiyellenebilir fonksiyonlart igin bir
homothetical hiperylzey, X(xq, X9, ey Xp) =
(X1, X2, veuy Xn, f1 (1) f2(2) oo fn(x)) seklinde tanimlanmustir.
Literatiirde, n > 3 olmak tizere, (n + 1)-boyutlu Oklid uzayinda
homothetical hiperylizeylerin basta minimalligi ve flatlig1 olmak
tizere, cesitli geometrik karakterizasyonlart ile ilgili bir¢cok
calisma yapilmistir.

Biz de bu calismamizda, 4-boyutlu Oklid uzaymnda

Axy,2) = (x,v,2,f(x).g(y).h(2)) seklinde
parametrelendirilen homothetical hiperyizeyinde f(x), g(y) ve
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h(z) fonksiyonlarinin 6zel durumlara gore olusturulan 1. tip
(9() =y, h(z) =2), 2. tip (f(x) =x,h(z) =2) ve 3. tip
(f(x) = x,g(y) = y) homothetical hiperylzeyleri inceledik.
Oncelikle bu hiperyiizeylerin 1. tipini detayl1 bir sekilde ele aldik.
Bu baglamda, ilk olarak 1. tip homothetical hiperyiizeyin birim
normal vektor alanini, birinci, ikinci ve iiglincii temel formlarinin
katsayilarin1 ve sekil operatoriinii verdik. Ayrica, bu temel
formlar ve sekil operatorii yardimiyla 1. tip homothetical
hiperylizeyin dordiincii temel formunun katsayilarini hesapladik
ve bu temel formu kullanarak da dordunct Laplace-Beltrami
(LB™)) operatériinii ayrintili bir sekilde elde ettik. Ardindan, 2. tip
ve 3. tip homothetical hiperytzeyler igin doérdunct Laplace-
Beltrami operatdrlerini igeren teoremleri ifade ettik. Son olarak
da, 1. tip homothetical hiperyiizey i¢in 6zel bir 6rnek olusturarak,
bu hiperylzeyin doérdinci Laplace-Beltrami operatoriinii elde
ettik.

2. E¥YTE HOMOTHETICAL HIiPERYUZEYLERIN
LB OPERATORU

Bu bélimde, ilk olarak 4-boyutlu Oklid uzayinda 1. tip
homothetical hiperylizey olarak adlandirdigimiz hiperyiizeyin
LBV operatoriinii ayrintih bir sekilde elde edecegiz. Ardindan 2.
ve 3. tip homothetical hiperylizeyler olarak adlandirdigimiz
hiperylizeylerin LBV operatérlerini vererek, bu hiperytzeylerin
LBV operatorleri ile ilgili sonuglar verecegiz.

f (x) diferensiyellenebilir bir fonksiyon olmak tizere,

AL E? — E*

x¥,2) = (x,y,2 f(x).y.2) (16)
ile verilen 1. tip homothetical hiperyuzeyini inceleyelim.
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E*te 1. tip homothetical hiperyiizeyi (16)’nin birim
normal vektori, (5) numaral esitlikten,

Nar = = (zf' (x), 2f (%), yf (x), —1) (17)

seklinde bulunur. Burada

w = \/1 + (y2 + z2)f2(x) + y2z%2f"?2(x) ve f'(x) = %dir.

Ayrica, (6)-(8) ve (17)’den, 1. tip homothetical
hiperyiizey (16)’nin birinci temel formu, ikinci temel formu ve
liclincii temel formu, sirasiyla,

1+y222f2(x) yz* fCOf'(x) y2zf (Of'(x)
y22 fOf' () 1+2%f2(x)  yzf*(x) , (18)
v zf(Of'(x)  yzf*(x) 1+y*f2(x)

I =

vzf"(x) zf'(x) yf'(x)
Il = —%sz’(x) 0 f(x) ‘ (19)
yf'(x)  f(x) 0
ve
mi1 My My3
111 = %[n"ﬂl my; m23] (20)
mz1 Mz Mgzz

olarak bulunur. Burada

myy = y222(y? + 22" () + y? 22 (1 + (v + 22)f2 () f "% (x)
- %+ zz)f’z(x)(—l + ZyZZZf(x)f”(x)),

My = My = yf' CO(F () = 24 F O f () + 227 () + 2* F2 ()" (%)),
mys = my; = 2f () (f(x) = y*F OO 200 + 2" () + y* F2 0" (),
my, = (1422 f2(0)(f2(x) + 22 f*(x)),

Mas = Mgz = yz(=f*(x) + f2(x)),

Mg = (1+ Y2 f2(0)(f2 () + ¥2f2(x))

dir. Bu temel formlarin determinantlari ise (14) yardimuiyla,
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det[I] = W?2,
_ofl2 "
det[II] = yzf (x)(-2f Vf;;)+f(?€)f (x))’ (1)
y2z2 f2(x)(=2f "2 () +f () f"' (x))?
det[III] = e
seklindedir.

(15) ve (18)’den, 1. tip homothetical hiperylizey (16)’ nin
birinci temel formunun tersi

+2+23)f* v ff yizff!

w2 w2 w2

-1 _ | wvz*rf’ z2f? yzf?
_ yizff’ _yzf? 1— y2f?
w2 w2 w2

seklinde elde edilir. Burada f = f(x), f' = f'(x)’dir.

Dolayisiyla, (9) numarali esitlikte (19) ve (22)
kullanilirsa, E*’te 1. tip homothetical hiperyiizey (16)’nin sekil
operatorunin

S =
[vz(=f"+ G2+ 2 (f? = ff")) —zQ+22fDf =y +yFOf]
Zlzf (=1 43222 (=f2 + ££7)) yaf(f2 +22f%) —f(1+y*f>) | (23)
Lyf (=1+3222(=f7 + f£7))  —fA+221D) yzf(F2 +y3 )]
seklinde oldugu goriiliir.
Simdi de (16) esitligi ile verilen 1. tip homothetical
hiperylizeyin dordiincii temel formunu hesaplayalim.

(12) numarali esitliklerde, (18)-(20) ve (23) kullanilirsa,
1. tip homothetical hiperyiizey (16)’nin dordiincii temel formu
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nyy = % zffP(=1+ " +20f* + y* 22 (0 + y*2® + 2 f")
— P20+ 22+ Ot + 2
+y222(2(y? + 22) + (5y* + 6y22% + 5z f2) ') "
+2y° 22 +2) + (2y* +3y°2* + 22 f)f P
=y 21+ (2 + 2D )),

LR (14 0 - DO+ DF)
— (P +22 - -+ + 2+ Y fD))f”
_ y222(y2 + 272+ ZZ(yz + ZZZ)fZ)fl‘l'
+y L+ 22D (-1+ (-y* +2)f?
+ Qy2z2 + 320 )"
—y?22(L+ 22 (L + (* +22)fDf"?)),

Ny = N1 =

T OF (P14 (57 + 2)f)
— (2 +22+ (=2 +2)fA (Y% + 22 + y222 )
-y 22 (% + 22 + y2 Y% + 2 )
+22f(1+y* f)(-1+ -2y + 2)f?
+@y* +2y°2) f ) f"
—y222 (1 + 2 DA + 0% + 2D Df ")),

N3 =MNg1 =

Ny = %(}’Z(l + szz)(Zf(f4 + (-142%f2)f"% + z4f’4)
-2+ 22 fOf ")),

%(—23’222}” + %+ 2P (~1+ 222 f'?)

- +22)f5(1+ yzzzf’z)

+F3(-1- Ot + 297 +ytztf)

—y222(A+ Yy A + 22,

Ny3 = N33 =

1 2 4
nas = 7 2L+ Y2 QL (F + (CL+ Y2 fOf 7 +y*)
-y (L + Y fOf ")
olmak Uizere

IV = N1 MNyp Npz

(24)

Ny Mg n13]

N3;y N3z MNgz3
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dir. Dordiincii temel formun determinanti ise

3 171N\3
det[1v] = 221 (‘;’; D (25)

olarak bulunur.

Simdi de (16) ile verilen 1. tip homothetical hiperyiizeyin
LB" operat6riini elde edelim.

A = A(xq,x5,%3)|p (D € R3), bir hiperyiizey lzerinde
C3-smifindan diferensiyellenebilir bir fonksiyon ve (IV)71,
dordiincii temel forma karsilik gelen IV matrisinin tersi olmak
tizere, bu fonksiyonun LB operatorii

e et (,/det Viav)- 1"") (26)

seklinde tanimlanir.

AVA =

A = A(x,y,z) seklindeki fonksiyonun LB'V operatori;
(15), (24) ve (26) esitlikleri yardimiyla agik bir sekilde,

AVA =
0 ((naz2nss —n353)Ax+(N13Np3—N1aNM33)Ay+(M12Np3—Ny3N2) A,
0x det[IV]
1 9 (N13N23—N12M33) Ax+(N11n33—N3)Ay+(NiaNy3—N11M23)A,
det[IV] y Jdet[Iv]
n 0 [(n12n23—M137Mp5) Ax+(M12My3—N11M23) Ay + (111 N2 -n$,)A,
0z det[IV]

(27)
olarak yazilabilir.

E*te 1. tip homothetical hiperyiizey (16)’min LB
operatoruni, A’V A ile gésterelim. Bu durumda, (24), (25) ve (27)
yardimiyla
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U w13
[ y323f3(—2f’2+ff”)3

wis
Vi= 1,y323f3(,zf12+f_fu)3 {(n13n23 = M1aMas) (A + (Niaas — nEs) (M) + (upnas — nygngs) (M)}, }
|

{(n22n33 - n%s)(Ali)x + (Ny3Np3 — n12n33)(A1i)y + (Ny2Mp3 — n13n22)(A1i)z},

ZE

Wi= varcarmmy

{(n12n23 - n13n22)(A1i)x + (N3 — n11n23)(A1i)y + (ny1Mp; — n%z)(Ali)z}-
(28)
olmak lzere

AIVAl — ((AIVAl)l, (AIVAI)Z’ (AIVA1)3, (AIVA1)4) —
\/ wis (Ux + (V)y + (W), (U)y + (V2)y + (W2)2,
y3z3r3(=2f" 2+ 73 \ (Uz)y + V3)y + (W3),, (Us)x + (Va)y + (W4,

(29)
seklinde yazilabilir.
(28)’de, (16) ve (24) ifadeleri kullanilirsa,

B OV (¢ i o Ml Yo 0V 0 A ot e i A L A € i M Y 0 D o i 0 M > 10 VD M e G20 S MV )

Uy
Jy3z3W7/2(72f’2+ff”)3
I A (e o ey A 20 A o 3 0 Al 0 0% 0 G 3 0V s e X3 9 Y i iV AD)
2= y
Jyzng7/2(—2f’2+ff”)3
U = DUt 222yt s oy st p2 syt oy (e ) f Ry Sy e R 2y R ()
3= ’
Jzy3fw7/2<—2f’2+ff”)3
(ﬁf’(—(yz—z2>2f"‘+(y‘*—4y2z2+z4)ff'2f"+2y2z2f5(1—eyzzzf'z)f”—(y2+z2)f3(—1+7y2z2f'2)f"+4y"z‘*f6f”2)
U, = +2y222 2 @2+ 1) + 1 222 (<2 P49y 2 3y 422 1)) .
JyzW’/Z(—Zf'2+ff“)3
O Al i3 e i A M MO 0 i M3 20 e M (€ ) ) o 0 0 VMDY M 0 b € o) € 70 VD)
1~ ’
\/yzafW7/2(—2f’2+ff”)3
(ﬁ(—(y2+z2)2f’6—z(y—z)(y+z)f2f"’(1+y2z2f’2)+f4f’2(—1+zy2z2f’2+sy‘*z‘*f"’)—2z2f<1+y2f2)f’2<f2+<—2y2—z2+4y2z2f2)f’2)f”>
v, = +zzf2(1+y2f2)(—2y2—zz+7yzzzf2)f’2f"2—2y2z4f5(1+y2f2)f”3)

Jz3f3w7/2 (—2f’2+ff”)3

((yz+Zz)2f'5+f4f'2(—1+2y222f'2+3y4z4f'4)—ff'2(f2(yz+22+2y222f2)+(y4+4y222+z"+yzzz(yz+Zz)f2+8y"z"f")f'2)f”>

Ve = +y272f2 (3+2(y2+zz)f2+7yzzzf4)f'2f”2—yzzzf3(1+(yz+zz)f2+2yzzzf")f”3

3= ’
Jerswirapappnys

( VYA 422 R 2y () gt 2y 2 +ay ) R0y e PO O (PR b2z 43y 2 )+ (o 4y P -2t )
+(72y4zz+11y2Z‘*)f2+21y"z"f")f'2)f”+zzf2(2yzfzz+(y"+10y222)f2+16y4zzf4)f'2f”2—yzzzf3(1+(yz+3zz)f2+4yzzzf")f”3)

)

Vv, =
Jerwrrncaptegpry

(31)
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B R Vi ) et 4 A A2 550 K M Y0 A0 0 At G L €050 Ko i i i i 0 i VD Vit K € > 0 i (€50 VA

Jyﬁsz7/2(—2f’2+ff”)3

Wy

<(y2+zz)2f’6+f4f’2(—1+2y222f’2+3y4z4f’4)—ff’2(fz(yz +22+42y222 f2)+(y* +4y2 22 +24 +y2 22 (y2+zz)f2+8y4z4f4)f’2)f”>
W, = +y222f2 (3+20 2420247y 2 POy PR (e R 2y P2 O
) =

Jyzf3w7/2(—2f'2+ff">3

)

<ﬁ(—<y2+z2)2f’6+z<y—z>(y+z)f2f"’<1+y2z2f’2>+f4f’2<—1+zy2z2f’2+3y4z4f"‘>—zy2f(1+z2f2)f’2<f2+(—y2—2z2+4y2z2f2)f’2>f”)

RO A€ o i it VD M > 58 B € E 20 0 YD)

A ,
Jy3f3W7/2 (*2f’2+ff”)3
< VR 2y PR (1222 )y et (y 2 -2y 22 [0y 2 O S 1 (P 2y 43y 2 ) )
W, = +(72y"+yzzz+z"+(11y4zz72yzz4)f2+21y"z"f")f'z)f”+y2f2(—y2+222+(10yzzz+z")f2+16y224f4)f'2f”2—y222f3(1+(3y2+zz)f2 +4yzzzf4)f”3)

Jorwirapteppny
(32)
olarak bulunur.

O halde, (29) ifadesinde (30)-(32) esitlikleri kullanilirsa,
1. tip homothetical hiperyiizey (16)’nin LBV operatérii su sekilde
elde edilir:

Teorem. E*’te 1. tip homothetical hiperyiizey (16)’nin
dordiincii Laplace-Beltrami (LB"V) operator,

W3

2y323f2(=2f" + ff)*

+ Az 2y 2 T B A ) + 2f3 1 (-2(v?

+ 2P+ 6y2 22 (v + 22"t — y2 2P 4 YR f ) + £ (8(y?

+22)f'? — 4y222(y% 4 22)f'* — (9y* + 10y222 + 9z%)f"* + (3y*

+2y222 + 3z f f®) + ff'(By?z?f " — 54ytztf'® — 9(y?

+2)f" + 22 (11 = 5222 (y? + 22)f ") + 6(y? + 2)f 'f

+ 27222 (Y2 + 2 f @) + 2f S fF(-10 + y2 23 (—2f "

+46y2 22 f — (2 + 2" + (2 + 2D ) + OB P

— Y222 f'((9 +49y2 22 f ) f"* + f1(=6 + y2 22 f ) F D)),

(AVAY), = (=2(7y* + 29222 + 729 f"7 + 4(4y* + 3y?2?

34




Matematik Calismalari

W3

(AYAY), =

@A, =

272233 (=2 + ff)*

(2(11y% — 722)(y? + 22 f"® — 2(12y* + 9y?Z?

— 13z ffOf" + 2y 2 A (=T 4 ) + FRFR T (2(—6y
+ zz)f’2 +6y2z2(—3y% + 422)f’4 +z%(7y? + 522))‘”2 — z2(7y?
+22)f f®) + f2H((8y? — 4z)f? + (By*z? — 4y?z)f™* + (11y*
+6y2z2 —152%)f"* — (3y* — 4y?z% + 2 f'f®) + fof " (2y? 22 f "
+ 158tz ' 4+ 222F"* + f12(12 4 y222(7y? + 3622)f"?) — 22 f'f®
— Y222 (Ty? + 1222) f P f @) + 222 7 (2 + 87y 2% f ) f "2 — f'(1
+ 11222 f2)f @) + fH(—4y?2%f'® — 54y*z*f'° + (13y?
+522)f P fE —y2z2 4 2f (=7 + y?22(3y? — 2522)f ")

— 203y + 220 f® + 2y222(2y% + 522 f °f @ + y2 22 f f @)
+O(f"2 - y2 22 (=572 + 179y 22 f™* + (¥ + 622)f ")) + f' (-3
+y222(—4f"? + 11y2 22" + (2 + ZZz)f”z))f(3))).

W3
(2(=7y* + 4y22% + 112*)f'® + 2(13y* — 9y?2?

(AN, =

2y722f3(=2f P+ )"

—12Zff O f" + 2y 2 O (=T + ) + (2
—622)f"? + 6(4y*z% — 3y2z)f'* + y2(5y? + 720" — yP(y?
+72)f'fO) + f2f'*(—4(y? — 22°)f'* + (—4y*z? + 8y2zh)f*

+ (—15y* + 6y222 + 11z4)f"? — (v* — 4y2z% + 3z f'f®)

+ FSF(2y222 " + 158y*2*F'C + 2y2F "% + £'2(12 + y222(36y2
+72)f"Y) =y f® — y222(12y? + T22)f P @) + y222 7 (2
+87yP 22 [ = f1(1+ 11y* 22 fF ) + fH(— 4y 2

— 54tz + (5y2 + 1322) [ f 2 — yR22 f "t — 2f (7 + y? 22 (25y?
= 32°)f"*) = 22y* + 32°)f *f @ + 2y?2° (5y” + 22°)f °f ©

+ Y22 f O+ FO(F1R (2 — yP 2R (=5 + 179y 22" + (6Y7
+ 2 ")) + (=3 + y2 22 (—4f"* + 11222 f"* + (292
+2)f")F®))

W3

olmak Uzere,

2y222f2(=2f"* + ff")*

(—2(7y* + 2y22% + 72%)f'® + 2(13y* + 12222

+ 132N ffOf" + 4y 2 O (=9F " + @) + fR 1 (-4
+20)f" — 16y*2* (v* + 29)f"* = 5(3y* + 2)(y* + 32°)f"* — (v*
—10y°2% + 2 ) + fAf 2 f1 207 + 2°)f " + 6672 (v
+2)f'" + (5y* + 36227 + 524 f"? — (y* + 12y22% + 2 f'f @)
+ F5F(16y2 22 f"* + 576y 24 ¢ + 2(y2 + 22" + P (12
+65y222(y2 + z22)f"") — (v + 2f ' f@ = 17y222 (y? + 2 f° @)
+ 2222 f7f" (2(1 + 59y?22f ') "7 — f'(1 + 10y222f2) f @)

+ FA(—16y222f'% — 234y*2* f'8 + 5(y2 + 22)f*f"? — 6y2z2f "t
—2f"* (7 + 53y 22 (y* + 22 f ") — 4(y* + 2 f P f® + 16y2 2% (y?
+ 2 f°F @ 4 29222 f [ O) + FO(F2(2 + 222 (3"
—553y222f"* — 11(y? 4+ z2)f"*) + f' (=3 + y2z23 (—=2f"*
+21y222 " + 3(y2 + 22 ")) fP))
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AVAT = ((ATAY) 1, (AVAY),, (AVAY)3, (ATVAY),) (33)
dir.

Sonug. E*’te 1. tip homothetical hiperyiizey (16)nmn

dordiincii  Laplace-Beltrami  (LB'V) operatori, f(x) =
C1

——, (c1,¢c5 € R, ¢q # 0), icin hesaplanamaz.

x+cy’

Simdi de 2. tip ve 3. tip homothetical hiperyiizeylerin
LB" operatorlerini verelim.

g(y) diferensiyellenebilir bir fonksiyon olmak Uzere,
A*:E® — E*
x,y,2) = (x,¥,2,x.9(¥).2) (34)

ile verilen 2. tip homothetical hiperylzeyin dérdincu Laplace-
Beltrami operatoriinii, yukaridakine benzer yontemle, uzun
islemlerden sonra su sekilde elde ederiz:

Teorem. E*’te 2. tip homothetical hiperyiizey (34)’ln
dordiincii Laplace-Beltrami (LB"V) operatort,

Q =1+ (% +22)g%y) +x22%g"*(y) icin

g

2x?2%g*(~29"* + g9')*
~132%g9'°g" + 2x*2*g°g"*(=79"* + g'9®) + 99" g (2(~6x*
+20)g'% + 6x222 (—3x% + 422) g'* + 22 (7x% + 522)g"? — 22(7x2
+20)g'g®) + 929" ((8x% — 4z0)g'* + (Bx*z? — 4x%z%)g'* + (11x*
+ 6x2z%2 — 152%)g"% — (3x* — 4x%z% 4+ z%)g'g®) + g5g" (2x222g"*
+158x%z%g'® 4+ 222g"% + g'* (12 + x222(7x2 + 362%) g"?) — z29'g®
— x22%(7x2 + 1222) g g®) + x22297g" (2 + 87x%22g'*) g"* — g'(1
+ 11x222g') g®) + g*(—4x222g'® — 54x*z*g'® + (13x2
+522)g'%g"% — x222g"* + 29"* (=7 + x%2%(3x% — 2522)g""%)
—2(3x2 4+ 22%) g% g® + 2x222(2x2 4 52%)g"° g® + x22%g' 9" g®)
+g%(9"* (2 — x222(=5g"% + 179x222g"* + (x* + 62%)g"»)) + g' (-3
+x222(—4g"7 + 11x%22g"* + (x? + 22%)g"*))g™)),

(A A?), = (2(11x% — 72%)(x* + 22)g'® — 2(12x* 4 9x222
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3
¢ (—2(7x* + 2x%2% + 72%)g"7 + 4(4x* + 3x%22

2x32°g%(~29"* + 99")*

4 424)99’59” + 2x4z4g7grgll(3guZ + grg(3)) 4 zg3glgrr(_2(x2
+22)g"* + 6x222(x% + z2)g'* — x222g"% + x2229'g®) + g2 g’ (8(x?
+ zz)g’z — 4x272(x2 4+ z2)g'* — (9x* + 10x222 + 924)9”2 + (3x*
+2x222 4 324 g g®) + g*g' (8x2z2g"* — 54x*ztg'® — 9(x2
+22)g"* + 29"*(11 — 5x22%(x% 4 22) g""*) + 6(x2 + z2)g'g®
+2x222(x2 4+ 22) g} g®) + 299" 9" (—10 + x222(—2g">
+46x77%g"" — (2% + 22)g"* + (x* + 22)g'g®)) + g°(39®
—x222g'((9 + 49x2229'Hg"* + g'(—6 + xzzzg’z)g(s)))),

Q3

@A), =

2x32%g% (=29 + gg")*

(2(=7x* + 4x22% + 112%)g'® + 2(13x* — 9x?22

—122gg'°g" + 2x*z*g%g"* (79" + g'9g®) + g%9"* 9" 2(x*
—622)g"* + 6(4x*2z2 — 3x2z%) g'* + x2(5x2 + 7z%) g"? — x2(x?
+72%)g'g®) + g%g'* (—4(x? — 2z0)g'* + (—4x*z% + 8x2zY) g"*

+ (—15x* + 6x%2% + 11z%)g"* — (x* — 4x%2% + 32%)g'g®)

+ g%g" (2x222g"* + 158x*z%g'® + 2x%g"* + g'* (12 + x222(36x2
+720)g"*) —x2g'g® — x222(12x2 + 722)g"° g®) + x22297 9" ((2
+87x222g') g"% — g'(1 + 11x222g'*) g®) + g*(—4x2z%g'®

— 54x%z%g'® + (5x% + 1320 g'%g"* — x%2%g"* — 29"*(7 + x?2%(25x2
—32%)g"%) — 2(2x2 4+ 32%)g"* g® + 2x222(5x2 + 222)g'° g®
+x222g"g"* g®) + g°(g"* (2 — x222(—59"% + 179x2229"* + (6x2
+2)g9"H) + g' (=3 + x222(—4g'* + 11x%2%g"* + (247
+29)9")g™))

QS

@V, =

olmak Uzere,

ZXZZZQZ(—Zg’Z +gg”)4

(—2(7x* + 2x%2% + 72%)g"® + 2(13x* + 12x%22

+132%)gg'°g" + 4x*z*g%g"* (99" + g'9®) + g%g'* (—4(x?
+22)g"% — 16x222(x2 + z2)g"* — 5(3x% + z3)(x% 4 3z0) g"? — (x*
—10x222 4+ z9)g'g®) + g3g'% 9" 2(x2 + z2) g'* + 66x%2% (x?
+20) g™ + (5x* + 36x222 + 5z%)g""% — (x* + 12x222% + z%)g'g®)
+g%g"(16x%22g"* + 576x*z*g"® + 2(x* + z2)g"* + g'* (12
+65x222(x%2 + z2)g"*) — (x2 + z2)g' g® — 17x22% (x% + z%) g g®)
+2x22297 9" (2(1 4 59x%22g'*)g"* — g'(1 + 10x222g'*) g®)

+ g*(—16x22%g'® — 234x*ztg'® + 5(x2 + z2)g'%g"* — 6x2z%g"*
— 29" (7 4 53x222(x% + z2)g""%) — 4(x% + 2%)g"* g® + 16x%2%(x2
+22)g"°g® + 2x22%g' 9" g®) + g°(g"* (2 + x?2% (=3¢
—553x222g"* — 11(x2 4+ z2)g"?)) + g' (=3 + x222(—2g"*
+21x22%g"" + 3(x2 + 22)g"*)g®))

AVAZ = ((AA%)y, (AT A%),, (AT A?)3, (ATVA%),) (35)

dir.
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Sonug. E*’te 2. tip homothetical hiperylizey (34)’Un
dordincti  Laplace-Beltrami  (LB") operatori, g(y) =

yc+—3c, (c3,¢4 € R, c3 # 0), icin hesaplanamaz.
4

Son olarak da, h(z) diferensiyellenebilir bir fonksiyon
olmak Uzere,

A*:E3 — E*
(x,y,2) = (x,y,2,x.y.h(2)) (36)

ile verilen 3. tip homothetical hiperylizey igin yine uzun
islemlerden sonra su teoremi elde ederiz:

Teorem. E*’te 3. tip homothetical hiperyiizey (36)nimn
dordiincii Laplace-Beltrami (LB"V) operator,

R =14 (x2+ y2)h2(z) + x2y2h'2(z) igin

R3

2x2y3h3(—=2h'* + hh")*

— 13y hh'®h" + 2x*y*hBR"*(=7R"* + K'h®) + h3R'*h" (2(—6x>

+ YR + 6x2y2(=3x% + 4y} + y? (7x? + 5y1)h'"? — y2(7x?

+YOR'h®) + h2h* ((8x% — 4y?)h'? + (8x*y? — 4x?y )N + (11x*

+6x2y? — 15y"h"? — (3x* — 4x2y? + yHR'h®) + hSh" (2x?y?h'™

+ 158x*y*h'® + 2y2Rh"% + h'*(12 + x2y2(7x2 + 36y2)h"?)

— Y2 R® — x2y2(7x2 4+ 12y2) W h®) + x2y2h7 K" ((2

+87x2y2h )R — B/ (1 + 11x2y2h'*)h®) + h*(—4x?y2h'®

— 54x*y*h'® + (13x2 + 5y °R"% — x2y2h"* 4 20'* (=7

+ x2y2(3x% — 25y2)h"?) — 2(3x% + 2y W h® + 2x%y? (22

+ 5y h® 4 x2y2 R h"*h®) + hS(h'"*(2 — x2y*(—5h'?

+179x2y2h'* + (x% + 6y2)R"H)) + h' (=3 + x2y?(—4h'* + 11x2y2h"™*

+ (2 + 2R )HRD)),

(A" A%), = (2(11x% = 7y?) (% + y?)h'® — 2(12x* + 9x2y?
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R3

2x3y2h3(—2h'* + hh")*

— 12y)hR'Ch" + 2x*y*h8R"*(=7h"? + K h®) + B3R R (2(x?

—6y)h'? + 6(4xty? — 3x2yh'* + x2(5x2 + 7Ty2)h"'? — x%(x?

+ 7y2)Rh®) + h2h'* (—4(x? — 2y?)R'% + (—4x*y? + 8x2y)n'*

+ (—15x* + 6x2y% + 11y*H)R"* — (x* — 4x%y? + 3y")h'h®)

+ hSh" (2x%y?h'* + 158x*y*h'® + 2x2R"% + h'* (12 + x%y?(36x2

+ 7y)R"?) — x2h'h® — x2y2(12x2 + 7y)Rh®) + x2y2h7h" ((2

+87x2y2 R )R — B/ (1 + 11x2y2h'*)A®) + h*(—4x?y2h'®

— 54x*y*h'® + (5x2 4+ 13y2)h'*h"? — x2y2h"* — 2h'* (7 + x2y?(25x2

—3y2)R"%) — 2(2x2 + 3y*)h"*h® + 2x2y2(5x% + 2y*)h'°h®

+ x2y2h'h"?h®) 4+ hS(R'"*(2 — x2y?(=5h'* + 179x%y2h'* + (6x2

+ YR + b (=3 + x2y?(—4h'* + 11x2y?h'* + (2x2

+y)Hh")HD)),

@A), =

(2(=7x* + 4x2y? + 11y")R'® + 2(13x* — 9x%y?

3
(A A3, = R 2 (—2(7x* + 2x2y% + TyDR7 + 4(4x* + 3x%y?
2x3y3h?(=2r'* + hh"")

+4y")RR'Ph" + 2xty* 7R R (BR? + h'h®) + 2h3R' R (=2 (x2
+ ¥R + 6x2y2(x% + y2)R'* — x2y2h"% + x2y2 ' h®)) + h2h'3(8(x2
+ ¥R’ — 4x2y?(x% + y2)R'* — (9x* + 10x2y? + 9y*)h"? + (3x*
+ 2x2y2 + 3y h®) + h*R' (Bx2y2h'* — 54xty*h'® — 9(x?
+y)R"? 4+ 202 (11 — 5x2y2 (x2 + y2)R"?) + 6(x% + y2)h'h®
+2x2y2(x? + y)h'*h®) + 2h°h'R" (10 + x2y? (20" + 46x2y2h'*
— (2 + )R + (2% + y)'h®)) + hS(3RD — x2y2h' (9
+49x2y2h )R + B (=6 + x2y2h')h®))),

R3

2x2y2h2(—2h'* + hh")*

+ 13y")hR'Ch" + 4x*y*h8h"*(—9h"? + W' h®)) + h2h'* (—4(x?

+y)h'? — 16x2y%(x% + y2)h'* — 5(3x% + y2) (x% + 3y2)h"? — (x*

—10x2y% + yHRW'R®) + h3R'ZR" (2(x2 + y*)h'? + 66x2y? (x?

+ )R + (5x* 4 36x2y2 + 5yHh"? — (x* 4 12x2y2 + yHA' )

+ RSh"(16x2y*R'™* + 576x*y*h'® + 2(x% + y*)h'"? + K'*(12

+ 65x2y%(x% + y2)R"*) — (x2 + y)W'h® — 17x2y2 (x2 4+ y*)h'*h®)

+ 2x2y2h7h" (2(1 + 59x%y2h'*)h""? — h' (1 + 10x2y2h'*)h®)

+ h*(—16x2y*R'® — 234x*y*h'® + 5(x2 + y*)h'*h'"? — 6x2y*h'"*

—2R"*(7 + 53x2y2(x% + y)R"?) — 4(x2 + y)R PR + 16x%y? (x2

+ )R h® + 2x2y2h'h"*h®) + kS (R'"* (2 + x2y?(—3h'*

—553x2y2h'* — 11(x2 + y2)h"'?)) + k' (=3 + x2y*(—2h'?

+21x%y%h"* + 3(x% + y2)h")R®))

AVA3), = (—2(7x* + 2x2y? + TyH)h'® + 2(13x* + 12x2%y?

olmak Uzere,
AVA3 = (AT A3)1, (ATVA3),, (AT A3)3, (AT A3),) (37)
dir.
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Sonug. E*’te 3. tip homothetical hiperyiizey (36)nmn
dordiinci  Laplace-Beltrami  (LB'Y) operatorli, h(z) =
Cs

— (cs,c6 € R, cs # 0), icin hesaplanamaz.
6

3. ORNEK

Bu bélimde ve 1. tip homothetical hiperylzey icin bir
ornek vererek, bu hiperyizeyin dordinci Laplace-Beltrami
operatoriinii hesaplayacagiz.

E*’te 1. tip homothetical hiperylizey (16)’da f(x) = x?
olarak alinirsa,

A:R? — R*

hiperylizeyinin LB'V operatord,

(AVAY), = (4x* + 5x%y? — 44vy* + (5x% — 4y?)(1 + x*y?)z?

1

108x5y3z3
—4(11 + x*y? + 26x%y*)z*) (1 + 4x2y?z?
+x*(y? + zz))S/z,

(AVAY, = (—5x* + 14x%y? + 136y*

108x6y2z3
—2(2x%2 =7y (A + x*y?)z?
—4(11 + x*y? + 26x%y*")z*) (1 + 4x2y?z?

+x*(y? + zz))g/z,

(AVAY, = (5x* + 4x2y? + 44y*

108x6y3z2
+2(x? + y?) (=7 + 2x*y?)z?
+2(—68 — 7x*y? + 52x8y*)z*) (1 + 4x2y?z?

+x*(y? + zz))g/z,
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108x*y?z2
+ 11x*y?)z% + 2(22 + 11x*y?
+304x8y*)z4) (1 + 4x%y?2? + x*(y? + 2%))3/?

(AVAY, = (5x* + 4x2y? + 44y* + 2(x* + y?)(2

olmak lzere
AIVAl — ((AIVAl)l, (AIVAl)Z, (AIVA1)3, (AIVA1)4)
olarak hesaplanir.

Asagidaki sekilde, z =2 i¢in 1. tip homothetical
hiperyizey (38)’in, x;x,x4-uzayina izdiisimii goriilebilir.

4. SONUC

Bu calismada, 4-boyutlu Oklid uzayinda ii¢ farkli tip
homothetical ~ hiperylzeyin ~ dérdiincii  Laplace-Beltrami
operatorleri, dordiincii temel formlar yardimiyla hesaplanarak, bu
hiperytzeylerin dordiinci Laplace-Beltrami operatorleri igin bazi
karakterizasyonlar verilmistir. Ayrica Ornek olarak o6zel bir
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homothetical hiperylizey tanimlanmis ve bu hiperyiizeyin
dordunci Laplace-Beltrami operatdrii elde edilmistir.

Bu c¢alisma yardimiyla, 4-boyutlu farkli uzaylarda
homothetical  hiperylizeylerin  dordlinci  Laplace-Beltrami
operatorlerinin elde edilebilecegi ve bu hiperylizeyler i¢in de
farkli karakterizasyonlar verilebilecegi kanaatindeyiz.
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ON THE SHAPE OF TRIANGLES IN DUAL
SPACE AND DUAL LORENTZ SPACE

Faik BABADAG!
Ali ATASOY?

1. INTRODUCTION

Specific points of triangles in Euclidean geometry has
attracted many mathematician. The similarities between the two
triangles, can be easily expressed using the concept of shape. The
geometry of triangles have focused on the application of
equivalence classes (Encheva, 1999,2002;
Lester,1996,1996,1997). The notion of shape of triangle can be
extended to shapes of a triangle in Minkowski 3-space. Using
split quaternions, we may consider equivalence classes of
triangles with respect to screw motion (rotation and translation).
Thus, the shape of a triangle is a split quaternion. Similarities
between two triangles can be easily expressed in terms of shapes
(Artzy, 1994; Kimberling, 1994; Sato, 1998).

A dual number is described as A = a + a*, where
a,a*e Rwith 2 = 0, ¢ # 0 (Guggenheimer, 2012). The dual
quaternion y is defined by

Y =Yo tV1li +V2iz +V¥3i3 (1)

Dog. Dr., Kirikkale Universitesi, Miihendislik ve Doga Bilimleri Fakiiltesi,
Matematik Bolimi, faik.babadag@kku.edu.tr, ORCID: 0000-0001-9098-838X.

2 Dr. Ogr. Uyesi, Kirkkale Universitesi, Keskin MYO, aliatasoy@kku.edu.tr,
ORCID: 0000-0002-1894-7695.
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where yo,v1, V2, Y3 are dual numbers, and i,,i,,i; are
quaternionic units which satisfy the non-commutative
multiplication rules

l% s l% s l% = _1, iliz = _izil = i3
and y may be givenasy = S, + V;,, where
Sy =Yoo Wy =71l +v2ly +v3i3

are the scalar and vector parts, respectively. The product of dual
quaternions y and § is defined as

y 8 =5,Ss +(V,Vs) + S,Vs + S5V, + V;, x Vs

where (, ) and x are inner and vector products, respectively, for
quaternion y. Then norm of y is defined to be

MN=me=Jﬁ+ﬁ+ﬁ+ﬁ

and norm of vector part is as

Wl = [0 ) = Jr+93 + 73

From Equality (1), we can write

V=m+ﬂﬁ+ﬁ+ﬁ

Y1it+y2j+y3k

[V2+v3+v}

Then it can be written that
¥ = liyll(cos¢ + Asing)

Here the dual angle ¢ = ¢ + e¢* makes rotation about
the dual axis A as ¢ and makes translation as ¢*, where cos¢ =

cos¢p — e¢*sing,

where A4 = is unit pure dual quaternion and (4, 1) = 1.
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sing = sing + e¢*cos¢, (Veldkamp, 1976; Wittenburg, 1984;
Akyar, 2008).

The dual split quaternion (Ozdemir, 2006; Atasoy, 2017,
Kula, 2006, 2007) as an expression of the form

V=Vot+Vii+ 72 +Vzk=A+ A"
where ¥,,71,72, 73 are dual numbers, and i,,i,,i; are

quaternionic units which satisfy the non-commutative
multiplication rules

ly, = _l§ = _1, iliZ = _iZil = i3
with
A=ay+ayi+ayj+azkand A" = aj + aji + ayj + azk

split quaternion components are spacelike if (I < 0), timelike if
(L > 0) or lightlike if (I = 0) where [ = ¢ + 72 — 72 — 74.

Classify the dual split quaternion ¥ according to the given
polar forms,respectively.

* Ify is spacelike dual split quaternion then

# = I7ll(sinh¢ + ficosh¢), where

~ ~2 ~2 ~2

N e s
yNO,coshd)z\/ Vi ~7/2 V3
71l 71l

dual angle and

sinh¢ = ,p=¢+ep*

Vil + Vo +V3k
NS ER
is spacelike unit vector.

a=

» Ifyistimelike dual split quaternion with spacelike vector
part then

7 = I7ll(cosh + fisinh¢)
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where
- Fo o NHATBATE
cosh¢p = —, sinh¢ = — ,p=0¢+cd*
¢ 71l ¢ 71l P=¢tep
V1i+V2j+V3k

dual angle and i = —==—==is spacelike unit vector.

/ ~Vi+Vi+V3
If 7 is timelike dual split quaternion with timelike vector
part then

7 = I7l(cosd + asing)

S2_~2 &

T _ Yo o7 YiTr2TVs A ViitTa 4T3k
where cos¢ = y~—°, sing =Y——andj = V1it+Y2j+73
71 7 et

is spacelike unit vector. g% = jiji = —1.
If ¥ is unit dual split quaternion with lightlike dual split

vector part then ¥ = 1 + i where £ is lightlike (null) dual
split vector.

2. ASPHERICAL TRIANGLE SHAPE ON THE
UNIT SPHERE

Let X, Y be any two unit dual vectors and y be dual

quaternion, respectively, for

yYX=Y (2)

If we multiplied both sides of Equality (2) with X~ we

X
=YX 1l1=Y—=Y(-X)=-YX
v TRARE

=—(—<Y,X>4YAX)
=<Y,X>-YAX
=< X, Y > +XAY
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A screw motion is the combination of rotation and
translation movements and can be represented by dual
quaternions. A spherical triangle AXYZ is obtained by non-linear
points X,Y and Z on the unit sphere and arc between X and Y is
indicated with arc(XY), then

y=<X,Y >+XAY (3)

Similarly, § =< X,Z > +X AZ is calculated and 1 =
Sy~ is shape is AXYZ.

Figure 1. A Spherical Triangle Model on a Unit Sphere

Example 1. (Application of a spherical triangle in dual space)
Let X(1,0,0), Y(0,1,0) and Z(0,0,1) be points on the unit sphere
that generated a spherical triangle AXYZ, we will find the shape
of AXYZ.

From Equality (3), dual quaternion corresponds to
arc(XY) will be obtained as
i j ok
1 0 O
0 1 0

In this case, if we write y in the form of

y=<X,Y>+XAY =0+ =k

Yy =0+k.1=cos} + using
= cos(¢p + €¢p*) + ksin(¢p + €¢*)
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thengp* =0and ¢ = % that is, if dual quaternion y is multiplied
from the left with a unit vector X then X turns around k axis about
g, don’t translate and dual vector Y is obtained

yYX=ki=j=Y

Similarly, the dual quaternion corresponding to the
arc(YZ)

§=<X,Z>+XNZ=—j= COS(—%) +isi“(—g)

That is, if dual quaternion & is multiplied from the left
with a unit vector X then X turns around j axis about —g, don’t
translate and dual vector Z is obtained. y§ = A is calculated and
a dual vector y is multiplied from the left with A and a dual vector
6 is obtained. Therefore, A =i is a shape of spherical triangle
AXYZ (see Figure 1).

Example 2. (Application of a shape of triangle AXYZ in dual

space) Consider unit dual vectors X = ? + = f +¢e,Y=j+¢k

and Z = k that generated a triangle AXY Z, we will find the shape
of AXYZ.
For dual quaternion y we obtain

y =< X Y > +X XY

—<—+—]>+£ <]]>+<—+— k>)

V2’

(
H(Ggr )i (G m,x,)

-1 k —j+i
=——e+—+e< )

\/fl l\(/f V2

it
:<_E+ﬁ>+s<_1+ i/§l>
ey, [T
_<—2+—2)+€ T \/E
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So, if y rotate X vector % around the axis of k and translate
—j+i

ﬁﬁ about V2 units then constantto Y. Then § =

arc(XY) is obtained.
0 =<X,Z7>4+XXZ

along the axis -

1. 1. e
=—l—— £l
N
So, if § rotate X vector ~ 2 around the axis of —l ——jand

\/—
translate along the axis i about 1 units then con|s to Z. Then, § =

arc(XZ) is expressed in the form. Then, Ay = § is satisfied and
A = 6y~ tis calculated.

1 1 1 1 1 1
=<—21——l+ )( ——el——ej+sk)

V2 V2 2 V2 V2 V2
=j+e—%si
=(0+j.1)+1_\/§le\/§

V3

equality is provided. A is multiplied from the left with A, for to

obtain §. Thus,A =j + & — %ei is the shape of spherical triangle

AXYZ. Let P, Q be any two dual split vectors and y be dual split
quaternion, respectively and if we multiplied both sides of yP =
Q with P~ we will have

P _o P —ep
P2 “NPIZ IPI?

1
=—”P”2(—< Q,P>+Q AP)

(<Q,P>-QAP)

y =QPt=9¢

VAL

=”P"2(<P,Q>+P/\Q)
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For every dual split vectors P and @, there are
corresponding lines in Lorentzian space. Lines between P, Q and

P, R are shown as ﬁ and PR respectively, then

# =——(< PQ,PR > +PQ A PR
I PQ II? )

is shape for dual triangle APQR. Similarly, shape for AQPR dual
triangle is given with dual quaternion
1

= (< QP,QR > +QP AQR).
1|

Example 3. (Application of a shape of triangle APQR in dual
space) Let us consider P =i+ ¢j,Q = ¢k and R =i + ek dual
vectors that formed a triangle APQR, we find the shape of APQR.

We can write that yPQ = PR and
y=PRPQ ' =ctk—(i+e(—k)=(+ke

We obtain the y = ¢(j + k) equation where PQ=—-i+
e(k —j) and PR = e(k —j). This is shape of APQR dual
triangle. Then, we can see that

yPQ = (j + K)e(—i + ek — ))) = (k — j)e = PR

3. ADUAL LORENTZIAN TRIANGLE SHAPE IN
DUAL LORENTZIAN SPACE

Let A, B be any two dual lorentz vectors and y be dual
split quaternion, respectively, for

yA =B 4

If we multiplied both sides of Equality (4) with A= we
obtain
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, = Bai—p A _ (=4 _-BA
IAIZ ~ 7 IAIZ ~ 1IAI2

1
= _||A||2(_< B,A>+BAA)

1
= A (KB,A>—-BAA)

1
= E (<A B>+AAB)

The combination of rotation and translation movements
creates a screw motion which can be represented by dual split
quaternions in Lorentzian space. A non-linear on the Lorentz
sphere A, B and C create a spherical triangle. Let dual split vectors
A and B, line correspond to in Lorentzian space, then

(< AB,AC > —AB A AC)

q9=—

|AB]|

is the shape of triangle 4ABC in dual Lorentz. Similarly, the

shape for dual Lorentz triangle ABAC is given with dual split
quaternion

p= (< B4,BC > —BA ABC).

— 2
|BA]

Letq = q + er and p = p + €t be dual split quaternions, then
(P, q) =(p.q) + e((r,p) + (g, 1)
pXq=pXqt+e(pXr+txgq)

p is timelike, spacelike and lightlike if p is timelike,
spacelike and lightlike, respectively.

« If AB and AC are dual timelike vectors, then AB AL AC is
a dual spacelike vector and

(4B, AC), = ~|AB||AC] coshA
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4B A, AC|| = [4B||AC|sinhA
where A = a + ea* is the hyperbolic dual angle between
AB and AC, then
_la=ci
A — Bl

(A-B)x(A-C)
I(A-B)x(A-O)ll

p= (coshﬁ + Zsinh/i)

where [ = is a dual split axis.

If AB and AC are dual spacelike vectors satisfying
|(4B, AC) || < [4BI|AC]
then AB AL AC is a timelike dual split vector and
(4B, 4C), = |4B|[AC]cosA

|48 A, C| = |AB|[AC]lsinA

Then
”A - C" ~ ~ ~
p=— cosA — [sin4
P=—1a"m )
where [ = -A=8X(470 jq 4 qual split axis.
1(A-B)x(A=C)I

If AB and AC are dual spacelike vectors satisfying
(4B, AC), || > [|4B[ || AC]|
then AB AL ACisa spacelike dual split vector and
(B, 4€), = |AB|[ACcoshi
[45 r, 4] = [AB|AC]sinh

Then

1A —ClIl
IA — Bl

D= (cosh/i - fsinh/i)
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(A-B)x(A—C)
I(A-B)x(4=O)
a dual split triangle in dual Lorentzian space contains the
information about its dual angles and ratios of side

lengths, for instance, if AB and AC are dual split timelike
vectors, then

where [ = is a dual split axis. The shape of

. Rep - mpl  _ IA—CI
coshd = -, sinh4 = _, = .
Ipll ipll IA — Bl

If AB and AC are spacelike dual split vectors satisfying

|(4B,4C) || < 14B|[[AC]

then

cosA = —

Rep . lmpl . lIA—Cl

—_—, SInNA = ————, " ”— .
Il Ipll A — Bl

If AB and AC are spacelike dual split vectors satisfying
the

|(4B, 4C),|| > 1B |[AC]

. Rep . lImpl| 1A —Cll
A — BII

Therefore, the normal dual split vector to the dual split

triangle plane is Imp.

Example 4. (Application of a shape of triangle 4ABC in dual
Lorentz space) Let A =i+ ¢j,B = ¢k and C = 2i + ¢k be dual
split vectors that formed a triangle AABC, we find the shape of
AABC. We can find

p=-1+42¢e(+k)
AB = —i+¢e(k —J)
AC=i+elk—))
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where 4B and AC are timelike dual split vectors, then AB A, AC
is a dual spacelike vector and

(E,R)L = —||4B||||AC|coshA = —coshA

|4B A, AC|| = ||AB||||AC||sinhA = sinhA

then
_ IA —Cll A .
= — coshA + [sinhA
P= 1= )
where [ = -4=BXW@=0) 4 ) split axis. This is shape of 4ABC
I(A-B)x(4=O)I

dual Lorentz triangle.

4. CONCLUSION

In this study, we obtained representations for shape of
triangles in dual space and dual Lorentz space. The use of
quaternions in the study of triangles in dual space and dual
Lorentz space allows for a deeper understanding of the geometry
of these spaces. By representing the shape of triangles in these
spaces using these mathematical objects, it is possible to perform
calculations and make predictions about the behavior of objects
in these spaces (Ozdemir,, 2006; Atasoy, 2017; Kula, 2006,
2007).
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SEVERAL OF THE DIFFERENTIAL
OPERATORS ON THE SEMI-RIEMANNIAN
MANIFOLDS

Derya SAGLAM!

We present the definitions of some differential operators
on the Euclidean space R3® by expanding them on a semi-
Riemannian manifold M (dimM = n). The operators are
gradient, divergence, Hessian and Laplacian.

Let F(M) be the set of all smooth real-valued functions
on M. F(M) is a commutative ring. The set X(M) of all smooth
vector fields on M is a module over the ring F(M). Let X*(M) be
the set of all (smooth) one-forms on M.

Definition 1. The vector field that is metrically equivalent
to df is called the gradient of a function f € F(M) and is denoted
by gradf or Vf.

Accordingly, gradf is the vector field that satisfies the
equation
<Vf,V>=df(V)=Vf
where V € X(M) and f € F(M).
Let (x4, x5, ..., x,,) be a local coordinate system of M. And
then 9; = aixi is a coordinate vector field. We know that the
differential of a function f € F(M) is

L Prof. Dr., Kirikkale Universitesi, Miihendislik ve Doga Bilimleri Fakiiltesi,

Matematik Bolumdu, deryasaglamyilmaz@gmail.com, ORCID: 0000-0003-4323-
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Now let's try to find the gradf vector field. If the vector
field that is metrically equivalent to an one-form 6 is I/, then the
vector field that is metrically equivalent to the one-form 6 is
fVv, for f € F(M).If the vector fields that are metrically
equivalent to one-forms 6,, 8, are V,, V,, respectively, then the
vector field that is metrically equivalent to the one-form, 8, + 6,
is V; + V,. Moreover, the vector field that is metrically equivalent
to the one-form dx; is in the following equation

n
Z 9”9,
j=1
where g¥ is the (i, ) entry of the inverse matrix of the matrix
l9i] ., = [< 0.9 >]
Thus, the vector field that is metrically equivalent to df is

n n
gradf = > LN gig, Z g Lo,
0x; ox; ’

i=1 j=1 i,j=1

nxn’

Let (uq,u,,...,u,) be a local coordinate system of the
semi-Euclidean space Ry. Since

— Alj —
gij = gv = 5ijgj;

from the equation (1), we get

: ',
gradf = z gf—a = z 5”816 Zsiﬁai,
l

i,j=1 i,j=1 i=1

where §;; Kronecker delta is given by
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5 _{1, ifi=j
UTlo, ifi#j

and g; =< 0;,0; >= *1.Since g; = 1 in the Euclidean space R",
then the vector field gradf is in the following equation

Since df is a (0,1) tensor on X(M), then 11 df is a (1,0)
tensor on X(M). Since every vector field is a (1,0) tensor on
X(M), then gradf is a (1,0) tensor on X(M). And then from the
following equations

(11 df )(dxp) = df (Z g*o ) Z g™ af (@)
Z g* 0, (f) = Z 9% - f

and

(gradf )(dx) = (Z 930y | @x)

k,j=1
= D 9 = ) g5,
Kj=1 Xk Kj=1 k
n n
A i
e axk e axk

we obtain 11 df = gradf.

If Aisa(r,s) tensor on X(M), then its covariant differential
DAisa (r,s + 1) tensor on X(M). Accordingly, we can define
the divergence of A.
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Definition 2. A divergence of a (r,s) tensor A is a
contraction of the new covariant slot of DA with one of its original
slot and denoted by divA.

These contractions are Cl,, or Cjs+1), not otherwise. The

divergence of a tensor A may be more than one, depending on the
contractions. But in these two special cases it is unique.

Case 1. Let's calculate the divergence of a vector field V.
V is a (1,0) tensor and its covariant differential DA is a (1,1)
tensor on X(M). Then we can just get the contraction C{. and
divV = C1(DV) € F(M). If Aisa (1,1) tensor on X(M), then

n n
ClA = ZA;i _ ZA(dxi, 3.
i=1 i=1

Hence, for a frame field {E;, E, ... E,;}, from the equations

<DEL.V, El) = (Z aj E],El> = Z aj (E], El) = Z a]- 51181
j=1 j=1 j=1
= ai&;
and
(DV); = OV)((E)", E)) = (DgV)(E)" = (E)*(Dg,V)
j=1 j=1

n
=Za] 51] = a;,

=1

-

then the components of DV is
(DV)} = a; = (D, V, E;).

Thus we obtain
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n

divV = cL(DV) = Z(DV);i = z &(Dg,V, E,). (2)
i=1 i=1

d d

d . .
{—,—, —} is the natural coordinate frame of the
ouq du, oun

semi-Euclidean space R. In R, a vector field V is following by

n
V= Z Vi al',
i=1

where 9; = %. We will denote the components of DV by Vj =
(DV)E. Since

n

n
Do,V = Dy, z Vio; | = z Dy, (V;9;)
. <

j=1

I
M:

(a (V;)9; + V;D,,0;)

n
<ai(vj)aj +Vj z i ak)
j= k=1

n
0;(v,)o; + z V; TF;0

jk=1
n

0; (V) 0y + z V; TF;0

jk=1

-
1l
=

I
NgE

-

Il
M=L

-
1l
=

M- 1

n
9;(V,) + Z Vi TF | 0k
j=1

=
1l
[N

and
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Vi TF | 0k

M:

(du)(Da, V) = (dup) 2 0,V +

j=

al(Vk) + ) ( l)(ak)

I
NGE

=
1l
=

I
NgE

9; (Vi) +
k=1
n
6Vl
= ai(Vi)-l'z +Z L];
j=1 j=1

we obtain

n n n
divV = ) (OV)i = Y Vi= (DV)(du;,0)
i=1 i=1 i=1

= > Do) (du) = ) (du) (D, V)

Finally, since I‘ﬁ‘j =0foralli,j,k=1,..,ninRE, we have

Case 2. We assume that A is a symmetric (0,2) tensor on X(M).
Then the tensor divA is also obtained with contractions C; 3 or C,3
of its covariant differential DA. Also DA is a (0,3) tensor and
divA is a (0,1) tensor on X(M). If A is (0, s) tensor on X(M),
then for a frame field {Ey, E5, ... E,}
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n

(CabA)(Vlr ey VS—Z) = Z Sm A(Vl, ...,Em, ...,Em, ey VS—Z)J

m=1

where the vector fields E,, in the ath and bth slot, respectively.
Moreover Cyp, = Cpq, C13(DA) and C,3(DA) are (0,1) tensors on
X(M). Since a tensor A is symmetric, then the tensor Dy A is
symmetric for any vector field V. Actually, for all X,Y € X(M)

(DyA)(X,Y) = Dy(A(X,Y)) — A(DyX,Y) — A(X, Dy Y)
= Dy (A(Y, X)) — A(Y,DyX) — A(DyY, X)
= Dy (A(Y, X)) — A(DyY,X) — A(Y, Dy X)
= (DyA)(Y,X)

(see page 45 in [1]). Thus, from the equations
n

(CsPD)V) = ) e (DAY Em,V, )

m=1
n

= tn Dg A En, V)

m=1
and

n

(CxPD)WV) = ) e (DAY, En, E)

m=1
n

= D en De, AV, E)

m=1

forall V € X(M), we obtain C;5(DA) = C,5(DA) = divA. Hence
we obtain

n

(@divA)(V) = > & (D A) (B, V). 3)

i=1

In addition, the components of divA is by following
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n n
(divA); = (6'13(DA))i = Z 97* (DA) iy, = Z 97% Ajiyi
jk=1 jk=1
n n

n
ZZ zgjkAji;k :ZA;C;R'
k=1

k=1 \j=1

Definition 3. The Hessian of a smooth function f is its
second covariant differential and is denoted by H/. Then H/ =

D(Df).
Lemma 4. The Hessian of a smooth function f is a
symmetric (0,2) tensor on X(M)such that

HI(V,W) =VWf — (DyW)f = ((Dy(gradf),W).  (4)

Proof. Since [V,W] = D,W — Dy, V =VW — WV, then
VW — D,W = WV — Dy,V. Thus

VWf — (DyW)f = WVf — (DyV)f
and
HI(v,w) = (D(D))(V,W) = WVf — (Dy,V)f = H (W, V).

This equation proves that H' is symmetric. Finally, from the
following equation

V{gradf,W) = (Dy(gradf),W) + (gradf, DyW),
we have

(Dy(gradf),W) = V{gradf,W) —(gradf,DyW)

=VWf — (D,W)f = H (V,W).
Specifically, we calculate the Hessian of a differentiable

function f:R®* > R. Let V=37 ,0a;0; and W = X3_, b; 9;
Then, from the equation (4), we get
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HI(V,W) =W{Vf) — DwV)f

=ibjaj<zalaf> Z bj Dy, a;0;

i,j=1

Zba(aaf) Zb(Daaa)f

i,j=1 i,j=1

= Z b] [ala](alf) - ai(Dajai)f]

S a(g)]

Since Fj"l- = 0 in R3, then we obtain

i,j=1

Hf(V,W) = i 0;0;(0:f) b; = i o°f — b,

a;
Yoo Y
i,j=1 i,j=1

Definition 5. The Laplacian of a differentiable function f
is a new function and is defined the divergence of its gradient. We
denote it by Af. Then

Af = div(gradf) € F(M).
We assume that A is a (0,2) tensor on X(M). Since

(11 4) = (11 4)(dx;, 9;) = A<Zg B, D )

Zg”‘A(ak,a) Zg”‘AkJ Zg’“Akj,

we have

(C Tl)A Z(Tl A )l ZZ gklA;a Z gki Ay = €124

i=1k= i,k=1
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Since the covariant differential commutes with type-changing, we
find
Af = div(gradf) = CD(gradf) = CD(11 df) = C 11 Ddf
= (C"HHS =C,H. (5)

According to the coordinate system of (xy, x5, ..., x,) On M, we
get

n
Af = Cf = ) gl Hj = Z 9" H (3, 9;)

i,j=1 i,j=1
= > g9 @df - 03D
ij=1
n
DU DY)
= axlax]
n 2 n
_ o°f x 9f
B g” dx,0x; & axy )
i=1 A k

Also, in the semi-Euclidean space Ry

Af = Z 6”81 ou; au] Z & ou.2

i,j=1 t

and in the Euclidean R"
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CHARACTERIZATIONS OF SPECIAL RULED
SURFACES IN R}

Esra DAMAR!
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1. INTRODUCTION

One of the differential geometry topics that is most
frequently studied is the theory of surfaces and transformations.

Ruled surfaces created by moving a straight line in constant
motion have long been a strong subject for line geometry in
Minkowski space. Therefore it has been studied by many
authors [5-17]. Ydlksel considered in [18] spacelike ruled
surfaces through parallel vector fields, known as alternating or
parallel frames of curves, according to the Bishop frame
introduced by L. R. Bishop in 1975 in [1] and gave some
characterizations for spacelike ruled surfaces generated by
Bishop vectors. However, the ruled surfaces according to the
Bishop frame have been considered by many authors [3, 4]. In
this study, we provide some characterizations of timelike ruled
surfaces in Minkowski 3-space generated by Bishop vectors.
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2. BASIC CONCEPTS

Consider that a Minkowski 3-dimensional space R3, with
the metric tensor

J={(,.)=—dx? +dx35 + dx3.
The norm of u € R3 is defined by ||u|| = +/|[{u, u)|

One of the three Lorentzian properties that a vector u € R$ can
have;

it can be spacelike if (u,u) > 0or u = 0;
timelike if (u,u) < 0;
lightlike (or null) if (u,u) = 0 and u # 0.

Let n:] = RY, n(s) = (05D, m2(5), m3(s)) is a regular
curve in R3 . If n'(s) is a timelike vector for all s € ] ¢ R, we
call the curve n a timelike curve.

If the Lorentz metric on a surface in Minkowski 3-space
is a negative definite, then the surface is referred to as a timelike
surface [10].

A surface that is swept out by a straight line A moving
along a curve m is known as a ruled surface. The surface's
rullings refer to the different locations of the generating line A.
The parameterization of such a surface is as follows in the ruled
form:

o(s,u) =n(s) + uA(s)

where A is the director vector and n(s) is the base curve. A
surface that follows a fixed ruling and has a constant tangent
plane is referred to as a developable surface. Skew surfaces are
the remaining ruled surfaces [13]. The parameterization of the
timelike-ruled surface S in R is given by
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o:1 XR - R}
(s,u) » o(s,u) = n(s) + uA(s) 1)

where A is orthogonal to the tangent vector field T(s) of the
base curve 1. Here o:1 » R? | is a differentiable timelike curve
parametrized by its arc length in R3 of the director curve.

The moving Frenet frame along the regular curve with
the arc-length parameter s is shown as {T, N, B}.

The binormal vector B, the principal normal vector N, and the
tangent vector T constitute the structure of the Frenet trihedron.
When n is a timelike curve with a spacelike binormal, the
following characteristics of the Frenet frame are present:

T' 0 » O[T
N'| = 0 T||N
B’ 0 —t O0lLB

where
and first curvature and second curvature »(s), t(s) respectively.

An alternate method for creating a moving frame that is
well-defined even in cases when the curve's second derivative
vanishes is the Bishop frame, also known as the parallel
transport frame. To represent the parallel transport of an
orthonormal frame along a curve, just parallel transport each
frame component. Any convenient arbitrary basis and the
tangent vector are used for the remaining section of the frame.

Assume that the timelike curve n(s) has a Bishop frame
{T, My M,}, where T(s) is the timelike unit tangent vector,
M, (s) is the spacelike unit normal vector, and M,(s) is the
spacelike unit binormal vector. Therefore, the vectors
{T, MLMZ}'S scalar and cross products are given by
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(T, T)=-1 ’(M1: M1> = (szMz) =1
(T;M1> = (T'M2> = (M1'M2> =0

TXM1=M2
M1XM2=—T
M, xT = M,

The Bishop frame derivate equations {T',M;,M;} are as
follows

T'(s) 0 &(s) &G)|[Te)
M'(s)|=]e(s) 0 0 [|Mi(s) (2)
MZI(S) £,(s) 0 0 M, (s)

Someone can demonstrate that

n=.let+¢e2 (3)

T = 0/(s), O(s) = argtanh? 4
1

For the polar coordinates %, © with [ 7(s)ds to correctly relate
to a cartesian coordinate system, &; and &, [2].

Remark 2.1.1 Based on the argtanh function's definition, we
presume that |e,/&;| < 1.

The ruled surface o(s,u) has the distribution parameter,
mean curvature, and Gaussian curvature provided by

__ det(T,ADTA)

Pa = (DTA,DTA) (5)
1[GI+En—-2Fm
H=3 [ EG—F2 (6)

where D is Levi Civita connection on R3 [11].

Theorem 2.1.2 The development of a timelike surface occurs
only when the distribution parameter of a timelike ruled surface
IS zero [13].
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The striction curve's parametrization on the ruled surface
is provided by

7(s) = n(s) — ~—2r4_4(s). @)

(DTA,DTA)

3. MAIN RESULTS

Let{T, M, M,} be the Bishop frame of a timelike curve
n:J > R}, where T,M; M, are the curve’s tangent, principal
normal, and binormal vectors of the curve n, respectively. M;
and M, are spacelike vectors whereas T is a timelike vector.

In R3, the moving space H and the fixed space H'are
represented by the orthogonal coordinate systems {0; T, MLMZ}
and {0’; e1, 62'83}.

Suppose that A is a vector that is unit spacelike or unit
timelike.

A € Sp{T(s), M (s), M,(s)}
A= a,T(s) + a,M,(s),+as;M,(s) €))
such that
(A,4) = F1.

It is possible to derive the distribution parameter P, of
the timelike ruled surface generated by the moving space H's
straight line A. When we differentiate (8) with respect to s, we
obtain

DTA = alT'(S) + azM{(s) + a3Mé(S)I

Substituting the Bishop derivative equation we obtain following
equation
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DTA = (a2£1 + a3€2)T(S) + alglMl(S) + algzMz(S).

1 0 0
det(T, A, DTA) = al az a3
a,&q + az&, A&7 Aq1&
= a1a2€2 —_ a1a3€1, (9)
(DrA,DrA)y = —(aye; + aze;)? + a?e? + a?&2. (10)

If Equation (9) and Equation (10) are substituted in Equation (5)
we obtain

PA a1(aze;—azéeq)

—(azei+azez)?+a?(e2+2)’

—a% +a5+a5=%F1 (11)

Theorem 3.1.1 Suppose that S is a timelike ruled surface,
parametrized by o(s,u) = n(s) + uA(s) . If and only if the
base curve 1 is a planar curve with curvatures such that

€2 as

€1 az’

or if the director vector A is located in the plane created by
M, (s) and M,(s), then S is developable.

Proof 3.1.1 Let o(s,u) = n(s) + uA(s) be a timelike ruled
surface denoted by S and from Theorem 2.1.2

ai(ae; —aze) =0
is obtained. So we have
a;, =0 or aye, —aze; =0.
Thus
A € Sp{M,(s), My(s)}
or
&

a
= = = constant.
€1 az

From Equation (4) 7 = 0 then n is a planar curve.
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3.2. Characterizations of Ruled Surfaces Whose Director
Vector is Bishop Vectors for Special Cases

Suppose that S is a timelike ruled surface, parametrized by
o(s,u) = n(s) + uA(s) and, A is the director vector of the base
curve .

3.2.1 The Case A =T (Timelike)
In the present situation
a;, =1, a,=a3 =0,
from Equation (11)
P; = 0.
As a result, the next theorem is evident.

Theorem 3.2.2 During the one-parameter spatial motion H/H',
the timelike ruled surface in the fixed space H' that is generated
by the tangent line T of the curve n(s) in the moving space H is
developable.

3.2.3 The Case A = M, (Spacelike)
In this case,
a, =1, a,=a3=0
thus from Equation (11)
Py, = 0.
3.2.4 The Case A = M, (Spacelike)
In this case,
az; =1, a;=a,=0
thus from Equation (11)
P, = 0.

2
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Corollary 3.2.5 It is possible to construct the developable
timelike ruled surface in the fixed space H' during the one-
parameter spatial motion H/H', which is generated by the
normal and binormal line M;, M, of th curve n(s) in the
moving space.

3.26 TheCase A € Sp{T, M, }
In this case,
a; =0
So, the director vector A is given by
A= a;T + a,M;, —a? + a3 = F1.

The ruled surface's distribution parameter is provided by

p, = a1az&;

4 —adel,al(ele)
_ap [Fil+ale,

b=t ga aea

Theorem 2.1.2 shows us that the distribution parameter
must be zero in order for a timelike surface to be developable,
both required and sufficient. Then,

|f PA=O,
a, =0 or &, =0.

if a, = 0 thisis case 3.2.3. If the second Bishop curvature
&, = 0, it is possible to say that the n| basis curve is planar.

3.2.7 The CaseA € Sp{T,M, }
In this case,

a, =0
So, the director vector A is given by

A= a;T +asM,, —a?+ai=7F1

76



Matematik Calismalar

The ruled surface's distribution parameter is provided by

p, — a103&,
AT T 2.2 202 o2V
—asey + aj(efiey)
_ aJFl+aie
PA =

_a§512+a% (512+5%)

It is known from Theorem 2.1.2 that the distribution parameter
must be zero in order for a timelike surface to be developable.
Then

if P,=0
& #0 and a; =0.

So this is case 3.2.4.
3.28TheCase A €e Sp{M,M, }
In this case,

a, = 0.
So, the director vector A is given by

A= a,M; + azM,, a5+ ai=7F1.

Then

P, =0.

From Theorem 2.1.2 it is obvious that the timelike ruled surface
is developable.

Since the timelike ruled surfaces generated by the
direction vectors T, M;, M, are developable ruled surfaces, their
Gaussian curvatures are zero. Now let us calculate the mean
curvatures of these surfaces.

Proposition 3.2.9 Let S; be a timelike ruled surface generated
by the curve n’s tangent line T. The mean curvature can be
calculated as follows from Equation (6)
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_1 6(8152_5135)
Tz y(geey)

€= +1.

Thus from Equation (3) and Equation (4) we obtain

Hp =< (12)

T 28
Corollary 3.2.10 If and only if n is a planar curve, then the
surface Sy is minimal.

Proof 3.2.10 Assume that the timelike-ruled surface Sy to be
minimal. In this particular situation, we find from Equation (12),

7=0.

Let n, on the other hand, be a planar curve. Therefore, Hr = 0 is
implied by 7 = 0.

Proposition 3.2.11 Let S, be a timelike ruled surface

generated by the curve n’s normal line M;. The mean curvature
can be calculated as follows from Equation (6)

1 €EE
HM - - =

1 2 (14+ueq) €=+1

Corollary 3.2.12 The Bishop frame states that the normal line
M,in R? does not yield a minimal timelike ruled surface.

Proposition 3.2.13 Let Sy, be a timelike ruled surface
generated by the curve m’s binormal line M,. The mean
curvature can be calculated as follows from (6)

1 €Eq —_
== e=+1
M; 2 (1+uey)

Corollary 3.2.14 The Bishop frame states that the normal line
M, in R$ does not yield a minimal timelike ruled surface.

Proposition 3.2.15 Given the parametrization

o(s,u) = n(s) + uA(s), have S constitute a timelike ruled
surface.
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Thus

1 [GI+En—2Fm
H, = L[z
2 EG-F?2

where

E = (o, (DS>:—(1 + u(ga, + £2a3))2 + u?a?(e? — £2)
F = ((Ds' (Du> = -4
G = (0y, 0,) = +1,

1

= —— (0, O X O
Tos x @, O 0 X O

(8205 — £1a3) + 21’»((‘1% —a3)e &, — azaz(ef — 522))]
+ua1((azsé —as&;) +ud(ere, — slsé))
+u281a3((a% —ad)e? + (a? + 2a2 — a%)szz)

Fute,a,((a3 — a2)ed — (a? + 203 — ad)e?)

m = 1 (O, 0. X ©,) = ai(&;a; — €a3)
llog X @, || 7 5 7 llos X @,
1
n=————(0yy, ©; X 0,)=0
llos x @,
where
s X Oy
llos x oyl
. [ua, (eza; — &1a3)]T
= +[—az(1 + u(eg,a, + £5a3) + ua?s,) M,
[losx@yl|

+[a,(1 + u(eja, + g,a3) —uae)) M,
represents the timelike ruled surface S's unit normal vector.

Proposition 3.2.16 Consider that the timelike ruled surface S,
which IS obtained using parameterization
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o(s,u) = n(s) + uA(s). The curvature functions ¢; and &, of
the base curve n satisfy the following equation if the base curve
of S is also a striction curve:

a,&q + az&; = 0 (13)

Proof 3.2.16 Let the base curve n be the striction curve. Thus,
from Equation (7),

(T, DTA> =0
Then we obtain
a2€1 + a382 = 0

Corollary 3.2.17 Let S be a timelike ruled surface, given by the
parametrization o(s,u) = n(s) + uA(s). n is a planar curve if
S's base curve is a striction curve as well.

Proof 3.2.17 Let the base curve n be also striction curve.Thus
from Equation (13)

a2€1 + a3£2 = 0

Hence we get

& as
— = —— = constant.
& a,

From Equation (4), n is a planar curve.
Proposition 3.2.18 Let S be a timelike ruled surface given by

the parametrization (1). If the base curve of S is also an
asymptotic curve then

(1 + u(ea, + £2a3))(a2£1 +ase,) =0 (14)

Proof 3.2.18 Assumedly, the asymptotic curve is the base curve
of the surface S. Then,

(n"",N)=0. (15)

From Equation (15), we obtain
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(1 + u(ga, + £2a3))(a2£1 + ase,) = 0.

Theorem 3.2.19 Assume that the surface S has an asymptotic
base curve. The timelike ruled surface S is developable if its
base curve is also a striction curve.

Proof 3.2.19 Assume that the surface S has a base curve that is
both an asymptotic and striction curve. By using Equations (13)
and (14)

we get
(azes + aze;) =0
From Equation (11), the timelike ruled surface S is developable.

Proposition 3.2.20 Consider that the timelike ruled surface S,
which is obtained using parametrization (1)
o(s,u) = n(s) + uA(s). Regarding the timelike ruled surfaces,
we derive the following conclusions

a. Ifandonly if [ =0, the (S)’s s-parameter curve is also
an asymptotic curve.

b. Also, S's u-parameter curve is an asymptotic curve.

Proof 3.2.20 (a) When s-parameter curve of S is asymptotically
formed, then

1

= m(mss, o4 X (Du) =0,
S u
thus proof is clear.

(b) If the u-parameter curve of S is also an asymptotic curve,
then

1
n = m((ﬂuu, oy X (Du) =0,
m = 1 (0, O X © )_a1(62a2—61a3)_0
llos X @, || 7 7 los X ol
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u-parameter curve of (S) is an asymptotic curve.

Theorem 3.2.21 Consider S be a timelike ruled surface which is
developable, given by the parametrization

o(s,u) = n(s) + uA(s). An asymptotic curve is also
represented by the s-parameter curve of S, provided that S is a
minimal surface.

Proof 3.2.21 Suppose that the surface S's s-parameter curve is
an asymptotic curve. Consequently,

1

l=——
los % @,

(g, 05 X 0y) =0

where N is the surface S's unit normal vector field. Given that S
is a developable timelike ruled surface,

1 (0, 0 X @) = a1(&;a; — €1a3) _
. llos X @,

" Tlog X 0yl
Thus
Hy,=0
is acquired.

In contrast, consider S to be a minimal surface. From
Equations (6), we obtain

|-2Fm =0

Considering that S is a developable timelike ruled surface, we
get

[=0
The proof has become complete.

Proposition 3.2.22 Assume that the surface S's base curve is
geodesic. Next, the ensuing formulas are derived.
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a. ua?(ef,e3) — (14 u(ea, + £,a3))(aze; + azey) =0
b. ua,(eya, —€1a3)e; =0
c. uaq(eya, —&1a3)e, =0 (16)

Proof 3.2.22 Assuming that the surface S's base curve 1 is a
geodesic curve,

n'" XN =0,
n' =& M +e;M,

and
1 [ua,(e;a, — €1a3)1T
2
=——J+[—a3(1 + u(ga, + g,a3) +uajey)|M;
llog x ©,l| 2
+[a,(1 + u(ea, + g,a3) —uaje)|M,
We get
n'" XN =

(ua%(slﬂs%) — (1 + u(ga, + 62a3))(a2£1 + a3£2)) T
(uay(e2a; — €1a3)e1)e;,M,
(uay(e2a; — €1a3)e1)e1 M,

= 0.

Equations (a), (b), and (c) are therefore satisfied.

Theorem 3.2.23 The timelike ruled surface S is developable if
its base curve is geodesic.

Proof 3.2.23 Let the base curve n of the surface S be a geodesic.
From Equation (16), we get

a;(aze; — azey) = 0.

From Equation (11) the timelike-ruled surface S is developable.
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Corollary 3.2.24 Let A be the director vector of the timelike
ruled surface S. If 1 is geodesic, then the striction line of 1 is
also geodesic.

4. RESULTS

In this paper, we give some characterizations for timelike
ruled surfaces generated by a straight line in Bishop frame in
Minkowski space. In the case of

A=a,T(s) + a,M;(s) + asM,(s)
as the direction vector of the surface and for special cases,
A=T(s),A=M,(s), A= M,(s),
A €Sp{T,M,;},A € Sp{T,M,},A € Sp{M;,M,}

We calculate the distribution parameter and the mean curvature
of the surfaces and analyze the developability and minimality
for each surface obtained. In addition, we obtain some results on
the developability of the surface when the base curve of the
ruled surface is an asymptotic curve and a geodesic curve.
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A SHORT NOTE ON NON-SELF |
NONEXPANSIVE MAP

Esra YOLACAN!

1. INTRODUCTION AND PRELIMINARIES

In nonlinear phenomena, one of the most profitable tools
is the theory of fixed points, which holds a great variety of
technics in many fields such as computer science, engineering,
control theory, game theory, social sicences, economics and pure
sciences (Ahmada et al., 2023), (Ahmed et al., 2021), (Zou et al.,
2023), (Border, 1985), (Debnath et al., 2021), (Kreps, 1989),
(Byrne, 2004).

Let V # @ be a convex subset of a Banach space Z,
T:V-oVisamapand Fr(k) ={k € V:Tk =k}, AmapT:V —
V is called to be nonexpansive if |To — Tt|| < |le — I, Vo,T €
V. Two maps T:V — V is called to be I —nonexpansive on V if
|To — Tzl < ||lo —It||, Yo,T EV.

The author established a general class of nonexpansive
maps said I —nonexpansive maps and showed best approximation
result for this class in Banach spaces (Shahzad, 2004). The
authors proved the weak convergence of Mann iteration for
I —nonexpansive maps Banach spaces via Opial's condition
(Rhoades and Temir, 2006). The authors presented convergence
result for non-self I —nonexpansive map (Chornphrom and
Phonin, 2009). The authors discussed some convergence theorem

1 Assistant Professor Doctor, Cappadocia University, School of Applied Sciences,
Department of Airframe and Powerplant Maintenence, Mustafapasa Campus,
Urgiip, Nevsehir, Tiirkiye yolacanesra@gmail.com, ORCID: 0000-0002-1655-
0993.
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for I —nonexpansive maps in abstract spaces (Gunduz and
Akbulut, 2016).

A subset of V of Z is called to be a retract of Z if there
IS a continuous map P:Z — V such that Po =p for Vo eV. A
map P: Z — Z is called to be a retraction if P? = P. So, if a map
P is a retraction, then Pt = t for Vt in the range of P.

Inspired by these facts, a renewed type of iteration
process is introduced in this writing. This process can be seen as
a generalization for iterative schemes of Jubair et al. The iteration
technique is described in the following manner.

Let Z be a normed space, VV # @ be a convex subset of
Z which is also a nonexpansive retract of Z. Let T: V — Z be
given non-self nonexpansive map. Then for g; €V and n > 1,
reckon the sequences {p,,} defined by

On+1 = PT(gn), (1.1)
In =P(A = c)fa + cnTfy)
fn = P((l —a,)t, + anTTn)
T, = P((1 = b)Toy + bnTz,)
zn = P((1 — dp)on + dnlen),

here {an}, {b,}, {cn}, {dn} < [0,1].

If ¢, = 0 and P be the identity map, then (1.1) reduces to
the iterative given by

On+1 = T(fn), (1.2)
fo=Q —a))ty +anTTy
T, =1 —-b,)To, + b, Tz,
zp = (1 —dyp)en + duloy,

here {a,}, {b,},{d,} € [0,1] (Jubair et al., 2022).

If a, =c, =0 and P be the identity map, then (1.1)
reduces to the S —iteration process defined by
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On+1 = (1 - bn)TQn + b, Tz, (13)
Zp = (1 - dn)@n + d,Ton,

here {b,,},{d,,} < [0,1] (Agarwal et al., 2007).

If a,, = b,, = ¢,, = 0 and P be the identity map, then (1.1)
reduces to the normal S —iteration process defined by

On+1 = T((l - dn)Qn + d,To,, ): (1-4)

here {d,} < [0,1] (Sahu, 2011).

If a, =b, =c,=d, =0 and P be the identity map,
then (1.1) reduces to the Picard iteration process defined by

On+1 = T(0n), (1.5)

(Picard, 1890).

In this paper, convergence result is established for a new
iteration for non-self I —nonexpansive map in Banach spaces.
Based on this iteration process, a numerical example is provided
to validate our results via Matlab Program Software.

2. MAIN RESULTS

Theorem 1. Let Z be a real Banach space, let V + @ be a
closed convex subset of Z which is also a nonexpansive retract of
Z. Let T be a I —nonexpansive self-map of ¥V and I be
nonexpansive map of V.and Fr = F(T) N F(I) # @. Let {o,} be
given by (1.1), where {a,}, {b,,}, {c,}, {d,} < [0,1]. Then

(a1) limpoollon — &l exists, VE € Fr;
(aZ) {Qn} - f € FT Iff liminfn—)ood(gnl FT) = 0.
Proof. (a,) Forany & € Fr # @, we obtain

llon+1 — &Il = IIPT(gn) — PEI (2.1)
= llgn =<l
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= ”P((l - Cn)fn + Cann) - P‘E”

< lfn =<l
= ||P((1 —a,)T, + anTTn) — PE”
< Iz =<l

= ||P((1 = b)Ton + bnTz,) — PE||
< (1 - bn)”TQn - f” + bn”TZn - E”
< (1 - bn)”@n - f” + bn”Zn - f”
< (1 - bn)”@n - f”
+bn||P((1 - dn)Qn + anQn) - Pf”
< llen =l
which show that {||e,, — €||} is decreasing, and this proves
part (a,).
(a,) The necessity is apparent. In fact, if {0,} - & € F;
(n > ), then d(op Fr) = infEEF—pd(Qn: &) <llen—¢ll —
0(n - ).
Next, we prove sufficiency. As {|le, — &l|} is bounded,
(2.2) implies infeep,llones — &Nl < infeeppllon — €1l that is,
d(0n+1, Fr) < d(on, Fr). Dueto (a,), we have lim,,_,,d (0, Fr)
exist. But by hypothesis liminf,_,.d(o,, Fr) = 0, hence we
get lim,,_.,d(0,, Fr) = 0. We shall exhibit that {g,,} is a Cauchy
sequences in V. Because lim,,_,.d(0,, Fr) = 0, for € > 0, there
exists no in Nsuch that for all n=>no, d(on Fr)<:.

Particularly, inf{||en, — £||: ¢ € Fr} <. Therefore, there exists
¢, € Fr such that ||g,,, — &.

< % Next, for m,n = n,,

||Qn+m - Qn” < “Qn+m - f*” + ”Qn - E*” <eg

which show that {o,,} is a Cauchy sequence in V. As V is
closed in Z, there exists a point & in V such that lim,,_,,0, = ¢.
Now lim,,_,..d(on, Fr) = 0 gives that d(o,, Fr) = 0. Hence & €
Fr.

90



Matematik Calismalar

Remark 1. Since I-nonexpansive map reduces to
nonexpansive map, Theorem 1 in this work extend the
result of Theorem 21 of Jubair et al.

Inspired by Gunduz&Akbulut, we apply to testify
Theorem 1 numerical example below (Gunduz&Akbulut, 2016).

Example 1. Let Z is the real line with the usual norm |. |,
V = [0, 00) and P be the identity map. Suppose that Tx = ((1 +
2x)/4) and Ix = —x + 1. Then it can be easily seen that T is a

I —nonexpansive map and I is a nonexpansive map on V' with
1

1T even]

common fixed point set {0.5000}. Set a, = ﬁ

Cp = o and d,, = +— Hence, all hypotheses of Theorem 1
are satisfied. Next, we indicate that o,, = 0.5000. Forn = 0 and
00 €V, we obtain a, = % b, = %, Co =% and d, =% and

calculate g, from

01 = PT(go),
go =P((1 —c)fo + coTfy)
fo= P((l —ay)Ty + aOTTO)
7o = P((1 = bo)Too + byTz,)
Zy = P((l —dp)oo + dolQo)-

Similarly, 3,03, *, 05, *--- We get the first ten values of
{o,} as in following table for initial term oo = 0.1769, 0o =
0.6143,00 = 0.9772 and g, = 1.3588, resp. One can see that

0, — 0.5000 from the table. This means that Theorem 1 is
appliable.
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n 00 = 0.1769 00 = 0.6143 00=0.9772 | 0o = 1.3588
1 | 04353 0.5229 0.5955 0.5851
2 | 0.4853 0.5052 0.5217 0.5194
3 | 0.4966 0.5012 0.5051 0.5046
4 | 04992 0.5003 0.5012 0.5011
5 | 0.4998 0.5001 0.5003 0.5003
6 | 0.5000 0.5000 0.5001 0.5001
7 | 0.5000 0.5000 0.5000 0.5000
8 | 0.5000 0.5000 0.5000 0.5000
9 | 0.5000 0.5000 0.5000 0.5000
10 | 0.5000 0.5000 0.5000 0.5000

3. CONCLUSION

Our results extend, generalize and unify various known
results in the existing literature (Mann, 195), (Ishikawa, 1974),
(Agarwal et al., 2007), (Sahu,2011), (Jubair et al., 2022). Within
the future scope of the idea, reader may indicate that the new
iteration defined by (1.1) present strong convergence theorems
for G —nonexpansive map on Banach spaces with directed graph.
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