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A DIFFERENT POLAR REPRESENTATION
WITH JACOBSTHAL SPLIT QUATERNIONS

Faik BABADAG!
Ali ATASOY?
Mirwais MANSOOR KAKAR3

1. INTRODUCTION

Quaternions, extension of complex numbers was introduced by
W. R. Hamilton in 1843 as the following quadruple

Y =Yo + Vil +Valy +V¥3i3

where ¥o,71,72,¥3 ER and iZ =i5 =i% = —1,iyi, = —i,i;.
Any quaternion can be write as y = (yo + v1i1) + i2(y2 + v3i1),
where y, + y1i; and y, + y3i; are complex numbers, therefore
quaternions are one of the hyper complex numbers, (Hamilton,
1884; Horadam, 1993; lakin, 1977).

J. Cokle defined the split quaternion as
q = 60 + 611:1 + 62i2 + 63i3
with &,, 61, 62, 83 € R and quatenionic units iy, i,, i3 satisfy

.2 — .2 — .2 — . . — . . s
i1 ==l =—i3 = =1, {1l = —izi; = i3 (1)
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and can be shown as g = S, + V,, Split quaternion g with S, = 0

is a pure split quaternion, (Cockle, 1849; Ghadami, 2013; Kula et
al. 2007; Ozdemir, 2009).

Letq, = S,, +V,, and g, =S4, +V, be split quaternions, then
addition and multlpllcatlon are
Q1+qZ=(5q1+qu)+( Va,)

11492 = SQ1SQ2 + < ai’ ) + SCI1 q: + S‘thz V‘h X VQz
respectively. The conjugate and norm of
q = 6y + 6,01 + 6,1, + 8315 are respectively as

q" = 8o — 811y — 60y — 8315

and

N(@) = TaqT = [163 + 67 — 63 - 53 @
if N(q) =1, then q is a unit split quaternion, for any split
quaternion g with N(q) # 0 — |s a unit split quaternion.

LetI; = 6§ + 67 — 65 — 63?, then § is space-like, time-like and
light-like if I, >0, I, <0 and 1 = 0 respectively, the

multiplicative inverse of q is g1 and there is no inverse

N( )2
for light-like split quaternion. The Cayley-Dickson’s form of a
split quaternion g is

q = (6o + 61i1) + (6, + 63i1)i;

which is based on two complex numbers. The polar
representation for spacelike split quaternion q is as

q = N(q)(sinh 8 + i cosh 8) ©)

/—6{+6§+8§

where u = is pure split quaternion and
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o) 5% — 82 — 652
0 ;cosh9=\/I L z 3|
N(q) N(q)

The polar representation for timelike split quaternion g with
spacelike vector part is as

sinh @ =

q = N(q)(cosh 8 + psinh 8) 4)
81iy+8,i5+83i5 - . :
where u = 2=22233 is pure split quaternion and
/—6{+6§+8§
8o V167 — 85 — &3]

e A T

The polar representation for timelike split quaternion g with
timelike vector part is as

coshd =

q = N(q)(cos 8 + psin9) (5)
where p = 2xiat2l2t958s o 1y, gplit quaternion and
52-52-52
8o V162 — 6% — 62
cosfO = ; sinf =
N(q) N(q)

Any split quaternion can be written in the form g = AeP',
where A = §, + 6;i; and B = §, + &5i, are complex numbers,
(Sangwine, 2010; Atasoy, 2017).

The Jacobsthal J,, and Jacobsthal-Lucas j,, number sequences are
defined by

In=Jn-1+2Jn—2 ;Jo=0,]1 =1

Jn=Jn-1t2jn—2 ;jo=2jj1=1
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For n > 2. The characteristic equation of these number
sequences is x2 —x —2 =0, with roots a =2, f =—1 and
corresponding Binet’s forms are

(-
o= ©
=2+ (D" ™

For more details and relations about these number sequences see
(Babadag ,2023; Catarino, 2015; Horadam, 1996, 1997).

2. MAIN RESULTS

In this section we introduce a new polar representation of
Jacobsthal and Jacobsthal-Lucas split quaternions based on
Cayley-Dikson’s form. Morever some properties of these split
quaternions are discussed.

Definition 1. The Jacobsthal and Jacbosthal-Lucas split
quaternions are defined as

Jn = Jn + Jns1is + Jns2iz + Inasis (8)

Jn = Jn *Jn+1ls + Jne2iz +jnesis 9)
respectively, where J, is nt* Jacobsthal, j, is nt" Jacobsthal-
Lucas numbers and iy, i, i3 follow the rules in Equality (1).
The following recurrence relation can be write

Jn =Jn-1+2Jp-2 n=22
and
Jo =Jn-1 +2Jpn-p, n 22

Theorem 2. The Binet’s formulas for Jacobsthal and Jacobsthal-
Lucas split quaternions are
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I = 3(27a — (-1)7p) (10)

Jo=2"a+(D"B (11)
respectively, where
a =1+ 2i; + 4i, + 8i,
B=1—iy+i;—i

Proof. The proof can be done directly by using Equalities (6), (7),
(8) and (9).

Proposition 3. The norm of dual Jacobsthal and dual Jacobsthal-
Lucas split quaternions is

1
NG = jz +308-D

N{J.) =3 J22n+3 +3J2 —%

where J, and j, are n'"™ Jacobsthal and Jacobsthal-Lucas
numbers, respectively.

Proof. From Equality (2), we have

NG, = J U2+ 1200 = T2 — Jss]

and by using Equality (6), we obtain
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2n_ —1 n\ 2 2n+1_ —1 n+1\ 2
J2+Tne1 = Jrsz — Jhes =< ?() )> +( :,E ) >

2n+2_(_1)n+2 2 2n+3_(_1)n+3 2
(=) =)

1
= —3(25- 22" + (-D)"2™)

Finally by doing basic calculations, we get

NG = jzm +302-1)

On the other hand for N(J,), by using Equality (7) we have

o Fiher —Jrr2 —Jhes = @1+ (DME+ M 4 (-2
_(2n+2 + (_1)n+2)2 _ (2n+3 + (_1)n+3)2
— _3(25 . 22n + (_1)n+12n+1)

And by doing some necessary calculations, we get

N({J.) =3 JZZ"” +3J3 —%

Corollary 4. The Jacobsthal and Jacobsthal-Lucas split
quaternions are spacelike split quaternions with spacelike vector
part.

Theorem 5. The classical polar representation of Jacobsthal split
quaternion is

Jn = N(J,,)(sinh8 + vcosh@)

where

_ 2n+1(i1 + 2',2 + 4’l3) + (_1)n(ll - iz + l3)
3 /]Tzl+1 + 22n+3

IS a pure unit split quaternion and

v
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6 = tanh™?! ( Jn )
3y Gy + 223

Proof. Since J,, is a spacelike dual split quaternion, then by using
Equality (3), the polar representation is

Jn = N(JJ,,)(sinh8 + vcosh@)

where
=]n+1i1 + Jn+2i2 + Jnesis
\/_]rzl+1 +]721+2 +]r21+3
. In
sinhf =
N(J,)
\/|]‘l’21+1 _]Tzl+2 _]Tzl+3|
cosh@ =
N{J,)
therefore
tanhf = Jn

\/_]rzl+1 +1121+2 +1721+3
and by using Equality (6) we get
_ 2n+1(i1 + 2':2 + 4’13) + (_1)7’1(11 - iz + i3)

3 [ + 22

v

and

Jn
3 /]Tzl+1 + 22n+3

Corollary 6. The classical polar representation of Jacobsthal-
Lucas split quaternions is

tanhf =

Jn = N(J,)(sinhd + ¥coshd)

where
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230 + 20, + 4i3) — (—1)"(iy — iy +i3)

3J22n+3 n (JnTH)Z

is a pure unit split quaternion and

6 = tanh™! ( Jn )
\/jrzz+1 +9.22n+3

Proof. The Proof is similar to Theorem (5).

Vv =

Proposition 7. Let P = Ai, + Bi; = (A + Bi,)i, beanarbitrary
split quaternion, if P is spacelike then its exponential form is
B

h|P|i
cosh| |12+|P|

. A , .
e? = sinh|P| + cosh|Plis = ay + ayi, +
asiz

and if P is timelike, then

P = cosh|P| + 4 h|Pli, + 5 h|P|i
e’ =cos |P|Sm iy |Plsm i3

= Bo + B2iz + B3is
That is, it is a split quaternions which does not contain i,’s term.

Proof. Suppose u is a spacelike unit split quaternion, that is
N(u) = 1, then from Equality (3) we have

et? = sinhf + pucoshd

If we rewrite P = |P| I:%I’ then by taking u = I%I and 6 = |P| we
get the result, we can prove similarly for timelike P by using
Equality (4).

Now we give the new polar representations for Jacobsthal and
Jacobsthal-Lucas split quaternions by using Cayley-Dikson’s
form for split quatenions.
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Theorem 8. Every Jacobsthal split quaterninon J,, =/, +
Jns1i1 + Jn+2iz + Juezis can be given in the form J,, = Ae®i2,
where A and B are complex numbers, that is

_ 2"(1 + 211) + (—1)n+1(1 - ll)

VIE + Jon+2

B = tanh™! J& + Jonsz (2% 4a + 9],21+1 + 1) + 9(=D)** 127,
— ,2 . - : = '
Jn+2 T J2n+e \/(1721 +]2n+2)(]1§+2 +]2n+6)

Proof. Suppose that A = a + bi; and ef2 = ay + ayi, + azis,
then

Jn = AeB2 = aay + bayi; + (aa, — bas)i, + (aas + bay)is

if ay = 0, then we can selecta =1and b = 0, we will get A =
1. For a, # 0, we construct a complex number

Y =aag + bagiy = Jn + Jne1ls

and then A = l% by using Equality (6) the explicit form of A is

220+ (DA =1
\/]rzl +j2n+2
_ Jn—Jn+1la

Since A is a unit complex number then A= = A* = =241
,/121"']%“

whereA* is conjugate of A and
eblz = A'Jy,

— (]rzz +]721+1) + (In]n+2 +]n+1]n+3)i2 + (]n]n+3 _]n+1]n+2)i3
VIE + i

The norm of eBz is
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Bi — 2 2 2
|e lzl - \/]n+2 +]n+3 _]rzl _]n+1

Biyp

Since IZB—‘Z’I is a unit spacelike split quaternion, then its classical
polar form is

—5 7 = sinhf + pcoshé

leBi,|

then we can write

VIZ+ ]2

sinh@ = = = >
Va2 + s —J3 =T
ochg = V2 s
Vg +Jis—J2 —Jon
_ (]n_]n+2 +]n+1]n+3)i2 + (]n_]n+3 _]n+1]n+2)i3
\/(]% +]1%+1)(1721+2 +]rzl+3)
which gives

VIZ+ TR
NIERES

tanh@ =

From Bi, = uf we get
Bi,
_ UnJnsz +nsifnes + UnJnes = Insifns2)iliz -y < VE+ )7 )
VOZ+ 1)Uk + 1743) V2 + Jres

By using Equality (6) the explicit form of B can be write easily.

Corollary 9. Every Jacobsthal-Lucas split quaternion
T = jn + jns1i1 + jniziz + jnssiz Can be given in the form

J., = AeB2 where A and B are complex numbers, that is

10
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271+ 2ip) + (DML - i)

VIR + Jane+2

B = tanh_l 9]% +j2n+2 (jrzl+1 +3- Zn]n+4 + 1) + 9(_1)n2nll
= . . ' .
9]n+2 + Jan+e \/(91721 +]2n+2)(9]rzl+2 +]2n+6)

Proof. The proof can be done similar to Theorem (8).

Example 10. Find the new polar representation for Jacobsthal-
Lucas split quaternion J; = 1 +i; + 3i, + 5i;

Proof. We have J; = Aef%2, where

A =§(1+i1)

and

L
B =ﬁtanh (m) 4+1ip)

Theorem 11 (Catalan’s identities). For positive integers n and r
withn > r > 1, we have

1
JnarTn—r —J2 = 5(—1)n-rzn-r]r(jr(1 —13i; + i, — 13i3)
+2(=D)7(=1 4 iy + 5i; + 7i3))

Jnardner —J2 = 3= 72", (G (=1 + 13i; — i,
+13i3) — 2(=1)" (=1 + iy + 5iy + 7i3))

where J, and j, are n'" jacobsthal and Jacobsthal-Lucas
numbers.

Proof. By using Equality (10), we get

11
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Jn+rln—r — H?L = %(ZTH-TQ - (_1)n+r£) % (Zn—rg - (_1)n—r£)
~3 (e - )3 (2e - 1)

= 520" (2B~ 2 (-D7) + fa(1 27 (1))

9
= 221", ((~1)"*1ap + 27 fa)
= 327 (-7, ((~1)"Ba - 2"ap)
from using
gﬁ =(—-1+13i; — i, + 13i3) (12)
Ba = (—1—11i; + 11i, + i3) (13)

we get the result. The proof for Jacobsthal-Lucas can be done
similarly by using Equalities (11), (12) and (13).

Corollary 12 (Cassini’s identities). For positive integer n, the
following identities hold

Jnt1ln-1 —Jn = (_1)n2n—1(_1 + 5i; + 3i, + 9i3)
Jnsn—1 —J5 = 9(=1)" 12" 1 (=1 + 5i; + 3i, + 9i3)

Proof. The proof can be done by taking r = 1 in Theorem (11).

Theorem 13 (d’Ocagne’s identities). For positive integers n and
m with n > m we have

1 . o
]]m+1]]n - ]]m]]n+1 = g(zn(_l)m(_l - 11Ll + 11lZ + 13)
—2m(=1)"(—1 + 13§, — i, + 13i3))

ﬁm+1ﬁn - Fan+1 = 3(2m(_1)n(_1 + 13i1 - i2 + 13i3)

12



Matematik Alaninda Akademik Analizler

Proof. By using Equality (10) we have

]]m+1]]n - ]]m]]n+1

- 3z Comg)5 (e - )

(e o) e
(_1)n+1£)

= %(_gé 2mHL(—1)" — ﬁﬁ (—1)m+ign

+ﬁ£ (_1)n+12m _l_Eg 2n+1(_1)m)

= 3 (pa 221"~ ap 27(-1)

Finally by using Equalities (12) and (13) the result is clear. The
proof for Jacobthal-Lucas can be done similarly by using
Equalities (11), (12) and (13).

3. CONCLUSION

In this paper, we discussed Jacobstahl and Jacobsthal-Lucas split
quaternions. The polar representations of these split quaternions
have been obtained similar to the real quaternions. The classical
polar representation, new polar representation and some
fundamental identities have been obtained.

13
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ON THE CONTINUITY PROPERTIES OF
DAVIS-WIELANDT RADIUS AND CRAWFORD
NUMBER FUNCTIONS

Ummiigiilsiin CAGLAYAN!
Zameddin ISMAILOV?

1. INTRODUCTION

Suppose that H is a complex Hilbert space, where (.,.) is usual
inner product and ||. || is the norm induced from(.,.). Here, B(H)
is the C*-algebra of all bounded linear operators on complex
Hilbert space. The operator norm of T € B(H), denoted by ||T||
are given as

1
ITIl = sup{lITx|l : x € H, ||x|| = 1}. (1)

W (T) is given as the numerical range of T, and it is defined as
the collection of all scalars (Tx, x), ||x|| = 1, for T € B(H). So,
W(T) = {(Tx,x) : x € H,||x|| = 1} is written. The numerical
radius and the Crawford number of T, represented as w(T) and
c(T), respectively, are given as

w(T) = sup{(Tx,x) : x € H,||x|| = 1} 2)

c(T) = inf{(Tx,x) : x € H, ||x|| = 1}. ©)

L Dr., Karadeniz Technical University, Faculty of Science, Department of
Mathematics, ummugulsun.akbaba@gmail.com, ORCID: 0000-0002-5870-6802.

2 Prof., Karadeniz Technical University, Faculty of Science, Department of
Mathematics, zameddin.ismailov@gmail.com, ORCID: 0000-0001-5193-5349.
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The numerical radius w(-) defines a norm on B(H). That norm is
equivalent to the operator norm ||. || which satisfies the following
inequality;

(4)
T
"0 o1y <

where every T € B(H).

The studying areas of the numerical range and the numerical
radius inequalities are very popular for the many mathematicians
over the years. For the further information about these areas see
[1-4]. An important generalization of the numerical radius is the
Davis—Wielandt radius of an operator. The Davis—Wielandt shell
DW(T) and the Davis—Wielandt radius dw(T) and Davis-
Wielandt Crawford number of T € B(H) are recognized as the
followings ([5, 6]):

DwW(T) = {((Tx,x), ITx||1?):x € H,|Ix|| =1} € Cx R, ®)
(6)

do(T) = sup {/[Tx, 02 + [Txl[* : x € H, |Ix]| = 1},
and

.
de(T) = inf {\/I(Tx, )7 + [Tx[[* : x € H, |lx|| = 1}, 0

respectively.

Though Davis-Wielandt radius dw(-) satisfies the following
inequality, it can not state a norm on B(H);

max{e (), IT112} < de(T) < /@2 () + T, ®)

T € B(H).

The upper and lower bounds of Davis Wielandt radius for
Hilbert space operator have been researched in [7]. In this study,

17
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the continuity properties of Davis-Wielandt radius and Davis-
Wielandt Crawford numbers functions have been investigated.

2. CONVERGENCE OF DAVIS-WIELANDT
RADIUS SEQUENCES AND DAVIS-WIELANDT
CRAWFORD NUMBER SEQUENCES

Firstly, define the uniformly convergence of operator sequences.

Definition 2.1. Let H be any complex Hilbert space and (4,,) be
an operator sequence in B(H). The sequence (A4,) is said
uniformly convergence to the operator A € B(H), if for any € >
0, there is some ny = ny(e) € N such that for all n > n, is true

14, — All <e.

Theorem 2.2. For any two operators T, S € B(H), it is true
l[dw(T) — dw(S)| < allT =S,

where, @ = 2(1 + 2c¢?) and ¢ = 2max{||T|l, |IS|I}.

Proof. For two operators T, S € B(H), by Theorem 2.6. in [7], we
have

dw(T) = dw((T = S) +5)
< dw(T = S) + dw(S) + w((T — $)*S + S*(T - 5))
= dw(T —S) + dw(S) + w(T*S + S*T — 25*S) and
dw(S) =dw((S—T)+T)
<dw(S—-T)+do() +w((S=T)'T+T*(S-T))
=dw(S —T) + do(T) + o(S*T + T*S — 2T*T).
And from this, it is obtained that

18
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|dw(T) — dw(S) '<'do (T =5) + 2[isTlliT - 51, (10)

l[dw($) — dw(T)| < dw(T = S5) + 2|ITIIT =Sl (12)
Therefore,

|[dw(T) — dw($)| < dw(T = 5) + [T =S|, (12)

where, ¢ = 2max{||T|, [|S]I}.

On the other hand, by Theorem 2.5. in [7], for T,S € B(H), we
have

dw(T —S) < Jw2(T —S) +|IT — S||*

<IT =S +1T - 5II*
= IIT = SIY1+1IT = SI?
< |IT = SIy/1+4ITI2ISI?

<|IT = S|[v1+c*
< |IT —S||(1 + ¢?).

Consequently, forany T, S € B(H), it is implied that
l[dw(T) — dw(S)| < allT — S|l
where a = 2(1 + ¢?), ¢ = ¢ = 2max{|IT||, ||S|I3.

Theorem 2.3. If the operator sequences T,,n = 1 uniformly
converges to the operator T € B(H), then it is true

do(T) = lim do(T,). (13)

Proof. Since (T,) uniformly converges in B(H), then it is well
known that sequence (||T;,||) is bounded in R. In this case,

¢ = 2max{||T,|, IT|I}

< 2max {suplT, I, 1711} < o0

n=1
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Consequently, using by Theorem 2.2, it is established that
lim dw(T,,) = dw(T).
n—->oo

Theorem 2.4. The following claims are true:

i.  Forany two operators T, S € B(H), itis true

|dc(T) —dc(S)| < dw(T —S) + a(S, T —S), (14)
where,
a(S, T —35)

= V2IITIISI + 4l S + 6NTIZISIZ + 41T ISII3

ii. If the operator sequences T,, € B(H),n = 1, uniformly
converges to the operator T € B(H), then it is true

de(T) = lim de(T,). (15)

Proof.

i. InthiscaseforT,S € B(H), we have

ﬁ«T+9nﬂf+MT+9ﬂHS

< VAT, 01+ 1(5x, D2 + (Tl + [1Sx)*
< |(Tx, )| + [(Sx, )| + (ITxl + lISx[1)?

_ (1T, 012 + ITx|1Y) + (1(Sx, )1 + [ISx[[*) +
2|(Tx, 201 1(Sx, )| + 4lITx|I®11SxIl + 6N Tx|[*||Sx|? + 41 Tx |l Sx]I?

< VAT, 012 + T 1) + /(1(Sx, )12 + [ISx[|4)+

+V2ITIISH + 4NTIRNSI + 6lITNZIISIZ + 40 TSI

< JUTx, )12 + ITx]|*) + dw(S) + a(T, S),
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where

a(T,S) = 2IITISI + 4ITIRISI + 6N TNZISIZ + 41 TIISII3
is taken. And from this,
dc(T +S) <dc(T) + dw(S) + a(T,S),
Therefore, forany T,S € B(H), it implies that
dc(T) = dc(S+ (T - 5))
<dc(S)+dw(T—S)+a(S,T-25)
and
dc(S) =dc(T+(S—T))
<dc(T)+dw(S—T)+ a(T,S—T)
Consequently,
|dc(T) —dc(S)| < dw(T —S) + a(S, T —S).

ii. NowletT, € B(H),n =1 and (T;,) uniformly converges
to T € B(H). Then (||T,,||) is bounded. By Theorem 2.3.,
it is known that

dw(T, —T) » 0,asn — oo,
On the other hand
a(T,T,—T) =

_ |2ITINT = Tl + 4NITIPNT = Toll + 61ITIZNT — T ll® +
AITINT = T 1

- 0asn - oo,
In this case, since
|dc(T,) —dc(T)| < dw(T,—-T) + a(T,T,, — T),

and a(T,T,, — T) - 0, n — oo, then by Theorem 2.3., we have
validity of second claim of this theorem.

21



Matematik Alaninda Akademik Analizler

Example: Letus T,, € M,(R),
T, = "lin=>1.

In this case, x = (x1,x,) € R?, ||x|| = x% + x2 =1,

1
0 1+-—

(Tx, x) = 1 " (z;) ’ (i;)
1+- 0

n
=2(1+2)0r =(1+2) n21
and

1 2

I T2 = 121 1:;5 (o) =(1+2) pxli.

Thenforn > 1,

dw(T,) = ”Slﬁplx/l(Tnx, 2 + 1Tl *
XI|l=

- i () o (o)

o = e

and

1\? 1\*
= ] _ 2 _ 4
dc(T,) ||9H|1=f1 4 (1 + n) |y x,] % + (1 + n) ]|

22
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Consequently, by Theorem 2.3. and 2.4., it implies that
dw(T) = lim dw(T,) = V2 and dc(T) = lim dc(T,) = 1.
n—->oo n—->oo

Remark. For the recent development research in this area, it can
be found in works [8-15].
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ON THE CONTINUITY OF RATIO
NUMERICAL RADIUS AND RATIO
CRAWFORD NUMBER FUNCTIONS

Elif OTKUN CEVIiK!
Zameddin I. ISMAILOV?

1. INTRODUCTION

Acquiring the spectrum set, the numerical range set of an
operator, and computing the numerical and spectral radii,
Crawford number, and subspectral radius are the main questions
in the spectral theory of linear operators. In general, locating the
spectrum set and the numerical range of the linear bounded non-
normal operators is pretty difficult in technical and theoretical
terms.

Let H and B(H) be a complex Hilbert space with norm |||, inner
product (-,-) and the algebra of all linear bounded operators on H,
respectively; ||-|| also denotes the norm in B(H).

Remember that the numerical radius of the operator A € B(H) is
denoted by

w(A) = sup |(Ax, x)|.

llxll=1

Moreover, it is known that

L Asst. Prof., Avrasya University, Faculty of Engineering and Architecture,
Department of Computer Engineering, elifotkuncevik@gmail.com, ORCID: 0000-
0001-8506-1889.

2 Prof., Karadeniz Technical University, Faculty of Science, Department of
Mathematics, zameddin.ismailov@gmail.com , ORCID: 0000-0001-5193-5349.
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w(A) = supl||Re(e’A)| = sup||Im(e4)|| [11].
teR teR

It is obvious that the function w(-) describes a norm on B(H),
that is equivalent to the standard operator norm ||-||. Indeed, for
every A € B(H), the following inequality holds:

Al
- = w(4) < ||A]l.

Moreover, for normal operator A € B(H), the relation r(A4) =

w(A) = ||A]| is true. Also, it is well known that for every two
operators A, B € B(H),

w(A + B) <w(4) + w(B)
is valid (see, [3]).

Furthermore, remember that the spectral inclusion ¢ (4) € W(A)
holds for the set of spectrum o (A4) and numerical range W (A) of
any A € B(H), (see [2, 3] for more information).

For A € B(H), the Crawford number of A is described by
c(A) = inf{|1]: 1 e W(A)}.

And also, for every A € B(H), the following inequality is known
to be true:

0<c(d) <w(4) < 4]l

Moreover, it should be noted that recent developments in these
topics can be found in the works [4-9].

For A,B € B(H),B # 0, the ratio numerical range W(A/B) is
defined by

(Ax, x)
(Bx, x)

B { (Ax, x)

W(A/B)={ :xEH,(Bx,x);tO}

:x €S, (Bx, 0¢,
(Bx,x)x (Bx,x) # }
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where S is the unit sphere of H (The case of B # 0 ensures that
W(A/B) # @) [10]. Obviously, W(A) = W(A/I). In the case
where H is finite dimensional and W (B) does not contain zero,
the ratio numerical range was presented and worked in [1].

The geometric characteristics of the ratio
numerical range W (A/B) in relation to the operator theoretical
properties of A and B are studied in [10].

According to ratio numerical range, we give the
following generalitions of numerical radius and Crawford
number.

Definition 1.1. Let A,B € B(H),B # 0. The ratio numerical
radius and ratio Crawford number will be defined as follows:

(Ax, x)
(Bx, x)

W(A/B)zsup{ : xEH,IIxII=1,(Bx,x)¢O},

c(A/B) = inf{ |%‘  x€H, x|l = 1, (Bx,x) % o},

respectively.

In this study, the continuity properties of ratio
numerical radius and ratio Crawford number functions are
investigated.

2. CONVERGENCE OF RATIO NUMERICAL
RADIUS AND RATIO CRAWFORD NUMBER
SEQUENCES

Firstly, the uniformly convergence of the operator sequences will
be defined.

Definition 2.1. Let (4,,) be an operator sequence in B(H). The
sequence (4,,) is said uniformly convergent to the operator A €
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B(H), if for any € > 0, there is some ny, = ny(e) € N such that
for all n > ny, itis true:

14, —All <e.
The following result is true.

Theorem 2.2. For any three operators T, S,K € B(H),S # 0, the
followings are satisfied:

() w(T/$) —w(K/S)| <w({(T - K)/S)
) In addition, if for x € H,||x|| = 1,|(Sx,x)| =
1, then

lw(T/S)—w(K/S)| <w(T - K).

Proof. (1) Inthis case forx € H, ||x|| = 1, (Sx, x) # 0, from the
following inequality

(Tx,x)
(Sx,x)

(Kx,x)
(Sx,x)

)

- ‘ ((T — K)x,x)
- (Sx,x)

it is obtained that
w(T/S)<w({(T-K)/S)+w(K/S),

w(T/S)—w(K/S) <w({(T-K)/S). (2.1)

Similarly, for x € H, ||x|| = 1, (Sx,x) # 0, from the following
inequality

(Kx, x) - ‘ ((K —T)x,x) (Tx, x)

(Sx,x) |~ (Sx,x) (Sx,x)|’
we have

w(K/S) <w((T-K)/ )+ w(T/S),
Hence,

w(K/S)—w(T/S) <w({(T-K)/S). (2.2)
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Therefore, from (2.1) and (2.2), it is established that
lw(T/$) —w(K/ S| <w((T —-K)/S).

(2) Indeed, in this case if for each x € H, ||x|| = 1, the condition
|(Sx,x)| = 1 is satisfied, then from the following inequality

((T — K)x, x)

(S0 < |((T = K)x,x)|,

it implies that
w((T-K)/S) < w(T —K).
From the last inequality and claim (1), it is established that
lw(T/S)—w(K/S)| <w(T —K).

Theorem 2.3. Assume that S € B(H) and foreachx € H , ||x]|| =
1, the condition |(Sx, x)| = 1 is satisfied. If T,, € B(H),n = 1is
an uniformly convergent operator sequence to the operator T €
B(H), then

w(T/S) = lim w(T,/S).
n—-oo
Proof. In this case, from the validity of the second claim of
Theorem 2.2, it is obvious that
\w(T,/S) —w(T/S)| <w(T,—-T) <||IT,—T|,n=>1.

From this and uniform convergentity of the operator sequence
(A,) in B(H), it implies the validity of this theorem.

Theorem 2.4. For any three operators T, S,K € B(H),S # 0, the
followings are satisfied:

1) lc(T/$) — c(K/S)| =w({(T —K)/S)
2 Inaddition, ifforx € H, ||x|| = 1, |(Sx,x)| = 1,
then

|c(T/S) —c(K/S)| < w(T — K).
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Proof. (1) Inthis case, forx € H, ||x|| = 1, (Sx, x) # 0, we have

(Tx, x) ((T + K)x, x) (Kx, x)
(Sx,x) | — (Sx,x) B (Sx,x)
((T + K)x,x) (Kx, x)
- (Sx,x) - (Sx,x)

>c((T+K)/S)—w(K/S).
That is,
c(T/$) =z c((T +K)/S) —w(K/S),
From this, it is clear that
—w(K/S) < c(T/S)— c((T+K)/S). (2.3)

Similarly, for xe€H,||x|]| =1,(Sx,x) # 0,
from the following inequality,

((T+K)x,x) | (Tx,x) (Kx,x)
(Sx, x) | (Sx,x) (Sx, x)
(Tx,x) (Kx,x)
10| | Sxx)
> c(T/S) —w(K/S),
it implies that

c((T+K)/S)=c(T/S) —w(K/S).
Then,
c(T/S)— c((T+K)/S) <w(K/S). (2.4)

Consequently, from the above estimates (2.3) and (2.4), it is
established that

lc((T+K)/S) —c(T/S)| <w(K/S).

Then, the validity of this claim is true.
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(2) Indeed, incasewhen x € H, [|x|| = 1, |(Sx,x)| = 1, we have

((T — K)x,x)

G |= |((T = K)x,x)| .

From the last relation, it implies that
w({(T —K)/S) <w(T — K).

In this case, from the last relation and first claim of this theorem,
it is established that

|c(T/S) —c(K/S)| < w(T — K).
Theorem 2.5. Assume that S € B(H) and foreachx € H , ||x]|| =
1, the condition |(Sx, x)| = 1 is satisfied. If T,, € B(H),n = 1is

an uniformly convergent operator sequence to the operator T €
B(H), then

e(T/$) = lim c(T, /S).

Proof. In this case, from the validity of the second claim of
Theorem 2.4, it is clear that

lc(T/S) =c(T/D <w(l =T) < |IT, =Tl ,n = 1.

From this and uniform convergentity of the operator sequence
(T,) in B(H), it implies the validity of this theorem.

Example 2.6. Let us H = C?(C) with usual Eucledian inner
product and norm,

T, = n T leM@n=1,

C
n n n

lim a,, = a, lim b, =0,limc, =0,limd, =d,a#0,d #0
n—oo n—-oo n—oo

n—-oo

and S = (g 2)
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In this case, it is clear that the operator sequence (T;,) uniformly
convergestoT = S.

Consequently by Theorems 2.3, 2.5;
lim w(T, /$) = w(s/$) =1,
71115210 c(T,/S) =c(S/S) = 1.
Example 2.7. Letus H = L?(0,1), f € L?(0,1),
T, f(x) = fo"‘% f(t)dt, T,: L2(0,1) - L2(0,1), n > 1and
Sf(x) = [; f(©)dt, S:12(0,1) - L2(0,1).

In this sitution, the operator sequence (T;,) uniformly converges
to S.

Consequently by Theorems 2.3, 2.5;
limw(T,/S) =w(S/S)=1,
n—->oo

lim c(T,/ $) = c(5/8) =1,
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HiBRIiT SAYILARIN INVOLUSYONLARI VE
ANTI-INVOLUSYONLARI

Derya SAGLAM!?
Fatma Nur TEKELI?

1. GIRIS

Bir involusyon veya anti-involusyon tersi kendisine esit
olan lineer doOniisiimlerdir. Bu bolimde hibrit sayilarin
involiisyonlart ve anti-involiisyonlar1 verilecektir. Geometrik
olarak hibrit sayilarin bir involiisyonu bir diizleme gore simetri ve
anti-involiisyonu bir dogruya gore simetri olacaktir.

Ell ve Sangwine, 2007 yilinda kuaterniyonlarin
involiisyon ve anti- involiisyonlarini elde ettiler [1]. Daha sonra,
Yayli ve Bekar dual, complex, split, dual split, semi ve split semi
kuaterniyonlarin involiisyon ve anti-involiisyonlarini incelediler

[5-9].

2. TEMEL KAVRAMLAR

Hibrit sayilar ilk kez Ozdemir tarafindan 2018 yilinda
tanimlanmistir [2]. a, b, ¢, d € R olmak lizere i2 = —1, €2 =0,
h?=1, ih=—-hi=¢c+i esitliklerini saglayan bir
Z = a + bi + ce + dh hibrit sayis1 kompleks, hiperbolik ve dual
sayilarin bir genellestirilmisidir. Hibrit sayilarina karsilik gelen
geometri Oklid, Minkowski, Galile diizlem geometrileri ve

L Prof. Dr., Kirikkale Universitesi, Miihendislik ve Doga Bilimleri Fakiiltesi,
Matematik Bolumd, deryasaglamyilmaz@gmail.com, ORCID: 0000-0003-4323-

1901.
2 Kirikkale Universitesi, Fen Bilimleri Enstitiisii, Matematik Ana Bilim Dal,
fntekeli631@gmail.com, ORCID: 0000-0002-4349-2207.
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bunlarin kombinasyonlarini iceren en genel geometridir. Hibrit
sayilara karsilik gelen geometriye Hibridyen diizlem geometrisi
diyecegiz. Bu diizlem, R*iin iki boyutlu bir alt uzayidr.
Hibridyen dizlem geometrisi eliptik, hiperbolik veya parabolik
olarak siniflandirilir [2].

Tanim 2.1. Hibrit sayilar kiimesi

K= {a + bi + ce + dh : ab,c,d e R; i? =—1, €2 =0,
h2=1, th=—hi=c+i}

biciminde dortlillerin  kiimesi olarak diisiiniilebilir. Reel,
kompleks, dual ve hiperbolik birimler sirasiyla

1 = (1101010)11: = (0’1’0’0)’8 = (0’0’1’0)’h = (OIOIOI]‘)

olarak tanimlanir ve bu birimler hibrit birimler olarak adlandirilir.
Z = a+ bi + ce + dh hibrit sayis1 i¢in, a ya skaler kisim denir
ve S(Z) ile gosterilir. Ayrica bi + ce + dh ye vektorel kisim
denir ve V(Z) ile gosterilir. Boylece Z hibrit sayisi,
Z =S2)+V(2)
biciminde yazilir. [2].
Tanim  2.2. Zi=a; +bji+ce+dh ve

Z, =a,; +byi +ce+dyh hibrit  sayillarinin - karsilikli
bilesenleri esitse Z; = Z, dir [2].

Tanm  2.3. Zy=a; +bji+cie+dh ve
Z, = a, + byi + c € + d,h hibrit sayilarinin toplami

Zl +Z2 == (a1 + a2 ) + (bl + bz)l + (Cl + Cz) + (d1 + dz)h
esitligiyle tanimlanir [2].

Hibrit sayilarda toplama islemi hem degismeli hem de
birlesmelidir. Biitiin bilesenleri sifir olan hibrit sayiyr 0 ile
gosterelim. 0, hibrit sayilarda toplama islemine gbre etkisiz
elemandir. Z = a+ bi +ce+ dh hibrit sayisinin toplama
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islemine gore tersi Z = a — bi — ce — dh dir. Buna gore, (K, +)
ikilisi degismeli gruptur [2].

Tamm 2.4. Hibrit carpimu i2 = —1, €2 =0, h? =1,
ih = —hi = £ + i olmak Uzere

Z1Z, = (ag + byi + ¢ + dih)(ay + byi + e +dyh)
esitligiyle tanimlanir [2].

Hibrit c¢arpimi, degismeli degildir. Fakat hibrit
carpiminin birlesme 6zelligi vardir [2].

Tamm 2.5. Z = a+bi+ce+dh hibrit sayisinin
eslenigi Z = S(Z)-V(Z) = a-bi-ce-dh olarak tanimlanir [2].

Hibrit sayilarin  toplammin eglenigi, esleniklerin
toplamina esittir. Buna gore

Z,+7Z,=7,+27,

dir. Ayrica, hibrit ¢arpimi degismeli olmamasimna ragmen bir
hibrit saymin eslenigiyle ¢carpimi degismelidir. Ger¢ekten

ZZ=77Z=a*+(b—c)*—c*—d?
reel sayis1 C(Z) ile gosterilir. Buna gore
C(Z)=2Z=72Z=a*+(b—c)*—c*—d?
dir. Z = a + bi + ce + dh hibrit say1s1 i¢in
V; =(a,(b—c),cd)
vektoriine Z nin vektor gosterimi denir. E3 deki (—,—,+,+)
isaretleri kullanilarak

CZ)=a*+b—-c)—-c?—-d>=-<V,V, >4

bi¢iminde yazilabilir. Ayrica, Z = a + bi + ce + dh hibrit
sayist, C(Z) < 0,C(Z) > 0,C(Z) =0 ise swrastyla spacelike,
timelike ve lightlike olarak adlandirilir. Hibrit sayilarin ¢arpimi
tanimindan C(Z,Z,) = C(Z,)C(Z>) dir [2].
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Tamm 2.6. /|C(Z)| =+/(a?+ (b —c)? — c2 — d?)
reel sayisina, Z hibrit sayisinin normu denir ve || Z || ile gosterilir.

Bir hibrit say1sinin normu kompleks, hiperbolik ve dual sayilarin
norm tanimiyla ortiisen genellestirilmis bir normdur [2].

Tanmm 2.7. Z = a+ bi + ce + dh hibrit sayis1 igin
g, = ((b—c),c,d) vektortine Z nin hibrit vektori denir.
gz = ((b — ¢), ¢, d) hibrit vektorli E3 Minkowski uzayininn bir
vektorii olarak alinirsa

C(Z) == -0 +c*+d* =< ¢z >3

esitligiyle tamimlanan C.(Z) reel sayisina bagh olarak Z hibrit
sayisinin tipleri tanimlanir. C.(Z) < 0,C¢(Z) > 0,C.(Z) = 0 ise
Z hibrit sayisina sirasiyla eliptik(komplike), hiperbolik(hiperlike)
ve parabolik(duallike) denir. \/|C¢(Z)]| reel sayisina Z nin hibrit
vektorunin  normu  denir  N(Z) ile gosterilir.  Split
kuaterniyonlarda oldugu gibi, hibrit saymin hibrit vektorii
timelike, spacelike ve null olabilir.

Tamm 2.8. ||Z]| # 0 olmak lizere Z = a + bi + ce + dh

hibrit sayismin tersi Z™! = Z_ esitligiyle tanimlanir [2].
y ) gy

Bu tanima gore lightlike hibrit sayilarin tersi yoktur.
Hibrit sayilar kiimesi, toplama ve ¢arpma iglemlerine degismeli
olmayan bir halkadir [2].

Tanmim 2.9. Hibrit sayilarin  skaler carpimi,
Zi=ai+bii+cie+dih ve Z,=ay+ byi+ce+dzh
olmak lzere g: K X K - R,

Z1Zy+ 7274
9(Z1,Z3) = f = a1az + b1b, — bicy; — bycq — dqd;

esitligiyle tanimlanir [2].
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Teorem 2.10. Yukaridaki esitlikle tanimlanan skaler
carpim non-dejenere, simetrik bilineer formdur [2].

Hibrit sayilarin skaler ¢arpimi kompleks, hiperbolik ve dual

sayilar i¢in genellestirilmis skaler carpimdir.
Tanim 2.11. Z, ve Z; hibrit sayilarinin vektdrel ¢arpimi
Z1Z, — 737,
x: K x K - K, lezzz%

biciminde tanimlanir [2,3]. Bu tanima gore
Zy X Z, = (ayby — bya, + b,d; — dyb,)i
+(ayc; — cpaq + bydy — dyby — cpdy + dycy)e
+(apdq — bycq + c2b1 — draq)h
dir [3].

Skaler kismu sifir olan hibrit sayiya pure hibrit say1 denir.
Hibridyen 3-uzay,

< Zl,Zz >]HI= —(bl - Cl)(bz - Cz) + cic + d1d2

indefinit, simetrik bilineer form ile birlikte R3 vektor uzayidir ve
H ile gosterilir. Burada Z1=bqii+cie+dih ve
Zy = byl + cp€ + dyh pure hibrit sayilardir. Bundan boyle piire
hibrit sayilar bir vektor olarak ele alinacaktir. < Z4, Z, >p= 0 ise
Zqile Z, ye hibrit ortogonal denir. Hibridyen 3-uzayda, Z; =
bii + c1& + d1h ve Z, = b,i + c 6 + d,h vektdrlerinin vektorel
carpimi

i —€ —h
bi—c1 by dy
b,—c, by d;

Zl X]HI ZZ =

esitligiyle tanimlanir. Skaler ¢arpim ve vektorel ¢arpim tanimlari
kullanilarak Z4, Z,, Z5 vektorleri icin

Zl le[ (Zz X]HI Zg) =< Zl,Zz >]HI Z3 —-< Zl,Zg >]HI Z2
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oldugu kolayca goriilebilir. Ayrica, Z1 =S(Z1) +V(Z1) ve
Z, = 8(Z;) + V(Z,) hibrit sayilari i¢in hibrit carpimi

2,2, = S(Z)S(Zs) + SEZV(Z) + SZ)V (Zy)
+<V(Z),V(Z2) >u+ V(Z1) Xu V(Z2)

esitligi ile hesaplanir [3].

3. HIBRIT SAYILARIN iNVOLUSYON VE ANTi-
INVOLUSYONLARI

Bir invollsyon ve anti-involiisyon, tersi kendisine esit
olan lineer doniisiimlerdir.

Tanmm 3.1. x — f(x) donlisiimii asagidaki aksiyomlari
saglarsa f ye involisyon denir.

Al. Bir involiisyon kendisinin tersidir. Yani tanim kiimesinden
alinan her x elemani i¢in

ffx) =x
dir.

A2. Bir involiisyon lineerdir. Yani tanim kiimesinden alinan her
X1, X2 elemanlar1 ve A reel sayisi i¢in

[+ x2) = f(x1) + f(x2)
ve
Af (x) = f(4x)
dir.

A3. Bir carpimin involiisyonu ters sirada involiisyonlarin
carpimina esittir. Yani tanim kiimesinden alinan her x4,x,
elemanlari.i¢in

fxaxz) = f(x2)f (x1)
dir [1].
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Tanim 3.2. x = f(x) doniisiimii asagidaki aksiyomlari
saglarsa f ye anti-involisyon denir.

Al. Bir anti-involiisyon kendisinin tersidir. Yani tanim
kiimesinden alinan her x elemani i¢in

fUX) =x
dir.

AZ2. Bir anti-involiisyon lineerdir. Yani tanim kiimesinden alinan
her x4, x, elemanlar1 ve A reel sayisi i¢in

flea+x2) = f(x1) + f(x2)
ve
Af (x) = f(Ax)
dir.

A3. Bir c¢arpimin anti-involiisyonu ayni sirada anti-
involiisyonlarin carpimina esittir. Yani tanim kiimesinden alinan
her x4, x, elemanlar1.igin

fxaxz) = f(xa)f (x2)
dir [1].

Involiisyon ve anti-involiisyonun farki A3. oldugu
kolayca gorulebilir.

Teorem 3.3. V2 = —1 esitligini saglayan birim vektor V
olmak uzere f:K-K, f(Z)=-VZV déniisimii bir
invollsyondur.

Ispat.
Al. Her Z hibrit sayisi i¢in
@) = f(=vzv)
= -V(-vZV)v
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=-v(VZ(=M)V
= -V((-Nzv)V
= V2ZV?
=7
dir.
A2.HerZ,,Z, e Kve A1 € Rigin
f(Zy+2) =-V(Z + Z)V
= —V(Z, +Z,)V
= (=VZV) + (-VZ;V)
= f(Z) + f(Z2)
ve
f(1z) = -v(AzZ)v
=-V(QAZ)V
= AM(=VZV)
= Af(2)
dir.
A3.Her Z,,Z, € Kigin
f(Z123) = =V (Z1Z)V
= —V(Z,Z,)V
= —V(Z,(V(=V)Z)V
= (=VZV)(=VZ,V)
= f(Z2)f(Z1)
dir.
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Teorem 3.4. V2 = 1 esitligini saglayan birim vektor V
olmak tzere f:K-K, f(Z)=VZV doniisimi bir
invollsyondur.

Ispat. Teorem 3.3 iin ispatina benzer bicimde yapilir.

Teorem 3.5. V2 = —1 esitligini saglayan birim vektor
V olmak lzere f:K - K, f(Z) =—VZV donlisimii bir anti-
invollsyondur.

Ispat.
Al. Her Z hibrit sayisi i¢in
fF@) =f(=vzv)
=-V(-VZV)V
=VWzvyv
=V2Zy?
=7
dir.
A2.HerZ,,Z, e Kve A € Rigin
fZ1+2Zy)=-V(Z +Z)V
=(=VZV) + (=VZ,V)

= f(Z1) + f(Z2)
ve
fAz) = -v(AzZ)v
= -V(AZ)V
= A(=VZV)
= Af(Z)
dir.
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A3.Her Z,,Z, € Kigin
f(Z.1Z,) = =V(Z,Z,)V
= —V(Z,(V(=V)Z)V
= (—VZ,V)(-VZ,V)
= f(Z)f(Z2)
dir.

Teorem 3.6. V2 =1 esitligini saglayan birim vektor V
olmak Ulzere f:K- K, f(Z)=VZV donisimi bir anti-
invollsyondur.

Ispat. Teorem 3.5 iin ispatina benzer bicimde yapilir.

Simdi yukarida buldugumuz involiisyonlarin ve anti-
involusyonlarin geometrik yorumlarini verecegiz.

Teorem 3.7. V2 = —1 esitligini saglayan birim vektdr V
olsun. Herhangi bir Z=a+w® hibrit sayis1 igin
f: K- K, f(Z) =—VZV involusyonu, Z nin skaler kism1 a y1
invaryant birakir ve Z nin vektorel kismi w y1 da V involisyon
eksenine hibrit ortogonal olan diizleme gore yansitir.

Ispat: Z = a + w hibrit say1si igin
£(Z) = -ViV
= —V(a+w)V
= —V(a—w)V
= —VaV + VoV
= —V?a+VwV
= a+VwV 1)

dir. Bu esitlige gore f invollisyonunun Z nin skaler kismi a y1
invaryant biraktigi aciktir. Diger yandan VwV nin de w nin V
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involliisyon eksenine hibrit ortogonal olan duzleme gore
yansimasi oldugunu gostermeliyiz. V,w vektor oldugundan

VoV = (Vw)V
= (<V,0 >y+V Xy 0)V
=<V, o>z V+ V Xyw)V
=<V,w>xgV+<V Xy, V >y+ V Xy w) Xy V
=<V,o>xgV-=VXxzV Xy w)
=<V, wo>xgV-—-<V,V>Spowo+<V,o>xV
=2<V,o>gV—<V,V>w
=2<V,w>ygV—-V?w
=2<V,o>V+ow )

bulunur. w nin diizleme olan izdisimi

<w,V> <w,V>
Wizg = W — W=w——""AV =w+<w,V>yV
<V v

oldugundan w nin diizleme goére yansimasi

20— w=2@+<,V>o>yV)—w=w+2<wV>yxV
©)

esitligiyle elde edilir. (2) ve (3) esitliklerine gore VwV, w nin V
involliisyon eksenine hibrit ortogonal olan duzleme gore
yansimasi olur.

Sonug 3.8. (1) esitligine gore V || w ise
f(Z)=-VZIV=a+VoV =2
ve V 1l wise
f(Z)=-VIV=a+VwV =Z
dir.
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Teorem 3.9. V2 = 1 esitligini saglayan birim vektor V
olsun. Herhangi bir Z=a+w hibrit sayis1 igin
f: K- K, f(Z) =VZV involisyonu, Z nin skaler kismi a y1
invaryant birakir ve Z nin vektorel kismi w y1 da V involisyon
eksenine hibrit ortogonal olan diizleme gore yansitir.

Ispat: Z = a + w hibrit sayis1 igin

f(Z) =Vvzv
= V(a+w)V
= V(a—w)V
= VaV —VawV
= Via—-VaoV
=a—VoV 4

dir. Bu esitlige gore f involisyonunun Z nin skaler kismi1 a y1
invaryant biraktig1 agiktir. Diger yandan —VwV nin de w nin V
involliisyon eksenine hibrit ortogonal olan duzleme gore
yansimasi oldugunu gostermeliyiz. V,w vektor oldugundan

VoV = —(Vw)V
=—(<V,0>g+V Xgw)V
= < V,o>xgV—(VXzgw)V
= < V,w>gV-<VxgwV>x— V Xy w) Xy V
= <V, o>V +V XV Xz w)
= < V,o>SgV+<V,V>S>po—<V,wo>xV
==2<V,o>SxV+<V,V >y w
= 2<V,o>xV+Vw
=-2<V,o>gV+w (5)

bulunur. w nin diizleme olan izdiistimii

46



Matematik Alaninda Akademik Analizler

<w,V> <w,V>
Wizg = W — 1V =w— WV=w-<wV>xV
<V,V>y V2

oldugundan w nin diizleme gore yansimast

2Wip0 — W =2 —<w,V>xV)—w=w-2<wV>xV
(6)

esitligiyle elde edilir. (5) ve (6) esitliklerine gore VwV, w nin V
invollisyon eksenine hibrit ortogonal olan duzleme gore
yansimasi olur.

Sonug 3.10. (4) esitligine gore V || w ise
f(Z)=ViV=a-VoV =12
veV L wise
f(Z)=ViIV=a-VoV =1Z
dir.
Teorem 3.11. V? = —1 esitligini saglayan birim vektor
V' olsun. Herhangi bir Z =a+ whibrit sayis1 igin
f: K-> K, f(Z) = —VZV anti-invollisyonu, Z nin skaler kism1 a
y1 invaryant birakir ve Z nin vektorel kismi w y1 da V anti-
involiisyon ekseninin tanimladigi dogruya gore yansitir.
f(Z) = =VZV anti-involiisyonu f(Z) = —VZV involiisyonunun
eslenigidir.
Ispat: Z = a + w hibrit sayis
f(Z) = -vzv
=—-V(a+w)V
=—VaV - VwlV
= —V2a—-VwV
=a—-VwV (7)

dir. (1) ve (7) esitliklerine gore f(Z) = —VZV anti-involusyonu
f(Z) = =V ZV invollsyonunun eslenigidir. (7) esitligine gore f
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involiisyonunun Z nin skaler kismi a y1 invaryant biraktigi agiktir.
Diger yandan —VwV nin de w nin V anti-involiisyon ekseninin
tanimladig1 dogruya gore yansimasi oldugunu gostermeliyiz. V,w
vektor oldugundan

VoV = —(Vw)V
= — (< V,0 >+ V xyg )V
= —<V,o>xgV—(VXxXgw)V
= < V,o>xgV <V Xxgo,V>x— V Xgw)XygV
= —<V,wo>xgV+V Xy (V Xy w)
= < V,o>SgV+<V,V>Spo—<V,wo>yV
=—-2<V,o>xV+<V,V >y w
= 2<V,o>gV+V?w
=—-2<V,o>xV—-w (8)

bulunur. w nin V ye olan izdiisimii

<V, w>py _ <V,w>p V=
<V,V>n V2

[zd,w = —<wV>yV

oldugundan w nin V nin tanimladig1 dogruya gore yansimasi
2lzdyw —w=-2<w,V>xV-w 9)

esitligiyle elde edilir. (8) ve (9) esitliklerine gore —VwV, w nin V
anti-involiisyon ekseninin tanimladigi dogruya gore yansimasi
olur.

Sonug 3.12. (7) esitligine gore V || w ise
f(Z)=-VZV=a-VaV =2
velV L wise
f(2)=-VZV=a-VaoV =2
dir.
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Teorem 3.13. V? = 1 esitligini saglayan birim vektor V
olsun. Herhangi bir Z =a+ w hibrit sayis1 i¢in f:K—
K, f(Z) = VZV anti-involisyonu, Z nin skaler kismi a y1
invaryant birakir ve Z nin vektorel kismi w y1 daV anti-
involiisyon ekseninin tanimladigi dogruya gore yansitir. f(Z) =
VZV anti-invollsyonu f(Z) = VZV involiisyonunun eslenigidir.

Ispat. Z = a + w hibrit sayis1 i¢in
f(2) = vav
= V(a+w)V
=ValV +VwlV
= Via+ VoV
= a+ VoV (10)

dir. (4) ve (10) esitliklerine gore f(Z) = VZV anti-invollisyonu
f(Z) = VZV involiisyonunun eslenigidir. (10) esitliginden f
involisyonunun Z nin skaler kismi a y1 invaryant biraktigi
aciktir. Diger yandan VwV nin de w ninV anti-invollsyon
ekseninin tanimladigi dogruya gore yansimast oldugunu
gostermeliyiz. V,w vektor oldugundan

VoV = (Vw)V
=<V, 0w >x+V Xy w)V
=<V, o>xgV+V Xyw)V
=<V,w>gV+<V xgw,V >y+ V Xy w) Xy V
=<V,o>xgV-=VxygV Xygw)
=<V, wo>xgV-—-<V,V>Spow+<V,o>xV
=2<V,o>xgV—<V,V>zw
=2<V,w>ygV—-Vw
=2<V,o>gV—-w (11)
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bulunur. w nin V ye olan izdiisimii

<V, w>y V= <V, w>py

Ry =<V, 0 > V
<VV>y 1%

izdyw =

oldugundan w nin V nin tanimladig1 dogruya gore yansimasi
2izdyw —w=2<V,o>gV—-w (12)

esitligiyle elde edilir. (11) ve (12) esitliklerine gére VwV, w nin
V anti-involiisyon ekseninin tanimladigi dogruya gore yansimasi
olur.

Sonug 3.14. (10) esitligine gore V || w ise
fF()=VZV=a+VeV =2
vel 1L wise
fF()=VZV=a+VoV =27
dir.

Vol

Sekil 1. V2 = —1 icin f(Z) = —VZV involusyonu ve
f(Z) = =VZV anti-ivoliisyonunun geometrisi (Noktali dogru V
ye ortogonal olan diizlemi géstermektedir. V nin skalar kismi
invaryant oldugundan gosterilmemistir.)
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VoV

Sekil 2. V2 = 1 icin f(Z) = VZV invollsyonu ve
f(Z) = VZV anti-ivoliisyonunun geometrisi (Noktali dogru V' ye
ortogonal olan duizlemi gostermektedir. VV nin skalar kismi1
invaryant oldugundan sekilde gdsterilmemistir.)

Sonug 3.8 ve Sonug 3.10 a gore invollsyonun V ekseni
ile Z nin vektorel kismi paralel oldugunda involiisyon hibrit
sayinin eslenigini ve hibrit ortogonal oldugunda involiisyon hibrit
saymin kendisini verir. Sonug¢ 3.12 ve Sonug 3.14 a gore anti-
involiisyonun V ekseni ile Z nin vektorel kismi hibrit ortogonal
oldugunda anti-involiisyon hibrit saymnin eslenigini ve paralel
oldugunda hibrit sayinin kendisini verir. Asagida Lemma 3.15 ve
Lemma 3.16 boyle durumlarin genel formiillerini vermektedir.

Lemma 3.15. Eksenleri birbirine hibrit ortogonal
V1,V, Vs birim vektorler olan involiisyonlarin toplamini
herhangi bir w vektoriine uygulanirsa yine w elde edilir. Yani
f1, f2 f3sirasiyla eksenleri V4, V5, V3 olan involisyonlar ise

f1(@) + fa(w) + f3(w) = @ (13)

olur.
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Ispat. =123 icin w;IIV; olmak Uzere
W = w1 + w, + w3 olsun. w, (13) esitliginin sol tarafinda yerine
yazilirsa, involiisyonun A2. aksiyomuna gore

filwy + w2 + w3) + fL(w1 + w2 + w3) + f3(w1 + w2 + W3)
= f1(w1) + f1(w2) + f1(w3) + f2(w1)
+ f2(w2) + f2(w3) + f3(w1) + f3(w2)
+ f3(w3)

elde edilir. Sonug¢ 3.8 ve Sonu¢ 3.10 a gbre bir w vektoril
involisyonun eksenine paralel ise involisyon w nin isaretini
degistirir, hibrit ortogonal ise involiisyon birim doniisim olur.
Buna gore yukaridaki esitligin sag tarafi diizenlenirse

w1 tw+rws+w —wr+ws+w, +w,— w3 =w
elde edilir.

Lemma 3.16. Eksenleri birbirine hibrit ortogonal
V1,V V3 birim vektorler olan anti-involiisyonlarin toplamini
herhangi bir w vektoriine uygulanirsa w yon degistirir. Yani
f1, f2 f3sirasiyla eksenleri V4, V5, V3 olan anti-involusyonlar ise

fi(w) + f2(w) + f3(w) = —w (14)
olur.

Ispat. i =1,2,3 icin w; | V; olmak lizere w = wy +
w2 + w3 olsun. w, (14) esitliginin sol tarafinda yerine yazilirsa,
anti-involisyonun A2. aksiyomuna gore

f1lwi+ w2 + w3) + (w1 + Wz + w3) + f3(w1 + W2 + w3)
= f1(w1) + f1(w2) + f1(w3) + f2(w1)
+ f2(w2) + f2(w3) + f3(w1) + f3(w2)
+ f3(w3)

elde edilir. Sonug 3.12 ve Sonug 3.14 e gore bir w vektérinin
anti-involusyonun eksenine hibrit ortogonal ise anti-involiisyon
w nin isaretini degistirir, paralel ise anti-involiisyon birim
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doniislim olur. Buna goére yukaridaki esitligin sag tarafi
dizenlenirse

W1 — Wy —W3— W1 +wW, —W3— W1 — Wz +wW3=—w
elde edilir.

Teorem 3.17. Z € K ve eksenleri birbirine hibrit
ortogonal V4,V V3 birim vektorleri olan anti-invollsyonlar

f1,f2 f3ise
Z=(f1(2) + f2(2) + f3(Z2) - ) (15)
dir.

Ispat. Z=a+w olsun. Anti-involisyonun A2.
aksiyomuna gore (15) esitliginin sag tarafi hesaplanir ve anti-
involisyonlarin  a skaler kismimi invaryant biraktigindan
yararlanarak (14) esitligine gore

(L) + (D) + £2) - 2)
= ~(a+fil@) +a+f(0) +a+ f3(0) —a—w)
= a+5(f(w) + () + f3(w) — )
= a+%(—w—w)
=a—-w
=7
bulunur.

Teorem 3.18. Z € KK ve eksenleri birbirine hibrit ortogonal
V1,V2, V3 birim vektorleri olan invollsyonlar f4, >, f3 ise

Z=2(f1(2) + f22) + f:(2) - ) (16)
dir.
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Ispat. Z = a + w olsun. Involiisyonun A2. aksiyomuna
gore (16) esitliginin sag tarafi hesaplanir ve anti-involisyonlarin
a skaler kismini invaryant biraktigindan yararlanarak (13)
esitligine gore

SR+ L@ + /() - 2)
= @+ f1(@) +a+f2(0) +a+ f3(0) —a+ )
= a+5(f1(0) + f2(0) + f3() + @)
= a+2(0+ o)
=a+tw
=7
bulunur.

Teorem 3.19. V2 = —1 esitligini saglayan birim vektdr V
olsun. Herhangi bir w vektérinin V' ye paralel ve hibrit ortogonal
bilesenleri sirasiyla w1, w- ise

1 1
W, = E(a) —fl(a))) = E(w +f2(a))),

1 1
wz = 5 (w+ f1(w)) =5 (@ — f2(w))
dir ve w = w, + w, dir. Burada f,(Z) = —VZV invollsyonu ve
f2(Z) = =V ZV anti-involiisyonu alinmstir.
Ispat. Sekil 1. den kolayca goriilmektedir.

Teorem 3.20. V2 = 1 esitligini saglayan birim vektdr V
olsun. Herhangi bir w vektérunin V ye paralel ve hibrit ortogonal
bilesenleri sirasiyla w4, w, ise

1 1
Wy = E(w — f1(w)) = 5(“) + f2(w)),
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1 1
Wz = E(w+f1(w)) =§(w_f2(w))

dir ve w = w, + w, dir. Burada f1(Z) = VZV involiisyonu ve
f2(Z) = VZV anti-involisyonu alinmistir.

Ispat. Sekil 2. den kolayca goriilmektedir.
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