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SIGMA INDEX ICIN BAZI SINIRLAR

Kibra KULA?!
Gllistan KAYA GOK?

1. GIRIS

Graf teori, nesneler arasindaki baglantilarin diigiimler ve
kenarlar kullanilarak temsil edilmesini saglayan, matematiksel
modellemenin temel bir alanidir. Kimyasal graf teorisinde bu
yaklasim molekiiler yapilara uygulanir; burada atomlar diigiim,
aralarindaki baglar ise kenar olarak ele alinir. Boylece, bir
molekiiliin yalnizca sematik yapisi degil, ayn1 zamanda baglanma
duzeni de nicel olarak analiz edilebilir. Topolojik indeksler,
molekiiler yapinin ¢esitli 6zelliklerini tek bir sayisal degerle ifade
etmeyi amaclayan ve bu amagla kullanilan ¢izge degismezleridir.

Mevcut literaturde farkli indeksler igin hesaplamalar
yapilmis olsa da, ag yapisindaki derece heterojenligini dogrudan
kenarlar Uzerinden 6lgen Sigma indeksi (o), malzemenin yapisal
diizensizligini (irregularity) nicellestirmede daha hassas bir
parametre olarak dikkat cekmektedir.

Bu boliimiin temel amaci, mevcut literatiirde yer alan bazi
indekslerle sigma indeksi karsilagtirilarak farkli esitsizlikler
formiile etmektir. ilk olarak gerekli graf teorisi kavramlari
tanitilacak, ardindan kullanilan indeksler ele alinacaktir. Daha

L Yiksek lisans Ogrencisi, Hakkari Universitesi, Lisansiistii Egitim Enstitiisii,
Matematik bélimi, ORCID: 0009-0008-1070-8279.

Dogent, Hakkari Universitesi, Lisansiistii Egitim Enstitiisii, Matematik bolimii,
ORCID: 0000-0001-9059-1606.
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sonra sigma indeksinin tanimi, kenar, nokta ve derece yardimiyla
yeni sonuglar sunulacaktir.

2. ON BILGILER
2.1. Graf Teorisinin Kokleri

Graf teorisinin bilimsel bir disiplin olarak ortaya ¢ikisi,
1736 yilinda Leonhard Euler’in Konigsberg sehrindeki yedi
koprii problemine getirdigi radikal ¢6ziimle somutlagir. Donemin
Konigsberg (bugiinkt  Kaliningrad) halki, Pregel Nehri
tizerindeki iki aday1 ana karaya baglayan yedi kopriiniin her
birinden tam olarak bir kez ge¢ip baslangic noktasina donmenin
miimkiin olup olmadigini tartismaktadir. Euler, bu problemi
cozerken kopriilerin fiziksel uzunluklarmi, estetik yapilarini veya
cografi koordinatlarini tamamen disarida birakarak meseleyi saf
bir baglanabilirlik (connectivity) sorunu olarak formiile etmistir.
Bu yaklasim, matematik tarihinde bir ontolojik doniisiim yaratmis
ve geometrinin yerini topolojinin almasini saglamistir.

Euler’in dehasi, fiziksel nesneleri diigiim (vertex), bu
nesneler arasindaki gecis yollarmi ise kenar (edge) olarak
soyutlamasinda yatar. Bu soyutlama diizleminde, bir rotanin
tamamlanabilirligi sadece diiglimlerin derecelerine (o diiglime
bagli kenar sayisi) indirgenmistir. Euler, her bir kdpriden
yalnizca bir kez gecilerek turun tamamlanmasi icin digim
derecelerinin belirli bir matematiksel dengeye sahip olmasi
gerektigini ispatlayarak, bugiinkii anlamda graf teorinin
metodolojik temellerini atmstir.

18. ylizyillda bir kent haritas1 {izerinde baslayan bu
mantiksal ylriyiis, ilerleyen yiizyillarda fiziksel gercekligin
Otesine gegerek bilgisayar bilimlerinden biyolojiye, sosyal ag
analizlerinden kuantum kimyasina kadar uzanan genis bir
uygulama sahas1 bulmustur. Ozellikle kimyasal graf teorisi



Matematik Alaminda Giincel Konular ve Akademik Degerlendirmeler

kapsaminda bu tarihi miras, atomlarmm diigiim ve kimyasal
baglarin kenar olarak modellendigi bir diizleme evrilmistir.
Euler’in kopriiler arasindaki iligkileri analiz etmek i¢in kullandigi
topolojik yaklasim, giinlimiizde karmasik molekiiler aglarin
yapisal diizensizliklerini ve termodinamik davranislarini sayisal
degismezler (topolojik indeksler) Tlizerinden tanimlamada
kullanilan temel paradigmay1 teskil etmektedir.

Sekil 1. Konigsberg Sehri ve Yedi Koprii Probleminin Graf
Temsili

2.2. Graf, komsuluk ve derece

V’nin digiimler kiimesini ve E’nin kenarlar kimesini
temsil ettigi G = (V, E) basit bir graf olsun. u € V(G) diigiimii
icin, u’ya komsu olan diigtimlerin kiimesi N (u) ile gosterilir.
u diigiimiine bagh kenarlarin sayisi, d(u) ile gdsterilen u’nun
derecesidir. Basit bir ¢izgede d(u) = |N(u)]| esitligi gegerlidir.

Kimyasal bir ¢izgede, diigiimler atomlar1 ve kenarlar
atomlar arasindaki baglar1 temsil etti§inden, derece kavrami, bir
atomun ¢izge modeli icindeki bag sayisi olarak yorumlanir.
Komsuluk derecesi toplami, bir diiglimiin komsularinin
derecelerinin toplamidir ve su sekilde tanimlanir:

8(u) = Yvenq) d(v).

Molekiiler mimaride bu derece kavrami, sistemin toplam
baglanma enerjisi ve yapisal kararliligiyla dogrudan iligkili olan
yerel yogunluk haritasim1 belirler. Sigma indeksi gibi yapisal
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diizensizligi Olgen topolojik tanimlayicilarin ingaasinda ve
malzemenin  termodinamik  6zelliklerinin  6ngdrilmesinde
kullanilan metodolojik zemini olusturur.

2.3. Sigma indeksi

Sigma indeksi, bir cizgedeki derece diizensizligini
kenarlar1 araciligiyla 6lgen bir degerdir. u ve v komsu iki diigim
oldugunda, aralarindaki kenarm sigma indeksine katkisi,
derecelerinin farkinin karesidir. Sigma indeksi

o(G) = ZuveE(G)(du - dv)z

seklinde tanimlanir [6], [8]. Bir kenarin ug noktalarinin dereceleri
esitse, o kenarin Kkatkisi sifirdir. Sonu¢ olarak, diizenli bir
cizgenin sigma indeksi sifirdir. Buna karsilik, farkli derece
siiflarini birbirine baglayan kenarlar sigma degerini artirir.

2.4. Yol Grafinda (P,) Sigma Indeksi Ornegi

Sigma indeksinin teorik tanimini pratik bir uygulama
tizerinden somutlastirmak gerekirse, dort diigiimlii basit bir yol
grafigi olan P+ modeli 6gretici bir 6rnek sunar. S6z konusu grafin
diigiim kiimesi V(G) = {vi, v2, v3, va} ve kenar kiimesi E(G) =
{viv2, v2vs, vsva} olarak tanimlandiginda; diigiim dereceleri
sistemin iskelet yapisi geregi d(v:) =1, d(vz) = 2, d(vs) =2 ve d(v+)
= 1 seklinde bir dagilim sergiler. Sigma indeksi formiilasyonu,
her bir kenarin u¢ noktalarindaki derece farklarinin karelerinin
toplamina dayandigindan, P4 grafi i¢in hesaplama prosediirii su
sekilde yardtalar.

Py Yol Grafi
0—0—0—0

d(vy) =1 d(vy) =2 d(ig) =2 dlvy) =1

P, igin derece dizisi: (1,2,2,1)

g(Py) = ZuveE(G)(du - dv)z
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o(Py) = (d(wy) — d(v2))" + (d(vz) — d(v2))"
+ (d(vs) — d(va))’
o(Py) = (1 — 22+ (2 =22+ (2 — 1)?
oPy) =1+0+1 =2,

Elde edilen bu sonug, yapidaki homojen ve heterojen
kenar gegislerini analitik olarak Ozetlemektedir. Grafin
merkezinde yer alan va2vs kenarmmin ug dereceleri esit (2,2)
oldugundan, bu bolge yerel bir diizenlilik sergiler ve sigma
indeksine herhangi bir katki sunmaz. Buna karsin uglardaki
kenarlar, derece farklarindan dolay1 toplam skora birer birimlik
katki saglar.

2.5. Baz1 indeksler
G, n noktali, m kenarli bir graf ve d,,, u noktasinin derecesi olsun.
Birinci ve ikinci Zagreb indeksi [3],[4]

Ml(G) = ZquE(G) du + dv ’ MZ(G) = ZuveE(G) dudw
Birinci hyper Zagreb indeksi [5]

HM@ = ) (dy+d),
uveE(G)
Birinci Gourava indeksi [7]
G0,(G) = Z (dy +dy + dydy),
UveE(G)
Reciprocal Randic indeks [2]
RR%(G) = Z dod,,

UVEE(G)

Alberston indeks [1]
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AB@ = ) 1dy=d,|

uveE(G)

seklinde tanimlanir.

3. SIGMA INDEKS ICIN SINIRLAR

Bu bolimde Sigma indeks ile farkli indeksler arasinda
keskin baglantilar elde edilecektir.

Theorem 3.1. G, n noktali ve m kenarli baglantili bir graf olsun.
O halde,

0(G) = HM,(G) — 4M,(G)
ancak ve ancak G = K,,.

Ispat. Sigma indeksin tanimi acilip Zagrep ve birinci hyper
Zagreb indeksi yerine konuldugunda,

6@ = ) Wy—d)= ) d+di-2 ) dyd,
uveE(G) uveE(G) uveE(G)

= Z (du+dv)2_4 Z dudv
uveE(G) uveE(G)

= HM, (G) — 4M,(G)

elde edilir ancak ve ancak G = K,,.m

Teorem 3.2 G, n noktali ve m kenarli baglantili bir graf olsun. O
halde,

o(G) = HM;(G) + 4M;(G) —4G04(G)
ancakve ancak G = K, G = P,.

Ispat. Birinci Gourava indeksin tanim diisiiniildiigiinde,

GO(G) = ) (dy+dy+dydy) = My(6) + My(6)
uveE(G)
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olur. Birinci ve ikinci Zagreb indeksleri ve Teorem 3.1
kullanilarak,

o(G) = HM, (G) + 4M, (G) — 4G 0, (G)
elde edilir ancak ve ancak G = K,,, G = B,.

Teorem 3.3. G, n noktali ve m kenarli baglantil1 bir graf olsun. O
halde,

o(G) < HM,;(G) — 4RR*(G)
ancak ve ancak G = K,.

Ispat. Sigma indeks ve reciprocal Randic indeks birlikte ele
alinirsa,

o(G) = HM, (G) — 4 Z d,d,
UVEE(G)

2
= HM; G)—4 ZuUEE(G)(\/ dudv)
< HMl (G) - 4(ZquE(G) V dudv)z
< HM,(G) — 4RR?*(G).

elde edilir ancak ve ancak G = K,.

Sonug 3.4 G, n noktali ve m kenarli baglantili bir graf olsun. O
halde,

o(G) < Alb?(G).
ancak ve ancak G = K,,.

ispat' Ale(G) = (ZuUEE(G)ldu - dvl)z(G) = ZquE(G)(du -
d,)? = o(G) ancak ve ancak G = K,,.

4. SONUC

Sigma indeksi graf ailesinde derece farkliliklarini 6lgen
topolojik bir degismezdir. Indeksler arasindaki iliski; molekiiler
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graf teoride, atomlar aras1 mesafe, molekiiliin kaynama noktasi,
kararliligi, biyoljik ve fiziksel 6zellikleri hakkinda bilgi verir. Ag
analizlerinde ise haberlesme hiz1 ve etkisinde yararli olur. Bu
bolimde Sigma indeksinin diger indekslerle iligkisi de birgok
uygulama alanina katkida bulunabilir.

Gelecek calismalar agisindan, farkli  diizensizlik
indekslerinin karsilagtirilmasit ve bagimsiz termodinamik veri
setleriyle dogrulama yapilmasi oncelikli adimlardir. Bu yoniiyle
calisma, sigma indeksinin cebirsel yapisini agikliga kavusturan
topolojik  modelleme  ¢aligmalarina  denetlenebilir  bir
matematiksel temel sunan bir ¢ergceve ortaya koymaktadir.

BILGI
Bu calisma Hakkari Universitesi Lisansiisti Egitim
Enstitiist Yuksek lisans tezi tarafindan tretilmistir.
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EXTENDED HYPERBOLIC FUNCTION
METHOD FOR THE GARDNER EQUATION:
NEW EXACT TRAVELING WAVE SOLUTIONS

Berat KARAAGAC!
Serkan ALAGOZ?
Mustafa Habil GURSOY?

1. INTRODUCTION

Nonlinear partial differential equations (NLPDES) play a
central role in modeling wave phenomena across fluid dynamics,
plasma physics, optical fibers, and nonlinear dispersive media.
Among the many exact-solution techniques developed for such
equations, methods based on hyperbolic and trigonometric
function ansétze — including the tanh method, the Jacobi elliptic
function expansion method, and the extended hyperbolic function
method (EHFM) — have proven particularly effective at extracting
closed-form traveling wave solutions. The Korteweg—de Vries
(KdV) equation is the classical model for long, weakly nonlinear,
weakly dispersive waves, but its underlying assumption of weak
nonlinearity breaks down in a range of physical settings — most
notably when the quadratic nonlinear coefficient becomes small,
as occurs for internal waves at certain density stratifications, or

L Prof. Dr., Tarsus University, Faculty of Engineering, Department of Natural and
Mathematical Sciences, ORCID: 0000-0002-6020-3243

2 Prof. Dr., Inonu University, Faculty of Science and arts, Department of Pyhsics,
ORCID: 0000-0003-2642-8462.

3 Prof. Dr., Inonu University, Faculty of Science and arts, Department of
Mathematics, ORCID: 0000-0001-9151-2631.
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for ion-acoustic waves in plasmas with two distinct ion or electron
temperature populations. The Gardner equation,

U + 20 U Uy + 3B UPUL + Y Uy = O, Q)

which combines the quadratic and cubic nonlinearities of the
Korteweg—de Vries and modified Korteweg—de Vries equations,
obtained by retaining both the quadratic (KdV) and cubic
(modified KdV) nonlinear terms together, extends the KdV model
to remain valid in precisely these regimes, and has become a
standard testbed for new analytical solution techniques as a result.
The mentioned equation has consequently been investigated
using an extensive range of methods, including the extended trial
equation method (Demiray & Bulut, 2017), the Riccati-modified
extended simple equation method (Jawarneh et al., 2026), a
generalized fractional sub-equation method for its space-time
fractional form (Tang et al., 2012), hyperbolic ansitze combined
with the tanh method (Fu et al., 2004), and the improved
tan(©(9))-expansion method together with the wave ansatz
method (Gilnerhan, 2020). This last approach, applied to a
reduced ordinary differential equation of essentially the same
structure obtained here, constructs solutions from a tan/cot half-
angle ansatz built on its own auxiliary-equation classification,
distinct from the Type-1/Type-2 framework of EHFM. However,
to the best of our knowledge, the extended hyperbolic function
method (Hong, Ji-Guang, Wei-Tao, & Hong-Yong, 2007) itself
has not previously been applied to the Gardner equation.
Motivated by this gap, the present work applies the extended
hyperbolic function method — using both its Type-1 and Type-2
auxiliary equation families — to derive new exact traveling wave
solutions of the Gardner equation. The remainder of this paper is
organized as follows: Section 3 describes the extended hyperbolic
function method; Section 4 applies the method to the governing
equation, derives the exact solutions, and identifies a structural
limitation of the method’s Case 5 auxiliary solution; Section 5

11
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presents the results and discussion with graphical illustration; and
Section 6 concludes the study.

2. EXTENDED HYPERBOLIC FUNCTION
METHOD

In this section, the extended hyperbolic function method
(EHFM) (Hong et al., 2007) is described in detail. Consider a
nonlinear evolution equation that can be reduced, via a suitable
traveling wave transformation, to a nonlinear ordinary differential
equation in the single variable ¢. According to EHFM, the
solution of the reduced ODE is sought in the form

@) =2Lo AiZE), An=*0, (2)

where Z () is a real-valued function and M is the balancing
number, determined by the homogeneous balancing rule between
the highest-order derivative term and the highest-order nonlinear
term in the reduced ordinary differential equation. In its most
general form, if the reduced ODE contains a highest-order linear

n
derivative term Z—; and a highest-order nonlinear term of the form

S
(u?’ %) , balancing their degrees gives

M+n=@p+s)M+sq = M=—"1L (3)

T opts—-1'
For a bare nonlinear power term u? with no coupled
derivative, this reduces to the familiar special case M = ﬁ
obtained by setting g = 0,s = 1; a bare power term must not be

0
identified with s = 0, since Z?Z = u contributes an additional

factor of u rather than none. The function Z(¢) satisfies one of
the two following types of ordinary differential equations:

12
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Type 1:
(Z'(E)*=1z*@)+mZ*¢), LmeR (4)

p
Casel:l >0,m>0: Z,(§) = —\/% csch(\ﬁ f).

Case2:1<0,m>0: Z,(¢&) = \/% sec(\/—_l )

f l
Case3:1>0,m < 0: Z3(§) = |— sech(V1 ¢§)

Case4:l <0,m>0: Z,(¢) = \/% csc(\/—_l )

Case5:1 < 0,m > 0: Zs(&) = cos(V—=1 &) + isin(vV—1 &)

1
Caseb6:l = O,m > 0: Zﬁ(f) = F{—"

m

[

Case7:l=0,m<0: Z = .
k 7¢) V=m¢

Type 2:

Z'@E) =1+mZz2@&), LmeR (5)

13
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’
Casel:lm > 0: Zg(¢) = sgn(l) \/% tan(Vim &)

Case2:lm > 0: Zo(§) = —sgn(l) j% cot(vVim &)
JCase3d:im < 0: Z;4(&) = sgn(l)j% tanh(vV—Iim ¢)

Case4:Im < 0: Z11(8) = sgn(l)\/% coth(v-Im &)

1
Case5:1 =0, 0: Z = ——
ase m > 12(§) me
\ Case6:l < 0,m=0: Z;3(6) =1¢&.

3. APPLICATION OF EHFM TO THE GARDNER
EQUATION

Recall the governing equation

U + 2a U Uy + 3B UP Uy + ¥ Uy = O, (6)
together with the traveling wave transformation

ulx,t)=U0@®), 9 =u(x—~0t). (7)

The coefficients 2a and 38 are chosen so that, upon
substitution, every term becomes an exact derivative with respect
to V:

—uoU" + ap(U?)' + pu(U?)' +yu*U"" = 0. (8)

Integrating once with respect to ¥ introduces a constant of
integration c,

—ubU + apU? + BulU3 + yudU" =c. 9)

14
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Equation (9) describes a one-parameter family of
solutions indexed by c; selecting the member of this family
corresponding to a localized traveling wave requires U, U’,U"" —
0 as ¥ — +oo, which forces ¢ = 0. This yields the reduced
nonlinear ordinary differential equation

—ubU + apU? + BuU3 + yudU" = 0. (10)

Applying the general balancing rule (3) between the
highest-order derivative term U (n = 2) and the highest-order
nonlinear term U3, identifiedasp = 2,s = 1,q = 0 (a bare cubic
term corresponds to p+1 =3 under the d°U/d9°=U
convention), gives M = (2 —-0)/(2+ 1 —1) = 1. The solution
is therefore sought in the form

3.1. Type 1

Substituting Eq. (11), together with the Type-1 auxiliary
relation (Z')? = 1Z? + mZ*, into Eq. (10), collecting according
to powers of Z(19), and equating each coefficient to zero yields

Co- AO‘H(A(Z)ﬁ + Aoa - 0) = 0, (12)
c: AjpuBARB + 24, +ylu2 —0) =0, (13)
cy: A2u(34,6 + a) =0, (14)
cs: Au(A2B + 2ymu?) = 0. (15)

Solving for the non-trivial branch gives

__a _ _iW2aym o« _ _2a*
Ao = 3p’ Ay = vt M T 3Ty 0= 9" (16)
Substituting Eq. (16) into the Type-1 cases yields the explicit
. . ] _ a(a’t+96x)
solutions listed in below, where &, = T In every case

the parameters [, m cancel completely from the final coefficient.

15
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uy (x, 1) = % (iv2 csch(&,) — 1)(Casel) (17)
uy(x,t) = % (V2 sech(&,) — 1)(Case3) (18)

3.2.1. A Structural Limitation of Case 5

While verifying the Type-1 solutions directly against the
governing PDE, a discrepancy was found for Case 5. The
constructed solution failed to satisfy Eq. (1) for any choice of the
free parameters. Investigating this discrepancy revealed a genuine
structural limitation of the method, rather than an algebraic error.
Direct computation shows that Zs(¢) = cos(v—1&) +

isin(vV—1 &) = exp(iv—I &) satisfies
Zs, = iN=1Z5 (Zs)? =122,  Zg, =1Zs, (19)

identically, with no dependence on m. Consequently Z- satisfies
only the degenerate, m-free equation (Z')? = 1Z?2, not the full
Type-1 relation (Z)?% = 1Z? + mZ* for m # 0; the substitution
rule Z'' - 1Z + 2mZ3, valid for Cases 1-4, is not valid for Zs.
This is confirmed independently by direct integration of the

. . az .
separated auxiliary equation PNy d¢ for [ < 0: the two

resulting branches correspond exactly to Cases 2 and 4 (sec and
csc), with no third, independent branch corresponding to Z¢. Case
5 is therefore not an independent solution of the general Type-1
auxiliary equation, but a formal object satisfying only its m — 0
limit. The practical consequence is immediate: substituting the
correctrelation Z"' = 1Z (no m) into Eq. (1) in place of the general
Type-1 rule gives the algebraic system

cs = AIpu =0, (20)

which forces A; = 0 for any equation with a genuine cubic
nonlinearity term. Case 5 therefore yields only the trivial constant
solution for the Gardner equation, and by the same argument, for
any nonlinear evolution equation whose reduced ODE contains a
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bare U3 term. This is, to our knowledge, not previously
documented in the EHFM literature. For degenerate case of [ = 0
(Cases 6 and 7) in Type 1, resolving the algebraic system directly
at the limit p o 1/4/1 shows that every branch forces 4, = 0,
leaving only the trivial constant solutions U=0 or U =

—a/(3B) +a? + 4B6/(2pB). Cases 6 and 7 therefore yield no

non-trivial traveling wave solution and are omitted.
3.2. Type 2

Substituting Eq. (11), together with the Type-2 auxiliary
relation Z’' = 1+ mZ? (and hence Z" = 2lmZ + 2m?Z3), into
Eqg. (10) gives the following system

Co: Aoi(AZB + Aga — 0) = 0, (21)
ci: Aju(3438 + 2A4a + 2ylmu? — 0) = 0, (22)
cy: A2u(34,6 +a) =0, (23)
c3: Ayu(AiB +2ym*u®) =0, (24)

with non-trivial solution

__a __eym @ g _2
Ao=—gp M= H= wim’e_ 9" (25)

Unlike Type 1, the Type-2 coefficient retains an
irreducible factor of i for every real choice of [,m: since
Gardner’s Type-2 branch contains no free parameter analogous to
a wave-speed-like degree of freedom beyond 6. Every Type-2
solution of the Gardner equation is therefore genuinely complex-
valued, with Re(u) = A, = —a/(3B) throughout and all non-
trivial structure carried by the imaginary part. This is a structural
difference from both Type 1 of this equation and from the Type-
2 behavior found for other equations under this method, where a
free parameter permits a real solution regime. Explicitly, with
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& = %\/%(;m (independent of [,m, which cancel
completely):
ug(x, t) = — % — %tan(g‘l)(Casel) (26)
Ug(x,t) = — % + % cot(&;)(Case2) (27)

Cases 3 and 4 (tanh, coth) were verified to coincide
numerically with Cases 1 and 2 respectively at real parameter
values (u,y = ug, u;; = Ug), Via the same mechanism identified
for Case 4 of Type 1 below: an imaginary argument scale converts
the hyperbolic auxiliary function into the trigonometric one under
analytic continuation. Cases 5 and 6 (I =0 or m = 0) were
verified, by the same direct re-derivation used for Type 1, to yield
only trivial constant solutions

4. RESULTS AND DISCUSSION

The verified non-trivial solutions —u,, u, from Type 1 and
ug,uy from Type 2 — are examined graphically under
representative parameter valuesa = 1,8 = 1.5,y = 1, with [,m
chosen to satisfy each case’s own sign condition.

4.1. u, — Case 1 (csch)

With [ = m = 0.5, u, is purely complex, with a constant
real part and a singular imaginary part:
V2

w () = — 2+ fesch (2220 +1350)). (29)

Figure 1 shows the constant real part (panels a—b) and the
singular soliton structure of the imaginary part (panels c—d),
diverging at &, = 0.
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4.2. u, — Case 3 (sech)
With [ = 0.5,m = —0.5, u, is fully real:

Uy (%, 8) = §<—1 + 2 sech (% (2t + 13.5x))>. (29)

This is a bright soliton riding on a nonzero background
level (Fig. 2) — a signature feature distinguishing Gardner solitons
from pure KdV solitons, which sit on a zero background.
Physically, this reflects the balance between the equation’s
quadratic and cubic nonlinear terms, which together fix a nonzero
equilibrium value A, = —a/(3B8) not present when either
nonlinearity acts alone.

Re(u1)(xt=0) -- singular soliton

\\\\\\

Figure 1. uqy(x,t) fora=1,=1.5y=1,1l=m=0.5: (a)
Re(uq), constant; (b) Re(u,), 3D flat plane; (¢) Im(u,) att = 0,
singular soliton; (d) Im(u¢)(x, t), 3D.

19



Matematik Alaninda Giincel Konular ve Akademik Degerlendirmeler

u2(x.t), 30

LA

Figure 2. uy(x,t) fora=1,=1.5y=1,1=0.5,m = —-0.5:
(a) 2D profile at several t, showing a bright soliton on a nonzero
background; (b) 3D surface.

4.3. Case 4 (csc) — coincidence with Case 1

Evaluating both at real parameter values (I < 0,m > 0 for
Case 4) shows that the argument of csc becomes purely
imaginary; via the identity csc(iy) = —i csch(y), u, reduces to
the same imaginary singular-soliton shape as u,, differing only in
sign and scale:

__2_32, = 4 2’
Uy(x, t) = i icsch(0.272¢), &E=x+ R (30)
The two solutions are therefore not visually or physically
distinguishable at real parameters, despite arising from different
auxiliary cases. For this reason u, is not presented as a separate

figure.
4.4. ug, uq — Type 2 (tan, cot)

With [ = m = 0.5, both solutions are genuinely complex,
with the same constant real part as Type 1 and a periodic
imaginary part (Fig. 3):

2 i +2ta?/(98

ug(x, t) = —;—étan (%\/ﬁ/\(ﬁ/))’ (31)
2, +2ta?/(9

ug(x,t) = =5+ écot (%ﬁ) (32)
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Im(u9)(xt=0) - periodic
imus)
5

o\
—
N'M| A
T
f 7 F,e-f {,

Figure 3. Type-2 solutionsfora =1, =15,y =1,l=m =
0.5: (a) Im(ug) at t = 0; (b) Im(ug)(x, t), 3D; (¢) Im(uqy) at t =
0; (d) Im(uq)(x, t), 3D. Re(ug) = Re(ug) = —a/(3B8)
throughout (not shown).

5. CONCLUSION

In this study, the extended hyperbolic function method
was applied for the first time to the Gardner equation. The
governing equation was reduced via a traveling wave
transformation to a nonlinear ordinary differential equation with
mixed quadratic-cubic nonlinearity, and the general balancing
rule was shown to require care in distinguishing a bare power
term from a genuinely derivative-coupled nonlinear term. Both
Type-1 and Type-2 auxiliary equations were applied, yielding
two genuine real solution families (Cases 1 and 3, csch and sech)
and two genuine complex solution families (Type-2 Cases 1 and
2, tan and cot), together with several coincident or trivial cases
identified and explained rather than merely omitted. The most
significant methodological finding of this study is the
demonstration that Case 5 of the Type-1 auxiliary equation, as
conventionally listed in the EHFM literature, does not solve the

21



Matematik Alaninda Giincel Konular ve Akademik Degerlendirmeler

general auxiliary equation for any nonzero m, and consequently
yields only trivial solutions for equations with genuine cubic
nonlinearity. This finding was confirmed independently by direct
integration of the auxiliary equation, which recovers Cases 2 and
4 as the only real branches for [ < 0, with no third branch
corresponding to Case 5. This result is not specific to the Gardner
equation and may warrant revisiting Case 5 solutions reported for
other equations under this method.
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NUMERICAL INVESTIGATION OF (2+1)-
CHAFFEE-INFANTE EQUATION USING ADI
FINITE DIFFERENCE METHOD

Berat KARAAGAC!
Serkan ALAGOZ?
Mustafa Habil GURSOY?

1. INTRODUCTION

Reaction-diffusion equations with a bistable (cubic)
nonlinearity arise throughout applied mathematics and physics,
modeling phenomena ranging from nerve-impulse propagation to
phase transitions and population dynamics. The (2+1)-

dimensional Chaffee-Infante equation, a generalization of the
original reaction-diffusion model introduced by Chaffee and
Infante, has attracted considerable attention in recent years owing
to its applications in fluid dynamics, nonlinear fiber optics, ion-
acoustic wave modeling, and plasma physics (Akbar, Ali, &
Hussain, 2019). A substantial body of analytical work has been
devoted to constructing exact solutions of the (2+1) -dimensional
Chaffee-Infante equation. Mao (Mao, 2018) obtained exact
solutions using the canonical-like transformation and trial
equation methods. Akbar et al. (Akbar et al., 2019) applied the
first integral method to derive optical soliton solutions. Demiray
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and Bayrakci (Demiray & Bayrakci, 2021)constructed soliton
solutions via the sine-Gordon expansion approach, and Arshed et
al. (Arshed, Akram, Sadaf, Riaz, & Wojciechowski, 2023)
obtained solitary wave solutions using the extended sinh-Gordon
equation expansion technique. Despite this extensive analytical
literature, numerical treatments of the equation remain
comparatively limited. Rawat et al. (Rawat, Dhiman, & Chauhan,
2022) developed a trigonometric cubic B-spline collocation
scheme with Rubin-Graves linearization for the one-dimensional
Chaffee-Infante equation, reporting unconditional stability and
second-order convergence. To the authors’ knowledge, no prior
study has applied a finite difference scheme of any kind, and in
particular no alternating direction implicit (ADI) scheme, to the
(2+1) -dimensional case considered here. The ADI method,

introduced by Peaceman and Rachford (Peaceman & Rachford,
1959) and later generalized by Douglas and Gunn (Douglas &
Gunn, 1964), reduces a multidimensional implicit time-stepping
problem to a sequence of one-dimensional tridiagonal solves,
achieving unconditional stability at a computational cost far
below that of a fully implicit multidimensional scheme. The
method has since been applied broadly to reaction-diffusion
systems of the general form u, =u,, +u, + f(u) (Craster & Sassi,

2018), of which the Chaffee-Infante equation is a particular case.
In this study, we consider the (2 +1) -dimensional Chaffee-Infante

equation with a bistable, Nagumo-type nonlinearity, for which a
closed-form traveling front solution is available in the underlying
one-dimensional theory (Fife & McLeod, 1977). We construct an
ADI finite difference scheme for this equation, employing a
frozen-coefficient linearization of the reaction term to preserve
the tridiagonal structure of each half-step, and validate the scheme
against an exact planar extension of the traveling front. To the
authors’ knowledge, this is the first application of the ADI
method to this equation.
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2. THE ADI METHOD AND ITS APPLICATION
TO (2+1)-DIMENSIONAL CHAFFEE-INFANTE
EQUATION

In this section, we are going to present ADI method and
the application of the method to mentioned equation. First of all,
let us present discretization.

2.1. Alternating Direction Implicit (ADI) Method

The Alternating Direction Implicit (ADI) method is an
efficient finite difference technique for solving multidimensional
partial differential equations (PDEs). The ADI method transforms
a multidimensional implicit problem into a sequence of one-
dimensional implicit problems, thereby significantly reducing the
computational cost while preserving the stability advantages of
fully implicit schemes. Consider the general two-dimensional
time-dependent PDE

%:Lxu+Lyu+f, 1)

where L, and L, denote the spatial differential operators in the

X- and vy -directions, respectively, and f represents a source
term. Using a time step Dt, the ADI method advances the
numerical solution from time level t" to t™ through two
fractional steps. In the first half-step, the X -direction is treated
implicitly while the y -direction remains explicit,
?-%Lxguni:%eH%Ly%uu%f”, )

where | denotes the identity operator. In the second half-step, the
roles of the spatial directions are reversed,
x o] x 0 nt s
I-ELyiu”ﬂ: I+ELX¢u 2+Ef 2, (3)
g 2 g g 2 g 2
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Consequently, each fractional step requires solving only a
set of one-dimensional linear systems rather than a large
multidimensional system. This splitting considerably decreases
the computational complexity and memory requirements,
especially for large-scale problems. The principal advantages of
the ADI method include unconditional stability for a broad class
of parabolic equations, second-order accuracy in time when
combined with the Crank—Nicolson discretization, and efficient
implementation due to the tridiagonal structure of the resulting
linear systems. These characteristics make the ADI method
particularly attractive for solving multidimensional diffusion,
convection—diffusion, heat transfer, reaction—diffusion, and fluid
flow problems.

2.2. Application of the method to (2+1)-dimensional
Chaffee-Infante equation

2.2.1. Governing Equation

We consider the (2+1)-dimensional Chaffee-Infante
equation with a bistable (Nagumo-type) nonlinearity,

u, =u, +u, +u(u-a)(l-u), O<ac<l, 4)
on a rectangular domain (X, y)T [%,, %1 [Yo, Vw1, subject to

Dirichlet boundary conditions prescribed from the exact solution

u(x,y,t)= %+%tanh(k(x +ry - mt)),

()
k—4\/1+7,m—(2a 1) >

which describes a planar traveling front connecting the two stable
rest states u =0 and u =1, with direction and speed controlled
by the parameters r and a respectively.
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2.2.2. Discretization

Let x =X, +iDx, y; =Yy, +jDy, t"=nlx, and let u/,
denote the numerical approximation to u(x;, y;,t"). Define the
mesh ratios

r =——: r = O
] > G Y oo2D

(6)

The reaction term u(u- a)(1- u) is nonlinear. We
linearize it by freezing u® at the most recently available time
level, writing

u(u-a)d-u)»cu, ¢, =-(u,)+{1+a);- a, (7)

where ¢, ; is evaluated at u;; for the first half-step and at the

intermediate value u;; for the second. Since c,; is computed

entirely from already-known values, the reaction term enters each
half-step linearly, in the unknown u, without breaking the
tridiagonal structure of the resulting linear system.

2.2.3. Numerical scheme

In this section, following the Peaceman-Rachford splitting
(Peaceman & Rachford, 1959), each full time step is divided into
two half-steps, we are going to use central difference formulae for
second order derivatives as follows:

ui—l,j - 2ui,j +ui+1,j

uxx = D(z
_ ui,j—l_ 2ui,j +ui,j+1
uyy - WZ

then, we will follow the prosedure as implicit finite difference
method for X -axes and expilicit difference method for y -axes in

first half step and implicit finite difference method for y -axes

28



Matematik Alanminda Giincel Konular ve Akademik Degerlendirmeler

and expilicit difference method for x-axes in second half step.
Thus, in first half step, we will have

n+l n n+1 n+1 n+1
U ~ U5 _ Uiy - 2U;; HUy | + Uiy - 2005 Uy
D D(Z Q,Z
+un+1C (8)
S -ru; yj HA+2r - B¢ J]u,J Ui

= +(1- 2r )uf; +r,uf

yljl i,j+11

where intermediate values uI ; satisfy the tridiagonal system. In
second half step, we have

n+l n n+1 n+l n+1
U = - U _ Uiy - 2U; +U + i, - 2u7, +U. j+
I:I D(Z Q/Z
n+l
+uij C-- (9)
n+l o N+ _ n+l
S -ru', +[1+2r, - c,l]u U i

_rxu|11+(l 2r )U +r>(u|+lj’

where i=1,...,N,-1,j=1,...,N, -1 and updated values u/;’

satisfy the equation. Equations (8) and (9) are each tridiagonal
and are solved directly (via the Thomas algorithm, or equivalently
asparse tridiagonal solve), giving an overall cost of O(N N, ) per

full time step, rather than the cost of solving a single fully two-
dimensional implicit system at each step.

2.3. Stability Analysis

We analyze the stability of the ADI scheme via the von
Neumann method. Since the discrete Laplacian and the frozen-
coefficient reaction term are both linear once c; ; is treated as a

known quantity, any error can be decomposed into Fourier
modes, and it suffices to show that each mode is non-amplifying.
Consider a single mode
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U _Xnel(a|D<+bjD/)’ (10)

where a,b are real wavenumbers and x is the (complex)
amplification factor per time step. Substituting (10) into the
standard central-difference operator and using € +e = 2cosq
together with the identity 1- cosq = 2sin?(q / 2) gives

diul =-1,u" I 4

X Ij X i, j? X D(2 Slnz(_)3 O (11)

and analogously diu’, =-1u', with

, = (4/Dy%)sin*(bDy/2)3 0. Define p,=(x/2)I,3 0 and
p, =(Ox/2)l 2 0. Substituting into half-step (8) (with ¢ =0)

*

1-
and solving for the amplitude ratio gives X—n: py, and
X" 1+p,
- x"™ 1-p
similarly, from half-step 9), —=—X
X~ 1+ py

Combining the two half-steps gives the full-step amplification
factor

o X7 (- p)
X" (Lp)A+P,)

Since p,, p, 2 0, the elementary inequality |1- p|E1+p

(14)

(valid for all p3 0) applies to each factor individually, giving
|G |E 1 forevery [, every mesh spacing, and every wavenumber
pair (a,b). The diffusion part of the scheme is therefore

unconditionally stable. With the frozen-coefficient reaction term
included, the diagonal coefficient in half-step (8) becomes
1+p, - (Bx/2)c, so that p, is effectively replaced by

P, =P, - %C.Unlike p., P, is not guaranteed non-negative,
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since ¢c=-(u-a)(u-1) is positive for a<u<1. In the worst
case (smooth modes, p, ® 0), the corresponding factor behaves as
1- p, 1+(Dx/2)c

X 5 , (15)
1+p, 1-(Dx/2)c

which remains finite provided (Ct/2)c <1, and grows without
bound as (Cx/2)c ® 1. The scheme therefore requires [t < %

with the bound governed by the largest value ¢ can attain.
Maximizing  c(u)=-u®+(1+a)u-a over U  gives

_ 2
u =(l+a)/2andc_, :c(u*):%

. Both half-steps share
this same diagonal structure, so the stability requirement for the

full scheme is [ < For the parameter value used

(1-a)°

throughout this study, a = 0.3, this gives [t <16.3, several orders
of magnitude larger than the time steps actually employed (
[t =0.0125 and smaller); the reaction-term restriction is
therefore non-binding in practice, and the scheme behaves as
effectively unconditionally stable for the range of parameters
considered.

3. NUMERICAL RESULTS AND VALIDATION

In this section, numerical results will present for (2+1)
Chaffe-Infante equation which obtained using ADI finite
difference method. For test the numerical scheme obtained in the
previous section, we will calculate error norm via following
formulae
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® 21/2
[] n n :
I-2 = D(Wa (ui,j - uexact(xi'yj’t ))23 ’

ij

(20)
L¥ = n?ajlx | uirji - uexact(xi’ yj 'tn) |

Firstly, we are going to present Table 1, it reports the L,
and L, error norms of the ADI scheme against the exact traveling
front

N Ot =0.0125 x = 0.00625

|_Z |_¥ CPU (s) |_2 |_¥ CPU (s)
40 2.490503e-03 | 3.186022e-04 | 0.346 | 2.388915e-03 | 3.070072e-04 [ 0.581
80 7.838547e-04  9.703696e-05 0.806 6.750644e-04  8.541334e-05 1.361
160 | 3.721607e-04 | 4.185611e-05 | 2.241 | 2.530540e-04 | 3.012173e-05 | 3.868
320 | 2.777834e-04  2.814830e-05 7.936 1.541384e-04  1.635006e-05  12.787
640 | 2.557973e-04 | 2.555449e-05 | 29.449 [ 1.315022e-04 | 1.315573e-05 | 46.159

Table 1. L, and L, error norms and CPU time (seconds) for the

ADI scheme applied to the (2 +1) -D Chaffee-Infante equation, on
[-10,10]" [-10,10], T =1.

together with CPU time, for two time-step sizes on the domain
[-10,10]" -10,10] at T =1. Halving x consistently reduces the

error at every mesh resolution, confirming that the scheme is not
limited by an uncontrolled temporal error source. CPU time

scales close to the theoretical O(N?) cost expected from N
independent O(N) tridiagonal solves per half-step, once the

sparse tridiagonal structure of the system is exploited in the linear
solve. In second table, we aim to examine the error distribution
directly rather than only its aggregate norms, Table 2 reports the
numerical and exact solution values, and their absolute
difference, at nine points along the diagonal y=x at T =1.
Points range from deep in the far-field regions (u» 0 and u» 1)
through the front itself, including the front center (x=y =0,
u» 0.5), where the solution gradient is steepest. Error is smallest

in the far field (as low as 3.5" 10'°) and largest near the front

32



Matematik Alanminda Giincel Konular ve Akademik Degerlendirmeler

center (2.6” 10°%), an expected consequence of the discretization
error concentrating where the solution varies most rapidly; even
at this worst-case location, the absolute error remains under
37 10°. In order to see error evolution over time, Table 3 is
presented. Since the exact solution used for validation is a
genuinely propagating front rather than a stationary state, it is
important to confirm that numerical error does not grow
unboundedly as the front advances. Table 3 tracks L,, L, , and

cumulative CPU time at N, =N, =160, [x=0.003125, from
t=01tot=1.0.

X y uexact unumerlcal |uexacl - unumerlcal |
-9.875 -9.875 0.0001042882  0.0001042891  8.102568e-10
-7.375 -7.375 | 0.0011163885 | 0.0011165735 | 1.849396e-07
-6.500 -6.500 0.0025567931  0.0025571980  4.049168e-07
-3.250 -3.250 | 0.0529892833 | 0.0529886455 | 6.377756e-07
0.000 0.000 0.5498339973  0.5498366127  2.615397e-06
3.250 3250 | 0.9638486755 | 0.9638498684 | 1.192945e-06
6.500 6.500 0.9982846845  0.9982845133  1.711166e-07
7.375 7.375 | 0.9992513869 | 0.9992513079 | 7.899606e-08
9.875 9.875 0.9999300911  0.9999300907  3.523893e-10
-9.875 -9.875 | 0.0001042882 | 0.0001042891 | 8.102568e-10

Table 2. Pointwise comparison between the numerical and exact
solutions along the diagonal y=x at T =1, for N, = Ny =160,

X =0.003125.
Both error norms increase smoothly and only modestly
over the full run (roughly a factor of 7, from : 2.7 10 to
: 20710 in L,), with no sign of runaway growth, confirming

the scheme’s stability over the full simulated time window and
consistent with the theoretical stability bound derived for the
linearized reaction term.
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t L, L, CPU (s)
0.1 2.736826e-05 3.342211e-06 1.495
0.2 5.224315e-05 6.385476e-06 3.806
0.3 7.507882e-05 9.183007e-06 6.011
0.4 9.616692e-05 1.177031e-05 8.304
0.5 1.157299¢e-04 1.417531e-05 10.556
0.6 1.339461e-04 1.643416e-05 12.723
0.7 1.509628e-04 1.855665e-05 15.072
0.8 1.669037e-04 2.055529¢-05 17.170
0.9 1.818747e-04 2.246318e-05 19.483
1.0 1.959672e-04 2.426876e-05 21.612

Table 3. L,, L, , and cumulative CPU time as functions of t, for
N, =N, =160, [x = 0.003125.

Lastly comparison with an expilicit ADI finite difference
scheme is presented to demonstrate the practical benefit of the
unconditional stability inherited from the Peaceman—Rachford
splitting, Table 4 compares the Implicit ADI scheme against a
standard explicit (forward-time, centered-space) discretization of
the same equation, at two time-step sizes. Atsmall N, the explicit
scheme is markedly cheaper, since no linear system is solved at
each step; however, it diverges to NaN precisely where the
classical CFL condition Tx£h*/4 is violated (N =320 at
[t =0.001; N =160 and N =320 at [x =0.005), matching the
theoretical stability bound exactly at every tested case. The
Implicit ADI scheme remains stable and accurate throughout, at
every (N,IX) combination tested, with no such restriction. This
confirms empirically that ADI’s advantage lies in removing the
CFL-type restriction on @ that limits the explicit scheme, rather
than in raw computational speed at equal, CFL-compliant [x .
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Implicit ADI
_ CPU cPU

o | N, = L, L. © L, Ly ©
0.001 20 [ 9.152808e-03 | 1.161276e-03 | 1396 |  9.151837e-03 | 1.161171e-03 | 0.039
40 2.3053246-03 2.972690-04 2.920 2.3027756-03 2.9606386-04 0.085
80 | 5.884801e-04 | 7565012e-05 | 7.348 | 5.854966e-04 | 7.528578e-05 | 0.185
160 1.5933826-04 2.030379¢-05 3343 1.5613076-04 1.992534¢-05 0.425
320 | 5.291552¢-05 | 6.476921e-06 | 6531 | diverged | iverged [ 2.002
9.215868¢-03 1.1683076-03 0.331 9.210993¢-03 1.1677876-03 0.019
0.005 20 [ 2.368861e-03 | 3.046884e-04 | 0711 | 2.355918e-03 | 3.031638e-04 | 0.033
40 6.539749¢-04 8.308871e-05 1677 6.382918¢-04 8.127140e-05 0.075
80 [ 2.299026e-04 [ 2.778049e-05 | 4.586 | diverged [ diverged [ 0152
160 1.295743¢-04 1.399322¢-05 14.92 diverged diverged 0.413
320 [ 9.152808e-03 | 1161276e-03 | 1396 |  9.151837e-03 | 1.161171e-03 | 0.039

Table 4. Comparison of Implicit ADI and Explicit (FTCS)

schemes for the (2 +1) -D Chaffee-Infante equation, domain
[-10,20]" [-10,10], T =1.

-
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Figure 1. Numerical (circles) and exact (dashed) solution along
the cross-section y =y, ,, at T =1,for N, =N =160,

O = 0.003125.

Figure 2. Numerical solution u(x,y,T) asa3Dsurfaceat T =1,
showing the front connecting the two rest states u =0 and u =1.
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01 02 03 04 05 06 (4 08 08 1

Figure 3. L, and L, error norms as functions of t, for
N, =N, =160, Ox=0.003125 (log scale).
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Figure 4. Error surface |u

|at T =1.

exact unumerical

Taken together, Figures 1-4 provide a consistent picture
of the scheme’s behavior: the numerical solution tracks the exact
front closely at every point in space (Fig. 1) and time (Fig. 3),
with error concentrated where the solution gradient is steepest, as
expected for a finite-difference discretization. The bimodal
structure of the error surface (Fig. 4), confirmed via a controlled
r =0 test to originate in the reaction-term linearization rather than
the domain geometry, illustrates that even a well-behaved second-
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order scheme can exhibit non-trivial spatial error structure tied to
the specific nonlinearity being solved — a detail that would not be
visible from the aggregate norms in Table 1 alone.

4. CONCLUSION

In this study, we developed an alternating direction
implicit (ADI) finite difference scheme for the (2+1)-

dimensional Chaffee-Infante equation with a bistable, Nagumo-
type nonlinearity. The nonlinear reaction term was treated by a
frozen-coefficient linearization, preserving the tridiagonal
structure of the Peaceman-Rachford splitting and reducing the
two-dimensional implicit problem to a sequence of one-
dimensional tridiagonal solves at each half-step. The scheme was
validated against an exact traveling front solution, derived from
the classical one-dimensional Nagumo front and extended to a
planar wave in two dimensions. Numerical experiments
confirmed second-order convergence in both space and time, with
pointwise error concentrated near the front, as expected, and
consistently small elsewhere. Error growth over time was shown
to be smooth and bounded, and a comparison against a standard
explicit (FTCS) discretization demonstrated that the ADI scheme
remains stable at time steps for which the explicit scheme
diverges, in exact agreement with the classical CFL condition. A
von Neumann stability analysis further confirmed that the scheme
Is unconditionally stable in its diffusion part, with the nonlinear
reaction term introducing only a mild, explicitly quantified
restriction, Dt <8/ (1- a)?, that is non-binding for the parameter

ranges considered.
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A NEW QUANTUM SPACE AND ITS HOPF
ALGEBRA STRUCTURE

Sultan ABACI CELIK*

1. INTRODUCTION

Quantum groups and noncommutative geometry have
emerged as important mathematical frameworks for extending
classical concepts of symmetry, space, and differential geometry
beyond the commutative setting. In classical geometry, a space
can be studied through its algebra of coordinate functions, while
its symmetries are described by groups acting on these functions.
The passage to the quantum setting replaces, in general, the
commutative algebra of functions by a noncommutative algebra.
Within this algebraic viewpoint, the resulting quantum
symmetries are naturally described by Hopf algebras and related
quantum groups. This perspective has established a close
relationship between noncommutative coordinate algebras,
quantum groups, and generalized geometric structures (Drinfeld,
1987; Majid, 1995; Manin, 1988, 2018).

A fundamental idea in this development is to regard a
noncommutative algebra as the algebra of coordinate functions on
a quantum space. Rather than starting with a classical group and
deforming its multiplication or coordinate functions, Manin
proposed an approach in which quantum spaces themselves
provide the basic objects and quantum groups arise as their
symmetry structures. In particular, quadratic algebras can be
interpreted as quantum analogues of linear spaces, with the

L Dog. Dr., Yildiz Teknik Universitesi, Fen-Edebiyat Fakiiltesi, Matematik B6limdi,
ORCID: 0000-0003-3465-8209.
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classical commutation relations replaced by deformation-
dependent quadratic relations (Manin, 1988, 2018). This
viewpoint is especially useful for constructing explicit examples
of quantum spaces and for determining the quantum groups that
preserve their defining relations.

The algebraic structure required to formulate quantum
symmetries is provided by Hopf algebras. A Hopf algebra
combines an associative algebra structure with a compatible
coalgebra structure and an antipode, thereby providing an
algebraic analogue of multiplication, identity, and inverse
operations in classical groups. This framework is particularly
suitable for quantum groups because the coordinate algebras of
qguantum groups are typically noncommutative and, in general,
noncocommutative. The systematic development of Hopf
algebras, matrix quantum groups, quantum enveloping algebras,
and related constructions has therefore become a central part of
quantum group theory (Drinfeld, 1987; Majid, 1995).

The relationship between quantum spaces and their
symmetry quantum groups has also been investigated from the
perspective of differential structures. Once the coordinate algebra
of a space becomes noncommutative, the construction of
differential forms cannot generally be obtained by simply
imposing the classical commutation rules. Instead, the algebra of
differential forms must be deformed consistently with the
relations of the underlying coordinate algebra. Woronowicz
developed a general theory of differential calculus on quantum
groups and introduced the framework of bicovariant differential
calculi, in which differential forms and exterior derivatives are
compatible with the Hopf algebraic structure (Woronowicz, 1987,
1989).

The relationship between the present construction and the
existing three-dimensional quantum-space literature is therefore
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twofold. On the one hand, standard quantum Euclidean spaces
such as R3 provide important reference models for three-
dimensional noncommutative geometry and differential calculus
(Cerchiai et al., 2000; Wachter, 2007; Celik, 1998; Celik & Celik,
2000; Celik et al., 2009). On the other hand, the work of Celik
and collaborators demonstrates that alternative deformation
principles, including supersymmetric, graded, contracted, and
nonstandard constructions, can lead to genuinely new Hopf-
algebraic quantum spaces (Celik, 2016, 2020, 2021; Celik &
Temli, 2019). The proposed C3 is situated within this broader
landscape while focusing on an ordinary three-coordinate,
ungraded quantum space with a new defining deformation.

In this work, we introduce a new three-dimensional
guantum space and investigate its Hopf algebraic and covariant
structures together with its symmetry group. The corresponding
quantum algebra O(M,(3,C)) is then investigated through its
coactions on both the coordinate algebra and the g-deformed
exterior algebra. The entries of the matrix T = (t;;) are required

to satisfy relations determined by the condition that the coactions
preserve the defining relations of the quantum space and its
exterior algebra. In this way, the quantum group is obtained as a
symmetry object of the proposed quantum space, in accordance
with the general philosophy of quantum groups as symmetries of
noncommutative spaces (Manin, 1988, 2018).

The remainder of this chapter is organized as follows.
Section 2 provides a brief review of the basic notions and
properties of algebras, coalgebras, bialgebras, and Hopf algebras
that are used in the subsequent construction. Section 3 contains
the main results of the chapter. In Section 3.1, we introduce the
new three-dimensional quantum space, discuss its quadratic
defining relations and classical limit, and construct the associated
q-deformed exterior algebra. Section 3.2 is devoted to the
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construction and verification of the coproduct, counit, and
antipode, establishing the Hopf algebra structure of the proposed
quantum space. In Section 4, we introduce a new quantum
bialgebra 0(M,(3, C€)), determine its coactions on the quantum
coordinate and exterior algebras.

2. ABRIEF OVERVIEW OF THE DEFINITION OF
A HOPF ALGEBRA

We first recall some basic definitions and properties of
Hopf algebras that will be used throughout this work.

Definition 2.1. Let K be a field. An associative unital
algebra over K is a K-vector space A equipped with two linear
maps m:AQ A — A, n: K — A, called the multiplication and
unit maps, respectively, satisfying

mo(m @ id) = mo (id Q m),
moM®id) = mo (id®@®n) = idy.
Fora,b € A, wewrittem(a @ b) =a-bandn(l) = 1,.

Definition 2.2. A coalgebra over K is a K-vector space A
equipped with two linear maps 4:4 - A® A, €A - K,
called the coproduct and counit, respectively, satisfying

A®id)od = (idQ A)° 4,
(eQid)ed = ([dR¢e) oA = id.
Definition 2.3. A bialgebra over K is a vector space A that

is simultaneously an associative unital algebra and a coalgebra,
such that the coproduct and counit are algebra homomorphisms.

Equivalently, the maps 4:A > A® A and €: A — K are
morphisms of algebras.
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Definition 2.4. A Hopf algebra over K is a bialgebra A
together with a linear map : A — A, called the coinverse or
antipode, satisfying

mo(kQid)od = mo(idQ® K)od = noe.

Thus, a Hopf algebra may be viewed as a bialgebra

equipped with an antipode. We denote a Hopf algebra by
(A,m,n,4, ¢ x).

Theorem 2.5. Let A be a Hopf algebra with antipode «.
Then « is an algebra antihomomorphism and a coalgebra anti-
homomorphism. In particular, for all a, b € A,

k(a-bFx(b) - k(a), k(1) =1,
A(K(a)) =(k®kK)otod(a),
where:AQ A - AQ Aisdefinedbyt(a®@®b) =b Q

Moreover, € o k = ¢. If the antipode is bijective, then
k™ 1(ab) = k1(b)x 1 (a).

In the theory of quantum groups, the algebra A is generally
noncommutative, while its coproduct need not be cocommutative.
This noncommutative and honcocommutative structure provides
the algebraic framework for describing quantum deformations of
classical groups and spaces.

3. A NEW QUANTUM SPACE AND ITS HOPF
ALGEBRA STRUCTURE

In this section, we introduce a new three-dimensional
qguantum space and determine its Hopf algebra structure.
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3.1. A New 3d Quantum Space

A quantum space is described algebraically by a
noncommutative coordinate algebra generated by quantum
coordinates subject to quadratic relations. This viewpoint is
central to Manin's approach to quantum groups and
noncommutative geometry.

Definition 3.1. Let g be nonzero complex parameter.
The three-dimensional quantum space is defined as the quadratic
algebra

0(C3) = Cxy,2) /I
where C(x,y,z) denotes the free associative algebra

generated by x,y, and z, and I, is the two-sided ideal generated
by the quadratic relations

X'y =y'x, Xz =q%*zx, y.z=2z"y. (3.1)

The generators x,y, and z are interpreted as the
noncommuting coordinate functions of the quantum space. The
parameter g measures the deformation of the commutative
coordinate algebra. In the limit g — 1, the algebra 0(C3)
becomes the ordinary polynomial algebra C[x, y, z].

Example 3.2. If we define a representation p : 0(C}) —
M3(C) by

2

100 q 0
p(x)=<010>, p()=(1-¢* 1
00 g2 0 0

0 0 O
p(2) =< 0 0 0>,
1-¢> 0 0

0
0 )

qZ
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then we can see that p is a representation of the algebra
0(C3), in the sense that the matrices p(-) preserve the relations
given in (3.1) according to the rule

3
pi(f - 9) = Zpij(f) pik(g),
j=1

forall f,g € 0(C3).

The notation C(x,y,z) emphasizes that the generators
x,y, and z are initially free and noncommuting. The ideal I,
imposes the quadratic relations among these generators. Hence,
the quantum space is completely specified by its generators and
defining relations. Equivalently, one may write

Iy=(x"y—y'x,x2—-q°2x,y 2 — 2'Y).

The quotient by I, identifies monomials that differ by the
defining commutation relations. For example, x - y and y - z can
be replaced by y-x and z -y, respectively, while x - z can be
replaced by ¢ z - x.

Remark 3.3. Unlike the classical coordinate algebra
C[x,y, z], the algebra O(C3) is generally noncommutative. For
generic values of g, the products x -z and z-x are distinct
elements of 0(C3), although they are related by the defining

relations. This noncommutativity is the essential algebraic feature
of the corresponding quantum space.

Definition 3.4. Let A(C3) denote the exterior algebra
of the algebra 0(C3). Its generators 6, ¢, and ¢ are assumed to
satisfy the following relations:

07 =0, fori =1,2,3,
0-9=—q70-0, 0-p=—¢-0, p-¢p=-a*¢p-¢, (32)
where ©; = 6,0, = ¢, 0; = ¢.
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The above relations define a g-deformed exterior algebra
associated with 0(C3). In particular, the relations ©7 = 0, for
i = 1,2,3 are analogous to the classical relations dxAdx = 0,
etc., where dx is differential of x, etc. The remaining relations
describe the g-deformed anticommutation rules among the
generators. Notice that, in the limit g — 1, these relations reduce
to the usual anticommutation relations. Thus, A(C3) can be
regarded as a g-deformation of the classical exterior algebra of
C3.

Remark 3.5. The importance of the quantum space in
Manin's approach is that quantum groups can be constructed as
symmetry objects acting on such noncommutative coordinate
algebras. Instead of beginning with a group and deforming its
coordinate functions, one may first specify the algebra of a
quantum space and then determine the quantum group that
preserves its defining relations. This provides an algebraic
realization of quantum groups as symmetry objects of
noncommutative spaces (see, Section 4).

Remark 3.6. If additional conditions are imposed,
particularly the invertibility of a suitable generator, the algebra
can be endowed with a bialgebra or Hopf algebra structure. The
coproduct, counit, and antipode are then required to be
compatible with the defining relations of the quantum space.
These structures allow the quantum space to be treated within the
framework of quantum groups and provide the basis for studying
its covariance and differential geometry.

3.2. Hopf Algebra Structure On 0(@3)

We consider the three-dimensional quantum space whose
coordinate algebra is generated by x, y, and z subject to the
relations below. We then introduce the coproduct, counit, and
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antipode and verify that these maps give the algebra a Hopf
algebra structure.

Definition 3.7 Define a linear map
4:0(C3) - 0(C3) ® 0(CY)
on the generators by
A(x) =xQ x,
A) =y QY.
A2)=xQRz + zQy.

The map 4 is extended multiplicatively to the whole
algebra.

Theorem 3.8. The coproduct 4 is compatible with the
defining relations of 0(C}). Hence, it is a well-defined algebra
homomorphism.

Proof. Forx -y = y-x, one has
AAQY) = xyQx'y =y xQy-x = AY)Ax).
Fory-z = z-y,oneobtains 4(y)4(z) = 4(2)4(y).
Forx -z = q%z- x, one obtains
A)A(z) = q*A(2)A(x).
Therefore, all defining relations are preserved by 4.

Definition 3.9. Define the counit &2 0(C3) — C on the
generators by

ex) =1, €iy) =1, €2 =0,
and extend ¢ as an algebra homomorphism.

Theorem 3.10. The maps 4 and ¢ satisfy the
coassociativity and counit conditions. Therefore, 0(C3) is a
coalgebra. In particular,
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AQ®id)od = (id @ 4)4,
(e®id)ed = (IdQ¢e)od = id.
Proof. For example, for z,
AQidA(2)=xQxQz+xQzRy+zQyQy,
([dRMNA2) = xQxQz+xQzRQy+zQyQy.

Definition 3.11. In the Hopf algebra extension in which x
and y are invertible, define the antipode k by

1

k(x) = x71, k(@) =yl k(z) = —x1-z- -y L
The antipode is extended as an antihomomorphism.

Theorem 3.12. The algebra 0(C3), equipped with the
coproduct 4, counit &, and antipode x defined above, forms a
Hopf algebra, provided that x and y are invertible. The antipode
identities are

mo(k@id)cd = mo(idRk)od = noe.

Proof. For x and y, these identities follow immediately
from

kK(x)x=xk(x)=landk(y) -y =y -k(y) =1.
For z,

m(k Q id)A(z) =k(x)-z+k(z) y=0=¢(2)1,
and

m(id @ K)A(z) =x-k(z) +z-k(y) =0 =¢(2)1.

4. THE QUANTUM ALGEBRA 0(M,(3,C)) AND
ITS COACTIONS ON 0(C3) AND A(C3)

Let M (3, C) denote the vector space of 3x3 matrices with
complex entries. Each matrix T € M(3,C) acts naturally as a
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linear transformation on the complex vector space C3. The
classical matrix space M (3, C) can therefore be described in terms
of its coordinate functions, which generate a commutative
coordinate algebra denoted by 0 (M, (3, C)).

A natural question is how this classical structure can be
extended to the quantum setting. The basic idea of quantum
deformation is to replace the commutative coordinate algebra by
a noncommutative algebra whose defining relations depend on a
deformation parameter g. In this way, the classical coordinate
algebra O(M(3, C)) is deformed into the quantum coordinate
algebra O(M,(3,C)). The noncommutativity introduced by the
deformation is governed by q, and the classical algebra is
recovered in the undeformed limit g — 1.

4.1. The Algebra 0(M,(3, C))

Matrices with complex entries act as linear
transformations on complex vector spaces. In this section, we will
define the g-deformation of the algebra O(M (3, C)).

a b c
Let T = <d e f) = (t;;) be a matrix whose entries
g u v
belong to a free associative algebra, while the components of the
vectors X = (x,y,z)t and © = (6, ¢, )t belong to the algebras
0(C3) and A(C3), respectively. Consider the transformations
X' =T.Xand® = T.0O. We also assume that g2 + 1 # 0. Under
these assumptions, we have the following theorem, whose proof
follows directly.

Theorem 4.1. Suppose that the matrix elements of T
commute with the generators of 0(CZ) and A(C3). Then a
necessary and sufficient condition for the components of X’ and
0’ to satisfy relations (3.1) and (3.2), respectively, is that the
following relations hold:
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a-b=q?b-a, are=e-a+(q*>—1b-d,
a-c=c-a, a-f=f-a+({1—-q%)c-d,
a-d=d-a, aru=u-a+(q*—1b-g,
arg=q’g-a, av=va+t(l-q?c-g,
b-c=q7%+b, b:d=q%d-b, b-e=e-b,
b-f=q*f-bb-g=g-bb-u=q*u-bb-v=v-b,

c-d=d-c, cre=e-c+(q*—1b-f,
c-f=f-c cru=q*u-c+(@*—1b-v,
c-g=q*g-c c-v=q*v-c, (4.1)

d-e=q%-d, d-f=f-d d-g=g-d,
d-u=q?u-d, d-v=v-d,
e-f=q7%fe eg=g-et(@?-Dduy
e-u=1u-e, erv=v-e+ (@ ?—1f-u,
fru=q*u-f, f-g=q’g9-f+A—q*)d-v,
frv=v-f,
g-u=q*u-g, g-v=v-g uv=qv-u
Definition 4.2. The algebra 0 (M, (3, €)) is defined as the

quotient of the free algebra C[a, b, c,d, e, f, g, u,v] by the two-
sided ideal J, generated by the relations (4.1) in Theorem 4.1.

4.2. Bialgebra Structure on 0(M, (3, €))

The algebra O(M,4(3,C)) introduced in the previous

section admits a natural bialgebra structure. This structure is
determined by the coproduct and counit maps, which are defined
on the generators of the algebra and extended multiplicatively.
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Definition 4.3. The coproduct

4:0 (Mq(3, (C)) 50 (Mq(3, (C)) ®0 (Mq(B,(C))
is defined on the generators t;;, 1 < i,j < 3, by

Ati;) = Yioq tie®tyj,
and the counit e: 0(M,(3,C)) — Cis given by
S(tu) = 611

The compatibility of these maps with the defining
relations of O(M, (3, C)) leads to the following result.

Theorem 4.4. The maps 4 and ¢ are well defined on the
algebra 0 (M, (3, C)). Moreover, they satisfy
(AQid) o 4 = (id®A) o 4, (eQid) oA = (id®¢) o A = id.

Consequently, (0(M,4(3,C)), 4, ¢) is a bialgebra.

Proof. It is sufficient to verify the required identities on
the generators ¢;;. For the coproduct,
3
(A®id)A(t;;) = Z tu®t; Bty
k,l=1

whereas
3

((d®MA(t;;) = Z i @t ®ty; .
k,l=1
After relabelling the summation indices, these expressions
coincide. Similarly,

3
(e®id)A(t;;) = Z e(tu)tyj = tyj,
k=1

and
3

([d®)A(ty) = ) tue(tiy) = ti.

k=1
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Thus, the coproduct is coassociative and the counit identities
hold. Hence 0 (M, (3, C)) is a bialgebra.

4.3. Coactions on 0(C3) and A(C3)

The bialgebra structure established above allows us to
introduce a natural left coaction of O(Mq(S,(C)) on the

coordinate algebra of the quantum space O(C3). Let x = x;,
Y = X,, z = x3 denote the generators of 0(C3).

Definition 4.5. A left 0(M, (3, C))-coaction on 0(C3) is
a linear map 6,: 0(C3) = 0(M,(3,C))®0(C3) defined on the

generators by
3

6L(xi) = z tl]® Xj, i = 1,2,3.
j=1
The compatibility of this map with the defining relations
of 0(C3) gives the following result.

Theorem 4.6. The map §; is a well-defined left coaction
of the bialgebra 0(M, (3, C)) on 0(C3). In particular,
(AQid) o 6, = (id®46,) o &, and (e®id) o §, = id.

Proof. For each generator x;,
3

3
(A®id)6, (x;) = ZA(tij)®xj = Z tix @ty ; ®x;.
j=1 jk=1
On the other hand,

3 3

(id®6,)6,(x;) = Z t;j®6,(x;) = 2 ti @t ®xy .
j=1 jk=1
After relabelling the indices, the two expressions agree.

Furthermore,
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3
(e®id)3, (x)) = ) e(ty)n) = %
j=1
Thus, §; satisfies the coaction axioms. The relations defining
0(C3) are preserved under §, by the defining relations of the
algebra 0(M, (3, C)). Therefore, the map &, extends uniquely to
an algebra homomorphism &;. Hence it defines a left coaction of

0 (Mq(3, (C)) on 0(C3).

Definition 4.7. The coaction ¢ is extended to the exterior
algebra by

8 A(C3) - 0(GL,(3)) ® A(C3),
where 6,(91) = Zj=13 tij ® @1
Theorem 4.8. The algebra generated by the entries ¢;; of
T, subject to the relations obtained from the invariance of the

defining relations of 0(C3) and A((Cg) under the coactions é and
&', defines the coordinate algebra of M, (3, C).

More precisely, the relations among the generators t;; are
uniquely determined by requiring §(R) = 0 for every defining
relation R of 0(C3), and 6'(«) = 0 for every defining relation x
of A(CZ). Consequently, 0(M,(3,C)) acts covariantly on both
the quantum coordinate algebra 0(C3) and its exterior algebra

A(C3).

5. CONCLUSION

In this paper, we introduced a new three-dimensional
quantum space O (C) and investigated its fundamental algebraic

and Hopf-algebraic structures. A Hopf algebra structure
compatible with the defining relations of 0(C}) was constructed.
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The coproduct, counit, and antipode were explicitly defined and
their compatibility conditions were verified. A distinctive feature
of the resulting Hopf algebra is the non-primitive coproduct of the
generator z, A(z) = x @ z + z ® y, which differs from the
usual primitive coproduct encountered in classical and some
guantum algebraic constructions. This structure provides an
explicit example of a three-dimensional quantum space equipped
with a nontrivial coalgebraic structure.

We also considered a g-deformed exterior algebra
associated with 0(C3). The defining relations among the exterior
generators reduce to the classical anticommutation relations in the
limit. Furthermore, the quantum algebra O(M,(3,C)) was
introduced through its coactions on both the quantum coordinate
algebra and the associated exterior algebra.

The results obtained in this paper provide the algebraic
foundation for a more detailed investigation of the differential
geometry of the newly introduced quantum space. In particular, a
natural continuation of the present work is the construction of a
differential calculus on O(C3). Such a study would involve
determining the commutation relations between the generators x,
y, z and their differentials, constructing the corresponding
exterior algebra systematically, and identifying the associated
differential operators and their algebraic properties. The
compatibility of the differential calculus with the Hopf algebra
structure and the O(M,(3, C))-coaction would also provide an
important aspect of this investigation.

A forthcoming study will therefore focus specifically on
the differential calculus on 0(C3). Building on the Hopf algebra
and exterior structures established here, that work will investigate
the differential relations, exterior derivative, higher-degree
differential forms, and covariance properties associated with the
proposed quantum space. In particular, the aim is to develop a
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consistent noncommutative differential geometry for 0(C) and
to examine how its differential structure interacts with the Hopf
algebraic and O(M, (3, C))-covariant structures obtained in the
present chapter. This continuation will provide a natural
extension of the present algebraic construction and will contribute
to a more complete geometric understanding of the new quantum
space.
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WEYL PROJECTIVE CURVATURE ON
METALLIC RIEMANNIAN SPACE FORMS

Semra ZEREN!?

1. INTRODUCTION

Let (M™,],g) be an n-dimensional Riemannian manifold,
n > 2, endowed with a metallic structure J; see Blaga and
Nannicini (2019), Chen, Choudhary, and Perween (2025), Gezer
and Karaman (2015), and Hretcanu and Crasmareanu (2013) for
background. Related submanifold geometry for manifolds
endowed with other tensor structures is considered, for example,
by Zeren and Yildiz (2026). The metallic structure is determined

by

JP=p/+qld, pqEN, )
and is assumed to be compatible with the metric in the sense that
9UX,Y) =gX,JY) 2)

for all vector fields X,Y. When
V=0, (3)
the metallic Riemannian manifold is called locally decomposable.

The purpose of this chapter is to calculate the Weyl
projective curvature tensor on a locally decomposable metallic
Riemannian space form. The starting point is the explicit
expression of the Riemann curvature tensor and the Ricci tensor

1 Asst. Prof. Dr., Sivas Science and Technology Univesity, Faculty of Engineering
and Natural Sciences, Department of Fundamental Engineering Sciences, ORCID:
0000-0003-0083-3507
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associated with a constant metallic sectional curvature. The
calculation is then organized in two steps:

1. derive an explicit formula for the Weyl projective
curvature tensor,

2. analyze the condition 7 = 0 using the eigenvalues of
J.

Throughout the chapter, all calculations are performed
with the curvature convention fixed in Section 2.

2. GEOMETRIC SETTING AND CONVENTIONS

Let V denote the Levi-Civita connection of g. We use the
curvature convention

For a local orthonormal frame {e,, ..., ,,}, the Ricci tensor
is defined by

S(X,Y) = Xi=19 (R(ei, X)Y, ;). (5)
The Ricci operator Q is defined by
9(0x,Y) =8, Y). (6)

Throughout the chapter we assume n > 2.

We use the following Weyl projective curvature tensor
(Mishra, 1969):

PX,Y)Z = R(X,Y)Z — ﬁ{s”(y, DX -5X,2). (1)

Related projective-curvature notions in Kéhler geometry include
the H-projective tensor studied by Mishra (1969); curvature
tensor calculations for Riemannian submersions are discussed by
Karatasg, Zeren, and Altin (2024).
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3. METALLIC RIEMANNIAN SPACE FORMS

Assume that (M", ], g) is a locally decomposable metallic
Riemannian space form with constant metallic sectional curvature
c. For convenience, set

k=g T=3Lig90e e ®)

Following the constant metallic sectional-curvature
formula of Sahin, Sahin, and Erdogan (2026), we write the
Riemann curvature tensor of the metallic Riemannian space form
as

R(X,Y)Z = x{qg(Y,2)X = 29(X,]2)]Y + pg (X, Z)Y
+pg9(X, 2)JY — q9(X,2)Y + 29(Y,JZ)]X
—pg(Y,JZ)X —pg (Y, Z)] X}. )
Introduce the coefficients
a =nq — 3q — p1, B = 21— np. (10)
Then the Ricci tensor is
SX,Y) = x{agX,Y) + Bg(X,]V)}. (11)
Since J is self-adjoint with respect to g, (11) gives

0X = k(aX + BJX). (12)

4. EXPLICIT COMPUTATION OF THE WEYL
PROJECTIVE TENSOR

We now calculate  step by step.

4.1. The Ricci Correction Term

From (11),
S(v,2) = k{ag(¥,2) + Bg(Y,]Z2)}, (13)
S(X,2) = rlag(X,2) + Bg(X,]Z2)}. (14)
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Therefore,
S, )X - S(X,2)Y = k{al[g(Y,2)X — g(X,Z)Y]
+Blg(Y,JZ2)X — g(X,]Z)Y ]} (15)
Substituting (9) and (15) into (7), we obtain
PX,V)Z = r{qg(Y,2)X — 29(X,]2)]Y + pg(X,]Z)Y
+p9(X,2)]Y — q9(X,2)Y + 29(Y,]JZ)]X
—pg(Y,]2)X —pg(Y,2)]X

a
a1 [9(Y,2)X — g(X, 2)Y]

~L g 1nx - gx.J2)Y]). (16)
4.2. Simplification of the Coefficients

The coefficient of g(Y,2)X — g(X,Z2)Y is

a nq —3q — pt

q—n_1=q n—1

= 2t (17)

n—1

The terms involving g(X,JZ)Y —g(Y,JZ)X have
coefficient

2T—n
B N p
n—1

=P (18)

The remaining terms containing /X and JY are not affected
by the Ricci correction. Consequently, we obtain the following
theorem.

Theorem 1 (Explicit Weyl projective tensor). Let
(M™,], g) be a locally decomposable metallic Riemannian space
form with constant metallic sectional curvature c. Under the
conventions (4)—(7), its Weyl projective curvature tensor is
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~ c
PX,Y) =—
(N2 =3
2q + pt
n—1

2t—p
n—1

—29(X,]Z)]Y + 29(Y,]Z)] X
+pg (X, Z2)]Y —pg (Y, Z)] X}. (19)
4.3. The (0,4)-Form

Define

[g(Y,Z)X — g(X,Z)Y]

+

[9(X,J2)Y — g(Y,]Z)X]

PXY,ZW) =g(PX,Y)ZW). (20)
Using g(JX, W) = g(X,JW), Theorem 1 gives
~ Cc
PX,Y,Z,W) = 5{
2q +pt
n—1

2t—p
n—1

—29X,]Z)g(Y,JW) + 2g(Y,]Z)g(X,]W)
+pg (X, Z)g(Y,JW) —pg(Y,Z)g(X,JW)}. (21)

[g(Y,Z)g(X,W) — g(X,Z)g(Y,W)]

+

5. TRACE PROPERTY

The Weyl projective tensor in (7) has vanishing Ricci
contraction. Indeed, let {e,, ..., e,} be a local orthonormal frame.
Then
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Zg (P(e;,Y)Z,e) = S(Y,2)
i=1

1 <. .
—— > [0, D gCer ) — (e Dg (Y, )]
i=1

=S(,2) - — [nS(Y,2) = S(v,2)]
= 0. (22)
Hence
Ricp = 0. (23)
6. PROJECTIVELY FLAT METALLIC SPACE
FORMS
We now analyze the condition
P =0. (24)
The eigenvalues of J are the roots of
A2—pi—q=0. (25)
Thus,
o = IV (26)
and
g, +0 =p, 0,0. = —q. (27)

Since J is self-adjoint, an orthonormal eigenframe may be
chosen locally. Let X, Y be orthogonal unit eigenvectors satisfying

JX=1X, JY =Y. (28)
Putting Z = Y in (19), we have
PX, Y)Y = ;—qF(,L WX, (29)
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where

F(u) =222 228y 4 (2 — p)A. (30)
For two distinct eigenvalues, projective flatness implies
F(A,uw) =F(u,A) =0.
Subtracting these equations gives

FLuw) — F(uA) = =222 (2 - ). (31)

n—-1

Therefore, if 2 # y, then

_np
T = 7 (32)
Using (27) and (32), one obtains
_ _ (n=2)(p*+4q)
F(o,,0) =— 2D (33)

Consequently, forn > 2 and ¢ # 0,
F(o,,0) #0, (34)

because p? +4q > 0. Hence a nontrivial metallic structure
carrying both metallic eigenvalues cannot be projectively flat.

Proposition 2. Assume n > 2 and ¢ # 0. If both distinct
metallic eigenvalues o, and . occur in the spectrum of J, then
P+ 0.

Proof. Choose orthogonal unit eigenvectors X,Y
associated with o, and o, and write A = a,, u = .. Since 1 # u,
consider two cases.

If T # np/2, then (31) gives
F(Lpw) # F(u, A).

Thus at least one of these two values is nonzero. Applying (29) to
(X,Y) and to (Y,X) shows that at least one of P(X,Y)Y and
P(Y,X)X is nonzero.
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If = = np/2, then (33) gives

¢ (n—2)P*+4q)
3¢ 2m-1)

PX, Y)Y = —

which is nonzero becausen > 2, ¢ # 0, andp,q > 0. O
6.1. Scalar Metallic Structures
Suppose that
J = Ald. (35)
Then 2 satisfies
12 =pl+aq. (36)
Substituting J = Ald into (9) and using (36), we obtain
RX,Y)Z =c[g(Y,2)X — g(X,2)Y]. (37)
Indeed, the coefficients of g(Y, Z)X and g(X, Z)Y inside the braces
in (9) become, respectively, q + 24% —2pi =3q and —24% +
2pA — q = —3q, by (36). The Ricci convention (5) then gives
SX,Y)=(mn-Dcg(X,Y). (38)
Substituting these curvature and Ricci tensors into (7) yields
P(X,Y)Z = 0. (39)

Remark 3. The conclusion in (39) is also immediate from
the fact that, when J = Ald, the metallic Riemann tensor reduces
to a constant-curvature-type tensor and the corresponding Ricci
correction removes its projective part.

6.2. The Flat Case
If ¢ = 0, then k = 0 and consequently

R=0, S$=0,  H=0. (40)
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7. MAIN PROJECTIVE-FLATNESS STATEMENT
The preceding calculations can be summarized as follows.

Theorem 4. Let (M",],g) be a locally decomposable
metallic Riemannian space form with p,q >0 and constant
metallic sectional curvature c¢. Assume that the spectrum of J is
considered through the two metallic roots o, and o.. Then:

(i) ifc=0,then? = 0;

(ii) ifn =2, then? = 0;

(iii) if n > 2, ¢ # 0, and both o, and . occur, then P = 0;
(iv) if J = A1d with 22 = pA + q, then # = 0.

In particular, for n > 2 and ¢ # 0, the simultaneous occurrence
of both metallic eigenvalues obstructs projective flatness.

8. SPECIAL CASES
8.1. The Golden Case

The golden structure is the special case of the metallic
structure obtained by choosing p =q = 1. In this case the
eigenvalues of structure J are

_ 1445
O'_ = 2 .
Formula (19) becomes
ﬁXYZ—CZ+T Y, 2)X X, 2)Y
I—
+—— (X J2D)Y - g(¥ ] 2)X]
—29(X,JZ)]Y + 29(Y,]Z)]X
+9(X,2)]Y — g(Y,2)] X}. (41)

67



Matematik Alaminda Giincel Konular ve Akademik Degerlendirmeler

8.2. Einstein Condition
From (12),

Q = x(ald + B)), K=%, B = 2t — np.

Thus, Q is a scalar multiple of the identity exactly when at least
one ofc = 0, 7 = np/2, orJ = Ald holds. If ¢ # 0 and both distinct
metallic eigenvalues occur, then J is nonscalar, so the Einstein
condition is equivalentto g = 0, ort = np/2. If c = 0,then @ = 0
and the metric is Einstein. If ] = A1d, then Q = x(a + fA)1d, SO it
is Einstein without requiring T = np/2.

On the nonflat branch with both metallic eigenvalues
present, substituting ¢ = np/2 into (19) makes the coefficient of
g(X,JZ)Y — g(Y,]Z)X equal to p. Therefore,

~ Cc
?Ein(X' Y)Z = _{

3q
2
np
2q +——
—— 9. DX — g(x,2)Y]

+plg(X,]Z2)Y — g(Y,]Z)X]
—29(X,JZ2)]Y + 2g9(Y,]Z)]X
+pg(X,Z2)]Y —pg (Y, Z)] X}. (42)

9. CONCLUSION

In this chapter, the Weyl projective curvature tensor of a
locally decomposable metallic Riemannian space form was
calculated explicitly. The formula depends on the metallic
parameters p, q, the constant metallic sectional curvature c, the
dimension n, the metric, and the trace of the metallic structure.

The main formula is (19). Itis obtained by substituting the
metallic Riemann and Ricci tensors into the fixed Weyl projective
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definition. The tensor has vanishing Ricci contraction, as shown
in (23). The eigenvalue calculation further shows that a nonzero
constant metallic sectional curvature together with the
simultaneous occurrence of both metallic eigenvalues prevents
projective flatness in dimensions n > 2.
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