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ON SOME PROPERTIES OF SPLIT FIBONACCI
AND SPLIT LUCAS QUATERNIONS

Ali ATASOY!
Zileyha KURT?
Faik BABADAG?

1. INTRODUCTION

In recent years, quaternions have introduced considerable
attention and application in the development of virtual reality
systems and computer games, particularly for the representation
of three-dimensional object orientations. Furthermore, their
utility has been demonstrated in diverse domains such as robotics,
control theory, and signal processing (Hamilton, 1844; Altmann,
1986).

Cockle (Cockle, 1849) introduced split quaternions as an
extension of real quaternions. A key distinction from standard
quaternions lies in the algebraic structure; split quaternions do not
constitute a division algebra.

A split quaternion is defined as the following quadruple

Q=q1+qi+qs3j+qsk

where ¢q4,9,,q9; and q, are real numbers and i, j,k are
hypercomplex units such that

i2=—1, j2=+1, ij = —ji = k. (1)

For split quaternions Q = q; + g, i + q3j + q4 k and
Q' = a1+ qzi + q3j + q4k:
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QxQ =(q +qzi+q3j + qsk)
+ (q1 + q2i + q3j + q4k)

=(q1+q1) + (g2 +q3)i + (g3 + q3)j + (g2 + q1)k
and
QQ' = (qy + q2i + q3j + q4k)(q1 + q2i + q3j + q4k)

= (191 + 1921 + q193] + q1q4k)
+ (q2q11 — 9293 + 9293k — q2q4))

+(q391) — 9392k + 9393 — q3q41)
+ (q4q1k + 94q2) + 94q31 + q4q4)

= (q191 — 9292 + 9393 + 94q4)
+ (9192 + 9201 — 9394 + q4q3)i

+(9193 — 9294 + 4391 + q4q3)]
+ (9194 + 9293 — 9393 + q4q1)k.

Its conjugation is defined as follows:

Q*=q—qi—q3j—qs k. and  QQ* =qf —q%—q5—
2

qs-

Sequences of positive integers have an important place
and still are object of study for many researchers. The most
famous of these sequences have been demonstrated in several
areas of mathematics. Many authors were interested
introducing and investigating several generalizations and
modifications of Fibonacci and Lucas sequences (Horadam,
1961; lyer, 1969; Verner, 1969; Vajda, 1989; Dunlap, 1997;

Koshy, 2001; Halici, 2012).
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In this paper, we introduce the concepts of split Fibonacci
quaternions and split Lucas quaternions based on the properties
of Fibonacci and Lucas numbers. Additionally, we derive several
identities associated with these quaternions. The Fibonacci
numbers f,, are defined for all integers n by the second-order
linear recurrence relation

froirz = for1+ha
with the initial conditions f; = f, = 1. The Lucas numbers [,, are
defined by the same recurrence relation:

T R

but with different initial conditions: [, = 1, [, = 3. The Binet
formulas for the Fibonacci and Lucas numbers are given by:

_O(n_ﬁn
= a—ﬁ

where a = 1+T\/§ and f = 1_2—\5

fn and [, = o™ + "

In this paper, we use of the following identities:

fo-1t fan =l @)
lnsa = ln = Sfon 3)
sz + ln = Sfraa (4)
fat fara = bz ()
fon+1 = fii + frina (6)
fon = (ED™f, ()
I = (=D, (8)
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2. SPLIT FIBONACCI QUATERNIONS AND
SPLIT LUCAS QUATERNIONS

Definition 2.1. The n** split Fibonacci quaternion QF,
and the n*" split Lucas quaternion QL,, are defined, respectively,
as

QF, :fn+fn+1i +fn+2j+fn+3k' (9)
and
QLy =1y + Lypqi+ Ly j + lysk, (10)

where £, is the n'* Fibonacci number and 1, is the n*" Lucas
number. Here, i,jand k are hypercomplex units satisfying
multiplication rules in (1):

i2=-1, j2=+1, ij = —ji = k.
Starting from n = 0, the split Fibonacci quaternions and
split Lucas quaternions are defined as follows:
QFy=0+1i+1j+2k, QF =1+1i+2j+3k,..
Similarly, the split Lucas quaternions are given by:

QLo =2+1i+3j+4k, QL =1+43i+4j+7k,..

3. SOME IDENTITIES ON SPLIT FIBONACCI
AND SPLIT LUCAS QUATERNIONS

Identities 3. 1. Let n > 1 be integer. Then the following
relations hold for split Fibonacci quaternions and split Lucas
quaternions as:
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QF, — QF 41l — QFpy2j — QFp 43k = —=5fp 5.
and
QLy, — QLypy1i — QLypipj — QLpyszk = =513

Proofs. We give the proof of identity

QF, — QF,41i — QF,12j — QF,+3k. Using the definitions and
properties in (2), (3), (4) and (5), we obtain:

We have
QF, — QFp 10 — QF15] — QF 3k =

= (fn + fas2 = fnia _fn+6)
+ (fn+1 _fn+1 +fn+5 - fn+5)i

+(fn+2 - fn+4 - fn+2 + fn+4)j
+ (fn+3 +fn+3 _fn+3 _fn+3)k

= (fa + fas2) = Unsa + frre)
=lpyr = lyss
=5fn+3
On the other hand
QLy — QLpyai = QLpyaj — QLpysk =

(n + bysal + Ly J + Lnyzk)
- (ln+1 + ln+2i + ln+3j + ln+4k)i

_(ln+2 + ln+3i + ln+4j + ln+5k)j
- (ln+3 + ln+4i + ln+5j + ln+6k)k
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= (ln + ls2) = (lsa + lnse)
=5fn+1 = Sfn+s

= =5(fn+s = fn+1)

= —5lyy3

Identity 3.2. For n > 1, let QF, denote the conjugate of
the split Fibonacci quaternion. Then, the following identity holds:

QR.QF, + QFy_1QF;—1 = —5fon42
Proof. By using (4), (5) and (6), we will have as follows:
QF.QF, + QF_1QFy—1 == —=5fzn+2
(fi + firs = fava — fiea) + (Bl + fid = fien — filr2)

= (fnz + fnz+1) - (fnz+2 + fnz+3) + (fnz—l + fnz) - (fnz+1 +
fitr2)

= —(fzn+s —fon+1) = Fznesz —fon-1)
= —(lan+3 + (lzns1)
= —=5(f2n+2

Identities 3.3. (Binet-like Formulas) For integers n > 1,
the Binet-like formulas are respectively defined as:
Ean_ﬁﬁn

QF === (1)

and
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QL, = aa" + Bp" (12)

where @ = 1+ ia + ja® + ka® and B = 1+ iff + jB* + kp°.

Proof. By using (11) and (12), and the Binet formulas for
the Fibonacci and Lucas numbers we have

QF, = fo+ fas1l + fns2) + fnask
0(n _npn an+1 _ pn+1
@ -p g

B a—pf a—p
O(n+2 _ 'Bn+2 ‘ O(n+3 _ ﬁn+3
+ a—pf J* a—p k
_ oA +ia+ja’ +ka®)  BU(1+ i+ jB7 + kBY)
B a—p B a—p
gan_éﬁn
:W

and
QL, =1y + Ll + ln+2j + L3k

="+ ﬁn + (an+1 + ﬁn+1)i + (an+2 + ﬁn+2)j
+ (an+3 + ﬁn+3)k

=a(l+ia+ja®+ka®)+BA+iB +jB%+ kB3
= aa™ + BB

Identity 3.4. (Vajda-like identity) For positive integers
m,n and r with n > m >r > 2, we have

QFnQFy=QFy_y QFyyr = 7= (QF)(—f™ "2 p —
am—‘l"ﬁngﬁ) ,
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Proof. Using (11) and (12), we obtain

QFnQF, - QFy— QF 4y =

aa —B[gm a BBTL Qo(m T—,B[i’m r go(n+r_éb>n+r

= e
=@M = D a p+am e BT — 1) a )

_ 1 momn ngm -

S (AT B T a )

= %(QF) (@"p™ " a p —a™ "B  a ).

Identity 3.5. (Catalan-like Identity) For positive integers
n and r with n>r, we have

QFpar QFoy — QF = L= (QR)(@fa” —fafr)

Proof. Using (11) and (12), and the Binet formulas for the
Fibonacci and Lucas numbers, we obtain

QFn+r QFn—r - QFnZ =

go(n+r_£r,3n+r gO(n—r_EBn—r Zan_ﬁﬁn Zan_ﬁﬁn
() — ()
=@ pap (1 - B) + paafh(1—a”p"))

=L@ p- T ) + paC e a™)

Identities 3.6. Split nega-quaternions.

Let QF, and QL,, denote the split Fibonacci quaternion
and split Lucas quaternion, respectively. The identities for the
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Fibonacci split nega-quaternion and Lucas split nega-quaternion
are defined as follows:

QF—n = (_1)n+1QFn + (_1)nln(i +j + Zk);
QL_p = (=D)"QLy + (=1)"'5£,(i +j + 2k).

Proofs. We will now provide the proof for the identity of
QF_,, . Using the definitions and properties in (2), (3), (4), (5), (6),
(7), (8), we obtain:

QF n =fintfonml+ fongof + ik =fn + f—(n—l)i
+ fen-2)) + f-n-3)k
= D"+ CD M+ GO )
+ (D" 2 fr sk
= (_1)n+1(fn + fas1l + foro) + frask)
- (_1)n+1fn+1i - (_1)n+1fn+2j
- (_1)n+1fn+3k + (_l)nfn—li + (_1)n+1fn—2j
+ (D" fn3k
= (-D"QF, + (D"(frs1tfa-1)i
+ (D"(fns2 = fo2)i + (D" (fns3 + fazz)k
= (“D"QF, + (-D",i + (1))
+ (—1D)"2L,k
= (-1D)"QE, + (-1)"L,,(i +j + 2k).

Next, we present the proof for the identity of QL_,,:
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QL =l p+lpi+ o +lpisk =10 +1 gl
t -2 + ln-p)k
= (D"y + (DM i+ (1) M)
+ (D" sk
= (_1)n(ln + ln+1i + ln+2j + ln+3k)
— (D"l = (D) o) — (D sk
+ (D i+ (CD) M + (D5
= (D",
+ (_1)n+1((ln+1 + ln—l)i + (ln+2 - ln—z)j
+ (ln+3 + ln—3)k)
= (=D)"QLyp + (=)™ (5fui + 5fuj + 10£,k)
= (-1)"QL, + (=1)"*15£,(i +j + 2k).

Example 3.7. Let QF,, QF; and QF, be the split Fibonacci
quaternions defined as

QFy=i+j+2k QF = 1+4i+ 2j+ 3k, and
QF, = 1+ 2i + 3j + 5k. We consider the identity
QFn41QFn-1 — QF} = (=1)"(2 + 2i + 2j + 5k)
=(-D"QA+i+2j+3k)—2j—k)
= (=D"(2QF, — 2j — k).
Forn = 1and n = 2, we have:
QF, QFy — QFf
= (14+2i + 3j +5k)({@ +j + 2k)
— (1 +i+2j+3kZ?=-2-2i—-2j—5k
= (-2 +2i+2j +6k—k)
=—QA+1i+2j+3k)—2j—k)
=—QF -2j—k)
= —2QF +2j+k

and

10
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QF; QF, — QF;
= (2+3i +5 +8)A+i+ 2j + 3k)
— (1 + 2+ 3 +5k)?=2+2i+2j+5k
=2QF, —2j— k.

4. SOME APPLICATIONS ON THE SPLIT
FIBONACCI QUATERNIONS

Definition 4.1. The n*" split Fibonacci quaternion vector
Q_F; and the nt" split Lucas quaternion vector Q_L)n are defined

respectively as:
QF, = fas1l + frazJ + faesk
and
QLp = lypqi + Lo j + lnysk

where f;, and ,, are the n** Fibonacci number and Lucas number
. The scalar parts of these vectors are zero, and i,jand k are
arbitrary units.

Definition 4.2. The vectoral product of split Fibonacci
quaternion vectors, Qﬁn and ﬁm is defined as

< ﬁn' Qﬁm >= _fn+1fm+1 +fn+2fm+2+fn+3fm+3-

The cross product of split Fibonacci quaternion
vectors, Q_Ifn and Qﬁm, is given by the determinant:
—i j k
QF, X QF;, = det for1 furz  Sass

fm+1 fm+2 fm+3

= _i(fn+2fm+3 - fm+2fn+3) _j(fn+1fm+3 - fm+1fn+3)
+ k(fn+1fm+2 - fm+2fn+2)-

11
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Theorem 4.3. Let QF, and QF,,, be split Fibonacci
quaternion vectors. The scalar and vectoral product of these
vectors are given by the following expressions:

_— — 1
< QF, QFy41 > = g(l%+2 + lrzz+3 + Lnes — (=DM,
—i j k
QF, X QFyyq =det|fur1 farz fass
fn+2 fn+3 fn+4
=DM —-j + k).
Proof. By using linear relationships involve only sums or

differences of Fibonacci numbers or Lucas numbers or their
multiples, we can write the scalar product as follows:

< ﬁn; ﬁrﬁl > = —for1fnrz T foszforstfneafura
= far2(fass — fos ) Hnesfnsa
= faratfirs + fassfosz
T e Gt O Tl Gt O M
lZn+5 - (-1
+ 5

1 2 2 n
= g (L2 + ez + Lpys — (_1) ).

For the vectoral product, we compute the determinant:

12
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—1 j k
QF, X QFy1 =det|fus1 farz fnes
fn+2 fn+3 fn+4

= —i( fur2fnea — fnz+3)
- ] (fn+1fn+4 _fn+2fn+3 )

+ k (fasifnss + fivz)
— i(—l)n+3
- j(fn+1fn+3 +fn+1fn+2
- fn+2fn+2 _fn+1fn+2 ) + k (_1)n+2
= i(=D" = j (fas1fn+3 _fnz+2 )+ k(=D
=i=D"=jED+ k=D
=-D"{i—-j + k).
Example 4.4. Consider two split Fibonacci quaternion
vectors,

QF,=(1, 2, 3) and QF,=(2, 3, 5).

The dot product and cross product of these vectors are
computed as follows:

< QF, QF;, > = —fofs + fafatfufs
1
= g(l%+2 + l%+3 + l2+5 - (_1)1)

1
= g(l6+49+29+1)=19

QF, X QF, = (=D)!(i—j + k) =—i+j— k.
Theorem 4.5. (Cassini-like Identity for Split Fibonacci
Quaternion Vector). Let Q_F’n_l, ﬁn and Q_ﬁn+1 be split
Fibonacci quaternion vectors. For n > 1, the Cassini-like identity
for split Fibonacci quaternion vectors is given by

QFn41 QF,_; — QE2 = (=1)*(1 + i +j + k).

13
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Proof. Using linear relationships involve only sums or
differences of Fibonacci numbers or Lucas numbers, we obtain

Wn+1 ﬁn—l = (fn+2i + frts) +fn+4k)(fni + fat+1J
+ frazk)

= fn+2fn(_1) + fn+2fn+1(k) + fnz+2 (_]) + fn+3fn(_k)

+fn+3fn+1(1) + fn+3fn+2(_i) + fn+4fn(i) + fn+4fn+1(i)
+ fn+4fn+2(1)

= —fufniz + fosifnes + farafnea
+ i(fn+1fn+4 - fn+2fn+3)

+j(fnfn+4- - fnz+2) + k(_fn+3fn + fn+1fn+2)

= ~fir1 + ftrz + fiws T (GO Hi(ED + (=DM
+ k(—1)"

and
QF2 = (fasal + frvad + farsh) Fnaal + frvz) + frask)
= —far1 + fivz + firs + i(—furzfnratfasaforz)
Hj (= fasifnestesfnrr) + kK(Fnsifnez = fasafne)

= _fnz+1 + fnz+2 + fnz+3
= _fnz+1 + fnz+2 + (fn4z + ]Cn+1)2

= 2fnz+2 + 2fni1fnez = 2fni2(frnez + fre)
= 2fn+2fn+3-

Thus, we have shown that

—

QFn41 QF,_1 — QF2 = (=D)L +i—j + k),

14
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which completes the proof.

Example 4.6. Let QF,, QF, and QF, be split Fibonacci
quaternion vectors defined as Q_F’O =i+j+ 2k, ﬁl =i+2j+
3k, and

ﬁz = 2i + 3j + 5k. According to Theorem 4, forn = 1,
the following identity holds:

QF, QFy —QFf = (-D'(1+i—j+k) =—1—i+j—k
To verify this result, we perform the indicated operations:
QF; QF, — QFf
= (2i+3j+5k)({+j+2k)

— (i + 2 + 3k)(i + 2j + 3k)
=(l—i+j—k)—12=—-1-i+j—k

5. CONCLUSION

In this paper, we first present the notions of split Fibonacci
quaternions and split Lucas quaternions, defined using
coefficients from the Fibonacci and Lucas number sequences. We
also establish several identities that hold significant relevance
within the literature on split quaternions.

15
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YUZEY UZERINDE TANIMLI BiRiM HIZLI
EGRILERDE SABIT NOKTA TEORIK
INCELEME VE UYGULAMALARI

Siuiheyla ELMAS!

1. GIRIS

Diferansiyel geometri, egrilerin ve ylizeylerin incelenmesi
Uzerine odaklanan matematiksel bir disiplindir. Bu alan, 18.
ylizyildan itibaren Euler, Gauss ve Frenet gibi matematik¢ilerin
oncii calismalar1 ile biiyiik bir gelisim gostermistir. Bu
caligmalarin temel amaci, egrilerin ve yiizeylerin geometrik ve
kinematik dzelliklerini analitik olarak ifade edebilmektir.

Bu baglamda, birim hizli egriler, hiz biiyiikliigiiniin sabit
oldugu egriler olarak tanimlanir. Bu tiir egriler, hareket
analizlerinde ve kinematik ¢alismalarda onemli bir yer tutar.
Egrilik ve burulma gibi kavramlarin incelenmesi, egrinin
geometrik yapisinin daha iyi anlasilmasii saglar. Sabit nokta
kavrami ise, egrilik ve burulmanin sabit oldugu noktalarin
karakterizasyonunu ifade eder.

Bu calismada, ylizey tizerinde tanimli1 birim hizli egrilerde
sabit nokta kavrami incelenmis; bu tiir egrilerin egrilik ve
burulma kosullar1 matematiksel olarak ele alinmistir. Ayrica,
semer ve regle yiizeyleri iizerinde bu egrilerin analizi
gerceklestirilmistir. Literatiirde benzer ¢aligmalar bulunmasina
karsin, bu ¢alismada birim hizli egrilerin yakinsama hizi analizine
odaklanilmis ve bu alanda yeni teoremler gelistirilmistir.

L Dr. Ogr. Uyesi, Atatirk Universitesi, K.K. Egitim Fakiiltesi Matematik Boliimii,
suheylaelmas@atauni.edu.tr, ORCID: 0000-0002-2639-9027.
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Diferansiyel geometri, egrilerin ve  ylizeylerin
incelenmesini konu edinen matematik dalidir. Bu alan, 18.
yiizyilldan itibaren biiyiik bir gelisim gostermistir. Ozellikle,
Euler, Gauss ve Frenet gibi matematik¢iler, egrilerin ve
yuzeylerin geometrik 0Ozelliklerini tanimlamak i¢in Onemli
katkilarda bulunmuslardir. Birim hizli egriler kavrami ise, egrinin
hiz biiytikliigliniin sabit tutuldugu durumlarda incelenen egriler
olarak tanimlanir. Bu tiir egriler, kinematik analizlerde ve hareket
geometrisinde Kkritik bir éneme sahiptir.

Sabit nokta kavrami, egrilik ve burulmanin sabit oldugu
noktalar iizerinde yogunlasir. Diferansiyel geometri ve kinematik
analizlerde bu tiir noktalarin belirlenmesi, egrilerin ve ylizeylerin
karakterizasyonunu saglar. Bu calismada, yiizey iizerinde tanimli
birim hizli egrilerde sabit noktanin tanimi, geometrik 6zellikleri,
ilgili diferansiyel denklemler, teoremlestirilen sonuglar, bu
teoremlerin ispatlar1 ve belirli ylizeyler (semer yuzeyi ve regle
ylizeyi) iizerindeki analizler detaylandirilacaktir.

2. TEMEL KAVRAMLAR VE TANIMLAR

Tammm 1.1 Ic R actk vet € I olmak Uzere a:1 —» E"
taniml1 tirevlenebilen doniisiime E™ de bir egri denir.

Tammm 1.2 Ic R actk vet € I olmak Uzere a:1 - E"
taniml tiirevlenebilen doniisiim olsun.

a(t) =(a; (t),ay (t),...,an (t))isea; (t),a, (t),...,
an (t)

tirevlenebilen fonksiyonlara a(t) egrisinin koordinat
fonksiyonlar denir.

Tammm 1.3 Ic R actk vet € I olmak lzere a:1 - E"
tanimli bir egri olsun.||a’(t)|| = 1 oluyor ise

a(t) egrisine E™ de birim hizh bir egri denir.
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Ornek 1.1 1c R acik ve t € I olmak lizere a(t) = (Sint,
Cos t ) doniisiimii E? uzayinda birim hizl bir egridir.

Clnkl; a'(t) = (Cost,-Sint)den [la’'(t)]| = 1olur.

Tanm 1.4 X # @ bir kiime olsun. S : X3 — [0,00) tanimli
tirevlenebilen bir fonksiyon ve X iizerinde tanimli

S-metrigi verilsin , X,y,z,t € X i¢in;

(1) S(x,y,z) >0,

(2) S(x,y,z)=0ise x=y =12,

(3) S(x,y,2) < S(x,x,t) + S(y,y,t) + S(z,2,t).
olmak Gzere (X,S) ciftine S-metrik uzay1 denir.

Tammm 1.5 ICc R actk vet € I olmak Uzere a:1 - E"
tanimli tiirevlenebilen doniisiim olsun

S(t)=J; lla’ (®lldt

dontistimiine a(t) egrisinin yay uzunluk fonksiyonu denir.

Tamim 1.6 Ic R agtk ve V t € I olmak lizere a:1 - E3

tanimli egrinin a’(t) hiz vektori sabit bir U vektori ile sabit bir
0 agis1 yapiyor ise a(t) egrisine HELIS EGRISI denir.

'@l =||T]| =1 olurki <a'(t).U > = Cos olur
(Sekil 1.1).

19



Akademik Perspektiften Matematik

Sekil 1.1

Ornek 1.2 | € R acik ve t € I olmak lizere
a(t) =( 1/28in t, 1/2Cos t, ‘/§/2 t)

doniisiimii E3 uzayinda birim hizli bir egridir. ( Helis Egrisi)

COzum;

(1) = (1/,Cost, -1/, sint, Y3/, ) ve lla'(0)]l =

J1/4 Cost? +1/,Sint2 +3/, = 1olur.

Tamm 1.7 X bos olmayan bir kiime ve T:X—X herhangi
bir doéniisiim olsun. Eger Tx=x olacak sekilde bir x € X varsa, bu
x noktasina T doniisiimiiniin sabit noktasi denir.

Bu durum da Tx=x denkleminin ¢6zimi veya ¢ozimleri
T doniistimiiniin sabit noktalaridir.

T doniistimiiniin tiim sabit noktalarinin kiimesi genelde
F(T) ile gosterilir.

Ornek 1.3 T:R—R, Tx= x3déniisiimiiniin ii¢ tam say1
sabit noktas1 vardir ve F(T)={-1,0,1} dir.
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Ornek 1.4 T: R?->R?, T(xy) =( x3, y3)ise T
doniistimiiniin li¢ sabit noktas1 vardir. Sabit noktalar

F(T) ={(-1,-1),(0,0), (1,1)}
olur.

Tammm 1.8 Ic R actk ve s € I olmak Uzere a:1 —» E"
egrisi E™ de birim hizli bir egri olsun.

T = a'(s) vektorine a(t) egrisinin hiz vektorii veya
Birim Teget Vektor Alam denir.

T vektoriiniin kendisi ile i¢ ¢arpimi1 < T,T>=1 dir.

<T,T> =1 ¢arpiminin her iki tarafin tiirevi alinir ise < T,
T'>=0olur.Buradan T L T' olur. Bu vektor birim olmaya bilir.

T' vektorini normlarsak N = Il birim vektorini elde ederiz. N

birim vektorine a(s) egrisinin Normal Vektor Alam denir.

Artik, egri boyunca birbirine dik olan iki birim
vektoriimiz var. Bu iki vektore dik olan B= TxN vektori olusur.
B vektorine de a(s) egrisinin Binormal Vektor Alani denir.

{T, N, B} kiimesine Frenet Catis1 denir.( Sekil 1.2)

B(s)

Sekil 1.2
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Bir egride sabit nokta bakabilmek icin egrinin egrilik ve
burulma fonksiyonlarini da tanimlamamiz gerekir.

Tanim 1.9 a:1 — E" egrisi E™ de birim hizli bir egri ve
Frenet Vektor Alanlar: T(t), N(t), B(t) olsun.

x(® =< T' (), N® >
fonksiyonuna a(t) egrisinin egrilik veya 1. Egrilik fonksiyonu,
(t) =< N'(t),B(t) >

fonksiyonuna da a(t) egrisinin burulma fonksiyonu veya 2.
Egrilik fonksiyonu denir.

Tamm 1.10 M, E3 Euclid uzayinin bir alt kiimesi olsun.
X:U c E?-> McE?3

tirevlenebilen bir doniisiim olmak iizere; E3  uzayinda bir
koordinat yamasi olusturur. Bu yama regiilerse M kiimesine E3
uzayinda diferansiyellene bilir (diizgln) bir ylzey denir.

3. TEOREM VE iSPATLAR

Teorem 3.1 Bir diizgiin yiizey tizerinde taniml1 birim hizli
bir egri a(t), sabit bir noktadan geciyor ve turevleri sureklilik
kosulunu sagliyorsa, bu noktada egriligi (birinci egrilik) tanimli,
sinirl1 ve sabit bir degere sahiptir.

Hipotez:

a(t): Birim hizli (yani [lo/(t)[I=1) bir egri.

e Egri bir ylizey lizerinde tanimlidir, bu yiizden her te
I C R icin a(t) yiizeyin bir noktasini verir.

e Egri bir sabit noktadan gegiyor, yani diyelim ki a(t)
= p sabit bir noktadir.

e Tiirevlerin siirekliligi: a'(t) ve o (t) streklidir.
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e Aranan: k(ty) = lla"(tp)ll yani egrilik, tanimli, sinirh
ve sabittir.

Ispat:
1. Birim Hizli Egrilerde Egrilik Tanimi ; Birim hizli bir

egrii¢in egrilik x(t)=[la""(t)ll dir. Bu bize yalnizca o/'(t) varsa (yani
ikinci tiirev tanimliysa) anlamlidir.

2. Tirevlerin siirekliligi ve tanimliligt;Verilenlere gore,
e o(t) stireklidir.

e '(t) siireklidir (¢ilinkii tiirevler siireklilik kosulunu
sagliyor).

e Dolayistyla a''(ty) tanimhdir ve siireklilikten dolay1
llo""(to)ll de tanimlidir.

3. Egrinin Smirlilig:; Streklilikten dolayr a'(t) bir agik
aralikta siirekli oldugu icin bu bdlgede sinirhidir. Yani:

Hert € I c R i¢in 3r > 0 dyle ki lla”'(t)ll <r olur.
Bu ifade bize egriligin sinirli oldugunu gosterir.

4. Egrinin Sabit Bir Noktadan Gegmesi Ne Anlama
Geliyor; Egri sabit bir noktadan gegiyorsa, drnegin

ote) = p

sadece konumla ilgilidir. Ancak teorem, bu noktadaki egrilikten
bahsettigi icin, t = t, anindaki geometriyi inceliyoruz. Bu,
egriligin yalnizca bu noktadaki degerini ilgilendirir, dolayisiyla
"sabit" kelimesi burada "bu noktadaki degeri sabittir"
anlamindadir (yani x(t,) € R dir.). Egriligin zaman iginde sabit
olmasi gerektigi anlamina gelmez.

5. Sonug: «k(ty) = lla'"(tp)ll tanimhidir. Smirlidir (glinki
tiirev siireklidir ve bu noktada tiirev normu sinirlidir) ve egrilik
Sabittir (Belirli Bir Reel Say1 Olarak) .
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Dolayistyla teorem ispatlanmis olur.

Ornek 3.1 Kiire Uzerindeki Birim Hizl1 Egri

Duzgln bir ylzey olarak birim yaricaph Kkiireyi alalim:
S={(x,y,2)EE3|x? +y? +z%=1}

Bu ylizey lizerinde bir egri ;

a(t)=(cost,sint,0)

Bu, kiirenin ekvatoru boyunca hareket eden bir egridir.
Adim 1:

a'(t)y=(C - sin t, cos t, 0) ve |la'(®)| =
Vcos?t + sint? = 1dir.

Dolayisiyla egri birim hizhdir.
Adim 2:

a’(ty = (-cos t, -sin t, 0) ve la" (®)| =
Veos?t + sint? =1.:x(t) = 1olur

Yani bu egrinin her noktadaki egriligi sabittir.
Ozellikle t = 0 noktasinda:

a(0)=(1,0,0) sabit bir noktadir ve x(0)= 1

Bu deger:

Tanimidir (¢linkii a(t) var ve siirekli),
Sinirhidir (degeri 1),

Sabittir (tek bir say1 olarak sabit anlaminda; ayrica burada
her t icin sabit).

Sonug

Bu ornek, kiire tizerindeki birim hizli ve diizglin o(t) =
(cost, sint, 0) egrisinin herhangi bir noktasindaki egriligin:
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“ Tanimli, Smirli ve Sabit bir degere sahip “oldugunu
acikea gosterir.

Boylece teorem somut olarak dogrulanmais olur.

A
I
I

Sekil 3.1 Kire Yuzeyi
Teorem 3.2 (Sabit Noktada Burulma Kosulu )

Bir diferansiyellenebilir ylizey ScE? iizerinde tamimli,
birim hizli (yani lla’(t)I=1) egri a(t), bir noktada sabit kaliyor ve
burulmasi t(t) bu noktada tanimli ise:

Eger a(t,) = p sabit bir nokta ve a'(ty)= T #0 ise,bu
noktadaki burulma t(t,) = 0 olur.

Ispat: (Sabit Nokta Kosulu)

Eger a(ty) = p sabit bir noktada ise, konum degismiyor
demektir. Ancak bu, o'(ty)= 0 demek degildir. Ciinkii
parametrizasyon birim hizlidir, dolayisiyla [la”'(t,)ll = 1, yani hiz
sifir degil.

Ancak sdyle bir durum séz konusudur:

Egri uzayda sabit bir noktaya doniik olabilir, fakat tim
tiirevleri uzaydaki belirli bir diizlem i¢inde kaliyorsa (6rnegin bir
ylizey lizerindeyse), burulmasi sifir olur.
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(Burulmanin Sifir Olmasi)

Burulma, egrinin uzayda diizlemden ¢ikma Ol¢iistidiir.
Eger bir egri bir noktada konum olarak sabitse ve yiizeyin normal
yonii sabitse (6rnegin bir diizlem ya da sabit yiizey egrisi), o
zaman o noktada burulma sifirdir. Ciinkii egri diizlem i¢inde
kivriliyor ama bu diizlem digina ¢ikmiyordur.

Yani:
« B(t) sabit ise B'(t)=0
e Bu durumda t(t)=—B'(t)-N(t) =0

e Sonug: Yiizey tizerinde tanimli birim hizli bir egri, bir
noktada sabit kaliyor ve o noktadaki binormal vektor
degismiyorsa (Ornegin ylizey diizlemsel ya da lokal
olarak diizgiinse), burulma sifirdir.

Ornek 3.2
S={(x,y,2)EE3| x%*+y%+z1=1}

Kiresi tizerindeki bir paralel (enlem) daireyi su sekilde
tanimlayalim:

a(t) = (cost-cosb,sint-cos,sin6)

Burada:
Oe ( — ,g) araliginda sabit bir ag1, t parametrik degisken (ark

uzunlugu degil ama birim hizla yeniden parametrelendirile bilir),
bu egri sabit yiikseklikte (z =sin6) ve kiire yilizeyine gomiiliidiir.

Bu egri bir noktada sabit degildir ama bu 6rnek daha i1yi
anlasilabilirlik i¢in su 6zel durumda sabitlenebilir,

6 =7 icin a(t) = (0,0,1)

Bu durumda her t € R igin egri sabit bir noktaya ¢okiiyor.
Bu durumda kure Gzerindeki Sabit Nokta (0,0,1 ) olur.
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4. BIiRIM HIZLI EGRILERDE YAKINSAMA HIZ

Tanim 1.1 ve Sekil 1.1 de verilen Helis egrisi, sabit egrilik
ve burulma ile tanimlanan birim hizli bir egridir.

Semer ylizeyi, generatris bir dogru boyunca hareket eden
ve sabit bir egrilik ile donen bir yilizeydir. Asagidaki sekilde,
parametrik olarak tanimlanmis bir semer yiizeyi gdsterilmistir.

Sekil 4.1. Semer Yuzeyi

Birim hizli egrilerde yakinsama hizi, egrinin belirli bir
sabit noktaya yaklasma hizin1 ifade eder. Bu kavram, egrinin
egrilik ve burulma degerlerinin sabit oldugu durumlarda daha net
analiz edilebilir. Egrilik ve burulma sabit oldugunda, egrinin
yakinsama hizi, egrilik merkezinin hareketi ile iliskilendirilebilir.

Yakinsama hizinit analiz etmek i¢in egrinin birinci tlrevi
(egrilik vektorii) ve ikinci tirevi (burulma vektord) incelenir.
Birim hizli egrilerde yakinsama hiz1 genellikle asagidaki sekilde
tanimlanir:

Burada, sabit bir katsayidir ve ikinci tiirev, egrinin
yakinsama hizinm belirler. Bu ifade, egrilik ve burulmanin sabit
oldugu durumda tiirev biiyiikliiglinlin de sabit kalacagini ifade
eder.

Ozellikle, ikinci tiirev (egrilik vektdril) ve {igiincii tiirev
(burulma vektorii) sabit degerler aldiginda, egri sabit noktaya
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dogru diizglin bir yakinsama sergiler. Bu durum, egrinin
geometrik yapisinin kararli oldugunu gosterir. Egrinin yakinsama
hiz1 iizerinde daha fazla ¢alisma yapilmasi, 6zellikle kinematik
analizlerde 6nemli ¢ikarimlar saglar.

5. SONUCLAR VE ONERILER

Bu calisma, yiizey iizerinde tanimli birim hizli egrilerde
sabit nokta kavramimi ele alarak, semer ve regle yizeyleri
lizerinde detayli analizler gergeklestirmistir. Elde edilen
teoremler ve ornekler, hem teorik analizler hem de uygulamali
kinematik ¢aligsmalar i¢in temel teskil etmektedir. Bu baglamda,
egrilik ve burulmanin sabit oldugu egrilerde yakinsama hizinin
analizi literatiirdeki mevcut c¢alismalarla uyumlu sonuglar
vermistir.

Gelecekte yapilacak ¢alismalar i¢in Oneriler sunlardir:

o Sabit noktalarda egrilik ve burulmanin degisimi
incelenerek daha kompleks yuzey tipleri icin analizler
yapilabilir.

e Egrilerin yakinsama hizi ile ilgili daha fazla sayisal
ornek ve simiilasyon ¢aligmalar1 gergeklestirilebilir.

e Semer ve regle yiizeyleri disinda hiperbolik ve
parabolik  ylzeyler (zerinde benzer analizler
yapilabilir.

Bu c¢aligsma, ylizey ilizerinde tanimli birim hizli egrilerde
sabit nokta kavramimi ele alarak, semer ve regle yizeyleri
tizerinde daha detayli analizler yapilmasini saglamaktadir. Elde
edilen teoremler ve oOrnekler, hem teorik analizler hem de
uygulamali kinematik ¢caligmalar i¢in temel teskil etmektedir.
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METEOROLOJIK VERILER UZERINDE SVR
VE LSTM MODELLERININ PERFORMANS
DEGERLENDIRMESI

Burhan BEZEKCi!

1. GIRIS

Gunimuzde hava olaylarinin dogru bir sekilde tahmin
edilmesi, tarim, enerji, ulasim, saglik ve ¢evre planlamasi gibi pek
cok alanda hayati oneme sahiptir. Ozellikle sicaklik gibi temel
meteorolojik degiskenlerin 6ngorilebilmesi, hem bireysel hem de
kurumsal diizeyde alinacak kararlarin dogrulugunu artirmaktadir.
Geleneksel istatistiksel ~tahmin yontemleri bazi temel
varsayimlara dayanmakta olup, gercek hayattaki karmasik ve
dogrusal olmayan iligkileri modellemede ¢ogu zaman yetersiz
kalmaktadir. Bu nedenle son yillarda makine 6grenmesi ve derin
ogrenme temelli yaklasimlar, zaman serisi tahmini gibi
problemler icin etkili alternatifler olarak 6ne ¢ikmistir

Destek Vektor Regresyonu (SVR), yiksek boyutlu ve
dogrusal olmayan verilerle basa ¢ikabilme yetenegi sayesinde,
zaman serisi tahminlerinde siklikla tercih edilen bir yéntemdir.
SVR, ozellikle kiicuk veri setlerinde ve kisa vadeli tahminlerde
basarili sonuclar vermektedir (Awad ve Khanna, 2015). Ote
yandan, Uzun Kisa Sireli Bellek (LSTM) aglari, uzun vadeli
bagimliliklar1 6grenme kapasitesiyle, 6zellikle uzun donemli ve
karmasik zaman  serisi  verilerinde (stin  performans
sergilemektedir (Hochreiter ve Schmidhuber, 1997). Son yillarda

L Dr. Ogr. Uyesi, Kilis 7 Aralik Universitesi, Miihendislik-Mimarlik Fakiltesi,
Elektrik-Elektronik Miihendisligi, burhanbezekci@Kkilis.edu.tr, ORCID: 0000-
0001-7460-4091.
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yapilan ¢aligmalar, LSTM'nin sicaklik tahmini gibi meteorolojik
uygulamalarda yulksek dogruluk sagladigini gostermektedir
(Chen ve arkadaslari, 2020; Nizar ve arkadaslari, 2021).

Bu baglamda, ¢alismanin temel amaci; Hindistan’in Delhi
bolgesine ait 2013-2017 yillarin1 kapsayan glnluk meteorolojik
veriler zerinden ortalama sicaklik tahmini yaparak, SVR ve
LSTM modellerinin performanslarini karsilastirmak ve bu
yontemlerin zaman serisi tahminindeki etkinligini ortaya
koymaktir. Modelleme sireci; veri 0n isleme, 6znitelik secimi,
egitim ve test ayrimi, hiperparametre optimizasyonu ve
degerlendirme metriklerini igermekte; sonuglar hem sayisal
metriklerle hem de gorsel analizlerle degerlendirilmektedir.

Elde edilen bulgularin, zaman serisi tahmini alanindaki
caligmalara katki saglamasi ve benzer veri ile c¢alisan
arastirmacilar icin uygulanabilir bir yol haritas1 sunmasi
hedeflenmektedir.

2. DESTEK VEKTOR REGRESYONU

Makine 6grenmesi, 0rnek verilere dayali olarak tahmin
veya karar alma sureclerini otomatiklestiren bir yontemler
batinudur  (Bishop, 2006). Matematiksel olarak, makine
ogrenmesi sureci, bir fonksiyonun 6grenilmesi problemi olarak
tanimlanabilir. Bu baglamda, elimizde giris/¢ikti 6rneklerinden

olusan bir veri seti D = {(x;,v;)}\-, bulunmaktadir ve amag,

f:R% > R bicimindeki bir fonksiyonu yaklasik olarak
bulmaktir.

V, = f(xl) te&, &~ N(O,O’Z).

Bu ifadede yer alan g; terimi, modelin hata bilesenini
temsil eder; yani gozlenen ¢ikt1 y, ile modelin tahmin ettigi f(x;)

degeri arasindaki farki ifade eder. Bu hata, genellikle modele
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dahil  edilmeyen etkilerden veya Olcim hatalarindan
kaynaklanir. &; ~ N'(0,0%) ifadesi ise bu hata teriminin
ortalamas sifir olan ve varyansi ¢ olan bir normal dagilima
uydugunu belirtir. Burada N normal dagilimi, 0 hata
terimlerinin  beklenen (ortalama) degerini, o% ise hata
terimlerinin varyansini ifade eder. Bu varsayim, modelin rastgele
hatalar1 da hesaba katarak gercek veriye daha uygun bir tahmin
fonksiyonu olusturmasini saglar.

Bu ifade, gozlemlenen ¢iktinin, girdi verisinin altinda
yatan bilinmeyen bir fonksiyonun degeri etrafinda rastgele bir
guraltiyle dagildigmi varsayar. Uygulamada bu fonksiyon
genellikle parametrik bir model ailesi icerisinden segilir ve ilgili
parametreler, eldeki veriye gore ayarlanarak belirlenir. Kurulan
modelin basarist ise yalnizca egitim verisindeki dogruluguyla
degil, ayn1 zamanda daha once hi¢ karsilasmadig1 yeni verilere ne
kadar iyi genelleme yapabildigiyle 6lgulir.

Destek Vektér Regresyonu (SVR), destek vektor
makineleri (SVM) algoritmasmin regresyon problemlerine
uyarlanmis bir bigimidir (Smola ve Scholkopf, 2004). SVR’nin
temel amaci, € duyarsiz bir tup igerisinde kalan hatalar
cezalandirmadan, en diiz fonksiyonu bulmaktir:

f(x) =(w,x) + b.
Bu formilde x € R* modelin girdilerini temsil ederken
w € R%her bir 6znitelige karsilik gelen agirliklar: igeren katsay1

vektorudir ve b € Rterimi ise sapma degeridir. Bu regresyon
fonksiyonu asagidaki optimizasyon problemi ile elde edilir:
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1 N
i 2
min —||lw|[*+ C g
w’b!é’isg?‘ 2 ” ” ; (él él )

yi—(w.x)—b<e+§,
su kisitlamalar altinda: (W,X;)+b -y <e+E&F,
6;‘9 61* 2 0

Burada:
* € parametresi, duyarsizlik tipunin genisligini belirler.

* C ceza parametresi, modelin dogrulugu ile diizligii arasinda
denge kurar.

* S, E: gevseklik degiskenleridir; ve bu degiskenler e tlpunin
disindaki hatalar1 temsil eder.

SVR algoritmasi, dogrusal olmayan durumlar igin
cekirdek fonksiyonlar1 ile genisletilebilir. Bu durumda giris
verileri, ¢(x) ile yuksek boyutlu bir 6zellik uzayina gogurilerek
hesaplama yapilir. Yaygin olarak kullanilan  ¢ekirdek
fonksiyonlar1 arasinda dogrusal, polinomsal ve RBF yer alir
(Vapnik, 1995). SVR modelleri, yalnizca karar sinirina en yakin
veri noktalarina -yani destek vektorlerine- dayanarak 6grenme
gerceklestirir. Bu sayede model, tim veriye degil yalnizca en
anlamli 6rneklere odaklanir ve genelleme yetenegi artar. Ayrica,
e-duyarsiz kayip fonksiyonu sayesinde kiicik hatalar gormezden
gelinir; bu durum modelin sadelesmesine ve asir1 uyum riskinin
azalmasma katki saglar. Ote yandan, cekirdek yontemleri
kullanilarak, giris verileri daha ylksek boyutlu bir uzayda temsil
edilebilir ve bu sayede dogrusal olmayan yapilar da etkili bi¢cimde
modellenebilir. Tim bu 0Ozellikler bir araya geldiginde, SVR
yontemi hem esnek hem de aykir1 degerlere karst direncli bir
regresyon yaklasimi sunar (Cortes ve Vapnik, 1995).
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Dogrusal olmayan iliskilerin modellenmesi gerektiginde,
SVR algoritmasi giris verilerini daha yuksek boyutlu bir 6zellik
uzaymna doniistiren ¢ (x) fonksiyonunu kullanir. Bu uzayda,
regresyon fonksiyonu su sekilde ifade edilir:

fx) = § (@i — a})K (x;, x) + b.

Burada K(x;,x) = (p(x;), p(x)) cekirdek
fonksiyonunu temsil eder. Bu fonksiyon, girdi verilerini ¢(x) ile
acikca doniigtirmek yerine, i¢ ¢arpimi dogrudan kernel
araciligiyla hesaplayarak hesaplama maliyetini diistiriir. Dogrusal
cekirdek K(x,x") = xTx', polinomsal cekirdek K(x,x") =
(xTx" + ¢)? ve radyal tabanli cekirdek K (x,x") = exp(—y |
x —x' |I? olmak (izere farkli kernel tirleri kullanilabilir. Bu
bicim, SVR'nin dual formudur ve ¢6ziim Lagrange carpanlari
a;, a; uzerinden gergeklestirilir. Yalnizca bu ¢arpanlarin sifirdan
farkli oldugu (yani destek vektor olan) Ornekler tahmin
fonksiyonuna katkida bulunur. Bu durum, modelin hem sade
kalmasimi hem de genelleme gicunin yiksek olmasini saglar
(Smola ve Schélkopf, 2004).

Sonug olarak, Destek Vektdr Regresyonu (SVR), gerek
teorik temelleri gerekse uygulamadaki basaris1 sayesinde makine
ogrenmesi tabanli regresyon problemlerinde gicli bir alternatif
olarak One ¢ikmaktadir. Duyarsizlik temelli kayip fonksiyonu,
smirli  sayida destek vektorine dayanmasi ve cekirdek
fonksiyonlart araciligiyla dogrusal olmayan yapilari da
modelleyebilmesi, SVR’nin hem esnek hem de genellenebilir bir
¢6zim yodntemi sunmasini saglar. Bu 6zellikleri sayesinde SVR,
Ozellikle karmasik ve guraltili veriler (zerinde givenilir
tahminler yapmak isteyen arastirmacilar icin tercih edilebilir bir
yaklagimdir.
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3. UZUN KISA SURELIi BELLEK AG

Ozyinelemeli sinir aglari (RNN), sirali verilerde zaman
bagimliliklarin1 6grenmek amaciyla gelistirilmis derin 6grenme
yapilaridir. RNN’ler, gegmis zamandaki bilgiyi giincel zamanla
iliskilendirebilir; bu 6zellikleriyle dil modelleme, zaman serisi
analizi ve konusma tamima gibi uygulamalarda siklikla tercih
edilir (Hochreiter ve  Schmidhuber, 1997). Ancak klasik
RNN’ler, uzun bagimliliklari 6grenme konusunda ciddi
siirlamalara sahiptir. Geriye yayilim sirasinda gradyanlarin ¢ok
kiculmesi veya biyumesi problemleri, bu modellerin egitilmesini
zorlastirir (Bengio ve arkadaglari, 1994).

Bu sorunlar1 asmak amaciyla, Hochreiter ve Schmidhuber
tarafindan 1997 yilinda Uzun Kisa Sireli Bellek ag1 6nerilmistir
(Hochreiter ve Schmidhuber, 1997). LSTM yapisi, klasik
RNN’den farkli olarak, her zaman adiminda bilgiyi uzun sure
tastyabilen ve gerektiginde unutan bir hiicre durumu igerir. Hiicre
durumu, unutma, giris ve cikis kapilart ile kontrol edilerek
guincellenir. Bu kapilar, agin hangi bilgileri tutmasi, hangilerini
unutmasi Ve neyi ¢ikti olarak dretmesi gerektigini belirler (Gers
ve arkadaslar1, 2000). LSTM’nin matematiksel yapis1 asagidaki
gibi ifade edilir:
ft = o(Wr - [he—1,X¢] + bf) (Unutma kapisi)

It =o(W; - [he—1, x¢] + b;) (Giris kapisi)

Ct = tanh(M/C : [ht—ll xt] + bC)

C; =fOC_,1+i; OC (Hiicre durumu giincellemesi)
0 =W, [Ae_1, %] +b,) (Ciks kapist)
h¢ = 0; O tanh(C;) (Giincel gizli durum)

Yukarida verilen formaller, LSTM hcresinin bir zaman
adimindaki temel islemlerini gostermektedir. ilk satirda yer alan
f ifadesi, unutma kapisini temsil eder; bu kaps, hiicre durumunun

onceki bilgilerini ne Olcude tutacagini belirler. i, ifadesi, giris
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kapis1 olarak adlandirilir ve yeni bilginin hiicre durumuna ne

kadar katki yapacagini kontrol eder. C, ifadesi, aday hicre
durumu olarak tanimlanir ve giris kapistyla birlikte yeni bilginin
hangi Olglde eklenecegini belirler. C; hiicre durumunun
giincellenmis halidir ve hem unutma kapisit (f;) yardimiyla
gecmis bilgileri, hem de giris kapis1 (i;) ile yeni bilgileri icerir.
o; ¢ikis kapisini ifade eder ve bu kapi, hicre bilgisinden hangi
kismin ¢ikis (gizli durum) olarak aktarilacagmni belirler. Son
olarak h; ifadesi, agin bu zaman adimindaki glncel gizli
durumunu temsil eder. Buradaki o sigmoid aktivasyon
fonksiyonunu, tanh ise hiperbolik tanjant fonksiyonunu ifade
ederken, © sembolil ise eleman bazli (Hadamard) carpimi
gostermektedir. W ve b terimleri sirasiyla agirlik matrisleri ve
bias vektorleridir. Bu yapilar sayesinde LSTM, hangi bilgileri ne
kadar siireyle saklamasi gerektigini 6grenebilir.

Bu yap1 sayesinde, LSTM'ler bilgileri kisa vadeli hafiza
yerine uzun sireli hafizada tasiyabilir ve dil modeli gibi uzun
bagimlilik gerektiren gorevlerde oldukca basarili sonuglar verir
(Staudemeyer ve Morris, 2019). Ozellikle dil modelleme,
konugsma tanima, zaman serisi tahmini, resim altyazilama ve
anomali tespiti gibi pek c¢ok alanda yaygmn olarak
kullanilmaktadir (Cho ve arkadaslari, 2014). LSTM mimarisinin
bir diger glcli yoni de, farkli kapt mekanizmalar1 sayesinde
geemis bilgiyi selektif olarak tasimasidir. Bu sayede model,
yalnizca 6nemli bilgileri tutar ve énemsiz verileri elemine eder.
Hicre durumu adeta bir tasiyic1 bant gibi calisir; bilgi dogrusal
olarak ilerler ve gereksiz bilgiler kapilar araciligiyla sistemden
elenir. Bu 0zellik, klasik RNN'lerin aksine, uzun sirali girdilerde
daha stabil ve etkili bir 6grenmeyi mumkin kilar (Greff ve
arkadaslari, 2017).

Sonug olarak, LSTM aglar1, klasik RNN’lerin yapamadigi
uzun dénemli bagimliliklar1 6grenme yetenegi sayesinde, modern
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derin 6grenme modellerinde siklikla tercih edilen gugcli bir arac
haline gelmistir. Bu modeller, karmagik zaman serisi
problemlerinin ¢oziminde yiksek dogruluk ve esneklik sunar.

4. MODEL EGIiTiMi

Bu calismada, Delhi bolgesine ait 2013-2017 yillarini

kapsayan meteorolojik veri kiimesi kullanilarak, sicaklik tahmini
yapilmasi amaglanmistir. Calismada kullanilan veri kimesi,
cevrimicgi veri paylasim platformu Kaggle Uzerinden temin
edilmistir (Rao, 2019). Tahminleme sirecinde iki farkli makine
ogrenmesi yontemi -Destek Vektor Regresyonu (SVR) ve Uzun
Kisa Sireli Bellek Agi (LSTM)- Kkarsilastirmali  olarak
degerlendirilmistir. Modelleme siireci; veri 6n isleme, egitim ve
test verilerinin ayrilmasi, hiperparametre secimi, model egitimi
ve performans degerlendirmesi gibi agsamalari igermektedir.

Veri kiimesi her bir giin icin ortalama sicaklik, bagil nem,
rizgar hizi ve atmosferik basing gibi temel hava durumu
degiskenlerini icermektedir. Bu degiskenler arasindaki dogrusal
iliskileri incelemek amaciyla Pearson korelasyon katsayisina
dayali bir korelasyon matrisi olusturulmustur. Elde edilen
sonuclar, Sekil 1’de gosterilen 1s1 haritasi ile gorsellestirilmistir.
Buna gore, “Ortalama Sicaklik” ile en gucli negatif korelasyon
—0.57 ile “Nem” degiskeninde g6zlemlenirken; “Rizgar Hiz1”
ile pozitif yonde ancak daha zayif bir iliski (0.31) tespit edilmistir.
“Ortalama Basing” degiskeni ise sicaklik ile anlamli bir
korelasyon gostermemistir. Bu analiz dogrultusunda, tahminleme
strecinde yalnizca anlaml iliskilere sahip degiskenler modele
dahil edilmis, “Ortalama Basing” degiskeni ise analiz disi
brrakilmustir.

Veri seti herhangi bir eksik veya aykiri deger
icermediginden, dogrudan modelleme sirecine gecilmistir.
Model egitimi surecinde, veri kimesi zaman sirasina gore
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kronolojik bigimde diizenlenmis ve %80’ egitim, %20’si ise test
verisi olarak ayrilmigtir. TUm degiskenler, Olcekleme
gerektirdiginden normalize  edilmistir. Bu islem, veri
dagilimlarin1 ortak bir Olgege getirerek o6grenme slrecinin
kararliligini ve dogrulugunu artirmay1 amaglamaktadir.

Bu c¢alismada, SVR modelinin  hiperparametre
optimizasyonu igin sistematik bir arama yontemi olan
GridSearchCV  kullamilmistir.  GridSearchCV,  belirlenen
hiperparametre kombinasyonlarini tuimler ve her bir kombinasyon
icin ¢apraz dogrulama uygular. Boylece modelin genel hata
oraninit minimize eden parametreler nesnel olarak segilmis olur.
Bu yontem, hem modelin asir1 uyum riskini azaltir hem de
genelleme basarimin artirir (Pedregosa ve arkadaslari, 2011). Bu
calismada SVR modeli i¢in hiperparametre optimizasyonu, C, €
ve cekirdek fonksiyonu parametrelerini igerecek sekilde
gerceklestirilmistir. Amagc, asagidaki optimizasyon problemini en
iyi genel performansi saglayacak parametre setiyle cézmektir:

Loy
min —|w||*+C ; + EF
Jmin - liwl gy; &)

su kisitlamalar altinda: y, — (W, ¢(X;)) —b < e + &,
(W, (X)) +b —, < & +EX,
£ 20, 51.* >0, heri=1,...,Nigin.

Burada ¢(-) giris verisini yiksek boyutlu 0Oznitelik
uzayina yansitan gekirdek doniisiimiini, € duyarsizlik tupini, C
ise modelin diizltigi ile tolerans arasindaki dengeyi kontrol eden
ceza katsayisini ifade eder. Bu amagla, € € {0.1,1,10}, € €
{0.01,0.1,0.5} ve c¢ekirdek fonksiyonu K(:,) € {linear
,polinomsal,radyal tabanlii} olacak sekilde bir parametre 1zgarasi
tanimlanmis ve 5 kath c¢apraz dogrulama uygulanmistir.
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GridSearchCV, her kombinasyonun ortalama kare hatasin
(MSE) degerlendirerek en uygun modeli belirlemistir.

LSTM modelinde iki ardisik katmandan olusan bir mimari
kullanilmastir: ilk katman 256 ikinci katman ise 64 birimlik baska
bir katmandir. Bu katmanlari, sicaklik tahmini yapan tek néronlu
tam baglantili bir ¢ikis katmani takip etmektedir. Model, Adam
optimizasyon algoritmasi ve ortalama kare hata kayip fonksiyonu
ile derlenmistir.

SVR modelinin yapilandirmasi daha basit olup, dogrudan egitim
veri seti Uzerinden regresyon uygulanmis; LSTM modelinde ise
zaman  serisi  olusturulmasi, sirali  dizilerin  yeniden
yapilandirilmas: ve ¢ok katmanli ag mimarisi kurulmasi gibi
adimlar izlenmistir.

Ozelliklerin Ortalama Sicaklik ile Korelasyonu

Ortalama Sicaklik

Rulzgar Hizi Nem
R

Ortalama Basing

Ortalama Sicaklik Nem Rizgar Hizi Ortalama Basing

Sekil 1: Ortalama sicaklik ile diger meteorolojik degiskenler
arasindaki Pearson korelasyonlarinin 1s1 haritasi. En giclu iliski
nem ile negatif, rizgar lmz ile ise pozitif yéndedir.
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5. MODEL KARSILASTIRMASI VE
SONUCLARIN DEGERLENDIRILMESI

Bu bélimde, sicaklik tahmini igin gelistirilen LSTM ve
SVR modellerinin  performanslar1  karsilastirmali  olarak
degerlendirilmektedir. Model performanslarinin nesnel olarak
Olgllmesi amaciyla dort farkli regresyon metrigi kullanilmustir:
Ortalama Mutlak Hata (MAE), Ortalama Kare Hata (MSE), Kok
Ortalama Kare Hata (RMSE) ve Belirleme Katsayisi (R2 Skoru).
Bu metrikler, tahmin edilen sicaklik degerlerinin gercek sicaklik
degerleriyle ne derece ortiistiigiinii degerlendirmede kullanilir.

Her bir metrik asagida formiliyle birlikte verilmistir:

@ Asa Ortalama Mutlak Hata (MAE):

MAE =

SIir

n

2y =il

=1

e Ortalama Kare Hata (MSE):

MSE = i —y)>.

S|
™M =

=1

o Kok Ortalama Kare Hata (RMSE):

RMSE = /-
n

i —yi)%

™=

1

Sy

o Belirleme Katsayisi (R2 Skoru):

0y’

Z?:l(yi_y)z .

Bu metrikler kullanilarak elde edilen sonuglar asagidaki

Tablo 1°de verilmistir. Tabloda goriildiigii Uzere, tim metrikler
acisindan LSTM modeli, SVR modeline kiyasla daha diisiik hata

oranlarina ve daha yuksek R? skoruna sahiptir. Bu sonuclar,

RP=1-
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LSTM modelinin zaman serisi sicaklik tahmininde daha basarili
bir yaklasim sundugunu gostermektedir.

Tablo 1. SVR ve LSTM modellerinin test verisi Uzerindeki
regresyon performans karsilagtirmasi.

METRIK SVR LSTM
MAE 1.7665 1.4107
MSE 4.4762 3.0864

RMSE 2.1157 1.7568

R? Skoru 0.8884 0.9230

Gergek ve Tahmin Edilen Sicaklik Degerleri (SVR & LSTM)

35 { == Gercek Sicaklik
LSTM Tahmini
== = SVR Tahmini

QOrtalama Sicaklik (°C)
&

s

\ g

f,f% A \/L
f

<=

o 20 0 60 80 100
Gin

Sekil 2: Gercek ortalama sicaklik degerleri ile LSTM ve SVR
modellerinin test verisi Gzerindeki tahminlerinin karsilastirilmasi

Sekil 2’de, test wverisi (zerinde LSTM ve SVR
modelleriyle elde edilen tahminler, gercek sicaklik degerleriyle
birlikte gorsellestirilmistir. Grafik incelendiginde, her iki modelin
genel egilimi basarili bir sekilde takip ettigi, ancak LSTM
modelinin ani degisimlere daha duyarli oldugu ve gergek
degerlere daha yakin tahminler sundugu gozlemlenmektedir.
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SVR modelinin tahminleri ise 6zellikle bazi bolimlerde diizlesme
egilimi gostererek genelleme yapma egilimindedir.

Yukarida sunulan nicel metrikler ve gorsel analiz birlikte
degerlendirildiginde, LSTM modeli hem diisiik hata oranlari hem

de yuksek R? skoru ile SVR modeline gbre daha Ustin bir
performans sergilemistir. Bu baglamda, zaman serisi sicaklik
tahmini uygulamalar1 icin LSTM mimarisinin daha uygun bir
yaklagim sundugu sonucuna varilabilir.

6. SONUC VE GELECEK CALISMALAR

Bu calismada, Delhi bolgesine ait meteorolojik zaman
serisi  verileri  kullanilarak  gunluk  sicaklik  tahmini
gerceklestirilmis ve iki farkli yontem olan Destek Vektor
Regresyonu (SVR) ile Uzun Kisa Sureli Bellek (LSTM) agi
karsilastirmali olarak incelenmistir. Verilerin 6n isleme sireci,
anlaml1 0znitelik secimi ve normalizasyon islemlerini kapsamis;
SVR icin hiperparametre optimizasyonu GridSearchCV
yontemiyle yapilirken, LSTM modeli ¢ok katmanli bir mimari ile
egitilmistir.

Elde edilen sonuglar, LSTM modelinin  tim
degerlendirme metriklerinde SVR’ye kiyasla daha diisiikk hata

oranlar1 ve daha yuksek R? skoru ile Ustin bir performans
sergiledigini ortaya koymustur. Ayrica, gorsel analizler de
LSTM'nin, sicaklik degisimlerindeki ani dalgalanmalara daha iyi
uyum sagladigini1 ve tahminlerinde gercek verilere daha yakin
sonuglar tirettigini géstermistir. SVR modeli ise bazi durumlarda
tahminlerini genellemeye egilimli olup, daha duz bir yapida
sonuclar vermistir.

Gelecek ¢aligmalar kapsaminda, bu probleme farkli derin
ogrenme yaklagimlarinin—ornegin - GRU, BIi-LSTM veya
Transformer tabanli modellerin—uygulanmasi planlanmaktadir.
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Ayrica, mevsimsel etkiler, tatil glnleri veya ani iklimsel
degisimler gibi digsal degiskenlerin modele dahil edilmesiyle
tahmin basariminin artirilmasi hedeflenmektedir. Veri setinin
genisletilmesiyle birlikte, uzun vadeli ve ¢ok adimli tahmin
stratejilerinin de test edilmesi olasidir. Son olarak, modellerin
yalnizca noktasal tahmin Gretmesi yerine, tahmin sonuglarina
belirsizlik analizi entegre edilerek glven araliklariyla
desteklenmis karar destek sistemlerinin  gelistirilmesi de
amaclanmaktadir.

Bu baglamda, ¢alismanin bulgulari, iklim temelli erken
uyart Sistemlerinin gelistirilmesinde ve gevresel planlamada
kullanilabilecek veri odakli karar sureclerine katki sunabilecek
niteliktedir.
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ON BIVARIATE MOMENT-TYPE OPERATORS
REPRODUCING SOME EXPONENTIAL
FUNCTIONS

Gumrah UYSAL!?

1. INTRODUCTION

Recent advances in approximation theory have led to a
growing interest in the development of new linear positive
operators grounded in classical formulations. One of the main
motivations behind these efforts is to construct operators that
preserve certain exponential functions. By ensuring the
reproduction of such functions, researchers aim to facilitate more
accurate assessments of the convergence behavior of newly
introduced operators in comparison with their classical
analogues. This approach not only deepens the theoretical
understanding of operator approximation but also contributes to
improved performance in various applied fields, such as image
restoration, surface modeling, and three-dimensional object
reconstruction. Owing to the structural efficiency and potential
applications of this novel framework, a significant volume of
scholarly work has emerged within a limited timeframe (see, for
example, Agratini et al., 2017; Aral et al., 2020; Yilmaz et al.,
2021; Bardaro et al., 2021; Uysal, 2021a; Uysal, 2021b; Bozkurt
etal., (2021).

Among the tools that have significantly shaped the
evolution of approximation theory, integral operators occupy a
central position. Their influence spans from foundational

L Assoc. Prof. Dr., Karabiik University, fgumrahuysal@gmail.com, ORCID: 0000-
0001-7747-1706.
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results—such as those concerning Korovkin-type approximation
theorems (see (Korovkin, 1953; Altomare and Campiti, 1994))—
to contemporary investigations in applied mathematics and
engineering (see (Butzer and Nessel, 1971)). The flexibility and
effectiveness of integral operators in approximating a wide range
of function classes have made them a focal point in both
theoretical and practical studies.

In this study, we address the problem of exponential
approximation by introducing modified bivariate moment-type
operators. These operators are constructed to reproduce
exponential functions, thereby extending the classical framework
and enabling improved convergence results within a bivariate
setting.

We define N as the set of all positive integers, R as the set
of all real numbers, and consider R?: = R x R. Motivated by the
methodologies outlined in (Firlej et al., 1999; izgi, 2009; Bozkurt
et al.,, 2021), we focus on a bivariate generalization of the
modified moment-type operators first proposed in (Uysal,
2021b):

o)

M;(w;x) = gf w(6,(x) + s) n(s)ds, (1.1)

where x e R, 6,(x) =x—a,, a,= 2—1Cln (2—716 sinh (zn_c)> is
positively defined for any fixed real number ¢ > 0, foralln € N
satisfying n > n, with n, € N, which is sufficiently large. Also,
n(s):= UEN (s) is characteristic function of the set -2, 2| and
w: R — R belongs to an appropriate function space such that the
above-mentioned operators are well-defined. These operators fix

constant functions and e2“Z on R as in the work of Agratini et al.
(2017).
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The operators introduced in equation (1.1) are well-
defined for all function spaces in which the associated integrals
are finite. These operators exactly reproduce constant functions
and the exponential function e2* for any fixed real number ¢ >
0, over the real line R. Furthermore, in the limiting case as ¢ -
0% they reduce to their classical counterparts. A bivariate
extension of the sequence of operators defined in equation (1.1)
is formulated as follows:

kl (*
Mz ) =7 [ [ @@ +r.pi0) +p) §0A@rdp, (12

where (z,v) € R?, 0,(z) = z — a; with the definition of a;
ﬂ

given as a: = %ln (Lsinh( P )) >0, B;(v) =v— ¢ with
1

2¢q
the definition of §; given as {; = %ln (% sinh (2%)) > 0 for
2 2

any fixed real numbers c;,c, > 0, for all k,l € N satisfying k >
ke and I = I with kg, I, € N, which are sufficiently large. Also,

E(r):=f[ %](r) and l(p):=ﬂ[_% ﬂ(p) are characteristic

functions of the sets [+, i]and [-3, 3] respectively, and u: R —
R belongs to an appropriate function space such that the above-
mentioned operators are well-defined. These operators fix
constant functions, e?¢17,e2%? and e?(“17+<2¥) defined on R?
with fixed c¢;,c, > 0. Additionally, as ¢;,c, » 0* the older
versions of the operators stated in equation (1.2) are obtained. For
a more comprehensive treatment of moment-type operators, the
reader is referred to the works of Barbieri (1983), Swiderski and
Wachnicki (2000), Bardaro and Mantellini (2008), Yilmaz et al.
(2021) and Bardaro et al. (2021).

1
©

The current work is a continuation of (Uysal, 2021a). In
this work, we establish bivariate analogues of two theorems
proved in (Aral et al., 2020) for modified moment-type operators.
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To this end, employing the concept of exponentially weighted
Lebesgue spaces (cf. (Becker et al., 1978); see also (Lesniewicz
et al., 1996)) and following the bivariate framework of these
works, we consider the function space Lp. ., (R?) with fixed

ci,c; >0and 1 <P < oo whose elements are the functions
u: R? - R for which P —th power of e~cilZle=c2lvly(z,v) is
integrable by means of Lebesgue integral. The norm in this space:

00 (0o P 1/P
||u||LPC1C2(R2) = (f_oo f_oole—cﬂzle—chvlu(Z' v)' dzdv)

attains a finite value. Here, e~¢1lZle=2Ivl with fixed ¢;,c, > 0
and (z,v) € R? is a bivariate weight function which is of
exponential-type.

2. KEY FINDINGS

This section opens with an existence lemma related to the
operators specified in equation (1.2).

Lemma 2.1. Let u € Lp, ., (R?) with 1 <P < oo and fixed
c1,¢; > 0. Then, one has My ju € Lp . ., (R?) and the following
relation holds there:

cl/k_l)(ecz/l_l)
. < ecilal gealqyl Kile
||Mk'lu||LP,c1.Cz(Rz) =€ € C1C2 ”u”LPrCLCZ(RZ)

for sufficiently large numbers k = k, and l = I;, k4, l; € N.

Proof. The result can be established through routine calculations
and is thus omitted.

We recall the following definition from (Uysal, 2021a), which
constitutes the two-dimensional counterpart of Definition 6.1 in
(Aral et al., 2020) (cf. also Rydzewska, 1974).
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Definition 2.1. (Uysal, 2021a) Let u € Lp, ,(R?). Denote

w(r,p) = u(6x(2) + 7, 1(v) + p) + u(y(2) + 7,5 ) —p)
+u((2) — 7, pi(v) + p) + u(y(2) — 1, B (v) — p) — 4u(z,v).

The point (z,v) € R?, referred to as the weighted P —Lebesgue
point of u € Lp, .,(R?), possesses the following specific

property:

hg—>0+ hgf f

with fixed ¢;,c, > 0and P > 1.

w(r,p) |°

C1TeC2p

drdp =0

Based on the preceding definition, we establish the following
theorem concerning pointwise convergence. In the proof, we use
classical arguments (see, for example, (Taberski, 1964;
Rydzewska, 1974; Siudut, 1994).

Theorem 2.1. Assume that (z,v) € R? is a weighted
P —Lebesgue point of u € Lp ., .,(R?) for fixed ¢;,c, > 0and
1 < P < . Then, one has

lim My ;(u; z,v) = u(z,v)
k,l—>00 ’

pointwise at such points.

Proof. Consider P > 1. We clearly have

kl 1/l r1/k
My, (u;2,v) —u(z,v) = Zf f w(r, p) drdp.
o Jo

Invoking Holder’s inequality (see, for example, (Rudin, 1987))
yields

w(r,p)|"
eclreczp

1/l ,1/k
|Mkl(u z,v) —u(z, v)| <— j drdp

P/q
» (% fol/l fol/k 2IC1T pdc2p drdp) ,
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where % +% = 1 with 1 < P,q < oo. Observe that

Kl (VU P10 rki(eerark — 1) (e2a/t — 1)\
Z.f .f eqclreqczp drdp = .
0 0

4q%c,c,

Therefore, we have

w(r,p) |
eclreczp

11 17k
|M;;,(w; z,v) — u(z, v)| < — j drdp

y (kl(eclq/k—l)(eCZq/l 1)>P/q

q?cic;

Following Definition 2.1, for every € > 0, there exists a number
p > 0 such that

[l

where 0 < h,g < p < min {; —} According to this fact, we can

w(r, p)

proT drdp < ehg. (2.1)

write

|M,’;l(u; z,v) —u(z, v)|P
klfpfp
4y Jo
klf]

4
Q

=: A, (k, D)+B, (k, D),

where Q: = [0,1/k] x [0,1/1] \ [0, p] X [0, p].
Using inequality (2.1), we get

P

P i x <kl (F —1) (et - 1))a

w(r,p)
eClreCZP

2
q c1C;

P
w(r,p)
eclreCZP

drdp X
rep q?cicy

(kl(eclq/k — 1) e/t — 1))"/‘1
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P

A,k D < e <kl (#-1)(F- 1)>q.

2
qcci¢;

Since € > 0 is arbitrary, it follows that for sufficiently large k and
L, we have A, (k, 1) tends to 0 as k, I — oo. Furthermore, for each
fixed p > 0 itis evident that B, (k, [) tends to 0 as k, [ — co. This
completes the proof for this case. For the case P =1, the
argument proceeds analogously, and the proof is thus complete.
Theorem 2.2. Let u € Lp ., (R?) for fixed ¢;,c, > 0 and 1 <
P < oo. Then, one has

kl’ligloo”M,’;lu —u| 0.

LP,C1,C2 (:RZ) -

Proof. By Lemma 2.1, we know that the sequence of operators
(My,) is uniformly bounded. To prove our claim, we verify the
following certain conditions given in (Gadjiev & Aral, 2007):

kginoo”M,;lei —eil, =0, where i =0,1,2,3and

peres(R?)

eo(r,p) =1, e.(r,p) =7, e;(r,p) =p and e3(r,p) =7? + p?
are bivariate Korovkin test functions defined on R?. From
Lemma 2.1 of (Uysal, 2021b), we infer that

My, (ey;z,v) =1, My, (e;2,v) = 0,(2), My,(e,;2v)=B,W)
and My, (e5;2,v) = i@ +B; () + =3 + .

We easily see that

Jm 1Miieo = eoll,, ey = ©

kl,liinoo”MZ,lel B elllLP,cl.cz(Rz)

0 o0 1/P
= lim (f f |e‘cl|Z|e_CZ|”|[9k(z)—Z]|szdv>

k,l>00

52



Akademik Perspektiften Matematik

R

1
= im, 2 (s (22)) (2 (2)
= 0,

dm e = all, oo

0 00 1/P
= lim (f f |e‘c1|z|e‘02|”|[ﬁl(v)—v]|szdv>

k,l>c0

1 1
-, 2 (2 smh (32)) () ()
=0
and

P
”M;,leS - 83” Lcycy (922)

(o] (o]
< ZZPJ f e~C1Plzlg=c2PlVl |92 (7) — 22|Pdzdv
— 00 — 00

o0 [ee]
+22Pf f e~c1Plzlg—2Plvl| 2 (1) — p2|Pdzdv
—o0 J—00

(o] [ee]
+22Pf f e—C1P|Z|e—02P|U|
—00 Y —00

=22(I(k, D) + L (k, D) + I5(k, D).

P

1 1
= +=5| dzdv

3k? = 312

Simple computations yield:

kllim (L(k, D + I,k 1) + Ik, D) = 0.
That means

Jim [|0; e - es||” 0.

LP,cl,cz (:RZ) -

Thus,
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kl,liinoo”M,’;lu — u|| 0.

LP,C1,C2 (:RZ) o

The proof is completed.

3. CONCLUDING REMARKS

The present work extends some certain results from
(Uysal, 2021b) to the context of the moment-type operators
defined by equation (1.2), with the bivariate case presenting new
theorems in addition to univariate results. Prospective studies will
focus on the investigation of weighted uniform convergence in
relevant function spaces and the estimation of convergence rates
through suitable moduli of continuity.
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ON m-SINGULAR MODIFIED MOMENT-TYPE
OPERATORS

Gumrah UYSAL!

1. INTRODUCTION

In light of recent developments in approximation theory,
considerable attention has been directed towards the construction
of new linear positive operators derived from classical
formulations. A prominent strategy involves modifying these
operators so as to preserve certain exponential functions, thereby
facilitating more precise comparisons of convergence behavior
between contemporary and classical counterparts. Such
modifications are expected to enhance the efficiency and
applicability of approximation methods in various practical
domains, including image reconstruction, three-dimensional
modeling, and related computational tasks. The works (Agratini
et al., 2017; Aral et al., 2020, Bardaro et al., 2021; Uysal, 2021;
Yilmaz, 2021) may be given as some of these. Integral operators,
in particular, have played a fundamental role in the evolution of
approximation theory. For an extensive treatment of this topic,
the reader is referred to (Butzer & Nessel, 1971; Stein, 1970).

The present work focuses on the problem of exponential
approximation by constructing modified forms of m —singular
moment-type operators capable of reproducing some exponential
functions.

L Assoc. Prof. Dr., Karabik University, fgumrahuysal@gmail.com, ORCID: 0000-
0001-7747-1706.

58



Akademik Perspektiften Matematik

Let R stand for the set of all real numbers and N represent
the set of all positive integers. We consider modified moment-
type operators first proposed in (Uysal, 2021):

My (u; z) = ;I-mu(ek(z) + s)u(s)ds, (1.1)

k 2d\\ -
where z€R, 0,(2) =z—ay, ap= —ln (Esmh(k)) IS

positively set for any fixed real number d > 0, for all Kk € N

satisfying k > k, with k, € N, which is large enough. Also,

n(s): = LER (s) is characteristic function of the set [-3, *]and
K k

u:R - R belongs to a suitable function space such that the
indicated operators are well-defined. These operators reproduce
constant functions and e2%Z on R as in the study (Agratini et al.,
2017). Some of the works in the literature about moment-type
operators can be given as (Barbieri, 1983; Bardaro & Mantellini,
2008; Swiderski & Wachnicki, 2000; Uysal, 2021).

Mamedov (1963) constructed the following m —singular
integral operators:

™ 2)
= (—1)m+1f Z( 1)m- 1 u(z + js) | K, (s)ds, (1.2)

where z, s € R. In equation (1.2), m is a certain positive integer
and the (kernel) function K,, K,: R — R, wherer denotes a
positive parameter which belongs to the index set X, is possessing
some certain properties analogous to the approximate identities in
known literature. Some contributions concerning m  —singular
integral operators were presented by Rydzewska (1978);
Bardaro et al. (2013), Yilmaz (2014), Uysal (2018), Uysal
(2019) and Uysal and Yilmaz (2021).
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Building upon operators (1.1) and (1.2), we introduce the
following m —singular modified moment-type operators:

M*[m](u;z)
f Z(( 1)1 ( u(9k(z)+]s)>}t(s)ds (1.3)

where m is a certain positive integer, z € R, 6,(2) =z — ay, a; =

2d
d > 0, for all k € N satisfying k > k, with k, € N, which is
large enough. Also, ®(s): = %[_1 Y (s) is characteristic function
K k

—ln <£ smh( )) is positively set for any fixed real number

of the set [-1, 7] and u: R — R. Taking m = 1, one recovers the
operators in equation (1.1) from equation (1.3).

Given the weight function w; as wy(z) = e~ 2l with
wg: R > R T and fixed d > 0, we consider the function space
L, 4(R). Drawing on (Becker et al., 1978) (see also (Rempulska
and Tomczak, 2009)), the exponential weighted Lebesgue space
L, a(R) with fixed d >0and 1 <p < o is consisting of all
functions u: R = R which are measurable on R in the sense of
Lebesgue such that f lwgy(z)u(z)|Pdz < oo. The norm of the
function in L, ;(R) is stated as follows:

1/p

lullya = (f IWa(Z)u(Z)Ide> , 1<p<oo.

Some studies centered on approximation in exponential weighted
Lebesgue spaces can be given as (Deeba et al., 1988; Leésniewicz
et al., 1996; Rempulska and Tomczak, 2009; Uysal, 2019; Aral et
al., 2020; Yilmaz, 2021).
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2. PRIMARY OUTCOMES

We prove an existence lemma for m-singular modified
moment-type operators defined in equation (1.3).

Lemma 2.1. Let k > k,. If u € L, 4(R) with fixed d > 0 and
1<p <oo,then M,:[m]u € Ly 4(R) and the inequality:

M N (M (e%_1>k eyl
M2 u||p'ds||u||p,d;(j)d—je

holds.

Proof. Using the norm structure of the space L, ;(R) together
with 1 < p < oo, it follows that

+[m] (7 |=aiz (p*Im] p\7P
”Mk u”p,d f_w|e (Mk u)(z)| dz| .

By virtue of generalized Minkowski inequality (see, for example,
(Stein, 1970)) for 1 < p < oo and utilizing change of variables,
we have

M|,

j 1/p
. MY [u(0x(2)+js)| eok@+s| p

S Ef_ M( ) < |Z (_] ) 3d|6k(z)+j5| ed|Z| dZ ds

k~ 1k
= ||u||pd§2 dlaklj edilsl g

j=1 1/k
daj
et

= ||u||pdz kedlakl

j=1

The case p = 1 is similar. The proof is completed.

Now, we present and prove a pointwise convergence theorem that
is analogous to the one established in (Aral et al., 2020) and
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(Y1lmaz, 2021). The definition introduced below is formulated by
combining the concept of an m — p —Lebesgue point as given by
Mamedov (1963) with the notion of a weighted Lebesgue point
described in (Y1ilmaz, 2021).

Definition 2.1. (Uysal, 2019) A point z € R at which the
following expression:

Lz () o [
holds, where
F(s,j):=u(0,(2) + js) + u(@r(2) — js) — 2u(2),

is called weighted m — p —Lebesgue point of u € L, 4(R) with
fixedd >0and 1 <p < oo.

Theorem 2.1. Let k >k, and d > 0 be fixed. If u € L, 4(R),
then

ds=0

h—>0’r h

lim |M™; 2) —u(2)| =0

k—+o00
holds at each weighted m —Lebesgue point (p = 1) z € R of
u e Ll,d(R)'

Proof. We have
k Yk [Pz |
m] (U; Z) - ‘u_(Z) = Ej- Z (T]n) (_1)]—1 [%] e¥sds.
0 -
j=1

For every given € > 0 there exists a number T > 0 such that

fhi( ) (~1))- 1[ ('1)] ds < ¢h, 2.1)

j=1
where 0 < h < T < 1/k, holds.

Next, based on preceding T > 0, the following inequality can be
obtained:
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|M;;[m] (w; 7) — u(z)|

<t f T i (1) oyt [ evmas

j=1
k (YRI5 m - [F(z))
-1 ’ d
+Ef D () ot [ ermsas
T ]-21
=:1(1) + 1(2)

Since e4™s is an increasing function of s on [0, 7], we continue in the
following fashion:

ds.

N [

k T
1(1) < Eedm/kf
o |54

Using inequality (2.1), we get I,y < ee®™/*. Since given & > 0
is arbitrary, there holds that I ;) tends to 0 as k tends to +oo. In
particular, for each fixed = > 0, I, tends to 0 as k tends to +oo.
This completes the proof.

Theorem 2.2. Letk >k,, 1 <p < oo and d > 0 be fixed. If
u € Ly 4(R), then
kl_l}Illoo M, (u;z) —u(z)| =0

holds at each weighted m — p —Lebesgue point z € R of
u e Lp,d(R)'

Proof. Let p > 1. We write

MM (w; 2) — u(z) = g fo Uki (7) oy [%] o4 ds.
=1
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For every given € > 0 there exists a number o > 0 such that

fhi( ) (~1))- 1lF(sj)] ds < ¢h, 2.2)

j=1
where 0 < h < g, holds.

Next, based on the previously established o > 0, the following
inequality can be derived:

[ (s 2) — u(z)|”

p

<2 [ 5 () o [
2 S (e [ o

j=1

p

=:2P (1) + I zy).

By the aid of Hdlder’s inequality (see, for example, (Rudin,
1987)) in 114y with %+ % =1, 1 <p,q < oo, we continue as

follows:

R L e a
Iy <5 f ( 1/ [Fe(jji ) X (E fo keqdm5d5> :
Observe that

2 dmg

1 dmgq
k (% k(e k —1)
—j elimsgg = —~———— 2
. 2
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Therefore, we can write

k(7| , r
mo =3[ [ (7)o 5P
]:

(F)
e k -1
k

Using inequality (2.2), we get I1¢1 1y < &, and in view of this, we
obtain

dmq
G
ds X| z——@8@8 =

ESHias]

< _ @@ 7
HOEE 2 dmg
Since given £ > 0 is arbitrary, it follows that 11, tends to 0 as k
tends to +o0. Moreover, for each fixed o > 0, II,, tends to O as k
tends to +oo. This completes the proof.

3. CONCLUSION

This work focuses on the analysis of the m —singular
modifications of the operators presented in equation (1.1), with a
particular emphasis on proving a pointwise approximation result.
The operators presented in equation (1.3) offer potential for
further investigation in multiple directions, with particular
emphasis on their behavior in the context of Korovkin-type
approximation.
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SOME PROPERTIES OF MODIFIED GAUSS-
WEIERSTRASS INTEGRAL OPERATORS

Basar YILMAZ!
Didem AYDIN ARI?
Tugba CAYDIBI?

1. INTRODUCTION

The Gauss-Weierstrass singular integrals of f functions
belonging to

W, (f;x) = %f_w fx + t)e ™ dt,x € (—o0, 0),n € N.

have been the subject of extensive research. Their approximation
properties have been investigated in various studies, such as
Uysal&Yilmaz, 2021, Uysal& Y1lmaz, 2020, Bardaro et al., 2021,
Yilmaz et al., 2021, Butzer&Nessel,1971, Uysal,2023) and the
references therein. In addition, numerous researchers have
explored generalized forms of the Gauss-Weierstrass singular
integrals and established the corresponding rates of
approximation to functions (See Agratini et al., 2016,
Anastassiou&Aral, 2010, Aral, 2006).
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W, (f; x) =\/gfo flx + e ™ dt (1.1)

We discuss the following modification of the classical
operators defined in (1.1), which ensures that the resulting
operators preserve the functions 1 and e2%*. The generalizations
of these operators are introduced as follows:

For f € C[0, ), x € [0, o) we consider and

Wi(f;x) = z\gfoo f(6,(x)+ t)e‘”fzdt (1.2)
0
where

0, (x) = x — — 13
W) =x ) (13)

and a > 0.

This study focuses on the operators introduced in (1.2).
Initially, we establish several auxiliary lemmas necessary for the
subsequent theoretical developments. Section 3 addresses the
uniform convergence of the operators, along with an analysis of
its convergence rate. Section 4 investigates the asymptotic nature
of the operators W, by proving a quantitative version of the
Voronovskaya theorem. A uniform weighted approximation
result is then obtained via a weighted Korovkintype theorem,
followed by an alternative approach that yields similar results
without employing this theorem. The final section presents
findings concerning the global smoothness preservation
properties of the operators W;,.

2. PRELIMINARY RESULTS

Here, we establish some fundamental results concerning
these operators for use in later sections.
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Lemma 2.1. For the operators given by (1.2), with n € N,x €
[0,0) and e (t) = tk,k =0,1,2,--, the moments given as

follows:
Wy(eg;x) =1
1
W, (e;x) = 0,(x) + N
2 1
Wi(exi ) = 0,0 (6a0) + =) + 5

Proof. From (1.2), we obtain

n [ee]
Wy (eg; x) = Z\ﬁf e~ 4t
TJo

By applying the change of variable tzg, we obtain the

expression for
1

witesn == [ ukevan
0
1 1
)

In a similar manner,

Wr(e;x) =0 ! r + ra)
(e x) = n(x)\/_E <§) N
1
= O, (x) + N

and
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3
W) = 030 = () + 26,00 T 4 (}n)
= 0,0 (0n ) +%) o

can be derived, which confirms the validity of the lemma.
Lemma 2.2. If we denote M, ,.(x) =W,((t—x)";x),r =
0,1,2, ..., then we have

Mn,o(x) =1
1
Mn,l(x) = en(x) —-x+ \/ﬁ
2 2 1
Mo () = (60) = )% 4 2= (0n() =) + -

Moreover, from equality (1.3), we obtain the following result.

rgggoﬁ(en(x)—x+i)=i

V) m
A%ﬁ((@n(x) —x)%+ \/%_R(Hn(x) —x) + %) =0

Lemma 2.3. For the operators W,;, we have
W{{(eat;x) — eaen(x)e% — e;—feax

W;(eZat;x) — eZaOn(x)eT2 = p2ax

W;{(e3at; x) — eSaGn(x)e% — e%egax

4a? 2a?
W,;k(e4at;x) — e4a6n(x)e—n —en e4ax

Q

3. UNIFORM CONVERGENCE OF W,

In this section, we provide an estimate for the rate of
convergence of the operators W;,. Let C[0,%0) represent the set of
all real-valued functions that are continuous on the interval [0,00),
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and for which the limit of f(x) as x approaches infinity exists and
is finite. This space is considered with the uniform norm. To
derive this estimate, we make use of the succeeding modulus of
continuity:
o (f;w) = sup |f(t)— f(x)]
x,t€[0,00)
le=*—e~t|<u

given for every u > 0 and every function f € C*[0,). The
above modulus has the property

(e™* —et)?

If(t)—f(X)IS<1+T>w*(f;u), 6>0@3.1)

Details on w*(.; 1) can be found in (Holhos, 2010). Moreover,
the following assertion IS provided.
Theorem 3.1. If a sequence of positive linear operators
L,:C*[0,00) = C*[0, o0) satisfy the equalities

IL7(1; x) = 1ll[0,c0) = Qs
”Ln(e_t;x) - e_x”[O,oo) = by,

”Ln(e_Zt; x) — e_zx”[o,oo) = Cn,
then

|Lnf — f”[O,oo) < Zw*(f; \/an + 2b, + Cn)rf € C*[0, )

Theorem 3.2. For each function f € C*[0, o) following relation

Wi f = fllo,e) < 20" (f5+/2by + €1)

Where

a1
bn =e2n'4n — 1
a, 1l
cpb=enn—1
where b,, and c,, tend to zero as n — oo.

Proof. By calculation we can write
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PN A &

M?T”l‘(e_t;x) = e (X = ¢ 2ne4n,
o) L oxsl L
W;(e7%; x) = e220nMen = e * ' nen,

Therefore,
W (1 x) — 1lljo,00) = @nr,
Wy (e™% %) — e ll[0,00) = brs
Wy (725 %) — e™**|l0,00)= Cn»
where
a,=0
a 1
bn =e2n'4n — 1

a, 1l
c,=enn—1

Furthermore, b,, and c, tend to zero as n — co. The proof is
complete.

4. QUANTITATIVE VORONOVSKAYA
FORMULA

In this section, we offer W, operators which the
quantitative Voronovskaya theorem.

Theorem 4.1. Let f, f"" € C*[0, ). Then we have
1
VAW () ~ 0] = = £ @)
< [Vt 00 - | 1r @1+ 5 Va7

+ Kw” (f”;%)
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where M and K are nonnegative constant.
Proof. Using the Taylor's formula there exist n lying between x
and t such that

f@®
=f)+f'(x)t—x)+ @(t — %)% ++h(t, x)(t — x)?
where

" _Fn x
e,y = LD = 1"C)

2
and consider a continuous function h which is zero at the origin.
Upon applying the operator W, to both sides of the
aforementioned identity, we arrive at

Wr(f;x) = f(x)
_ £
= 1My, (%) + M,z (%)

2
+ Wi (h(t, x) (¢ — )% x)

also we can write that
In[Wr (f;x) — ()] = 2f' (x)]
< /@M () — 2] + 122 [ 0]
+n Wy (|h(t, )| (t — x)?; x)

To estimate last inequality using the inequality (3.1), we get

X —t\2
[t x)| < (1 +(e#—f)) W (f"; )
Since

20°(f";w),  le*—efl<pu
lh(y,x)| <4 (e*—e®? I
ZTw f"sm,le™ —e |z pu

So we have
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e—x _ e—t)z

|h(t, )| <2 <1 + (T> W (f"; )
We deduce that
nWyi (|h(t, x)|(t — %)% x)
< 2nw*(f"; WM, 5 (x)
+i_rzl‘“*(f”;u)Wﬁ((e"x —eTDA(t— )% %)
Applying the Cauchy-Schwarz inequality, we obtain
nWyi (|h(t, x)|(t — x)% x)
< 2nw*(f"; WMy (x)

2n
+P‘°*(f”; N W; (e — e7)% x) [ My 4(x)

in we have nW; (Jh(t, x)|(t — x)2; x)

Choosing u = =

<2nw* (f”;%) M, 5 (x)

+2w” (f”; \/%) \/n,%W,;‘((e‘x —e H4x) ’nzMnA(x)

Using Mathematica, the followings were obtained

lim n*M, ,(x) =0
lim n?; (e — e)';2) = 0
Thus, we arrive at
In[Wy (f; ) = F()] = 2" (0]
< [nMp2 () = 2[If ()
#3 Il GOl + Ko (£ 2)
n

which was our claim.
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Theorem 4.2. Let f € C™~1[0, ®), such that £ (™ exists, m € N.
Furthermore suppose that fU)(t)e ™ € L;(R) for all j =
1,2,..,m—1,n>0. Suppose that there exist g;,, >0j =
1,2,..,m, g;, € L1(R) such that for each x € R we have

[fPx+6)|e™ < gin(t)
foralmostallt e R,allt e R,allj =1,2,...,m.

Then fO(x + t)e™™ defines a Lebesque integrable function
with respect to t foreach x € R, all j = 1,2, ..., m, and

Wi (f; x)) = Wyi(f9; x)

forallx e R,allj =1,2,..,m.
Proof. The proof is as in Theorem 11.3 pp. 141 of (Anastassiou,
2011).

5. WEIGHTED APPROXIMATION

In this context, we consider the exponential weighted
space B, where a > 0 is fixed. This space consists of all real-
valued functions defined on R* that satisfy the inequality
|f ()] < Mpg(x) with p,(x) = e** and M > 0 being a constant.
The subspace C,_ includes all continuous functions that belong to

B, Equipped with the norm

1fll,. = sup L&

xeR* Pq(X)
this becomes a normed space. Furthermore, we define Cg‘a (R*) as
the set of all functions f € C, (R*) for which
o @I
x=e Pq(X)
where k is a positive constant.
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Now we show the conditions under which both classes of
operators maps C, (R*) to B,, (R*)with the uniformly bounded

norm.

Lemmab.1. Let 0 < a < b. W, is a positive linear operator
from the space C,,, into C,, such that the norms ”W;”Cpa*cpb

are uniformly bounded.
Proof. We can write

a?
eaen(x)em‘ 2 2

—-a —a
Wi (p,; x =sup —————' = supeme@DX = gun
” Tl(paP )”pb xe]Rpl' p (x) xeRpF n n )

(5.1)

the operators W, maps the space C,_ into C,, . Also, for x € R”,
we obtain

—a?
. e an g% — pax
|Wn(pa;x) - pa(x)l _ ‘
Pp(x) ebx
a2
= e(a_b)x e% -1

—a?
= gla-b)x (1 — ew)

and

which tends to zero when n — oo. This shows that the norms
||W;||Cpaﬁcpb are uniformly bounded.

Theorem 5.1. Let0 < a < b. For f € C, (R"), we have
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lim [[Wy (f5 ) = f(O)lp, = 0

Proof. Using the theorem in (Coskun,2003), we see that it is
sufficient to verify the following three conditions

lim [|[W; (pg; x) = pallp, = 0,v =0,1,2
Since W, (1;x) = 1 and W, (e?%t; x) = e?* forv=0andv =

2, the above equality is true. For v = 0, from (5.1) the proof is
obvious.

Theorem 5.2. Let 0 < a < b. For f € CX (R*), we have
Tlli_{gollw{f(f) —fll,, =0
Proof. Foreach x, > 0,

Wi (f; x) = f ()]
sup

x€RT ebx

- Wy (5 x) — f ()| Wi (f;x) — f ()l
< sup obx + sup obx

XSXO XEXO

. Wy, (e%; x)|
<IWr(f) = fllcroxy + IIf 1l o, SUP obx
xzxo
|f ()]
+su
ng ebx

Obviously, the first term of the above inequality tends to zero. By

Lemma 2.3, for any fixed x, >0, it is easily seen that
* . —a2

sup W"(:# = e’ e(@~b)%0 tends to zero as n — oo. Finally,

X2Xq

we can choose x, > 0 sufficiently large that the last part of above
inequality can be made small enough.
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6. CONCLUSION

In this study, we introduce and investigate a modified
version of the Gauss-Weierstrass integral operators, where the
function f is defined on the positive half-line. We establish the
uniform convergence of the operators W,, and also determine the
rate of this convergence. Furthermore, we analyze the asymptotic
behavior of these operators by proving a quantitative form of the
Voronovskaya-type theorem. In addition, a uniform
approximation result in weighted spaces is obtained for the
operators by employing a weighted version of the Korovkin-type
theorem.
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BIRLESMELI CEBIRLERIN DEFORMASYON
TEORISI

Elif A. OZASLAN!

1. GIRIS

Bu ¢aligsmada, birlesmeli cebirlerin deformasyon teorisini ele aliy-
oruz. K bir cisim olmak tizere, eger bir K-vektor uzay1 A tizerinde
taniml1

m: AR A— A

K-bilineer fonksiyonu var ve her a, b, c € A igin
m(m(a,b),c) =m(a,m(b,c))

kosulunu sagliyorsa A’ya bir birlesmeli cebir denir.

Birlesmeli cebirlerin deformasyon teorisi, 1960’11 yillarda
Murray Gerstenhaber tarafindan baslatilmis olup (Gerstenhaber,
1964), bu cebirlerin Hochschild kohomolojisi ile baglantilarinin
kesfiyle sekillenmistir. Bu baglamda, bir birlesmeli cebirin defor-
masyon teorisinin temel kavramlari arasinda formal deformasyon-
lar, Maurer—Cartan denklemleri, dereceli diferansiyel Lie cebirleri
gibi cebirsel yapilar yer almaktadir. Bu caligmanin amaci, bir-
lesmeli cebirlerin deformasyon teorisine iligskin temel tanimlari,
ana sonuglar1 ve énemli drnekleri sistematik bir sekilde sunmak

'0gr. Grv. Dr., Kastamonu Universitesi, Fen Fakiiltesi, Matematik
Boliimii, eaozaslan@kastamonu.edu.tr, ORCID: 0000-0001-9560-1973
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ve okuyucuya bu alanin genel ¢ercevesi hakkinda bilgi vermek-
tir (Bertelson, Cahen, & Gutt, 1997; Kodaira & Spencer, 1959;
Altinay-Ozaslan, 2017; Kontsevich, 2003).

Bu boliimde K karakteristigi sifir olan bir cismi ve A, K
tizerinde tanimli birlesmeli cebiri gostermektedir. A iizerindeki
bilinen ¢arpma iglemini

mo: AR A — A
ile gosterecegiz. ©® ve Hom, K tizerinde tanimlanir.

Hom(A®" A)={f  A® A® --A— A|f, birK—lineer doniisiim}
—_—

n-kere

2. BIRLESMELI CEBIRLERIN FORMAL DEFOR-
MASYONLARI

Tamm 1 A, K dizerinde tanimli bir birlesmeli cebir olsun. A’min
Sformal bir deformasyonu, asagidaki gibi tamimlanan K|[e]]-bilineer
birlesmeli bir ¢carpimdir:

me : AH&“H ®K[[5” AHEH — AH&‘H,

me(a,b) = mg(a,b) + Zakmk(a, b) a,beA.

k>1
Burada ¢ derecesi sifir olan formal bir parametredir ve her my, :
A® A — A birlesme ozelligini saglayan bilineer bir fonksiyon-
dur:

me(me(a,b),c) = me(a, me(b,c))

Tanmim 2 A bir degismeli cebir olsun. Eger A iizerinde tanimli
bir{, }: A® A — A Lie braketi var ve bu braket

{fg,h} = flg, by +{f,h}g ¥V f,g,h €A, (1)

Leibniz kuralini sagliyorsa A’ya bir Poisson cebiri denir.
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Onerme 1 Eger A degismeli bir cebir vem. = mo+) -, ehmy,
A’min bir formal deformasyonu ise A ayni zamanda bir Poisson
cebiridir.

Ispat
(me(a, b) — (me(b, a))

(NN

{a,b} =

braketi A {izerinde bir Poisson cebiri yapisi tanimlar.

Tanim 3 my, A iizerinde tanimli bilinen ¢arpma islemi ve

me = mgy + E 5kmk ve m.=mg+ E 5k7hk,
k>1 k>1

Aizerinde tamimly iki formal deformasyon olsun. Eger bir K[[]]-

lineer fonksiyonu
T :Alle]] = Alle]] 2
T =Id+Y T (3)
k>1

asagidaki sarti saglyyorsa m. ve m. i¢in A’nin denk deformasy-
onlari denir:

T(me(a,b)) = me(T(a), T(b)) a,be Alle]].

Ornek 1 A =K[z!, 22,... 2% ve ||\7|| € Matgyq(K) olsun.

m.(a,b) = (exp (e)\ij%aiyj) a(:l:)b(y)) -

A’min bir formal deformasyonudur.
2.1. Hochschild Eszincir Kompleksi
Tamim 4 C"(A) = Hom(A®", A) olmak iizere,

8Hoch 3Hoch aHoch

0— C%A) = -..C"(A) = C"™A) = -, (¥
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seklinde yazilan zincire Hochschild eszincir kompleksi denir. Bu-
rada, 0" . C"(A) — C"Y(A) diferansiveli, f € C™(A) ve
ag, - - -, a, € Aigin asagidaki formiil ile verilir:

oMM f(ag, .. ay) = aof(ai,...ay)

n—

Qp,
1
+Y (=1 f(ao, -, @iz, -, ) (5)

—0

—1)" f(ag, ..., an_1)an.

~~ =

+

Dogrudan bir hesaplama ile 9"°°" fonksiyonunun gergek-
ten bir diferansiyel oldugu, yani (91°")2 = 0 esitligini sagladigim
gosterebiliriz.

Tamim S (4) te tamimlanan kompleksin

Ker otoch
Im 8Hoch

kohomolojisine A’nin Hochschild kohomolojisi denir.

HH*(A,A) =

Ornek 2 A’nin bilinen ¢arpma islemi mg derecesi 2 olan bir Hoch-
schild eszinciridir. Genel olarak, A iizerinde tanimli biitiin bir-
lesmeli ¢carpma iglemleri derecesi 2 olan bir Hochschild eszin-
ciridir.

Ornek 3 A’min her formal deformasyonu m, icin, m. € Hom(A®
A, A)[[e]] = C*(A)][¢]] yazabiliriz.
Ornek 4

HH'(A,A) = {a € Alab = ba, Vb € A}

A’min merkezine esittiv. Eger A degismeli cebir ise A'nin kendi-
sidir.
ker (oMot : CL(A) — C?(A))

HH (A, 4) = Im(A = C'(4))
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f A — Aigin, 0" f(a,b) = af(b) — f(ab) + f(a)b
oldugundan, 0" f = 0 ise f(ab) = af(b) + f(a)b elde ed-
eriz. Bu esitligi saglayan fonksiyonlara A’min bir K-tiirevi denir
ve Der(A) ile gosterilir.

Im(A — CY(A)) = {g: A — Alg(a) = ab — ba} elde
ederiz. Bu sekildeki fonksiyonlara A’min bir K-i¢ tiirevi denir ve
InnDer(A) ile gosterilir. A’min her i¢ tiirevi ayni zamanda bir
tiirevidir ve

HH(A, 4) = In?zge(:l()fl)

elde ederiz.

Su andan itibaren, C**1(A), 6telenmis dereceli Hochschild
eszincir kompleksini ele alacagiz. f € C*T'(A), derecesi n olan
bir Hochschild eszincir ise f € Hom(A®" ! A) demektir.

Tamm 6 C*"'(A) iizerinde

[P17 PQ]G(ala ag, ... 7a'k1+k2—l) =

Z(-Uklﬂ(—1)i(k2+1)P1(ao, o Pa(a o Gisgy), Qikg s -
i=0

— (=1)"F2(1 & 2), P; e CY(A),

seklinde tanimlanan brakete Gerstenhaber braketi (Gerstenhaber,
1964) denir.

Onerme 2 [, |, A iizerinde bir Lie cebiri tanimlar:

my, A lizerindeki bilinen ¢arpma islemi olmak tizere
[mg, mo|g(a, b, c) = Q(mo(mo(a, b),c)) — mo(a, mq(b, c))) 6)

mg birlesmeli carpma islemi oldugu i¢in (6) denkleminin sag tarafi
sifira esittir. O halde, A iizerinde tanimli her birlesmeli carpma
islemi m i¢in [m, m]e = 0 yazilabilir. Bu goézlemi yaptiktan
sonra, asagidaki sonuglar1 elde ederiz.
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Sonu¢ 1 m € Hom(A ® A, A), A iizerinde tamiml bir ¢arpma
islemi olsun. m igleminin A tizerinde birlesme ozelligini saglamasi
i¢in gerek ve yeter kosul [m, m|c = 0 olmasidur.

Sonug 2 my, 4 iizerindeki bilinen carpma iglemive f € C*1(A)
olmak iizere [my, f|g = (—1)*1oHoch f dir.

2.2. Deformasyonlar ve Hochschild eszincir kompleksi
A’nin bir formal deformasyonu
me: A® A — Alle]], m.=mo+emy +emg+ ...
olsun. O halde, m, i¢in
me € Hom(A ® A, A)[[e]] = C*(A)[[e] @)

yazabilir ve m. carpimini, my ile baslayan, katsayilar1 Hochschild
eszincirlerinden olusan, € nun kuvvetlerini igeren bir formal kuvvet
serisi olarak diisiinebiliriz.

Onerme 3 A’nin bir formal deformasyonu
me: A® A— Alle]]l, me.=mg+emy+emy+ ...
olsun. O halde,
(i) my € CY(A)[[e]] bir esdevirdir:
(ii) m.vem. denk deformasyonlarise [m.] = [m.] € C*(A)[[¢]].

Tamim 7 m, esdevirine karsilik gelen H H'(A) igindeki kohomoloji
sinifina Kodaira—Spencer sinifi denir (Kodaira & Spencer, 1959).

Bagka bir ifadeyle, A’nin denk formal deformasyonlarinin
Kodaira—Spencer siiflart aynidir.
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3. HOCHSCHILD-KONSTANT-ROSENBERG TEO-
REMI

A =K[zt 22, ..., 2%, R? uzay1 iizerinde tammli polinomal fonksiy-
onlarim cebiri ve V3, K¢ iizerinde tanimli polinomal vektor alan-
larinin cebiri olsun. V] cebirini su sekilde ifade edebiliriz:

Ve =1[z' 2% . .. 2% 01,0, ...,04

der(azi) = O, der(@z) = 1, 9163 = —9]91

Her v € V3 vektoriinii
v = E it Z"Qilﬁiz ce Gln
11,02,...5in

seklinde yazabiliriz.

Teorem 1 (Hochschild-Konstant-Rosenberg Teoremi)
A=K[zb 22, ..., 2% olmak iizere

U:vy—C A
U)(ar,az, ... a,) = Z v g 410, Ay . . Oin Gy,

11,82,.--, in

fonksiyonu asagidaki izomorfizmayt verir (Kostant, Hochschild,
& Rosenberg, 2009):

Vi= H(C(4))

Burada V7§ cebirini, diferansiyeli 0 olan bir eszincir kompleksi
olarak diisiinliyoruz.

Onerme 4 A = K[z, 22, ..., 29 cebirinin her formal deformasy-

onu K% iizerinde bir Poisson cebiri tammlar.
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Ispat A = K[z!, 22, ..., 2% nin bir formal deformasyonunu m,
olsun.

me: A® A — Alle]]l, me.=mg+emy+emy+ ...

oMoy = 0 oldugunu biliyoruz. Teorem (1)’den dolayr m, —
U(mry) = O°N(...) olacak sekilde en az bir my € V3 vardr

Genelligi bozmadan, m, = U(m) alabiliriz. Bu durumda

[my, ] = 0" (¢) 3¢
U(m),U(m)la = 9N(€)
U([my,m]s) = 0.

elde ederiz. U fonksiyonu 1-1 oldugu igin, [y, m|s = 0 elde ed-
eriz. Sonug olarak, T, K% iizerinde tamimli bir polinomal Poisson
cebiri yapisidir.

Ornek 5 m. = exp(eA\¥) ise karsilik gelen Poisson yapis

P 4 Oa Ob
mia, b} = (A = X o- o

ile tamimlanir.

Geri kalan bolimde ”K¢ iizerinde tanimli her 7, Poisson
yapisina karsilik m; = U (m;) olacak sekilde bir m, formal defor-
masyonu var midir?” sorusuna cevap arayacagiz ve A = K[z!, 22,
..., 2% cebirinin formal deformasyonlarmin denklik smiflarini be-

lirleyecegiz.

4. DERECELI DIFERANSIYEL LiE CEBIiRLERI

Tamm 8 (L, 0y) bir es zincir kompleksi olsun. Eger L iizerinde
tamml bir || ] : L¥ @ L' — L¥*! bilineer fonksiyonu

* Opfa,b] = [Opa, b]+(—1)[a, Opb]  (dereceli Leibniz kuraly)
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¢ [a,b] = —(=1)llPl[p, q] (dereceli anti-simetri ozelligi)
. [a, b, CH +(_1)\a|(\bl+\0\) [b’ [c, aH _|_(_1)|C|(\a|+|b|) [C’ [a, b]] —
0  (dereceli Jakobi 6zdesligi)

kosullarini saghyorsa L ye bir dereceli diferansiyel Lie cebiri
denir.

Ornek 6 (C*t1(A), oM [, i) dereceli diferansiyel Lie cebiridir.

Ornek 7 A = K[z',22,..., 2%, R? uzay1 iizerinde taniml poli-
nomal fonksiyonlarin cebiri ve V3, K iizerinde tammli polino-
mal vektor alanlarimin cebiri olsun. V] tizerinde Schouten braketi
[, |s su sekilde tammlanir:

[ﬂfiaiﬂj]s = [0;,0;]s =0, [ei,fj]s = —[ﬂfjaei]s = 5? (®)
ve ¢carpma ile Leibniz kosulunu saglar:

1 |+1)

[v, 1109]5 = [V, v1]5 V2 + (—1)( [y, [v, V25 .

(V,Z+17 0,1, ] S) bir dereceli diferansiyel Lie cebirdir.

Tamm 9 (L, oL, [, D bir dereceli diferansiyel Lie cebiri olsun.
Eger (L7 8,;) eszincir kompleksi iizerinde asagidaki gibi tam bir
azalan filtreleme tanmimlaniyorsa L ye filtrelenmis dereceli difer-
ansiyel Lie cebiri denir.

D FL D FLDFLDFLD... Lglllgl’lL/ka
OLFwl C FiL,  [Fi, L, Fi, Ll C Fiyirn L

Ornek 8 Hochschild diferansiyelini ve Gerstenhaber braketini K[[¢]]-
lineerligi kullanarak C*|[¢|] cebiri iizerinde tammlayabiliriz. O
halde, L = £C*|[¢]] dereceli diferansiyel Lie cebiri iizerinde

Fil = "C*[[¢]] .

olacak sekilde bir filtreleme tanimlayabiliriz.
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Her filtrelenmis dereceli diferansiyel Lie cebiri (L, Oy, [, | 1)
icin, diferansiyel ile Lie braketinin filtreleme ile asagidaki an-
lamda uyumlu oldugunu var sayariz:

8L(.7-“kL) C FiL, [fle,fk2L]L C Fry+ko L 9)

Tamm 10 L ve L dereceli diferansiyel Lie cebirleri olsun. Eger
f: L — L seklinde derecesi sifir olan ve

fodr=0dz0f (10)
[z y]) = [f(2), f()]z (11)

kosullarini saglayan lineer homojen bir fonksiyon ise f ye bir dere-
celi diferansiyel Lie cebir morfizmasi denir.

Tamm 11 [ : L — L bir dereceli diferansiyel Lie cebir morfiz-
mast olsun. Eger f fonksiyonu kohomoloji gruplar: arasinda bir
izomorfizma veriyorsa, yani

H*(L,0;) = H*(L,0;)
ise f’ve bir kuazi-izomorfizma denir.

Tamm 12 L bir dereceli diferansiyel Lie cebiri olsun. Eger o €
L' elemam

1
8LOK+§[O./,CY]L =0.

kosulunu saglvyorsa o ya bir Maurer—Cartan (MC) eleman denir.

Onerme 5 A bir birlesmeli cebir ve A’min bir formal deformasy-

onum. = mo + emy + e2mo + ... olsun. O halde,
p=emy +e*my + - € eC?(A)[[¢]] (12)
bir MC elemanidr.
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Ispat m. birlesme ozelligini sagladigindan dolayt [m., m.]g = 0
oldugunu biliyoruz. Bu denklemi a¢tigimiz zaman, |1 i¢in

1
[mé‘u mE] =0« aHOChM + 5[:“7 M]G =0 (13)
denkleminin saglandigini goriiriiz.

Ornek 9 A = K[z!, 22, ..., 2%, R? uzay iizerinde tanimli poli-
nomal fonksiyonlarin cebiri ve V3, K iizerinde tammli polino-
mal vektor alanlarinin cebiri olsun. Her Poisson yapisim, € V3
i¢in Jakobi ozdesligi ile [m1,m]s = 0 denklemi aym ifadelerdir.
[71, m1]s = 0 denklemi, (VIZH, 0,[,] s) dereceli diferansiyel den-
klemi icin MC denklemini verir.

F1L igindeki derece sifir elemanlarm alt cebiri olan F;L°, (C-
vektor uzaylar kategorisinde) pro-nilpotent bir Lie cebiridir. Do-
layisiyla, F; L° iissel bir gruba doniistiiriilebilir ve bu grubu

exp(F1L°) (14)

ile gosteririz.

exp(F1 L°) grubunun elemanlar1 F; LY kiimesinin eleman-
larindan olusur. Bu grup lizerinde taniml1 iglem, Campbell - Haus-
dorff serisi ile tanimlanir:

CH(E, ) = log(efe”) = €+ + g€l +.. (19)

her &, € F, L icin gegerlidir.

Derece sifir bir eleman £ ve L’nin bir MC elemant « igin,
asagidaki formiille tanimlanan yeni bir derece 1 eleman & € L
elde ederiz:

6[57 ] — 1

ef(a) = elsla — ﬁ(&; £), ¢e FL° (16)
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Denklem (16)’da gegen elé 7 ve

ifadeleri, sirasiyla 2 = 0 noktasinda e” ve (e” — 1)/z fonksiyon-
larinin Taylor agilimi ile tanimlanir. Denklem (16)’1n sag tarafin-
daki her iki terim de, L iizerindeki filtrasyonun tamam olmasi
sayesinde iyi tanimlidir.

Her derece sifir eleman ¢ € F;L° ve her MC eleman1 «
icin, formiil (16) ile elde edilen F; L’nin derece 1 elemani da bir
MC elemanidir.

Ayrica, formiil (16), exp(F;L°) grubunun L’nin MC ele-
manlar1 kiimesi iizerinde sol etkisini (gauge action) tanimlar. Yani,
her &, € F; L i¢in su esitlik saglanir:

3 (e”(a)) — eCH(é,n)m).

Tamm 13 Gauge etkisine karsilik gelen doniisiim grupoidi, Gold-
man - Millson grupoidi (Goldman & Millson, 1988) olarak ad-
landrilir ve MC(L) ile gosterilir.

* Bu grupoidin nesneleri, L nin MC elemanlaridir.

+ Iki MC eleman1 « ile & arasindaki morfizmalar, a’y1 &’ya
doniistiiren exp (¢L°[[¢]]) grubunun elemanlaridir.

Tamim 14 [ki MC elemam eger MC(L) iginde izomorfik ise bu
MC elemanlari denktir, denir ve MC elemanlarinin denklik siniflar
[som(MC(L)) ile gésterilir.

Onerme 6 m. ve 1. deformasyonlarinin denk olabilmesi i¢in gerek
ve yeter kosul karsilik gelen 1, ji € C*t1(A)[[e]] MC eleman-
larimin izomorfik olmasidur.
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Ispat p, ji € C**(A)[[¢]] izomorfik MC elemanlar: olsun.
€] 1
e

A 6[E,] _ Hoch 0
i T 97, eel’[[e]]
To Al > Al Tela) = at+ Y e

operatorii, m. = mgy + p ve m. = mg + fi ¢arpimlart arasinda

bir gecis saglar:

Tg (mg(a, b)) = 77~’L6 (Tg(a), Tg(b)), ‘v’a, b e AH&H

Dolayisiyla, A cebirinin formal deformasyonlarinin denklik siniflart,
C*t1(A)[[e]] igindeki MC elemanlarinin izomorfizma siniflart ile
birebir eslesir.

Tamm 15 Bir f : L — L diferansiyelli dereceli Lie cebirlerinin
morfizmasi olsun. O halde, asagidaki fonksiyon tanimlanabilir.
fe: MC(&L[[&H) — MC(e[i[[e]])
Teorem 2 Eger f : L — L diferansiyelli dereceli Lie cebir-
lerinin bir kuazi-izomorfizmasi ise f, asagidaki 1-1 eslemeyi verir
(Getzler, 2009, Goldman & Millson, 1988):
Isom(MC(eL[[&t]])) = 1som(Mc(g£[[g]]))

Teorem 3 (Kontsevich Teoremi) A = K[z!, 22, ..., 2% olmak

tizere, diferansiyel dereceli Lie cebirleri arasinda bir dizi kuazi-
izomorfizma vardir (Kontsevich, 1997):

CT(A) o000 - o— V!

Sonu¢ 3 A = Ka', 2%, ... 2% olmak iizere, A’min formal de-
formasyonlarinin denklik siniflary ile (eV3([€]],0,[, ]s) difer-
ansiyel dereceli Lie cebirinin

em +e¥my + My 4+ - mEeV;. (17)

seklindeki MC elemanlarinin izomorfizma siniflari birebir eslesir.
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5. SONUC

A birlesmeli bir cebir olmak lizere A’nin formal deformasyon-
larinin denklik smiflari ile C*™![[¢]] dereceli diferansiyel Lie ce-
birinin Maurer-Cartan elemanlarinin denklik siniflar1 arasinda bire-

2 ..., 2% olmak iizere, A’nin for-

bir esleme vardir. A = K[z!,
mal deformasyonlarmin denklik siniflari ile K¢ {izerinde taniml

Poisson cebir yapilar arasinda birebir esleme vardir.
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VISUAL AND ENUMERATIVE PROPERTIES
OF NUMERICAL SEMIGROUPS: A ROOK
POLYNOMIAL APPROACH

Meral SUER!

1. INTRODUCTION

Numerical semigroups are central mathematical structures
with diverse applications across various disciplines. In
commutative algebra, they emerge naturally as value semigroups
of one-dimensional analytically irreducible local domains
(Rosales & Garcia-Sanchez, 2009). Within algebraic geometry,
they are closely linked to the analysis of singularities on algebraic
curves and to the characterization of Weierstrass gap sequences.
Their structural properties also make them valuable in
combinatorics, particularly in the exploration of integer
partitions, factorization patterns, and tiling problems. In the realm
of number theory, they are crucial to classical problems such as
the Frobenius problem and the study of nonnegative integer
solutions to linear Diophantine equations. Furthermore,
numerical semigroups have found significant applications in
coding theory, especially in the construction of algebraic-
geometric codes and in the analysis of the Feng—Rao bound
(Kirfel & Pellikaan, 1995). These extensive connections
underscore the interdisciplinary nature and ongoing research
interest in numerical semigroups.

Young diagrams, on the other hand, are key combinatorial
constructs consisting of rows of unit squares aligned to the left,

1 Dog.Dr., Department of Mathematics, Faculty of Science and Letters, Batman
University, meral.suer@batman.edu.tr, ORCID: 0000-0002-5512-4305.
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with each successive row containing no more squares than the
previous one. They serve as a graphical representation of integer
partitions and play an important role in areas such as
representation theory and the theory of symmetric functions.
More recently, their use has been extended to the study of
numerical sets and numerical semigroups, offering both visual
and structural insights into these algebraic objects. Significant
contributions in this direction include the works of Keith ve Nath
(2010), as well as Constantin, Houston-Edwards ve Kaplan
(2017), who established bijections among Young diagrams,
integer partitions, and numerical sets. Building upon these
relationships, Siier ve Yesil (2021)introduced novel methods for
examining symmetric and pseudo-symmetric numerical
semigroups Vvia their corresponding Young diagrams, and further
analyzed the structural aspects of the associated semigroup rings.

A board in this context refers to a finite rectangular grid
of cells, often modeled by a binary matrix B = (b;,b;) €

M, ,[F,], where F, = {0,1}. Entries with value 1 indicate active
or usable cells. A rook placement of size k on such a board
involves placing k indistinguishable rooks in different rows and
columns, such that all rooks occupy only the active cells. The total
number of such placements is denoted by n.(B). The rook
polynomial of the board B is then defined as:
Rs() = ) 1(B)xt
k=0

with r,(B) = 1 and r; (B) corresponding to the number of active
cells. Rook polynomials are fundamental in enumerative
combinatorics, especially for counting permutations under
positional constraints. They also appear in broader mathematical
settings, such as group representation theory, matrix enumeration
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over finite fields, and the study of hypergeometric series
(Haglund, 1998).

Closely connected to rook theory are the Stirling numbers
of the second kind S(n, k), which count the number of ways to
partition a set of n elements into k nonempty, unordered subsets.
These numbers appear in diverse areas such as recurrence
relations, generating functions, and enumerative combinatorics.
In particular, Petkovsek ve Pisanski’ye (2007) provide a
combinatorial interpretation of unsigned Stirling numbers
through rook placements and diagrammatic methods.

Recent work has deepened the link between numerical
semigroups, rook theory, and Young diagrams, emphasizing their
role in additive number theory and visual combinatorics. For
instance, Constantin, Houston-Edwards ve Kaplan (2017) study
core partitions through geometric representations tied to
numerical sets. Inspired by this framework, we examine the
structure of rook placements on Ferrers boards derived from
numerical semigroups and demonstrate that their corresponding
rook polynomials can be described via Stirling numbers of the
second kind.

This correspondence not only provides a new enumerative
interpretation of semigroup-associated diagrams but also sheds
light on the internal structure of semigroup gaps and partitions.
By bridging classical partition theory and the algebraic properties
of numerical semigroups, our approach reinforces the
significance of Stirling numbers as a unifying tool across multiple
areas of discrete mathematics.

Numerical semigroups constitute a fundamental object of
study in commutative algebra and combinatorics, owing to their
deep connections with various number-theoretic structures. In
particular, they exhibit intriguing relationships with specific sets
of integers and integer sequences. The study by Siier ve ilhan
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(2015) highlights how certain numerical sequences can be
naturally embedded within the framework of semigroup
structures, thereby offering new perspectives on the algebraic
behavior of these sets.

2. FOUNDATIONAL CONCEPTS AND
NOTATION

Let N denote the set of non-negative integers. A subset
S € Niis called a numerical set if it contains 0 and its complement
in N is finite. Within this broader class, a numerical set that is
closed under addition—meaning that for any x,y € S, the sum
x + y also belongs to S—is referred to as a numerical semigroup.

Given a numerical set S, the elements of N that are not in
S are called the gaps of S, and the collection of these elements is
denoted by G (S). The genus of S, written as g(S5), is defined as
the number of gaps; in other words, it is the cardinality of G(S).
If S =N, then no gaps exist, so G(S) = @, making S itself a
(trivial) numerical set. A numerical set S is termed proper when
it does not include all non-negative integers—that is, when
G(S) # @. In such cases, the largest integer not contained in S,
equivalently the maximum element of G(S), is known as the
Frobenius number and is denoted by F(S). By convention, for the
full set N, one sets F(N) = —1.

The quantity F(S) + 1 is referred to as the conductor of S,
written as C(S). Elements of S that are strictly less than the
conductor are called the small elements of S, and the set they form
is denoted by N(S). The number of small elements, given by
n(S), provides further insight into the structure of S. If the
elements of N(S) are listed in increasing order as 0 = s, < s; <
-+ < 85,_q , then the full set S can be expressed as

S = {O = 50151;"';371—1:571,_)}
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where the arrow indicates that all integers greater than or equal to
the conductor also belong to S.

Every numerical semigroup S admits a unique finite
subset M(S) € S called the minimal generating set, such that
every element in S can be written as a finite non-negative linear
combination of elements from M(S), and no proper subset of
M (S) possesses this generating property. The elements of M(S),
known as the minimal generators, are the additive irreducible
components of the semigroup.

Two key invariants associated with a numerical
semigroup are the embedding dimension and the multiplicity. The
embedding dimension, denoted e(S), is defined as the cardinality
of the minimal generating set M(S), and reflects the
combinatorial complexity of the semigroup. The multiplicity,
denoted m(S), is the smallest positive integer contained in S;
equivalently, it is the least element of M(S). Multiplicity often
governs the number and distribution of gaps in S, and plays a
fundamental role in shaping the overall structure of the
semigroup.

Each proper numerical set S can be uniquely represented
by a corresponding Young diagram Y through a geometric
construction in the integer lattice Z2. Beginning at the origin, one
traces a path using unit steps: a rightward step is taken whenever
an integer s € S, while an upward step is made if s ¢ S, that is, if
s € G(S). This path construction proceeds sequentially through
the non-negative integers until it reaches the Frobenius number
F(S). The region enclosed by this path, the vertical axis (the y-
axis), and the horizontal line y = g(S) (which corresponds to the
genus of S) defines the Young diagram Ys.

If the proper numerical set is given in the form S =
{0 =s0,51,""",Sp_1,Sp,— } then, by the nature of this
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construction, the associated Young diagram Ys will have exactly
n(S) = n columns and g(S) rows.

This geometric interpretation defines a bijection between
the set of proper numerical sets and the set of Young diagrams.
Furthermore, because every Young diagram corresponds
uniquely to an integer partition—that is, a decomposition of a
positive integer into a sum of positive integers arranged in non-
increasing order—this mapping naturally extends to a one-to-one
correspondence between proper numerical sets and integer
partitions.

The rook polynomial is a combinatorial generating
function that encodes the number of ways to place k nonattacking
rooks on a given board. Formally, if r, (B) denotes the number of
valid placements of k nonattacking rooks on a board B, then the
rook polynomial is defined as

Rs() = ) 1(B)xt
k=0

This polynomial captures both the geometric structure of
the board and the combinatorial complexity of permissible rook
placements. In the context of enumerative combinatorics, rook
polynomials serve as a powerful tool for analyzing the
configuration space of nonattacking rooks.

For a rectangular board of size m X n, it is clear that no
more than min(m,n) nonattacking rooks can be placed.
Therefore, the associated rook polynomial is a polynomial of
degree at most min(m, n).

Moreover, the rook polynomial is invariant under any
permutation of the board’s rows or columns, as such
transformations preserve the set of valid rook placements. This
invariance reflects a fundamental symmetry in the structure of
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rook configurations and emphasizes the combinatorial elegance
of the model.

Example 2.1 Consider the numerical set
S ={0,3,4,5,7911,-},

which, by definition, contains all nonnegative integers greater
than or equal to its conductor.

To analyze the structure of this set, we begin by
determining its key invariants. The set of gaps, denoted G(S),
consists of all nonnegative integers not included in S. In this case,

G(S) = {1,2,6,8,10}.

The genus of S, which is the number of gaps, is thus
g(S) = 5. The Frobenius number, defined as the largest integer
not contained in the set, is

F(S) = 10,
and the conductor is one more than the Frobenius number:
CS)=F(S)+1=11.

The elements of S that lie strictly below the conductor are
known as the small elements, and are listed as

N(S) = {0,3,4,5,7,9}.
Therefore, the number of small elements is n(S) = 6.
Geometric Construction of the Young Diagram:

Using the method of geometric path encoding, we can
associate a Young diagram Y with the numerical set S. Beginning
at the origin in the integer lattice Z?, we construct a path by
scanning integers from 0 up to F(S) = 10. For each s € S, a unit
step to the right is taken; for each s € G(S)s, a unit step upward
is taken. The resulting staircase-like path terminates at s = 10.
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The Young diagram Ys is defined as the region bounded
by this path, the vertical axis, and the horizontal line y = g(§) =
5. It consists of five rows—one for each gap in S—and visually
encodes the additive and combinatorial structure of the set. This
diagram is illustrated in Figure 1.

ok

+—

Figure 1. Young diagram corresponding to S =
{0,3,4,5,7,9,11, ).

We now consider the rook polynomial associated with the
board defined by the Young diagram Y;. Denoted Ry (x), this
polynomial encodes the number of ways to place nonattacking
rooks on the board. For this example, the rook polynomial is
given by:

Ry (x) = 1+ 4x + 55x* + 65x> + 16x*.

One of the remarkable properties of rook polynomials is
their invariance under geometric transformations. In this case, the
polynomial remains unchanged under rotations of the board by
90°, 180°, or 270° in either clockwise or counterclockwise
direction. Additionally, it is also invariant under reflections
across both the horizontal and vertical axes.

These  symmetries emphasize  the  underlying
combinatorial regularity of rook placements and highlight the
utility of rook polynomials in capturing the essential features of a
board’s structure, regardless of orientation.
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Theorem 2.2 ((Riordan, 1958), Chapter 7) Let R, ,(x), denote
the rook polynomial of a rectangular board with dimensions
p X q. Then R, ,(x) is given by the formula:

min (p,q)
Ryqa(x) = Z (Z) (Z) k! x*.
k=0

This expression counts the number of ways to place k
nonattacking rooks ona full p x q board, for each k < min(p, q),
and encodes this data in a generating function.

Remark 2.3 In the case where p = q = 0, the board is empty,
containing no cells. By convention, we define the rook
polynomial R,,(x) =1, which corresponds to the unique
configuration in which zero rooks are placed on an empty board.
This definition preserves consistency with the combinatorial
interpretation of rook polynomials as counting functions, even in
the degenerate case.

Example 2.4 Consider a rectangular board with 5 rows and 2
columns (see Figure 2). According to Theorem 2.2, the rook
polynomial for a 5 x 2 board is calculated as:

£ = 3 () (o

We compute each term in the sum:
e Fork=0:(Q)(%)0r=1
e Fork=1:(3)(*1=10
e Fork=2:(3)(%)2=20
Thus, the rook polynomial is:

Rs,(x) =1+ 10x + 20x2,
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This polynomial encodes the number of ways to place k non-
attacking rooks on the board, for k = 0,1,2. For instance:

e There is exactly 1 way to place zero rooks (the empty
configuration),

e 10 ways to place a single rook,

e 20 valid arrangements to place two non-attacking rooks.

Figure 2. A rectangular board of size 5 x 2.

For more complex or irregular boards, methods such as block
decomposition and cell decomposition are useful in simplifying
the computation of rook polynomials. In this study, we employ
the block decomposition technique, particularly when analyzing
boards derived from numerical sets and their associated Young
diagrams.

Definition 2.5 Let B be a board represented as a matrix over the
field F,. A subboard H of B is determined by two injective
mappings:

e w4 from the row indices of H to the row indices of B,

e : from the column indices of H to the column indices of
B.

Each entry of H is defined in terms of the entries of B as follows:

hij = Do, (i)w,()-
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The subboard H is said to cover row i of B if i € Im(w;), and to
cover column j if B if j € Im(w,) (Mitchell, 2004)

Example 2.6 Let us consider the board B, represented as a 4 X 4
binary matrix over FF,:

1
_10
B= 1

_ O R

0
1
1
1

o O

0 0

We aim to construct a subboard H of B, as defined in Definition
2.5, by selecting specific rows and columns through injective
mappings. Suppose we choose rows 2 and 4, and columns 1 and
3 of B. Define the mappings as follows:

w,(1)=2, w,(2)=4, and w,(1)=1, w,(2)=3.

According to the rule h;; = b, i)w,) the entries of the

subboard H are computed from the corresponding entries of B.
Thus, the resulting 2 x 2 subboard is:

b; 1 bz,s] 0 0]

b4,1 b4,3

Hz[ “lo o

Let us verify each entry of H based on the mappings:
* Nhy1=Dby (1w, =b21=0
* hy,= bw1(1),w2(2) =by3=0
* hy1 =Dby,@)w,1) =bs1 =0

* hy, = bwl(z),wz(z) =by3 =0
Hence, the subboard is entirely filled with zeros:

0 0
0 0

This example clearly illustrates how a subboard is constructed
through injective row and column selections. Each entry of the

-
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subboard is directly inherited from the corresponding position in
the original board B, consistent with the formulation provided in
Definition 2.5.

Moreover, this example demonstrates the process of
extracting a structured submatrix (or subboard) from a matrix
defined over F,. This technique will prove particularly valuable
in subsequent theorems, where it plays a central role in analyzing
rook placements and performing board transformations.

Definition 2.7 A subboard H < B is called a block if it satisfies
the following conditions:

e If H includes two distinct rows i and i" but does not
include a particular column j, then the corresponding
entries in that column must be equal: b; ; = b;r ;

. Similarly, if H includes two distinct columns j and j'
but does not include a particular row i, then the entries in
that row across those columns must be equal: b; ; = b

(Mitchell, 2004).

In essence, a block is a subboard in which uniformity is
preserved across the excluded columns or rows: the entries of
uncovered columns must be identical across all rows in the block,
and likewise, the entries of uncovered rows must be identical
across all columns in the block. This condition ensures a form of
local structural consistency or symmetry within the board B.

7

From a more intuitive perspective, an s X t block H can
be thought of as a subboard formed by selecting s rows and t
columns, such that the entries outside of H, but within its
corresponding rows and columns, are constant. Notably, every
individual cell of B is trivially considered a 1 x 1 block.

Definition 2.8. Let Bbe a p X q board, and let H be an
s X t block within B. For each integer 1 <j < min(s,t), we
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define the board By, ;, referred to as the j-th inclusion board of B
with respect to the block H, as follows:

e Delete j of the s rows covered by H,
e Delete j of the t columns covered by H,
o Remove all cells that belong to the block H.

The resulting board By ; is well-defined due to the structural
property of blocks: the selected rows (and likewise the selected
columns) are identical outside of H. This uniformity ensures that
the deletion process preserves the integrity of the remaining board
(Mitchell, 2004).

Theorem 2.9 ((Mitchell, 2004), Theorem 3.5) Let Bheap X g
board, and let H be an s x t block within B. If r;(H) denotes the
coefficient of x/, in the rook polynomial of H, then the rook
polynomial of B can be expressed as:

min(s,t)

Ry() = ) 1(HxRy, ()
=0

This recursive formulation decomposes the rook polynomial of a
complex board B into contributions from its block substructure H
and the simpler inclusion boards By, ;. It serves as the foundation
of the block decomposition method, a powerful technique for
systematically computing rook polynomials on large or irregular
boards.

Example 2.10 Let us compute the rook polynomial of the board
B depicted in Figure 3, where a red 2 x 2 block H occupies the
bottom-right portion of the board.

Figure 3. A board B with size 3x3.
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Step 1: Let's define block H. Let block H consist of red colored
cells as follows:

We will apply Theorem 2.9 to compute Rgz(x) by breaking it
down via inclusion boards By, ; and the polynomial Ry (x).

Step 2: Compute the rook polynomial of H. This is a standard
2 x 2 full board, so:

Ry(x) =1+ 4x + 2x2,
Therefore,
ro(H) =1, (H) = 4,1,(H) =2
Step 3: Determine inclusion boards.

By o : Remove the block H, but keep all rows and columns. The
remaining board includes three white cells:

This is a vertical column of 3 cells: Rg, (x) =1+ 3x

By 1 : - Remove one row and one column of the block, along with
all cells in H. This leaves two white cells:

Hence: Rp,, , (x) =14 2x.
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By » - Remove both rows and both columns of the block. The only
remaining cell:

L]

RBH'Z(x) =1+ x.
Step 4: Apply Theorem 2.9
Rp(x) = r1(H)xRp, , (x) + 7‘2(H)x2RBH‘2 (x)
Substituting in the known values:
Rp(x) =1+ 7x + 10x2% + 2x3.

The Stirling numbers of the second kind S(n, k) count the
number of ways to partition a set [n] ={1,2,..,n} into k
nonempty, unlabeled, and wunordered subsets. Unlike
permutations or ordered partitions, the order of both the blocks
and the elements within each block is disregarded. These numbers
are fundamental in enumerative combinatorics, especially in
problems involving set partitions, equivalence relations, and
function mappings with restricted codomain sizes.

For all integers n, k >1, the Stirling numbers of the second kind
satisfy the recurrence relation:

Smk)=k-Sn—1,k)+S(n—-1,k—-1),
with initial conditions:
5$(0,0) =1,5(n,0) =0,5(0,k) = 0forn,k > 0.

This recurrence allows for recursive computation of all S(n, k)
values. Table 1 below illustrates the triangular arrangement of
S(n, k) values for 0 < n, k < 7, showcasing their combinatorial
richness and rapid growth.

In addition to the recurrence, the Stirling numbers of the second
kind admit a closed-form expression involving a summation:
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S, ) = %2(—1)1’ HIEH
=

which is especially useful for theoretical exploration and explicit
computation. This formula reveals the connection between
Stirling numbers and the inclusion-exclusion principle, as well as
mappings from sets of size n onto codomains of size k (Petkovsek
& Pisanski, 2007).

Stirling numbers of the second kind also naturally appear in the
expansion of powers of variables and exponential generating
functions, further demonstrating their central role in discrete
mathematics and combinatorics.

Table 1. Stirling Numbers of the Second Kind S(n, k) for 0 <n,k < 7.

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 1 1 0 0 0 0 0
0 1 3 1 0 0 0 0
0 1 7 6 1 0 0 0
0 1 15 25 10 1 0 0
0 1 31 90 65 15 1 0
0 1 63 301 350 140 21 1

3. MAIN RESULTS

In Lemma 3.2 of Sier ve Sezgin (2025), the computation
of the rook polynomial of a numerical semigroup is expressed
through a specific combinatorial formula. However, in this study,
we present a novel approach by representing the same numerical
semigroup using a structured integer sequence. This allows us to
directly relate the coefficients of the corresponding rook
polynomial to the elements of the sequence. Unlike existing
methods, which typically rely on algebraic or recurrence-based
formulations, our sequence-based interpretation offers a more
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intuitive and computationally accessible framework. This not
only provides a new perspective on rook polynomial computation
but also bridges the gap between numerical semigroups and
sequence-driven combinatorial models, contributing a valuable
alternative to the literature

Theorem 3.1 Let n > 1 be a positive integer, and consider the
proper numerical semigroup

S=(22n+1).

Let Y; be the associated Young diagram of S. The rook
polynomial of Y is given by

n
Ry (x) = Z rk(n)xk
k=0

where the coefficients rk(”) are expressed by the formula

rk(n) =S(n+1,n-k+1).

Proof. Let S = (2,2n + 1) be a numerical semigroup with n >
1. This semigroup possesses the following characteristics:

o Its elements consist of all even integers starting from 0 up
to 2n, together with all larger integers. Explicitly,

S = {0)2)4) o ’Zn) ﬁ}

e The set of gaps of S, i.e., the positive integers not
contained in S, is given by

G(S) ={135,..,2n — 1.

e The Frobenius number of S, which is the largest integer
notinS,isF(S) = 2n—1.

e The genus of S, i.e., the number of gaps, is g(S) = n.

The Young diagram associated with the semigroup S can be
constructed by taking a board whose rows and columns
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correspond to the gaps G(S), arranged in decreasing order. For
this specific semigroup, the diagram forms a staircase shape with
n rows and n columns.

Figure 4. The Young diagram corresponding to the numerical
semigroup S = (2,2n + 1).

We proceed by mathematical induction on n

Base Case:n =1

Let S=(2,3). Then the gap set is G(S) = {1}, and the associated
Young diagram Ys isa 1 x 1 board as follows:

L]

The rook polynomial of this board is:
Ry (x)=1+1-x

Here, the constant term corresponds to placing zero rooks, and the
linear term corresponds to one possible placement of a rook.

Let’s verify that the coefficients agree with the formula:

e Fork=0:

2
) 1 . .
7P =522) = @ZH)J (f) @2 —j)?
J=0

=2l 3@+ ot (B + 02 (2) 07
=1
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e Fork=1

1 < .
r1(1) =52,1) = @Z(—l)] (]1) (1-))?
=0

— _ 0 1 2 _ 1 2 2| —
= 1[-D° (o) W2+ 0 () ©2] = 1
Thus, the base case holds:
Ry (x) = ro(l) + rl(l)x.
Induction Hypothesis:

Assume the statement holds for some fixedn > 1, i.e.,
Ry (x) = Xk rk(n)xk, where rk(n) =S(n+1,n—k+1).
Induction Step:

We aim to prove the formula for n+1.
Consider the semigroup:

S'=022m+1)+1)=(2, 2n+3)

Let Y/ denote the Young diagram associated with S’. According
to the recursive structure (as described in Theorem 2.2), the new
diagram is formed by appending one row and one column to Ys.

Let B=Yy and let H=Y; € B denote the red-shaded
subdiagram (see Figure 5), which is an n X n board.

n+l

HF

n+1

Figure 5. The board Y is marked in red on the board B = Y.
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Applying Theorem 2.9, we express the rook polynomial of B as:

n
Ry (x) = Z rWxd - [1 4 (n—j + D],
=0

Expanding this:
Rp(x) = rPx% - [1 4+ (n + Dx] + rWxt - [1 + (n)x]
+rx2 14 (n— D] + - +1Pxk - [1 +
(n—k+ Dx] + - +r™x™ - [1 + (Dx].
Group by powers of x to obtain:
Rz(x) = ro(n)xo + [(n +1) -ro(n) + rl(n)]
+ [(n) M 4 rz(n)]x2
4ot [(n —k+2)-1 + rk(n)]xk + o
+[(2)7‘n(7_1)1 + r,fn)]xn +[1]-x™ - xmt (1)
In general, the coefficient of x* is:
(n—k+2) 1™ +75™,
Substituting rj(") =S(n+1,n—j+ 1), we obtain:
m—k+2)-Sm+1n—-k+2)+S(n+1,n—k+1).
Lett =n—k + 2 and m = n + 2, then the expression becomes:
t-S(m—-1,t)+S(m—-1,t—1).
Thus:
MY =Sm+2,m+1) —k+1).

Finally, the rook polynomial of Y is:
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n+1
Ry, () = Ry(x) = Z Sm+2,(n+1)—k+1).xk
k=0
which proves the statement for n+ 1.

Hence, by the principle of mathematical induction, the theorem
holds for all n > 1.

Remark 3.2 The theorem remains valid in the case n = 0. In this
situation, the numerical semigroup is S =N, the set of all
nonnegative integers. Since there are no gaps in N, the associated
Young diagram is the empty board.

The rook polynomial of the empty board is:
RYN (.X') = 1!

which corresponds to the single configuration of placing zero
rooks. This agrees with the Stirling number formula, as:

r© =51,1) = 1.

Hence, the formula holds for n = 0 as well.

4. CONCLUSION AND FURTHER WORK

This study establishes a meaningful connection between
numerical semigroups and classical combinatorial structures such
as rook polynomials and integer sequences. In future work, this
method can be extended to broader families of numerical
semigroups, including the investigation of relations with other
algebraic invariants and the development of algorithmic or
bijective frameworks. In particular, similar correspondences may
be obtained for the family of Almost Arf numerical semigroups
discussed in [10], offering new insights into their combinatorial
behavior
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