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Simulating open quantum systems using noise models and NISQ devices with error
mitigation
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In this work, we present simulations of two Open Quantum System models, Collisional and Marko-
vian Reservoir, with noise simulations, the IBM devices (ibmq_kyoto, ibmqg osaka) and with the
OQC device Lucy. Extending the results of Garcia-Pérez, et al. [npj Quantum Information 6.1
(2020): 1]. Using the Mitiq toolkit, we apply Zero-Noise extrapolation (ZNE), an error mitigation
technique and analyze their deviation from the theoretical results for the models under study. For
both models, by applying ZNE, we were able to reduce the error and overlap it with the theoretical
results. All our simulations and experiments were done in the gBraid environment.
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1. INTRODUCTION

In the field of quantum computing, all real quantum
systems are open and can’t be perfectly isolated. As a
result, there is always an external environment affecting
the system, and the extent of this impact is influenced
by various factors that are difficult to control. To under-
stand the behavior of these open quantum systems and
control it, accurate simulation is crucial, especially in the
gate-based approach.

In this work, we simulated the correlated collisional
model and Markovian reservoir engineering (MRE) based
on the results presented in [I]. The models were
simulated using Oxford Quantum Computers (OQC)’s
and the latest IBM quantum systems (ibmg kyoto and
ibmq_osaka, IBM Quantum Eagle type processors), both
based on superconducting qubits . To update and extend
the results from the original paper[l] using IBM Hard-
ware 2020.

We also did an analysis of the effect of noise on the
quantum circuits with depolarising noise models. In
the majority of the cases that we considered, the ef-
fects of noise were overcome with Zero Noise Extrap-
olation (ZNE) [2] using the Mitiq toolkit [3]. We run
all the experiments in the gBraid-SDK environment (a
Python toolkit for cross-framework abstraction, transpi-
lation, and execution of quantum programs on hardware
and simulators [4]). The circuits were build with Cirq
[5], using Qiskit [6] to run on the IBM devices with the
IBM Quantum Services [7], and AWS braket [3] for OQC
Lucy [9].
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2. OPEN QUANTUM SYSTEMS CIRCUIT
MODELS

2.1. Markovian reservoir engineering

This model was developed by [1], with the initial ideas
for ion traps presented in [10]. A carefully designed envi-
ronment can give rise to interactions that drive the sys-
tem to prepare a maximally entangled state as a result of
the dissipative open system. The four Bell states can be

identified as the eigenstates of the operators 0’;1) ® 0;2)

and ogl) ® 09) as shown in table I. We can design two
channels, the XX pump and the ZZ pump. The action
of each is to pump states from the +1 eigenspace to the
—1 eigenspace of the corresponding operator. The only

state belonging to the —1 eigenspace of both ag(cl) ® 09(32)

and ng) ® 022) is [p7). If we compose the two channels
and apply them together, we can pump everything to a

single state, which is |1 7).

Eigenvalue |Eigenvalue
Bell state cr;l) 24 03(62) 09) = 022)
[6%) = 75 (100) + [11)) [+1 +1
[¢7) = -5 (I00) —[11)) [-1 +1
y@ = $(|01>+|10>) +1 -1
[0=) = - (01) — [10)) |1 =

Table I: Eigenvalues of the bell state with operators

og) ® 09(32) and agl) ® 022)

Applying any one channel by itself will obviously pump
states to a mixture of the states in the corresponding —1
eigenspace (which is {|¢7),]#»7)} for the XX pump and
{|*),]p™)} for the ZZ pump). The forms of the XX
pump and ZZ pump are given (following the notation
and results of [1]) as ®,,ps = EupsELc + E%pSE;w and
D..ps = ElzpsEL + E2zpsE;rz with,
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1
= Vi @oSl+oll @el) (1)

By = 51— 0 @0®) + YL 40 @0l (2
with 0 < p <1, and F, and FEs, are the same with the
replacements ag ) — U§¢2) and 0(1) ® 022) (1) ® 0( ).
Given a Bell state, we can map it to a factorlsed state
where one qubit is an eigenstate of o, and the other is
an eigenstate of o, by applying a CNOT between them.
Applying the CNOT on the first system qubit with the

second one as control gives us the table II.

Bell state Mapped state
[¢7) = 75 (100) + [11)) | [0) [+)
lo7) = %(|00> )| 10)]-)
[vF) = 5 (0 +[10)[ 1) [+)
[v™) = & (01) —[10)| [1)]-)

Table II: Mapping of the bell state

Notice how we can now clearly tell which states need
to be pumped. We’ll use this to our advantage.

2.1.1.

Z7 pump

Environment

System1

System2

Figure 1: Quantum circuit for the ZZ pump with inital

state |10). With [¢1, ¢2] as the system qubits and ¢0 as

the environment ancillae. With the angle of the control
RY rotation depending on the parameter p.

On operating the ZZ pump on the two qubits, we want
the populations of |¢)*) and [1)™) to increase since they

belong to the —1 eigenspace of the a( ) ® a§ ) operator.

The pump works by applying an X rotation on the
qubit which is an eigenstate of the o, operator. If the
initial Bell state belonged to the +1 eigenspace, we will
rotate the state to the —1 eigenspace with some probabil-
ity p (the parameter mentioned in Eq. 1 and 2) using a
controlled Y rotation with the angle § = arccos (1 — 2p).
If the initial Bell state belonged to the —1 eigenspace, we
will leave it as it is.

The simplest way to do that is to initialise an enviro-
ment qubit to |1), then apply a CNOT on it controlled
by the relevant system qubit, and then apply the pump-
ing X rotation controlled by the environment qubit. The
final circuit for is shown in figure 1

The XX pump follows the same principles as the ZZ
pump, but we are dealing with |+) and |—) here instead
of |0) and |1). So we first apply a Hadamard gate and
then we can do the same thing as before.

2.1.2. ZZ-XX pump

Environmentl

System1

System2

Figure 2: Quantum circuit for the ZZ-XX pump with
inital state |00). With [¢1, ¢2] as the system qubits and
[¢0, ¢3] as the environment ancillae.With the angle of
the control RY rotation depending on the parameter p.

We will concatenate the ZZ and XX pumps and remove
the final CNOT of the ZZ pump and the first CNOT of
the XX pump. The final circuit for is shown in figure 2
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Figure 3: Transpiled quantum circuit for the ZZ-XX
pump with inital state |10). With gate basis
[cx,id, rz, sz

In figure 3 we can observe the transpiled circuit for
the ZZ-XX pump with the gate basis used in the IBM
devices, [cx,id,rz,sz]. We can observe the increase in
depth and in the number of CNOTSs used.

2.2. Collisional model

This model was developed as the Markovian reservoir
by [1], following the work presented in [11]. In this model,
a collision consists of applying the unitary operator U =



€977 @ |0), (0] + €797 ® |1), (1| between the system
qubit and the k*" environmental qubit. Here, g is the
coupling strength and 7 is the time duration over which
one collision takes place and n collisions occurs in the
time ¢ = n7. Now we consider two cases.

2.2.1. Correlated case

We’ll take our environment qubits prepared in the clas-
sically correlated state p = %(|0>®n (01" +[1)®™ (1)%™).
If we consider pg = a|0)0] + b[0)1| + ¢|1X0| + d|1)(1],
then, a:b:c=d=%.

While density matrix elements can be complex in gen-
eral, in this case it is enough to only get the real part of
P12-

The dynamical map after n collisions (following the
results of [1]) is given by

®ps = Tre[Us - UsUs(ps ® peors)UTUL - - - U]

2 ) 3)

= cos” (ng7)ps + sin” (ng7)o,pso.

(since there is only one system qubit), then applying
the dynamical map above gives us

®,ps = a|0X0| + (cos? (ngr) — sin? (ng7))b|0X1] +
(cos? (ngr) — sin? (ng7))c [1X0] + d [1)(1]

Only affecting the coherences, and it multiplies the
same factor to both. Given this, only need to check pio
in order to quantify the effect of the dynamical map.

In the general structure of each circuit, first, the system
qubit is initialised to |+) using a Hadamard gate. Then
we prepare the environment qubits, a series of ¢ collisions
follow where ¢ € [1,¢]. Finally, we apply a Hadamard
gate on the system qubit, with the following effect,

11 174 w}1[1 1}
HocH' = — 2 2| —=
st =5 [0 A3 A 1

We can then measure the populations of |0) and |1), sub-
tract them, and then divide by number of shots to find
out x (where z is the factor the coherences are multiplied
by in each case). Then we know that pio = 5.

A collision is performed in the following way. We ap-
ply a CNOT gate on the system qubit controlled by the
relevant environment qubit, then apply a Z rotation by
the required factor, then apply the same CNOT again.

In order to prevent the compiler from optimizing the
circuit in an undesired way, we have instructed it to run
the circuit without any further gate optimization through
the transpiler. We used the verbatim feature in AWS
Braket and the Qiskit tranpiler options. This is necessary

Figure 4: Circuit diagram for 2 collisions in the
correlated case.

because the compiler may remove one of the CNOT gates
that are involved in each collision, and combine them
into a single rotation gate, which is not what we want to
achieve.

2.2.2. Uncorrelated case

In this case, the environment qubits are prepared in
the uncorrelated state |[+)®". The dynamical map after
n collisions (following the results of [1]) is given by

1 1
Dips = 5(1 + cos™ (297))ps + 5(1 —cos”™ (297))0.ps0-
(6)
Like before, considering ps = a|0)X0]+b [0)1|+c|1)X0]+
d|1X1] gives us

Bips = al0)0] + cos™ (2g7)b|0)1] +

cos™ (2g7)e|1X0| + d |1X1] ™

The form of the result is similar as the correlated case,
so the same conclusions follow.

Figure 5: Circuit diagram for 3 collisions in the
uncorrelated case.

In this case, we simply apply a Hadamard gate on each
environment qubit to get them to the state |[+)®". Then
we perform collisions with each of the environment qubits
sequentially. The circuit is shown in figure 5.

3. NOISE MODELS

A method to study the behavior of Quantum Circuits
before running on real quantum computers is to create a



noise model. It can be consider that some of the main
errors in a QPU are decoherence and gate errors [12].
In this work, we focused on a noise model with different
fidelities of the CNOT gate and one qubit gates. De-
creasing the fidelity will affect the results considerably.
Finding a reasonable fidelity in the simulations will give
us an estimate of the resources we will need for a perfect
outcome of the circuits in real QPU. For QPUs from IBM,
taking the information from the IBM quantum platform
for the ibmg_peekskill at 13 of october of 2023. The
single-qubit gates’ error rates are approximately 10~* (
~ 99.98%) and the two-qubit CNOT gate’s error rate is
1072 ( ~ 99.41%). This errors could change depending
on the day and the device.

In the noise models used a simple model with errors
from 1 and 2 qubit gate, which was modeled by applying
depolarising noise. For the real hardware we used the
latest devices from IBM with 127 qubits, ibmg_osaka and
ibmg_tokyo, and the OQC device available trough the
gBraid environment in AWS.

4. QUANTUM ERROR MITIGATION

We have applied Quantum Error Mitigation using the
Zero-Noise Extrapolation (ZNE)[2, 13] technique from
the Mitiq toolkit [3]. ZNE extrapolate the expectation
value with zero noise of an observable from a list of
expectation values computed at different noise scales.
In this case, the extrapolation is done over the mea-
sure state overlap, different extrapolations methods were
tested with a minimum of 4 scale factors and a maximum
of 8. To scaled the noise the unitary fold gates at random
method has been used, which performs the transforma-
tion G — GGTG where G is some gate (or to a random
subset of gates). The unitary folding approach has a ma-
jor advantage that distinguishes it from other methods.
It is entirely digital, which means that the noise can be
scaled using a high level of abstraction from the physical
hardware. Furthermore, this approach does not require
knowledge of the intricate details of the underlying noise
model. This makes it an attractive option for a reliable
solution that is easy to implement.

Readout Error Mitigation (REM) [11] was imple-
mented as well. Errors that occur during the measure-
ment of qubits in a quantum device can negatively impact
quantum computation. These errors are known as read-
out errors. By thoroughly analyzing and understanding
the readout errors, it is possible to create a readout error
mitigator. This tool can be used to obtain more accu-
rate output distributions, as well as more precise mea-
surements of expectation values for measurables. In this
work we used the REM technique with the confusion ma-
trix from Mitiq, a square matrix that encodes the mea-
surement error for each pair of basis states.

Comparison of the results for the mitigated and un-
mitigated cases are shown for each model. The code to
reproduce this results are in the Github repository [15]

5. RESULTS
5.1. Simulation Markovian reservoir

In figure 6 we can see the results of the Markovian
reservoir for the ZZ-XX pump with noisy simulations.
Also, we can observe the improvements at the moment
of using ZNE. Each plot compares the overlap between
the state of the system and the Bell states (dots in figure
6 and 7).
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Figure 6: (Top) Results with noise simulation for the
Z7-XX pump with fidelity of CNOT gates of 97 % and
the one qubit gates of 99.97 %. (Bottom) Results with
ZNE using a linear extrapolation with 4 scaling factors.

The dashed line is the analytical prediction.In both
cases 1024 shots is used.

In figure 7 we can observe the results of running the
simulation in a real quantum device, ibmqg_kyoto, for
the ZZ-XX pump where the population of states [¢~)
are clearly increasing with p. To compare the results of
the OQC device Lucy, we run the same circuits, taking
into account Lucy’s topology, particularly the direction
of two-qubit gates. In the case of the states |¢T) and |¢~)
are decreasing, but slowly, because their populations are
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In figure 9 we can observe the results of the Markovian
model in the Lucy device from OQC. Given the noise of
the system the results shown an inconsistent simulation
of the model, even though we chose a qubit mapping
with the best quality of connections. Applying ZNE to
this high noisy results will not improve the outcome.

5.2. Simulation of the Collisional Model

5.2.1. Correlated Case
Noisy simulation with CNOT Fidelity of 97.73 % Noisy simulation with CNOT Fidelity of 99.8 %
T ~ | & Noisy smulation T o | o Noisy smulat
oal N y = Theoreucl 0al X ) £ 3= Theoreia
\ \
\ /e A / \
\ .
0.2 & h 0.2 S » \
v I} o\ v ! \
\ / \ \ / \
& oo H s 5 & oo . f 3
\ ! \eo \ / 3
‘P .l' \\ \ l’ “
-0.2 —02 \
VL \ S Yoo
\ o/ \ i \ 4 \ i
\*e \ / \ 7 \ /
- / — §
0.4 \ N/ 0.4 S/ X7
.~ o \e. X
0 1 2 3 4 5 6 7 8 9 10 01 2 3 4 5 6 7 8 9 10
Time Time

Figure 10: Results with different fidelity associated with
the two-qubit gates with a constant fidelity on the one
qubit gates of 99.97 %. With 1024 shots and 20
correlated collisions

In figure 10 we can see that with a decrease in fidelity,
the results deviate from the theoretical curve, such that
the system undergoes damping. The region surrounding
the maximas and minimas have maximum deviation from
the theoretical results.
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Figure 11: Simulated noisy results (coherences vs time
t) with 99.14 % fidelity in the CNOT gates for the
collisional model with the correlated case. For the

theoretical, mitigated and unmitigated cases using ZNE

with 1024 shots and 20 collisions.

In figure 11 we can observe the results with noisy simu-
lations using the ZNE technique for error mitigation with
a linear extrapolation and 4 scale factors. We can observe
a corrections almost perfect with the mitigated results.

Running the collisional model in real quantum hard-
ware is more complicated than the Markovian Reservoir
model. The increase in depth of the circuits is linear with
the number of collisions. To understand how this affects
the circuits we can see in figure 12, the depth with differ-
ent number of collisions for the case of ibm kyoto. If the

qubit mapping is not specified the depth of the circuit
becomes unstable, in our case we chose a mapping given
the best qubits in the calibrations data of IBM Quan-
tum. For the case of 0QC_Lucy, we used qubits 4 and 5
from the hardware based on their connectivity (as shown
in fig.21) and fidelity rates. With IBM we ran the same
circuits, taking into account Lucy’s topology, as with the
Markovian reservoir model.
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Figure 12: Circuit Depth w.r.t number of collisions
(Left) After Qubit Mapping. (Right) Without using
Qubit Mapping

In figure 13, we observe a comparison between different
extrapolation methods for scale factors of [1, 3, 5, 7]. The
experimental results are from ibm_osaka and with 1024
number of shots. The linear extrapolations shows the
best results. In this case the best extrapolations method
with the noise models and the quantum device are the
same. Comparing with the results in [1], we can observe
an improvement in the unmitigated values with only 1024
shots, which is improve even more in certain cases with
ZNE.

Correlated collisional model

ibm_osaka hardware results

ZNE with 1024 shots

Figure 13: Results from ibmg_kyoto for the collisional
model in the correlated case. The results are with
different extrapolations methods using ZNE. The grey
points correspond to the experimental,while the dashed
lines show the theoretical prediction.

In the figure 15, we can see the simulation results of
using the circuit shown in Figure 4, where we utilized
the same qubit for all collisions. To avoid any undesired
optimization, we enabled the verbatim feature in AWS
Braket, which runs the circuit without any gate opti-
mizations. We also experimented with the option of not
using the verbatim feature, and in this case, we changed
the circuit to use two different qubits for each collision
to prevent any unwanted optimization. The results are



shown in the figure 14. However, in both cases, just
like with the Markovian model simulations, the system’s
noise was too high, affecting the simulation output. Each
simulation produced inconsistent results, despite select-
ing an appropriate qubit mapping for the hardware. It is
worth noting that when we used four qubits without the
verbatim feature, the results began oscillating between
similar values. This behavior can be attributed to a uni-
form type of noise that the quantum device produces.
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Figure 14: Results from OQC Lucy for the correlated
collisional model. In this case we iterate trough two
different qubits for each collision. The red points in the
graph represent the experimental results, while the
dashed lines indicate the theoretical prediction.
However, due to the noise present in the system, the
results obtained are not consistent.
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Figure 15: Results from OQC Lucy for correlated
collisional model. In this case we using the same circuit
shown in figure 4, using the same qubit for the different
collisions. To avoid unwanted optimization we used the

verbatim option in AWS Braket.

5.2.2.  Uncorrelated case
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Figure 16: Results of the noisy simulation of the
collisional model for the uncorrelated case with different
fidelities of CNOT gates and one fidelity of one qubit
gates of 99.97 % using 1024 shots with 12 collisions.

In figure 16 we can observe the results of the noisy
simulations of the uncorrelated collisional model by vary-
ing the fidelity associated with the two-qubit gates, the
CNOT. In all cases we use 1024 shots with 12 collisions.
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Figure 17: Simulated noisy results (coherences vs time
t) with 99.14 % fidelity in the CNOT gates for the
collisional model with the uncorrelated case. For the
theoretical, mitigated and unmitigated cases using ZNE
with 8 scale factors with 1024 shots and 12 collisions.

In figure 17 we can observe the results with noisy sim-
ulations using ZNE with a linear extrapolation using 8
scale factors. In this case the results using the mitigation
technique doesn’t show an improvement compared with
the unmitigated one. This results may be because of the
number of qubits necessary to simulated each collision in
the uncorrelated case.

In figure 18, we observe a comparison between different
extrapolation methods for scale factors of [1, 3, 5, 7]. The
experimental results are from ibm_osaka with 1024 and
4096 number of shots. The Richardson extrapolations
shows the best results. As with the Markovian model
simulations, the difference in parameters using ZNE with
the noise simulations and the real quantum hardware are
because of the complexity of real quantum noise. Also,
using REM shows not significant change in the results.

We can observe an improvement in the error mitigation
when increasing the number of shots but still the results
are not stable, given the number of qubits needed for each
collision. Comparing with the results in [1], we observe
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Figure 18: Results from ibmg_osaka for the
uncorrelated collisional model with ZNE using different
extrapolation methods with (Top) 1024 and (Bottom)
4096 shots.The grey points correspond to the
experimental, while the dashed lines show the
theoretical prediction.

an an overall improvement in the values with less shots.
Given the number of qubits and the levels of noise of
OQC Lucy, this model was not run on their device.

6. CONCLUSION

We have updated and expanded the results of Garcia-
Pérez, et al. [l], incorporating error mitigation tech-
niques into the experiments and using the latest quantum
devices. The results show that it is not only possible to
conduct small experiments on Open Quantum Systems
using gate-based NISQ devices, but also the exponential
improvements in the performance of these devices and
their cloud services by comparing with previous results.
The noise simulations, which take into account the gate
errors in both the CNOT and one-qubit gates, provide a
simple way to study the circuit’s behavior in a real QPU
before sending it to the cloud service. However, the pa-
rameters required for error mitigation may vary depend-
ing on the actual noise present in the quantum hardware.
Our results indicate a decrease in the error rate caused
by noisy qubits when Error Mitigation techniques are em-
ployed. In this case, we used the Zero-Noise Extrapola-
tion method for the Markovian Reservoir and collisional
models. For the uncorrelated collisional model, the re-
sults indicate instability when the number of collisions
(qubits) increases, which is consistent with the current
NISQ devices.

The experiments reveal that IBM’s hardware provides
highly accurate results even without error mitigation,
whereas OQC hardware produces unstable results due to
its noise, which is consistent with previous quantum vol-
ume benchmarking of the system [17]. We expect that as
cloud access to quantum devices expands, we will have
greater opportunities to explore larger Open Quantum
Systems with different types of hardware.
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7. APPENDICES
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In figure 19 and 20, we can see the topology of the ® @ -3 -3
IBM hardware used for the experiments. For OQC Lucy, s 0 O O BB P ——O—r GO PO —D— O

we can see in figure 21 the topology of the device. In the
case of Lucy, the two qubit connections are different than

with the IBM devices. The calibration data for the IBM e 1 AT SR o

hadware is shown in table III and IV, for OQC Lucy in $ { be {

table V o R OO0
Property | Median Figure 20: Architecture of ibm_kyoto

TT (us) | 270.36
T2 (us) 170.43

SX error 1.800e-2 ¢ 0 .
ECR error |8.257¢-3

Readout error| 1.8e-2

Table III: Calibration data for ibm_osaka from IBM
quantum [7] with gate basis [ECR, ID, RZ, SX, X].

© -.L ® '1.: 6 g 9
Do - O O [ I 0 B 109 o [ 1
- - %’ - - i - - ; R Figure 21: Architecture of OQC Lucy
0 O—+0—0 DD o—nf
@ ¢ (]
o N I T Property Average | Median
AR AR SRS S TT (1s) 36.460 | 34.469
¢ ¢ T2 (15) 33.401 | 37.072
0 0-60rpr0-0—0—g-0-0—op Fidelity (RB) (%) | 99.886 | 99.912
® ® © o Readout Fidelity (%) | 88.675 | 89.250
o—o o0—+0+—0 OO+ O OO —0—0O ECR gate fidelity (%) | 94.672 | 95.589
Q ] <]
IR S o R Table V: Calibration data for OQC Lucy from AWS

services [3] with gate basis [ect, i, rz, v, x].
Figure 19: Architecture of ibm_osaka
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