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IB MATH
REVISION

N

Unit 5: Worked Solutions & Mark Scheme
Kinematics
IB Math AA SL

Marks are awarded for Method (M), Accuracy (A), and Reasoning (R). (M1) or (A1)
indicates an implied mark.

Note on GDC usage: Solutions for Paper 2 explicitly map out Casio fx-CG50 steps
for numerical integration, derivation, and roots.

1. [Paper 1 Style, Non-Calculator, Easy, 4 marks]

(a) a(t) = % = 2. Therefore, a(2) = 2 ms™2. Al
(b) Particle is at rest when v(t) =0 = 2t -2=0 = t=1s. Al
(c) Distance = f04 |v(t)| dt. The velocity is negative for ¢ € [0, 1) and positive for
t e (1,4]. (M1)
Distance = f01(2 —2t)dt + f14(2t — 2)dt.
= [2t — 3], + [t2 = 2t]}. (M1)
=(2-1)+((16-8)—=(1—-2)) =1+ 8= (1)) =1+9=10 m. Al

2. [Paper 2 Style, Calculator Required, Easy, 4 marks]

(a) Set h(t) =3 = 13t — 4.9t =3 = —4.9t* + 13t — 3 = 0. (M1)
CG50: Equation — Polynomial — Degree 2.
Roots are t = 0.254 s and ¢ = 2.40 s (3sf). Al
(b) Maximum height occurs when velocity v(t) = 0.
v(t) =W (t)=13-98t =0 = t =35 ~ 1.326 s. (M1)
Substitute ¢ back into h(t) (or use G-Solv -> MAX on graph):
homae = 13(1.326) — 4.9(1.326)2 = 8.62 m (3sf). Al
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3. [Paper 1 Style, Non-Calculator, Easy, 4 marks]

4. [Paper 2 Style, Calculator Required, Easy, 5 marks|

5 2
=1 — 2cos(2t).

)
)
)= (1) =4 (3 -
)

Todt \2

— —2(—2sin(2t))

o(t) = 5'(t) = 4L (3t —sin(2t)).

2 cos(2t)).
— 4sin(2¢).

(a) Particle is at rest when v(t) = 0.

(b) Total distance = [} [v(t)| dt = [ [t* — 7t + 10| dt.
CG50: Run-Matrix — MATH — Abs inside fdx.

5. [Paper 1 Style, Non-Calculator, Medium, 5 marks]
Velocity is the integral of acceleration: v(t) = [ (¢2 + sint) dt.

v(t)

v(t)

6. [Paper 2 Style, Calculator Required, Medium, 5 marks|

—-Tt+10=0 =
t=2sandt=2>5s.

(t—2)(t —5) = 0.

Total Distance = 13.5 m.

=—t'—cost+C=—1—cost+C.
Use boundary condition v(1) = 1:
l=—-1-cos(l)+C = C =2+cosl.

—% —cost+ 2+ cosl.

(a) Initial displacement occurs at ¢t = 0:
5(0) =15 — 66> =15 — 6 = 9 m.

(b) Reaches point P when s(t) = 0.

15 — Ge0-8t—025t* _ () — (0-8t-0.25t7 _ 15 — 0.8t-0.25¢>
CG50: Use Equation Solver or G-Solv -> ROOT.

t = —0.923 (reject, t > 0) and t = 4.12 s.

CG50: OPTN -> CALC -> d/dx.

d 86—0.25¢2
4 (15—6608t 0.25¢ )‘

v(0) = —4.8 ms™.

t=0"

= 2.5.

(M1)
Al

(M1)
Al

(M1)
A1A1

(M1)

Al

(M1)
A1A1

(M1)

Al
(M1)

Al

(M1)
Al
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7. [Paper 1 Style, Non-Calculator, Medium, 5 marks]

(a) Use the product rule: v = 3 = ' = 3t?, v = cost = v = —sint.
(M1)
a(t) =v'(t) = u'v+uw' = 3t* cost — t3sint. Al1A1
(b) Substitute t = 7 (M1)
a(m) = 3(m)* cos(w) — (m)? sin(7).
Since cosm = —1 and sinm = 0:
a(r) = 37%(—1) — 0 = —372 ms™=. Al

8. [Paper 2 Style, Calculator Required, Medium, 6 marks|
(a) v(0) = T7cos(0) —5(0) cos(0) =7(1) —0 =7 ms™ . Al

(b) CG50: Graph Y1 = |7cosz — bxcosz| for 0 <z < 7. (M1)
Alternatively, graph the velocity and use G=Solv -> MIN/MAX. The greatest
absolute value represents the max speed.

Minimum of v(t) occurs at v ~ —7.807. (A1)
Maximum speed = 7.81 ms™! (3sf). A1l

(c) CG50: d/dx evaluated at t = 2.

4 (7cost — Bt cos t)}t:? (M1)
a(2) = 8.65 ms™2 (3sf). Al
9. [Paper 1 Style, Non-Calculator, Hard, 5 marks]
Rest implies v(t) = 0 = sint + cos(2t) = 0. (M1)
Use double angle identity: cos(2t) = 1 — 2sin’¢.
sint +1—2sint =0 = 2sin®t —sint — 1 = 0. (M1)
Factorise the quadratic in terms of sint:
(2sint + 1)(sint — 1) = 0. (M1)
Case 1: sint =1 = t= 7. Al
Case 2: sint = —0.5 = In0§t§27r,t:%”,”?”. Al
10. [Paper 2 Style, Calculator Required, Hard, 6 marks]
(a) a(3.7) =/(3.7). CG50: OPTN -> CALC -> d/dx. (M1)
LV +2t —3)|,_,. = 0.819 ms~? (3sf). Al
(b) Change in displacement is the definite integral of velocity: As =
[3 (VI 2t - 3) dt. (M1)
CG50: Run-Matrix — [ dz. (M1)
As = —1.86 m (3sf). Al

(c) The negative sign indicates that the particle’s final position at ¢t = 1 is strictly
in the negative direction (or backwards/to the left) relative to where it
started at ¢t = 0. R1
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11. [Paper 1 Style, Non-Calculator, Hard, 6 marks]

(a)

(b)

v(t) = s’gt) =3 2 (1) 4 18. (M1)
o(t) =3 — 1t 418, Al
Set v(t) = 0: 3 — 11t 1 18 = (. (M1)
Multiply entire equation by 20 to clear denominators:

3t? — 85t + 360 = 0. (A1)

Factorise or use quadratic formula. 3 x 360 = 1080. Factors of 1080 adding
to —85 are —40 and —45.

3t? — 45t — 40t + 360 = 0 = 3t(t — 15) — 40(t — 9) wait, —40 x —9 = 360,
so —45, —40 doesn’t factor cleanly like that.

Correct factorisation: 3t* — 45t — 40t + 360 = 3t(t — 15) — 40(t — 9) (Wait,
40 x 9 = 360, so 3t? — 27t — 58t doesn’t work). Let’s use formula:

+— 85i\/m 851%

Wait, let’ s re-examine 3t2 85t + 360 = 0. Factors: (3t —40)(t—9) =0 —
3t — 27t — 40t + 360 = 3t? — 67t + 360 # 0.

Wait, the source function is likely —17¢2/4 so factors are: b? — 4ac = 85% —
4(3)(360) = 7225 — 4320 = 2905. The exact roots are 33£Y2905, A1A1

12. [Paper 2 Style, Calculator Required, Hard, 6 marks]

(a)

(b)

(c)

Max velocity occurs when a(t) = v'(t) = 0. (M1)
V() =32 =30t +48=0 = *—10t+16=0 = (t—2)(t —8) = 0.

v(2) =108 and v(8) = 0. Thus, t; =2 s. A1l
Momentarily at rest when v(t) = 0. From part (a), we know v(8) = 0. Thus
tQ =8 s. Al
Distance = (t)| dt = [ |t* = 1512 + 48t + 64| dt. (M1)
CG50: Run- Matrlx — [ d. (M1)
Total distance = 324 m. Al

13. [Paper 1 Style, Non-Calculator, Very Hard, 6 marks]

(a)

For 0 <t <4, v(t) = 9t — 3t*. Max occurs when v'(t) = 0. (M1)
9—6t=0 = t =15, (A1)
Max velocity = 9(1.5) — 3(1.5)2 = 13.5 — 3(2.25) = 13.5 — 6.75 = 6.75 ms ™.
Al

Displacement at t = 4: s(4) = f04(9t — 3t dt = [4.5t> — 13]3 = 4.5(16) — 64 =

72— 64 =8 m. (M1)
For t > 4, s(t) = [(—3t+16t7° —0.25) dt = —1 5t2 — 8t~2 —0.25¢t + C. (M1)
Match the displacement at ¢t = 4: —1.5(16) — = — 0.25(4) + C' = 8.
—24-05-14+C=8 = (C—-255=28 :> C = 33.5.

s(t) = —1.5t* — 5§ — 0.25¢ 4 33.5. A1l
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14. [Paper 2 Style, Calculator Required, Very Hard, 7 marks]

(a) Distance is the absolute difference between their displacements.

D(t) = [s1(t) — s2(1)]-

(M1)
Al

D(t) = 10.5sin(t — 0.9) — cos(2t — 1.8) — cos(6t — 5.4) + sin(t — 0.9) — 3.5/

(b) CG50: Graph Y1 =|s1(X) — s2(X)| and use G-Solv -> MAX.

Maximum distance = 4.55 m (3sf).
Time = 2.68 s (3sf).

(M1)
Al
Al

(c) Collide when D(t) = 0 (or s = s3). G-Solv -> ROOT on D(t) — ¢ =

2.08 s.

Time of interest = 2.08 — 0.5 = 1.58 s.

Use numerical derivative d/dx on s1(t) and so(t) at ¢ = 1.58.
v1(1.58) = 1.54 ms™ .

v9(1.58) = —5.19 ms™ 1.

15. [Paper 1 Style, Non-Calculator, Very Hard, 7 marks]

(a) Since v(t) > 0 for 0 <t < 3, distance is equal to displacement.

[ o(t) dt = 22.

(M1)

Al
Al

Al

(b) We are given s(3) = s(7). This means the change in displacement between

t=3and t="7is 0.

Sy v()dt = s(7) — <3> = 0.

Split the integral: f3 t)dt + f5 t)dt = 0.

Substitute the known value -9+ f5 t)dt =0 = f5

(c) Total dlstance is the integral of absolute velocity: fo [v(t)] dt.

= Jo v(t)dt = [ o () dt + [ o

:22—(—9)+9—22+9+9—40m.

(M1)

Al

(M1)

=9. Al

(M1)

M1A1
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