PREFACE

by Jerry Choe

This is the exerpt from from Betz’s original manuscript, where he dismisses Drag as a “loss”
and says that wings create minimum velocity loss from drag and therefore we must use wings.
However, based on Newton’s Law of Conservation of Energy, energy cannot be lost. It can only
be transformed. Therefore Betz’s reasoning for using Lift over Drag is flawed. Drag can capture
far more energy than Lift.

EXERPT FROM BETZ:

)

“[T]he force W exerted by the air on the object involved a loss of energy, in that the work  W(v
- v 1) was converted into vortical energy. This leads us to inquire as to whether work is
conceivable without this loss of energy. This is actually the case. If a suitably shaped object is
chosen, the power P does not lie in the direction of the relative air flow, but forms an acute angle
with it (Fig.2). If this force is resolved into a component W in the direction of the air flow and a
component A perpendicular to it, then only the component W, the real resistance or “drag”
determines the amount of energy consumed in the production of vortices. The energy lost per
second (L1ost) is Wc, in which c is the wind velocity relative to the object . The other
component, the "lift” causes no loss.of energy, since it is perpendicular to the direction of
motion. This lifting force is theref ore similar to a centripetal force, since it only deflects the air
from its course without affecting it energy. In order to obtain great efficiency with only a small
loss of energy, objects must be used of such a shape that they will yield the greatest possible lift
and the smallest possible drag. Such objects are called "wings".

Afg—aP

g A

Fig.2 Forces acting
on a wing.
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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS.
TECHNICAL MEMORANDUM NO. 474.

WINDMILLS IN THE LIGHTVOF MODERN RESEARCH.*

By A. Betz.

I. Introduction

Windmills have received much more atfention since the war.
The increased interest is mainly due to two causes: first, the
temporaxry coal shortage which intensified the search for new
sources of energy; and secondly, the impression that the les-
sons learned in aeronautics would produce a considerable im-
provement in windmills. 1In fact, the general progress in aero-
dynamics has had a beneficial effeét on windmill construction.
No remarkable improvement in their efficiency has, however,
been attained and can hardly be expected. This, again, con-
- firms an often observed fact, that technical devices which have
passed through a long period of development, have frequently
attained, simply through experience, such a high degree.of per-—
fection that modern scientific knowledge can make only relative-
1y slight additional improvements in them. The chief contribu-~
tion of modern research in the field of windmills is a better
-understanding of the phenomena and of the available means for
the accomplishment of certain results, but also of the natural

limits to'théir productive capacity.

*"'Die Windmihlen im Lichte neuerer Forechung " Die Naturwissen-
schaften, Vol. XV No. 46, November 18, 1987, ppe 905-914.
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The task of a windmill is to extract energy from the wind

.and convert it into an available useful form. Water turbines

have a similar task, but there is one very decided difference.
In Waﬁernpower_planﬂs there is generally.but a very limited
amount éf energy available, which is extracted by relatively
expensive power plants. When the energy in the turbine is con-
verted into a useful form, it is very important for it to be
done with the maximum efficiency, since every loss in the con-
version process means a correspounding waste of the costly energye.
The large capital investment and the interest on it also play
an important role., With windmills we have at hand such immense
quantities of energy in the great ocean of air, -that we cannot
possibly use it alle It is therefore relatively unimportant as

to how much energy is lost in the process of transformation, the

cost being the only importaent thing. The most economical wind-

mill is the one which furnishes the kilowatt-hour at the lowest

figure. Since, in the production of energy with a windmill,

the principal paxrt of the cost is the interest and amortization
of the original investment, the problem is chiefly to obtain the
maximum output with the minimum investment, i.e., to make the

ratio of the investment to the annual output as small as possi-

ble.

In the productioﬁ“df“énérgy'bywwindmiils; this main prob-
lem is rendered still more difficult by other problems, due

partly to the character of the wind and partly to the particular
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ﬁurpose to be.served. The most serious difficulty is the irregg-
is too weak to turn the windmill and, even if the windmill rums
easily enough, its output is so small that it is of no particu-
lar use. At other times the wind is so stfbng as to'make it
difficult to protect the windmill from injury. It:i; hardly
possible to so construct a windmill that it can utilize both very
weak and very strong winds. Constructors are therefore generally
restricted to the most common wind velocities of 3-10 m (10-33
ft.) per second inland and somewhat higher on the coast. Special
regulating devices must be provided in order to let the wind
pass unobstructed when it is very strong, so that it will do no
damage. The irregularity of the wind also has the disadvantage
that the energy produced varies greatly ét different times ond

is generally not adapted to the task. 1In general, it cannot be
assumed that the wind will have just the desired force at a giv-
en time. At other times, when the wind is just right, there
will be no suitable use for the energy. It is therefore neces-
sary, either to store the energy or to provide suitable uses

for it, which will be independent of the time when the energy

is available (for examplé, irrigation pumps). The storing of

- the energy (e.g., in the form of electricity in storage batter-

ies) considerably increases its cost.
Another difficulty is the low revolution speed of the wind-

mills. For reasons which will be discussed farther on, the:

<4
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peripheral velocity of the vane tips must be able to stand,
Within certain 11m1ts, in_ a variable ratlo to the wind velocity.
Since the diameter of a windmill is generally quite large, in
order to develop sufficient power, its revolution speed is usu-
ally very small in comparison with wmost other machines. Hence,
in order to operate another machine with the windmill, a multi-
plying gear must generally be used, which likewise increases
the cost of the energy. The difficulty of operation increases
with the diameter of the windmill, since the revolution speed
is thereby diminished, while the power to be transmitted is in-
creascd., It is therefore desirable to obtain as high a revolu-
tion speed of the windmill as possible, il.e., to work with the
highest possible ratio of the peripheral velocity to the wind
velocity. Unfortunately, such high—speed windmills have othexr
serious disadvantages which 1limit their speed.

In‘what follows, we will consider two of these problems
more closely. The first one may be expregssed in the question
"How can energy be obtained from the wind and what power can be
developed with a windmill of a given size at a given wind ve-
locity?" We will also consider the problems connected with the
speede.

'II. How the Energy is Obtained

We will first consided how the air can be made to give up

its kinetic energy. We can imagine some such arrangement as
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éhown in Figure 1. A flat plate of area F is placed facing
ﬁhe wind. The wind, blowing against this plate with a velocity
v; exerts on it a force W, which is.proportional to the area
F; the square of the velocity v and the air density b. For
air under normal conditions, P = 1/8 kg sec® n *. This rela-

tion iﬁhsually expressed as follows:
W=opb P v | (1)

The factor ¢y is termed the coefficient of drag and depends

on the shape of the object. If the object is allowed to move in
the direction of this resisting force, it performs work which
can be utilized (for example) to raise a weight. Since, however,
due to the motion of the object, the relative velocity of the
wind is diminished, the resistance or drag of the object itself
is also diminished. If the velocity of the object is v', the

relative velocity of the air is v - v!' and
; 2
W= o & F(v - vY) (2)
The work done per second is

L=Wv = cw-% F(v - v'f'v' (3)

" This work is the greatest for a given area F and wind velocity

v, when v! = % v, namely

Imax = é% CW’% F v? (4)
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- In-this.process, the wind itself does the work

L' = Wv. . | \ , (5)

per second, since the air moves with the velocity v and exerts
a force W in the direction of motion. Foi- vt = v/3, the
wind therefoie does three times as much work as that obtained
. by the above arrangement. Two-thirds of the power developed by
the wind is converted intc vortices (and finally, into heat) and
only 1/% is saved. If, as was explained at the beginning, this
low efficiency is not decisive as regards the suitability of the
arrangement, it must ﬁevertheless give céuse for apprehension.
It may be assumed that any arrangement which works with less loss,
even with the same area, will furnish more power for the same
coste ~
In the above~described arrangement, the force W exerted by
the air on the object involved a loss of energy, in that the
work W(v - v!) was_converted into vortical energy. This leads
us to iﬁquire as to Whethér work is conceivable without this'loss
of energy. This is actually the case. If a suitably shaped ob-
ject is chosen, the:gggggeﬂP does not lie in the direction of
the relative air flow, but forms an acute angle with it (Fig. 3).
“If this force is resolved into a component W in the direction
of fhe air flow and a component A perpendicular to it, then
only the component W, the real resistance or "drag," deter-

mines the amount of energy consumed in the production of vorti-
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~ ces. 'The energy lost per second (Lyogt) is W, in which o

is the wind veloclty relative to the object. The other compon-
ent,'the "1ifg, " causes no loss of energy, sihcg it is perpen-
diculér fo the directioﬁ of motioﬁ. This liffing force is there-
fore similar to a centripétal force, since it only deflects the
air from its course without affecting its energy. In order to
obtain great efficiency with only a small loss of energy, ob-
jects must be used of such a shape that they will yield the
greatest possible 1ift and the smallest possible drag. Such
objects are called "wings" or "supporting wings." The drag—lift
ratio, which indicates the quality of a wing 1is called the
"glide coefficient," because it indicates the minimum slope of
the flight path at which the wing can make a stable gliding
flight. We will express the coefficient of glide by <. It is

therefore

(8)

-

m
il
L=

Corresponding to the resistance of a simplg object, we can

express the 1ift and drag of a wing as follows:

Aeoa%R§ | (7)
W= c. e F c® (8)
w32

in which ¢, and cy@ are proportionality factors, which are af-

fected only by the shape énd position'of the wing. The maximum

projected area of the wing is generally chosen as the reference
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area F. For a rectangular wing With'span it and chord t, we
. would therefore have F =1t.

We will now use such a wing for obtaining eﬁergy from the
wind. Let v represent the velocity of the wind. The wing is
moving perpendicularly to the wind with the velocity u (Fig. 3).-
The air then flows reiatively to the wing with a velocity ¢,
Which; from the composition of.ﬁhe_ppmponents v and u (Fig.
4) yields )

¢ =4 v + (9)

The direction of the relative velocity ¢ forms with the

wind direction v the angle B (Figs. 3-4), for which we have

the relation

tanp = % (10)

Since the 1ift 4, which the wing acquires in this motion,
is perpendicular to the relative velocity c, it likewise forms
the angle B with the direction of motion wu of the wing (Figs.
3 and 5). The effective power depends on the component '
T, = A cosB, of the 1ift A in the direction wu. The motion is
opposed by the drag component T, = W sinf. In the direction of

the velocity wu, there is accordingly exerted the total force

T

(1)

-

T, - T, = A coéB - W sinB }
A cosB (1L - ¢ tanB)

in which ¢ = W/4, the glide coefficient of the wing. The ef-

fective power is accordingly
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Ly = T u = Au cosf (1 - ¢ tanB) - (12)

The power componénfé féiiing in the wind direction v yield the

thrust .
S =8 +8 = 4A sinB + W cosB 1 (13)
( 13
= A sinB (1 + ¢ cotB) | )
The energy supplied by the wind is
Ly = 8 v =Av sinB (1 + ¢ cotB) (14)
If we consider that v sinB = u cosfl, we then have
1 3 1 € E
_ - € tanB _ Tt v
Ly = Lw T5 < <ot = LW 1 4¢ Y (15)
AT

If the wing drag and consequently the glide coefficient
were zero, the energy Ly thus obtained would equal the enexgy
Ly furnished by the wind, i.e., we would have an energy conver-
sion without loss. In reality there is always some resistance
or drag and consequently some loss. The effective energy in the

ratio
1l - ¢
n, = =

(18)
1+ €

elalls

is less than the energy furnished by. the wind. This ratio M,
can therefore be regarded as the efficiency of therwing. Since
the glide coefficient ¢ is generally a small number (0.02 to
0.1 according to the fineness of the wing) the efficiency will

be poor only when the ratio wu/v of the wing velocity to the
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wind velocity is very small with reference to unity. In the

formerwcése .eA% - {(in the numerator) and in the latter case

€ % (in the denominator) are of such an order of magnitude that

the efficiency suffers appreciably. The former case % S>l is

the more important one, because the ratio % is limited upward

through consideration for the efficiency. We will come back to
this later.

We will now determine how large the wing area must be in
order to obtain a given power. According to equation (7) the

1ift is
= P 2
A Ca 5 Fec

in which ¢

a denotes the 1ift coefficient, which is of the or-

der of magnitude of 1; p the air density; F the wing area

AAAAAAA

c =V +u? =y /1+ (%)2

the velocity of the air with reference to the wing (Figs. 3

and

and 4). If we put this value in equation (13) and note that
cosP = % and tanB = %, we thus obtain the effective energy

—

LN = Ca-—zp- F Ca u-g- ( 1"_:.‘6' %).
| | [ (17)

ca § TV (%j/li(g.-j (1-<8) :

-t
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If we compare this result with equation (4) and consider
that the cy in that equation and the ¢, in equation (17) are
! both of the order of 1, it is obvious that we now obtain a con-
siderably greater power with the same area F, +the same wind
velocity v, and'the same air density P. On the one hand, we

avoid the factor -3 in equation (4), beyond which we still

a7
further increase the power by making'% large., If, for example,

Y = 3, the factor increasing the power becomes

2 » 2 -
u v _ R _
CF) /1 o+ (ﬁ> = 3 X 1,05 = 9.45.

The last factor (1 - ¢ %D brings an impairment which plays

o

no great role, however, so long as the glide coefficient of the
wing is small and % is not excessive. In our example, with

% = 3 and € = 0.05, it would be
(1 . %} = (1 = 0.05 X 3) = 0.85.

On the assumption that ¢, in equation (17) and cy in
equation (4) are just alike, we would accordingly obtain a power
which is multiplied by the factor %? X 9445 X 085 and there-
fore about 54 times as great as with the former arrangement. For

v

% = 1, 1%t would be about 9. This great difference would justify

the unconditional choice of the second arrangement, namely, the

a velocity ratio 2 = 2, this factor would be about 37 and for

utilization of the wing 1ift instead of the drag, even though

~the construction of the wing should be somewhat more expensive
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than that of a simple resisting body.
III,  The Windmill

We must now.consider the question as to how the motion of
the vanes for the production of energy is practically accom-
plished. Thus far_we have considered a wing or airfoil moving
in a straight line. This method of energy production corresponds
to the use of the wind by sailing vessels.* With stationary
power plants, like windmills, the vanes or %lades must move in
closed circuits, the simplest way being ﬁo let them rotate in a
suitable manner about a shaft. There has been no lack of attempts
to use resisting bodies for the transfer of energy. They have
all proved uneconomical, however, which is not strange in view
of the above explanation. We will here confine ourselves, there-
fore, to the customary way of using vanes.

The usual method is to fasten a number of vanes to a shaft
(Fig. 8), to place this shaft in the direction of the wind and
to let the vhole system, i.e., the "windmill" revolve about the
axis of the shaft. If w is the angular velocity of the Wind;
mill, any point on a vane at the distancé r from the axis has
the velocity u=rw 'perpendicula; to the wind. It might be

imagined, on the basis of the considerations in the preceding

" “chapter, that the forces acting on the vanes and the effective

*The glide coefficient is here rather poor since, for the sake.
of stability, the vanes cannot be placed high enough for a goed
coefficient zInduced Drag: See Betz, "Einflhrung in die Theorie
der Tragflugel," Die Naturwissenschaften, 1918, p.557)s
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power could be calculated directly. That the vane velocity

. varies from point to point, would only increase the difficulty

of the calculation, but would constitute no very great obstacle.

‘That sbmething has been overlooked, however, is obvious from the

fact fhat, according to the previous considerations, the power

igs proportional to the wing area. We would accordingly be able
to obtain any desired amount of energy with a windmill of quite
small diameter by simply widening the vanes or increasing their
number, which is contrary to all experience. Obviously, the vanes
disturb one another, so that their effect in the windmill dif-
fers from what it would be if they were exposed separately to

the wind. We must therefore first consider this mutual inter-
ference.

In the preceding chapter, we learned to know the forces
which the air exerts on a wing. The wing exerts the same forces
on the air, only with the opposite sign. In particular, the
component S in the wind direction reduces the Wind'velocity,
while the thereto vertical component T only deflects the air
flow. When the vanes move one behind another, each one works
in a zone where the air flow has already been more or lzss dis-

turbed by the preceding vanes.* An accurate analysis'of these

. *Even with only one vane, the motion of the air in the vicinity

of the vane is disturbed by the vane itself. The effect of this

disturbance is already included in the experimentally found val-

ues of o¢g and oy, because this disturbance is present in the
determination of these values. It must be considered, however,

in using a differently shaped vane from the one used in the deter-
mination (Induced drag. See the last preceding footnote).
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disturbing influences would be very troublesome. For our pur-

. pose, however, the task may be simplified by asking whether we

éan estimate the mutual interference of the vanes, under simple
ﬁﬁt surely too favorable assumptions, so as to obtain a maximum‘
value of the power to be obtained, The aotﬁal power of the wind-
mill would then lie more or less below this maximum value, ac—
cording to the suitability of its design. The following consid-
eration will serve to answer this guestion.

The available energy in the wind is present in the form of
kinetic energy« If v 1is the velocity of the air, then a por-
tion of the air with the mass m has the kinetic eanergy % va.
If, as heretofore, P represents the air density, that is, the
mass of a unit volume, the energy i % v2®., If we now extract
energy from the ailr by weans of a windmill, the kinetic energy
behind the windﬁjll (hence also the velocity v) must be less
than in front of it. If we dzsignate the velocity in front of
the windmill by .v, and behind the windmill by w (Fig. 7,a),
then v, < 7, » We know also that the vanes exert a force § on
the air oppoéite to the direction of motion of the wind, thus
causing this reduction in the velocity of the wind. The tran-
sition from the higher to the lower velocity does not occur
guddenly, since the slower air'xequires a larger cross séction»
than the fastei air aﬁd~th§ 1inés of flow require'time for |
spreading out. The process is such that even in front of the

windmill the air is somewhat retarded. . Its velocity is thereby
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converted into pressure. Consequently, the air strikes the

. windmill with diminished velocity but with increased pressure.

The energy extraction by the windmill first causes only é dimi-
nution of the pressure energy, so that the air which entered the
windmill with increased pressure, leaves it with diminished
pressure. The velocity itself cannot change in the thickness of
the windmill. Only behind the windmill the velocity diminution
again continues until the normal air pressure is restored (Fig.
7,0).

Since the vanes do not uniformly fill the windmill area,
but often leave Quite large intervening spaces, it might be
thought that the air would be retarded only just where the vanes
are, thus leaving the air between the vanes to flow through
quite unimpeded. Such is not the case, however. Since the
vanes revolve, they affect (though not simultaneously, still at
very short intervals) all the air which flows through the circu-
lar area traversed by the vanes (annular surfaces When the vanes

do not extend clear to the axis). Of course there is some lack

“of uniformity in this periodical effect, but accurate calcula-

tions show that it is very small under actually occurring condi-

tions. For the present investigation, we can therefore imagihe

" the windmill replaced by a perforated disk, which exerts a re-

tarding effect on the air and thereby extracts energy from it.

The tangential forces T and their effect (deflection of the

flow direction) will be here disregarded. We can indeed imagine
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that a stationary rectifying device is installed behind the wind-

ﬁiii:mfé restore the air current t6 its original directione. I
If the air mass m flows through the windmill per second

and its velocity is reduced from v to v,, there is expracted

from the air per second the energy

L =.§ (v - v.2). (18)

This much energy is available, but only a porti?n of it is actu-
ally obtained, due to the losses involﬁed, espe¢ia11y in “the
above-mentioned wing efficiency. It will naturaily be endeavored
to extract the most possible energy from the wind, in order to

be able actually to obtain the greatest possible amount of ener-
gy. We must, therefore, consider how great the energy L <can

be in equation (18) in the most favorable case with a given wind-
mill diameter D, area Fgy = gzi and wind velocity v . A cur-
sory consideragion of equation (18) might lead one to think the
power L would be a maximum when v, = O, that is, when all

the energy is extracted from the passing air. Such is not the
case, however, since with decreasing v , the mass m of air
flowing through the windmill per second decreases. Ths more the
air is retarded the less air flows through the windmill. A por-
tion of the air flows around-the obstruction without giving up
its energy. In order to determine the air mass m flivwing
through pef second, we must know its velocity' v!, This mass 'is

given by the formula
m=p Fy v'.
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The velocity v! evidently lies between the velocities

.71 and vz Dbefore and behind the windmill. It can be shown that

vi is exactly the arithmetical mean of v, and Vs :
v'.= v, +

For this purpose the following consideration will help. If the

maés m flows through the windmill per second and its velocity

is thereby reduced from v, to v,, it then extracts from the

air, as already established, the energy

L =.% (v2 - v,3.

per second. On the other hand, when the air flaws through the
windmill with the velocity v! and thereby experiences a re-

sistance S, 1its yield of energy per second is

L = Sv! (19)
It must therefore be

% (v - vS) = Svt.

The resistance § must, however, reduce the velocity of the

mass m from v, to <v;. Hence, according to the law of momen-

‘ tum

5=

m (v, - V) (20)

s P

If we substitute this value in the preceding equation and con-
sider, moreover, that v = v? = (v, -~ %) (W + v2), we ob-
tain ‘

%(Vl-'Ve)(VJ. +%)=m(n _'v2)v'

or
= vy . (a1)
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We now have everything necessary for determining the energy L
- for any initial and final velocities v; and vz . We accoxrdingly

have - .
m=p Fo VI =p Fo 2 T2 (22)

and

N

L= (v %) = 270 (v + %) (v - )

&

The energy L will accordingly be the greatest when we sce to

L (23).

4
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it that L
=37 (24)

We then have

Since it is hardly possible, with an actual windmill, to
obtain this favorable ratio %i = % for the whole amount of air
flowing through and since, morzover, as we already know, losses
occur on the vanes themselves, the actual output of the wind~-
mill is less than the theoretical maximum value. The ratio of
the actual energy output L +to the theoretical output Lpasx
furnishes a criterion for the'quality'of the construction and
~..corresponds to the efficiency in other machines. We will desig-

nate this ratio

£ = o (26)
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;gs the efficiency. For representing the éxperimental results,

'a somewhat different value, the éfficiency ratio

= L 16 \
0.1"'-‘3-——--—3-=§-,7§ : (37)
s F Vv =

is customary (Fig. 9). Thereby it must be remembered that the
theoretical limit of ¢, is not 1 but 3o.

IV. Vane Dimensions and Rotational Speed

We have now learned the limits of the output ability of a
windmill and the preliminary assumption for the maximum power
output. The next question concerns what is to be done in order

v 1

to effect the most favorable retardation = 7 for the max-—

imum output. Obviously, we here have a oon;ition for the size
and number of the vanes, sincge, if a too dense system of vanes
ig presented to the wind, the latter is retarded too much; and,
if the system is not dense enough, too much energy passes unused
through the windmill, It is not oﬂly the area of the vanes
which is responsible for this, but also the speed at which they
revoive. In chapter II the energy absorbed by a single vane

was calculated (equation (17) ) and it was found to be affected
not only by the vane area but also very greatly by the ratio
u/v, that is, by its own motion. This shows that, in order to

obtain the same result,‘the vane area must be reduced in propor-

tion to the increase in the revolution speed of the vanes.
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~Equation (17) for a single vane cannot be transferred di-
rectly to the vanes of a windmill, since the vanes mutually affect
one another. We now know, howevér, that this is due to the fact
that the wind velocity which acts on the vanes is not the undis-
turbed velocity v, but the smaller velocity v! and that the
output is correspondingly reduced. We can apply equation (17)
to the vanes of a windmill by substituting the velocity <v! for
the undisturbed velocity v. From what has preceded, we know
that we must $Ty to make v, = ¥ and VI = —p 2 = BT,

All the preliminary conditions have now been stated for
calculating the requisite.Vane area. A slight difficulty, how-
ever, resides in the fact that the velocity wuw of the windmill
vane varies with the radius., If ® is the angular velocity of
the windmill, then u = rw. We must therefore consider each
radius separately. If, instead of the whole windmill area, we
consider an annular area of the width b and the mean radius T
(Fig. 8), we find the 1atter,t; be AF =23 rmw b. For the air

mass m=23 T T P b v' flowing through the windmill per second,

this area must exert an axial force of

AS =m (g - w) = m.g v=23rmbp é vz*

“#This is not quite accurate since, during the equalization flow

before and behind the windmill, the air particles also exert
slight axial forces on one another (¢f D. Thoma, "Grundsabtzliches
zur einfachen Strahltheorie der Schraube," Zeitschrift fur Flug-
technik und Motorluftschiffahrt, 1935, pe. 2308.
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If the windmill has wn vanes of the width %, and if the angu-

L

- lar velocity-of the windmill is w, then, for the. annular area

2
under cons:Ldera‘blon, u=rT® and ¢ =TW /1 + ( . Ac-

cording to egquation (17) we obtain, after a sllght transforma-

tion, while remembering that AL = AB ¥V,

AS

It

0

Q

o
5
o
B
»
/'\
]
+
N
L
/:>

...........

Ga% ntbv? %-“3>2/1 + (rw/ (1 € -—-)

By comparison with the above equation we obtain

Il

=

= (28)

cam= ( } /1+4<m‘<1 %Q>> ’

The expression QEE%? represents the ratio of the vane

width t +to the interval E_%jl between vanes; that is, the
"vane density," if we may use this exp:ession. The second terms
of these ratios do ﬂot generally differ much from unity, so
that ( \ appears as the essential factor i.e., the square
of- the ratlo of the wind velocity to the vane velocity with the
given radius. In fact, the "vane density" is inversely propor-
tional to the vane velocity. The choice, within certain 1im~.
“its, of-the lift»ooefficientu<oam.renders it possible to adapt
the’§ane ﬁidth to the desired structural conditions. With a
constant cg, ~the-véne width, for example, would have to be

—

greater toward the hub. Generally, however, it is more conven-
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ient to leave the vane width practically constant and allowlthe
~1ift-coefficient to diminish toward the circumference of the

. Windmill. Very near the axis, the dimensions éccording to equa~
i tion (28) are no longer possible, since c¢, cannot be increased
:beyond a certain degree and there is no longer space enough for
‘the resulting vane width. Moreover, the tangential deflection
velocities, which are disregarded in our discussion, have a
noticeably unfavorable effect. Ordinarily, the central portion
of the windmill is not utilized, since it could operate only
under unfavorable conditions.

Since the vane velocity T w, for any radius r, is pro-
portional to the velocity up = Rw of the vane tips (R =3 =
the radius of the windmill), the "vane density" is essentially
determined by the ratio (%Q = gﬁi} of the peripheral velocity
of the windmill to the velocity of the wind itself. This ratio
expregses the_rotational speed of the windmill. The faster a
windmill is designed to rotate, the smaller must be its "vane
density."

A high rotational speed is desirable for two reasons, In
the first place, a smaller vane area is required and the wind-
mill is correspondingly simpler. In the second place, as was
.mentioned in the introduction, the transﬁission of the energy
to the driven machines is facilitated. ‘Most machines require
a considerablylgreaxer rotational speed than that of the wind-

mill, so that a multiplying gear is almost always needed. The
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transmission is much simplified by increasing the rotational
speed of the windmill. Any gfeaf”increase in thé rofational

speed is precluded, however, by structural difficulties.

1. The glide coefficient.- The factor (1 - ¢ Z3) which
reduges the output, has a decided effect as soon as 3%% reaches
the order of magnitude %. For high-—speed windmills, therefore,
the vane profiles must be very carefully constructed and must
have a sufficiently low glide coefficient (% ratio). This will
naturally increase the cost of the windmill and offaet the ad-

vantage of greater simplicity.

2. Starting moment.- With a high-speed windmill, the requi-

site starting force is obtained through the great intrinsic speed
of the vanes. This effect is produced, however, only when the
vanes really have great intrinsic speed. While the windmill is
standing still, the force exerted on the small vanes of a high-
speed windmill is less than that exerted on the large vanes of a
low-speed windmill. Consequently, with like frictional condi-
tions, a 1ow—speéd windmill will be started by a weaker wind
thamn a high—-speed windmill., Since a windmill must often stop
and start again, due to the irregularity of the wind, the more
‘difficultlﬁ started high—spéed windmill is often unable to util-
ize weak winds which can be utilized, however, by low-speed

windmills.
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. 3. The centrifugal forces which a windmill, in revolving,

exerts on its support, due to errors in the center of gravity,
“are naturally greater at high speeds than at low speeds. The
sﬁpporting tower and its foundations must therefore be made
stronger, or the windmill itself must be better balanced. B_oth,

however, mean increased cost of construction.

It is probably due to these difficulties that very high-
speed windmills have not yet been adopted. There has, however,
been a gradual development toward higher speed. The following

u
values of VQ are common?

Ug

Pt

l

1 to 2, low-speed windmills with many vanes (wind
turbines);

u
Vg = 3 to 3, transition to high-speed windmills (the old
four-vane windmills);

= 3 to 4, high-speed windmills;

2 = 4 : Probably none is in use, though a few have been
v made.

V. Experimental Results

In the preceding chapters we haye considered the process of
-energy. production_and its limits. We aie now prepared, when
" we know the energy output of an actual windmill, to determine
its efficiency. Unfortunately, very few reliable data are

available concerning the actual performances of windmills.
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There are two methods for determining their power:
1. By investigating windmills made for practical purposes;

3« By testing models in an artificial air stream.

Both methods have great disadvantages. By the first method,
the determination of the effective output with the usual degree
of accuracy in technical tests encounters no great difficultye.

.On the contrary, the determination of the wind velocity, on which
the attainable effective output essentially depends, encountefs
great difficulties., The possibilities of error are very great
in the measurement of wind velocities, and considerable technic-
al knowledge and experience are necessary, in order to obtain
fairly correct values. Since the energy output is proportional,
however, to the third power of the wind velocity (equation (25) ),
any error in measuring the wind velocity has a very noticeable
effect. If, for example, the wind velocity is measured only 10%
too low, the cérresponding efficiency ratio is about 37% too
high. If, however, the velocity is really twice as great as
measured, which is entirely possible with unskillful use of the
instruments, the efficiency ratio will appear to be eight times
as great as it really is. The measurement is rendered svill

more difficult by the irregularity of the wind., Most instru-
ments give the approximate mean value of the velocity, while

 for the windmill output, the third power of the velocity is de-

cisive. If, for example, the wind has velocities of four meters

_
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and eight meters per second alternatingly for equal periods, the

measuring instrument would indicate a mean of about six meters

per second. .Fromrthis we would calculate vm? = GF = 216 m®/sec3.
In reality, however, the decisive result for the output would be
vid = 5 (4% + 8%) = 288 m3/sec.3. S8ince the manufacturers have

- an interest in making their windmills appear as efficient as pos-
gible, they naturally use the best of.the various test results

in their advertising, and it thus happens that much too high per-
formances are announced in very many catalogs. Relatively good
results have recently been obtained in the Agricultural Institute
of Oxford University.*

The second method of windmill investigation, namely, experi-
mentation with models, avoids the great difficulties offered by
the natural wind by utilizing an artificially produced air stream,
whose velocity is much more conveniently and accurately deter-
mined. We must, however, accept the inaccuracies resulting from
the use of a relatively small model instead of an actual wind-
mill. It is practically impossible to imitate accurately a real
windmill with all its details, such as screws, rivet heads, etc.
Even if this were possible, the forces measured on the model P
would not correspond exactly to the ones on the full-scale wind-
‘mill, since, due to the effect of the viscosify of the air, the
law of similitude for transferring the results from the model to

the full-scale windmill is not perfectly fulfillea, especially

*"A Report on the Use of Windmills for the Generation of Electric-
ity." Clarendon Press, Oxford, 19286.
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for small parts. The errors, however, are generally small if,
.inmm§kingrth¢ model, these difficulties are avoided by omitting
the parts which are difficult to copy. Figure 8 gives some re-
sults obtained with windmill models at the G8ttingen Aerodynamic
Institute,* for a very low-speed windmill (a), an extremely high-
speed windmill (c¢), "and a modern medium type (b).

The abscissa represents the ratio %9 of the peripheral
velocity to the wind velocity, against which the above-mentioned
efficiency ratio

c; = L
l P b
P v2 DT
2 4

is plotted, As regards this efficiency ratio, we know from what
has preceded, that its theoretical 1limit is %%. In order better
to take into account the starting conditions, we have plotted,

in addition to the efficiency ratio c¢ also the torque ratio

l,
M v
Cag = = Q7 e——
17D b Y ouo
3 & 2

(M = torque of windmill = Z). It is seen that the low-speed wind-

U .
mill attains its maximum efficiency at about =2 = 0.9; the

v
medium one at about -2 = 1.5; and the high-speed one at about
T ?
20 = 3. It is also seen that the starting torque (for =2 = 0)

of the high—speed windmill is considerably smaller than that of

the low-speed windmill.

*"Eroebnisse der Aerodynamischen Versuchsanstalt zu Gottlngen,
Report III, R, Oldenbourg, Muncih, 1937,

Translation by Dwight M. Miner,
National Advisory Committee for Aeronautics.
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Fig.6 Windmill.




S
R

0
“ N.A.C.A. Technical ¥emorandum No.474 Figs.7,8,9
—FT

L g
—svy' D —>8—=v,
e e e e e —
o F e - a‘)

v‘\!‘\
; S~
/’ o
P

(o)

Fig.7(a).Flow through a wind#ill.
(b) .Course of velocity v and
of presaure p of the air
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a, Very low-spesd windmill.
b, Modern medium type windmill.
c, Extremely high-speced windmill.
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