


Lecture 4 : Existence - Uniqueness Theorem

Last Time : Slope Fields
- behavior of solution curves

This time: When can we graventee that a 1st order

initial value problem has a solution? Only
one solution

Theoremn: (Existance & Uniqueness)

x = f(y,+)consider Systos=y.

i) If f(t, y) is continuous in mighborhood (to , y .) then
a solution exists is some rectangle/t-tDCSS

ly-y/

ii) If
,

in addition
,Etyly,

t) is continuous in a neighborhood
of the point (to

,%. ) then the solution is unique

Example : Recall thatLoy has two solutions:0
y

Notice that we have fly,+) =y'3 is continuous in a

mighborhood of the point (0, 0) but 3
is not continuous

in a neighborhood of 10, 0)



Example : Consider(oYtC-sfullyt

Here f(y, +) = (y-5) In(ly-51) et is continuous

in a neighborhood of (0, 5)
- so the theorem graventees the existence

of a solution for += 0

However = +(ly5) is not continuous a

in a mighborhood of (0,5) so the theorem

does not guarantee uniqueness-

Notice that if the initial condition were different

(eg . y(0)= 1) them both parts of the theorem world

apply.

·For some easy equations
,

we can carry out

the iterations explici
·

Hy:

Example : Consider ox/** = 2t(1 + y) y(0)= 0

Here yo(t) = 0
, y,

(t) = 0 + $25, 150s = =2

y(t) = 0+ f 2s(1 + S2ds = E2 + kt4

O

8(t)= 0 + f2s(1 + sa +Es)(s = E+++yts

. Jn(t) = 0+ (2s(1 +2n- ,
(s))ds = E+ +Y+... t

=

Recall that et= 1+ ++ t+...+
We recognize that

yu (t) -> e
*

-1

Notice that if y(t):e
*

- 1
,

then E = 2te
*

= 2 t(y+)

so this is indeed a (the) solution



Example : Let's consider o t +y2
- Ey(0) = 1

Here yolf) : 1 and for 130
,yn(t) = 1+J+(yn -, <5))ds

so y,
(t) = /++ + st3

ya(t) = 1 +t ++2 +
-zt + et" +5+5+37

y(t) = 1 + t +
2

+53+ "
+555+ +

....
test'

The pattern for the coefficients is not clear
,

so it would be have

to gress a solution

How does one show the sequence converges (ingeneral) ?

Consider the map Tifunctions-> functions

that takes a functiony
to the function TCe)(t)- Tof(y(s), 3)&

The Picard sequence is yopy, = T(yc),y = T(y) = T(T(y) = +(y)

yz
=T(ya)= + 3(y) ...

yn
=TY(0)

What we show is that there is some appropriate
notion of size of a function

1lf/l and that Treduces distances

(lT(f) -T1g)1) = ellf-gI)
,

e<

Tis called a contraction

This is enough to show that yn =T(Y)
converges
If we call the limit

yo ,
then notice that

Yo
= LimT(y) = (T(TV (y)) = T(y)

So
yo is a "fixed point" of T but then



Yg(t) =T(ya)(+) =

y,
+ Sf(yg(s), 3)ds

This is just another way of writing

% =f(ya ,
t)

& Ya(t) =Yo

Historical Context : The Cycloid

·

2Ta

X(0) =a(0-sinG)

y(0) =a(l -COS(O)



Lecture6

Substitutions

= F(E) y = sin(E) +(7)2+3 + 24

use sub : v(t)= E

eX'

+
use v = E = yet
- = (t) = vt + =F()

substitute
vt+ =

+ v

f) = ↓ (separable equation (

Grov = foot F(u)

= (n(t) +C



Y
Exact Equations
↑(X

, Y) =C

&N=x+ y = 0#
= (w(y,y=Y +M(x, = 0

Mox + Ndy =0

=g(x) What if 5 A M

M= andN=
if M= and N=

=x
an

E) = the solution to the eg is

↑(X,) = C



Example
(x +3yz)y + 2xy =0

2xy0x+dy = o

u

M ~

to check if it is an exact equation

=

OM = 24
= 2x = = = 2xy

T
M T

= n = x2+3y
=

-
oox = faxy G

↑↑(x
,
) = y + f(y) => G =(+f(y) = x+3y

f =y + A = ↑(x
,
y) = Xy + y3 + A

Since M(x, Y) =c =>

M(x
, y)= X2y +y3 =c



Anotherexample
28X2x y

+yz = 0 = y + 2x0y=0

L W
I I

M ~

Me t not
exact solution

#mp Day = (in(y) -2xy)0y = 2xy-ox

2xy20x + (2x y
-sin(y))0y = 0

Li -

= 4xY
M R

=4Xy cont.



Lecture 7

Brenoulli Equation

y + 4(+)y = Q(+)ya ,

2 + 0
,

1

use v(t) = y1-a
Example :

y = E + + y

y - ty = zyz
use v =y" = y = y

y=

y = =v

vi-t=

v + tv =
- E

1st order equation for v

->M(t) = e

(e) =
-

e
**
(i)=



Suppose F(t,Y, Y ,
y") = 0 but the

equation does not explicitly have y

use v(+) =y reducible

y" =vi & equation

2nd-> Ist order

F(t
,
v
,
v]

Example: y" - Ey = th
v + Ev = E-

v(t) = y ->
M(t) = eSE Gen

= th

v= y "
tv +2 tv = t4

(vtz) =z4

VE2 =E +A

y = v = E + E

Sy = SE + E)Ot

-E
F(A

, y ,Yy") = 0
,
use viy) =y

y" = y = v(y(+)= =



Example : y" + 2 yy = 0
,
use v(e =y

v + 2yv = 0
y" =v

v =0 V 0

dV

F y + hy =0 -> Y = - 2y + v = A-yz

* = A -y ->
= 0

Slope Fields
Autonomous EQs

Population Models
Ex : P(t)

& = =P - P
=

= D(5 -p)

Po Critid= Equilibri
is

solutions

stable equilibrium-st rustable excilibrium



To visualize equilibrium

phase line

2) <%(7)

EX: 0 = P2(P-1)(P-2)

3 Equilibr
a

/ unstable

27222
I Stable

sur
O

I
t semi stable



Higher Order Linear ODEs
N

+

Order Lin :

y" + an
- , (t)y

* " + ... + a
,(t)y + any = f(t)

y(+ d) = Yo

j( =y

yn- (to) · Yn -1

Theorem of Existence and Uniqueness for a linear IVP

IfI an interval I around to where

an-1
,
Ana

,
%f are continuous

=> J one and only one solution to the IVD

over all of I

xX * xX

u

Example :

y" + =y - Ey = 0

I (s
y(1) = 0& y(1) = 1

I = (0
,

+2)



Principle of Superposition For Linear Homogeneous Equations

If y ,, Yo , ...,Yu are solutions to a In Hom Eg

=> any linear combination y = <
, Y

,

+ &Yet ...

+Cyn-1
is also a solution to the equation

Example:
1

y
-By + 2y = 0

y, = et
and
y = c

,
et +c,et is

Ya = 24t also a solution

Ei
y" -y = 4 - linear E

y +hyy =0 earnon homogenous
y = 4

Y = e
+

.

times

g are stra is notBut

y =y ,

+ye is not

Exi dimensiona 0
Try get

& perg ald-1 +# -*
in

G(x- 1) + 2 - 9 = 0

& y(1) = 0 y
'

x+
c - 1 3

22 -9 = 6

y(l) = 1 y" = x(x- 1)( +d -

2) 2 = 13

&
y, = t3

Yc= E



y = c
,
+3 + 4

C
,=, =t

y=3, 3
y = -t -t

Apply initial conditions ~
S

y(1) = 2
,

+2= 0

the solution to

y(l)
= 3

,

-3= l
the IVP

To solve an with order lin-homogenous IVP

1)Find N solutions to the equation : Y,Ya , ---, You

2) Combine linearly :

y = C
, 4

,

+Cyn +..
- +Cyn

3) Apply ICs to find theIs

Exi
y" + Hy= 0

y = c
,
Sin (2+) + (Sin (t)cos(t)

y
= Sin(2)

y = Sin (+)cos(t)
y(0) = 0 + 0 + 12

does not work

Is:

y
because sin (2t) = 2sin(t)cos(t)

Remember:

coslat) = 2 cost) -1 = cos(t) -Sin(H) =

1-sint



Linear Independence
Exam Review : Everything up until this past Friday
Findn solutions to the equation : y,2 ,

...Yn(t)
Write 2,Y ,

+ <
< Ye +... + knYn(t) = 0

· If <
, Lz = ... : An = 0 is the only choice -> y,

...Ye are linearly
independent

· IfI other choices of 2 -Y , , ..,yn are linearly dependent

Example ;

Tiet
,

e
- E

cos(t)
,

eit
,

eit #te : cos(H):
e

2
,

1 + 2
,

et + 2
,
2.

+

= 0 &,COS(t) + 2
,
ei +a = 0

Sin(t)=

e

eit= cos(t) + isin(t)

G
,

= fi = Gz = 0 &,= I ha e-it = cos(t) - isin(t)

~
~

linearly independent linearly dependent

2
,Y ,

+ x
, Yz +... + knYn(t) = 0

#

2
,Y + x

, y +... + knYn(t) = 0

i
n - 1)(

2yy ..
+ knYn(t) = 0



Y , Ya
-

Y Yalinearlyependent : (
I ,

y )() = (j)(n- 1)

det Ge to

↑ ( S
Wronskian iff J only one solution (2=G =...

= Gu =a)

y
. x = 0 w(y, . . .yn) +0 -> 2

, 2 =...2 = 0
->y...In L

.

I
.

w =-y....y LD.

Why do we care about linear independence :

Nth ord. In hom IVP

1) Find N solutions to ey
: Y, n, .... Yo

2) y = <
, y ,

+ CY +... + Enyn

3) apply initial conditions

y(to) = C
, y,
(to) + 2

,y ,

(t) +...
+ EnYultd) = Gor

y (to) =C
, y; (o) +... + CnYttol = a

, -initial>conditions

yu (to) = c
,y ,

""

(t) +... + Cry" (d) = an,



((
Example :

y" + ty' - E y = 0

ult) = z - z = + 0

y ,
= t ya=

y + an ,

( +)y"
-

+...
+a(t)y = 0

N solutions y, ,
Yo, ... Yn

calculate way ,
, ..., in)

Abel's Theorem :

W satisfies
>
WH = WH.)ess

W + An w= w(t) =0



Method of Undetermined Coefficients

· If the LHS is constant coefficients and linear

and the RHS is an exp ,
cos

,
sin

, polynomial , or a product
of these

, try a yp of the same form as the RHS plus all possible
derivatives

,
each with a coefficient

, multiply by t until you have

no duplication with ye ,
and find the Coeff

.

t ·

Ex : y" + y = e

↑
He thet et ·

A+A = 1
Yp=

Het
Y A=t

yo" = Aet
·

Ex: y + y = t

2At + 3 + At+ Bt + c = t2
->&-

yp
= At+ Bt + C↑ -MY A = 1

Yp = 2At + 1 2A+ B = 0 -> B = -2

B+ c = 0 -> c = 2

Ex y +y +y = cos(2t)

Yp = Acos(2t)+ Bsin(2+)-
-HAC-HBs-hAs + 2Bc + Ac + Bs = C

Y Cos(2t) : -HA +2B + A = 1 -3 H 2B = 1

yp = -2Asin(2t) + 2Bcos(at) I Sin (2t) : - YB-2A + B = 0 - 2A - 3B = 0

y = -4Acos(2+) - 4Bsin(at) A=5
,
B=

Y =
COS(2t) + =Sin(2t)



Ex : y -

y = et
yp

=Ae
+

+
·

·

Yp = Het -↑
Het-Act =et

·

-

y,

=y" -y= 0

↑ yp = He" +Ate +t
0 = e

-

/ #problem y = ert

yp =Aet Jp"=GAe"+ Ate"
r2 - 1 = 0

-

r = =) 2Ae*+Ate
+ At =e

+

yc = C
,
e

+
+cet:

2Ae= et
2H= 1

A =t

Ex: no duplication

y" -2y +y
=et Y

&

Yp = Het yp= He
*

+ yp
=He+C

Let's findyo first: duplicatesduplicates

y" -2y + y= 0

Seit -> g -2r + 1 =0

(r-1) = 0.
r= 1 twice

W

Yc = 2
,
et + Catet

Example: y"- y
=

cos(2t) + t2

Get
Similar

must multiply

Y: y"
-y = 0

out
r+

- r - r = 0 Yp = (Acos(2+) + Bsin(2 +1) + ((t + D++E) +e -r(r- 1) = 0

u= 0, 1
,
-1



Example : ...

= to cos (3t)

Yp
= Attcos(37) + B + sin(3t) + Ctcos(3t) + Dtsin (3t)+ Ecos(3t) + Fsin (3t)

T

An
all
possible

derivatives

Exi... = Mn(t)

Yp = Aln(H) + = + E + + ....
--

this method does not work for In.



Annihilator Method

· CHS is const coff

· RHS is Exp
,

sin
,

cos
, polynomial ,

or product of these

Ly = f(+)

1
.

Find Ye

Ly =o

y =er+ -> r = r
,

... On

y = C
,
24 +

+... +Cent

2. Find an annihilator for f(t) St.

[f=0

3. Apply I to the original eg.

[Ly =[f = 0

[Ly = 0

/

const
coefts

4
. Use -> V= r,

, . . ., Mn
,
in +,..

- -=
e

....
C

out great..
1

get rid of the ones already iny,
yp

=Her
+

+
...

+ ke*t

and find A, ...,
k



Example : y"-4y =Yet

Yc : y" - yy = 0

y =ert -> (2- 4= 0

r= 12

Y, = c
,

e2 + Ce
- 2t

Yo :

[e = o

(D-2)eat - 2cat- zc = o

↑
derivative

operator

E = (D-2)

plug into original eq :

=Yea reveis

[

(D - 2)(D2- 4)y
= (D-2)4e2

= 0

(D-2)(D2- 4)y = 0

y =ert

(r- 2)(v2 -4)et = 0

U = 2
,

2

2t

feat-at-2 C

-already have in ye

Yp = Ate -> plug into original equation

A = 1 ->
Yp = tect



y=y +yp

y = C
,

e4 + Ge -
+

+ teat

Example: y"" + y" = 3te
+

+ 2t

y =y +y = o

Yp : Stet Ypc : Gt2

[Th (2t2) = 0

y = er
+

= r" + r = 0 (D-1) +et = o

r((r+ 1) = 0 (D"+ 13)y = 3 tet (D3) (D" + D2)y = (43(2+ =
= 0

r = 0, 0
,

i (D- 1)
2

(D"+D2)y
= (D- 1) Ste = 0

y = e - rb(r" +r) = 0

y = C
,

+(t + Cz(0s(t) + cySin(t) r5(r2 + 1)

y= 2
-

- (v - 1)(r"+ ra) = 0
r= 0

,

0
,

0
,

0
,

0
,

i

(r- 1) ra(r + 1) = 0

X
, #, +2

, tt", cost)
,
sir(+)-

u = 1
,

1
,

0
,

0
,

i already inYo

et
,

tet
,
X

,
, cos(t)

,
sinct) Ypz = (t2 +DE + Ett

Yp ,

= A+ Btet

Yp = Yp ,
+ ypz - find coeft

y = Yp +y



Variation of Parameters

Ex: y" + y = (n(t) Yp = M
,

(t) <OS(t) + m(t) sin(t)

Y : y" + y = 0 Yp = Mi(+)cS - M ,
(t) sin + Mj(t) sin + M,

20s

yc
= C

,
(OS(t) + (asin(t) Mic+ s = 0

add this constraint (don't want anything higher
than 4)

Y,

"

= -mis-m,
cos + Micos - Masin

Plagi-
- Misin-mos + micOS - sin + mos + mysin = en(t)

-Mi sin + Mycos = (n(t) -> put next to constraint:

E
Micos + My sin = 0

- Misin + my cos = In(t)

sub
Mi = n ,

↳
M, = - So to - Misin - Los Mi = Mn(t)

M2 =Set Sin
M,

= S-Sindn(H) ot

↳ My = Scosln(+)Ot

plug
back
into yp

yp = -cos(t)) sin(z)1n(2)dz + sin(t)(cos(2)en(2)d

y=y,
+ yp



Laplace Transform (Note : is a linear function

because ((f) + ((g) = ((f+g)
Given f(t),

((f) = [c s +

f(t)dt

E
(11) : (

*

ot = Jet

((t) : -tot=et

((eat) : ·Estatof I t!

Leit) : str= =i

(cos(ut)+ isin (vt)) = ((c0s (vt)) + i(Sincuts)

L(f) = &* f()dt =

= e
-St f(y))a- (a) se

*
+(4)0t

=
- f(o) + s((f)

((f") = S((f) - f (0)

= S2((f) - Sf(0) - +(0)



I.V
.

P. Y= ((y)

y +3y = 0

y(0) = 2

((y + 3((y) = 0

SY -y(0) + 34 = 0

(S +3)Y -2 =0

Y = 3

y
= 2e

- 3t

-

+. &+3)
=

+ + 52 =
1

2
+B(sr+3s)+((s+3)

:

31 + C)S +(A + B) s

(S +3)s2

SY -y(0) +3Y= 3C = 1 C = 5- 3B + c = 0 B =- Ya

(S +3)sa

(b +3)Y - 2 = 5 A + 13 = 0 A = Ya

(S+3) Y = T + 2 Y = 553- g . 5 + 5 + +5

Y = jus+3)
+- =.3- 5 + 13.

y



y" -y -2y = 2et

y(0)= 3

y(0) = 4

32Y- sy(0)-y(0) - [SY -y(0)] - 24 :

(2 - s -2)Y - S3 - 4 + 3 = -

(S-2)(s+ 1)y = 3 + 3 + 1

Y= Sets++ "TE2(S1

Y = 5 + 5 +5

-Set
a

H(+ - a) = 0E
Heaviside

L(H(+-a)) =je
- as

L(f(+) H(+-a)) =5
-"

f(+ + a)



Watch Monday Lecture



Free Damped Oscillator

[Fexternal = 0) (4 > 0) If 44MK (over damped
R ,

FR LO

I 42 -4MFMx" +(X) + kx = 0

X = Aete Au Be
am-Em

X = ert
12-4· -t - t

= en(He + Be
am

Mrz + fr + k

-=- i-
-

M
,
k

,
y > 0

If Y2L4MK (underdamped)

Natural Frequency: i ) +Bin( +)X(t) = e

X

Critically Damped meand overdamped W-
look similar to the eye,
but have different numbers.

If = YMK (Critically damped
R

,

= R2

X(t) = Act +ite
Ent

-~
-



Forced Damped Oscillator.
-

sinusoidal force

MX" + Yx + kx = Fcos(wt)

X: Mx" + Yx) + kx = 0 Xp = (cos(WE) + Dsin(at) = RCOSINE-5) ; R = coway-I
Xp =

...

Xc = cut (He
++

+ Be
-+

] X =
---

&Plugina 8 = tan(*)ed

( =

(w= - wi)

(wo-was w
;D

1 = Xc + Xp =e +

(A .. + B .] + Rcos(wt - d)I
um

~
steady state

Transient

XsS
X+r

R

practical
Y Resonance

Minimal
he-

we·
complexification

Mx" + kx = Fcos(wt) -> Mx" + kx = Re(Feiwt) -> Re(Mx") + Re(kX) = Re(Fert)

E complex * = Hert
; *

"

=
-Waste int

X = Re(x)



Matrix Multiplication

AB = C
11

MXN NXIX MXP

Row-by-column

-(j - []

& (2)
Examples

F2
E

M
,

X
,

"

= - k
,
X

,

- kX
,

+ kX2 +g ,
(t)

ge M2Xc" = kX
,

- kXz - F2xz + y,
(t)

X
let Xz = Xi Xj = X

,

"

Xa(t) Xy = Xz Xi = X
,

"

= =( Xi = Xz

Xa = Xy

Xi = EX+

#I Xi =
X
- FX

X = A(+)x +g



Ex

y" + thy" +yy = cos(t)

Y ,

= y y =Ya

yn = y =y -> Yo = y

Yz = y = yj Y = - t
*

yz
- Y, Yz +CoS(+)

S= (i) E= -Y , Ya + cost
E = E(t

,1)

Theorem of Existance + Uniqueness

For GE =E(t
,
1) · If I a region around (to

,
to

y(t) = Yo ↓ Elt,1) is continuous -> a solution exists

around (to
, y .
)

· And if

... arecontinuo
sense



E y = thy,

+ Y + cos(t)

= y,

+ Sinc+)yz + Ty

↳
-4

3)(X

I= (2
, 4)

Lin Hom Syst

y = Al+)y suppose we have n-sols V
, Va, ... Ve

= () = (i)

Det (v , va ... Vr) =oin

if G(t)+ 0
,

V
,

Vz, ... Un are lin ind

if C(t) = 0
,

V
, Va, ... Un are lin dep

Abel's Theorem

= Tr(A) · ((t)-
- W(t)

= G(t-)e(T
+

- V
, Va

, ..., ve in ind

> 6 = 0
-> Y

, Va, ...,
Un him dep

-



y = Ay + f M(t) Say =①(H) =Ad

y(t) = Yo & & (0) : I

et = 1 + at+ ...

①(t) = e
+ +c eat= I+ A ++ ...

=+

t

= It

j e=Filt) = o
+

A +
A = A +AANT

↑I+ ) = Ae

A is Diagonalizable

If it has N lin
.

ind eigenvectors

9 Y
,

%3, ... In -> eigenvectors X
,
Y

,
Yz, ... In -> eigenvalues

(9
,
% .... 4)= =()

AU = Un

AUU" = UNUT

*
A = U1U" ->

given a is diagonalizable

U
+
Au =1



A= AA = Unter" = Virt

&()= et =+ v
= (t x +)y+

= e*t = d

Ex

j = Ant A = (b)
u = (+,)u =z))

X
,

= - 42 = xz = 3

(b) (i)
,

(i)
1 =(

= Let/(
etc

C
- ( G·(
-Let-i

+
+ 2 O

= $(t)
o Gest

y(t) = P(t)y.



Putzer's Algorithm
Another

way of finding the exp . of a matrix

·** is the fundamental solution matrix of Ar which : From at t= o

et = I + At+

If V
, ..., In is a complete set of eigenvectors for A W/AV = X, ,

and U = [v, ...] then A = /Ja

et= (e

Cayly-Hamilton Theorem

If A is an uxn matrix

and X
, -in is its eigenvalves

and we define

Bo = I

B
,

= A-XI

22 = (A -x2F)B
,

:

Bn = (A-YnI) Bn
-



ja-yox = -4-
①

An : ESf(x)cos(*)ox

An = 29(2-x)cos(** )ox

letnin, an

= (2 -x)(n) + C = sin(
Y

)dx
s

[(2 - x)sin() - ()cs()]
↑ [0 - Es (niT) - 0 +m)
- -

[ - EOS(nπ)]

In[1-cos(nπ) I"]) = o

(4 (3 -x) - 6 = c

An =

4[1-cos(n)]
(n+)C 12



C +
y + I >

1)

r+ r - 6 = 0

Cr yp
= Atz+ B + + c

V = -3
,

2 1 2At + B yp = 2tz + z+ 1Yo CO E/o= 0,
e

3+

+cetY- y = 2A
h

2A + 2At +B - 6Atz-bBt-6C = At-10t - 9

-Gh =12
B = 1

C = 1

y = yp +2n

y = C
,
e
*"

+Ge
* "

-Gtz + + + 1

1 = C
,

+( + 1↑ C
,

= -(a
- I

- I C

0 = c
,
e

3

- c
,
22=z + + 1

C
,

e3 = c
,

e2

C
,

= 0 ↳ =0



(D2 +x)Y

D == i

#

y = c
,
cos(vx)

y =
- c

,
xsin( x) + carXcos(MX)

R2 + 1 = 0

r= = i

Yn = C
, cos(x) + (sin(x)

20 = C,

a =
-20


