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Abstract

The number of unattributed paintings by Amedeo Modigliani is estimated, using the
method of multiple systems estimation (MSE). Most major artists’ works are listed
in one catalogue raisonné, but there are five catalogues purporting to list Modigli-
ani paintings. These can be treated as list sources from which MSE can be applied.
We obtain estimates by following the classical MSE approach using log-linear mod-
els, and compare these with estimates obtained via a Bayesian non-parametric latent
class approach. We also consider the impact of fake paintings through sensitivity
analyses. Our estimates point to there being around 20—120 unattributed Modigliani
paintings.

Keywords Multiple Systems Estimation - Capture-recapture - Amedeo Modigliani -
Catalogue Raisonné - Art history

1 Introduction

Amedeo Clemente Modigliani (1884—-1920) was an Italian painter and sculptor
considered to be one of the pioneers of modern art. His works are greatly sought
after, and have sold for over $100 million at auction. For world-renowned artists
like Modigliani, there usually exists one catalogue raisonné (CR), i.e. an exhaustive
list of all bona fide works, compiled by a leading authority. This is not the case for
Modigliani, where there are at least five CRs purporting to cover his works. These
are listed below.
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e Modigliani et son oeuvre: Etude critique et catalogue raisonné by Arthur
Pfannstiel (Pfannstiel 1956)

e  Modigliani, 1884-1920: catalogue raisonné: sa vie, son euvre complet, son art
by Joseph Lanthemann (Lanthemann 1970)
I dipinti di Modigliani by Ambrogio Ceroni (Piccioni and Ceroni 1970)
Amedeo Modigliani: catalogo generale by Osvaldo Patani (Patani 1991)
Modigliani catalogue raisonné, Tome II by Christian Parisot (Parisot 1991).

(Note: there are two further CRs currently being compiled by Marc Restellini and
Kenneth Wayne, though these have not yet been published.)

Modigliani is considered to be a problematic painter in terms of attribution of
his works. A Vanity Fair article (Esterow 2017) reported that Jean Cocteau stated
that “[Modigliani] used to hand out his drawings like some gypsy fortuneteller, giv-
ing them away”. Stewart (2005), writing in the Smithsonian Magazine, reports that
Modigliani’s landlord took paintings in lieu of rent, and used the paintings to patch
old mattresses. Biographies of Modigliani (one by his daughter) (Modigliani 1958;
Secrest 2011) state that he was impoverished all of his life, before dying at age 35,
and sold his paintings for pittances. Moreover, scientific attribution of his work is in
its infancy, with Genty-Vincent et al. (2021) stating that only two technical research
projects have been carried out on his work, and his artistic process remains largely
unknown. The potential for misattribution of his works is therefore greater than for
many artists.

Coupled with this, there is a large number of fakes which exist of Modigliani’s
works. Marc Restellini, the author of one of the new CRs being compiled, is quoted
by Esterow (2017) as saying there are at least 1000 Modigliani fakes in the world.
Esterow goes on to credit De Hory as the most prolific Modigliani forger, with de
Hory’s assistant in possession of over 300 de Horys, many in the style of Modigli-
ani. An art exhibition in Genoa’s Ducal Palace exhibited 21 Modiglianis in 2017.
The vast majority were declared to be fakes and the exhibition closed early (Serriano
2020). Similarly, three Modigliani heads found in a canal in Livorno, and exhibited,
were found to be fakes (Bellandi 2024).

A consequence of the existence of multiple CRs is that the statistical technique of
Multiple Systems Estimation (MSE) can be applied to estimate the number of unat-
tributed Modigliani works—specifically, the number of paintings. Also known as
capture-recapture, MSE is a method for estimating the size, N, of an unknown popu-
lation from at least two incomplete lists of the population’s subjects. The method has
a remarkably rich history that dates back to at least the 17th century. John Graunt
used an MSE-type approach to estimate the population of London in 1661 (see
Hald 2005); likewise Pierre-Simon Laplace used this type of approach to estimate
the population of France in 1802 (see Pollock 1991). In an ecological setting, MSE
was used by the Danish biologist C.G. Johannes Petersen—after whom the two-list
estimator is named (see Goudie and Goudie 2007)—to estimate fish populations
(Petersen 1894).
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In recent times, MSE methods have been increasingly used in epidemiological
and demographical settings to estimate the size of hard-to-reach human populations
(Bird and King 2018), such as war casualties (Manrique-Vallier et al. 2013), drug
users (King et al. 2009, 2013a, b), victims of human trafficking and modern slavery
(Cruyff et al. 2017; Silverman 2020), deaths in the European refugee and migrant
crisis (Farcomeni 2022), prevalence of air- and water-borne diseases (Bhuyan and
Chatterjee 2024), as well as census-like population estimates (Dunne and Zhang
2024). There are fewer examples of MSE being used in relation to non-living pop-
ulations, but these include estimating the number of Italian businesses (Di Cecco
et al. 2018) and the number of unused words in Shakespeare’s vocabulary (Efron
and Thisted 1976); note that this latter example uses a dataset based on frequency of
captures (see McCrea and Morgan 2014).

However, there are limitations with MSE, which has resulted in a history of con-
troversy. Fienberg (1972) noted that the standard approach, using log-linear models,
“is analogous to, and has the same dangers as, fitting an arbitrary curve to a series
of points (x, y), where x > 0, with the intention of estimating y at x = 0.”; Cormack
(1999) observed that many applications “give estimates which are not scientifically
justified by the underlying data”; and Whitehead et al. (2019) and Binette and Ste-
orts (2022) commented on its “unreliability”. Yet the redeeming feature of MSE is
that it can provide an insight into the size of a population when there are few alter-
native options available.

Given how widely forged Modigliani was, the use of MSE in this context brings
with it the unique challenge of considering fake artworks. Fakes represent false
captures (i.e. units that do not belong to the target population) and their inclusion
is an example of misclassification, which ultimately leads to over-coverage. Note
that Di Cecco et al. (2018) and Link et al. (2010) used latent class approaches when
addressing the problem of over-coverage and misclassification.

With this in mind, our main two research questions are:

1. How reliably can we estimate the number of unattributed Modigliani paintings?
2. How does the presence of fakes affect these estimates?

The remainder of this paper is structured as follows. Section 2 gives an overview of
MSE methods, with particular focus on the log-linear modelling approach. Section 3
describes the Modigliani data. Section 4 estimates the number of Modigliani works
using log-linear models, and compares these estimates with ones obtained from a
Bayesian latent class approach. In Sect. 5 we undertake sensitivity analyses to assess
the impact of fake paintings. In Sect. 6 we give some concluding remarks.
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2 The method of multiple systems estimation
2.1 The Petersen estimator for two lists

The Petersen estimator, also known as the Lincoln-Petersen estimator, is used to esti-
mate the size of a closed population from two incomplete lists of the target population’s
subjects, say, lists 1 and 2. Every subject in the population observes one of four inclu-
sion patterns: they are either included in lists 1 and 2, included in list 1 but not in 2,
included in 2 but not in 1, or included in neither 1 nor 2. Let n,,, n,q, ny; and n,, denote
the numbers belonging to these four respective categories, which can be a 2 X 2 contin-
gency table (see Table 1). The quantity of interest is n,y,, which is unobserved and often
referred to as the “dark figure” (e.g. Silverman 2020).
The Petersen estimate for the size of the total population & is given as:

(nyy +no(nyy +nyg)

ny

N=n00+n01+l’110+n” =

ey
This two-list estimator makes three key assumptions (Manrique-Vallier et al. 2013):

1. Each list is targeting the same closed population.
Each subject’s list inclusion probabilities are homogeneous (this probability can
differ between lists).

3. [Each list is independent.

2.2 The use of log-linear models

An equivalent way to obtain the estimate for n,, and hence N, is via log-linear models
(Fienberg 1972; Cormack 1989). The log-linear model, which can be represented as a
Poisson generalised linear model (GLM), is fit to the three observed counts, n;,, 1, and
Ny, 1.€.

n ~ P01sson(9,-j), where

log(6,) = j+ a1 = 1) + a1 = 1), @
The parameter y is the intercept and «; and «, are the main effects corresponding to
lists 1 and 2, respectively. The dark figure is given as 71y, = exp(/1), where /i is the
maximum likelihood estimate of u.

The use of log-linear models becomes more efficient when there are more than two
lists and closed form expressions such as that in (1) are less convenient. When there are

Table 1 The two-list case as a

) List 1 List 2
contingency table
Included Not Included
Included ny g
Not Included 1y, g
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K > 3 lists, assumptions (2) and (3) can, to a certain extent, be relaxed. The inclusion
of interaction terms introduces some heterogeneity among inclusion probabilities, i.e.
subjects’ inclusion probabilities can depend on their previous inclusion history. Never-
theless, this approach still assumes that subjects have the same probability of observing
a particular inclusion pattern.

When there are K = 5 lists, for example, the data can be expressed as a contin-
gency table with 2 = 32 cells, where all but one of the cells are observed. Follow-
ing Silverman (2020), suppose the lists are labelled 1, 2, 3, 4 and 5. We consider
each subset A of {1,2,3,4,5}, assuming that the elements in A correspond to a par-
ticular capture pattern, e.g. {1, 5} represents inclusion on lists 1 and 5 and exclusion
from lists 2, 3 and 4. There are 32 subsets which correspond to the 32 possible cap-
ture patterns.

Unlike in the two-list case, there is now a sufficient number of degrees of free-
dom to include interactions in the model. The final model typically lies somewhere
between the independence model, which includes all main effects but no interac-
tions, and the maximal model, which includes all possible interactions excluding the
highest order interaction. For the cell count corresponding to A, n,, these two mod-
els are:

Independence model:

n, ~ Poisson(d,), where

3
0800 = 5+ Y
reA
Maximal model:
n, ~ Poisson(d,), where
log(gA) = M + 2 ar + 2 ﬂrs + Z yrst + 2 grstu'

€A r,s €A r,s,t €A r,S,t,u €A

r<s r<s<t r<s<t<u
4

The parameter y is the intercept, {a,} are the main effects, {f,} are the two-way
interactions, {7, } are the three-way interactions and {¢,,,, } are the four-way interac-
tions. The dark figure is still given as exp(u).

Model selection is often based on some information criterion such as the Akaike
Information Criterion (AIC) (Akaike 1974) or the Bayesian Information Criterion
(BIC) (Schwarz 1978). Preferably, estimates are computed over a range—or even
all—possible models. The maximal model typically results in estimates with a large
amount of associated uncertainty, while the independence model is often too restric-
tive. Note, however, that all models, including the maximal model, make an iden-
tifying assumption of no-highest-order-interaction (NHOI) (Aleshin-Guendel et al.
2024).

rstu
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2.3 Review of alternative MSE approaches

Over time, alternative MSE methods have developed. Bayesian methods (see Brooks
et al. 2000; King et al. 2009) have been introduced, which provide scope for model
averaging. For example, Madigan and York (1997) introduced a Bayesian approach
which uses decomposable graphical models, and which can be implemented via
the R package dga (Johndrow et al. 2021). Moreover, the Bayesian non-parametric
latent class model (NPLCM) (Dunson and Xing 2009) can be used for MSE (Man-
rique-Vallier 2016). This model is a Dirichlet process mixture of product-Bernoulli
distributions, described through a Bayesian hierarchical model, and which uses stick
breaking priors. This approach also does not require the use of model selection; nor
does the user have to make the non-trivial decision of finding an appropriate number
latent classes. It can be implemented in the R package LCMCR (Manrique-Vallier
2021).

Models accounting for individual heterogeneity are a key branch of MSE meth-
ods, many of which evolved from ecological applications. Otis et al. (1978) intro-
duced the model class M,, which incorporates unobserved heterogeneity and cov-
ers an array of mixture models, including: finite binomial mixture models (Norris
and Pollock 1996; Pledger 2000), infinite beta-binomial mixture models (Burnham
and Rexstad 1993), normal-logistic-binomial models (Coull and Agresti 1999) and
a mixture of binomial and beta-binomial models (Morgan and Ridout 2008) (see
McCrea and Morgan (2014) for a summary of these approaches).

Recent areas of research also include dealing with: record linkage errors in MSE
datasets (Liseo and Tancredi 2011; Tancredi and Liseo 2011; Tancredi et al. 2020),
sparse datasets (Chan et al. 2021) and bootstrapping methods for computing MSE
estimates’ standard errors (Silverman et al. 2024).

3 The Modigliani data

We examine the five CRs listed in the introduction that purport to list Modigliani’s
works. We limit ourselves to estimating the number of Modigliani paintings as,
unlike drawings and sculptures, these are covered by all five CRs. The data needed
to be cross-classified, which involved establishing in which CRs each painting
appears. Although incomplete, the Secret Modigliani (2023) website has cross-clas-
sified a sizeable number of Modigliani’s paintings, while also helpfully providing
catalogue reference numbers. This cross-classification was completed by physically
going through the CRs and obtaining the required information.

There were several challenges when undertaking the cross-classification. Firstly,
the CR by Pfannstiel (A) includes a description but not an image for every work,
making it difficult to match paintings to descriptions. Secondly, it is not always
straightforward to distinguish between a painting and a drawing, e.g. some works
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classified as a painting by Patani (D) are classified as a drawing by Parisot (E). The
upshot is that there is the potential for human errors within the dataset.

We have some reservations about the quality of the Pfannstiel and Lanthemann
lists. In addition to the lack of images in the Pfannstiel CR, the Lanthemann CR
includes 64 paintings that are not included on any of the other CRs. These are also
the oldest two CRs. We therefore consider versions of the data where these CRs are
discounted in turn. That is, we consider (i) the full 5-list data, (ii) 4-list data with

Table 2 The full 5-list dataset Pfannstiel ~ Lanthemann  Ceroni  Parisot  Patani  Count

* 23

*

* *
[SS I
~ B

* 1
* * 2
% % 3
* * * 3
* 5
* * 0
® ® 3
* ® * 5
® * ® 5
* * * 33
* * * * 34
* 10
* * 0
® * 3
* * * 1
* * 0
* * * 0
* * * 0
* * * * 6
# * 2
* * * 0
* * * 4
* * * * 0
® ® ® 2
* * * * 0
* ® * ® 28
® * ® ® ® 181
Total 488

The character * denotes inclusion, e.g. the top row gives the number
of paintings (23) included in Pfannstiel only
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Table 3 For the models with the lowest AIC, the estimates obtained when the standard log-linear model
approach is used

CRs Model with lowest AIC Est. for dark 95% C.I.
figure

5-list data [ABC, ABD, ABE, ACD, ADE, BCE] 648 (82, 1702)

4-list data, exc. Pfann [BCD, CE, DE] 56 0, 119)

4-list data, exc. Lanth [ACD, CE, DE] 82 (0, 168)

Table 4 For the models with the lowest BIC, the estimates obtained when the standard log-linear model
approach is used

CRs Model with lowest BIC Est. for dark figure  95% C.L
5-list data [ABD, ACD, BC, BE, DE] 111 (28, 195)
4-list data, exc. Pfann [BCD, CE, DE] 56 0, 119)
4-list data, exc. Lanth [ACD, CE, DE] 82 (0, 168)

Pfannstiel omitted and (iii) 4-list data with Lanthemann omitted. (The other two ver-
sions can be obtained by removing/combining relevant rows.)

The number of paintings included in each CR are: Pfannstiel, 314; Lanthe-
mann, 424; Ceroni, 332; Parisot, 239; and Patani, 336. These totals differ slightly
from the totals quoted in the CRs themselves, since we consider only paintings.
The number of unique paintings is 488. The full 5-list dataset is given in Table 2.

4 Estimating the number of Modigliani paintings
4.1 Log-linear models

We first obtain estimates via the standard MSE approach of using log-linear mod-
els. Hierarchical log-linear models can be described using the [-] notation, e.g.
[ACD, CE, DE] refers to the model with the three-way interaction A:C:D, the two-
way interactions A:C, A:D, C:D, C:E, D:E and all main effects (whenever a three-
way interaction is included, all two-way interactions relating to those variables are
also included).

Rather than using some model selection routine (e.g. forward or backward selec-
tion), we compare estimates over all possible hierarchical log-linear models up to
order 3 (i.e. we do not consider four-way interactions). This can be carried out via
the closedpMS routine in the Recapture package (Baillargeon et al. 2007; Rivest
and Baillargeon 2022) in R. Log-linear models can suffer from issues of non-exist-
ence (Fienberg et al. 2012); while this specific application is not particularly ham-
pered by such issues, some of the models that include higher-order interactions do
trigger warning messages, hence the exclusion of four-way interactions.
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Fig. 1 Estimates for the number of unattributed Modigliani paintings estimated from all hierarchical log-
linear models models of order 2 (left) and order 3 (right). We also look at three different versions of the
Modigliani data

The estimates for the “dark figure”, i.e. the number of unattributed Modigli-
ani paintings, are given in the boxplots in Fig. 1 (note, these boxplots, as with the
boxplots given later in the paper, have been truncated above to improve readability).
We distinguish between estimates obtained from models where only two-way inter-
actions are considered (order 2) and where two- and three-way interactions are con-
sidered (order 3). For the three versions of the data, all median estimates are below
80. There is little to separate the results using the versions of the data where the
Pfannstiel and Lanthemann CRs omitted (blue and green boxplots, respectively), but
the median and upper quartile are noticeably larger when considering the full 5-list
version (orange boxplots), especially when considering three-way interactions, e.g.
the upper quartile nearly reaches 200.

In Fig. 2 we plot estimates (for the number of unattributed paintings) against AIC
(top plot) and BIC (bottom plot). Interestingly, in general it seems that the models
with lower AIC and BIC values produce larger estimates. In Tables 3 and 4, we
explicitly give the models (i.e. the interactions included) for the models with the
lowest AIC and BIC values and their corresponding estimates. We also give the cor-
responding Wald confidence intervals for these estimates; MSE confidence intervals
should be taken lightly, especially when model selection has taken place (Regal and
Hook 1991; Whitehead et al. 2019). The estimates obtained from the models with
the lowest AIC and BIC values (when using the full 5-list data)—which are 648 and
111, respectively—highlight one of the problems with MSE: estimates can differ
wildly with hardly any difference in model-fit.
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Fig.2 The estimates for the number of unattributed Modigliani paintings plotted against AIC (top plot)

and BIC (bottom plot)

Table 5 The median estimates
for the number of unattributed
Modigliani paintings (the dark
figure) and their 95% credible
intervals when the NPLCM
approach is used

4.2 Bayesian non-parametric latent class model

CRs Post. Median Est. for 95% Cred. 1.
dark figure

5-list data 23 (47, 85)

4-list data, exc. Pfann 70 (46, 108)

4-list data, exc. Lanth 111 (87, 149)

We also obtain estimates via the Bayesian NPLCM approach. We use the 1cmCR
function in the LCMCR R package (Manrique-Vallier 2021). We use the default
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settings, except for thinning increased to 100, e.g. we use the default settings for
the hyperparameters of the stick-breaking process (a_alpha=b alpha=0.25).
The results are given in Table 5. These posterior median estimates range from 23
when considering the full 5-list version of the data, to 111 when considering the ver-
sion of the data that excludes Lanthemann.

It is worth noting that all log-linear models, even when the maximal model is
used, are making some kind of identifying assumption. For example, suppose that
the all two-way interaction log-linear model is used. As the interaction terms in
this model can be interpreted as conditional log-odds ratios, the model is assum-
ing that these odds ratios are unaffected by a third variable. With this NPLCM
approach, no such assumption is made, and hence the fact that the results for the
4-list versions of the data are broadly similar from the two approaches provides
some reassurance.

5 Sensitivity analysis to assess the impact of fake paintings

Up to now we have implicitly made a key assumption: that all paintings included in
each CR are genuine works by Modigliani, i.e. fakes have not been considered. We
can assess the impact of fake paintings through sensitivity analyses. We construct
various scenarios as to which paintings—and what proportion of paintings—could
be fakes. In Scenario 1, we suppose that all paintings have the same probability of
being a fake. In Scenario 2, we suppose that paintings appearing in only one CR
could be a fake. In Scenario 3, we suppose that paintings appearing in the Lanthe-
mann CR only could be fake.

5.1 Scenario 1: constant probabilities of being fake

In this first scenario, we suppose that any painting (i.e. a painting appearing in at
least one of the CRs) could be a fake. From a practical perspective, a fake is a paint-
ing that should be removed from the dataset. Essentially, in this first scenario we
randomly remove a proportion, 7,, of paintings from the dataset. We consider five
values of 7;: 0, 0.05, 0.1, 0.25 and 0.5.

As previous, we then fit the log-linear MSE models to the datasets with these
fakes removed and assess how this affects the resulting estimates for the number of
unattributed Modigliani paintings. We consider all possible models of order 3.

The results are given in Fig. 3. Focusing first on the “All CRs” version of the data
(orange boxplots), there is a downward trend in the estimates as 7, increases. For
example, the median estimate goes down from roughly 70 when 7; = 0 to 20 when
7, = 0.5. The results from the versions of the data with Pfannstiel and Lanthemann
excluded are somewhat surprising (light blue and green boxplots, respectively): the
median, lower quartile and upper quartile estimates take almost a negative-parabola
shape, i.e. they initially increase as 7, increases before beginning to fall again.
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Fig.4 Scenario 2: The effect of fakes on the estimates when only paintings appearing in one of the CRs
have a non-zero probability of being fake
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5.2 Scenario 2: only fakes when a painting appearsin 1 CR

In this second scenario, we suppose that any painting that appears in two or more
CRs is always genuine (i.e. zero probability of being a fake) and that only paintings
appearing in one (and only one) CR have a non-zero probability of being a fake. In
this instance, 7, gives the proportion of fakes among paintings appearing in just one
CR.

The results are given in Fig. 4. In general, the estimates show a downward trend
as 1, increases. For example, considering the “All CRs” case, there is a slight but
steady fall in the median estimate as 7, increases and a more noticeable fall in the
upper quartile estimate.

5.3 Scenario 3: the effect of fakes in Lanthemann

In this third scenario, we suppose that paintings appearing in Lanthemann only
(of which there are 64) could be fake. Hence, in this instance, 75 gives the propor-
tion of fakes among paintings appearing in Lanthemann only. The version of the
CRs where Lanthemann is omitted is not relevant in this scenario. The results are
given in Fig. 5. For both versions of the data, there is hardly any change in the
estimates as 75 increases.

300+ o
N l:
[ ]
° b *
N T T
o 200- $
2 i
CU L]
£ - L _ . E3 AllCRs
» E E3 Pfannstiel excluded
W 100-
N o TE

0 005 01 025 05
13

Fig.5 Scenario 3: The effect of fakes on the estimate for the number of unattributed paintings when
paintings appearing in just one of the CRs have a probability of 7 of being fake
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5.4 Summary of sensitivity analyses

The results from these sensitivity analyses, in a sense, provide reassurance to
the possible effect of fakes and hence the validity of the estimates obtained in
Sect. 4. Particularly in Scenarios 2 and 3, there is no nasty impact on estimates
when fakes are introduced. In fact, in these scenarios, making an assumption of
no fakes is essentially providing an upper bound on the number of unattributed
paintings, i.e. estimates for the dark figure tend to reduce as the number of fakes
increases. Scenario 1 is a little more complicated and is perhaps an area for fur-
ther research. It clearly shows that estimates increase—at least, initially—as fakes
are assumed. Yet, it is arguably also the least likeliest of the three scenarios con-
sidered, as fakes are arguably less likely among paintings that have been verified
by multiple experts.

6 Discussion

In this paper we have focused on the use of MSE to obtain estimates for the num-
ber of unattributed Modigliani paintings, for which a figure of between 20 and 120
seems reasonable. This estimate could potentially be further improved through the
inclusion of covariate information, e.g. the year of the painting, its provenance, etc,
which would allow observed heterogeneity models to be fit (McCrea and Morgan
2014).

In specific relation to Modigliani, it is important to be aware of the existence of
fakes. The sensitivity analysis results in Sect. 5 show that, in some scenarios, we can
almost predict the effect that fake paintings will have on estimates, i.e. the presence
of fakes tends to reduce the size of the estimates. The assumption of no fakes in
these scenarios, therefore, is effectively leading to an upper bound for the number of
paintings.

To conclude, not only is it rare that a problem in art history can be addressed by
a statistical approach, it is rare that datasets can be obtained directly from literature.
Although there are few instances of a major artist like Modigliani having as many as
five CRs, there are instances of artists having more than one CR (e.g. Renoir). There
is scope, therefore, to apply this same method to other artists’ CRs and hence obtain
similar estimates for the number of unattributed works.
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