

















































































AVERAGE CROSSCAP NUMBER

OF A 2 BRIDGE KNOT

THOMAS KINDRED WAKE FOREST UNIV
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PROLOGUE EVERY RATIONAL NUMBER CAN BE

EXPRESSED AS A CONTINUED FRAITION

or

a.tk
Far

depthwhere do ARE 2

QUESTION Given what is the smallest depth

among all of its continued fraition representations




















































































NOTATION

ADDITIVE FORM S BTRAITIVE FORM

am and
a Elbit libel bi

Igazt
i

BUT WE SAN DISTRIBUTE s so WHO CARES




















































































NOTATION

ADDITIVE FORM S BTRAITIVE FORM

air are
I

a Elbit libel bi
g

Iazt
i

BUT WE SAN DISTRIBUTE s so WHO CARES

FAT Given ocF l expressions air ar b be

in WHITH ALL Ai bi 22 and k is odd

MOREOVER GIVEN these expressions reversing them give

an a be bi

WHERE P PE 1 mod q




















































































OUTLINE

BAIKGRO ND

Q 0 2 BRIDGE KNOTS LINKS

KPIs
UNORIENTED genes crosscap number

Hatcher Thurston surfaces as states_ faces

2 UNORIENTED GENUS K AND

AVERAGE UNORIENTED GENUS F C

3 CROSSCAP NUMBER KE AND

AVERAGE CROSSCAP NUMBER J C




















































































I

0 2 BRIDGE LINKS

GIVEN OCEC 1

Use the division algorithm and 91 9k 1,9k 9n 9k 1,9kt

To WRITE air are WHERE k is odd and all Ai

THEN Key is NOTE THIS DIAGRAM

IS ALTERNATING BECAUSE

THE NESTED C'S ALL 9 21

PLAT CLOSURE pOF THE BRAID

r.at ttiat aan

any




















































































2 BRIDGE LINKS Q 0

THE DOUBLE BRANCHED COVER OF 53 W branch set

any 2 bridge link K is a lens space p g

THE CLASSIFICATION of LENS Spacer

Fact pig pig q g AND p p medal
homeot

TELLS US THAT THE MAPPING KN
is WELL DEFINED UP TO

HIM SCH BERT 54 KE AND KPJ ARE ISOTOPIC

OR
Key is ISOTOPIC TO ITS MIRROR IMAGE p 1 modg

al Ak is a

palindrome




















































































DEFNS A SPANNING SURFACE FOR A KNOT OR LINK KCS

is A CONNECTED SURFACE FCS WITH 2F K

is romplexityβ F RANK H Fl of holes inF of cuts that reduce F to a ha

THE UNORIENTED GENUS K AND CROSS AP NUMBER J K ARE

P K MIN B F F is A SPANNING SURFACE FORK

K MIN β F F is a t sided spanningsurface for K




















































































DEFNS A SPANNING SURFACE FOR A KNOT OR LINK KCS

is A CONNECTED SURFACE FCS WITH 2F K

is romplexityβ F RANK H Fl of holes inF of cuts that reduce F to a ha

THE UNORIENTED GENUS K AND CROSS AP NUMBER J K ARE

P K MIN B F F is A SPANNING SURFACE FORK

K MIN β F F is a t sided spanningsurface for K

FACT Every link satisfies 8cL FCL MIL I

REASON Even if every surface F realizing L is 2 sided
we can make any such F 1 sidedbyattaching a singleEQ

going gasat
M Cha p 2 β 3

Mda
8 3




















































































GIVEN 0 8741 HATCHER THURSTON DES RIBE A CORRESPONDENT

OBTRASTIVE CONTINUED FRACTION ESSENTIAL
REPRESENTATIONS big be SPANNING S RFACES

or bi be each Ibilz2 F For Kplg
UNDER WHICH

THE DEPTH of b be or I bi be equals β F

Ex 2 3,4 w Fastasketterflfffifftiffffly Upshot The smallest

DEPTH AMONG ALL IONTINUED
ÉF
ffifftffgffffff

reaction representations

of Plq equals M Kplg




















































































Q HOW TO FIND UNORIENTED GEN S F Kpig

PTION Apply earlier results of Hatcher Thurston Hirasawa Teragait
or Hoste Shanahan Vancott

Q WHAT IF WE ALSO WANT TO FIND THE AVERAGE UNORIENTED

GENUS TCC AMONG ALL 2 BRIDGE C CROSSING KNOTS




















































































Q HOW TO FIND UNORIENTED GEN S F Kpig

PTION Apply earlier results of Hatcher Thurston Hirasawa Teragait
or Hoste Shanahan Vancott

Q WHAT IF WE ALSO WANT TO FIND THE AVERAGE UNORIENTED

GENUS TCC AMONG ALL 2 BRIDGE C CROSSING KNOTS

DEA USE PROPERTIES OF ALTERNATING LINKS TO GET A NEW

FORMULA FOR Kpig one WELL S TED For Recursion

VENTUALLY THIS WILL LEAD TO

THEOREM THE AVERAGE UNORIENTED GENUS TIC AND AVERAGE CROSSCAP

N MBER JCI AMONG ALL C CROSSING 2 BRIDGE KNOTS SATISFY

Fcc E c Jcc c Ezle
WHERE E IC 10 AND 2 SO AS C 70




































































STATE SURFACES

LINK
DIAGRAM D

I
LAUFFMAN

XSTATE

TATE SURFACE FX
w state graph Gx

FAST If a diagram D has crossings and a state X of D has

1 1 state circles there its state surface Fx satisfies

β Fx Itc 1 1



WE APPLY RESULTS OF ADAMS K ABOUT ALTERNATING LINKS TO

IND SURFACES REALIZING THE UNORIENTED GENUS Kpa

sff
EIEE.tt tii'ftp.iiiliiiiiiii.ioii.isor.iooI

PROCEDURE ADAMS K SMOOTH AROUND A I GON IF THERE IS ONE

1

2,1219
IF NOT SMOOTH AROUND A BIGON

REPEAT

THEOREM ADAMS K The resulting surface F always

realized moriented gen s β F EMCK



RECALL HATCHER THURSTON

SURFACES ARE PLUMBINGS

www.msn.ms ff
eaidaofe

df.IRfiodf
FaFaFffFI.ITt77

ggfmmmaa111

11Eg
EaEII.fiiooheTref mi Fitttiitiitifoolery



RECALL HATCHER THURSTON PLUMBING

SURFACES ARE PLUMBINGS

annulimonsanos
Fseehee.fifkffh
sF
dlFFFoFtlod.FIfFIFFTI

fjagjffffggfqamff.FI6
iI.it
keIitiÉfiÉfgoo

g mi Tripitkalidiosatory

OBS ALL HATCHER THURSTON SURFACES OF Kplg CAN BE

REALIZED AS STATE S RFACES OF A SINGLE ALTERNATING DIAGRAM

YPICAL BUILDING BLOCKS

PLUMBING

SQUARES



EXAMPLES OF HATCHER THIRSTON H T S RFACES AS STATE S RFACE

all even

THE H T SURFACE 4,4 4 4,4 6 IS AN ALGORITHMIC SEIFERT SURFA

2 SIDED



EXAMPLES OF HATCHER THIRSTON H T S RFACES AS STATE S RFACE

all even

THE H T SURFACE 4,4 4 4,4 6 IS AN ALGORITHMIC SEIFERT SURFA

2 SIDED

THE HTSURFACEFORTHEPOSITIVESUBTRACTIVE FORM 4,4 2 2,3
IS A CHECKERBOARD SURFACE FOR A KNOT DIAGRAM D

WHEREAS THE ADDITIVE FORM 3 1121312 DESCRIBES

D via THE BRAID J J2 t T 3J



2
THEOREM IF A DIAGRAM D OF A 2 BRIDGE KNOT OR

LINK K CORRESPONDS TO THE POSITIVE SUBTRACTIVE CONTINUED

Fraction b be THEN K W Z WHERE

W i b 23 of strings of 2s in bi bk

Z of TIMES 2,313 3,2 appears in be bk

Tuastone
EXAMPLE

y 4 I 3 6 22222T
D



THEOREM IF A DIAGRAM D OF A 2 BRIDGE KNOT OR
2

LINK K CORRESPONDS TO THE POSITIVE SUBTRACTIVE CONTINUED

Fraction b be THEN K W Z WHERE

W i b 23 of strings of 2s in bi bk

Z of Times 2,313 13,2 appears in bi bk

Tuastone
EXAMPLE

y 4 3 6 22222T
I grammymmammammammammamMamma MakeMMMMMMGEMhhhp.it7 Emminultmmimmm.am mammammammammamm



THEOREM IF A DIAGRAM D OF A 2 BRIDGE KNOT OR
2

LINK K CORRESPONDS TO THE POSITIVE SUBTRACTIVE CONTINUED

Fraction b be THEN K W Z WHERE

W i b 23 of strings of 2s in bi bk

Z of Times 2,313 13,2 appears in bi bk

Tastone
EXAMPLE

y 4 3 6 22222T

immommmanathmammamarastateBit 7 animation www.mmiammmmmimmmmmmm in

ez we ammonahanammammammamMathematiamana Matamata.EUhEmamaaullimmnanmmmmMmmmm ammammamm
DEA of PROOF by induction on k



KIT TO compute AVERAGE UNORIENTED GEN S WE DENOTE

Kc c crossing 2 bridge knots where nonisotopic mirror images

are considered distinct

KC a bi bad 2h kt kt all bizz Keb ba
E Ke

É1ÉPCcl
palindromic bi b E Kic

232 1 c even

EN For czy ke kin 1kcal
2

3 mody

ERNST SUMNERS 2
2 2 17 2 2 c 3 mod4
3



KIT TO compute AVERAGE UNORIENTED GEN S WE DENOTE

Kc c crossing 2 bridge knots where nonisotopic mirror images

are considered distinct

a bi bad 2h kt kt all bizz Kes ba
E Ke

KPCal palindromic bi bn E Kic

232 1 c even

EN For czy ke kin 1kcal
2

3 mody

ERNST SUMNERS 2
2 2 17 2 2 c 3 mod4

Also DENOTING 3

WC EY kiss Z a Ek kiss

WE Epi kiss Z a Ep kiss
WE HAVE

Fca iEÉk Efik 2114 wca zcatwecal ze.ca



Q How To compute Wcc Eca WPCal Zeces

sketch for Wca others are similar
K2CC17WKgs

PARTITION KCC kzzcmwkgzenwkzc.twKyell and

establish a bijection g firfarfs fy Kcc Kcs 2 u Ket n u ka z

Kazan keen kzen Kye
EKI 2 ek c 1 ekg c

l e ka

Use g to get a recursion of the form WCC WCC 1 2WCC 21 Dw

where Dw comes from the ways that g changes w

Solve the recursion using initial values



THIS APPROACH REVEALS THAT WP c O ZP a when c seven

and writing d YIELDS THE FOLLOWING FORMULAS

Wormwood

feeble b

for odd2211
for odd

THEOREM LET 1211 AND WRITE D THEN THE AVERAGE

UNORIENTED GENUS AMONG ALL C CROSSING 2 BRIDGE KNOTS IS

c E.CC

m

WHERE a

since E.sc o as can Ted as c o



TO DETERMINE WHETHER THE CROSS AP NUMBER 3

Kpis is Kpis or F Kpig 1 we prom

THEOREM SUPPOSE THAT A DIAGRAM D OF A 2 BRIDGE KNOT OR

LINK K CORRESPONDS TO THE ALL EVEN SUBTRACTIVE CONTINUE

Fraction e er AND ACS ME THAT D HAS MORE

THAN TWO CROSSINGS THEN TFAE

1 D HAS A UNIQUE MINIMAL COMPLEXITY STATE SURFACE FX
AND Fx is 2 SIDED

2 8 4 P L 1
3 Each lei 24

WE ALSO PROVE A RELATED

THEOREM ABOUT ALTERNATING

LINKS in GENERAL IN ONE
DIRECTION THE IDEA IS



TO COMPUTE AVERAGE CROSSCAP NUMBER WE DENOTE
2
component

Kc c crossing 2 bridge knots he c crossing 2 bridge links

e emdtaxt.net all ek4 Keen eu EE
al KECs LED Δ c Kecast LECcsl.co KECssl t lEcaltsll



TO COMPUTE AVERAGE IROSSCAP NUMBER WE DENOTE

Kc c crossing 2 bridge knots Le c crossing 2
briigti.it

e end text heat all 9124 Keen ea EE
al KECs LED Δ c Kecast LECcsl.co KECssl t lEcaltsll

PARTITION KECa KE C WKEC 1 AND a LE c WLFCal AND DEFIN

fk KÉCil KE c 2 9k Ki 11 11 3 WECs 4

FL i c 2 GL 14111 1 11 3 Uk a 4

ED.IT iI
ED

GETRECURSIONS Eca Ela 21 IEC 31 EC 4 1

AND Aral Δ1 21 Δ 1 31 Δ 1 4



c Recursions Eca Ela 21 Eci 31 Eci a and Δcd Δ1 21 Sci 31 sci 4

AVE CHARACTERISTIC POLYNOMIALS X4_X2 X 1 1
3 x2 1

AND Y Y Y 1 1 43 42 1

WHOSE ROOTS XI AND Y WE AN WRITE IN TERMS OF

α 29 3593 w e and β
3 25 369

1 1 xz 1 2 2 1 1.5 X3 1 2W 2 w
1

2 7 xy x ̅

g 1,92 3 1 1 β
1 7.8 y3 1 Bw β w 2.8 7i guys



e Recursions Eca Ela 21 Eci 31 Eci a and Δcd Δ1 21 Dc 31 sci 4

AVE CHARACTERISTIC POLYNOMIALS X4 x2 x 1 1
3 x2 1

AND Y Y Y 1 1 43 42 1

WHOSE ROOTS XI AND Y WE AN WRITE IN TERMS OF

α 29 3593 w e and β
3 25 369

1 1 xz 1 2 2 1 1.5 X3 1 2W 2 w
1

2 7 xy x ̅

y 1,92 3 1 1 β
1 7.8 y3 1 Bw β w 2.8 7i yy ys

WE CAN THEN WRITE IEC'll a uzXÉ us 3 my f 4

AND Δ C V y Vaya v3 y3 vyyy

x x y
n'that values

y g

HERE BYCramer's rule U v 2

i t.int
iii i

no Likewise ue 7 us 3 It Yi tEs.va c 1 vse s li ry t



AFTER SIMILARLY ACCOUNTING FOR PALINDROMES WE OBTAIN

THEOREM FOR C27 THE NUMBER OF C IROSSING 2 BRIDGE

KNOTS K WITH OCK MCKITI RATHER THAN 81K M K is

no

WHERE THE Ui Vi Xi AND YI ARE FROM THE LAST SLIDE

ERGO WITH
THERME

SAME VALUES AND DENOTING d

THEOREM THE portion all of a trossing 2 bridge knots wit

K MCKITI is

IN PART TULAR Ez c 0 AS 0



IN S MMARY

THEOREM THE AVERAGE UNORIENTED GENUS TIC AND AVERAGE CROSSCAP

N MBER JCI AMONG ALL C CROSSING 2 BRIDGE KNOTS SATISFY

Fcc E c Jcc c Ezle
WHERE E IC 10 AND 2 SO AS C 70

THANKS


