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8.4 Extensions to the Basic Turing Machine

In this section we shall see certain computer models that are related to Turiy
machines and have the same language-recognizing power as the basic modg] of 5
TM with which we have been working: One of these, the multitapé Turing magchip,
is important because it is much easier to see how a multitape.TM can Simulaté
real computers (or other kinds of Turing machines), compared with the single;tape
model we have been studying. Yet the extra tapes add no_power to the model, a5
far as the ability to.accept languages is concerned. :

We then consider the nondeterministic Turing machine; an extension of the

basic model that is allowed to make any of a finite set of choices of move iy 4
~ given situation. This extension also makes “programming” Turing machines easier
in some circumstances,.but adds no language-defining power to the basic model,

8.4.1 Multitape Turing Machines

A multitape TM is as suggested by Fig. 8:16. The device has a finite control (state),
and some finite number of tapes. Each tape is divided into cells, and each cell can
‘hold any symbol of the finite. tape.alphabet. As in the single-tape TM, the set of
tape symbols includes a blank, and has a subset called the input symbols, of which
the blank is not a member. The set of states includes an initial state and some
accepting states. Initially: | |

- 1. The iriput, a ﬁnlte séquehce of 'ihpii‘t:'"symbols, isvplacedVOn the first tape.

2. All other cells of all the tapes hdld the blank.

M.Anupama




a1y

Figure 8.16: A multitape Turing machine |

3, The finite control is in the initial state,
4. The head of the first tape is at the left end of the input.

5. All other tape heads are at some arbitrary cell. Since tapes other than tt
fir.st‘..tape are completely blank, it doesaot matter where the llt’“ld ls ] l:;
initially; all cells of these tapes “look™ the same. Sl e

A move of the multitape TM depends on-the state and the symbol scanned by
each of the tape heads. In one move; the multitape TM does the following:
- o.

1. The control enters a new:state, which could be the same as the previbus

state.

2 c

On each tape, amew tape symbol is written on the cell scanned. Any of these
symbols may be:the same as the symbol previously there. >

which can, be either. left, right, or

3. Each of the tape heads .makes a move,
so different heads -may move in

‘ S'fational‘y- The heads move independently,
| dlﬁerQnt directions, and some may not move at all.
fOrx::E ;hall'th-giv? the formal notation of transition rules, v(_'h'ose forr_ii ‘ibs a gtraight-'
i now_QEHG_:allzatlolI of the notation for the one-tape TM, except @ha? d,ll'(’,CtvlfOI.lS
ot allg ndicated by a choice of L, R, or S. For the (?neftape n;qcl}llle,'yw'e did
bl gV the h_eacll to remain stationary, SO the 5 opt_lop was x}ot pre?ell.t. _me
of the e able tc_; imagine an appropriate notation for {¥1stztn.t311e()lls'de;;rlpvtlul)ln's
Multitgonﬁgu-r.atlon of a multitape TM: we shall not give this n.c')tatlvo'n. -‘(-)r;n;‘iﬁ};
statg, i ,T.'-“_rl_ng }}1ac11i11es, like one-tape TM,S’: accept 1‘)y entering B awp z,
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' as having 2k tracks. Half these tracks hold the tapes of M, and the

0y

3.4.2 Equivalence of One-Tape and Multitape TM

Recall that the recursively enum'erable lan,guages QI'CI;ICﬁned to he thoge |,

by a one-tape TM. Surely, nmlt;l.tape Tll\/I S acc;;;\/tl aH the rec‘lrSiVely Om?ccepted

languages, since a one-tape TM s a mu titape - However, are the, mera’})lp

that are not recursively enumerable, yet are.accepted b}.' multitape T ar,l%llag(:;

answer is “no,” and we prove this fact by showing how to simulate a multit; ? ‘The
e TI\«

by a one-tape TM. - :

8.9: Every language accepted by a multitape T i fox

Theorem _
u e

enumerable.

PROOF: The proof is suggested by Fig. 8.17. Suppose language [, is

: ac
a k-tape TM M. We simulate M with a one-tape TM N whose tape Cepteq

" i
ther ha]f of
ead fOr the
= 2. T,
Pes of )
POsitiop oy

the tracks each hold only a single marker that indicates where the },
corresponding tape of M is currently located. Figure 8.17 assumeg

second and fourth tracks hold the contents of the first and seconq t,
track 1 holds the position of the head of tape 1, and track 3 holds the

the second tape head.

\ X )
Al A2 Ai Aj
| IE:

Figure 8.17: Simulation of a two-tape Turing machine by a one-tape Turing machine,

To six?lulate amove of M, N’s head must visit the k head markers. So that N not
get 'los't, it must remember how many head markers are to its left at all times; that
cm:int is :stored as a component of N’s finite coht_;roi; After visiting each head marke
:: eStom‘;)g the_scan'ned symbol in a component of its finite control, N knows what

111)' symbols are being scanned by each of M’s heads. N also knows the state of M,
w 1}:51 it stores. in N’s own finite control. Thys, N knows what move M will make.
or right, if neces,ng € corresponding tapes of M, and moves the head markers lf3te
control ’At thi Sarty. Finally, N' changes the state of M as recorded-in its OW! find

¢ 18 pomnt, N has simulated one move of M.

- |
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8.4.3 Running Time and the Many-Tapes-to-One
Construction

Let us now introduce a concept that will become quite important later: the “time
complexity” or “running time” of a Turing machine. we say the running time of TM
M on input w is the number of steps that M makes before halting. If M doesn’t
halt on w, then the running time of M on w is infinite. The time complezity of TM
M is the function T'(n) that is the maximum, over all inputs w, of length 7, of the
running time of M on w. For Turing machines that do not halt on all inputs, T(n)
- may be'infinite for some or even all n. However, weshall pay special attention to
TM's that do halt on all inputs, and in particular, those"that have a polynomial
' time complexity T'(n); Section 10.1 initiates this study. il
The construction of Theorem 8.9 seems clumsy: In fact, the constructed one-
tape TM may take much more running time than the multitape TM. Howgver,
; the amounts of time taken by the two 'Turling machines are commensurate 1n a
weak sense: the one-tape TM takes. time that is no more than the _squa.re_of the
time taken by the other. While “squaring” is not a very strong guarantee, it does
Preserve polynomial runnifig time. We shall see in Chapter 10 that:

d higher growth rates in runnin'g
lve by computer and what is

- MAwpama

8) The difference between polynomial time an
fsime is really the divide between what we can S0
In practice not solvable.




. ) B
b) ljegbite extensive research, the 1‘1111;1in.g}t‘i111e Ileedecll to so.lve ¥ prgh
has not been resolved closer than to within solme Polynomial, Thuys, . lr
tion of whether we are using 2 one-tape or mu titape TM to solyq the py Ges,
is not crucial when we examine the running time needed to soJyq Aty leem

problem.

mes of the one-tape and multitape TM's oy

The argument that the running 2 iy

a square of each other is as follows.

Theorem 8.10: The time taken by the one-tape TM N of Theorem 8.9

is O(r t0 sty
n moves of the k-tape TM M is O(nz) ate

PROOF: After n moves of M, the tape head markers cannot have Separateq by -

than 2n cells. Thus, if M starts at the leftmost marker, it has to move pq "y thoare
o cells right, to find all the head markers. It can then make an excursiop leftwardn
charigillg the contents of the simulated tapes of M, and moving head markers left’
or right as needed. Doing so requires no more than 2n moves left, plus at most 9k

_moves to reverse direction and write a marker X in the cell to the right (in the case
that a tape head of M moves right). |

_ Thus, the number of moves by N needed to simulate one of the first n moves i
no more than 4n + 2k. Since k is a constant, independent of the number of moys
simulated, this number of moves is O(n). To simulate n moves requires no more
than n times this amount, or O(n?). O

8.4.4 Nondeterministic Turing Machines
A nondeterministic Turing machine (NTM) differs from the deternﬁnisficvafiety
we' have been'studyingby-having a transition function § such that for each state g

-~ and tape symbol X, d(¢,.X) is'a set of triples

M@, D), (g2,Y2, Do), ..., (ax, Ye, Di)}

where k is any. finite integer. The,NTM can choosé, at each step, any of the triples
to be the next move. It cannot, however, pick a state from one, a tape symbol frof

- another, and the direction from yet another.

The language accepted by an NTM M is defined in /the expected manner;
analogy with the other nondeterministic devices, such as NFA’s and PDA', that
we have studied. That is, M accepts an input w if there is any sequence of choices ®
move tl}at leads from the initial ID with w'as input, to an ID with an acceptii stal®
Thfe existence of other choices that do not lead t(; an accepting state 1S jrreleva
as it is for the NFA or PDA, % ol o
" WThe I\ilTM’S-accep? no languages not accepted by a deterministic TM (or Dt )
for svnee I\Tt;h(j[mphasmg that it is deterministic). The proof involves showing
M \"ery _ MN » W can construct a a DTM Mp' that explores the

~ can reach by any sequence of its chojces. If Mp finds one that has a0 .0
State, then Mp enters an accepting state of its own. Mp must be systematic

M.Anupama



D's on a queue, rather than a stack, 5o th:

:‘i‘:’ulatcd all sequences of up to k moves of. My, for k=1 X finite time Mp has
o e = 1,2}
Theorem 8.11: If My is a nondeterministic Turing machijy

jeterministic Turing machine Mp such that L(My) = L(Mp) ¢, then there is a
D). |

- ill be designed as a multit :
PROOF MD w1 : 1Lape TM, SketChed . . )
tape of Mp holds a sequence of ID’s of My including the st:;eF;?'A%\l,Sb ’f‘lhel lf)irs;
. e 0

My is marked as the “current” ID, whose successor ID’s are in the py

giscovered. In Fig. 8.18, the third ID is marked by an z along witiloiises ?rftbeilﬁlg
er-

ich is the *. All ID’s to the lef
separator, which is e left of the current
anlii can be ignored subsequently. one have been explored

Finite
control

N

Queue . X )
of ID's IDI ID2 *ID3 ‘iD4/‘
Scratch

tape

Figure 8.18: Simulation of'an NTM by .A'DTM |

‘To process the current ID, Mp does the following;: |

1. Mp examines the state and.scanned symbol of the current ID. Built into the
finite control of Mp is the knowledge of what choices qf move My has for
each state and symbol. If the state in the current ID is accepting, then Mp

accepts and simulates My no further.

2. However, if the state is not accepting, and the state-symbol combination has
v the ID and then make k copies

k moves, then Mp uses its second tape to copy
of that ID at the end of the sequence of ID’s on tape 1 »
3. Mp modifies each of those k ID’s according to a different one of thelk choices
of move that My has from its current ID.
the mark, and moves the mark

4 M urrent ID ex.-ases
D returns to the marked, c : peats with step (1).

to the next ID to the right. The cycle then re B
accurate, in the sense that Mp will only

pting ID. However, we need to poxjﬁrm
of n of its own moves, then Mp

_ It should be clear that the simulation is
accept if it finds that My can enter an acce
that if My enters an accepting ID after a sequence
wil eventually make that ID the current ID and will accept-

e e e e e e

-
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m is the maximum number of choices My has in Il

tial ID of My, at most m ID’s that My c; ny conﬁgul,&t

s My can reach after two moves, and so cr)l Teach g, lop,

t1+m-+ m2 +. -+ m™ ID’s. ThlS nslr'anhuS, &fte?n,:
~ | er ig

Suppose that
Then there is one ini
move, at most m? 1D’

moves, Mp can reach at mos
nm" ID:s, o aty
The ¢rder in which Mp explores ID’s of My is “bréadth first”; th " gt
i.e., the initial ID ;) abs, it
( ), then‘all ID’s reachabl:i logeg
y

all ID’s reachable by 0 moves
then those reachable by two moves, and. so on. In particula o
T, MD Wlll - g

der the successors of, all ID’s reachable by up to n g
v

at are only reachable/by more than n moves, €S befor,
©

move,
current, and consi

{ conﬁjdérjng any ID’s th
A 4 consequence “the accepting ID of My will b :dd
J N e considered by Mp amonE

© the first nm" ID’s that it considers. We only care that Mp consid :
‘some finite time, and this bound is sufficient to assure us that theers thls. D
is cOnsidered eventually. Thus; if My accepts, then so does Mp. Sin accepting ¢
observed that if Mp accepts-it does so only because My ELCCGptS. - zzlz‘fuzlreadys'
! S e that

L(My) = L(Mp). D

Notice that the constructed deterministic TM may take exponentiall
Y more

time than the nondeterministic TM. It is unknown whether or not this

nential slowdown 1S, necessary. In fact, Chapter 10 is devoted to this quee;?&

and the consequences of someone discovering a better way to simulate NTI:I)’[l
5

deterministically.




? :D c W’S‘oé‘/'ﬂ@‘ognﬁ’wi‘ji |

Lo Py

d: M acceﬂ nLh 4

n =

Saupk shia 1 oabbhaoa
, X‘Qq\/blj,aq A
xeVVBiiaA"
XX XY YY 227 A
o

N Mo nusve ols
RXXYYYy2 22 A

el . w )
‘Eﬁ ®nse@““j-ﬂ*a & o nAo\J/_eAzﬁ—owL X e wimrg |

9'“5“: il o l‘o( * @u %j iACLQ La wedeg {(Ta\/
CU/\Q( "Wone %\%J? Tl @ ,CL‘ C&n(,g/) M&L(,L % CL a (Z‘

ﬂ‘\L&Qav\A‘Q’MN cwolﬁuabeaﬁr Jﬂm—afm L\)Lw

V\D"warg,msmgeemmxxm augu,bm%,\qu\{s a@(
ZSW on A, VVJR) (_le |

QC()R Cbﬂﬁ,ﬁ)

a ) >
| C X R CbVR ([DIBIL)
'Qfﬂ Cz)“l][_g)
CV M R) CZ7 2,L)
Qz)z,ﬂ)

/D\Q— o«.QmQ ™ M W o m=<%§%,°yr"%(}){&,‘)@37

go“)b)%x)‘f_)Z/A}/ ) %, By {‘1{5) e $ 4o |

M.Anupama



NYCLIEYA) ﬁo”ws: ,
I

N2 b X Yz A
=4 Ta)

o |CalBR) = () = T

% (e Cebm = (2

% @”"f"L) 63’5’%0»’(1’() C)'?”V’L) C%/z/p) P

T '('l“,)‘/f‘{)(%’z"’() T e e
sl (7’5/2227 (3)4/R) )
®- - - - - -

M.Anupama



—~—

[{—,*Tmf‘”Paﬂmc‘lVUm@ 1% NLOR Ce,vem) R} wcwﬂ(cm{c’)
whne R i veverwe ) and CAir © o7 I»’f_é: {ojl'ﬁ

end C= o orb 13 ﬁzi‘a,b}

The ™M fy o ﬁce j@aQiV\C‘vc:mz Cboﬂ{ @ven Q"\J UCH)‘/J
W o dpallamm Anune 3= %‘o](‘[]

0lo NCLQ

W w" omlmo

ogic ! Fimd tha ok W?ﬂéy con be 0 (1) and make it
bleank. Move % fie ex Newe mﬁ

«d?c«o o blewde end neve L PE Cb{)ﬂ' ckru\o\c,t—m) xgb it dn

£ ovd whonla blawe <o seen

lecwe
e gewe bol on The  firskucloooctes Tef phee W witha
blemk ond nowe  wore B exideme {Lbb blawle. NMove - §
ond conbrune The oncrcem- Brocl. hen thew ong o YVore 2
ols ko 1. >
Ollo A ool l100A
A AR ANoliloA A
] AAVVIDAA
AYAY RAWAN NAAIDNDDLD
— NAAYAYA AAQ
ADAANA L8 reak,
T
Brook

gh Mo o ™ i even AD A leed Then '
cm%‘gzzzm‘&m(f§ﬁt“ﬁb<md‘ﬁst1@@

’Q&T ts e fned “Eialz e gnm[@gj m@mﬂ_:]



M.Anupama

ond et e g%nlole ar S~ O | A

—%

Y
Tm ao & Qomr)u,[aﬂ o%"?'mq—ve @( Zuaa;:m.
Ew}f@ﬂ-’hm’reﬂmwadld oo Lmo:ud, on Te ﬁfef%
an ndzgm 1Zo0 Yeromo@ud'ad LJ O 6& n

hw) k. c-.r%amﬂfa I | -k #\lu fhose | nﬁ%em ane
Cu oNn S o» ”«nos
placed on Hho tope sefq@; by 1o a0 R

0"l 0% a® . _ ... 10%]. 0{)aTm holls

G.



Gn ﬂlQ Jcofe mwtaj of o” ypmf Smsme M then we S@JJ
JQO,,ip_ _ ;k) m - £ ecllod o bk ch@\we fjj;n
i) Je 5% cmwaouﬂlol ]aU a T e 2b cdlod o P@JJT

l:
Ao uwive 7CLV1C,th] ubf m 8(;(/) one gzpﬂﬂwma an O
on The Eo.ioe fhew ols cuc«ﬁ]a.o' BU b' ke
Ik
o' boh - Lm b

211 O and 07 ane aspressalid e Iepecli mnua

MCQL[ZEW) cof‘ & non —ve lf\JEaulg oY ACHQJI *Func,t_

-— =

g«]; Mba = o aB.oboalh
| C\%L”q/ aoooaa
2lp: [elalofloR]s o/

352 3 0o oaa AL

ot GRLEEE O 5°

WE . @V\Sezac. omJ rw'%

y © aha Move.
h*;i " 5 g

S W€| mu\}]ko: L‘Lw‘-"‘-j mm o s ;qu\\ asLeo.nmq] U\Tam a/J ashillD.
|P on ,CL omd more ;ry\%(«,or é’gﬁﬂ//g’ﬂ Move le l{\oﬂ N
lept o medee At o A Mm/e mAjI"«tT % :EM .
Q e [IMmce g(f,ou ooQ_cQQDl one QL jfos/ b \dou ane m LCJ

Anupama

Sheck o A

CQ)Q/R) CO‘)Q R)

ot O\,Ryg ( E; a, B, R) r
% (b )R) Cﬂ

CW”% ey ?L b o8 %0, %) e
%,w QJW\Q/) mm Juue, % (;"“Q = =

U | (530 () (%
G Cﬂrn_,q 'l) — ‘k/& L.>
o) Gwe R) — Cas,nR)

S R




