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EVERYTHING MATHS

Mathematics is commonly thought of as being about numbers but mathematics is actually a
language! Mathematics is the language that nature speaks to us in. As we learn to understand
and speak this language, we can discover many of nature’s secrets. Just as understanding
someone’s language is necessary to learn more about them, mathematics is required to learn
about all aspects of the world — whether it is physical sciences, life sciences or even finance

and economics.

The great writers and poets of the world have the ability to draw on words and put them to-
gether in ways that can tell beautiful or inspiring stories. In a similar way, one can draw on
mathematics to explain and create new things. Many of the modern technologies that have
enriched our lives are greatly dependent on mathematics. DVDs, Google searches, bank cards
with PIN numbers are just some examples. And just as words were not created specifically to
tell a story but their existence enabled stories to be told, so the mathematics used to create
these technologies was not developed for its own sake, but was available to be drawn on when
the time for its application was right.

Thereis in fact not an area of life that is not affected by mathematics. Many of the most sought
after careers depend on the use of mathematics. Civil engineers use mathematics to deter-
mine how to best design new structures; economists use mathematics to describe and predict
how the economy will react to certain changes; investors use mathematics to price certain
types of shares or calculate how risky particular investments are; software developers use
mathematics for many of the algorithms (such as Google searches and data security) that

make programmes useful.

But, even in our daily lives mathematics is everywhere — in our use of distance, time and mon-
ey. Mathematics is even present in art, design and music as it informs proportions and musical
tones. The greater our ability to understand mathematics, the greater our ability to appreciate
beauty and everything in nature. Far from being just a cold and abstract discipline, mathe-
matics embodies logic, symmetry, harmony and technological progress. More than any other

£

language, mathematics is everywhere and universal in its application.
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DIGITAL TEXTBOOKS

READ ONLINE

Watch this textbook come alive on the web. In addition to all the content in this printed copy,
the online version is also full of videos, presentations and simulations to give you a more

comprehensive learning experience.

www.everythingmaths.co.za
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Youarehere: o Grad 10 Physa ciences » States of mater and the inetic moecula theory

Es 1 States of matter

Ifth
can

allita surd. For example, v'2 and v/6 are surds, but /4 is not a surd because it In this chapter Pl states of matter and then look at , liquid and gas. We.
as well as other properties of mater.

Inthe wen for example, +/7 or /5. It fornto be 2, so we usually
donotwrte /a. Instead we wite the surd as just @

usefulto use a calculator. For example, we want to be able to estimate where a
surd ike v3 is on the number line. From a calculator we know that v/3 is equal to 1,73205.... Itis easy to see that v3 is above 1 and below 2. But to
seethis for other surds like /T8 leulator, you o

Identity 1

Ifaand b are positive whole numbers, and a < b, then 4@ < /b

Chapter intoduction

A perfect square is the number obtained when an integer is squared. For example, 9is a perfect square since 37 = 9.

Similarly, a perfect cube is a number which is the cube of an integer. For example, 27 is a perfect cube, because 3° = 27. Allmatter is made up of particles. We can see this when we look at diffusion.

CHECK YOUR ANSWERS ONLINE OR ON YOUR PHONE

Want the answers? View the fully worked solutions to any question in this textbook by
entering its shortcode (4 digit combination of letters and numbers) into the search box on
the web or mobi sites.

www.everythingmaths.co.za or m.everythingmaths.co.za

Example 2: Estimating surds

Question

Find the two consecutive integers such that 1/49 lies between them.

Show me this worked solution

Exercise 1:
Problem 1:
Determine between which two consecutive integers the following numbers lie, without using a calculator:

1.

$5%3

Practise more questions like this
é\(“‘\
\
“‘\)
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practise questions at an appropriate level of
difficulty for you and get your answers checked

instantly!

Practise questions like these by signing up on  Effect of mass on gravitational force

The International Space Station (ISS) has a mass M, as it orbits the Earth, it experiences a

everyth’ngmaths' Co' Za gravitational force of F. A space shutile docks onto the ISS. The gravitational force the 1SS
experiences once the mass of the shuttle is added increases by a factor of 3.
By what factor does the mass of the ISS increase for it to experience this increase of gravitational
force? Write your answer as a fraction of the original mass Miss of the 18s.
Angles in quadrilaterals

The diagram below represents quadrilateral ABCD with extended line CE. Quadrilateral ABCD is a polygon with
four sides and four angles. The sum of the interior angles in a quadrilateral = 360 ° . Angles on a straight line

like CE =180 ° . / \
63 | i

Answer: Miss (2 points]

l Help! How should I type my answer? l

YOUR DASHBOARD Table of Contents

Glick on a chapter or section below to start practising. You can also select multiple sections and click the Start a new
session button.

Your individualised dashboard on Intelligent Chapters Points Mastery ©
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Algebraic expressions

1.1 Introduction EMA2

Over human history, all peoples and cultures have contributed to the field of Mathematics. Topics like algebra
may seem obvious now, but for many centuries mathematicians had to make do without it. Over the next three
grades, you will explore more advanced and abstract mathematics. It may not be obvious how this applies to
everyday life, but the truth is, mathematics is required for nearly everything you will do one day. Enjoy your
mathematical journey. Remember, there is no such thing as a “maths person” or “not a maths person”. We can
all do mathematics, it just takes practice.

Figure 1.1: Some examples of early tally sticks. These were used to help people count things such as the number of days
between events or the number of livestock they had.

In this chapter, we will begin by revising the real number system and then learn about estimating surds and
rounding real numbers. We will also be expanding on prior knowledge of factorisation and delve into more
complex calculations involving binomial and trinomial expressions.

1.2 The real number system

Real R

Rational Q
Integer Z

Irrational Q

We use the following definitions:

e N: natural numbers are {1;2;3;...}
¢ Ny: whole numbers are {0;1;2;3;...}
e Z:integersare {...;—3;—-2;—-1;0;1;2;3;...}

1.1. Introduction



http://www.everythingmaths.co.za/@@emas.search?SearchableText=EMA2
http://www.everythingmaths.co.za/@@emas.search?SearchableText=EMA3

VISIT:

The following video shows an example of determining which of the above sets of numbers a particular number
isin.

® See video: 2DBH at www.everythingmaths.co.za

NOTE:
Not all numbers are real numbers. The square root of a negative number is called a non-real or imaginary
number. For example v/—1, v/—28 and 1/—5 are all non-real numbers.

1.3 Rational and irrational numbers

DEFINITION: Rational number

A rational number (Q) is any number which can be written as:
2
b
where a and b are integers and b £ 0.

The following numbers are all rational numbers:

10 21 -1 10 -3

17773720 6
We see that all numerators and all denominators are integers.

This means that all integers are rational numbers, because they can be written with a denominator of 1.
DEFINITION: [rrational numbers

Irrational numbers (Q’) are numbers that cannot be written as a fraction with the numerator and denominator
as integers.

Examples of irrational numbers:

=

1
V2 VE VT

These are not rational numbers, because either the numerator or the denominator is not an integer.

Decimal numbers EMAS5

All integers and fractions with integer numerators and non-zero integer denominators are rational numbers.
Remember that when the denominator of a fraction is zero then the fraction is undefined.

You can write any rational number as a decimal number but not all decimal numbers are rational numbers.
These types of decimal numbers are rational numbers:

» Decimal numbers that end (or terminate). For example, the fraction % can be written as 0,4.

* Decimal numbers that have a repeating single digit. For example, the fraction % can be written as 0,3 or
0,3. The dot and bar notations are equivalent and both represent recurring 3’s, i.e. 0,3 = 0,3 = 0,333....

* Decimal numbers that have a recurring pattern of multiple digits. For example, the fraction % can also
be written as 0,18. The bar represents a recurring pattern of 1’s and 8’s, i.e. 0,18 = 0,181818....

NOTE:
You may see a full stop instead of a comma used to indicate a decimal number. So the number 0,4 can also
be written as 0.4

Chapter 1. Algebraic expressions
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Notation: You can use a dot or a bar over the repeated digits to indicate that the decimal is a recurring decimal.
If the bar covers more than one digit, then all numbers beneath the bar are recurring.

If you are asked to identify whether a number is rational or irrational, first write the number in decimal form.
If the number terminates then it is rational. If it goes on forever, then look for a repeated pattern of digits. If

there is no repeated pattern, then the number is irrational.

When you write irrational numbers in decimal form, you may continue writing them for many, many decimal
places. However, this is not convenient and it is often necessary to round off.

NOTE:
Rounding off an irrational number makes the number a rational number that approximates the irrational num-
ber.

Worked example 1: Rational and irrational numbers

QUESTION

Which of the following are not rational numbers?

7 = 3,14159265358979323846264338327950288419716939937510...
1,4

1,618033989...

100

1,7373737373...

0,02

o B ogh L9 =

SOLUTION

Irrational, decimal does not terminate and has no repeated pattern.
Rational, decimal terminates.

Irrational, decimal does not terminate and has no repeated pattern.
Rational, all integers are rational.

Rational, decimal has repeated pattern.

S

Rational, decimal has repeated pattern.

Converting terminating decimals into rational numbers

A decimal number has an integer part and a fractional part. For example, 10,589 has an integer part of 10 and
a fractional part of 0,589 because 10 + 0,589 = 10,589.

Each digit after the decimal point is a fraction with a denominator in increasing powers of 10.

For example:
. ic L
0,1is 55
. i L
0,01 is 155

* 0,001 is 1y

1.3. Rational and irrational numbers
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This means that

5 8 9
10,589 = 10+1—0+ﬁ.0+71000

10 000 500 80 9

1000 + 1000 + 1000 * 1000
10 589

1000

VISIT:

The following two videos explain how to convert decimals into rational numbers.
Part 1

® See video: 2DBJ at www.everythingmaths.co.za

Part 2

® See video: 2DBK at www.everythingmaths.co.za

Converting recurring decimals into rational numbers EMA7

When the decimal is a recurring decimal, a bit more work is needed to write the fractional part of the decimal
number as a fraction.

Worked example 2: Converting decimal numbers to fractions

QUESTION

Write 0,3 in the form ¢ (where a and b are integers).

SOLUTION

Step 1: Define an equation

Let # = 0,33333...

Step 2: Multiply by 10 on both sides

10z = 3,33333...

Step 3: Subtract the first equation from the second equation

9r =3

Step 4: Simplify

Chapter 1. Algebraic expressions
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Worked example 3: Converting decimal numbers to fractions

QUESTION

Write 5,432 as a rational fraction.

SOLUTION

Step 1: Define an equation

z = 5,432432432...

Step 2: Multiply by 1000 on both sides

1000z = 5432,432432432...

Step 3: Subtract the first equation from the second equation

999z = 5427

Step 4: Simplify

5427 201 _16

T 999 ~ 37 37

In the first example, the decimal was multiplied by 10 and in the second example, the decimal was multiplied
by 1000. This is because there was only one digit recurring (i.e. 3) in the first example, while there were three
digits recurring (i.e. 432) in the second example.

In general, if you have one digit recurring, then multiply by 10. If you have two digits recurring, then multiply
by 100. If you have three digits recurring, then multiply by 1000 and so on.

Not all decimal numbers can be written as rational numbers. Why? Irrational decimal numbers like v/2 =

1,4142135... cannot be written with an integer numerator and denominator, because they do not have a pattern
of recurring digits and they do not terminate.

Exercise 1 — 1:

1. The figure here shows the Venn diagram for the special sets N, Ny and Z.

X

a) Where does the number —% belong in the diagram?

1.3. Rational and irrational numbers




b) In the following list, there are two false statements and one true statement. Which of the statements
is true?

i. Every integer is a natural number.
ii. Every natural number is a whole number.
iii. There are no decimals in the whole numbers.

2. The figure here shows the Venn diagram for the special sets N, Ny and Z.

X

Z

<

a) Where does the number —1 belong in the diagram?

b) In the following list, there are two false statements and one true statement. Which of the statements
is true?
i. Every integer is a natural number.
ii. Every whole number is an integer.
iii. There are no decimals in the whole numbers.

3. State whether the following numbers are real, non-real or undefined.

0 d) =7

a) —/3 b) 7 o V=9 5 e) —/—16 f) V2

4. State whether the following numbers are rational or irrational. If the number is rational, state whether it
is a natural number, whole number or an integer.

a) -1 b) 0,651268962154862... 9 ?
d) =2 e) f) /19
g (V1) h) 7+3 i) 7+ 0,858408346

5. If a is an integer, b is an integer and c is irrational, which of the following are rational numbers?

5 a —2 1

. a . . o
6. For each of the following values of a state whether s rational or irrational.

a) 1 b) —10 o V2 d) 2,1
7. Consider the following list of numbers:

4 22 14 _
—3:0; vV—1; 8 ; —V8; =i g5 73 1345 3,3231089.. ; 342 9%; 7 11
Which of the numbers are:
a) natural numbers b) irrational numbers
¢) non-real numbers d) rational numbers
e) integers f) undefined

Chapter 1. Algebraic expressions




8. For each of the following numbers:

¢ write the next three digits and
* state whether the number is rational or irrational.

a) 1,15 b) 2,121314... ) 1,242244246...
d) 3,324354... e) 3,324354

9. Write the following as fractions:
a) 0,1 b) 0,12 o) 0,58 d) 0,2589

10. Write the following using the recurring decimal notation:
a) 0,1111111... b) 0,1212121212... ¢) 0,123123123123... d) 0,11414541454145...

11. Write the following in decimal form, using the recurring decimal notation:

25 10 7 2
3 ) 1
1— f) 4— 2—
e 14 )45 g 25
12. Write the following decimals in fractional form:
a) 0,5 b) 0,63 o 04 d) 5,31 e) 493 f) 3,93
For more exercises, visit www.everythingmaths.co.za and «click on ’Practise =~ Maths'.
1. 2DBM 2. 2DBN 3a. 2DBP 3b. 2DBQ 3c. 2DBR 3d. 2DBS 3e. 2DBT
3f. 2DBV 4a. 2DBX 4b. 2DBY 4c. 2DC2 4d. 2DC3 4e. 2DC4 4f. 2DC5
4g. 2DC6 4h. 2DBZ 4i. 2DBW 5.2DC7 6. 2DC8 7. 2DC9 8a. 2DCB
8b. 2DCC 8c. 2DCD 8d. 2DCF 8e. 2DCG 9a. 2DCH 9b. 2DCJ 9c. 2DCK
9d. 2DCM  10a. 2DCN  10b. 2DCP  10c. 2DCQ 10d. 2DCR  11a.2DCS 11b. 2DCT
11c. 2DCV ~ 11d. 2DCW 11e. 2DCX 11f. 2DCY 11g.2DCZ 12a.2DD2 12b. 2DD3
12c. 2DD4  12d. 2DD5 12e. 2DD6 12f. 2DD7

2,
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1.4 Rounding off EMAS

Rounding off a decimal number to a given number of decimal places is the quickest way to approximate a
number. For example, if you wanted to round off 2,6525272 to three decimal places, you would:

¢ count three places after the decimal and place a | between the third and fourth numbers;

¢ round up the third digit if the fourth digit is greater than or equal to 5;

¢ leave the third digit unchanged if the fourth digit is less than 5;

« if the third digit is 9 and needs to be rounded up, then the 9 becomes a 0 and the second digit is rounded
up.

So, since the first digit after the | is a 5, we must round up the digit in the third decimal place to a 3 and the
final answer of 2,6525272 rounded to three decimal places is 2,653.

VISIT:
The following video explains how to round off.
® See video: 2DD8 at www.everythingmaths.co.za

1.4. Rounding off
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Worked example 4: Rounding off

QUESTION

Round off the following numbers to the indicated number of decimal places:
12
g, 120

2. ™= 3,141592653... to 4 decimal places.
3. V3 =1,7320508... to 4 decimal places.
4. 2,78974526 to 3 decimal places.

= 1,12 to 3 decimal places.

SOLUTION

Step 1: Mark off the required number of decimal places
If the number is not a decimal you first need to write the number as a decimal.

120
1. — =1,212|121212. ..
99 ' |

2. 7 =3,1415/92653.. ..
3. V3 =1,7320|508....
4. 2,789|74526

Step 2: Check the next digit to see if you must round up or round down

1. The last digit of 22 = 1,212|12121212 must be rounded down.
2. The last digit of 7 = 3,1415|92653 . . . must be rounded up.

3. The last digit of v/3 = 1,7320|508 . .. must be rounded up.
4

. The last digit of 2,789|74526 must be rounded up.
Since this is a 9 we replace it with a 0 and round up the second last digit.

Step 3: Write the final answer
120
99
2. m = 3,1416 rounded to 4 decimal places.

3. V3 =1,7321 rounded to 4 decimal places.

4. 2,790

1. = 1,212 rounded to 3 decimal places.

Exercise 1 — 2:

1. Round off the following to 3 decimal places:
a) 12,56637061... b) 3,31662479... c) 0,2666666...
d) 1,912931183... e) 6,32455532... f) 0,05555555...

2. Round off each of the following to the indicated number of decimal places:

a) 345,04399906 to 4 decimal places.
b) 1361,72980445 to 2 decimal places.
c) 728,00905239 to 6 decimal places.

Chapter 1. Algebraic expressions




1
d) 77 to 4 decimal places.

45 .
e) 9 to 5 decimal places.

1
f) = to 2 decimal places.

3. Study the diagram below

A T B
s
E D ™ C

a) Calculate the area of ABDE to 2 decimal places.

b) Calculate the area of BC'D to 2 decimal places.

c) Using you answers in (a) and (b) calculate the area of ABCDE.
d) Without rounding off, what is the area of ABCDE?

-
4. Gi i = —r=74n=96 P = .
Given i 500" r 4; n = 96; 200 000

a) Calculate i correct to 2 decimal places.
b) Using you answer from (a), calculate A in A = P(1 + 7).
c) Calculate A without rounding off your answer in (a), compare this answer with your answer in (b).

5. If it takes 1 person to carry 3 boxes, how many people are needed to carry 31 boxes?
6. If 7 tickets cost R 35,20, how much does one ticket cost?

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.

la. 2DD9 1b.2DDB  1c. 2DDC 1d.2DDD 1e.2DDF  1f. 2DDG 2a. 2DDH  2b. 2DD])
2c. 2DDK  2d. 2DDM  2e. 2DDN  2f. 2DDP 3.2DDQ 4. 2DDR 5. 2DDS 6. 2DDT
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1.5  Estimating surds EMA9

If the n'" root of a number cannot be simplified to a rational number, we call it a surd. For example, v/2 and
/6 are surds, but v/4 is not a surd because it can be simplified to the rational number 2.

In this chapter we will look at surds of the form {/a where a is any positive number, for example, /7 or /5.
It is very common for n to be 2, so we usually do not write a. Instead we write the surd as just v/a

It is sometimes useful to know the approximate value of a surd without having to use a calculator. For example,
we want to be able to estimate where a surd like v/3 is on the number line. From a calculator we know that
V3 isequal to 1,73205.... Itis easy to see that v/3 is above 1 and below 2. But to see this for other surds like
V/18, without using a calculator you must first understand the following:

If a and b are positive whole numbers, and a < b, then /a < /b

1.5. Estimating surds
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A perfect square is the number obtained when an integer is squared. For example, 9 is a perfect square since
32=09.

Similarly, a perfect cube is a number which is the cube of an integer. For example, 27 is a perfect cube, because
33 =27.

Consider the surd v/52. It lies somewhere between 3 and 4, because v/27 = 3 and v/64 = 4 and 52 is between
27 and 64.

VISIT:
The following video explains how to estimate a surd.
® See video: 2DDV at www.everythingmaths.co.za

Worked example 5: Estimating surds

QUESTION

Find two consecutive integers such that /26 lies between them. (Remember that consecutive integers are two
integers that follow one another on the number line, for example, 5 and 6 or 8 and 9.)

SOLUTION

Step 1: Use perfect squares to estimate the lower integer
52 = 25. Therefore 5 < 1/26.

Step 2: Use perfect squares to estimate the upper integer
62 = 36. Therefore v/26 < 6.

Step 3: Write the final answer
5 < V26 <6

Worked example 6: Estimating surds

QUESTION

Find two consecutive integers such that v/49 lies between them.

SOLUTION

Step 1: Use perfect cubes to estimate the lower integer
33 = 27, therefore 3 < /49.

Step 2: Use perfect cubes to estimate the upper integer
43 = 64, therefore /49 < 4.

Step 3: Write the answer
3 < V49 < 4

Step 4: Check the answer by cubing all terms in the inequality and then simplify
27 < 49 < 64. This is true, so v/49 lies between 3 and 4.

Chapter 1. Algebraic expressions
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Exercise 1 — 3:

1. Determine between which two consecutive integers the following numbers lie, without using a calculator:

a) V18 b) /29 o V5 d) /79 e) V155

f)y V57 g) V71 h) /123 i) /90 j) /81
2. Estimate the following surds to the nearest 1 decimal place, without using a calculator.

a) V10 b) /82 o V15 d) v90

3. Consider the following list of numbers:
Z;V19;2m; 0455 045; —/§;6; —v8; VL
Without using a calculator, rank all the numbers in ascending order.

For more exercises, visit  www.everythingmaths.co.za and click on ’Practise  Maths'.
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1i. 2DF6 1j. 2DF7  2a.2DF8  2b.2DF9  2c. 2DFB 2d. 2DFC 3. 2DFD
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1.6  Products EMAB

Mathematical expressions are just like sentences and their parts have special names. You should be familiar
with the following words used to describe the parts of mathematical expressions.

32% 4 Tay — 5°
Name Examples
term 322 Twy; —5°
expression 3z + Toy — 53
coefficient 3;7
exponent 2;1;3
base x5 Y; 5
constant 3;7;5
variable T
equation | 322 +Tzxy—5=0

Multiplying a monomial and a binomial

A monomial is an expression with one term, for example, 3z or y2. A binomial is an expression with two terms,
for example, ax + b or cx + d.

Worked example 7: Simplifying brackets

QUESTION

Simplify:
2a(a—1)—3(a®—1)

1.6. Products
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SOLUTION

2a(a—1) =3 (a® — 1) =2a(a) +2a (1) + (=3) (a®) + (=3) (-1)
=2a?—2a—3a2+3
——a®—2a+3

Multiplying two binomials EMAD

Here we multiply (or expand) two linear binomials:

(ax +b) (cx + d) = (azx) (cx) + (ax) d + b (cx) + bd
= acx® + adx + bex + bd
= acz® + x (ad + bc) + bd

Worked example 8: Multiplying two binomials

QUESTION

Find the product: (3z — 2) (5z + 8)

SOLUTION

3z — 2) (5z + 8) = (3z) (5z) + (3x) (8) + (—=2) (5x) + (—2) (8)
= 1522 4 242 — 10z — 16
= 1522 + 14z — 16

The product of two identical binomials is known as the square of the binomial and is written as:

(ax + b)* = a®z? + 2abx + b

If the two terms are of the form az + b and ax — b then their product is:
(az + b) (ax — b) = a*z* — b*

This product yields the difference of two squares.

Multiplying a binomial and a trinomial

A trinomial is an expression with three terms, for example, ax? + bz + c. Now we can learn how to multiply a
binomial and a trinomial.

Chapter 1. Algebraic expressions
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To find the product of a binomial and a trinomial, multiply out the brackets:

(A+B)(C+D+E)=A(C+D+E)+B(C+D+E)

VISIT:
This video shows some examples of multiplying a binomial and a trinomial.
® See video: 2DFF at www.everythingmaths.co.za

Worked example 9: Multiplying a binomial and a trinomial

QUESTION

Find the product: (z — 1) (z? — 2z + 1)

SOLUTION

Step 1: Expand the bracket

(z-1)(2®-22+1)=z(@*-22+1)-1(a°-22+1) =2 -2z +z—2*+ 22— 1

Step 2: Simplify

(z—1) (2 —22+1) =2 -32"+ 32— 1

Exercise 1 — 4:

1. Expand the following products:

a) 2y(y +4) b) (y+5)(y+2) A (2-t)(1-2¢)
d) (x —4)(z+4) e) —(4—z)(z+4) f) —(a+b)(b—a)
g) 2p+9)(3p+1) h) (3k —2)(k + 6) i) (s+6)2
) —(7—2)(7+x) k 3z —1)3x+1) D (7k +2)(3 — 2k)
m) (1 — 4z)? " (=3—9)(5 - ) o) (8- z)(8+)
p) (9+ )2 qQ (=Ty+11)(—=12y + 3) N (g—5)2
s) (d+9)? ) (6d+ 7)(6d—7) u) (5z+1)(52 — 1)
v) (1—3h)(1+ 3h) w) (2p+3)(2p+2) X) (8a+4)(a+7)
v) (5r+4)(2r + 4) 2) (w+ D)(w—1)

2. Expand the following products:
Q) (g+11)(g — 11) b) (4b — 2)(2b — 4) 0 (4b—3)(2b—1)
d) (62 —4)(3x + 6) e) Bw—2)(2w+7) f) (2t —3)?

1.6. Products
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8) (5p —8)? h) (4y +5)° ) (20° + 3y°)(=5y — 12)
j) 9(8y% — 2y +3) k) (—2y% —4y +11)(5y — 12) 1) (7Ty% — 6y — 8)(—2y + 2)
m) (10y +3)(—2y?> — 11y +2) n) (=12y —3)(2y*> —1ly+3) o) (—10)(2y* + 8y + 3)

p) (Ty + 3)(7y? + 3y + 10) q) (a+ 2b)(a® + b* + 2ab) N (z+y)(a? — 2y +y?)

s) 3m(9m? +2) +5m2(5m +6) t) 42%(1023 + 4) + 423(22% +6) u) 3k3(k? + 3) + 2k2(6k3 + 7)
V) B3z +2)3z—2)(922 —4) W) (—6y* +11y% +3y)(y + ) (y — 4)
X) (z+2)(z—3)(z2+22-3) y) (a+2)%?—(2a—4)?

. Expand the following products:

a) (2z+3)2 — (x —2)? b) (2a%2 —a —1)(a® + 3a +2)

0 (y*+4y —1)(1 — 4y —y?) d) 2(z —2y)(2? + 2y + y?)

e) 3(a — 3b)(a® + 3ab — b?) f) (2a — b)(2a + b)(2a® — 3ab + b?)
2(3z + )3z —y) — (3 — y)? h) (z +y)(z —3y) + (22 — y)?

8)
. z 3 z 4
) (5‘5) (1*5)
0 <a

2

0z — 12y) + 3 (15 — 18y)

(26

(4a + 6b) + (Sa + 12b)

4. What is the value of b, in (x + b)(z — 1) = 2? + 3z — 4

. What is the value of g, in (z — 2)(z +g) = 2> — 62 + 8

6. In(z—4)(xz+k)=22+bx+c

a) For which of these values of k will b be positive?
—3;—1;0;3;5

b) For which of these values of k will ¢ be positive?
—-3;—1;0;3;5

c) For what real values of k will ¢ be positive?

d) For what real values of k will b be positive?

. Answer the following:

4 2
a) Expand (:r-l— —) .
ag

4\? 1
b) Given that (x 4+ —) = 14, determine the value of 22 + —(23 without solving for z.
€T €T

. Answer the following:

1 2
a) Expand: (a+g>

2
1 1

b) Given that <a + —) = 3, determine the value of <a + —) without solving for a.
a a

2
1 1
c) Given that (a — —) = 3, determine the value of (a + 5) without solving for a.
a

Chapter 1. Algebraic expressions




9. Answer the following:

1\2
a) Expand: (Sy—i- —>
2y

1 1\?
b) Given that 3y + % = 4, determine the value of <3y + Z) without solving for y.

10. Answer the following:

1\2
a) Expand: (a—l——)
3a

. I (2L L
b) Expand: (a+ 3a) <a 3 4 9a2>

1 1
c) Given thata + — = 2, determine the value of a® + —— without solving for a.
3a 27a3

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.

la. 2DFG  1b. 2DFH Tc. 2DF) 1d. 2DFK le. 2DFM  1f. 2DFN

1g. 2DFP 1h. 2DFQ 1i. 2DFR 1j. 2DFS 1k. 2DFT 11. 2DFV
Tm. 2DFW  1n. 2DFX lo. 2DFY  1p. 2DFZ 1g9.2DG3  1r. 2DG4
1s. 2DG5 1t. 2DG6 Tu. 2DG7  1v. 2DG8  1w. 2DGY9 1x. 2DGB
1y. 2DGC  1z.2DGD  2a.2DGF  2b.2DGH  2c. 2DGJ  2d. 2DGK
2e. 2DGM  2f. 2DGN  2g.2DGP  2h.2DGQ  2i.2DG2  2j. 2DGR
2k. 2DGS 21. 2DGT  2m. 2DGV ~ 2n. 2DGW  20. 2DGX 2p. 2DGY
2q.2DGZ  2r. 2DH2 2s.2DH3  2t. 2DH4  2u. 2DH5  2v. 2DH6
2w. 2DH7  2x. 2DH8 2y. 2DH9  3a. 2DHB 3b. 2DHC  3c. 2DHD
3d. 2DHF  3e. 2DHG 3f. 2DHH  3g. 2DH] 3h. 2DHK  3i. 2DHM
3j. 2DHN  3k. 2DHP 3l.2DHQ 4. 2DHR 5. 2DHS 6. 2DHT

7. 2DHV 8. 2DHW 9. 2DHX  10. 2DHY

2,
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1.7 Factorisation EMAG

Factorisation is the opposite process of expanding brackets. For example, expanding brackets would require
2(z + 1) to be written as 2x + 2. Factorisation would be to start with 2z + 2 and end up with 2(z + 1).

factorising

2(z + 1) 2 + 2

S

expanding

The two expressions 2(z + 1) and 2z + 2 are equivalent; they have the same value for all values of x.

In previous grades, we factorised by taking out a common factor and using difference of squares.

1.7. Factorisation
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Common factors EMAH

Factorising based on common factors relies on there being factors common to all the terms.

For example, 22 — 622 can be factorised as follows:

22 — 622 = 2x(1 — 32)

And 2(x — 1) — a(z — 1) can be factorised as follows:

VISIT:

(x—1)(2—a)

The following video shows an example of factorising by taking out a common factor.
® See video: 2DHZ at www.everythingmaths.co.za

Worked example 10: Factorising using a switch around in brackets

QUESTION

Factorise:

SOLUTION

5(a—2)—b(2—a)

Use a “switch around” strategy to find the common factor.

Notice that2 —a = —(a — 2)

5(a—2)—=b(2—a) =5(a—2)— [-bla—2)]
=5(a—2)+bla—2)

Exercise 1 — 5:

Factorise:

1. 12z + 32y

4. 12kj + 18kq

7. 24kj — 16k?j
10. 12525 — 532
13. 12k2j + 24k252

For more exercises, visit
1. 2DJ2 2.2DJ3 3. 2DJ4
9.2DJB 10.2DJC 11.2DJD

www.everythingmaths.co.za

=(a—2)(5+0)

2. —2ab® — 4a3b

5. —12a + 24a®

8. —a%b —b%a

11. 622 + 2z + 1023
14. 3a® + 6a — 18

www.everythingmaths.co.za
4.2DJ5 5.2DJ6 6. 2D)7
12.2DJF  13.2DJG 14. 2DJH

“,

and

3. 18ab — 3bc

6. —2ab — 8a

9. 72b%q — 18b3¢>

12. 2zy? + xy?z + 3zy
15. 7Ta +4

click on ’Practise
7.2DJ8 8.2DJ9
15. 2DJ)

]
m.everythingmaths.co.za

Chapter 1. Algebraic expressions
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Difference of two squares EMA)

We have seen that (ax + b)(az — b) can be expanded to a?z? — b2.
Therefore a?x? — b? can be factorised as (az + b)(az — b).

For example, z2 — 16 can be written as x2 — 42 which is a difference of two squares. Therefore, the factors of
2?2 — 16 are (x —4) and (z + 4).

To spot a difference of two squares, look for expressions:

¢ consisting of two terms;
¢ with terms that have different signs (one positive, one negative);
¢ with each term a perfect square.

For example: a? — 1; 422 — y?; —49 + p*.

VISIT:
The following video explains factorising the difference of two squares.
® See video: 2DJK at www.everythingmaths.co.za

Worked example 11: The difference of two squares

QUESTION

Factorise: 3a(a® — 4) — 7(a? — 4).

SOLUTION

Step 1: Take out the common factor (a? — 4)

3a(a®> —4) —T(a®> —4) = (a®* —4)(3a — 7)

Step 2: Factorise the difference of two squares (a* — 4)

(a®* —4)(3a —7) = (a —2)(a+2)(3a —T7)

Exercise 1 — 6:

Factorise:

1. 4iy—3)+ k(B —y) 2. a®>(a—1) —25(a—1) 3. bm(b+4) —6m(b+4)
4. a*(a+7)+9a+7) 5. 3b(b—4) —7(4—1) 6. 39(z+6)+2(6+ 2)
7. 4b(y +2) +5(2 + y) 8. 3d(r+5)+14(5+7) 9. (6z+y)>—9

1.7. Factorisation
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10. 422 — (42 — 3y)? 11. 16a® — (3b + 4c)? 12. (b—4)2-9(b—5)2

13. 4(a — 3)? — 49(4a — 5) 14. 16k% — 4 15. o262 — 1
1 1

16 5@2—4b2 ]7 5132—2 18 y2—8

19. y*> —13 20. a®(a — 2ab — 15b%) — 9b2(a? — 2ab — 15b?)

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.

1. 2DIM 2. 2DJN 3. 2DJP 4.2DJQ 5. 2DJR 6. 2DJS 7.2DJT 8. 2DJV
9.2DJW 10.2DJ)X 11.2DJ)Y 12.2DJZ 13.2DK2 14.2DK3 15.2DK4 16.2DK5
17.2DK6  18. 2DK7 19. 2DK8  20. 2DK9

2,
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Factorising by grouping in pairs

The taking out of common factors is the starting point in all factorisation problems. We know that the factors
of 3z + 3 are 3 and (z + 1). Similarly, the factors of 22? + 2z are 2z and (z + 1). Therefore, if we have an
expression:

222 + 2z + 3z +3

there is no common factor to all four terms, but we can factorise as follows:

(22 +22) + Bz +3) =2z (z+ 1) + 3 (z + 1)

We can see that there is another common factor (z 4+ 1). Therefore, we can write:

(x4+1)(2z+3)

We get this by taking out the (z + 1) and seeing what is left over. We have 2z from the first group and +3
from the second group. This is called factorising by grouping.

Worked example 12: Factorising by grouping in pairs

QUESTION

Find the factors of 7x + 14y + bz + 2by.

SOLUTION

Step 1: There are no factors common to all terms
Step 2: Group terms with common factors together

7 is a common factor of the first two terms and b is a common factor of the second two terms. We see that the
ratio of the coefficients 7 : 14 is the same as b : 2b.

Tx + 14y + bz + 2by = (Tx + 14y) + (bx + 2by)
=T(x+2y) +b(z+2y)

Chapter 1. Algebraic expressions
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Step 3: Take out the common factor (z + 2y)
T(x+2y)+b(x+2y) = (r+2y)(7+Db)

OR

Step 4: Group terms with common factors together

x is a common factor of the first and third terms and 2y is a common factor of the second and fourth terms
(7:b=14:2b).

Step 5: Rearrange the equation with grouped terms together

Tz + 14y + bx + 2by = (Tz + bx) + (14y + 2by)
=z (7T+0b)+2y(7+0)

Step 6: Take out the common factor (7 + b)

x(7T+0)+2y(7T+0) =(7+0) (z+2y)

Step 7: Write the final answer
The factors of 7z + 14y + bx + 2by are (7 + b) and (z + 2y).

Exercise 1 — 7:

Factorise the following:

1. 6d — 9r + 2t5d — 3t5r 2. 92 — 18m + b3z — 2b3m 3. 352 — 10y + 7c®z — 2%y
4. 6 +a+ 2ax + 3 5. £2 — 6z + 52 — 30 6. 5z + 10y — ax — 2ay

7. a®> —2a — azx + 2z 8. bzy — 3y + 10x — 6 9. ab—a?—a-+b

10. 14m —4n + 7jm — 2jn 11. 28r — 20z + 7gr — bgzx 12. 25d — 15m + 5yd — 3ym
13. 45qg — 18z + 5¢cq — 2cz 14. 65 — 15v + 2yj — dyv 15. 16a — 40k 4 2za — 5zk

16. ax —bx +ay —by+2a—2b 17. 3ax + bx — 3ay — by — 9a — 3b

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise  Maths'.

1. 2DKB 2. 2DKC 3. 2DKD 4. 2DKF 5. 2DKG 6. 2DKH 7. 2DK]
8. 2DKK  9.2DKM 10.2DKN  11.2DKP 12.2DKQ 13.2DKR 14. 2DKS
15. 2DKT 16. 2DKV  17. 2DKW
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1.7. Factorisation
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Factorising a quadratic trinomial

Factorising is the reverse of calculating the product of factors. In order to factorise a quadratic, we need to find
the factors which, when multiplied together, equal the original quadratic.

Consider a quadratic expression of the form ax? + bxz. We see here that = is a common factor in both terms.
Therefore az? + bx factorises as = (axz + b). For example, 8y? + 4y factorises as 4y (2y + 1).

Another type of quadratic is made up of the difference of squares. We know that:
(a+b)(a—b)=a*—b?

So a? — b? can be written in factorised form as (a + b) (a — b).

This means that if we ever come across a quadratic that is made up of a difference of squares, we can immedi-
ately write down the factors. These types of quadratics are very simple to factorise. However, many quadratics
do not fall into these categories and we need a more general method to factorise quadratics.

We can learn about factorising quadratics by looking at the opposite process, where two binomials are multi-
plied to get a quadratic. For example:

(x+2)(x+3)=2+3x+2x+6
=22 +52+6

We see that the 22 term in the quadratic is the product of the z-terms in each bracket. Similarly, the 6 in the
quadratic is the product of the 2 and 3 in the brackets. Finally, the middle term is the sum of two terms.

So, how do we use this information to factorise the quadratic?

Let us start with factorising 22 + 5z + 6 and see if we can decide upon some general rules. Firstly, write down
the two brackets with an z in each bracket and space for the remaining terms.

(CD I

Next, decide upon the factors of 6. Since the 6 is positive, possible combinations are: 1 and 6, 2 and 3, —1
and —6 or —2 and —3

Therefore, we have four possibilities:

Option 1

Option 2

Option 3

Option 4

(x+1)(x+6)

(x—1)(x—6)

(x+2)(x+3)

(x—2)(x—3)

Next, we expand each set of brackets to see which option gives us the correct middle term.

Option 1 Option 2 Option 3 Option 4
(x+1)(z4+6) | (x—1)(x—6) | (x+2)(x+3) | (x—2)(z—3)
22 +7x+6 > —Tr+6 2> +5x+6 22— 5z +6

We see that Option 3, (z + 2) (x + 3), is the correct solution.

The process of factorising a quadratic is mostly trial and error but there are some strategies that can be used to
ease the process.

Chapter 1. Algebraic expressions
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General procedure for factorising a trinomial EMAN

1. Take out any common factor in the coefficients of the terms of the expression to obtain an expression of
the form ax? + bz + ¢ where a, b and ¢ have no common factors and a is positive.

Write down two brackets with an x in each bracket and space for the remaining terms: (z ) (z )
Write down a set of factors for a and c.

Hows

Write down a set of options for the possible factors for the quadratic using the factors of a and c.
5. Expand all options to see which one gives you the correct middle term bz.

IMPORTANT!

If ¢ is positive, then the factors of ¢ must be either both positive or both negative. If ¢ is negative, it means only
one of the factors of ¢ is negative, the other one being positive. Once you get an answer, always multiply out
your brackets again just to make sure it really works.

VISIT:
The following video summarises how to factorise expressions and shows some examples.
® See video: 2DKX at www.everythingmaths.co.za

Worked example 13: Factorising a quadratic trinomial

QUESTION

Factorise: 3z2 + 2z — 1.

SOLUTION

Step 1: Check that the quadratic is in required form az? + bz + ¢
Step 2: Write down a set of factors for a and ¢

(@ )@ )
The possible factors for a are: 1 and 3
The possible factors for ¢ are: —1 and 1

Write down a set of options for the possible factors of the quadratic using the factors of a and c. Therefore,
there are two possible options.

Option 1 Option 2
(x—1)Bx+1) | (z+1)Bz—1)
32 — 2z — 1 3z +2z —1

Step 3: Check that the solution is correct by multiplying the factors

(x+1)Bx—1)=322 -z +3z -1
=32 +22-1

Step 4: Write the final answer
322 +2x—1=(z+1)(3z - 1)

1.7. Factorisation
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Exercise 1 — 8:

Factorise the following:

1. 22+ 8z + 15 2. 22+ 9 +8 3. 22+ 12z + 36

4. 2hR?> +5h —3 5. 322 +4x+1 6. 352 +s5—10

7. 2 —2x—15 8. z24+2x—3 9. 224+ x—20

10. 22—z —20 11. 222 — 222 + 20 12. 6a2 + 14a + 8

13. 602 — 27Tv + 27 14. 6g%> — 159 — 9 15. 3224+ 192 + 6

16. 322+ 17z —6 17. 722 — 6z — 1 18. 622 — 152 — 9

19. a® — 7ab + 12b 20. 3a? + 5ab — 12b° 21. 98z* + 1422 — 4

22, (x—2)2 —T(x—2) +12 23. (a—2)%2 —4(a—2) -5 24. (y+3)2-3(y+3)—18
25. 3(b? + 5b) + 12 26. 6(a® + 3a) — 168

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.

1. 2DKY 2. 2DKZ 3. 2DM2 4. 2DM3 5. 2DM4 6. 2DM5

7. 2DM6 8. 2DM7 9.2DM8 10.2DM9 11.2DMB  12. 2DMC
13.2DMD  14. 2DMF  15.2DMG 16.2DMH 17.2DMJ  18. 2DMK
19. 2DMM  20. 2DMN  21. 2DMP  22.2DMQ  23. 2DMR  24. 2DMS
25. 2DMT  26. 2DMV

@
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Sum and difference of two cubes EMAP

We now look at two special results obtained from multiplying a binomial and a trinomial:
Sum of two cubes:

(z+y) (2® —ay+9y?) =z (2® —zy + ) +y («® —zy+9°)
= [m (x2) +x(—zy)+x (y2)] —+ [y (:vg) +y(—zy)+y (y2)]
:z3—z2y+zy2+m2y—xy2+y3

— 3 14

Difference of two cubes:

(z—y) (®+ay+y°) =z (2® + 2y +v°) —y (2* + 2y + ¥?)
= [z (@) +a(@y) +2 ()] - [y (%) +y @) +y (v")]
— 2Pty a? — 2y — oy —

— B P

So we have seen that:

2 +y = (2 +y) (2® — 2y +9°)
=y’ = (x—y) (2 + 2y +9°)

We use these two basic identities to factorise more complex examples.

Chapter 1. Algebraic expressions
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Worked example 14: Factorising a difference of two cubes

QUESTION

Factorise: a® — 1.

SOLUTION

Step 1: Take the cube root of terms that are perfect cubes

We are working with the difference of two cubes. We know that 2® — y* = (2 — y) (2% 4+ zy + y?), so we
need to identify z and y.

We start by noting that v/a® = a and ¥/1 = 1. These give the terms in the first bracket. This also tells us that
zr=aandy=1.

Step 2: Find the three terms in the second bracket

We can replace z and y in the factorised form of the expression for the difference of two cubes with a and 1.
Doing so we get the second bracket:
(a®>—1)=(a—1)(a®>+a+1)

Step 3: Expand the brackets to check that the expression has been correctly factorised
(a—1)(a®+a+1)=a(a®*+a+1)—1(a®>+a+1)
=a3+a? +a— a?

=a®-1

—a—1

Worked example 15: Factorising a sum of two cubes

QUESTION

Factorise: 23 + 8.

SOLUTION

Step 1: Take the cube root of terms that are perfect cubes

We are working with the sum of two cubes. We know that 2® + y® = (z + y) (2* — zy + y?), so we need to
identify z and y.

We start by noting that v/23 = z and /8 = 2. These give the terms in the first bracket. This also tells us that
r=xandy = 2.

Step 2: Find the three terms in the second bracket

We can replace z and y in the factorised form of the expression for the sum of two cubes with z and 2. Doing
so we get the second bracket:
(z°+8) = (z+2) (¢° — 2+ 4)

Step 3: Expand the brackets to check that the expression has been correctly factorised

(z+2) (2 —2z+4) =z (z® —22+4) +2(2* — 2z +4)
=23 222 440+ 22% — 42 +8
=234+38

1.7. Factorisation




Worked example 16: Factorising a difference of two cubes

QUESTION

Factorise: 16y> — 432.

SOLUTION

Step 1: Take out the common factor 16

16y° — 432 =16 (y* — 27)

Step 2: Take the cube root of terms that are perfect cubes

We are working with the difference of two cubes. We know that 2® — 3 = (2 — y) (2% + 2y + y?), so we
need to identify z and y.

We start by noting that {/y3 = y and /27 = 3. These give the terms in the first bracket. This also tells us that
r=yandy = 3.

Step 3: Find the three terms in the second bracket

We can replace = and y in the factorised form of the expression for the difference of two cubes with y and 3.
Doing so we get the second bracket:

16 (y* —27) =16 (y — 3) (y* + 3y +9)

Step 4: Expand the brackets to check that the expression has been correctly factorised

16(y — 3)(y* + 3y +9) = 16[(y(y* + 3y +9) — 3(y* + 3y + 9)]
= 16[y® + 3y% + 9y — 3y* — 9y — 27|
= 169> — 432

Worked example 17: Factorising a sum of two cubes

QUESTION

Factorise: 8t3 + 125p3.

SOLUTION

Step 1: Take the cube root of terms that are perfect cubes

We are working with the sum of two cubes. We know that 2® + y® = (z + y) (2% — zy + y?), so we need to
identify z and y.

We start by noting that V/8¢> = 2t and {/125p% = 5p. These give the terms in the first bracket. This also tells
us that z = 2t and y = 5p.

Chapter 1. Algebraic expressions




Step 2: Find the three terms in the second bracket

We can replace = and y in the factorised form of the expression for the difference of two cubes with 2¢ and 5p.
Doing so we get the second bracket:

(82 + 125p°) = (2t +5p) [(26)° — (2t) (5) + (5p)]
= (2t + 5p) (4> — 10tp + 25p°)

Step 3: Expand the brackets to check that the expression has been correctly factorised

(2t + 5p) (4> — 10tp + 25p°) = 2t (4t> — 10tp + 25p>) + 5p (4t — 10tp + 25p°)
= 8t3 — 20pt? + 50p*t + 20pt? — 50p*t + 125p°

= 8% 4 125p°
Exercise 1 — 9:
Factorise:
1. w3 —8 2. >+ 64 3. 3+ 1
4. 23 +8 5. 27 —m? 6. 223 — 293
7. 3k3 4 81¢° 8. 64t3 — 1 9. 6422 — 1
10. 12523 + 1 11. 2523 +1 12. z— 12524
13. 8mS +n? 14. 216n3 — k3 15. 12553 + a3
16. 8k3 + 13 17. 853k313 — b3 18. 272393 + w3
1 27
19. 128m3 + 213 20. p'° — gylz 21. B 53
1 1

27 —— — 23. 72¢% + =v® 24. 1 —(z—y)3

617 9" +3v (z—y)

25. h*(8¢5 + h3) — (8¢° + h3) 26. x(125w3 — h?) + y(125w® — h3)

27. 22(27p3 + w3) — 5x(27p3 + w3) — 6(27p3 + w?3)

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise  Maths'.
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1.8 Simplification of fractions

We have studied procedures for working with fractions in earlier grades.

a C

a c a—+c
2.3‘1‘5— b (b;«éO)

a ¢ a d ad

Note: dividing by a fraction is the same as multiplying by the reciprocal of the fraction.

In some cases of simplifying an algebraic expression, the expression will be a fraction. For example,

2% + 3z
T+ 3

has a quadratic binomial in the numerator and a linear binomial in the denominator. We have to apply the
different factorisation methods in order to factorise the numerator and the denominator before we can simplify
the expression.

2?43z xz(z+3)
r+3  x+3
e (z # -3)

If x = —3 then the denominator, = + 3 = 0 and the fraction is undefined.

VISIT:
This video shows some examples of simplifying fractions.
® See video: 2DNV at www.everythingmaths.co.za

Worked example 18: Simplifying fractions

QUESTION
Simplify:

WoIHT— D wt 0zt
SOLUTION

Step 1: Use grouping to factorise the numerator and take out the common factor az in the denominator

(ax — ab) + (x — b) :a(x—b)—l—(x—b)
az? — abx az (z —b)

Step 2: Take out common factor (z — b) in the numerator

(x—b)(a+1)
az (r —b)

Chapter 1. Algebraic expressions



http://www.everythingmaths.co.za/@@emas.search?SearchableText=EMAQ
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2DNV
http://www.everythingmaths.co.za/

Step 3: Cancel the common factor in the numerator and the denominator to give the final answer

a+1

axr

Worked example 19: Simplifying fractions

QUESTION
Simplify: , \

S T pvae
SOLUTION

Step 1: Factorise the numerator and denominator

(x+1)(z-2) =z(x+1)
(z+2)(x—2)  z(z+2)

Step 2: Change the division sign and multiply by the reciprocal

_ (x+1)(z—-2) " z(x+2)
(x+2)(z—2) =z(x+1)

Step 3: Write the final answer

=1

Worked example 20: Simplifying fractions
QUESTION
Simplify:

z—2 z2 2 +x—4

— +2

x2—4+x—2 x2—4 °’ (w7 £2)
SOLUTION
Step 1: Factorise the denominators

T —2 z2 24+ —4

C+2(z—2 72 @+2@-2

1.8. Simplification of fractions




Step 2: Make all denominators the same so that we can add or subtract the fractions
The lowest common denominator is (z — 2) (z + 2).

T —2 (%) (z +2) z3+z—4

(+2)(z-2) (z+2)(z—2) (x+2)(x—2)

Step 3: Write as one fraction

=2+ (%) (z+2)— (e®+5-4)

(x+2)(z—2)
Step 4: Simplify
x—2+x3+2x2—x3—x+4_ 2x2 + 2
(x+2)(x—2) C (z42)(z—-2)

Step 5: Take out the common factor and write the final answer

2 (2% +1)
(z+2)(z—2)

Worked example 21: Simplifying fractions

QUESTION
Simplify: ,
e T L=
SOLUTION
Step 1: Factorise the numerator and denominator
2 (z2+z+1) T

-1 =02+l (E—1) @)

Step 2: Simplify and find the common denominator

2(x+1)+z(x+1)— 22
z(z—1)(z+1)

Step 3: Write the final answer

2 + 2+ 22 + z — 22 3x + 2

z(z—-1D)(z+1) z@=-1)(z+1)

Chapter 1. Algebraic expressions




Exercise 1 — 10:

1. Simplify (assume all denominators are non-zero):

2 3a b) 2a + 10 9 5a + 20
15 4 a+4
a’? —4a o) 3a® — 9a f 9a + 27
a—4 2a — 6 9a + 18
) 6ab + 2a h) 1622y — 8xy i dzyp — 8xp
& % 122 — 6 122y
) 922 — 16 0 b? — 81a? " 7 —
V' "6z 38 18a — 20 s 25t 1 12
x2— 2z — 15 z2 + 2z — 15 zc—x—06
m ————— n ———— 0)
5z — 25 z2+8x+15 xd — 27
a®? +6a — 16 ) a® — 4ab — 12b> 0 6a%> —7a—3
@ —8 V2 1 dab+ 42 3ab+ b
9 222 —x —1 9 qz + qr + 16z + 167 " pz — pq + 5z — 5q
3 —x z+r z—q
v hx — hg + 13z — 13g ) f%a — fa®
T—g f—a
2. Simplify (assume all denominators are non-zero):
2 b +10b+21  2b* 4 14b b) 2?2 +172 470 | 32% + 21z
3(b2—9) 3002 — 90b 5(x%2 —100) = 4572 — 450z
9 z2—|—17z+66; 222 + 122 d) 3a+9;7a+21
3(22 —121) 2422 — 264z 14 ° a+3
2 3
o) a® — 5a o 4a f 3zp + 4p - 12p
2a+ 10 3a+ 15 8p 3z +4
240 —8 9a—3 a?+2 2a+4
g) - h) +
12 6 5 20
i p? + pq 21q ) Sab—15b  6b?
p 8p + 8¢ ) 4a—12 "~ a+b
16 — 22 x+3 ad + v’ 5a + 5b
k) X ) X
22—z —12 z+4 a3 a? + 2ab + b2
a—4 a?+2a+1 3z + 2 T —2
m) X
a+b5a+4 a%2—3a—4 2 —6x+8 32 +8x+4
a2—2a+8xa2+a—12_§ ) 422 — 1 ;6x2+5x+1x9x2+6$+1
a2 16218 3 2 P 32 f10z+3 42 +77—3 8226z + 1
t+4 -2 S+¢® 3p-3
@ TH p B Bl
3 2 P P°—q
3. Simplify (assume all denominators are non-zero):
r—3 x+5 20 —4 x—3
- - 1
a) 3 1 b) 9 1 3
3r—4 zx+2 11 8
1 - d —+ ——
o1+ 3 ) arnnta=s
12 6 12 8
— f
® 13 z-%6 ) ¥ T r_s

1.8. Simplification of fractions




2 4 3 ) 1

g) x—y-i-g-i-ﬁ h) T2 (-3
D kt2 1 i) t+2  t+1
kK2+2 k+2 3q 2q
3 2 T z2
. P-4 (-2 ! R
m) 1 . 3mn n) h - 1
m+n m?+nd h3 — f3  h2+hf+ f2
o) x2—1x 11 o) x2—2$+1_m2+$+1
3 z—1 2 (x —1)3 a3 —1
1 2 t?2+2t—8 1 t+1
R e el S " Eri—6 TE—9 1-3
22 -3z +9 T —2 1 1 a? + 2ab + b2 1

t)

3 + 27 +x2+4x+3_x—2 a? — 4ab + 4b2 ad —8b a2 — 4b?

4. What are the restrictions in the following:

a) 1 b 3z —9 C)3 1
x—2 4z + 4 z xz2-1

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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1.9 Chapter summary EMAR

(® See presentation: 2DR6 at www.everythingmaths.co.za

e — N: natural numbers are {1;2;3;...}

— Ng: whole numbers are {0;1;2;3;...}

— Z: integers are {...; —3;—2;—1;0;1;2;3;...}
* A rational number is any number that can be written as § where a and b are integers and b # 0.
* The following are rational numbers:

Fractions with both numerator and denominator as integers

Integers
Decimal numbers that terminate

Decimal numbers that recur (repeat)
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¢ [rrational numbers are numbers that cannot be written as a fraction with the numerator and denominator
as integers.

+ If the n™ root of a number cannot be simplified to a rational number, it is called a surd.
* If a and b are positive whole numbers, and a < b, then /a < /b.

¢ A binomial is an expression with two terms.

¢ The product of two identical binomials is known as the square of the binomial.

¢ We get the difference of two squares when we multiply (ax 4 b) (ax — b)

* Factorising is the opposite process of expanding the brackets.

¢ The product of a binomial and a trinomial is:

(A+B)(C+D+E)=A(C+D+E)+B(C+D+E)

¢ Taking out a common factor is the basic factorisation method.

¢ We often need to use grouping to factorise polynomials.

¢ To factorise a quadratic we find the two binomials that were multiplied together to give the quadratic.
* The sum of two cubes can be factorised as:

2?4y = (z+y) (2® — 2y +y°)

¢ The difference of two cubes can be factorised as:

=y’ =(z—y) (&® +ay+y°)

¢ We can simplify fractions by incorporating the methods we have learnt to factorise expressions.
¢ Only factors can be cancelled out in fractions, never terms.
¢ To add or subtract fractions, the denominators of all the fractions must be the same.

End of chapter Exercise 1 — 11:

1. The figure here shows the Venn diagram for the special sets N, Ny and Z.
X

No

<

a) Where does the number 2,13 belong in the diagram?

b) In the following list, there are two false statements and one true statement. Which of the statements
is true?

 Every natural number is an integer.
e Every whole number is a natural number.
 There are fractions in the integers.

2. State whether the following numbers are real, non-real or undefined.

a) —v/=5 b) —— o —V15 d) —V7 e) V-1 f) V2
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3.

4.

State whether each of the following numbers are rational or irrational.

a) /4 b) 457 A V9 d V8
If a is an integer, b is an integer and c is irrational, which of the following are rational numbers?
a) =0 b) c+c 0 2 d) 1

a c c

. Consider the following list of numbers:

y 3
\3/%;g;\/—24;\/@;7,11;7rz;g;7,12;—\/24;%_;37T;\/78;9;7T

a) Which of the numbers are non-real numbers?
b) Without using a calculator, rank all the real numbers in ascending order.
c¢) Which of the numbers are irrational numbers?

e) Which of the numbers are integers?

)
)
)
d) Which of the numbers are rational numbers?
)
f)

Which of the numbers are undefined?

. Write each decimal as a simple fraction.

a) 0,12 b) 0,006 0 414 d) 1,59
e) 12,277 f) 0,82 g 7

7. Show that the decimal 3,2118 is a rational number.

11.

12.

13.
14.
15.
16.

17.

18.

Write the following fractions as decimal numbers:
1

18
Express 0,78 as a fraction ¢ where a,b € Z (show all working).

a) b) 13

. For each of the following numbers:

 write the next three digits;
* state whether the number is rational or irrational.

a) 1,11235...
b) 1,1
Write the following rational numbers to 2 decimal places.
a 3 b) 1 o 0,111111 d) 0,999991
Round off the following irrational numbers to 3 decimal places.
a) 3,141592654... b) 1,618033989...
c 1,41421356... d) 2,71828182845904523536...

Round off the number 1523,00195593 to 4 decimal places.

Round off the number 1982,94028996 to 6 decimal places.

Round off the number 101,52378984 to 4 decimal places.

Use your calculator and write the following irrational numbers to 3 decimal places.
a) V2 b) v3 o Vb d) V6

Use your calculator (where necessary) and write the following numbers to 5 decimal places. State whether
the numbers are irrational or rational.

a) V8 b) V768 o) /0,49 d) ,/0,007T6 e) /0,25
f) V36 g) /1960 h) 4/0,0036 i) —8,/0,04 j) 5v/80
Round off:

a) ‘/75 to the nearest 2 decimal places.
b) /14 to the nearest 3 decimal places.
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19.

20.

21.

22.

23.

24.
25.

Write the following irrational numbers to 3 decimal places and then write each one as a rational number
to get an approximation of the irrational number.

a) 3,141592654... b) 1,618033989...

c) 1,41421356... d) 2,71828182845904523536...

Determine between which two consecutive integers the following irrational numbers lie, without using
a calculator.

a) V5 b) V10 o v20 d) /30 e) V5 f) V10
g V20 h) V/30 ) V90 ) V72 k) V/58 ) V118
Estimate the following surds to the nearest 1 decimal place, without using a calculator.
a) V14 b) /110 ) V48 d) V57
Expand the following products:
a) (a+5)32 b) (n+ 12)? o (d—4)?
d) (Tw+2)(Tw —2) e) (12¢+1)(12¢ —1) f) —(—z —2)(z +2)
g (5k —4)(5k +4) h) (5f+4)2f +2) i) (3n+6)(6n+5)
i) (2g+6)(g+6) k) (4dy +1)(4y +8) ) (d—3)(7d+2)
m) (6z—4)(z—2) n) (bw — 11)2 o) (55 —1)2
p) (3d — 8)? Q) 5f2(Bf+5)+TfBf2+7) 1 8d(4d3 +2) +6d*(7d* +4)
s) 52%(2x + 2) + 7x(72% + 7)
Expand the following:
a) (y* +3y° +y)(y+ 1y —2) b) (z+1)* - (z - 1)
o (2> +2z+1)(z2 -2z +1) d) (4a — 3b)(16a> + 12ab + 9b?)
e) 2(z + 3y)(z? — 2y — y?) f) (3a —5b)(3a + 5b)(a® + ab — b?)
1
o (-2)0+ (5362
Y Y 3 a 3 a
i) %(12x—9y)—|—%(12x+18y) ) (z+2)(z—2)— (z+2)2

What is the value of e in (z — 4)(z +e) = 2% — 162
In(z+2)(z+k)=22+bzx+c
a) For which of these values of k will b be positive?
—6; —-1;0;1;6
b) For which of these values of k£ will ¢ be positive?
—6; -1;0;1;6
c) For what values of k£ will ¢ be positive?
d) For what values of k will b be positive?

26. Answer the following:

1\2
a) Expand: (3a— —)
2a

. 1 , 3 1
b) Expand: <3a - %) <9a +5+ @>

1 1
c) Given that 3a — o = 7, determine the value of 27a® — 3 without solving for a.
a a
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27. Solve by factorising:

28.

29.

30.

31.

a) 172 — 152 b) 13% — 122 0 120045% — 1200352  d) 26% — 242
Represent the following as a product of its prime factors:

a) 143 b) 168 c) 899 d) 99 e) 1599
Factorise:

a) a®> -9 b) 9b% — 81

c) m?— % d) 5— 5a%b®

e) 16ba* — 81b

g) 16b% + 56b + 49

i) 16 — a4

k) 32— Ty —30

m) —3(1—p?) +p+1

0) 4b(z3 —1) + z(1 — 23)

q) 3f(z+3) +19(3 + =)

s) 85 — 125y°

u) %a?’ — a?b + 2a%b — 6ab® + 3ab® — 9b°
w) s2+2s—15

y) 18h — 459 + 2m3h — 5m3g

Factorise the following:

a) 6a% +14a +8

o 125¢3 — 13

e) 1dm —4n+ 7jm — 2jn
g ¢*>—27

i) b2 — (3a — 2b)2

k) 1626 — 3y®

m) 4(a —3) — 81z%(a — 3)
0) 2x2 + Txy + 5y?

q) 4z +112%2 +6

S) 91(123: + 9a%y + 27a% — b2z — b2y — 3b>

u) -z — %x—2x2—|—18

2
w)

3
12508 77

Simplify the following:
a) (a—2)%2—a(a+4)

o (2m —3)(4m? +9)(2m + 3)

Chapter 1. Algebraic expressions

f) a2 —10a + 25

h) —4b% — 14468 + 48b°

j) Ta? — 14z + Tzy — 14y

D 1—2—22+423

n) z2 —2x+1—y*

p) 3m(v—"7)+19(=7+v)
n 3p®— 41

) (2+p)3—8(p+1)3

v) 6a® —17a+5

X) 16v + 24h + 25%v + 35°h
7) 63d — 18s + Tud — 2u?s

b) 692 — 159 — 9

d) 82+ 23

f) 25d — 15m + 5yd — 3ym
h) z3+125

) 9y* — (4 + 2y)°

) %aQ — 24p*

n) (2+0b6)2—11(2+b) —12
p) % — 2zy — 154>

r 6zt — 3822 + 40

) 2(2y% — 5y) — 24

v) 27r3s3 — 1

x) j(64n3 — b3) + k(64n> — b3)

b) (5a — 4b)(25a% + 20ab + 16b%)

d) (a+2b—c)(a+2b+c)




o m? +11m 418 | 3m® 4 27Tm f 49t 4+18 | 487 424
A(m?—4)  24m? —48m 5(t2—9)  100£2 — 300¢
) 4—b? h 22+ 2z +4
& -6 -8
i z? — 5z — 14 ) d> +23d +132 | 4d> +48d
37 + 6 V5@ —121) T 1002 — 1100d
a—2 (a—l)(a+1)xa2—2a—15 " a+6 a?+14a+33 a3+ 216
a?+4a+3 ° a—1 a—2 a? +12a + 11 a+3 a+1
a+b b2 —ba—6a> a®—b—2b7 st + sb+ 31t + 31b
m) 2+ X n)
a+2b a? — 4b? 3a—b t+b
ny +nq + 8y + 8¢ P-¢ . ptg
0) p) ==
Yy+q p pT —Ppq
) 2 _ 2x n 1 _a+ 7
Y273 a+7 a?-—49
7 4 2 1—2a a—1 1
1 _ _
Vg R V41 2@—3a+1 1-a
W 1x+x_2+4 V) 1 422 —z -3
2 3 2 4+2r x?+2x-—3
w) b2+6b+9  b>—6b+38 1 9 z2 + 2z X;l:2—|—2x+1
b2 —9 (b—2)(b+3) b+3 22+z2+6 2243z +2
) 12 n 5 2) 11 _ 4
Y oer12 T z-5 w—11 w-4
32. Show that (22 — 1)? — (x — 3)? can be simplified to (x + 2)(3z — 4).
33. What must be added to 22 — x + 4 to make it equal to (z + 2)??
3
34. Evaluate xzm_ 1 if z = 7,85 without using a calculator. Show your work.
35. With what expression must (a — 2b) be multiplied to get a product of (a® — 8b%)?
36. With what expression must 2722 + 1 be divided to get a quotient of 3z + 1?
37. What are the restrictions on the following?
a) 1 b) -
3z2 + 2z —1 3(b—a) + ab— a?
For more exercises, visit www.everythingmaths.co.za and «click on ’Practise =~ Maths'.
1. 2DR7 2a. 2DR8 2b. 2DR9 2c. 2DRB 2d. 2DRC 2e. 2DRD 2f. 2DRF
3a. 2DRG 3b. 2DRH 3c. 2DRJ 3d. 2DRK 4. 2DRM 5. 2DRN 6a. 2DRP
6b. 2DRQ 6c. 2DRR 6d. 2DRS 6e. 2DRT 6f. 2DRV 6g. 2DRW 7. 2DRX
8a. 2DRY 8b. 2DRZ 9.2DS2  10a. 2DS3 10b. 2DS4 11a. 2DS5 11b. 2DS6
11c. 2DS7 11d. 2DS8  12a.2DS9  12b. 2DSB 12c. 2DSC 12d. 2DSD 13. 2DSF
14. 2DSG 15. 2DSH  16a. 2DS) 16b. 2DSK 16c. 2DSM  16d. 2DSN 17a. 2DSP
17b. 2DSQ 17c. 2DSR  17d. 2DSS  17e. 2DST 17f. 2DSV 17g. 2DSW  17h. 2DSX
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20g. 2DTG 20h. 2DTH  20i. 2DT) 20j. 2DTK  20k. 2DTM 20l. 2DTN  21a. 2DTP
21b. 2DTQ  21c. 2DTR  21d. 2DTS  22a.2DTT  22b. 2DTW  22c. 2DTX  22d. 2DTY
22e. 2DTZ 22f. 2DV2  22g. 2DV3  22h. 2DV4 22i. 2DV5 22j.2DV6  22k. 2DV7
221.2DV8  22m. 2DV9 22n.2DVB 220.2DVC 22p.2DVD 22q. 2DVF 22r. 2DVG
22s. 2DVH  23a. 2DV] 23b. 2DVK  23c. 2DVM  23d. 2DVN  23e. 2DVP 23f. 2DVQ
23g. 2DVR  23h. 2DVS 23i. 2DVT  23j. 2DVV 24. 2DVW 25. 2DVX 26. 2DVY
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2  Exponents

2.1 Introduction EMAS

Exponential notation is a short way of writing the same number multiplied by itself many times. This is very
useful in everyday life. You may have heard someone describe the size of an area in square metres or square
kilometres. For example, the largest radio telescope in the world is being built in South Africa. The telescope
is called the square kilometre array, or SKA. This is because the telescope will occupy an area of 1 kilometre
by 1 kilometre or 1 kilometre squared.

Figure 2.1: Antennas from the Square Kilometre Array (artist’s concept).

Exponents are also very useful to describe very large and very small numbers. For example, the SKA will be
detecting incredibly weak signals from objects which are so far away that to write out the strength of the signal
or the number of kilometres away in full would be impractical. Outside of astronomy, exponents are used by
many other professions such as computer programmers, engineers, economists, financial analysts, biologists
and demographers.

VISIT:
If you want to know more about how exponents are used then take a look at the following presentation.
® See presentation: 2DZ9 at www.everythingmaths.co.za

You have already been introduced to exponents and exponent laws in previous grades. Remember that expo-
nents can also be called indices or powers. Exponential notation is as follows:

— exponent or index
base(—a,n P

For any real number a and natural number n, we can write a multiplied by itself n times as: a™.

Remember the following identities:

l.a"=axaxax---xa (ntimes) (a € R,n €N)
2.a°=1 (a# 0 because 0° is undefined)

1 1
3. a™" = pr (a # 0 because o is undefined)

1
4. Similarly, — = a™
a—n

2.1. Introduction
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VISIT:

Interested in finding out why raising a real number to the power of zero is one? Try work it out for yourself. If
you get stuck, you can see an example of how to show this is true at this link.

® See video: 2DZB at www.everythingmaths.co.za

Look at the following examples to see these identities in action:

1.3x3=32=9

2. 5x5x5x5=5
3.pxpxp=p?
4
5

(37 =1
11
_4_7:7
==
1
6. c= =5
NOTE:

If your final answer is easier to work out without a calculator, then write it out in full - not in exponential
notation, as in examples 1 and 5.

NOTE:
It is convention to write your final answer with positive exponents.

In this chapter, we will revise the exponent laws and use these laws to simplify and solve more complex
expressions and equations.

VISIT:
To revise what exponents are you can watch the following video.
® See video: 2DZC at www.everythingmaths.co.za

2.2 Revision of exponent laws

There are several laws we can use to make working with exponential numbers easier. Some of these laws might
have been done in earlier grades, but we list all the laws here for easy reference:

s a™ xa"=a™™"
am
[ Jmm—)
an
e (ab)" = a™b"
n

(-5
+ (@) =amn

where a > 0, b > 0 and m,n € R

m—-n

VISIT:

The following two videos explain the exponent laws.
Part 1:

® See video: 2DZD at www.everythingmaths.co.za
Part 2:

® See video: 2DZF at www.everythingmaths.co.za

Chapter 2. Exponents
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Worked example 1: Applying the exponential laws

QUESTION

Simplify:
1. 232 x 2%
43
215
12p2t>
3pt3
4. (3z)?
5. (3%52)°
6. 6p° x (7p)°

S (222’
622

(2_2)2x+1

2.

(o2}

SOLUTION

1. 23z X 241 — 23m+4z — 27@

4a’ 3-5 —2
12p2t®
3. = =4pDt6=3) = g2
30 p p

4. (3z)% = 3242 = 922

5. (3% x 52)° = 3(4x3) x 5(2x3) — 312 56

6. 6p° x (7p)° =6(1) x 1 =6

5 (2op 3_(19)3_ P’
“\622)  \3z/ = 27a3

(2—2)2“‘1 — 9—2(2z+1) _ 9g—dax—2

eo

NOTE:
When you have a fraction that is one term over one term, use the method of Finding Prime Bases - in other
words use prime factorisation on the bases.

Worked example 2: Exponential expressions

QUESTION
221 x 4" x 2
implify: ——————
Simplify 6
SOLUTION

Step 1: Change the bases to prime numbers
At first glance it appears that we cannot simplify this expression. However, if we reduce the bases to prime

bases, then we can apply the exponent laws.
22 4n x 2 227 x (22)" x 2!
16™ - (eH"

2.2. Revision of exponent laws




Step 2: Simplify the exponents

22n % 2271, X 21

24n
22n+2n+1
= ZT
24n+1
= 24n
_ 24n+1—(4n)
=
Worked example 3: Exponential expressions
QUESTION
Simplify:
523:—1 . 92:—2
152273
SOLUTION

Step 1: Change the bases to prime numbers

521—1 . 9m—2 - 5290—1 . (32)“3_2
15290—3 — (5 « 3)293—3
52m—1 . 32z—4

T p2w-3 3203

Step 2: Subtract the exponents (same base)

_ 5(2w71)7(2@73) > 3(2174)7(2z73)

_ 52x—1—2:c+3 % 32:&—4—295—}-3

=52 x 37!

Step 3: Write the answer as a fraction

Chapter 2. Exponents




NOTE:
When working with exponents, all the laws of operation for algebra apply.

Worked example 4: Simplifying by taking out a common factor

QUESTION

Simplify: ot _ 9t—2
3.2t —2t

SOLUTION

Step 1: Simplify to a form that can be factorised
For each of the exponent laws we can “undo” the law - in other words we can work backwards. For this
expression we can reverse the multiplication law to write 2¢=2 as 2¢ . 272,

2t _ 2t—2 2t _ (2t . 272)

3.92t—92t 3. 9t_9t

Step 2: Take out a common factor

_2(1-27)
C2t(3-1)

Step 3: Cancel the common factor and simplify

N —

NOTE:
When you have a fraction that has more than one term in the numerator or denominator, change to prime bases

if necessary and then factorise.

Worked example 5: Simplifying using difference of two squares

QUESTION

Simplify:

9% —1
3% +1

2.2. Revision of exponent laws




SOLUTION

Step 1: Change the bases to prime numbers

9 —1 (3" -1
3r4+1 3T+1
32z _ 1]
T 31

Recognise that 3%* = (3%)?

Step 2: Factorise using the difference of squares

(3 -1)(3*+1)

341
Step 3: Cancel the common factor and simplify
=3"-1
Exercise 2 — 1:
Simplify without using a calculator:
1. 16° 2. 16a° 301197 x 11%°
4. 109 x 10* 5. (6c) 6. (5n)
= 5 2\ ~°
7. o == R
32 8 33 J (3)
2 -3
10. = 1. 22 12. 222341
a Tty
) 5 2m+20 29:+4
a
16. (2a*)(3ab?) 17. (Tm*n)(8mSn?) 18. 2(—a"b®)(—4a®b5)(—9a’b?)
1 1 a’® 202'%q*
19. (=9239y5) [ =28y" —z3y%) 20. — 21, ————
(=92°9") <9x Y ) (530 Y ) a® 41903
18010p8 6m8a10
22. 23. 24. 32 = 3°
9cbp° 2m3a’
7(a®)3 9(ab*)® 22
25, —— 26 ~ g 27. =
aﬁ 5 3 2
28. (b7) 29. (2t4) 30. (3n+9)
non—3 13¢ 1 c+2 5% 1590 3
31. 3" 32. % 33, M
Age=1 3x13°—-13 907

Chapter 2. Exponents




16% — 144° 52y—3p4y+4 64 x 123 x 45

4% _12° 3 10729+ 36 303 x 36
o 93 x 202 . 7O 4 =2 39 129 — 96Y
" 4 x52x35 T4 TO4+3x TP T 3Y+6Y

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise =~ Maths'.

1. 2DZG 2. 2DZH 3. 2DZ] 4.2DZK 5. 2DZM 6. 2DZN 7.2DZP 8. 2DZQ

9.2DZR 10.2DZS  11.2DZT 12.2DZV  13.2DZW 14.2DZX 15.2DZY 16.2DZZ
17. 2F22 18. 2F23 19. 2F24  20.2F25  21. 2F26 22.2F27  23.2F28  24.2F29
25.2F2B  26.2F2C  27.2F2D 28.2F2F 29.2F2G  30.2F2H  31. 2F2J 32. 2F2K
33. 2F2M  34.2F2N  35.2F2P  36. 2F2Q  37. 2F2R 38.2F2S  39. 2F2T

0
A www.everythingmaths.co.za m.everythingmaths.co.za

2.3 Rational exponents EMAV

We can also apply the exponent laws to expressions with rational exponents.

Worked example 6: Simplifying rational exponents

QUESTION

Simplify:

SOLUTION

Worked example 7: Simplifying rational exponents

QUESTION

Simplify:

wl=

(0,008)

2.3. Rational exponents
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SOLUTION

Step 1: Write as a fraction and simplify

VISIT:
Extension: the following video provides a summary of all the exponent rules and rational exponents.
® See video: 2F2V at www.everythingmaths.co.za

Exercise 2 — 2:

Simplify without using a calculator:

2(a*b8)? x (512a%0%)
(_2)4a6b2)%
a—QbG)%

3
4
5
6.
7
8
9. (1621266)°

—~ —~

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise  Maths'.

1.2F2W 2. 2F2X 3.2F2Y 4.2F2Z 5.2F32 6.2F33
7.2F34  8.2F35 9. 2F36

2,
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2.4  Exponential equations EMAW

Exponential equations have the unknown variable in the exponent. Here are some examples:
3l =9
50 +3 x 571 =400

If we can write a single term with the same base on each side of the equation, we can equate the exponents.
This is one method to solve exponential equations.

Important: if ¢ > 0 and a # 1 then:
a® =a¥

then 2 = y (same base)

Also notice that if a = 1, then z and y can be different.

Worked example 8: Equating exponents

QUESTION

Solve for z: 3%t =9,

SOLUTION

Step 1: Change the bases to prime numbers

3w+1 — 32

Step 2: The bases are the same so we can equate exponents

r+1=2

srx=1

Worked example 9: Equating exponents

QUESTION

Solve for ¢: 3t = 1.

SOLUTION

Step 1: Solve for ¢
We know from the exponent identities that a® = 1, therefore:

=1
3t =30
S t=0

2.4. Exponential equations
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Worked example 10: Solving equations by taking out a common factor

QUESTION

Solve for ¢t: 5t + 3 . 5t+1 = 400.

SOLUTION

Step 1: Rewrite the expression

5'+3(5".5) =400

Step 2: Take out a common factor

5/ (1+3.5) =400
5 (1 + 15) = 400

Step 3: Simplify

5 (16) = 400
5 = 7%
Step 4: Change the bases to prime numbers
5" =5

Step 5: The bases are the same so we can equate exponents

St=2

Worked example 11: Solving equations by factorising a trinomial

QUESTION

Solve for z:
3% _80.3*-81=0

SOLUTION

Step 1: Factorise the trinomial

(3° —81)(3* +1) =0

Chapter 2. Exponents




Step 2: Solve for z

3% = 81 or 3* = —1. However 3% = —1 is undefined, so:
3" =81
37 =3¢
=4

Therefore z = 4

Worked example 12: Solving equations by factorising a trinomial

QUESTION

Solve for p: .
p—13pz +36 =0

SOLUTION

Step 1: Rewrite the equation

o 1 2 o o
We notice that (pi) = p so we can rewrite the equation as:

1 2 1
(]ﬁ) —13p% +36=0

Step 2: Factorise as a trinomial

Step 3: Solve to find both roots

1

pz—9 =0 or pz—4 =0
p: =9 p: =4
1\2 2 1) 2 2

(»*) =0 (»*) =@
p =81 p =16

Therefore p = 81 or p = 16.

Worked example 13: Solving equations by factorisation

QUESTION

Solve for z:
2% — 2t =0

2.4. Exponential equations




SOLUTION

Step 1: Rewrite the equation
In order to get the equation into a form which we can factorise, we need to rewrite the equation:

2z _ 4T —
2T — 9% 97T =
24
2T =0
2z

Step 2: Factorise the equation

Now that we have rearranged the equation, we can see that we are left with a difference of two squares.
Therefore:

2% —16 =0

(2*—-4)(2*+4) =0
2% =4 2% £ —4 (a positive integer with an exponent is always positive)

2*=22=4

B =2

Therefore z = 2.

Exercise 2 — 3:

1. Solve for the variable:

a) 2715 =32 b) 527+2 = %5

) 64v*! = 162v+5 d) 3%-2 =27

e) 25 =51 fy —2.6%+3=-18

g) R1k+2 — 97k+4 h) 25127 _ 54 —

) 27" x 9* "2 =1 j) 2t + 242 =40

k) (7% —49)(3" —27) =0 ) (2.2° —16)(37t1 —9) =0
m) (10° —1)(3* —81) =0 n) 2x5%2% =5+5

0) 9™ + 3372m — 98 P) y—2y:+1=0

q) 4°13=0,5 r 2% =0,125

Chapter 2. Exponents




s) 10% = 0,001 f) 20°—20-3 = |
87 — 1 27" — 1 8
=827 19 - (i SN
W o1 + Vel 9

2. The growth of algae can be modelled by the function f(t) = 2. Find the value of ¢ such that f(¢) = 128.
3. Use trial and error to find the value of x correct to 2 decimal places

2° =17
4. Use trial and error to find the value of x correct to 2 decimal places
5% =11

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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1s. 2F3V  1t. 2F3W  Tu. 2F3X  1v. 2F3Y 2. 2F3Z 3. 2F42
4. 2F43

2,

ZZ\ www.everythingmaths.co.za m.everythingmaths.co.za

2.5 Summary EMAW

® See presentation: 2F44 at www.everythingmaths.co.za

¢ Exponential notation means writing a number as o™ where n is any natural number and a is any real
number.

¢ a is the base and n is the exponent or index.

Definition:

—a"=axax--xa (ntimes)

-a’=1,ifa#0
1
—a"=—,ifa#0
an
1 .
- —=a"ifa#0
an

The laws of exponents:

- a™xa®=agm"t"
m
_ a = gm "
an
- (ab)" = a"b"

¢ When simplifying expressions with exponents, we can reduce the bases to prime bases or factorise.

¢ When solving equations with exponents, we can apply the rule that if a* = a¥ then z = y; or we can
factorise the expressions.

2.5. Summary
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End of chapter Exercise 2 — 4:

1. Simplify:
a) (8z)3
d) 15%% x 1512*

g (2a2b%)(6a°b?)(—3a"b)

2. Simplify:

9n—1_273—2n

812771
2% 41

2w+ 1
132 4+ 13912

6 x 13 — 13
-I -I 74074446—3
22—60—2
m) (0,81)2
b—l
p) Ep——

Q)

g

j)

e)

b) 3 x 20
7y+7
7y+6

hy (be+1)"
6b5
7(a8b3)2

n) m=2 x (3m?)

k)
3

2a—23a+3
6a

$_1

q)

t) m4y_2
233}—18a:+1

W) 42m—2

2 (3142717

23n+2 . 8n—3

b)

43n—2
1
e) (alobﬁ)z
382 x 2787 x 32
962
124 x 24
166 x 10
1 1
n ( 10b20)5 X (729a12b15)3
1
3

Q) (( 36)%)

h)

k)

C) 52z+y X 53(m+z)

f) 3(d4)(7d3)
248m7
6c2mS

b ()
373
(32)°
3n9n—3

r)

6237 112;27

X) 222z— 1 321

3t+3 +3t

2 x 3t

1

f) (911?8]./4)2
121° — 16

11° 4 47
56 x 316 x 97

108 x 96
0) 2(p30q20) x (1331p'%g 6)%

()G

c)

)

$) (a% +a7%)2 — (a¥ —a7%)?

3. Solve
1
a) 396=2—7 b) 121 =11m"!
) 51 =1 d) 2 x 73 =98
e} % = _g278t! f) —16-3=-18
g 2"+ = (0,5)" h) v+l = pu+!
) 22 =64 j) 1622 —4=0

Chapter 2.

Exponents




kk m+m=1=0

m) 3P + 3P + 3P = 27
0) 2% +3z3i —18 =0
q) (2 —8)(3*—9) =0

s) 5.2¢°+1 — 90

) 2 —3ti +2=0

n k=l —7k=2 —18 =10

16° —1
2r4+1
N (6% —36)(16 —4%) =0

t) 271—2 — 921:-1—1

8% —1 35% 1
u) . =7 V) = =
2(1390— 1al 5 7
w) a;4 =1 X) 223 +1=—x

4. Use trial and error to find the value of 2 correct to 2 decimal places
4* =44
5. Use trial and error to find the value of x correct to 2 decimal places
3% =30
6. Explain why the following statements are false:
1
a) e a+b
b) (a+b)?=a%+0?
9 (&)° =at
d) 2.3* =67
_1 1
e x7z = i
—
f) (3zy?)3 = 32120
7. 1f 22013 52015 g written out in full how many digits will there be?
2n+1 + 2n 3n+1 + 3n
8. Prove that gm _gn=1 = 3n _gn-1
For more exercises, visit www.everythingmaths.co.za and «click on ’Practise
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2.5. Summary
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Number patterns
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3 Number patterns

3.1 Introduction

In earlier grades you saw patterns in the form of pictures and num-
bers. In this chapter, we learn more about the mathematics of pat-
terns. Patterns are repetitive sequences and can be found in nature,
shapes, events, sets of numbers and almost everywhere you care
to look. For example, seeds in a sunflower, snowflakes, geometric
designs on quilts or tiles, or the number sequence 0; 4; 8; 12; 16;.. . ..

Figure 3.1: The pattern of seeds within a
sunflower follows the Fibonacci sequence, or
1;2;3;5;8;13;21; 34; 55; 89; 144; . ..

VISIT:
Interested in learning more about the relationship between Fibonacci sequences and sunflowers?

® See video: 2F6Y at www.everythingmaths.co.za

Try spot any patterns in the following sequences on your own:

1. 2;4;6;8;10;. ..
2. 1;2:4;7: 115 ..
3. 1;4;9;16; 25;...
4. 5;10;20;40; 80;. ..

VISIT:
Identifying patterns in sequences.
® See video: 2F6Z at www.everythingmaths.co.za

3.2 Describing sequences

A sequence is an ordered list of items, usually numbers. Each item which makes up a sequence is called a
" 4
term”.

Sequence
2,4, 6; 8, .
15t term 3 term S three dots means that the

ond term  4th term Seduence continues forever

Sequences can have interesting patterns. Here we examine some types of patterns and how they are formed.

3.1. Introduction
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Examples:

1. 1;4;7;10;13; 16; 19; 22; 25; . ..

There is difference of 3 between successive terms.

The pattern is continued by adding 3 to the previous term.
2. 13;8;3; —2; =7, —12; —17; —22; . ..

There is a difference of —5 between successive terms.

The pattern is continued by adding —5 to (i.e. subtracting 5 from) the previous term.
3. 2;4:8;16; 32; 64; 128; 256;. ..

This sequence has a factor of 2 between successive terms.

The pattern is continued by multiplying the previous term by 2.
4. 3;—9;27; —81;243; —729; 2187;. ..

This sequence has a factor of —3 between successive terms.

The pattern is continued by multiplying the previous term by —3.
5. 9;3;1;%;%;%;...

This sequence has a factor of % between successive terms.

The pattern is continued by multiplying the previous term by % which is equivalent to dividing the pre-
vious term by 3.

Worked example 1: Study table

QUESTION

You and 3 friends decide to study for Maths and are sitting together at a square table. A few minutes later, 2
other friends arrive and would like to sit at your table. You move another table next to yours so that 6 people
can sit at the table. Another 2 friends also want to join your group, so you take a third table and add it to the
existing tables. Now 8 people can sit together.

Examine how the number of people sitting is related to the number of tables. Is there a pattern?

— — — [ 1 [ 1 [ ]

[ Il H

— — — [ 1 [ 1 [ ]

Figure 3.2: Two more people can be seated for each table added.

SOLUTION

Step 1: Make a table to see if a pattern forms
Number of tables, » | Number of people seated

1 4=4

2 4+2=6

3 4+2+2=28
4 44+24+242=10

n 44+24+2+2+---+2

Step 2: Describe the pattern

We can see that for 3 tables we can seat 8 people, for 4 tables we can seat 10 people and so on. We started
out with 4 people and added two each time. So for each table added, the number of people increased by 2.

So the pattern formed is 4; 6; 8; 10;.. . ..

Chapter 3. Number patterns




To describe terms in a number pattern we use the following notation:
The first term of a sequence is T3.

The fourth term of a sequence is T}.

The tenth term of a sequence is T}g.

The general term is often expressed as the n'" term and is written as 7},.

A sequence does not have to follow a pattern but, when it does, we can write down the general formula to
calculate any term. For example, consider the following linear sequence: 1;3;5;7;9;...

The n' term is given by the general formula: 7, = 2n — 1

You can check this by substituting values into the formula:

T,=2(1)-1=1

If we find the relationship between the position of a term and its value, we can find a general formula which
matches the pattern and find any term in the sequence.

Common difference EMAZ

Consider the following sequence:
6;1; —4;—9; ...

We can see that each term is decreasing by 5 but how would we determine the general formula for the nt"
term? Let us try to do this with a table.

Term number T Ty Ty Ty T,
Term 6 1 —4 -9 T
Formula 6—-0x5|6—1x5[6-2x5]6—3x5|6—(n—1)x5

You can see that the difference between the successive terms is always the coefficient of n in the formula. This
is called a common difference.

Therefore, for sequences with a common difference, the general formula will always be of the form: T,, = dn+-c
where d is the difference between each term and ¢ is some constant.

NOTE:
Sequences with a common difference are called linear sequences.

3.2. Describing sequences
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For example, consider the sequence 10;7;4;1;...

To calculate the common difference, we find the difference between any term and the previous term.

Let us find the common difference between Let us check another two terms:
the first two terms.
d=Ty — T3
d=1T, —1T; —1-4
=7-10 - _3

=-3
We see that d is constant.
Ingeneral: d =T, — T,,_1

IMPORTANT!

d+#T,_1 — T, forexample, d = Ty, — T}, not Ty — Ts.

Worked example 2: Study table, continued

QUESTION

As before, you and 3 friends are studying for Maths and are sitting together at a square table. A few minutes
later 2 other friends arrive so you move another table next to yours. Now 6 people can sit at the table. Another
2 friends also join your group, so you take a third table and add it to the existing tables. Now 8 people can sit
together as shown below.

1. Find an expression for the number of people seated at n tables.
2. Use the general formula to determine how many people can sit around 12 tables.

3. How many tables are needed to seat 20 people?
—/ —/ [ 1 T 1 L ]

I 01 Il H

— — — [ 1 [ 1 [ ]

Figure 3.3: Two more people can be seated for each table added.
SOLUTION

Step 1: Make a table to see the pattern

Number of Tables, » | Number of people seated Pattern
1 4=4 —4+2(0)
2 1+2=6 —412(1)
3 1+2+2=28 —412(2)
4 4+2+42+2=10 =4+2(3)
n 11242+42+---+2 | =4+2(n—1)

Note: There may be variations in how you think of the pattern in this problem. For example, you may view
this problem as the person on one end fixed, two people seated opposite each other per table and one person
at the other end fixed. This results in 1 + 2n + 1 = 2n + 2. Your formula for 7T, will still be correct.
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Step 2: Describe the pattern
The number of people seated at n tables is T, =4+ 2 (n — 1)

Step 3: Calculate the 12t term, in other words, find 7}, if n = 12
T, =4+2(12-1)
—4+2(11)
=44 22
=26
Therefore 26 people can be seated at 12 tables.
Step 4: Calculate the number of tables needed to seat 20 people, in other words, find n if 7,, = 20

T,=44+2(n-1)
20=4+2(n—1)

20=442n—2
20-44+2=2n

18 =2n

18

2 ="

n=29

Therefore 9 tables are needed to seat 20 people.

It is important to note the difference between n and T;,. n can be compared to a place holder indicating the
position of the term in the sequence, while T;, is the value of the place held by n. From our example above,
the first table holds 4 people. So for n = 1, the value of T} = 4 and so on:

n|112]|3)| 4
T, |4 |6 ]8|10

Worked example 3: Data plans

QUESTION

Raymond subscribes to a limited data plan from Vodacell. The limited data plans cost R 120 for 1 gigabyte
(GB) per month, R 135 for 2 GB per month and R 150 for 3 GB per month. Assume this pattern continues
indefinitely.

Use a table to set up the pattern of the cost of the data plans.
Find the general formula for the sequence.
Use the general formula to determine the cost for a 30 GB data plan.

B W =

The cost of an unlimited data plan is R 520 per month. Determine the amount of data Raymond would
have to use for it to be cheaper for him to sign up for the unlimited plan.

3.2. Describing sequences




SOLUTION

Step 1: Make a table to see the pattern

Number of GB (n) | 1 2 3 4
Cost (in Rands) 120 135 150 165
Pattern 120 | 120 + (1)(15) = 135 | 120 + (2)(15) = 150 | 120 + (3)(15) = 165

Step 2: Use the observed pattern to determine the general formula.
The price of n GB of data is 7,, = 120 + 15 (n — 1)

Step 3: Determine the cost of 30 GB of data.

This question requires us to determine the value of the 30t term, in other words, find T}, if n = 30. Using the
general formula, we get:

T, =120+ 15(n — 1)
. Tao = 120+ 15 (30 — 1)
=120 + 15 (29)
=120 4 435
=555

Therefore the cost of a 30 GB data package is R 555.

Step 4: Determine when it is cheaper to purchase the unlimited data plan

The final question of this worked example requires us to determine when it would be cheaper for Raymond to
purchase an unlimited data plan instead of a limited plan. In other words, we need to find n where T, is less
than R 520.

We know that:
T, =120+ 15(n — 1)

Therefore, if T,, = 520 = 120 4+ 15 (n — 1)
Solving for n, we get:

520 = 120 + 15 (n — 1)
520 = 120 + 150 — 15
520 = 105 + 15n

405 = 15n
405
T -

n =27

Therefore it is cheaper for Raymond to purchase the unlimited data plan if he uses more than 27 GB per
month.

VISIT:
Learn more about number patterns.
® See video: 2F72 at www.everythingmaths.co.za
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Exercise 3 — 1:

1.

© X N O

10.

11.

Use the given pattern to complete the table below.

JANWAVAVAVANIAVAV/

Figurenumber | 1 |2 |3 |4 | n
Number of dots
Number of lines

Total

Consider the sequence shown here: —4; —1; 2; 5; 8; 11; 14; 17; ...
If T,, = 2 what is the value of T},_2

Consider the sequence shown here: C; D; E; F; G; H; I; J; ...
If T,, = G what is the value of T;,_4?

For each of the following sequences determine the common difference. If the sequence is not linear,
write “no common difference”.

a) 9; —7; —8; —25; =34; ... b) 5;12;19; 26; 33; ...
0 2,93;199; 1,14; 0,35; ... d) 2,53; 1,88; 1,23; 0,58 ; ...
. Write down the next three terms in each of the following sequences:
a) 5;15;25; ... b) —8; —3;2; ...
c) 30;27;24; ... d —13,1; —18,1; —23,1;...
e) —9z;—19x ; 29z ;... fy —15,8;4,2; 242 ;...
g) 300;34b;38b ;...
Given a pattern which starts with the numbers: 3 ; 8 ; 13; 18 ; ... determine the values of T and Ty.
Given a sequence which starts with the letters: C'; D ; E; F ; ... determine the values of T5 and Tg.
Given a pattern which starts with the numbers: 7; 11; 15; 19 ; ... determine the values of T5 and Ts.

The general term is given for each sequence below. Calculate the missing terms (each missing term is
represented by .. .).

a) 0;3;...;15;24 T,=n?-1

b) 3:2:;1;0;...;-2 T,=-n+4

c —11; ...;-=7;...; =3 T, = —13+2n
d 1;10; 19; ...; 37 T,=9n—8

e 9;...;21;...;33 T,=6n+3

Find the general formula for the following sequences and then find Ty, T5o and Tigg
a) 2;5;8;11;14;... b) 0;4;8;12;16;... o 2;—1;—4;-7;,-10;...
The diagram below shows pictures which follow a pattern.

1 <<

2 <]

3 <K
4 R

a) How many triangles will there be in the 5" picture?

3.2. Describing sequences



b)
)
12.
a)
b)
)
13.
a)
b)

¢)

14.

Determine the formula for the n' term.
Use the formula to find how many triangles are in the 25" picture of the diagram.

Study the following sequence: 15 ; 23 ; 31; 39; ...

Write down the next 3 terms.
Find the general formula for the sequence
Find the value of n if T, is 191.

Study the following sequence: —44 ; —14; 16; 46 ; ...

Write down the next 3 terms.
Find the general formula for the sequence
Find the value of n if T;, is 406.

Consider the following list:

—2z—b5; —4z2—5: —62—2; —82—5; —102—5; ...

a)

b)
15.

Find the common difference for the terms of the list. If the sequence is not linear (if it does not have
a common difference), write “no common difference”.

If you are now told that z = —2, determine the values of T} and T5.

Consider the following pattern:

2n+4;1; —2n—2; —4n—5; —6n—8; ...

a)
b)
16. a)
b)
17. a)

b)

Find the common difference for the terms of the pattern. If the sequence is not linear (if it does not
have a common difference), write “no common difference”.

If you are now told that n = —1, determine the values of T} and T5.

If the following terms make a linear sequence:

kg 5k
3 3

2k
2 [,
+2; 3

+10; ...

Determine the value of k. If the answer is a non-integer, write the answer as a simplified fraction.

Now determine the numeric value of the first three terms. If the answers are not integers, write your
answers as fractions.

If the following terms make a linear sequence:

3.7
27 YTy

15

LTy — — L
7 y 27

y —

find y. If the answer is a non-integer, write the answer as a simplified fraction.

Now determine the numeric value of the first three terms. If the answers are not integers, write your
answers as fractions.

18. What is the 649" letter of the sequence:

For

PATTERNPATTERNPATTERNPATTERNPATTERNPATTERNPATTE............. ?
more  exercises,  visit www.everythingmaths.co.za and click on ’Practise = Maths’.
1. 2F73 2. 2F74 3. 2F75 4,.2F76  5a.2F77  5b. 2F78
5c. 2F79 5d. 2F7B 5e. 2F7C 5f. 2F7D  5g. 2F7F 6. 2F7G
7. 2F7H 8. 2F7) 9a. 2F7K 9b. 2F7M  9c. 2F7N  9d. 2F7P
9e. 2F7Q 10a. 2F7R  10b. 2F7S  10c. 2F7T  11.2F7V  12. 2F7W
13. 2F7X 14. 2F7Y 15. 2F77 16. 2F82 17. 2F83  18. 2F84

www.everythingmaths.co.za

2,

]
m.everythingmaths.co.za
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3.3  Chapter summary EMA32

(® See presentation: 2F85 at www.everythingmaths.co.za

* The general term is expressed as the n'" term and is written as 7},.

¢ We define the common difference d of a sequence as the difference between any two successive terms,
whered =T, —T(n—1)

¢ We can work out a general formula for each number pattern and use it to determine any term in the
pattern.

End of chapter Exercise 3 — 2:

1. Analyse the diagram and complete the table.

Figure number (n x n) 1x1]2x2[3x3|4x4 | nxn
Number of horizontal matches
Number of vertical matches
Total number of matches

2. Given a list of numbers: 7; 4; 1; —2; —5; ... determine the common difference for the list (if there
is one).
3. For the pattern here: —0,55; 0,99 ; 2,49 ; 3,91 ; ... calculate the common difference.

If the pattern is not linear, write “no common difference”. Otherwise, give your answer as a decimal.
4. Consider the list shown here: 2 ; 7; 12; 17; 22; 27; 32; 37; ...

If T5 = 22 what is the value of T},_3?
5. Write down the next three terms in each of the following linear sequences:

a) —10,2; —29,2; —48,2; ... b) 507 ; 467 ; 42r ; ...
6. Given a sequence which starts with the numbers: 6 ; 11 ; 16 ; 21 ; ... determine the values of T and
Ts.
7. Given a list which starts with the letters: A; B ; C; D ; ... determine the values of Ts and T}.
8. Find the sixth term in each of the following sequences:
a) 4;13;22;31; ... b) 5;2; —1; —4; ... o 74;97;12; 143 ; ...
9. Find the general formula for the following sequences and then find Tqg, T15 and Tsg
a) —18; —22; —26; —30; —34; ... b) 1;,—6;—13;-20;-27;...

10. The general term is given for each sequence below. Calculate the missing terms (each missing term is
represented by .. .).
a) 10; ... ;14; ... ;18 T,=2n+8 b) 2; —2: —6;...; —14 T,=—4n+6
0 8;...:38;...:68 T,=15m—7

3.3. Chapter summary
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11.

12.

13.

14.

15.

16.

17.

18.

19.

Find the general term in each of the following sequences:
a) 3;7;11;15; ... b) —2;:1;4;7; ...
0 11;15; 19; 23; ... d) 2;2:1;1%; ...
Study the following sequence —7 ; —21; —35; ...

a) Write down the next 3 terms:

b) Find the general formula for the sequence.

c) Find the value of n if T, is —917.

What is the 346™ letter of the sequence:
COMMONCOMMON............. ?

What is the 1000 letter of the sequence:
MATHEMATICSMATHEMATICSMATHEMATICSMATHE ............. ?

The seating of a sports stadium is arranged so that the first row has 15 seats, the second row has 19 seats,
the third row has 23 seats and so on. Calculate how many seats are in the 25™ row.

The diagram below shows pictures which follow a pattern.

a) How many boxes will there be in the sixth picture?

b) Determine the formula for the n' term.
o) Use the formula to find how many boxes are in the 30" picture of the diagram.

A single square is made from 4 matchsticks. Two squares in a row need 7 matchsticks and three squares
need 10 matchsticks.

Answer the following questions for this sequence.

a) Determine the first term.

)
b) Determine the common difference.
c) Determine the general formula.

)

d) A row has twenty-five squares. How many matchsticks are there in this row?

You would like to start saving some money, but because you have never tried to save money before, you
decide to start slowly. At the end of the first week you deposit R 5 into your bank account. Then at the
end of the second week you deposit R 10 and at the end of the third week, R 15. After how many weeks
will you deposit R 50 into your bank account?

Consider the following list:

—4dy—3; —y;2y+3;5y+6;8y+9; ...

a) Find the common difference for the terms of the list. If the sequence is not linear (if it does not have
a common difference), write “no common difference”.

b) If you are now told that y = 1, determine the values of 77 and 7.

Chapter 3. Number patterns




20. a) If the following terms make a linear sequence:

11

1 5
2n+ - 3n+ - 3;...

2 2;7n+

Determine the value of n. If the answer is a non-integer, write the answer as a simplified fraction.

b) Now determine the numeric value of the first three terms. If the answers are not integers, write your
answers as fractions.

21. How many blocks will there be in the 85" picture?
Hint: Use the grey blocks to help.

Fﬁi

22. Analyse the picture below:

a) How many blocks are there in the next picture?
b) Write down the general formula for this pattern.
¢) How many blocks will there be in the 14th picture?

23. A horizontal line intersects a piece of string at 4 points and divides it into five parts, as shown below.

If the piece of string is intersected in this way by 19 parallel lines, each of which intersects it at 4 points,
determine the number of parts into which the string will be divided.

24. Use a calculator to explore and then generalise your findings to determine the:
a) units digit of 32007
b) tens digit of 72008
c) remainder when 72°9 is divided by 5

3.3. Chapter summary




25. Analyse the diagram and complete the table.

1
The dots follow a triangular pattern and the formula is T}, = @
— 1
The general formula for the lines is T}, = %

For more

1. 2F86

7. 2F8F
11a. 2F8N
14. 2F8V
20. 2F93
24c. 2F99

A

Figure number 1123145120 |n

Number of dots

Number of lines

Total

exercises,  visit www.everythingmaths.co.za and click

2. 2F88 3. 2F89 4. 2F8B 5. 2F8C 6. 2F8D
8a. 2F8G 8b. 2F8H 8c. 2F8) 9. 2F8K 10. 2F8M
11b. 2F8P  11c. 2F8Q 11d. 2F8R  12. 2F8S 13. 2F8T
15. 2F8W  16. 2F8X 17. 2F8Y  18. 2F8Z 19. 2F92
21. 2F94 22. 2F95 23.2F96 24a.2F97 24b. 2F98
25. 2F87

@
\ www.everythingmaths.co.za m.everythingmaths.co.za
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4 Equations and inequalities

4.1 Introduction EMA33

Equations are widely used to describe the world around us. In science equations are used to describe everything
from how a ball rolls down a slope to how the planets move around the sun.

In this chapter we will explore different types of equations as well as looking at how these can be used to solve
problems in the real world. We will also look at linear inequalities.

DID YOU KNOW?
f 4*:5'_#-__[_!.[ srl?__-HJ::lr ll?‘

The first use of an “equals” sign from The Whetstone of Witte by Robert Recorde 1557. This equation represents
14x+15 = 71. Recorde is also responsible for introducing the pre-existing “plus” sign (+) to the English-speaking
world.

4.2 Solving linear equations

The simplest equation to solve is a linear equation. A linear equation is an equation where the highest exponent
of the variable is 1. The following are examples of linear equations:

2e+2=1
2—x
3r+1

42 —9) — 4z =4 — 6z
20— 3 a
—3q=—
3 “73

Solving an equation means finding the value of the variable that makes the equation true. For example, to solve
the simple equation = + 1 = 1, we need to determine the value of z that will make the left hand side equal to
the right hand side. The solution is = 0.

The solution, also called the root of an equation, is the value of the variable that satisfies the equation. For
linear equations, there is at most one solution for the equation.

To solve equations we use algebraic methods that include expanding expressions, grouping terms, and factoris-
ing.

For example:

20 +2=1
2r =1—2 (rearrange)
2z = —1  (simplify)

T = —% (divide both sides by 2)

4.1. Introduction
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Check the answer by substituting z = —3.

LHS =2z +2
1
—2(-2)+2
(-2)+
=—1+2
1
RHS =1

Therefore z = —1

VISIT:
The following video gives an introduction to solving linear equations.
® See video: 2F9B at www.everythingmaths.co.za

Method for solving linear equations EMA35

The general steps for solving linear equations are:

1. Expand all brackets.

o

Rearrange the terms so that all terms containing the variable are on one side of the equation and all
constant terms are on the other side.

Group like terms together and simplify.
Factorise if necessary.

oA W

Find the solution and write down the answer.
6. Check the answer by substituting the solution back into the original equation.

IMPORTANT!

An equation must always be balanced, whatever you do to the left-hand side, you must also do to the right-hand
side.

Worked example 1: Solving linear equations

QUESTION

Solve for x:
42z —9) — 4z =4 — 62

SOLUTION

Step 1: Expand the brackets and simplify
422 —9) — 4z =4 — 62
8r — 36 —4x =4 — 6z
8r —4x 4+ 6z =4+ 36
10z = 40

Step 2: Divide both sides by 10

Chapter 4. Equations and inequalities
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Step 3: Check the answer by substituting the solution back into the original equation

LHS = 4[2(4) — 9] — 4(4) RHS =4 — 6(4)
=4(8—9)—16 =4-24
= 4(~1)— 16 =20
=—4-16
=20

.. LHS = RHS. Since both sides are equal, the answer is correct.

Worked example 2: Solving linear equations

QUESTION
Solve for x:
2—x _
3r+1
SOLUTION

Step 1: Multiply both sides of the equation by (32 + 1)
Division by 0 is undefined so there must be a restriction: (z # —3%).

2—x

3z+1
(2—2)=2Bx+1)

Step 2: Expand the brackets and simplify

2—x=06x+2
—x—6r=2-—2
—Tx=0
Step 3: Divide both sides by —7
x—i
- 7
z=0

Since both sides are equal, the answer is correct.

4.2. Solving linear equations




Worked example 3: Solving linear equations

QUESTION

Solve for a:

SOLUTION

Step 1: Multiply the equation by the common denominator 3 and simplify

20—3—9%a=a

—T7a—3=a
Step 2: Rearrange the terms and simplify
—T7a—a=3
—8a =
Step 3: Divide both sides by —8
L3
-8

C2(-3) -3 3 _ 8
LHS _-——7;——--3<—§) RHS = ==

_ D% 9 _ -z

-3 8 3

SE =S
17378 N

_ 50 =3
1738

109

T3 t8

1

o8

.. LHS = RHS. Since both sides are equal, the answer is correct.

Chapter 4. Equations and inequalities




Exercise 4 — 1:

Solve the following equations (assume all denominators are non-zero):

1. 2y —3="7 2. 2c=c—38
3.3=1-2¢ 4. 4b+5=-T
5. —3y=0 6. 16y +4=-10
7. 12y +0 =144 8. 7+ 5y =62
9. 55=>5x+3 10. 5z =2z +45
11. 232 —12 =6+ 3z 12. 12 — 62 + 34z = 22 — 24 — 64
13. 6z + 3z = 4 — 5(2z — 3) 14. 18 = 2p=p+9
15. %:% 16. —(—16 —p) =13p—1
17. 3f =10 =10 18. 3f +16 =4f — 10
19. 10f 4+ 5= —2f —3f +80 20. 8(f —4) =5(f —4)
21. 6:f7i(f+2(7b) +45)f 22. —7x2: 8(1—;}) :
+ Z + T —
- 5_%(1_—4T . 2é5a_ ’ 425
25 1= 5 — . 26. 3y_—26=?+2—a
27. 2= s = 28. 3= — =4
29. 1,5z 43,125 = 1,25z 30. 1,327z +1)=4,1—2
31. 6,52 — 4,15 =17+ 4,25z 32. 3P+1iP-10=0
33. 13(z—1)— 133z +2) =0 34. Hz—-1)=%(z—2)+3
35 24— -2y

2a  6a a

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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4.3 Solving quadratic equations EMA36

A quadratic equation is an equation where the exponent of the variable is at most 2. The following are examples
of quadratic equations:
222 + 22 =1
302 +22-1=0
0=—22+4z —2

4.3. Solving quadratic equations
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Quadratic equations differ from linear equations in that a linear equation has only one solution, while a
quadratic equation has at most two solutions. There are some special situations, however, in which a quadratic
equation has either one solution or no solutions.

We solve quadratic equations using factorisation. For example, in order to solve 222 — x — 3 = 0, we need to
write it in its equivalent factorised form as (x 4+ 1) (2 — 3) = 0. Note thatifa x b=0thena =0o0r b = 0.

VISIT:
The following video shows an example of solving a quadratic equation by factorisation.
® See video: 2FBM at www.everythingmaths.co.za

Method for solving quadratic equations

1. Rewrite the equation in the required form, az? + bz + ¢ = 0.

2. Divide the entire equation by any common factor of the coefficients to obtain an equation of the form
ax? + bx + ¢ = 0, where a, b and ¢ have no common factors. For example 222 + 42 + 2 = 0 can be
written as 2% + 2z + 1 = 0.

3. Factorise az? + bx + ¢ = 0 to be of the form (rz + s) (ux + v) = 0.
4. The two solutions are (rz +s) =0 or (uxr +v) =0, s0 x = ~Sorz= —B, respectively.
r u

5. Check the answer by substituting it back into the original equation.

Worked example 4: Solving quadratic equations

QUESTION

Solve for x:

322 +2x—-1=0

SOLUTION

Step 1: The equation is already in the required form, az? 4+ bz +c =0
Step 2: Factorise

(z+1)Bz—1)=0

Step 3: Solve for both factors
We have:

r+1=0 OR sk =1 =0

Wl

Step 4: Check both answers by substituting back into the original equation
Step 5: Write the final answer

The solutionto 322 +2z —1=0isz = —lorz = 1

g.

Chapter 4. Equations and inequalities
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Worked example 5: Solving quadratic equations

QUESTION

Find the roots:

0=—22% 442 — 2

SOLUTION

Step 1: The equation is already in the required form, az? + bz +c =0
Step 2: Divide the equation by common factor —2

222 4+4x-2=0
22 —224+1=0

Step 3: Factorise

(z—1D(x-1)=0
(z-1)?=0

Step 4: The quadratic is a perfect square

This is an example of a special situation in which there is only one solution to the quadratic equation because
both factors are the same.

z—1=0

Srx=1

Step 5: Check the answer by substituting back into the original equation
Step 6: Write final answer
The solution to 0 = —222 + 4z — 2 is x = 1.

Exercise 4 — 2:

1. Wirite the following in standard form:

a) (r+4)(5r—4)=-16 b) (3r —8)(2r —3)=—-15 c) (d+5)(2d+5)=8
2. Solve the following equations:

a) 22422z —-15=0 b) p>2—Tp—18=0

c) 922 — 62 —8=0 d) 522 +2lx —54=0

e) 422 +122+8=0 f) —b2+70—-12=0

g —3a2+427a—54=0 h) 42 -9=0

4.3. Solving quadratic equations




i) 4224+ 162 —-9=0 j) 4x? — 122 = —9
k) 20m + 25m2 =0 ) 222 — 52 —12=0

m) —75z2 + 290z = 240 n 2z = 1z? — 3z + 142

0) x2 —4dx = —4 p) —z2+ 4z — 6 = 422 — 142 + 3
q) t? =3t n z2 — 10z = —25

s) 22 =18 t) p2—6p="7

u) 4z? — 172 —77=0 v) 1422 + 52 =6

w) 222 — 21 = 12 X) (2a—3)2-16=0

y) (—6)2—24=1
3. Solve the following equations (note the restrictions that apply):

54 10z 1
= — - =1 —
a) 3y % b) 3 P
18 5 1
Qr+2=—-1 dy—3==-=
4 y
1 1/2 4
Zb=-1==(Z+14 f 1)=-+2
e S(b—1) 3<b+> ) 3(y+1) y+
g) (x+1)2-2(x+1)—-15=0 h) 24 —1=
. . +1 9 2a+ 3
4 13p2 = a =
|)b2 362 + 36 = 0 Dt o T rs ="
xz° —2x — 3 6x — 12
k) =———— — — | 9 =
) x+1 0 o xr — 2
3(a® +1) + 10a 3 3a+4 1
m) 2L Ty n) - -
3a+1 902 —3a+1 27a®+1 9a2-1

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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4.4  Solving simultaneous equations

Up to now we have solved equations with only one unknown variable. When solving for two unknown
variables, two equations are required and these equations are known as simultaneous equations. The solutions
are the values of the unknown variables which satisfy both equations simultaneously. In general, if there are n
unknown variables, then n independent equations are required to obtain a value for each of the n variables.

An example of a system of simultaneous equations is:

r+y=-—1
3=y—2x

We have two independent equations to solve for two unknown variables. We can solve simultaneous equations
algebraically using substitution and elimination methods. We will also show that a system of simultaneous
equations can be solved graphically.

Chapter 4. Equations and inequalities
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Solving by substitution

¢ Use the simplest of the two given equations to express one of the variables in terms of the other.

¢ Substitute into the second equation. By doing this we reduce the number of equations and the number
of variables by one.

¢ We now have one equation with one unknown variable which can be solved.

¢ Use the solution to substitute back into the first equation to find the value of the other unknown variable.

VISIT:
The following video shows how to solve simultaneous equations using substitution.

® See video: 2FD5 at www.everythingmaths.co.za
Worked example 6: Simultaneous equations

QUESTION

Solve for z and y:
z—y=1 ... (1)

3=y—2z ... (2)

SOLUTION

Step 1: Use equation (1) to express = in terms of y

r=y+1

Step 2: Substitute = into equation (2) and solve for y

3=y—2(y+1)

3=y—2y—2
5=—y
SYy=-5

Step 3: Substitute y back into equation (1) and solve for z

x=(-5)+1
— 4

Step 4: Check the solution by substituting the answers back into both original equations
Step 5: Write the final answer

4.4. Solving simultaneous equations
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Worked example 7: Simultaneous equations

QUESTION

Solve the following system of equations:

Ay +3z =100  ...(1)
dy—19z=12  ...(2)

SOLUTION

Step 1: Use either equation to express x in terms of y

4y + 3z = 100
3z =100 — 4y
100 — 4y
T=—a—

Step 2: Substitute = into equation (2) and solve for y

100 — 4
4y—19<%) =7

12y — 19 (100 — 4y) = 36

12y — 1900 + 76y = 36
88y = 1936

cy =22

Step 3: Substitute y back into equation (1) and solve for z

100 — 4 (22
L 100-4(22)

3
100 — 88
- 3
12
3

=4

Step 4: Check the solution by substituting the answers back into both original equations
Step 5: Write the final answer

Chapter 4. Equations and inequalities




Solving by elimination EMA3B

Worked example 8: Simultaneous equations

QUESTION

Solve the following system of equations:

3rx+y=2 .. (1)
6r—y=25 ...(2)

SOLUTION

Step 1: Make the coefficients of one of the variables the same in both equations

The coefficients of y in the given equations are 1 and —1. Eliminate the variable y by adding equation (1) and
equation (2) together:

3r+y = 2
+ 6zx—y = 25
9 +0 = 27
Step 2: Simplify and solve for z
9x = 27
=3

Step 3: Substitute = back into either original equation and solve for y

3(3)+y=2
y=2-9
Y=

Step 4: Check that the solution = = 3 and y = —7 satisfies both original equations
Step 5: Write the final answer

r=3
y=-7

4.4. Solving simultaneous equations
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Worked example 9: Simultaneous equations

QUESTION

Solve the following system of equations:

2a—-3b=5 ...(1)
3a—20=20  ...(2)

SOLUTION

Step 1: Make the coefficients of one of the variables the same in both equations
By multiplying equation (1) by 3 and equation (2) by 2, both coefficients of a will be 6.

6a—9 = 15
— (6a—4b = 40)
0-5b = -—-25

(When subtracting two equations, be careful of the signs.)

Step 2: Simplify and solve for b

Step 3: Substitute value of b back into either original equation and solve for a

2a—3(5) =5
20 — 15 =5
2a = 20
c.a=10

Step 4: Check that the solution a = 10 and b = 5 satisfies both original equations
Step 5: Write the final answer

Chapter 4. Equations and inequalities




Solving graphically EMA3C

Simultaneous equations can also be solved graphically. If the graphs of each linear equation are drawn, then
the solution to the system of simultaneous equations is the coordinates of the point at which the two graphs
intersect.

For example:

r =2y (D)
y=2x—-3 ...(2)

The graphs of the two equations are shown below.

The intersection of the two graphs is (2;1). So the solution to the system of simultaneous equations is = 2
and y = 1. We can also check the solution using algebraic methods.

Substitute equation (1) into (2):

T =2y
Ly=22y)—3
Then solve for y:
y—4y=-3
-3y =-3
sy=1
Substitute the value of y back into equation (1):
=2(1)

Notice that both methods give the same solution.

VISIT:
You can use an online tool such as graphsketch to draw the graphs and check your solution.

4.4. Solving simultaneous equations
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Worked example 10: Simultaneous equations

QUESTION

Solve the following system of simultaneous equations graphically:

4y + 3z = 100 ... (1)
4y — 192 = 12 ...(2)

SOLUTION

Step 1: Write both equations in form y = mz + ¢

4y + 32 = 100
4y = 100 — 3z
yz—%x—{—%

4y — 19z = 12
4y =19z 4 12

19
y:Zx+3

Step 2: Sketch the graphs on the same set of axes

Y

20 |

y:14—9x+3

y:_Tsx+25
15 +

10 |
5 b

8 —6 —4 —2 2 4 6 8

Step 3: Find the coordinates of the point of intersection
The two graphs intersect at (4;22)

Step 4: Write the final answer

Chapter 4. Equations and inequalities




Exercise 4 — 3:

1. Look at the graph below:

Yy
y=2z+1
2 NE
1 s
t x
1 2 3
N Yy=-—x—5
Solve the equations y = 2z + 1 and y = —z — 5 simultaneously.
2. Look at the graph below:
Yy
y=2c+1
2 NE
1 y=125—1
t x
1 2 3

Solve the equations y = 2z — 1 and y = 2z + 1 simultaneously.
3. Look at the graph below:

\ t t t x
i3 *1
—1
—2 |
73 1
—4 + y——x—1
51 y=—2z+1
Solve the equations y = —2x + 1 and y = —x — 1 simultaneously.

4.4. Solving simultaneous equations




4. Solve for z and y:

a) —10z = —1 and —4x + 10y = —9. b) 3z —1ldy=0and z —4y+1=0

) z+y=_8and3x+ 2y =21 d y=2zr+1landz+2y+3=0

e) 5x — 4y = 69 and 2z + 3y = 23 f) x+ 3y =26and 5z +4y =75

g) 3x —4y =19 and 2z — 8y = 2 h)g+b=4and%—§:l

i) —10x +y=—1and —10x —2y =5 j) =10z — 10y = —2 and 2z + 3y = 2
k)i+§:3andi—§:11 I)y:%andy:2—%ﬂ

m) 3a+b:£and3a2:3—ab
2a

5. Solve graphically and check your answer algebraically:

a) y+2xr=0andy—2zx—4=0 b)x+2y:1and§+%=1
) y—2=6zandy —x = -3 d) 2x+y=5and 3z —2y =4

e) b=z+yandz =y —2
For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
1. 2FD6 2. 2FD7 3.2FD8 4a.2FDM 4b. 2FD9 4c. 2FDB  4d. 2FDC  4e. 2FDD

4f. 2FDF  4g. 2FDG  4h. 2FDH  4i. 2FDJ 4j. 2FDK  4k. 2FDN  4l. 2FDP  4m. 2FDQ
5a. 2FDT  5b. 2FDR  5c. 2FDV ~ 5d. 2FDW  5e. 2FDS

&,

—\ www.everythingmaths.co.za m.everythingmaths.co.za

4.5 Word problems EMA3D

To solve word problems we need to write a set of equations that represent the problem mathematically. The
solution of the equations is then the solution to the problem.

Problem solving strategy EMA3F

Read the whole question.

What are we asked to solve for?

Assign a variable to the unknown quantity, for example, x.

Translate the words into algebraic expressions by rewriting the given information in terms of the variable.
Set up an equation or system of equations to solve for the variable.

oA w2

Solve the equation algebraically using substitution.
7. Check the solution.

VISIT:
The following video shows two examples of working with word problems.
® See video: 2FDX at www.everythingmaths.co.za

Worked example 11: Solving word problems

QUESTION

A shop sells bicycles and tricycles. In total there are 7 cycles (cycles include both bicycles and tricycles) and
19 wheels. Determine how many of each there are, if a bicycle has two wheels and a tricycle has three wheels.

Chapter 4. Equations and inequalities
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SOLUTION

Step 1: Assign variables to the unknown quantities
Let b be the number of bicycles and let ¢ be the number of tricycles.

Step 2: Set up the equations

b+t=7  ...(1)
W4+3t=19  ...(2)

Step 3: Rearrange equation (1) and substitute into equation (2)

t=T7-0
C.26+21—-3b=19
b= -2
Sb=2
Step 4: Calculate the number of tricycles ¢
t=7-—">
=7-2

Step 5: Write the final answer
There are 5 tricycles and 2 bicycles.

Worked example 12: Solving word problems

QUESTION

Bongani and Jane are friends. Bongani takes Jane’s maths test paper and will not tell her what her mark is. He
knows that Jane dislikes word problems so he decides to tease her. Bongani says: “I have 2 marks more than
you do and the sum of both our marks is equal to 14. What are our marks?”

SOLUTION

Step 1: Assign variables to the unknown quantities

We have two unknown quantities, Bongani’s mark and Jane’s mark. Let Bongani’s mark be b and Jane’s mark
be j.

Step 2: Set up a system of equations

Bongani has 2 more marks than Jane.
b=j+2 ... (1)

Both marks add up to 14.
b+ji=14  ...(2)
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Step 3: Use equation (1) to express b in terms of j

b=j+2
Step 4: Substitute into equation (2)
b+j=14
G+2)+j=14
Step 5: Rearrange and solve for j
2j=14—2
=12
o =

Step 6: Substitute the value for j back into equation (1) and solve for b

b=j+2
=6+2
=8

Step 7: Check that the solution satisfies both original equations
Step 8: Write the final answer
Bongani got 8 for his test and Jane got 6.

Worked example 13: Solving word problems

QUESTION

A fruitshake costs R 2,00 more than a chocolate milkshake. If 3 fruitshakes and 5 chocolate milkshakes cost
R 78,00, determine the individual prices.

SOLUTION

Step 1: Assign variables to the unknown quantities
Let the price of a chocolate milkshake be z and let the price of a fruitshake be 1.

Step 2: Set up a system of equations

y=x+2 ... (1)
3y +5x =78 ... (2)
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Step 3: Substitute equation (1) into (2)

3(x+2)+5x="78

Step 4: Rearrange and solve for

3r+6+5x="T8
8x =172

S.x=9
Step 5: Substitute the value of z back into equation (1) and solve for y
y=x+2
=942

=11

Step 6: Check that the solution satisfies both original equations
Step 7: Write final answer
One chocolate milkshake costs R 9,00 and one fruitshake costs R 11,00.

Worked example 14: Solving word problems

QUESTION

The product of two consecutive negative integers is 1122. Find the two integers.

SOLUTION

Step 1: Assign variables to the unknown quantities
Let the first integer be n and let the second integer be n + 1

Step 2: Set up an equation

n(n+1)=1122

Step 3: Expand and solve for n

n+n=1122
n24+n—-1122=0
(n+34)(n—33)=0
son=-34
orn =33

4.5. Word problems




Step 4: Find the sign of the integers
It is given that both integers must be negative.

on=—-34
n+1=-34+1
=-33

Step 5: Write the final answer
The two consecutive negative integers are —34 and —33.

Exercise 4 — 4:

. Two jets are flying towards each other from airports that are 1200 km apart. One jetis flying at 250 km-h—!

and the other jet at 350 km-h~!. If they took off at the same time, how long will it take for the jets to pass
each other?

. Two boats are moving towards each other from harbours that are 144 km apart. One boat is moving at

63 km-h~! and the other boat at 81 km-h~!. If both boats started their journey at the same time, how
long will they take to pass each other?

. Zwelibanzi and Jessica are friends. Zwelibanzi takes Jessica’s civil technology test paper and will not tell

her what her mark is. He knows that Jessica dislikes word problems so he decides to tease her. Zwelibanzi
says: “l have 12 marks more than you do and the sum of both our marks is equal to 148. What are our
marks?”

Kadesh bought 20 shirts at a total cost of R 980. If the large shirts cost R 50 and the small shirts cost
R 40, how many of each size did he buy?

. The diagonal of a rectangle is 25 cm more than its width. The length of the rectangle is 17 cm more than

its width. What are the dimensions of the rectangle?
The sum of 27 and 12 is equal to 73 more than an unknown number. Find the unknown number.

7. A group of friends is buying lunch. Here are some facts about their lunch:

10.
11.

12.

13.
14.

e a milkshake costs R 7 more than a wrap
* the group buys 8 milkshakes and 2 wraps
* the total cost for the lunch is R 326
Determine the individual prices for the lunch items.

The two smaller angles in a right-angled triangle are in the ratio of 1 : 2. What are the sizes of the two
angles?

. The length of a rectangle is twice the breadth. If the area is 128 cm?, determine the length and the

breadth.
If 4 times a number is increased by 6, the result is 15 less than the square of the number. Find the number.

The length of a rectangle is 2 cm more than the width of the rectangle. The perimeter of the rectangle is
20 cm. Find the length and the width of the rectangle.

Stephen has 1 litre of a mixture containing 69% salt. How much water must Stephen add to make the
mixture 50% salt? Write your answer as a fraction of a litre.

The sum of two consecutive odd numbers is 20 and their difference is 2. Find the two numbers.

The denominator of a fraction is 1 more than the numerator. The sum of the fraction and its reciprocal
is 2. Find the fraction.
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15. Masindi is 21 years older than her daughter, Mulivhu. The sum of their ages is 37. How old is Mulivhu?

16. Tshamano is now five times as old as his son Murunwa. Seven years from now, Tshamano will be three
times as old as his son. Find their ages now.

17. If adding one to three times a number is the same as the number, what is the number equal to?

18. If a third of the sum of a number and one is equivalent to a fraction whose denominator is the number
and numerator is two, what is the number?

19. A shop owner buys 40 sacks of rice and mealie meal worth R 5250 in total. If the rice costs R 150 per
sack and mealie meal costs R 100 per sack, how many sacks of mealie meal did he buy?

20. There are 100 bars of blue and green soap in a box. The blue bars weigh 50 g per bar and the green bars
40 g per bar. The total mass of the soap in the box is 4,66 kg. How many bars of green soap are in the
box?

21. Lisa has 170 beads. She has blue, red and purple beads each weighing 13 g, 4 g and 8 g respectively. If
there are twice as many red beads as there are blue beads and all the beads weigh 1,216 kg, how many
beads of each type does Lisa have?

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise  Maths'.
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4.6 Literal equations EMA3G
A literal equation is one that has several letters or variables. Examples include the area of a circle (A = 7r?)
and the formula for speed (v = £). In this section we solve literal equations in terms of one variable. To

do this, we use the principles we have learnt about solving equations and apply them to rearranging literal
equations. Solving literal equations is also known as changing the subject of the formula.

Keep the following in mind when solving literal equations:

¢ We isolate the unknown variable by asking “what is it joined to?” and “how is it joined?” We then perform
the opposite operation to both sides as a whole.

¢ If the unknown variable is in two or more terms, then we take it out as a common factor.

¢ If we have to take the square root of both sides, remember that there will be a positive and a negative
answer.

¢ If the unknown variable is in the denominator, we multiply both sides by the lowest common denominator
(LCD) and then continue to solve.

VISIT:
The following video shows an example of solving literal equations.
® See video: 2FFQ at www.everythingmaths.co.za

Worked example 15: Solving literal equations

QUESTION

The area of a triangle is A = $bh. What is the height of the triangle in terms of the base and area?
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SOLUTION

Step 1: Isolate the required variable

We are asked to isolate the height, so we must rearrange the equation with h on one side of the equals sign
and the rest of the variables on the other.

A= 1bh
2
2A = bh
24
Ly
b
Step 2: Write the final answer
24
The height of a triangle is given by: h = >
Worked example 16: Solving literal equations
QUESTION
Given the formula:
h — R X i
B R+ r2

make R the subject of the formula.

SOLUTION

Step 1: Isolate the required variable

h(R+r’)=RxH
hR+ hr* = HR

hr? = HR — hR

hr? = R(H — h)
hr?

..R—H_h

Exercise 4 — 5:

1. Solve for z in the following formula: 2z + 4y = 2.

[

Make a the subject of the formula: s = ut + at®.
3. Solve for n: pV = nRT.

1 2
4. Make z the subject of the formula: 3 + ;b =2,
5. Solve forr : V = 7r2h.
6. Solve for h: E = %
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7. Solve for h: A = 27rh + 27r.
D
8. Make ) the subject of the formula: ¢t = —.

3
9. Solve for m: E = mgh + 3muv?.
10. Solve for z: 2® + z(a + b) + ab = 0.
11. Solve for b: ¢ = Va2 + b2.
1 1 1
12. Make U the subject of the f la: = = = + —.
ake U the subject of the formula % U+W

13. Solve for r: A = 7R? — 7r2.

14. F = %C +32° is the formula for converting temperature in degrees Celsius to degrees Fahrenheit. Derive

a formula for converting degrees Fahrenheit to degrees Celcius.

15. V = %mﬂ?’ is the formula for determining the volume of a soccer ball. Express the radius in terms of the

volume.
16. Solve for z in: 22 —ax — 3z =4+a
17. Solve for z in: ax? — 4a +bx? —4b =0
18. Solve for z in v? = 4?2 4+ 2az ifv=2,u=0,3,a =0,5
19. Solve for w in f’ :fﬁ ifv =13, f = 40, f' = 50

. bh? .
20. Solve for hin I = 5T ifb=18, I = 384

1 1
21. Solve for 7 inR:—+—ifR:%,r1:2
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4.7 Solving linear inequalities

A linear inequality is similar to a linear equation in that the largest exponent of a variable is 1. The following
are examples of linear inequalities.

20 4+2<1
2—x > 9
3z +1

4

The methods used to solve linear inequalities are similar to those used to solve linear equations. The only
difference occurs when there is a multiplication or a division that involves a minus sign. For example, we
know that 8 > 6. If both sides of the inequality are divided by —2, then we get —4 > —3, which is not true.
Therefore, the inequality sign must be switched around, giving —4 < —3.

In order to compare an inequality to a normal equation, we shall solve an equation first.

4.7. Solving linear inequalities
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Solve 2z +2 = 1:

2r+2=1
20 =1-2
20 = —1
1
r=-
If we represent this answer on a number line, we get:
0=}
f f —— ; ; ;
-3 -2 -1 1 2 3
Now let us solve for z in the inequality 2z + 2 < 1:
20 4+2<1
20 <1-2
2 < —1
r < —1
- 2
If we represent this answer on a number line, we get:
< —%
= y p——+ ; ; f
-3 -2 -1 0 1 2 3

We see that for the equation there is only a single value of x for which the equation is true. However, for the
inequality, there is a range of values for which the inequality is true. This is the main difference between an
equation and an inequality.

Remember: when we divide or multiply both sides of an inequality by a negative number, the direction of the
inequality changes. For example, if x < 1, then —x > —1. Also note that we cannot divide or multiply by a

variable.

NOTE:
The following video provides an introduction to linear inequalities.
® See video: 2FGH at www.everythingmaths.co.za

Interval notation EMA3])

Examples:

(4;12) Round brackets indicate that the number is not included. This interval includes all real
numbers greater than but not equal to 4 and less than but not equal to 12.

(—oo0;—1) | Round brackets are always used for positive and negative infinity. This interval includes
all real numbers less than, but not equal to —1.

[1;13) A square bracket indicates that the number is included. This interval includes all real
numbers greater than or equal to 1 and less than but not equal to 13.

It is important to note that this notation can only be used to represent an interval of real numbers.

We represent the above answer in interval notation as (—oo; —%]

Chapter 4. Equations and inequalities
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Worked example 17: Solving linear inequalities

QUESTION

Solve for r:
6—7r>2

Represent the answer on a number line and in interval notation.

SOLUTION

Step 1: Rearrange and solve for r

—r>2-6
—r>—4
Step 2: Multiply by —1 and reverse inequality sign

r<4

Step 3: Represent the answer on a number line

r<4
=)

0 1 2 3 4
Step 4: Represent the answer in interval notation

(—00;4)

Worked example 18: Solving linear inequalities

QUESTION

Solve for g:

4q+3 < 2(q+3)

Represent the answer on a number line and in interval notation.

SOLUTION

Step 1: Expand the bracket

49+ 3 < 2(q+ 3)
4943 <2g+6

4.7. Solving linear inequalities




Step 2: Rearrange and solve for ¢

4g+3<2¢+6
4q9—29<6—3
29 < 3
Step 3: Divide both sides by 2
2q <3
<3
=3

Step 4: Represent the answer on a number line

q<32
- ' : ' ' '
0 1 2 3 4 5

Step 5: Represent the answer in interval notation

(=003 3)

Worked example 19: Solving compound linear inequalities

QUESTION

Solve for x:

5<x+3<8

Represent the answer on a number line and in interval notation.

SOLUTION

Step 1: Subtract 3 from all the parts of the inequality

5-3 < xz+3-3 < 8-3
2 < T < 5

Step 2: Represent the answer on a number line

: : ® O—
0 1 2 3 4 5 %

Step 3: Represent the answer in interval notation
[2;5)
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Exercise 4 — 6:

1. Look at the number line and write down the inequality it represents.

a)
- : : : : : : o
-2 -1 0 1 2 3 4 5 6 7 &
b) 1 1 1 4 1 1
0 1 2 3 4 5 7 7 8
c)
€ ' =
0 1 2 3 4 5 6 7 8 T

¥ ¥ y :>x
-30 —-20 -10 0 10 20 30

2. Solve for z and represent the answer on a number line and in interval notation.

a) 3x+4>5x+8 b) 3(x —1)—2<6zx+4
-7 2x—3
c)”j3 > x2 d) —4(z—1)<z+2
1 1
e) forg(xfl)Z%zfg )l 2<2x—-1<3
g —5<2r—3<7 h) 7(3z +2) — 5(22 — 3) > 7
S5r—1 _ 1—-2x
i > j) 3<4—x<16
"6 73 3sd-z<
— T
k)Ty—5>—7 h1<1—2y<9
m) —2<L_1<7
—3
3. Solve for z and show your answer in interval notation:
a) 2z — 1< 3(x+11) b) £ —1< —4(x —6)
z—1  2(xz-2) x+2  —2(x—4)
< <
O g =73 & ——=—
1 5 1 1 2 4
Zpe_ = — —y_Z > =
e) R 4(x+2)>4:1c+3 f) = 5(!E+3)72CE+3
g) dr+3< -3 or 4xr+3>5 h) 4> —6x—6> -3

4. Solve for the unknown variable and show your answer on a number line.

a) 6b—3>b+2, beEZ b) 3a—1<4a+6, aeN
b—3 b da + 7 2
—F+1l<-—4 R _ _Zz

c) 5 + <4 , be d) 3 5>a 3,aeN
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4.8 Chapter summary EMA3K

® See presentation: 2FHK at www.everythingmaths.co.za

* A linear equation is an equation where the exponent of the variable is 1. A linear equation has at most
one solution.

» A quadratic equation is an equation where the exponent of the variable is at most 2. A quadratic equation
has at most two solutions.

* To solve for two unknown variables, two equations are required. These equations are known as a sys-
tem of simultaneous equations. There are two ways to solve linear simultaneous equations: algebraic
solutions and graphical solutions. To solve algebraically we use substitution or elimination methods. To
solve graphically we draw the graph of each equation and the solution will be the coordinates of the
point of intersection.

* Literal equations are equations that have several letters and variables.

» Word problems require a set of equations that represent the problem mathematically.

e A linear inequality is similar to a linear equation and has the exponent of the variable equal to 1.

* If we divide or multiply both sides of an inequality by any number with a minus sign, the direction of

the inequality changes.

End of chapter Exercise 4 — 7:

1. Solve:
a) ba—7= -2
o 1=4-3y
e) 3—6k=2k—1

g m+6(—-m+1)+8m=0

q q
3+-===
i) +5 5
a—4 a
k) 2 — ==
) 2+ 5 3 7
2 1 1 2
2 _ 9 - _ (142
) $-2-5=5(1+7)

a) B2+6b—27=0
o —b2—-3b+10=0

e) bx+1)(z—3)=0

a—|—2_a+8
a—3 a+4

i) 22—-3x+2=0

g)

k) 0=2z%—5z—18
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b) bm+3 = -2
d) 2(p—1)=3(p+2)
f) 21z +3=41-33z

h) 2k+3=2—3(k+2)

1 4z+1
2 5z2—6
2 4

) 5_(m—+):1

m m

b) —22+52z+6=0
d) 2b—15=(b+1)(b—6) — b2

f) 5t—1=t2—(t+2)(t—2)

n+3 n-—1
h g
)n—2 n—"17
)y’ +y=6

) (d+4)(d—3) —d=(3d —2) — 8d(d — 1)
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3. Look at the graph below:

Y
y=3x+2
RIS y=2z+1
2 Na
t t x
—3 1 2 3
Solve the equations y = 3z + 2 and y = 2z + 1 simultaneously.
4. Look at the graph below:
Yy
xX
y=-x+1
_3 §
—4 y=-x—1
_5 §
Solve the equations y = —z + 1 and y = —x — 1 simultaneously.

5. Look at the graph below:

////y:x+4

Solve the equations y = x + 4 and y = —2x + 1 simultaneously.
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6. Solve the following simultaneous equations:

a) 7x+3y=13and 22z — 3y = —4 b) 10=2z+yandy=2—2

) Tx—41=3yand 17=3z — y d) 2z — 4y = 32 and Tz + 2y = 32

e) 7z + 6y = —18 and 4z + 12y = 24 f) 3z — 4y = —15 and 12z + 5y = 66

g) x — 3y =—22and bx + 2y = —25 h) 3z + 2y = 46 and 15z + 5y = 220

) 62+ 3y = —63 and 24z + 4y = —212 j) 5z — 6y = 11 and 25z — 3y = 28

k) =9z +3y=4and 2z +2y =6 l) 3z — 7y = —10 and 10z + 2y = —6

m) 2y =z + 8 and 4y = 2x — 44 n) 2a(a—1)—4+a—-b=0and2a®> —a=b+4
0 y=(@—22andz(z+3)—y=3z+4(z—1) p) x+1:7andﬁ=6

a) (43> +(y—4)>=0

7. Find the solutions to the following word problems:

a) % of a certain number is 5 more than % of the number. Find the number.

b) Three rulers and two pens have a total cost of R 21,00. One ruler and one pen have a total cost of
R 8,00. How much does a ruler cost and how much does a pen cost?

c) A group of friends is buying lunch. Here are some facts about their lunch:
¢ a hotdog costs R 6 more than a milkshake
* the group buys 3 hotdogs and 2 milkshakes
* the total cost for the lunch is R 143
Determine the individual prices for the lunch items.

d) Lefu and Monique are friends. Monique takes Lefu’s business studies test paper and will not tell
him what his mark is. She knows that Lefu dislikes word problems so she decides to tease him.
Monique says: “I have 12 marks more than you do and the sum of both our marks is equal to 166.
What are our marks?”

e) A man runs to the bus stop and back in 15 minutes. His speed on the way to the bus stop is 5 km-h~!
and his speed on the way back is 4 km-h~. Find the distance to the bus stop.

f) Two trucks are travelling towards each other from factories that are 175 km apart. One truck is
travelling at 82 km-h—! and the other truck at 93 km-h~!. If both trucks started their journey at the
same time, how long will they take to pass each other?

g) Zanele and Piet skate towards each other on a straight path. They set off 20 km apart. Zanele skates
at 15 km-h~! and Piet at 10 km-h—!. How far will Piet have skated when they reach each other?

h) When the price of chocolates is increased by R 10, we can buy five fewer chocolates for R 300.
What was the price of each chocolate before the price was increased?

i) A teacher bought R 11 300 worth of textbooks. The text books were for Science and Mathematics
with each of them being sold at R 100 per book and R 125 per book respectively. If the teacher
bought 97 books in total, how many Science books did she buy?

j) Thom’s mom bought R 91,50 worth of easter eggs. The easter eggs came in 3 different colours blue,
green and yellow. The blue ones cost R 2 each, green ones R 1,50 each and yellow ones R 1 each.
She bought three times as many yellow eggs as the green ones and 72 eggs in total. How many
blue eggs did she buy?

k) Two equivalent fractions both have their numerator as one. The denominator of one fraction is the
sum of two and a number, while the other fraction is twice the number less 3. What is the number?

8. Consider the following literal equations:

a) Solve forz: a —bx = ¢
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b) Solve forI: P =V1I.
c) Make m the subject of the formula: E = mc?.
d) Solve for t: v = u + at.

1 1
e) Make f the subject of the formula: u +-—=-.
v

y—=c

f) Solve for y: m =

g) Solve for z in: ax — 4a + ab = 4b — bx — b® + 4¢c — cx — be

h) Solve forr in S = 1;:‘ ifa=04and S =3

i) Solve forbinI = 1M (a*>+b%) ifa=4, M =8,1=320
9. Write down the inequality represented by the following:

a)
- : : ®
—4 =2 0 2 4 6 8 10 *

b)

i ® : ——

-3 -2 -1 0 1 2 3
¢)

: : ®

10. Solve for x and show your answer in interval notation

x+2 - —1(z+1)

a) —dz+1> —2(z — 15) b) == < —
1 2 2
) Zm+§(x+1)25x+2 d 3x—-3>14 or 3z-3<-2
11. Solve and represent your answer on a number line

) 2%—3<222 seN

b) 3(1—-6)—4+b>7+b, beZ

l-b6zx>4(x+1)—-3, z€R

12. Solve for the unknown variable:
a) 2+2i(z+4)=1B-2)+% b) 36 — (x —4)>=0
0 64— (a+3)?2=0 d) lx—zzo
2 a8
e) a—3=2<§—|—1> f)a—gz—l
a a

g (a+6)2—5(a+6)—24=0 h) a* —4a>+3=0
. . (b+1)2-16

4 _13y% 4 4= b+ 16 _,
i) 9y2 3y aF 0 J) b+5

a“+8a+7
kf ——— =2 l) 5 2<42z -1
m 222 01 n) §—14>14—§
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0) 5 T 3 >1 p) —5<2k+1<5
42 )
qQ z—1=— N (z+1)?=(z+1)(2z+3)
s) 3ax + 2a — ax = Sax — 6a t) %_b_x:g_i_l
b a b
u 322 —2y—292 =0 v) z(2z+1) =1
2z —5 1 9
= 1=0
W erDE—1)  2z—3) Y &
):c+4_2>x—3_x—|—1
Y3 2 1

13. After solving an equation, Luke gave his answer as 4,5 rounded to one decimal digit. Show on a number
line the interval in which his solution lay.

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise  Maths'.

Ta. 2FHM 1b. 2FHN 1c. 2FHP 1d. 2FHQ Te. 2FHR 1f. 2FHS 1g. 2FHT
Th. 2FHV 1i. 2FHW 1j. 2FHX 1k. 2FHY 11. 2FHZ Tm. 2FJ2 2a. 2F)3

2b. 2F)4 2c. 2F)5 2d. 2F6 2e. 2F)7 2f. 2F)8 2g. 2F)9 2h. 2FB
2i. 2F)C 2j. 2F)D 2k. 2FJF 21. 2F)G 3. 2FH 4. 2F)) 5. 2FK
6a. 2FIM 6b. 2FN 6¢. 2FJP 6d. 2F)Q 6e. 2FJR 6f. 2FJS 6g. 2FT
6h. 2F)V 6i. 2FHW 6j. 2F)X 6k. 2F)Y 6l. 2F)Z 6m. 2FK2 6n. 2FK3

60. 2FK4 6p. 2FK5 6q. 2FK6 7a. 2FK7 7b. 2FK8 7c. 2FK9 7d. 2FKB

7e. 2FKC 7f. 2FKD 7g. 2FKF 7h. 2FKG 7i. 2FKH 7j. 2FKJ 7k. 2FKK

8a. 2FKM 8b. 2FKN 8c. 2FKP 8d. 2FKQ 8e. 2FKR 8f. 2FKS 8g. 2FKT
8h. 2FKV 8i. 2FKW 9a. 2FKX 9b. 2FKY 9c. 2FKZ  10a. 2FM2  10b. 2FM3
10c. 2FM4  10d. 2FM5  11a. 2FM6  11b. 2FM7  11c. 2FM8  12a. 2FM9  12b. 2FMB
12c. 2FMC  12d. 2FMD  12e. 2FMF 12f. 2FMG  12g. 2FMH  12h. 2FMJ 12i. 2FMK
12j. 2FMM  12k. 2FMN  12. 2FMP  12m. 2FMQ  12n. 2FMR  120. 2FMS  12p. 2FMT
129. 2FMV  12r. 2FEMW  12s. 2FMX 12t. 2FMY  12u. 2FMZ  12v. 2FN2  12w. 2FN3
12x. 2FN4 12y. 2FEN5 13. 2FN6

@
Z——\ www.everythingmaths.co.za m.everythingmaths.co.za
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5 Trigonometry

5.1 Introduction EMA3M

Trigonometry deals with the relationship between the angles and sides of a triangle. We will learn about
trigonometric ratios in right-angled triangles, which form the basis of trigonometry.

There are many applications of trigonometry. Of particular value is the technique of triangulation, which is
used in astronomy to measure the distances to nearby stars, in geography to measure distances between land-
marks, and in satellite navigation systems. GPS (the global positioning system) would not be possible without
trigonometry. Other fields which make use of trigonometry include acoustics, optics, analysis of financial mar-
kets, electronics, probability theory, statistics, biology, medical imaging (CAT scans and ultrasound), chem-
istry, cryptology, meteorology, oceanography, land surveying, architecture, phonetics, engineering, computer
graphics and game development.

Figure 5.1: An artist’s depiction of a GPS satellite orbiting the Earth. There are at least 24 GPS satellites operational at any
one time. GPS uses an application of trigonometry, known as triangulation, to determine ones position. The accuracy of
GPS is to within 15 metres.

VISIT:
The following video covers a brief history of trigonometry and some of the uses of trigonometry.
® See video: 2FN7 at www.everythingmaths.co.za

5.2 Similarity of triangles

Before we delve into the theory of trigonometry, complete the following investigation to get a better under-
standing of the foundation of trigonometry.

Investigation: Ratios of similar triangles

Draw three similar triangles of different sizes using a protractor and a ruler, with each triangle having interior
angles equal to 30°, 90° and 60° as shown below. Measure the angles and lengths accurately in order to fill
in the table (leave your answers as a simplified fraction):

5.1. Introduction
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D
30°
A
30°
30°
60° ] 60° 5 60° N
C B F E K H
Dividing lengths of sides (ratios)

AB _ AB _ CB

BC — AC = AC

DE __ DE __ FE _

EF — DF — DF

GH _ GH _ KH _

HK — GK — GK —

What observations can you make about the ratios of the sides?

Have you noticed that it does not matter what the lengths of the sides of the triangles are, if the angle remains
constant, the ratio of the sides will always yield the same answer?

In the triangles below, AABC! is similar to ADEF. This is written as: AABC|||ADEF

C

In similar triangles, it is possible to deduce ratios between corresponding sides:

AB DE
BC ~ EF
AB DE
AC ~ DF
AC _ DF
BC ~ EF

AB _BC _AC
DE EF DF

Chapter 5. Trigonometry




Another important fact about similar triangles ABC and DEF is that the angle at vertex A is equal to the angle
at vertex D, the angle at vertex B is equal to the angle at vertex E, and the angle at vertex C' is equal to the
angle at vertex F'.

QW o
([
o o S

NOTE:
The order of letters for similar triangles is very important. Always label similar triangles in corresponding order.
For example,

AABCI|||ADEF is correct; but
AABCI|||ADFE is incorrect.

5.3  Defining the trigonometric ratios

The ratios of similar triangles are used to define the trigonometric ratios. Consider a right-angled triangle ABC
with an angle marked 6 (said ‘theta’).

B
.ﬂ’_) /U’Dot
8 e”l/s
S ©
o
o
. 0
A adjacent C

In a right-angled triangle, we refer to the three sides according to how they are placed in relation to the angle
f. The side opposite to the right-angle is labelled the hypotenuse, the side opposite 8 is labelled “opposite”,
the side next to 8 is labelled “adjacent”.

You can choose either non-90° internal angle and then define the adjacent and opposite sides accordingly.
However, the hypotenuse remains the same regardless of which internal angle you are referring to because it
is always opposite the right-angle and always the longest side.

We define the trigonometric ratios: sine (sin), cosine (cos) and tangent (tan), of an angle, as follows:

opposite adjacent

sin = ———— cosf) = ———
hypotenuse hypotenuse

__ opposite

tanf = —:
adjacent

These ratios, also known as trigonometric identities, relate the lengths of the sides of a right-angled triangle to
its interior angles. These three ratios form the basis of trigonometry.

IMPORTANT!

The definitions of opposite, adjacent and hypotenuse are only applicable when working with right-angled
triangles! Always check to make sure your triangle has a right-angle before you use them, otherwise you will
get the wrong answer.

5.3. Defining the trigonometric ratios
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You may also hear people saying “Soh Cah Toa”. This is a mnemonic technique for remembering the trigono-
metric ratios:

Sinfd — opposite
hypotenuse
adjacent
cosf = ———
hypotenuse
tan 0 — opposﬂe
adjacent

VISIT:
The following video introduces the three trigonometric ratios.
® See video: 2FN8 at www.everythingmaths.co.za

Worked example 1: Trigonometric ratios

QUESTION

Given the following triangle:

C

B

Label the hypotenuse, opposite and adjacent sides of the triangle with respect to 6.
* State which sides of the triangle you would use to find sin 6, cos 6 and tan 6.

¢ Label the hypotenuse, opposite and adjacent sides of the triangle with respect to a.
« State which sides of the triangle you would use to find sin «, cos @ and tan a.

SOLUTION

Step 1: Label the triangle

First find the right angle, the hypotenuse is always directly opposite the right angle. The hypotenuse never
changes position, it is always directly opposite the right angle and so we find this first.

The opposite and adjacent sides depend on the angle we are looking at. The opposite side relative to the angle

0 is directly opposite (as the word opposite suggests) the angle 6. Finally the adjacent side is the remaining
side of the triangle and must be one of the sides that forms the angle 6.

C

hypotenuse ;
opposite

A0 Op

adjacent

Chapter 5. Trigonometry
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Step 2: Complete the trigonometric ratios
Now we can complete the trigonometric ratios for 6:
sind — opposite _ C_B
hypotenuse ~ AC
_adjacent  AB
" hypotenuse ~ AC'
tan g — opposite _ C_B
adjacent AB

cos

Therefore to find sin # we would use sides C'B (opposite side to ) and AC' (hypotenuse). To find cos§ we
would use sides AB (adjacent side to 6) and AC' (hypotenuse). To find tan # we would use sides C' B (opposite
side to 0) and AB (adjacent side to 6).

And then we can complete the trigonometric ratios for a.. For angle o the opposite and adjacent sides switch

places (redraw the triangle above to help you see this). Notice how the hypotenuse is still AC.
opposite  AB

S = potenuse | AC

cos 0 — adjacent OB
~ hypotenuse  AC'

tan o — opposite  AB

" adjacent CB

Therefore to find sin « we would use sides AB (opposite side to a) and AC' (hypotenuse). To find cos o we
would use sides C'B (adjacent side to o) and AC' (hypotenuse). To find tan a. we would use sides A B (opposite
side to ) and C'B (adjacent side to «).

Exercise 5 — 1:

1. Complete each of the following: A

c4—p
a) sinf}: b) cos{l: c) tan{lz
d) sinC = e) cosC = f) tanC =

2. In each of the following triangles, state whether a, b and c are the hypotenuse, opposite or adjacent sides
of the triangle with respect to 6.

a)
a C
()
b) b
C
0
a b

5.3. Defining the trigonometric ratios




d)
b a
0
C

e)

0

b c
.
a

f)

3. Consider the following diagram:

M
n o
L[]

0 - N

Without using a calculator, answer each of the following questions.

a) Write down cos O in terms of m, n and o.
b) Write down tan M in terms of m, n and o.
©) Write down sin O in terms of m, n and o.
d) Write down cos M in terms of m, n and o.
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4. Find z in the diagram in three different ways. You do not need to calculate the value of z, just write
down the appropriate ratio for z.

5. Which of these statements is true about A PQR?

R Q

P

a)sinf%:g b)tan@:Z (:)cos]f’:z d) sinfD:E
q b q r

6. Sarah wants to find the value of « in the triangle below. Which statement is a correct line of working?

o ]

a)sina = 2 b) cos (£) = a c) tana = 2 d) cos0,8 = o
7. Explain what is wrong with each of the following diagrams.

a)

15

12
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For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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5.4 Reciprocal ratios EMA3Q

Each of the three trigonometric ratios has a reciprocal. The reciprocals: cosecant (cosec), secant (sec) and

cotangent (cot), are defined as follows:

1
9 P—
cosec g
1
0 =
see cos 0
1
t0 =
€0 tan 6

We can also define these reciprocals for any right-angled triangle:

h
cosec 0 = w
opposite
hypotenuse
sech = %
adjacent
cotf = M
opposite
Note that:
sinf x cosec § =1
cosf x secf =1
tane X cot 9 =1
VISIT:

This video covers the three reciprocal ratios for sin, cos and tan.
® See video: 2FNV at www.everythingmaths.co.za

NOTE:
You may see cosecant abbreviated as csc.
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5.5 Calculator skills EMA3R

In this section we will look at using a calculator to determine the values of the trigonometric ratios for any
angle. For example we might want to know what the value of sin 55° is or what the value of sec 34° is.

When doing calculations involving the reciprocal ratios you need to convert the reciprocal ratio to one of the
standard trigonometric ratios: sin, cos and tan as this is the only way to calculate these ratios on your calculator.

IMPORTANT!

Most scientific calculators are quite similar but these steps might differ depending on the calculator you use.
Make sure your calculator is in “degrees” mode.

NOTE:
Note that sin® # = (sin #)2. This also applies for the other trigonometric ratios.

Worked example 2: Using your calculator

QUESTION

Use your calculator to calculate the following (correct to 2 decimal places):

cos 48°

2 sin 35°
tan? 81°
3sin? 72°
71; cos 27°
% tan 34°
sec 34°
cot 49°

© N 9 Uk LN

SOLUTION

Step 1:

The following shows the keys to press on a Casio calculator. Other calculators work in a similar way. On a
Casio calculator ( is automatically added after pressing sin, cos and tan so you just need to press after
typing in the angle to close the brackets.

1. Press [cos] [=] 0,66913... ~ 0,67
2. Press [@ 1147152 ~ 1,15
3. Press [(] [an] [&1] || [j [=] 39,86345... ~ 39,86
OR
Press [[tan]
4. Press [3] [

OR

Press

N

@ ] . . 271352 2,71

01 =] 2] [ 2] AN ] B
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5. Press [T] [=]0,22275... ~ 0,22
OR
Press [27] [ANS] 0,22275... ~ 0,22
6. Press 5] & 0,56209... ~ 0,56
OR

Press (i) [ [=] [5] [ 056 ~ 0,56

7. First write sec in terms of cos: sec 34° = (since there is no “sec” button on your calculator).

cos 34°

Press [3 1,206217... ~ 1,21

8. First write cot in terms of tan: cot 49° =

1 . .
— (since there is no “cot” button on your calculator).
tan 49

Press =] [49] 0,869286... ~ 0,87

Worked example 3: Calculator work using substitution

QUESTION

If x = 25° and y = 65°, use your calculator to determine whether the following statement is true or false:

sin? 2 + cos? (90° — y) = 1

SOLUTION

Step 1: Calculate the left hand side of the equation
Press [(] [sn] [25] [ [ [ [=] [ [eo] [50] [T [e] 0] P [=2 [=] 1

Step 2: Write the final answer
LHS = RHS therefore the statement is true.

Exercise 5 — 2:

1. Use your calculator to determine the value of the following (correct to 2 decimal places):

a) tan65° b) sin 38° C) cos74° d) sin12°

e) cos 26° f) tan49° g) sin 305° h) tan124°

i) sec65° j) sec10° k) sec48° [) cot32°

m) cosec 140° n) cosec 237° 0) sec231° p) cosec 226°
q) i cos 20° r 3tan40° s) % sin 90° %4/30

u) v/sin55° V) 210272?): w) tan 35° + cot 35° X) %
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y) V4sec99°

2) \/cot 103° + sin 1090°
sec10° + 5

2. If z = 39° and y = 21°, use a calculator to determine whether the following statements are true or false:

a) cosx + 2cosx = 3cosx b) cos2y = cosy + cosy
sin x

0) tanx = d) cos(z +y) = cosz + cosy
coS T

3. Solve for z in 5% = 125.

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise  Maths'.
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5.6  Special angles EMA3S

For most angles we need a calculator to calculate the values of sin, cos and tan. However, there are some
angles we can easily work out the values for without a calculator as they produce simple ratios. The values of
the trigonometric ratios for these special angles, as well as the triangles from which they are derived, are shown

below.

NOTE:
Remember that the lengths of the sides of a right-angled triangle must obey the Theorem of Pythagoras: the

square of the hypotenuse equals the sum of the squares of the two other sides.

30° 45

45° ]

0 30° | 45° | 60°
cosl | 3 1 1
2 V2 2
sin 6 1 1 V3
2 /2 -3
tan 6 1 1
3 V3

These values are useful when we need to solve a problem involving trigonometric ratios without using a cal-

culator.

5.6. Special angles
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Exercise 5 — 3:

1. For each expression select the closest answer from the list provided:

a) cos45°

1 1 1

2 1 V2 55
b) sin45°

V2 3 = £
c) tan 30°

1 V3 1 v3 1

2 1 V2 2 3
d) tan60°

v3 1 1 V3 1

2 V2 3 1 1
e) cos4h°

V3 1 1 1

P15 m V2
f) tan 30°

1 1 ¥v3 L 1

2 2 2 1 3
g) tan 30°

1 1 1 V3 3

V3 2 2 2 i
h) cos60°

1 1 V3 3 1

/3 2 2 1 2

2. Solve for cos 6 in the following triangle, in surd form:

3. Solve for tan § in the following triangle, in surd form:

6v/3

4. Calculate the value of the following without using a calculator:
a) sin4b° x cos 45° b) cos60° + tan 45° ¢) sin60° — cos 60°
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5. Evaluate the following without using a calculator. Select the closest answer from the list provided.
a) tan45° = sin 60°

2 V3 V2 1 1
/3 I 3 1 2
b) tan 30° — sin 60°
0 L _v3 _ 1
2 2 N3 2
c) sin30° — tan 45° — sin 30°
RV S S SR/ S i
2 V3 1 23
d) tan 30° + tan 30° = sin 45°
V3 28 2 V2 202
1 vz V31 V3
e) sin45° = sin 30° = cos 45°
V2 L 4 9 22
V3 V2 V3 V3
f) tan 60° — tan 60° — sin 60°
_ 1 1 _ 1 _1 =3
V3 2 V2 1 2
g) cos45° — sin 60° — sin 45°
1 _ 1 _ 7  =v3 _ 1
2 V2 23 2 V3
6. Use special angles to show that:
in 60°
ST tan 60° b) sin245° + cos? 45° = 1 ) c0s30° = /1 — sin? 30°
cos 60°

7. Use the definitions of the trigonometric ratios to answer the following questions:

a) Explain why sin o < 1 for all values of a.
b) Explain why cos a has a maximum value of 1.
) Is there a maximum value for tan a?

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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5.7 Solving trigonometric equations EMA3T

In this section we will first look at finding unknown lengths in right-angled triangles and then we will look at

finding unknown angles in right-angled triangles. Finally we will look at how to solve more general trigono-
metric equations.

5.7. Solving trigonometric equations
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Finding lengths EMA3V

From the definitions of the trigonometric ratios and what we have learnt about determining the values of these
ratios for any angle we can now use this to help us find unknown lengths in right-angled triangles. The following
worked examples will show you how.

Worked example 4: Finding lengths

QUESTION

Find the length of z in the following right-angled triangle using the appropriate trigonometric ratio (round your
answer to two decimal places).

100, T

50° ]

SOLUTION

Step 1: Identify the opposite and adjacent sides and the hypotenuse with reference to the given angle

Remember that the hypotenuse side is always opposite the right angle, it never changes position. The opposite
side is opposite the angle we are interested in and the adjacent side is the remaining side.

. opposite
sin = ———
hypotenuse
X
inb0° = —
Sin 100

Step 2: Rearrange the equation to solve for x

T
in 50° x 100 = — x 100
Sin X 100 X

sin 50° x 100 = =
x = 100sin 50°

Step 3: Use your calculator to find the answer
x = 76,60444...
x ~ 76,60

Worked example 5: Finding lengths

QUESTION

Find the length of z in the following right-angled triangle using the appropriate trigonometric ratio (round your
answer to two decimal places).

Chapter 5. Trigonometry
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SOLUTION

Step 1: Identify the opposite and adjacent sides and the hypotenuse with reference to the given angle

Remember that the hypotenuse side is always opposite the right angle, it never changes position. The opposite
side is opposite the angle we are interested in and the adjacent side is the remaining side.

adjacent

cos) = —
hypotenuse

7
cos25° = —
T

Step 2: Rearrange the equation to solve for z

7
cos25° x x = — x & multiply both sides by x

X

xcos25° =17

25° 7 .. .
xc(;:s%o = Son3E° divide both sides by cos 25°
. 7
"~ cos25°

Step 3: Use your calculator to find the answer

7

¥~ 0,90630...
— 7.723645...
~ 772

Worked example 6: Finding lengths

QUESTION

Find the length of 2 and y in the following right-angled triangle using the appropriate trigonometric ratio (round
your answers to two decimal places).

5.7. Solving trigonometric equations




25°

SOLUTION

Step 1: Identify the opposite and adjacent sides and the hypotenuse with reference to the given angle

opposite
tan = —
adjacent
tan 25° x
n = =
7
adjacent
cosf) = ———
hypotenuse
7
c0s25° = —

Step 2: Rearrange the equations to solve for = and y

=7 X tan 25°

T
U= cos 25°
Step 3: Use your calculator to find the answers
x = 3,26415...
x ~ 3,26
y = 7,72364...
Yy~ 7,72

VISIT:

The following video shows an example of finding unknown lengths in a triangle using the trigonometric ratios.
® See video: 2FQT at www.everythingmaths.co.za
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Exercise 5 — 4:

1. In each triangle find the length of the side marked with a letter. Give your answers correct to 2 decimal

places.
a)
[T
a
62
b)
b&
21
o)
C
19
55°
d)
/
3
d
.
e)
12
(Z
e
f)
/X
22°
f

5.7. Solving trigonometric equations




30°

4,1
T
55°
T
\J 4,23

2. Write down two ratios for each of the following in terms of the sides: AB; BC'; BD; AD; DC and AC

B
V\
A D

a) sin B
b) cos D
Q) tan B

3. In AMNP, N =90°, MP = 20 and P = 40°. Calculate NP and M N (correct to 2 decimal places).
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4. Calculate x and y in the following diagram.

D
C
Y
23,3
47° 38°
A z B
For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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Finding an angle EMA3W

If the length of two sides of a triangle are known, the angles can be calculated using trigonometric ratios. In
this section, we are finding angles inside right-angled triangles using the ratios of the sides.

Worked example 7: Finding angles

QUESTION

Find the value of 6 in the following right-angled triangle using the appropriate trigonometric ratio.

50

100
SOLUTION

Step 1: Identify the opposite and adjacent sides with reference to the given angle and the hypotenuse
In this case you have the opposite side and the adjacent side for angle 6.

tand — opposnte
adjacent
50

tanf = —

M7= 100

5.7. Solving trigonometric equations
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Step 2: Use your calculator to solve for 6

To solve for 6, you will need to use the inverse tangent function on your calculator. This works backwards by
using the ratio of the sides to determine the angle which resulted in that ratio.

Press [50] [=] 26,56505... ~ 26,6

Step 3: Write the final answer

4
/

13

75
&
9,1
45

Exercise 5 — 5:

Determine « in the following right-angled triangles:

©

0 ~ 26,6°
1,7

T
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3,5

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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We have now seen how to solve trigonometric equations in right-angled triangles. We can use the same
techniques to help us solve trigonometric equations when the triangle is not shown.

Worked example 8: Solving trigonometric equations

QUESTION

Find the value of 8 if cos6 = 0,2.

SOLUTION

Step 1: Use your calculator to solve for ¢

To solve for 6, you will need to use the inverse cosine function on your calculator. This works backwards by
using the ratio of the sides to determine the angle which resulted in that ratio.

Press [cos] 78,46304 ~ 78,46

Step 2: Write the final answer
0 ~ 78,46°

5.7. Solving trigonometric equations
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Worked example 9: Solving trigonometric equations

QUESTION

Find the value of 0 if 3sinf = 2,4.

SOLUTION

Step 1: Rearrange the equation
We need to rearrange the equation so that sin 6 is on one side of the equation.

3sinf = 2,4

2,4
sinf = —

Step 2: Use your calculator to solve for 6
To solve for 6, you will need to use the inverse sine function on your calculator. This works backwards by using
the ratio of the sides to determine the angle which resulted in that ratio.

Press [=] 53,1301... = 53,13.
Step 3: Write the final answer
6 ~ 53,13°

NOTE:

When you are solving trigonometric equations you might find that you get an error when you try to calculate
sin or cos (remember that both the sine and cosine functions have a maximum value of 1). For these cases
there is no solution to the equation.

Worked example 10: Solving trigonometric equations

QUESTION

Solve for a: 3seca = 1,4.

SOLUTION

Step 1: Convert sec to cos
There is no “sec” button on the calculator and so we need to convert sec to cos so we can find «.

3seca =14
3
=14
cos &

Step 2: Rearrange the equation
We need to rearrange the equation so that we have cos « on one side of the equation.

3
cos &
3=14cos«
3
14

= 1,4

= COS

Chapter 5. Trigonometry




Step 3: Use your calculator to solve for o
To solve for «;, you will need to use the inverse cosine function on your calculator. This works backwards by
using the ratio of the sides to determine the angle which resulted in that ratio.

Press [@ [ﬂ math error

. . . 3 .
In this case we get an error when we try to do the calculation. This is because T2 18 greater than 1 and the

’
maximum value of the cosine function is 1. Therefore there is no solution. It is important in this case to write
no solution and not math error.

Step 4: Write the final answer
There is no solution.

Exercise 5 — 6:

1. Determine the angle (correct to 1 decimal place):

a) tanf = 1,7 b) sinf = 0,8 c) cosa = 0,32 d) tan = 4,2
e) tan9=5% f) siné’:% g) cosff=1,2 h) 4cosf =3
i) cos46 =0,3 j) sin+2 = 2,65 k) 2sin6 +5=0,8 ) 3tanfB =1
m) sin3a = 1,2 n) tang = sin 48° o) %cos 28 =0,3 p) 2sin360 +1=2,6

2. Ifx = 16°and y = 36°, use your calculator to evaluate each of the following, correct to 3 decimal places.

a) sin(z —y) b) 3sinx C) tanz — tany
d) cosx + cosy e) % tany f) cosec (z — y)
g) 2cosx + cos 3y h) tan(2z — 5y)

3. In each of the following find the value of x correct to two decimal places.

a) sinz = 0,814 b) sinz = tan45° c) tan2x = 3,123
d) tanx = 3sin41° e) sin(2z +45) = 0,123 f) sin(x — 10°) = cos 57°
For more exercises, visit www.everythingmaths.co.za and «click on ’Practise  Maths'.
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5.8 Defining ratios in the Cartesian plane EMA3X

We have defined the trigonometric ratios using right-angled triangles. We can extend these definitions to any
angle, noting that the definitions do not rely on the lengths of the sides of the triangle, but on the size of the
angle only. So if we plot any point on the Cartesian plane and then draw a line from the origin to that point,
we can work out the angle between the positive z-axis and that line. We will first look at this for two specific
points and then look at the more general case.

Finding an angle for specific points

In the figure below points P and @ have been plotted. A line from the origin (O) to each point is drawn. The
dotted lines show how we can construct right-angled triangles for each point. The dotted line must always be
drawn to the z-axis. Now we can find the angles A and B:

Y

Q(—2;3)

o)
=
»
w
=

N " T T T T T T T T
N = I

From the coordinates of P (2;3), we can see that z = 2 and y = 3. Therefore, we know the length of the side
opposite A is 3 and the length of the adjacent side is 2. Using:
opposite 3

tand = ——— ="
a adjacent 2

we calculate that A = 56,3°.

We can also use the theorem of Pythagoras to calculate the hypotenuse of the triangle and then calculate A
using:
- opposite - adjacent

sinA = — or cosA=——
hypotenuse hypotenuse

Consider point @ (—2;3). We define B as the angle formed between line OQ and the positive z-axis. This
is called the standard position of an angle. Angles are always measured from the positive z-axis in an anti-
clockwise direction. Let a be the angle formed between the line OQ and the negative z-axis such that B+« =
180°.

From the coordinates of @ (—2; 3), we know the length of the side opposite « is 3 and the length of the adjacent
side is 2. Using:
tan o — opposite 3
~ adjacent 2

we calculate that o = 56,3°. Therefore B = 180° — a = 123,7°.
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Similarly, an alternative method is to calculate the hypotenuse using the theorem of Pythagoras and calculate
« using:
) opposite adjacent
smoe = —— or cosey = ———
hypotenuse hypotenuse
NOTE:
We can also extend the definitions of the reciprocals in the same way.

Finding any angle
If we were to draw a circle centred on the origin (O) and passing through the point P(x;y), then the length

from the origin to point P is the radius of the circle, which we denote r. We denote the angle formed between
the line OP and the z-axis as 6.

P(z;y)

We can rewrite all the trigonometric ratios in terms of z, y and r. The general definitions for the trigonometric
ratios are:

sin 6 _¥ cosec 6 _r
r Yy

r

cos) = — secl = —
T

tan @ =Y cot 0 =7
x Yy

The CAST diagram

The Cartesian plane is divided into 4 quadrants in an anti-clockwise direction as shown in the diagram below.
Notice that r is always positive but the values of x and y change depending on the position of the point in
the Cartesian plane. As a result, the trigonometric ratios can be positive or negative. The letters C, A, Sand T
indicate which of the ratios are positive in each quadrant:

5.8. Defining ratios in the Cartesian plane




90°

Quadrant |l Quadrant |
‘S A .
180° sin 0 all ratios 0°
T 0 C 360°
tan 6 cos 0
Quadrant Il Quadrant IV
270°

This diagram is known as the CAST diagram.

We note the following using the general definitions of the trigonometric ratios:
e Quadrant |
Both the = and y values are positive so all ratios are positive in this quadrant.
e Quadrant Il

The y values are positive therefore sin and cosec are positive in this quadrant (recall that sin and cosec
are defined in terms of i and 7).

e Quadrant I
Both the z and the y values are negative therefore tan and cot are positive in this quadrant (recall that
tan and cot are defined in terms of z and y).

e Quadrant IV
The x values are positive therefore cos and sec are positive in this quadrant (recall that cos and sec are
defined in terms of 2 and r).

IMPORTANT!

The hypotenuse, 7, is a length, and is therefore always positive.

VISIT:
The following video provides a summary of the trigonometric ratios in the Cartesian plane.
® See video: 2FSN at www.everythingmaths.co.za

Special angles in the Cartesian plane

When working in the Cartesian plane we include two other special angles in right-angled triangles: 0° and
90°.

Notice that when 6 = 0° the length of the opposite side is equal to 0 and the length of the adjacent side is
equal to the length of the hypotenuse.
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Therefore:

. o opposite 0
sin 0° = = =
hypotenuse  hypotenuse
. adjacent hypotenuse
cos0° = = =
hypotenuse  hypotenuse
fan 0° — opposite 0

adjacent _ adjacent

When 6 = 90° the length of the adjacent side is equal to 0 and the length of the opposite side is equal to the
length of the hypotenuse. Therefore:

) opposite hypotenuse
sin 90° = = =1
hypotenuse  hypotenuse
adjacent 0
cos 90° = = =
hypotenuse  hypotenuse
it it
tan 90° = Op.pOSI e _ opposite _ undefined
adjacent 0
Now we can extend our knowledge of special angles.
0 0° | 30° | 45° | 60° 90°
sinf | 0 111 |3 1
2 | V2] 2
cos | T | V3| 1 |1 0
2 | V2| 2
tand | 0 | 1 1 V3 undefined
V3

Worked example 11: Ratios in the Cartesian plane

QUESTION

P (—3;4) is a point on the Cartesian plane with origin O. 6 is the angle between OP and the positive z-axis.
Without using a calculator, determine the value of:

1. cosf
2. 3tand
3. Zcosec

SOLUTION

Step 1: Sketch point P in the Cartesian plane and label the angle ¢

P(=3;4) Y

L
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Step 2: Use the theorem of Pythagoras to calculate

r? = a2? +y?
= (-3)°+ (4)°
=25

.T=25

Note r is positive as it is the radius of the circle.

Step 3: Substitute values for =, y and r into the required ratios
We note that z = —3, y = 4 and r = 5.

Worked example 12: Ratios in the Cartesian plane

QUESTION

XOK = 6 is an angle in the third quadrant where X is a point on the positive z-axis and K is the point (=5;y).
OK is 13 units.

1. Determine, without using a calculator, the value of y.
2. Prove that tan?6 + 1 = sec?6 without using a calculator.

SOLUTION

Step 1: Sketch point K in the Cartesian plane and label the angle 6

13

K(=5;y)
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Step 2: Use the theorem of Pythagoras to calculate y

2 = 22 4y

g2 =12 — g2
= (13)* — (-5)°
=169 — 25
= 144
y=+12

Given that 6 lies in the third quadrant, y must be negative. Therefore y = —12

Step 3: Substitute values for x, y and r and simplify
r=-5y=—-12andr = 13.

LHS RHS
tan?0 + 1 = y) +1 sec?) = (Z)Q
SC X
12\° 13)°
-(=) = -(5)
144 169
() =
144 144 +25 25
25
169
~ 25
Therefore the LHS = RHS and we have proved that tan? + 1 = sec?d.
NOTE:
Whenever you have to solve trigonometric problems without a calculator, it can be very helpful to make a
sketch.

Exercise 5 — 7:

1. B is a point in the Cartesian plane. Determine without using a calculator:
Y

61N x
e

B(1;-3)

a) OB b) cos c) cosec f3 d) tanpg
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. If sinf = 0,4 and 0 is an obtuse angle, determine:

a) cos@ b) /21 tan
. Given tan = %, where 0° < 6 < 90°. Determine the following in terms of ¢:
a) secl b) cotd c) cos?d d) tan?6 — sec? 0
. Given: 10cos 8 + 8 = 0 and 180° < 8 < 360°. Determine the value of:
a) cosf
=2
b) tan B + 2sin” 8
. 15 . . .
. If sinf = BT, and cos f < 0 find the following, without the use of a calculator:
a) cosf
b) tan6

C) cos? 6 + sin? 6

. Find the value of sin A + cos A without using a calculator, given that 13sin A — 12 = 0, where cos A < 0.

7. If 17cos @ = —8 and tan 6 > 0 determine the following with the aid of a diagram (not a calculator):

cos 0

sin 6

b) 17sinf — 16tan 8

. L is a point with co-ordinates (5; 8) on a Cartesian plane. LK forms an angle, 8, with the positive z-axis.
Set up a diagram and use it to answer the following questions.

a) Find the distance LK. b) Determine sin 6.
c) Determine cos 6. d) Determine tan 6.
e) Determine cosec 6. f) Determine sec 6.
g) Determine cot 6. h) Determine sin? 6 + cos? 6.
. Given the following diagram and that cos = —22.
Y

A(a;b)

a) State two sets of possible values of a and b.
b) If OA = 100, state the values of a and b.
¢) Hence determine without the use of a calculator the value of sin 6.
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5 .
10. If tana = — and 0° < o < 180°, determine without the use of a calculator the value of
o COS (v

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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5.9 Chapter summary EMA3Y

® See presentation: 2FT2 at www.everythingmaths.co.za

We can define three trigonometric ratios for right-angled triangles: sine (sin), cosine (cos) and tangent
(tan)

These ratios can be defined as:

o __ _opposite  __y
sinf = hypotenuse — r
___adjacent __
cost = hypotenuse — r
_ __ opposite __ y
tanf = adjacent ~ =z

¢ Each of these ratios have a reciprocal: cosecant (cosec), secant (sec) and cotangent (cot).
These ratios can be defined as:

__ hypotenuse __
cosec § = “ooposie. =y
__ hypotenuse __
sect = adjacent =z
_ __ adjacent __ 2
cotf = opposite — y

¢ We can use the principles of solving equations and the trigonometric ratios to help us solve simple
trigonometric equations.

¢ For some special angles (0°, 30°, 45°, 60° and 90°), we can easily find the values of sin, cos and tan
without using a calculator.

¢ We can extend the definitions of the trigonometric ratios to any angle.

1. State whether each of the following trigonometric ratios has been written correctly.

2 sing = "ypocnSe
adjacent

b) tanp = 2PPOSC
adjacent

O secl — hyp<?tenuse
adjacent

2. Use your calculator to evaluate the following expressions to two decimal places:

5.9. Chapter summary
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a) tan80° b) cos73°

C) sinl7° d) tan313°
e) cos138° f) sec56°
g) cot 18° h) cosec 37°
i) sec257° j) sec304°
k) 3sin51° I) 4cot54° + 5 tan 44°
2 e}
m) <& 405 n) /s 99°
0) /cos687° + sin 120° tan 70"
cosec 1°
40°
q) sec84° + 4sin 0,4° x 50 cos 50° r) C?S + tan 38°
sin 35°
3. Use the triangle below to complete the following:
00
2 V3
60°
1
a) sin60° = b) cos60° = c) tan60° =
d) sin30° = e) cos30° = f) tan30° =
4. Use the triangle below to complete the following:
45°
V2 1
45° 1
1
a) sin45° = b) cos45° = C) tan4b°® =

5. Evaluate the following without using a calculator. Select the closest answer from the list provided.

a) sin 60° — tan 60°

. 12 _\/§ 2
5 V3 2 3
b) tan 30° — cos 30°
1 V3 2 V3
23 2 V3 2
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c) tan 60° — sin 60° — tan 60°

_\/§ _\/§ 111
2 1 2 \/5
d) sin30° x sin30° x sin 30°
1 1 1 1 3
23 8 4 42
e) sin45° x tan45° x tan 60°
3 V3 3 v3 1
22 8 4 2 4
f) cos60° x cos45° x tan 60°
V3 V3 3 1 1
22 4 42 4/3
g) tan45° X sin 60° X tan 45°
v8 3 1 V3 1
2 8 3 2v2 43

h) cos30° x cos60° x sin 60°

3 3 V3 1 1
8 22 42 23 43

6. Without using a calculator, determine the value of:

sin 60° cos 30° — cos 60° sin 30° + tan 45°

7. Solve for sin @ in the following triangle, in surd form:

6v/3

o\

3V3

8. Solve for tan @ in the following triangle, in surd form:

Sl
2 Sl
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9. A right-angled triangle has hypotenuse 13 mm. Find the length of the other two sides if one of the angles
of the triangle is 50°.

10. Solve for z to the nearest integer.

a)
10
1 z°
8,19
b)
7
N 55°
x
@)
8
T
55°
d)
xT
5,2
e)
4,1
[ ]
xr
50°
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6
4,24
g
IO
7 5,73
h)
5,44
2,54
xo
i)
7
40°

T

11. Calculate the unknown lengths in the diagrams below:

5m

6 cm

12. InAPQR, PR =20 cm, QR = 22 cm and PRQ = 30°. The perpendicular line from P to QR intersects
QR at X. Calculate:

a) the length XR b) the length PX 0 the angle QPX
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13. In the following triangle find the size of ABC.

A
9
41° u
D C B
17
14. In the following triangle find the length of side C'D:
A
152
9
35°
D C B
15. In the following triangle determine:
E F
3
8
0
G
a) the length of EF b) tan (90° — 0) ) the value of 6

16. Given that D = z, C; = 2z, BC = 12,2 cm, AB = 24,6 cm. Calculate CD.

17. Solve for @ if 6 is a positive, acute angle:

a) 2sinf = 1,34 b) 1—tanf = —1 C) cos 20 = sin40°
d) secd = 1,8 e) cot 46 = sin40° f) sin30 +5=4
g) cos(4 +6) = 0,45 h S0

cos 0
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18.

19.

20.
21.
22.
23.

24.

For

If a = 29°, b = 38° and ¢ = 47°, use your calculator to evaluate each of the following, correct to 2 decimal
places.

a) tan(a + c) b) cosec (¢ —b)
) sin(a x b x ¢) d) tana +sinb + cosc

If 3tana = —5 and 0° < a < 270°, use a sketch to determine:
a) cos«

b) tan? o — sec? a

Given A(5;0) and B(11;4), find the angle between the line through A and B and the z-axis.
Given C(0; —13) and D(—12; 14), find the angle between the line through C' and D and the y-axis.
Given the points E(5;0), F(6;2) and G(8; —2). Find the angle FEG.

A triangle with angles 40°, 40° and 100° has a perimeter of 20 cm. Find the length of each side of the
triangle.

Determine the area of AABC.

280

more  exercises,  visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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6 Functions

6.1 Introduction EMA3Z

Functions are mathematical building blocks for designing machines, predicting natural disasters, curing dis-
eases, understanding world economies and for keeping aeroplanes in the air. Functions can take input from
many variables, but always give the same output, unique to that function.

Functions also allow us to visualise relationships in terms of graphs, which are much easier to read and interpret
than lists of numbers.

Figure 6.1: A cricket player facing a delivery. If a cricket player is hit on his batting pads and the umpire thinks that the
ball would have hit the stumps behind him, he is given out LBW (leg before wicket). At professional levels of the game,
sophisticated software is used to determine if the ball will hit the stumps. The software uses functions to predict the flight
of the ball if the cricket players leg had not been in the way.

Some examples of functions include:

¢ Money as a function of time. You never have more than one amount of money at any time because you
can always add everything to give one total amount. By understanding how your money changes over
time, you can plan to spend your money sensibly. Businesses find it very useful to plot the graph of their
money over time so that they can see when they are spending too much.

¢ Temperature as a function of various factors. Temperature is a very complicated function because it has
so many inputs, including: the time of day, the season, the amount of clouds in the sky, the strength of
the wind, where you are and many more. But the important thing is that there is only one temperature
output when you measure it in a specific place.

¢ Location as a function of time. You can never be in two places at the same time. If you were to plot the
graphs of where two people are as a function of time, the place where the lines cross means that the two
people meet each other at that time. This idea is used in logistics, an area of mathematics that tries to
plan where people and items are for businesses.

DEFINITION: Function

A function is a mathematical relationship between two variables, where every input variable has one output
variable.

Dependent and independent variables

In functions, the z-variable is known as the input or independent variable, because its value can be chosen
freely. The calculated y-variable is known as the output or dependent variable, because its value depends on
the chosen input value.

6.1. Introduction
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Set notation EMA43
Examples:
{z:zeR,xz>0} The set of all z-values such that z is an element of the set of real numbers and

is greater than 0.

{y:y e N,3 <y <5} | The setof all y-values such that y is a natural number, is greater than 3 and is
less than or equal to 5.

{z:2€Z,z <100} The set of all z-values such that z is an integer and is less than or equal to 100.

Interval notation EMA44

It is important to note that this notation can only be used to represent an interval of real numbers.

Examples:

(3;11) Round brackets indicate that the number is not included. This interval includes all real
numbers greater than but not equal to 3 and less than but not equal to 11.

(—o0; —2) | Round brackets are always used for positive and negative infinity. This interval includes
all real numbers less than, but not equal to —2.

[1;9) A square bracket indicates that the number is included. This interval includes all real
numbers greater than or equal to 1 and less than but not equal to 9.

Function notation EMAA45

This is a very useful way to express a function. Another way of writing y = 2z + 1is f(x) = 2z + 1. We say
“f of x is equal to 22 4+ 1”. Any letter can be used, for example, g(z), h(x), p(x), etc.

1. Determine the output value:
“Find the value of the function for z = —3” can be written as: “find f(—3)".
Replace = with —3:

This means that when x = —3, the value of the function is —5.

2. Determine the input value:
“Find the value of z that will give a y-value of 27” can be written as: “find x if f(z) = 27"
We write the following equation and solve for z:

2r +1=27
cox =13

This means that when = 13 the value of the function is 27.

Representations of functions EMA46

Functions can be expressed in many different ways for different purposes.

Chapter 6. Functions
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1. Words: “The relationship between two variables is such that one is always 5 less than the other.”
2. Mapping diagram:

Input: Function: Output:
-3 ~ 7 -8
0—— |z—5| —> =5

3. Table:

S)

Input variable () | -3 | 0
Output variable (y) | -8 | =5 | 0

4. Set of ordered number pairs: (—3; —8), (0; —5), (5;0)
5. Algebraic formula: f(z) =2 -5
6. Graph:

Domain and range EMA47

The domain of a function is the set of all independent z-values from which the function produces a single
y-value for each z-value.

The range is the set of all dependent y-values which can be obtained using an independent z-value.

Exercise 6 — 1:

1. Write the following in set notation:

a) (—o0;7] b) [-13;4) o (35;00) d) [§;21) e) [~3;3] f) (—v/3;00)
2. Write the following in interval notation:
a) {p:peR,p<6} b) {k:keR,-5<k<5}
o {z:zeRz> 3} d) {z:z€R,21 <z<4l}
3. Complete the following tables and identify the function.
a)
z|1|2 |34 |5|6
Y 10 20
b)

6.1. Introduction
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. Plot the following points on a graph.

a)
z |1 2 3 4 5 6
y101]02[03[04]05]06
b)
z|[1[2[3 [4 [5 |6
y|5[9[13]17]21]25

. Create a table of values from the function given and then plot the function. Your table must have at least
5 ordered pairs.

a) y=1z+42 b) y=2—3

. If the functions f(z) =22 +1; g(z) =z —4; h(x) =7 —2?; k(x) = 3 are given, find the value of the
following:

a) f(=1) b) g(=7) Q) h(3) d) k(100)

e) f(=2)+h(2) f) k(=5) + h(3) g f(g(1)) h) k(f(6))

. The cost of petrol and diesel per litre are given by the functions P and D, where:
P=13,61V  D=1246V

Use this information to answer the following:

a) Evaluate P(8)

b) Evaluate D(16)

¢) How many litres of petrol can you buy with R 3002

d) How many litres of petrol can you buy with R 275?

e) How much more expensive is petrol than diesel? Show you answer as a function.

. A ball is rolling down a 10 m slope. The graph below shows the relationship between the distance and

the time.
s(t)

12 +

10

2 4 6 8 10 12 14 16 18 20 22
Use this information to answer the following:

a) After 6 s how much further does the ball have to roll?
b) What is the range of the function?
c) What is the domain of the function, and what does it represent?

Chapter 6. Functions




9. James and Themba both throw a stone from the top of a building into a river. The path travelled by the
stones can be described by quadratic equations. y = — 5522 + 5 describes the path of the stone thrown
by James and y = —4—15372 + 5 describes the path of Themba'’s stone.

Y

A r

B C

a) What is the height of the building that they stood on?
b) How far did James throw his stone before it hit the river surface?
¢) How much farther did Themba throw his stone before it hit the river surface?

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise  Maths'.
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6.2 Linearfunctions

Functions of the form y = « EMA49

Functions of the form y = mx + ¢ are called straight line functions. In the equation, y = mx + ¢, m and c are
constants and have different effects on the graph of the function.

Worked example 1: Plotting a straight line graph

QUESTION

y=f(x)=1z

Complete the following table for f(x) = 2 and plot the points on a set of axes.

z [2[-1J0J1][2
fz) | =2

. Join the points with a straight line.

. Determine the domain and range.

. About which line is f symmetrical?

Using the graph, determine the value of z for which f(x) = 4. Confirm your answer graphically.
Where does the graph cut the axes?

OoR W =

6.2. Linear functions
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SOLUTION

Step 1: Substitute values into the equation

T -2 | -1
fl@)| -2 -1|10]|1]2

&)
=
No

Step 2: Plot the points and join with a straight line curve
From the table, we get the following points and the graph: (—2; —2), (—1; —1), (0;0), (1;1), (2;2)

Y

@ f@) ==

Step 3: Determine the domain and range
Domain: z € R

Range: f(z) € R

Step 4: Determine the value of « for which f(z) =4
From the graph we see that when f(z) = 4, = 4. This gives the point (4;4).

Step 5: Determine the intercept
The function f intercepts the axes at the origin (0;0).

Functions of the form y = mx + ¢ EMA4B

Investigation: The effects of m and c on a straight line graph

On the same set of axes, plot the following graphs:

1.y=x2—-2
2. y=x—-1
3.y==x

4. y=xz+1
5. y=x+2

Use your results to deduce the effect of different values of ¢ on the graph.

Chapter 6. Functions
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On the same set of axes, plot the following graphs:

1. y=—2x
2. y——x
3. y==x
4. y =2

Use your results to deduce the effect of different values of m on the graph.

The effect of m

We notice that the value of m affects the slope of the graph. As m increases, the gradient of the graph increases.
If m > 0 then the graph increases from left to right (slopes upwards).

If m < 0 then the graph increases from right to left (slopes downwards). For this reason, m is referred to as the
gradient of a straight-line graph.

The effect of ¢

We also notice that the value of ¢ affects where the graph cuts the y-axis. For this reason, ¢ is known as the
y-intercept.

If ¢ > 0 the graph shifts vertically upwards.

If ¢ < 0 the graph shifts vertically downwards.
m < 0 m =0 m > 0

c>0

c<O0

Table 6.1: The effect of m and c on a straight line graph.

VISIT:
You can use this Phet simulation to help you see the effects of changing m and c.

6.2. Linear functions



http://phet.colorado.edu/sims/html/graphing-lines/latest/graphing-lines_en.html

Discovering the characteristics EMA4C

The standard form of a straight line graph is the equation y = mz + c.

Domain and range

The domain is {z : = € R} because there is no value of z for which f (z) is undefined.

The range of f (z) = ma + cis also {f () : f (z) € R} because f (x) can take on any real value.
Intercepts

The y-intercept:

Every point on the y-axis has an z-coordinate of 0. Therefore to calculate the y-intercept, let x = 0.

For example, the y-intercept of g () = x — 1 is given by setting 2 = 0:

g(x) =z —1
g(0)=0-1
=-1
This gives the point (0; —1).
The z-intercept:

Every point on the z-axis has a y-coordinate of 0. Therefore to calculate the x-intercept, let y = 0.

For example, the z-intercept of g () = x — 1 is given by setting y = 0:

g(z)=z—1
O0=xz-1
Srx=1

This gives the point (1;0).

Sketching graphs of the form y = mx + ¢

In order to sketch graphs of the form, f (x) = mx + ¢, we need to determine three characteristics:

1. sign of m
2. y-intercept
3. z-intercept

Dual intercept method EMA4F

Only two points are needed to plot a straight line graph. The easiest points to use are the z-intercept and the
y-intercept.

Chapter 6. Functions
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Worked example 2: Sketching a straight line graph using the dual intercept method

QUESTION

Sketch the graph of g(z) = « — 1 using the dual intercept method.

SOLUTION

Step 1: Examine the standard form of the equation
m > 0. This means that the graph increases as z increases.

Step 2: Calculate the intercepts
For the y-intercept, let x = 0; therefore g(0) = —1. This gives the point (0; —1).

For the z-intercept, let y = 0; therefore = = 1. This gives the point (1;0).

Step 3: Plot the points and draw the graph

21 glz) =2 —1

Gradient and y-intercept method EMA4G

We can draw a straight line graph of the form y = ma + ¢ using the gradient (m) and the y-intercept (c).

We calculate the y-intercept by letting = 0. This gives us one point (0; ¢) for drawing the graph and we use
the gradient to calculate the second point.

The gradient of a line is the measure of steepness. Steepness is determined by the ratio of vertical change to

horizontal change:
__ changeiny  vertical change

m = — = .
change inz  horizontal change

For example, y = 2z — 1, therefore m > 0 and the graph slopes upwards.

m_changeiny_ 3t 3]
~ changeinz 2— -2+

6.2. Linear functions
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31 +2—

(—2; —4) —4

—24

Worked example 3: Sketching a straight line graph using the gradient—intercept method

QUESTION

Sketch the graph of p(z) = %x — 3 using the gradient-intercept method.

SOLUTION

Step 1: Use the intercept
¢ = —3, which gives the point (0; —3).

Step 2: Use the gradient

m_changeiny_ 1t -1
~ changeinz 2— -2«

Start at (0; —3). Move 1 unit up and 2 units to the right. This gives the second point (2; —2).
Or start at (0; —3), move 1 unit down and 2 units to the left. This gives the second point (—2; —4).

Step 3: Plot the points and draw the graph

Always write the function in the form y = mx + ¢ and take note of m. After plotting the graph, make sure that
the graph increases if m > 0 and that the graph decreases if m < 0.

Chapter 6. Functions




Exercise 6 — 2:

1. Determine the z-intercept and the y-intercept of the following equations.
a) y=xz—1 b) y=x+2 o y=xz-—3

2. In the graph below there is a function with the equation y = max + ¢. Determine the values of m (the
gradient of the line) and c (the y-intercept of the line).

3. The graph below shows a function with the equation y = max+c. Determine the values of m (the gradient
of the line) and ¢ (the y-intercept of the line).

4. List the & and y-intercepts for the following straight line graphs. Indicate whether the graph is increasing
or decreasing:

a) y=x+1 b) y=o-1 0 h(z)=2x+1 d y
e) 3y—2x==6 f) k(z)=-3 g = =3y h) 3
5. State whether the following are true or not.
a) The gradient of 2y = 3z — 1 is 3.
b) The y-intercept of y = = + 4 is 4.
c) The gradientof 2 — y = 22 — 1 is —2.
d) The gradient of y = 22— 1is —1.
e) The y-intercept of 2y = 3z — 6 is 6.
6. Write the following in standard form (y = mz + ¢):
a) 2y+3z=1 b) 3z —y=5
0 3y—4==x d y+2x-3=1

7. Look at the graphs below. Each graph is labelled with a letter. In the questions that follow, match any
given equation with the label of a corresponding graph.

6.2. Linear functions




A
B
C
D
Ts | Jg/] a2 2 X 1 6 8
—2 1
41
—6
AEENEREY
a) y=5—2x b) z+5 o y=2x—6
d y=-3z e) y=1 f) y=1x
8. For the functions in the diagram below, give the equation of each line:
Y
b(x)
4 4
_4- 0;3
N(-43) (0;3) o
2 4
(4;0) .
14 | 42 | 0 2 4 6
T2 a(x)
4}
d(x)
—6
/ (0;-6)
a) a(x) b) b(x) o) c(x) d) d(x)

9. Sketch the following functions on the same set of axes, using the dual intercept method. Clearly indicate
the coordinates of the intercepts with the axes and the point of intersection of the two graphs: z+2y—5 =
0Oand 3z —y —1=0.

10. On the same set of axes, draw the graphs of f(z) = 3—3x and g(z) = %x + 1 using the gradient-intercept
method.

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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6.3 Quadratic functions EMA4H

Functions of the form y = 22 EMA4)

Functions of the general form iy = ax? + ¢ are called parabolic functions. In the equation y = ax? + ¢, a and
g are constants and have different effects on the parabola.

Worked example 4: Plotting a quadratic function

QUESTION

y= f(z) =2

Complete the following table for f(x) = 22 and plot the points on a system of axes.

z | -3]|-2]-1]0]1]2]3
J@ | 9
1. Join the points with a smooth curve.
2. The domain of f is z € R. Determine the range.
3. About which line is f symmetrical?
4. Determine the value of z for which f(z) = 61. Confirm your answer graphically.
5. Where does the graph cut the axes?
SOLUTION

Step 1: Substitute values into the equation

f@) =2
f(=3)=(=3)" =9
f(=2)=(-2)" =4
f-1)=(-1)* =1
f(0)=(0)* =0
f) =1 =1
f2)=(2)" =4
f3) =) =9
4 3| -2|-1|]0|1]2]3
f@y[ 9] 4 1]olo][4]09

Step 2: Plot the points and join with a smooth curve
From the table, we get the following points: (—3;9), (—2;4), (—1;1), (0;0), (1;1), (2;4), (3;9)

6.3. Quadratic functions
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Step 3: Determine the domain and range
Domain: z € R

From the graph we see that for all values of z, y > 0.
Range: {y:y € R,y > 0}

Step 4: Find the axis of symmetry
f is symmetrical about the y-axis. Therefore the axis of symmetry of f is the line x = 0.

Step 5: Determine the z-value for which f(z) = 61

25
f(fﬂ)—Z
25
2 — 2
5
— 42
Ty
1
— 42-

See points A and B on the graph.

Step 6: Determine the intercept
The function f intercepts the axes at the origin (0;0).

We notice that as the value of x increases from —oo to 0, f(x) decreases.
At the turning point (0;0), f(z) = 0.

As the value of « increases from 0 to oo, f(z) increases.

Chapter 6. Functions




Functions of the form y = az? + ¢ EMA4K

Investigation: The effects of acand ¢ on a parabola.

Complete the table and plot the following graphs on the same system of axes:

1y 229 r | =2 -1T|0]|1]2
.Y = =
hn
_ A
2. Yy ==x 1 s
3. y3 = z? Y3
4.y4:$2+1 Ya
5.y5:1172+2 Y5

Use your results to deduce the effect of q.

Complete the table and plot the following graphs on the same system of axes:

1. yg = —222 z | =2 -=1[0]1]|2
2. y7:—x2 Ys
3. Ys = g~ Yy
Ys
_ 9.2
4. yg = 2x Yo

Use your results to deduce the effect of a.
The effect of ¢

The effect of ¢ is called a vertical shift because all points are moved the same distance in the same direction
(it slides the entire graph up or down).

e For g > 0, the graph of f(x) is shifted vertically upwards by ¢ units. The turning point of f(z) is above
the y-axis.

e For g < 0, the graph of f(x) is shifted vertically downwards by ¢ units. The turning point of f(z) is below
the y-axis.

The effect of a

The sign of a determines the shape of the graph.

¢ For a > 0, the graph of f(z) is a “smile” and has a minimum turning point at (0; ¢). The graph of f(x)
is stretched vertically upwards; as a gets larger, the graph gets narrower.

For 0 < a < 1, as a gets closer to 0, the graph of f(x) gets wider.

¢ Fora < 0, the graph of f(z) is a “frown” and has a maximum turning point at (0; ¢). The graph of f(x)
is stretched vertically downwards; as a gets smaller, the graph gets narrower.

For —1 < a <0, as a gets closer to 0, the graph of f(x) gets wider.

7N

a > 0 (a positive smile) a < 0 (a negative frown)

6.3. Quadratic functions
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a<0 a>0
N/
q>0
q=20
/TN
qg<0

Table 6.2: The effect of a and g on a parabola.

VISIT:
You can use this Phet simulation to help you see the effects of changing a and ¢ for a parabola.

Discovering the characteristics EMA4M

The standard form of the equation of a parabola is y = az? + q.

Domain and range

The domain is {z : © € R} because there is no value for which f(x) is undefined.

If @ > 0 then we have:

x? > 0 (Perfect square is always positive)
ax? > 0 (sincea >0)

ar’+q > ¢ (add g to both sides)

s fle) = g

Therefore if a > 0, the range is [¢; 0o). Similarly, if a < 0 then the range is (—oo; ¢].

Worked example 5: Domain and range of a parabola

QUESTION

If g(z) = 2% + 2, determine the domain and range of the function.

Chapter 6. Functions
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SOLUTION

Step 1: Determine the domain
The domain is {z : z € R} because there is no value for which g(x) is undefined.

Step 2: Determine the range
The range of g(z) can be calculated as follows:

2 >0
22 4+2>2
g(x) > 2

Therefore the range is {g () : g (z) > 2}.

Intercepts

The y-intercept:
Every point on the y-axis has an z-coordinate of 0, therefore to calculate the y-intercept let 2 = 0.

For example, the y-intercept of g(z) = x? + 2 is given by setting = = 0:

g(z) = 2" +2
9(0) = 0% +2
=2

This gives the point (0; 2).
The z-intercepts:
Every point on the z-axis has a y-coordinate of 0, therefore to calculate the x-intercept let y = 0.

For example, the z-intercepts of g(z) = 22 + 2 are given by setting y = 0:

g(z) =2 +2
0=2a2+2
-2 =g

There is no real solution, therefore the graph of g(x) = 2% + 2 does not have z-intercepts.

Turning points

The turning point of the function of the form f(x) = ax? + ¢ is determined by examining the range of the
function.

e If a > 0, the graph of f(x) is a “smile” and has a minimum turning point at (0; q).
¢ If a <0, the graph of f(x) is a “frown” and has a maximum turning point at (0; q).

Axes of symmetry

The axis of symmetry for functions of the form f(x) = ax? + q is the y-axis, which is the line z = 0.

6.3. Quadratic functions




Sketching graphs of the form y = az? + ¢ EMA4N

In order to sketch graphs of the form f(z) = axz? + g, we need to determine the following characteristics:
1. sign of a
2. y-intercept
3. zx-intercept
4. turning point

Worked example 6: Sketching a parabola

QUESTION

Sketch the graph of y = 222 — 4. Mark the intercepts and turning point.

SOLUTION

Step 1: Examine the standard form of the equation
We notice that a > 0. Therefore the graph is a “smile” and has a minimum turning point.

Step 2: Calculate the intercepts

For the y-intercept, let z = 0: For the z-intercepts, let y = 0:
y=2z"-4 .
=2(0)° —4 D 3 — 4
=—4 22 =9
This gives the point (0; —4). cox=£v2

This gives the points (—/2;0) and (v/2;0).

Step 3: Determine the turning point
From the standard form of the equation we see that the turning point is (0; —4).

Step 4: Plot the points and sketch the graph y
Yy = 222 — 4
3 |
2 |
1 1
(~V3;0) (v2:0)

Domain: {z : z € R}
Range: {y:y > —4,y € R}

The axis of symmetry is the line x = 0.

Chapter 6. Functions
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Worked example 7: Sketching a parabola

QUESTION

Sketch the graph of g(z) = —322 — 3. Mark the intercepts and the turning point.

SOLUTION

Step 1: Examine the standard form of the equation
We notice that a < 0. Therefore the graph is a “frown” and has a maximum turning point.

Step 2: Calculate the intercepts
For the y-intercept, let x = 0:

1
gla) = —50° =3
1
9(0) = —5(0)° -3
=-3
This gives the point (0; —3).
For the z-intercepts let y = 0:
1
0= —51:2 —
1
3 = —51‘2
—2(3) = 22
—6 = 22

There is no real solution, therefore there are no z-intercepts.

Step 3: Determine the turning point
From the standard form of the equation we see that the turning point is (0; —3).

Step 4: Plot the points and sketch the graph

1.2
=—5r° =3

Domain: z € R. Range: y € (—oo; —3]. The axis of symmetry is the line z = 0.

6.3. Quadratic functions




Exercise 6 — 3:

1. The graph below shows a quadratic function with the following form: y = axz? + q.
Two points on the parabola are shown: Point A, the turning point of the parabola, at (0;4), and Point B
is at (2; §). Calculate the values of a and g.

2. The graph below shows a quadratic function with the following form: y = ax? + q.
Two points on the parabola are shown: Point A, the turning point of the parabola, at (0; —3), and Point
B is at (2;5). Calculate the values of a and q.
Y

N w = ot (e}
| | | | |
t t t t t

-4 -3 -2

3. Given the following equation:
y=>5x2 -2
a) Calculate the y-coordinate of the y-intercept.

b) Now calculate the z-intercepts. Your answer must be correct to 2 decimal places.

4. Given the following equation:
y=—2z2+1
a) Calculate the y-coordinate of the y-intercept.
b) Now calculate the z-intercepts. Your answer must be correct to 2 decimal places.
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5. Given the following graph, identify a function that matches each of the following equations:

f(@)

—~12 |

2 2

a) y = 0,522 b) y==z Q) y=3a2? d y=-=

6. Given the following graph, identify a function that matches each of the following equations:

a) y=22-3 b) y=22+1 o y==x
7. Two parabolas are drawn: g : y = az® + pand h : y = bx? + q.

6.3. Quadratic functions




(0;23)
(=47) (4;7)
0 x
(0;-9)
h
a) Find the values of a and p.
b) Find the values of b and q.
c) Find the values of « for which g(z) > h(z).
d) For what values of z is g increasing?
8. Show that if a < 0 the range of f(z) = az? + qis {f(z) : f(z) < ¢}
9. Draw the graph of the function y = —x? + 4 showing all intercepts with the axes.

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
1.2FY6 2. 2FY7 3.2FY8 4.2FY9 5.2FYB 6.2FYC 7 2FYD 8.2FYF 9.2FYG
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6.4 Hyperbolic functions EMA4P

1
Functions of the form y = —
x

. a : .
Functions of the general form y = — + ¢ are called hyperbolic functions.
x

Worked example 8: Plotting a hyperbolic function

QUESTION

1
Complete the following table for h (z) = . and plot the points on a system of axes.

Chapter 6. Functions
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TT 1 TTT

3| 2|1 === 212
* i 2 1713 3
h _=
() 5

. Join the points with smooth curves.

. What happens if z = 0?

. Explain why the graph consists of two separate curves.

. What happens to h (z) as the value of 2 becomes very small or very large?
. The domain of h () is {z : € R,z # 0}. Determine the range.

. About which two lines is the graph symmetrical?

S U1 A W N —

SOLUTION

Step 1: Substitute values into the equation

1
1 1
h(—3):_—3=—§
1 1
M=D=5="3
h(—l):_ilz—l
1 1
(3) ==
1 1
_— :—:—4
n(3) =5
1 :
h(0) 6:undeflned
1 1
h(1>_g_4
1 1
— :—:2
1(3) =1
1
1 1
h(2):§:§
1 1
h(3):§:§
1:—3—2—1—%—%10;1%123
1 1 . I 1
h(x) ~3 |3 —1 | =2 | —4 | undefined | 4 | 2 | 1 3|3

Step 2: Plot the points and join with two smooth curves
From the table we get the following points: (=3;—1), (=2;—3), (-1;-1), (—3;-2), (-3:—4), (3:4), (3:2),
(1:1), (23), (3i3)

6.4. Hyperbolic functions




For z = 0 the function h is undefined. This is called a discontinuity at z = 0.

1
y = h(x) = — therefore we can write that z x y = 1. Since the product of two positive numbers and the
product of two negative numbers can be equal to 1, the graph lies in the first and third quadrants.

Step 3: Determine the asymptotes

As the value of x gets larger, the value of h(x) gets closer to, but does not equal 0. This is a horizontal asymptote,
the line y = 0. The same happens in the third quadrant; as « gets smaller h(z) also approaches the negative
z-axis asymptotically.

We also notice that there is a vertical asymptote, the line z = 0; as = gets closer to 0, h(z) approaches the
y-axis asymptotically.

Step 4: Determine the range
Domain: {z:z € R,z # 0}

From the graph, we see that y is defined for all values except 0.

Range: {y:y € R,y # 0}

Step 5: Determine the lines of symmetry

The graph of h(z) has two axes of symmetry: the lines y = 2 and y = —z. About these two lines, one half of
the hyperbola is a mirror image of the other half.

2 a
Functions of the formy = — + ¢ EMA4R
xz
Investigation: The effects of a and ¢ on a hyperbola.

On the same set of axes, plot the following graphs:

1lyp=—--2
Xz
1

2. y2:——1
T

Chapter 6. Functions
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1

3. ?/325
1

4. y4:;+1
1

5. y525+2

Use your results to deduce the effect of q.
On the same set of axes, plot the following graphs:

1. y6:_?2
2. y7—_71
3. y8:§
4. ygzg

Use your results to deduce the effect of a.

The effect of ¢
The effect of ¢ is called a vertical shift because all points are moved the same distance in the same direction
(it slides the entire graph up or down).

¢ For g > 0, the graph of f(x) is shifted vertically upwards by ¢ units.
e For ¢ < 0, the graph of f(z) is shifted vertically downwards by ¢ units.

The horizontal asymptote is the line y = ¢ and the vertical asymptote is always the y-axis, the line = = 0.

The effect of a

The sign of a determines the shape of the graph.
e If a > 0, the graph of f(z) lies in the first and third quadrants.

1
For a > 1, the graph of f(x) will be further away from the axes than y = .

1
For 0 < a < 1, as a tends to 0, the graph moves closer to the axes than y = .
e If a < 0, the graph of f(x) lies in the second and fourth quadrants.

1
For a < —1, the graph of f(z) will be further away from the axes than y = ——.
x

1
For —1 < a < 0, as a tends to 0, the graph moves closer to the axes than y = ——.
x

a<0 a>0

_ N

q>0

_/ \
ol VD

q<0 K \

Table 6.3: The effects of a and ¢ on a hyperbola.

6.4. Hyperbolic functions




Discovering the characteristics EMA4S

The standard form of a hyperbola is the equation y = 4 +q.
x

Domain and range

Fory = % + g, the function is undefined for = 0. The domain is therefore {z : z € R,z # 0}.

a .
We see that y = — + ¢ can be rewritten as:
x

a
y=—+q
x
a
Yy—q=—
x
lfz#0then: (y—q¢)z=a
a
Tr =
Yy—4q

This shows that the function is undefined only at y = g.
Therefore the range is { f(z) : f(x) € R, f(x) # q}

Worked example 9: Domain and range of a hyperbola

QUESTION

2
If g(z) = - + 2, determine the domain and range of the function.

SOLUTION

Step 1: Determine the domain
The domain is {z : x € R,z # 0} because g(z) is undefined only at z = 0.

Step 2: Determine the range
We see that g(x) is undefined only at y = 2. Therefore the range is {g(z) : g(z) € R, g(z) # 2}

Intercepts

The y-intercept:

Every point on the y-axis has an z-coordinate of 0, therefore to calculate the y-intercept let z = 0.

2
For example, the y-intercept of g(x) = - + 2 is given by setting © = 0:

2
y=—+2
T
2

== +2
y=oT

which is undefined, therefore there is no y-intercept.

Chapter 6. Functions
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The z-intercept:

Every point on the z-axis has a y-coordinate of 0, therefore to calculate the z-intercept, let y = 0.

2
For example, the z-intercept of g(z) = - + 2 is given by setting y = 0:

2
y=—+2
T
2
0==+2
T
2
Z=_9
T
2
€Tr = —
—2
=-1

This gives the point (—1;0).

Asymptotes

There are two asymptotes for functions of the form y = % +q.

The horizontal asymptote is the line y = ¢ and the vertical asymptote is always the y-axis, the line z = 0.

Axes of symmetry

There are two lines about which a hyperbola is symmetrical: y =z +¢gand y = —x + q.

Sketching graphs of the form y = g q
x

In order to sketch graphs of functions of the form, y = f(z) = 4 + g, we need to determine four characteristics:
xr
1. sign of a
2. y-intercept

3. z-intercept
4. asymptotes

Worked example 10: Sketching a hyperbola

QUESTION

2
Sketch the graph of g(z) = p + 2. Mark the intercepts and the asymptotes.

SOLUTION

Step 1: Examine the standard form of the equation
We notice that a > 0 therefore the graph of g(z) lies in the first and third quadrant.

6.4. Hyperbolic functions
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Step 2: Calculate the intercepts
For the y-intercept, let x = 0:

g(z) = 4k %
g(0) :% + 2

This is undefined, therefore there is no y-intercept.

For the z-intercept, let y = 0:

=242
9(z) =+
2
0=2=+2
X
2
Z__9
X
Sr=-—1

This gives the point (—1;0).

Step 3: Determine the asymptotes
The horizontal asymptote is the line y = 2. The vertical asymptote is the line z = 0.

Step 4: Sketch the graph

Domain: {z : z € R,z # 0}

Range: {y:y € R,y # 2}
Worked example 11: Sketching a hyperbola

QUESTION

—4
Sketch the graph of y = — + 7.
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SOLUTION

Step 1: Examine the standard form of the equation
We see that a < 0 therefore the graph lies in the second and fourth quadrants.

Step 2: Calculate the intercepts
For the y-intercept, let x = 0:

—4
y=—+=+7
X
—4
=— 47
0 +
This is undefined, therefore there is no y-intercept.
For the z-intercept, let y = 0:
—4
y=—+7
X
—4
0=—+7
X
—4
7
i
4
m= =
7

4
This gives the point <?; 0).

Step 3: Determine the asymptotes
The horizontal asymptote is the line y = 7. The vertical asymptote is the line z = 0.

Step 4: Sketch the graph

Domain: {z : z € R,z # 0}

Range: {y:y e R,y # 7}

Axis of symmetry: y =2z +7andy=—z+7

6.4. Hyperbolic functions




Exercise 6 — 4:

1. The following graph shows a hyperbolic equation of the form y = 4 g. Point A is shown at <—2; §>
x

Calculate the values of a and q.

2. The following graph shows a hyperbolic equation of the form y = 4 + g. Point A is shown at (—1;5).
x
Calculate the values of a and q.

—8 -7 -6 -5 -4 -3 -2

3. Given the following equation:
3
y=—+2
X

a) Determine the location of the y-intercept.
b) Determine the location of the z-intercept. Give your answer as a fraction.
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4. Given the following equation:
2
y=-—— -2
X

a) Determine the location of the y-intercept.
b) Determine the location of the z-intercept.

5. Given the following graph, identify a function that matches each of the following equations:

Y
4+
3 1
2 f(@)
1 9(x)
h(z)
t X
—4 —3 —2 -1 1 2 3 4k($)
—1 +
-2 1+
_3 A4
4 A4
2 4 2 8
x x x x

6. Given the function: xy = —6.
a) Draw the graph.
b) Does the point (—2; 3) lie on the graph? Give a reason for your answer.
c) If the z-value of a point on the graph is 0,25 what is the corresponding y-value?

)
)
)
d) What happens to the y-values as the z-values become very large?
e) Give the equation of the asymptotes.

)

f) With the line y = —z as a line of symmetry, what is the point symmetrical to (—2;3)?
. . 8
7. Given the function: h(z) = —.
X

a) Draw the graph.

b) How would the graph of g(z) = 8 + 3 compare with that of h(z) = §2 Explain your answer fully.
X xr

8 .
c) Draw the graph of y = — + 3 on the same set of axes, showing asymptotes, axes of symmetry and
X
the coordinates of one point on the graph.

6.4. Hyperbolic functions




8. Sketch the functions given and describe the transformation performed on the first function to obtain the
second function. Show all asymptotes.

1 3
a) y=— and —
i x
6 6
b) y=—and — -1
X X
5 )
¢ y=—and ——
i X
1 1
d) y=—and —
ar 2x

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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Exponential functions

Functions of the form y = b* EMA4W

Functions of the general form y = ab® + ¢ are called exponential functions. In the equation a and ¢ are
constants and have different effects on the function.

Worked example 12: Plotting an exponential function

QUESTION

y=f(z)=0"forb>0and b #1

Complete the following table for each of the functions and draw the graphs on the same system of axes:
f(z) =27, g(x) = 3%, h(xz) = 5°.

2| =10 1] 2
@) =7
g(x) =37
h(z) =5*

At what point do these graphs intersect?

Explain why they do not cut the z-axis.

Give the domain and range of h(z).

As z increases, does h(z) increase or decrease?
Which of these graphs increases at the slowest rate?

N o

For y = k* and k > 1, the greater the value of k, the steeper the curve of the graph. True or false?

Chapter 6. Functions
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Complete the following table for each of the functions and draw the graphs on the same system of axes:

- (o () o ()

2| -=110]|1]2
F(z)= (1)
G(z) = (1)”
H(z) = (3)°

Give the y-intercept for each function.
Describe the relationship between the graphs f(z) and F(x).
Describe the relationship between the graphs g(z) and G(x).

W =

Give the domain and range of H(x).
1 xr
5. Fory = <E> and k > 1, the greater the value of k, the steeper the curve of the graph. True or false?

6. Give the equation of the asymptote for the functions.

SOLUTION
Step 1: Substitute values into the equations
2| -1|10]1
flx) =27 ;1 % 112 4
g(x) =37 % % 1139
1 1
ha)=5" | 5= | 5 |1]5]|25
2| -=110]1 2
F@=(3)" | 4|2 |1]5];
a@=3"| 9|3 [1]5]53
Haz)=(%)"]|25] 5 |1 % %
Step 2: Plot the points and join with a smooth curve
Y
, @9 1@
3
9 |
1
: % — . .a
—4 3 —2 1 1 2 3 4

6.5. Exponential functions




1. We notice that all graphs pass through the point (0; 1). Any number with exponent 0 is equal to 1.

2. The graphs do not cut the z-axis because you can never get O by raising any non-zero number to the
power of any other number.

3. Domain: {z: z € R}
Range: {y:y € R,y > 0}
4. As z increases, h(z) increases.
5. f(z) = 2" increases at the slowest rate because it has the smallest base.
6. True: the greater the value of k (k > 1), the steeper the graph of y = k*.

N

-4 -3 -2 -1 1 2 3 4

The y-intercept is the point (0; 1) for all graphs. For any real number z: 2% = 1 z # 0.
F(z) is the reflection of f(z) about the y-axis.

G(z) is the reflection of g(z) about the y-axis.

Domain: {z : z € R}

Range: {y:y € R,y > 0}

True: the greater the value of k (k > 1), the steeper the graph of y = (%)I

SN S

o o

. The equation of the horizontal asymptote is y = 0, the z-axis.

Functions of the form y = ab” + ¢ EMA4X

Investigation: The effects of a, ¢ and b on an exponential graph.

On the same set of axes, plot the following graphs (@ = 1, ¢ = 0 and b changes):

1.y =2° p— 2| -110]|1]|2
3. y3 =6° e
4 v = () ya=(g)°

Use your results to deduce the effect of b.
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On the same set of axes, plot the following graphs (b = 2, a = 1 and g changes):

1. ys =27 — 2 2] -1]0]1]2
2 yg=2°-1 ys =2" — 2

3. yr = 2" e =4 =1

.y7—$ y7:2m

4.y8:2 +1 y8:2x+1

5. yo = 2% +2 Yo = 2 + 2

Use your results to deduce the effect of q.
On the same set of axes, plot the following graphs (b = 2, ¢ = 0 and a changes).
2| =110 1]2

1.:[}1021><2m

. . y10:1><2m
2.y11—2><2z =2 X0
3. y12=—1><2 y12:_1x2z
4. y13=—2x 27 Y13 = —2 X 27

Use your results to deduce the effect of a.

The effect of ¢
The effect of ¢ is called a vertical shift because all points are moved the same distance in the same direction
(it slides the entire graph up or down).
¢ For g > 0, the graph is shifted vertically upwards by ¢ units.
¢ For g < 0, the graph is shifted vertically downwards by ¢ units.
The horizontal asymptote is shifted by ¢ units and is the line y = q.
The effect of a
The sign of a determines whether the graph curves upwards or downwards.
ForO<b<1:
¢ For a > 0, the graph curves downwards. It reflects the graph about the horizontal asymptote.
e For a < 0, the graph curves upwards.
Forb > 1:
e For a > 0, the graph curves upwards.
e For a < 0, the graph curves downwards. It reflects the graph about the horizontal asymptote.
b>1 a<0 a>0

q>0

g<o0

Table 6.4: The effect of a and ¢ on an exponential graph when b > 1.

6.5. Exponential functions




0<b<1 a<0 a>0
”””””””” — T
q>0
S U B X,
/
q<0

Table 6.5: The effect of a and ¢ on an exponential graph when 0 < b < 1.

Discovering the characteristics EMA4Y

The standard form of an exponential function is y = ab® + gq.

Domain and range

For y = ab” + g, the function is defined for all real values of x. Therefore the domain is {x : © € R}.
The range of y = ab® + ¢ is dependent on the sign of a.

Fora > 0:
b* >0
ab® >0
ab® +q>q
f(@) >q

Therefore, for a > 0 the range is {f(x) : f(z) > ¢}.

Fora < 0O:
b >0
ab® < 0
ab® +q<q
f(z) <q

Therefore, for a < 0 the range is {f(x) : f(x) < ¢}.
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Worked example 13: Domain and range of an exponential function

QUESTION

Find the domain and range of g(z) =5 .2% + 1

SOLUTION

Step 1: Find the domain
The domain of g(z) =5 x 2* + 1 is {z : © € R}.

Step 2: Find the range

27 >0
5x2% >0
5x2P+1>1
Therefore the range is {g(z) : g(z) > 1}.
Intercepts
The y-intercept.
For the y-intercept, let 2 = 0:
y=ab® +q
=ab’ +¢
=a(l)+g¢
=a + q

For example, the y-intercept of g(x) = 5 x 2* + 1 is given by setting x = 0:

y=5x2"+4+1
=5x20+1
=5+1
=6

This gives the point (0; 6).
The z-intercept:
For the z-intercept, let y = 0.

For example, the z-intercept of g(x) = 5 x 2% + 1 is given by setting y = 0:

y=5x2"4+1
0=5x2"+1
—-1=5x2"
.1
2T — __

5

There is no real solution. Therefore, the graph of g(z) does not have any z-intercepts.

6.5. Exponential functions




Asymptotes

Exponential functions of the form y = ab® + ¢ have a single horizontal asymptote, the line z = q.

Sketching graphs of the form y = ab* + ¢ EMA4Z

In order to sketch graphs of functions of the form, y = ab® + ¢, we need to determine four characteristics:

1. sign of a

2. y-intercept
3. z-intercept
4. asymptote

VISIT:
The following video shows some examples of sketching exponential functions.
® See video: 2FYW at www.everythingmaths.co.za

Worked example 14: Sketching an exponential function

QUESTION

Sketch the graph of g(z) = 3 x 2% + 2. Mark the intercept and the asymptote.

SOLUTION

Step 1: Examine the standard form of the equation
From the equation we see that a > 1, therefore the graph curves upwards. ¢ > 0 therefore the graph is shifted
vertically upwards by 2 units.

Step 2: Calculate the intercepts
For the y-intercept, let x = 0:

y=3x2"4+2
=3x2°42
=3+2
=5

This gives the point (0;5).
For the z-intercept, let y = 0:

y=3x2%4+2
0=3x%x2%+2
—2=3x2"
2

20 =_=

3

There is no real solution, therefore there is no z-intercept.
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Step 3: Determine the asymptote
The horizontal asymptote is the line y = 2.

Step 4: Plot the points and sketch the graph

-4 -3 -2 -1

Domain: {z : z € R} Range: {g(z) : g(z) > 2}
Note that there is no axis of symmetry for exponential functions.

Worked example 15: Sketching an exponential graph

QUESTION

Sketch the graph of y = —2 x 3" + 6

SOLUTION

Step 1: Examine the standard form of the equation

From the equation we see that a < 0 therefore the graph curves downwards. ¢ > 0 therefore the graph is
shifted vertically upwards by 6 units.

Step 2: Calculate the intercepts
For the y-intercept, let x = 0:

y=-2x3"+6
=-2x3"4+6
=1
This gives the point (0;4).
For the z-intercept, let y = 0:
y=—-2x3"4+6
0=-2x3"+6

—6=—-2x3"
31=3"
sr=1

This gives the point (1;0).

Exponential functions




Step 3: Determine the asymptote
The horizontal asymptote is the line y = 6.

Step 4: Plot the points and sketch the graph

Y
y=06
_______________ 6.0________________
y:—ZXW
: : : : ap
—4 -3 -2 -1 3 4
_2,,

Domain: {z : z € R} Range: {g(z) : g(z) < 6}

Exercise 6 — 5:

1. Given the following equation:
y=-2.0y+1
a) Calculate the y-intercept. Your answer must be correct to 2 decimal places.
b) Now calculate the z-intercept. Estimate your answer to one decimal place if necessary.

2. The graph here shows an exponential function with the equation y = a . 2¥ + ¢q. One point is given on
the curve: Point A is at (—3; 3,875). Determine the values of a and ¢, correct to the nearest integer.
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3. Below you see a graph of an exponential function with the equation y = a . 2% + ¢q. One point is given
on the curve: Point A is at (—3;4,875). Calculate the values of a and ¢, correct to the nearest integer.

4. Given the following equation:

1

y:Z.(4)x—1

a) Calculate the y-intercept. Your answer must be correct to 2 decimal places.

b) Now calculate the x-intercept.

5. Given the following graph, identify a function that matches each of the following equations:

6.5.

Y

f(z)

g(x)

Exponential functions




6. Given the functions y = 2% and y = (3)”.

a) Draw the graphs on the same set of axes.

b) Is the z-axis an asymptote or an axis of symmetry to both graphs? Explain your answer.
c) Which graph can be described by the equation y = 27%? Explain your answer.
)

d) Solve the equation 2* = (%)w graphically and check your answer is correct by using substitution.

7. The curve of the exponential function f in the accompanying diagram cuts the y-axis at the point A(0; 1)
and passes through the point B(2;9).

N W bk OO 9 0 ©
| | | | | | | |
t t t t t t t t

QO

Determine the equation of the function f.

o

Determine the equation of the function h(x), the reflection of f(z) in the z-axis.

@)

Determine the range of h(z).

o o

)

)

)

) Determine the equation of the function g(x), the reflection of f(z) in the y-axis.

) Determine the equation of the function j(z) if j(x) is a vertical stretch of f(x) by +2 units.
)

f) Determine the equation of the function k(z) if k(z) is a vertical shift of f(z) by —3 units.

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise  Maths'.
1. 2FYX 2. 2FYY 3.2FYZ 4.2FZ2 5.2FZ3 6.2FZ4 7.2FZ5

“,

Z=2\ www.everythingmaths.co.za m.everythingmaths.co.za

6.6 Trigonometric functions

This section describes the graphs of trigonometric functions.

Sine function

Functions of the form y = sin ¢ EMA54

Worked example 16: Plotting a sine graph

QUESTION

y=f(0) =sinf [0° <6 < 360°
Use your calculator to complete the following table.
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Choose an appropriate scale and plot the values of 6 on the z-axis and of sin # on the y-axis. Round answers
to 2 decimal places.

0 0° | 30° | 60° | 90° | 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330° | 360°
sin 0

SOLUTION

Step 1: Substitute values for ¢

0 0° | 30° | 60° | 90° | 120° | 150° | 180° | 210° 240° | 270° | 300° | 330° | 360°
sind | 0 | 05| 087 | 1 0,87 | 0,5 0 -05| -087| -1 | —0,87 | —0,5 0

Step 2: Plot the points and join with a smooth curve

Y

30° 60° 90° 120° 150° 180K 210° 220° 270° 300° 330° F60°

Notice the wave shape of the graph. Each complete wave takes 360° to complete. This is called the period.
The height of the wave above and below the z-axis is called the graph’s amplitude. The maximum value of
y = sin@ is 1 and the minimum value is —1.

Domain: [0°; 360°]

Range: [—1;1]

z-intercepts: (0°0), (180°0), (360°;0)

y-intercept: (0% 0)

Maximum turning point: (90°; 1)

Minimum turning point: (270° —1)
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Functions of the form y = asinf + ¢ EMA55

Investigation: The effects of a and g on a sine graph

In the equation, y = asinf + g, a and g are constants and have different effects on the graph. On the same set
of axes, plot the following graphs for 0° < 6 < 360°:

1. y; =sinf — 2
2. yp =sinf — 1
3. y3 =sinf

4, yy =sinfh +1
5. y5 =sinf + 2

Use your results to deduce the effect of q.

On the same set of axes, plot the following graphs for 0° < 6 < 360°:

1. y¢ = —2sin6
2. y; = —sinf
3. yg =sin6
4. yg =2sind

Use your results to deduce the effect of a.

The effect of ¢

The effect of ¢ is called a vertical shift because the whole sine graph shifts up or down by g units.

* For g > 0, the graph is shifted vertically upwards by ¢ units.
* For g < 0, the graph is shifted vertically downwards by ¢ units.

The effect of a

The value of a affects the amplitude of the graph; the height of the peaks and the depth of the troughs.

* Fora > 1, there is a vertical stretch and the amplitude increases.
For 0 < a < 1, the amplitude decreases

* Fora < 0, there is a reflection about the z-axis.
For —1 < a < 0, there is a reflection about the z-axis and the amplitude decreases.
For a < —1, there is a reflection about the z-axis and the amplitude increases.

Note that amplitude is always positive.
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Effect of a
a > 1: vertical stretch, amplitude | y
increases
a = 1: basic sine graph
- - — a=1
0 < a < 1: vertical contraction, 01
amplitude decreases O<a<l
0| ——-1<a<0
—1 < a < 0: reflection about z- — a<1
axisof 0 <a <1
a < —1: reflection about z-axis
ofa>1
Table 6.6: The effect of a on a sine graph.
Effect of ¢
q > 0: vertical shiftupwardsby ¢ | v
units
g = 0: basic sine graph —q=0
—q>0
—q<0

g < 0: vertical shift downwards
by ¢ units

Table 6.7: The effect of g on a sine graph.

Discovering the characteristics EMA56

Domain and range
For f(6) = asiné + ¢, the domain is [0°; 360°]

The range of f(6) = asiné + g depends on the values of a and gq.

Fora > 0:

—-1<sinf <1

—a<asinf <a
—a+g<asinf+qg<a+gq
—atq< fl0)<a+q

For all values of 8, f(6) is always between —a + ¢ and a + q.
Therefore for a > 0, the range of f(0) = asinf + qis {f(0) : f(0) € [-a+q,a+ q]}

Similarly, for a < 0, the range of f(0) = asin€ + qis {f(9) : f(0) € [a+ ¢,—a + q|}

6.6. Trigonometric functions



http://www.everythingmaths.co.za/@@emas.search?SearchableText=EMA56

Period

The period of y = asind + ¢ is 360°. This means that one sine wave is completed in 360°.
Intercepts
The y-intercept of f(#) = asinf + ¢ is simply the value of f(0) at 6 = 0°
y = f(0°)
=asin0° + ¢
a(0) + ¢
=q

This gives the point (0; q)

Important: when sketching trigonometric graphs, always start with the basic graph and then consider the effects
of a and q.

Worked example 17: Sketching a sine graph

QUESTION

Sketch the graph of f(0) = 2sinf + 3 for 6 € [0°; 360°].

SOLUTION

Step 1: Examine the standard form of the equation

From the equation we see that a > 1 so the graph is stretched vertically. We also see that ¢ > 0 so the graph is
shifted vertically upwards by 3 units.

Step 2: Substitute values for 6
0 0° | 30° | 60° | 90° | 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330° | 360°
FO) [ 3| 4 [473] 5 | 473 4 3 2 127 1 [127] 2 3

Step 3: Plot the points and join with a smooth curve

f(9)

f(0) =2sinf +3

30° 60° 90° 120° 150° 180° 210° 220° 270° 300° 330° 360°
Domain: [0°; 360°] Range: [1;5]

z-intercepts: none y-intercepts: (0°; 3)

Maximum turning point: (90°; 5) Minimum turning point: (270° 1)
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Cosine function EMA57

Functions of the form y = cos 6 EMA58

Worked example 18: Plotting a cosine graph

QUESTION

y=f(0) =cosf [0°<6<360°
Use your calculator to complete the following table.

Choose an appropriate scale and plot the values of 6 on the z-axis and cos 6 on the y-axis. Round your answers
to 2 decimal places.

0 0° | 30° | 60° | 90° | 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330° | 360°
cos 6

SOLUTION

Step 1: Substitute values for ¢
0 0° | 30° | 60° | 90° | 120° 150° 180° | 210° 240° | 270° | 300° | 330° | 360°
cosf | 1]087]105| 0 | 05| 087| —1| 08 ] 05| 0 |05 ]087 | 1

Step 2: Plot the points and join with a smooth curve

30° 60° 90X 120° 150° 180° 210° 220° 270° 300° 330° 360°

Notice the similar wave shape of the graph. The period is also 360° and the amplitude is 1. The maximum
value of y = cos @ is 1 and the minimum value is —1.

Domain: [0°;360°] Range: [—1;1]
z-intercepts: (90°0), (270°; 0) y-intercepts: (0° 1)

Maximum turning points: (0% 1), (360° 1) Minimum turning point: (180°; —1)
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Functions of the form y = acos + ¢ EMA59

Investigation: The effects of a and ¢ on a cosine graph

In the equation, y = acosf + ¢, a and g are constants and have different effects on the graph.

On the same set of axes, plot the following graphs for 0° < 6 < 360°:

1. y1 =cosf —2
2. yp =cosf —1
3. y3 = cosf

4, yy =cosf+1
5. y5s = cosf + 2

Use your results to deduce the effect of q.

On the same set of axes, plot the following graphs for 0° < 6§ < 360°:

1. y¢ = —2cosf

2. y7 = —cosf
3. yg = cosf
4. yg = 2cosf

Use your results to deduce the effect of a.

The effect of ¢

The effect of ¢ is called a vertical shift because the whole cosine graph shifts up or down by ¢ units.

* For g > 0, the graph is shifted vertically upwards by ¢ units.
* For ¢ < 0, the graph is shifted vertically downwards by ¢ units.

The effect of a

The value of a affects the amplitude of the graph; the height of the peaks and the depth of the troughs.

* Fora > 0, there is a vertical stretch and the amplitude increases.
For 0 < a < 1, the amplitude decreases.

e Fora < 0, there is a reflection about the z-axis.
For —1 < a < 0, there is a reflection about the z-axis and the amplitude decreases.
For a < —1, there is a reflection about the z-axis and the amplitude increases.

Note that amplitude is always positive.
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Effect of a
a > 1: vertical stretch, amplitude | y
increases
a = 1: basic cosine graph
0 < a < 1: amplitude decreases — =0
) — a>1
— O<ax1
0| ——-1<a<0
—1 < a < 0: reflection about z- — a<1
axis, amplitude decreases
a < —1: reflection about z-axis,
amplitude increases
Table 6.8: The effect of a on a cosine graph.
Effect of ¢
q > 0: vertical shiftupwards by ¢ | v
units
g = 0: basic cosine graph —a=
—q>0
—q <0

g < 0: vertical shift downwards
by ¢ units

Table 6.9: The effect of g on a cosine graph.

Discovering the characteristics EMA5B

Domain and range
For f() = acos@ + ¢, the domain is [0°; 360°

It is easy to see that the range of f(6) will be the same as the range of a sin 6 4 ¢. This is because the maximum
and minimum values of a cos 6 + g will be the same as the maximum and minimum values of asin 6 + q.

For a > 0 the range of f(0) = acos® + qis {f(0) : f(0) € [-a+ q;a+q]}
For a < 0 the range of f(§) = acos +qis {f(0) : f(0) € [a+ ¢;—a + ¢}

Period

The period of y = acosf + ¢ is 360°. This means that one cosine wave is completed in 360°.

Intercepts

The y-intercept of f(6) = acosf + ¢ is calculated in the same way as for sine.
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y = f(0°)
=acos0°+q
=a(l)+q
=a-+q

This gives the point (0% a + q).

Worked example 19: Sketching a cosine graph

QUESTION

Sketch the graph of f(0) = 2cos6 + 3 for 6 € [0°; 360°].

SOLUTION

Step 1: Examine the standard form of the equation

From the equation we see that a > 1 so the graph is stretched vertically. We also see that ¢ > 0 so the graph is
shifted vertically upwards by 3 units.

Step 2: Substitute values for 6

8 [0°] 30° | 60°] 90° | 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330° | 360°
FO) [ 5 [473] 4 | 3 | 2 | 127 ] 1 | 127 2 3 4 | 473 5

Step 3: Plot the points and join with a smooth curve

f(0) =2cosf+3

: : : : : : : : : : : —> 0
30° 60° 90° 120° 150° 180° 210° 220° 270° 300° 330° 360°

Domain: [0°; 360°] Range: [1;5]
z-intercepts: none y-intercept: (0°;5)

Maximum turning points: (0°;5), (360°;5) Minimum turning point: (180°;1)
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Comparison of graphs of y = sinf and y = cos 6

y = cosf

30° 60° 90 120° 150° 180X 210° 220° 270° 300° 330°

-1 +

Notice that the two graphs look very similar. Both waves move up and down along the z-axis. The distances
between the peaks for each graph is the same. The height of the peaks and the depths of the troughs are also
the same.

If you shift the whole cosine graph to the right by 90° it will overlap perfectly with the sine graph. If you shift
the sine graph 90° to the left it would overlap perfectly with the cosine graph. This means that:

sin@ = cos (6 —90°) (shift the cosine graph to the right)
cosf =sin (6 +90°) (shift the sine graph to the left)

Tangent function EMA5D

Functions of the form y = tan 6 EMASF

Worked example 20: Plotting a tangent graph

QUESTION

y=f(0) =tand [0° <6 < 3607
Use your calculator to complete the following table.

Choose an appropriate scale and plot the values with 6 on the z-axis and tan 6 on the y-axis. Round your
answers to 2 decimal places.

0 0° 30° | 45° | 60° | 90° | 120° | 135° | 150° | 180°
tan 6

0 210° | 235° | 240° | 270° | 300° | 315° | 330° | 360°
tan 6

SOLUTION

Step 1: Substitute values for 0

0 0° | 30° | 45° | 60° | 90° | 120° | 135° | 150° | 180°
tand | 0 | 0,58 | 1 1,73 | undef | —1,73 | —1 | —0,58 | 0
9 | 210° | 235° | 240° | 270° | 300° | 315° | 330° | 360°
tand | 0,58 | 1 | 1,73 | undef | —1,73 | —1 | —0,58| 0
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Step 2: Plot the points and join with a smooth curve
f(6)

31

>

f f
30°  60°

©

1

1

1

1

1

1

1

1

1

1

1

1

1

T t t t t t t

0°  120° 1509180° 210° 220° 270° 300° 330°360°
1 1

1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1

There is an easy way to visualise the tangent graph. Consider our definitions of sin 6 and cos 6 for right-angled
triangles:

. opposite
sin 6 hypotenuse

cosf ( adjacent )

hypotenuse

__ opposite hypotenuse
~ hypotenuse adjacent
__ opposite

~ adjacent

= tan6
sin 6

So for any value of §: tan 6 =
cos 6

So we know that for values of 6 for which sin§ = 0, we must also have tan # = 0. Also if cos# = 0 the value
of tan # is undefined as we cannot divide by 0. The dashed vertical lines are at the values of # where tan 6 is
not defined and are called the asymptotes.

Asymptotes: the lines § = 90° and 6 = 270°

Period: 180°

Domain: {6 : 0° < 6 < 360°,0 # 90°;270°} Range: {f (0) : f (§) € R}
z-intercepts: (0°0), (180°0), (360°;0) y-intercept: (0°;0)

Functions of the form y = atan + ¢ EMA5G

Investigation: The effects of a and ¢ on a tangent graph

On the same set of axes, plot the following graphs for 0° < 6§ < 360°:
1. y1 =tanf — 2
2. yo =tanfh — 1
3. y3 =tané
4. yy =tanf + 1
5. y5 = tan 6 + 2

Use your results to deduce the effect of q.
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On the same set of axes, plot the following graphs for 0° < 6 < 360°:
1. y¢ = —2tan6
2. yr = —tan@
3. yg = tan6
4, yg = 2tanf

Use your results to deduce the effect of a.

The effect of ¢

The effect of ¢ is called a vertical shift because the whole tangent graph shifts up or down by ¢ units.
e For ¢ > 0, the graph is shifted vertically upwards by ¢ units.
¢ For g < 0, the graph is shifted vertically downwards by ¢ units.
The effect of a
The value of a affects the steepness of each of the branches of the graph. The greater the value of a, the quicker

the branches of the graph approach the asymptotes.
a<0 a>0

q>0

qg<0

Table 6.10: The effect of a and g on a tangent graph.
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Discovering the characteristics EMA5H

Domain and range

From the graph we see that tan 6 is undefined at 6 = 90° and 6 = 270°.
Therefore the domain is {6 : 0° < 6 < 360°,60 # 90°; 270°}.

The range is {f(0) : f(0) € R}.

Period

The period of y = atan 6 + ¢ is 180°. This means that one tangent cycle is completed in 180°.

Intercepts

The y-intercept of f(0) = atan6 + ¢ is simply the value of f(6) at § = 0°.

y = f(0°)
=atan0°+q
=a(0) +¢
=q

This gives the point (0°; q).
Asymptotes
The graph has asymptotes at § = 90° and 6§ = 270°.

Worked example 21: Sketching a tangent graph

QUESTION

Sketch the graph of y = 2tand + 1 for 6 € [0°; 360°].

SOLUTION

Step 1: Examine the standard form of the equation

We see that a > 1 so the branches of the curve will be steeper. We also see that ¢ > 0 so the graph is shifted
vertically upwards by 1 unit.

Step 2: Substitute values for 6

9 10°] 30° | 60° | 90° | 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330° | 360°
y | 1]215]|446| — | —246 | —0,15| 1 | 2,15 | 4,46 | — | —2,46 | —0,15| 1
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Step 3: Plot the points and join with a smooth curve

— g+
30° 60° 9|®° 120° ¥50° 180° 210° 220° 27:()O 300° 330° 360°

Domain: {6 : 0° < 6 < 360° 6 # 90°;270°} Range: {f(0) : f(0) € R}

Exercise 6 — 6:

1. Shown the following graph of the following form: y = asin 6 + g where Point A is at (180°;1,5), and
Point B is at (90°; 3), find the values of a and g.
Y

: : : : : : : : —— : — T
30 60 90 120 150 180 210 240 270 300 330 360

2. Shown the following graph of the following form: y = asin 6 + ¢ where Point A is at (270°; —6), and
Point B is at (90°; 2), determine the values of a and gq.

2,,
1” /\
: : : : . : : : : — T
/0 60 90 120 158 180 210 240 270 300 330 360
1/
—9 |
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3. The graph below shows a trigonometric equation of the following form: y = acosf + q. Two points
are shown on the graph: Point A at (180°; —1,5), and Point B: (0°; —0,5). Calculate the values of a (the
amplitude of the graph) and ¢ (the vertical shift of the graph).

Y
1,,
: : : : : : : : : : : — T
60 90 120 150 180 210 240 270 300 0
—11/B
_9 | A
—3 |

4. The graph below shows a trigonometric equation of the following form: y = acosf + ¢q. Two points
are shown on the graph: Point A at (90°;0,0), and Point B: (180°; —0,5). Calculate the values of a (the
amplitude of the graph) and ¢ (the vertical shift of the graph).

Y
2,,
1,,
—— A
t t * t t t t t T t t t X
30 60 90 1 40 270 300 330 360
1| B
91

5. On the graph below you see a tangent curve of the following form: y = atan6 + q. Two points are
labelled on the curve: Point A is at (0°; %), and Point B is at (45°; 12).

Calculate, or otherwise determine, the values of a and q.

I

T

|
|
|
|
|
!
!
|
|
|
|
|
|
15 30 45 60 75 90 105 120 135 150 180
|
|
|
|
|
!
|
!
|
|
|

I
I

—5 I 1
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6. The graph below shows a tangent curve with an equation of the form y = atanf + g. Two points are
labelled on the curve: Point A is at (0°;0), and Point B is at (45°;1).

Find a and q.

|

|

|

|

:

27 |
|

|

|

|

| I

15 30 45 60 75 90 105 120 135 1 5 180

y
f(x)
3 1
9(x)
2 1
h(z)
al @)
+ + r x
90 18 270 60
11
21
_3 1
a) y =sinf b) yz%sin@ c) y=3sind d) y=2sind
8. The graph below shows functions f(x) and g(z)
Yy
f(z) = —4siné
4 4
3 4
2 4
1 1
f f x
90 270 0
11
—92 |
_3 1
4}
9(z)

What is the equation for g(x)?
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9. With the assistance of the table below sketch the three functions on the same set of axes.

0 0° | 45° | 90° 135° | 180° | 225° | 270° 315° | 360°
tan 6 0 |1 undefined | —1 |0 1 undefined | —1 |0
3tanf |0 |3 undefined | =3 | 0 3 undefined | =3 | 0
ztanf [0 | 2 undefined | —2 [0 3 undefined | —5 [0

10. With the assistance of the table below sketch the three functions on the same set of axes.

0 0° | 90° | 180° | 270° | 360°
cosf—2 | —-1|-2 | -3 -2 -1
cosf+4 |5 4 2 4 5
cosf+2 |3 2 1 2 3

11. State the coordinates at £ and the range of the function.

a)
Y
a
1+
91
y=cosf —1
b)
Yy
4 1
3 1
E
2 y =sinf + 2
1 1
: : : — X
90 180 270 360
9}
Yy
: : : — T
90 180 270 360
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90 180 270 360

12. State the coordinates at E and the domain and range of the function in the interval shown.

y=tanf + 1

=N W Ol =1 ™
N

11 90 180 270 360

13. Using your knowledge of the effects of a and g, sketch each of the following graphs, without using a table
of values, for 6 € [0°; 360°]

a) y=2sinf
b) y = —4cosf
C) y=—2cosf+1
d) y=sinf -3
)
)

14. Give the equations for each of the following graphs:
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f(6)
2 41
- - (7]
0 0° 180° 2707 360°
24
b)
f(6)
2 4
1 '
0 : : : : 0
90° 180° 270° 360°
15. For which values of @ is the function increasing, in the interval shown?
Y
2 1
1 y=sinf + 1
T t t t x
90 180 270 360
-1}

16. For which values of 6 is the function negative, in the interval shown?
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S — — T
30 60 90 120150180 210240270 300 33m<60

—1 y=—2sinf —1

17. For which values of 6 is the function positive, in the interval shown?

Y

T

yéo 90 120150 180210240270 308,330 360
—1 y=—2cosf +1

18. Given the following graph.

90 180 270 360

a) State the coordinates at A, B, C and D.

b) How many times in this interval does f(x) intersect g(x).
c) What is the amplitude of f(z).

d) Evaluate: £(360°) — g(360°) .

19. Given the following graph.

6.6. Trigonometric functions




D
3 g(z)
2 £

A

1 £
f(z)
x
9 18 0 60

_1 4

C
_2 4
31
B

a) State the coordinates at A, B, C' and D.

b) How many times in this interval does f(x) intersect g(z).
c) What is the amplitude of g(z).

d) Evaluate: f(90°) — ¢g(90°) .

20. Given the following graph:

y
f(z)
3 Ee
A
2 1
1 1
t X
90 18 270 60
1|
B D
—2 |
_3 1
g(z)
74 4
(0]

a) State the coordinates at A, B, C and D.

b) How many times in this interval does f(x) intersect g(x).
c) What is the amplitude of g(z).

d) Evaluate: f(270°) — g(270°) .

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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6.7 Interpretation of graphs EMA5)

Worked example 22: Determining the equation of a parabola

QUESTION

Use the sketch below to determine the values of a and ¢ for the parabola of the form y = az? + q.

(=1;0) L

SOLUTION

Step 1: Examine the sketch

From the sketch we see that the shape of the graph is a “frown”, therefore a < 0. We also see that the graph
has been shifted vertically upwards, therefore ¢ > 0.

Step 2: Determine ¢ using the y-intercept
The y-intercept is the point (0; 1).

y:ax2—|—q
1=a(0)>+¢q
Sg=1

Step 3: Use the other given point to determine «
Substitute point (—1;0) into the equation:

y:ax2+q
0=a(-1)°+1
ca=-—1

Step 4: Write the final answer
a = —1and ¢ = 1, so the equation of the parabola is y = —z2 + 1.
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Worked example 23: Determining the equation of a hyperbola

QUESTION

Use the sketch below to determine the values of a and ¢ for the hyperbola of the form y = 2 +¢.

SOLUTION

Step 1: Examine the sketch

The two curves of the hyperbola lie in the second and fourth quadrant, therefore a < 0. We also see that the
graph has been shifted vertically upwards, therefore ¢ > 0.

Step 2: Substitute the given points into the equation and solve

Substitute the point (—1;2): Substitute the point (1;0):
a a
y=—-+q y=—+gq
Hi x
a a
2 = — = —
1 +4q 0 1 +4q
L2=—-a+q S.a=—q

Step 3: Solve the equations simultaneously using substitution

2=—-a+q
=q+q
=2q
Sg=1
S.a=—q
=-1

Step 4: Write the final answer
—1

a = —1 and g = 1, therefore the equation of the hyperbola is y = — + 1.
X

Chapter 6. Functions




Worked example 24: Interpreting graphs

QUESTION

The graphs of y = —22 + 4 and y = = — 2 are given. Calculate the following:

1. coordinates of A, B, C, D
2. coordinates of E/
3. distance CD

Y
C
y=—a2+4
Y=z —2
A 0 B ‘
D
E

SOLUTION

Step 1: Calculate the intercepts
For the parabola, to calculate the y-intercept, let x = 0:

y=—a>+4
=-02+4
=4
This gives the point C'(0;4).
To calculate the z-intercept, let y = 0:
Y = —z? 4+ 4
0=—22+4
> —4=0
(x+2)(z—2)=0
o dp = 3E%,

This gives the points A(—2;0) and B(2;0).

For the straight line, to calculate the y-intercept, let x = 0:

This gives the point D(0; —2).
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Step 2: Calculate the point of intersection F
At E the two graphs intersect so we can equate the two expressions:

z—2=—22+4
i+ —6=0
s(z—=2)(z+3)=0
sx=2o0r —3

At E, z = =3, therefore y = © — 2 = —3 — 2 = —5. This gives the point E(—3; —5).
Step 3: Calculate distance C'D
CD=CO+ 0D
=4+2
=6
Distance C'D is 6 units.

Step 4: Write the final answer

1. coordinates of A(—2;0), B(2;0), C(0;4), D(0; —2)
2. coordinates of E(—3; —5)
3. distance C'D = 6 units

Worked example 25: Interpreting trigonometric graphs

QUESTION

Use the sketch to determine the equation of the trigonometric function f of the form y = af(0) + q.

M(90°; 3)

N(210°;0) / )
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SOLUTION

Step 1: Examine the sketch

From the sketch we see that the graph is a sine graph that has been shifted vertically upwards. The general
form of the equation is y = asin 6 + q.

Step 2: Substitute the given points into equation and solve
At N, 6 =210° and y = 0:

y =asinf +q
0 = asin210° 4 q

At M, 6 =90° and y = 3:

g =asin90° + g

:a-|—q

Step 3: Solve the equations simultaneously using substitution

3
§:a+q
_ a
—a+§
3=2a+a
3a =3
a=1
. a
.q—§
1
)

Step 4: Write the final answer
y =sinf + %

Exercise 6 — 7:

1. Plot the following functions on the same set of axes and clearly label all the points at which the functions

intersect.
9 2
a) y=x2°+1landy =37 b) y=xzand y = —
x
8
o y=2*+3andy=6 d) y=—2?andy = —
i
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2. Determine the equations for the graphs given below.

a)
Yy
8 4
X
_8 s
b)
Yy
12
10 |
8 (1;8)
6 4
4 1
2 |
t t t t t t t t t t t t X
— = -6 —4 =2 2 4 6 8 10 12
_2 HL
(-1;-8)
_12 1
3. Choose the correct answer:
a) The range of y = 2sinf + 1 is:
1<6<2 ii.—2<60<2 iii. —1<60<3 iv. —2<6<3
b) The range of y = 2cosf — 4 is:
i.—6<60<2 ii. —4 <6< -2 iii. —6<60<1 iv. —6 <6< -2
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c) The y-intercept of 2% + 1 is:

i. 3 ii. 1 iii. 2 iv. 0
d) Which of the following passes through (1;7)?
iLy=1 ii.y=22+3 iii.y=2 iv.y =22+ 1

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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6.8 Chapter summary EMAS5K

® See presentation: 2G2K at www.everythingmaths.co.za

¢ Characteristics of functions:

— The given z-value is known as the independent variable, because its value can be chosen freely. The
calculated y-value is known as the dependent variable, because its value depends on the z-value.

— The domain of a function is the set of all z-values for which there exists at most one y-value according
to that function. The range is the set of all y-values, which can be obtained using at least one z-value.

— An asymptote is a straight line, which the graph of a function will approach, but never touch.
¢ Special functions and their properties:

Linear functions of the form y = ax + q.

Parabolic functions of the form y = az? + ¢.

Hyperbolic functions of the form y = £ + q.

Exponential functions of the form y = ab® + q.

Trigonometric functions of the form y = asinf + ¢ y=acosfh+q y=atanf +q

End of chapter Exercise 6 — 8:

1. Complete the following tables and identify the function.

a)

2. Plot the following points on a graph.

a)

6.8. Chapter summary
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2 [ 50 [ 100 | 150 | 200 | 250 | 300
y|1 [2 [3 |4 |5 |6

3. Create a table of values from the function given and then plot the function. Your table must have at least
5 ordered pairs.

a) #2—4 b) y=4z -1
4. Determine the y-intercept and the z-intercepts of the function.
a) y=-3zx—5 b) y=2x+4

5. The graph below shows an equation, which has the form y = max + ¢. Calculate or otherwise find the
values of m (the gradient of the line) and ¢ (the y-intercept of the line).
Y

6. Look at the graphs below. Each graph is labelled with a letter. In the questions that follow, match any
given equation with the label of a corresponding graph.

Y

(o)
t

a) y=3 b) y=3xz+5 ¢ y=-= dy=2z+1 e y=xz—-4 f) y=3x—-6
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7. State whether the following is true or not
a) The y-intercept of y +5 = x is —5.
b) The gradientof —y =z + 2 is 1.
c) The gradient of —4y = 3 is 1.

8. Write the following in standard form:
a) 2y —5x =26
b) 6y — 3z =5x + 1

9. Sketch the graphs of the following:

a) y=2x+14
b) y—3xz=0
c2y=4—=x

10. The function for how much water a tap dispenses is given by: V' = 60t, where z and V are in seconds
and mL respectively.
Use this information to answer the following:

a) Evaluate V (2).

b) Evaluate V(10).

c) How long will it take to fill a 2 L bottle of water?

d) How much water can the tap dispense in 4 s?

11. The graph below shows the distance travelled by a car over time, where s(¢) is distance in km and ¢ is
time in minutes.

t

10 20 30 40 50 60 70 80 90 100 110 120

Use this information to answer the following:
a) What distance did the car travel in an hour?
b) What is the domain of the function?
c) What is the range of the function? What does it represent?

12. On the graph here you see a function of the form: y = az? + q.
Two points on the parabola are shown: Point A, the turning point of the parabola, at (0; 6), and Point B
is at (3;3). Calculate the values of a and q.
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13. Given the following equation:
y=—5z2+3

a) Calculate the y-coordinate of the y-intercept.
b) Now calculate the z-intercepts. Your answer must be correct to 2 decimal places.

14. Given the following graph, identify a function that matches each of the given equations:

Y

ol f(=) 9(z)

10 |

h(z)

a) y = —222 c) y = —0,752> d) y = 722
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15. Given the following graph, identify a function that matches each of the given equations:

y
f(z)

x

a) y =222 b) y=222+3 o y=2x%—-4
16. Sketch the following functions:

a) y=22+3 b)yz%m2—|—4 Q y=2z>—4
17. Sebastian and Lucas dive into a pool from different heights. Their midair paths can be described by the

following quadratic equations: y = —2x2 + 8 for Sebastian and y = —%xQ + 6 for Lucas.

Y
X

a) From what height did Sebastian dive?

b) From what height did Lucas dive?

c) How far from the pool wall did Lucas land?

d) How much closer to the pool wall did Sebastian land compared to Lucas?
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18. The following graph shows a hyperbolic equation of the form y = g + ¢. Point A is shown at (—1; —5).
Calculate the values of a and q.

-8 -7 —6 -5 —4 -3 -2 —1

19. Given the following equation: y = 3 +4
X

a) Determine the location of the y-intercept.
b) Determine the location of the z-intercept.

20. Given the following graph, identify a function that matches each of the given equations:

Y
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21. Sketch the following functions and identify the asymptotes:
3

A y=—+4
x
1
b) y=—
x
2
oOy=——2
x

22. Sketch the functions given and describe the transformation used to obtain the second function. Show all
asymptotes.

T
b)y:zandi
T 2x
c)y:ﬁad :3m+3
a5
3 3

dy=—-—andy=——
x X
23. Given the following equation:
y=—1. (@7 +3
a) Calculate the y-intercept. Your answer must be correct to 2 decimal places.
b) Now calculate the z-intercept. Estimate your answer to one decimal place if necessary.
24. Sketch the following functions and identify the asymptotes:
a) y=3"+2
b) y = —4 x 27
Ay=(3)"-2
25. The form of the curve graphed below is y = a . 2% + q. One point is given on the curve: Point A is at
(—3;—3,625). Find the values of a and ¢, correct to the nearest integer.

[\ w [N ot (@] ~ (0:e]
| | | | | | |
t t t t t t t

—8—7—6—5—4—3—2—11/1 2 3 4 5 6 7 8

6.8. Chapter summary




26. Given the following graph, identify a function that matches each of the given equations

x
1 T
a) y:—2(§) b) y=3,2" c y=—-2% d y=3"
27. Use the functions f(z) = 3 — z, g(z) = 22% — 4; h(z) = 3% — 4; k(x) = % — 1, to find the value of the
following:
a) f(7) b) g(1) ) h(—4) d) k(5)
e) f(=1) +h(=3) f h(g(=2)) 8 k(f(6))

28. Determine whether the following statements are true or false. If the statement is false, give reasons why.

a) The given or chosen y-value is known as the independent variable.

b) A graph is said to be continuous if there are breaks in the graph.

c) Functions of the form y = ax + ¢ are straight lines.

d) Functions of the form y = ¢ + ¢ are exponential functions.

e) An asymptote is a straight line which a graph will intersect at least once.

f) Given a function of the form y = ax + ¢, to find the y-intercept let z = 0 and solve for y.

29. Given the functions f(z) = 222 — 6 and g(z) = —2z + 6.

a) Draw f and g on the same set of axes.
b) Calculate the points of intersection of f and g.
c) Use your graphs and the points of intersection to solve for z when:
i. f(z)>0
ii. g(x) <0
iii. f(z) < g(x)

d) Give the equation of the reflection of f in the z-axis.
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30. After a ball is dropped, the rebound height of each bounce decreases. The equation y = 5(0,8)* shows
the relationship between the number of bounces z and the height of the bounce y for a certain ball.
What is the approximate height of the fifth bounce of this ball to the nearest tenth of a unit?

31. Mark had 15 coins in R 5 and R 2 pieces. He had 3 more R 2 coins than R 5 coins. He wrote a system
of equations to represent this situation, letting = represent the number of R 5 coins and y represent the
number of R 2 coins. Then he solved the system by graphing.

a) Write down the system of equations.
b) Draw their graphs on the same set of axes.
c) Use your sketch to determine how many R 5 and R 2 pieces Mark had.

32. Shown the following graph of the following form: y = a sin 6+ ¢ where Point A is at (90°; 4,5), and Point
B is at (180°; 3), determine the values of a and gq.

: : : : : : : : : : : — T
30 60 90 120 150 180 210 240 270 300 330 360

33. The graph below shows a trigonometric equation of the following form: y = acosf + q. Two points
are shown on the graph: Point A at (90°;0), and Point B: (180°; —3). Calculate the values of a (the
amplitude of the graph) and q (the vertical shift of the graph).

A

xT

120 150 180 210 240 270 300 330 360

34. On the graph below you see a tangent curve of the following form: y = atan6 + q. Two points are
labelled on the curve: Point A is at (0°; —3), and Point B is at (45°; —2).

Calculate, or otherwise determine, the values of a and q.
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35. Given the following graph, identify a function that matches each of the given equations:

Y

a) y=2,3cosb
b) y = 0,75 cos 6
Cc) y=4cosf
d) y =3cosh
36. The graph below shows functions f(z) and g(z).
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4| g(z) = 3,5cos6

What is the equation for f(z)?
37. With the assistance of the table below sketch the three functions on the same set of axes.

0 0° | 45° | 90° 135° | 180° | 225° | 270° 315° | 360°
tan 6 0 |1 undefined | —1 |0 1 undefined | —1 |0
2tand |0 |2 undefined | =2 | 0 2 undefined | =2 | 0
ttanf [0 | & undefined | —2 [0 3 undefined | —3 [0

38. With the assistance of the table below sketch the three functions on the same set of axes.

0 0° | 90° | 180° | 270° | 360°
sinf+1 |1 2 1 0 1
sinf+2 |3 2 2 1 2
sinf—2| -2 | -1 | -2 -3 —2

39. Sketch graphs of the following trigonometric functions for 6 € [0°; 360°]. Show intercepts and asymptotes.

a) y=—4cosf b) y=-sinf — 2 ¢ y=-2sinf+1 d) y=tan6 + 2 e)yzcose
40. State the coordinates at £/ and the range of the function.
a)
Y
31
y = 2sin6
9 |
10
t t r X
90 18 270 60
11
9l
E
31
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Yy
3 1
2 4
E
1 1
! >
9 180 70 360
11
= 1
y = 2cosf
73 |

41. State the coordinates at E and the domain and range of the function in the interval shown.

Is y=tanf — 1

N WA Ot g
t

2
-3 |
—4 |
—5 T+
—6 |
—7 I

42. For which values of 6 is the function decreasing, in the interval shown?

Y
3 B
2 |
1 N

: : : — T

90 180 270 360
—1 1
y=2cosf+1
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43.

44,

45.

For which values of 6 is the function increasing, in the interval shown?

Yy
3 1
2 1
1 1
t t r x
90 1 270 60
—1 1
=9 1
73 1
y = 3sin 6
For which values of 6 is the function positive, in the interval shown?
Y
3 i
y = cosf + %
2 i
1 i
t t t t x
90 180 270 360
—1 1

Given the general equations y = mz +c¢, y = az®> 4+ q, y = i +qy=a.b*+q y=asinb +q,
X
y = acosf + g and y = a tan 6, determine the specific equations for each of the following graphs.

a)
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Yy
:3)
(1;1)
¢)
Yy
0 xXr
(3;-1)
d)
Yy
(4;6)
(0;2)
0 X
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46.

47.

a) State the coordinates at A, B, C' and D.

b) How many times in this interval does f(x) intersect g(x).
c) What is the amplitude of f(z).

d) Evaluate: f(180°) — g(180°) .

90 180 270 360

1!
o 9(@)
3l
—4 |

a) State the coordinates at A, B, C and D.

b) How many times in this interval does f(x) intersect g(z).
c) What is the amplitude of g(x).

d) Evaluate: ¢g(180°) — f(180°) .
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48. y = 2* and y = —2* are sketched below. Answer the questions that follow.
Y

a) Calculate the coordinates of M and N.

b) Calculate the length of M N.

c) Calculate the length of PQ if OR = 1 unit.

d) Give the equation of y = 2% reflected about the y-axis.
)

e) Give the range of both graphs.

49. Plot the following functions on the same set of axes and clearly label all points of intersection.

y=—-2x2+3
y=2x+4
2
=zt — 4
b V7
y =3z

50. f(x) = 4% and g(x) = —42? + q are sketched below. The points A(0;1) and B(1;4) are given. Answer
the questions that follow.

y
Fx) = 4"
"3
A :
% = .
‘C'
g(z) = —42° + ¢

Determine the value of q.

Calculate the length of BC.

Give the equation of f(x) reflected about the z-axis.

Give the equation of f(xz) shifted vertically upwards by 1 unit.
Give the equation of the asymptote of f(x).

Give the ranges of f(x) and g(z).
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51. Given h(z) = 22 — 4 and k(z) = —2% + 4. Answer the questions that follow.
a) Sketch both graphs on the same set of axes.
b) Describe the relationship between h and k.
c) Give the equation of k(x) reflected about the line y = 4.
d) Give the domain and range of h.
52. Sketch the graphs of f(0) = 2sinf and g(f) = cosf — 1 on the same set of axes. Use your sketch to
determine:
a) £(180°) b) ¢(180°) Q) g(270°) — £(270°)
d) The domain and range of g.  e) The amplitude and period of f.
53. The graphs of y = z and y = g are shown in the following diagram.
Y
y=ux
A
C G |
i D
\ r
B
E
Calculate:
a) The coordinates of points A and B.
b) The length of C'D.
c) The length of AB.
d) The length of EF, given G(—2;0).
1
54. Given the diagram with y = —32%2 + 3 and y = —?8.
Y
C
A B
d x
y=-%
D

y=—322+3
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a) Calculate the coordinates of A, B and C.

b) Describe in words what happens at point D.

c) Calculate the coordinates of D.

d) Determine the equation of the straight line that would pass through points C' and D.

55. The diagram shows the graphs of f(8) = 3sin6 and g(8) = —tan@

Y
| o
31 i
i : : 0
90° 18 7 0°
-3 | I .
a) Give the domain of g.
b) What is the amplitude of f?
c) Determine for which values of :
i f(0) =0=g(0)
ii. f(0)xg(0) <0
9
iii. % >0
iv. f(0) is increasing
56. Determine the equations for the graphs given below.
a)
Y
12 +
10 +
8 1
(=3;6) 61
4 1
2 1
t x
-5 -4 -3 =-2\-1 1 2 3 4 5)
—2 (1;-2)
4}
—6 |
—8 |
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—4 +
57. Choose the correct answer:
a) Which of the following does not have a gradient of 3?
i.y=3r+6 ii. 3y =97 — 1 ii. 2(y—1) == iv. 2(y — 3) =6z
b) The asymptote of zy = 3 + z is:
i. 3 ii. 1 iii. —3 iv. —1

58. Sketch the following

a) y=-—1,5"
b) zy =5+ 2z
Cc) 2y+2x=3

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise

Ta. 2G2M 1b. 2G2N 2a. 2G2P 2b. 2G2Q 3a. 2G2R 3b. 2G2S
4a. 2G2T 4b. 2G2V 5. 2G2W 6. 2G2X 7a. 2G2Y 7b. 2G27
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10. 2G38 11. 2G39 12. 2G3B 13. 2G3C 14. 2G3D 15. 2G3F
16a. 2G3G  16b. 2G3H  16c. 2G3] 17. 2G3K 18. 2G3M 19. 2G3N
20.2G3P  21a.2G3Q 21b. 2G3R  21c.2G3S  22a.2G3T  22b. 2G3V
22c. 2G3W  22d. 2G3X 23.2G3Y  24a.2G3Z 24b.2G42  24c. 2G43
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32. 2G4 33. 2G4K 34. 2G4AM 35. 2G4N 36. 2G4P 37.2G4Q
38.2G4R  39a.2G4S  39b. 2GAT  39c. 2G4V 39d. 2G4W  39e. 2G4X
40a. 2G4Y  40b. 2G4z 41. 2G52 42.2G53 43. 2G54 44. 2G55
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50. 2G5D 51. 2G5F 52. 2G5G 53. 2G5H 54. 2G5) 55. 2G5K
56a. 2G5M  56b. 2G5N  57a. 2G5P  57b. 2G5Q 58a. 2G5R  58b. 2G5S
58c. 2G5T
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7  Euclidean geometry

Geometry (from the Greek “geo” = earth and “metria” = measure) arose as the field of knowledge dealing with
spatial relationships. Analytical geometry deals with space and shape using algebra and a coordinate system.
Euclidean geometry deals with space and shape using a system of logical deductions.

Euclidean geometry was first used in surveying and is still used extensively for surveying today. Euclidean
geometry is also used in architecture to design new buildings. Other uses of Euclidean geometry are in art and
to determine the best packing arrangement for various types of objects.

Figure 7.1: A small piece of the original version of Euclid’s elements. Euclid is considered to be the father of modern
geometry. Euclid’s elements was used for many years as the standard text for geometry.

VISIT:
This video highlights some of the basic concepts used in geometry.
® See video: 2G5V at www.everythingmaths.co.za

DID YOU KNOW?
In Euclidean geometry we use two fundamental types of measurement: angles and distances.

7.1 Introduction EMAS5M

Angles EMA5N

An angle is formed when two straight lines meet at a point, also known as a vertex. Angles are labelled with a
caret on a letter, for example, B. Angles can also be labelled according to the line segments that make up the
angle, for example CBA or ABC. The £ symbol is a short method of writing angle in geometry and is often
used in phrases such as “sum of /s in A”. Angles are measured in degrees which is denoted by °, a small circle
raised above the text, similar to an exponent.

7.1. Introduction
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Properties and notation EMA5P

In the diagram below two straight lines intersect at a point, forming the four angles @, b, ¢ and d.

25

The following table summarises the different types of angles, with examples from the figure above.

Term Property Examples
Acute angle 0° < angle < 90° a; ¢

Right angle Angle = 90°

Obtuse angle 90° < angle < 180° b; d
Straight angle Angle = 180° a+bb+¢é
Reflex angle 180° < angle < 360° a+b+e¢

Adjacent angles

Angles that share a vertex and a common
side.

aand d; ¢ and d

Vertically opposite angles

Angles opposite each other when two lines
intersect. They share a vertex and are equal.

a=¢b=d

Supplementary angles

Two angles that add up to 180°

a+b=180% b+ ¢ =180°

Complementary angles

Two angles that add up to 90°

Revolution

The sum of all angles around a point.

a+b+c+d=360°

Note that adjacent angles on a straight line are supplementary.

VISIT:

The following video provides a summary of the terms used to refer to angles.

® See video: 2G5W at www.everythingmaths.co.za

Parallel lines and transversal lines EMA5Q

Two lines intersect if they cross each other at a point. For example, at a traffic intersection two or more streets

intersect; the middle of the intersection is the common point between the streets.

Parallel lines are always the same distance apart and they are denoted by arrow symbols as shown below.

o B

C N

In writing we use two vertical lines to indicate that two lines are parallel:

AB || CD and MN | OP

Chapter 7. Euclidean geometry
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A transversal line intersects two or more parallel lines. In the diagram below, AB || CD and E'F is a transversal

line.

E

The properties of the angles formed by these intersecting lines are summarised in the following table:

Name of angle Definition Examples Notes
Interior angles Angles that lie in between the | G, b, ¢ and d are interior | Interior means

parallel lines. angles. inside.
Exterior angles Angles that lie outside the paral- | ¢, f, g and h are exterior | Exterior means

lel lines. angles. outside.

. . . .7 s . e

Corresponding angles | Angles on the same side of the | aandé, band f, ¢and g,

lines and the same side of the | d and k are pairs of cor-

transversal. If the lines are paral- | responding angles. & = |

lel, the corresponding angles will | ¢, IA)A: f, & = g and

be equal. d=h. F shape
Co-interior angles Angles that lie in between the | aandd, band ¢ are pairs

lines and on the same side of the | of co-interiorangles. a+ | [

transversal. If the lines are par- | d = 180°, b+ ¢ = 180°.

allel, the angles are supplemen- e

tary. C shape
Alternate interior an- | Equal interior angles that lie in- | aand ¢, band d are pairs
gles side the lines and on opposite | of alternate interior an-

sides of the transversal. If the | gles. a=¢ b=d

lines are parallel, the interior an-

gles will be equal. 7 shape

VISIT:

This video provides a short summary of some of the angles formed by intersecting lines.

® See video: 2G5X at www.everythingmaths.co.za

If two lines are intersected by a transversal such that:

¢ corresponding angles are equal; or

¢ alternate interior angles are equal; or

¢ co-interior angles are supplementary

then the two lines are parallel.

NOTE:

When we refer to lines we can either write EF' to mean the line through points E and F or EF to mean the

line segment from point E to point F.

7.1. Introduction
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Worked example 1: Finding angles

QUESTION

Find all the unknown angles. Is EF || CG? Explain your answer.

B D

600 /
P F

SOLUTION

Step 1: Use the properties of parallel lines to find all equal angles on the diagram
Redraw the diagram and mark all the equal angles.

B

160°

AB || CD (given)
S =60° (altZLs; AB || CD)
g+ 160° = 180° (co-int ZLs; AB || CD)

Sy =20°
p =9 (vert opp £s =)
. ﬁ — 200
7 =160° (corresp £s; AB || CD)
$§+&+90° =180° (Lson astrline)
§+60° =90°
o8 ;=30°

Step 3: Determine whether EF | CG

If EF || CG then p will be equal to corresponding angle §, but p = 20° and § = 30°. Therefore EF is not
parallel to CG.

Exercise 7 — 1:

1. Use adjacent, corresponding, co-interior and alternate angles to fill in all the angles labelled with letters
in the diagram:

Chapter 7. Euclidean geometry




@ 42°

2. Find all the unknown angles in the figure:

3. Find the value of z in the figure:

~/

<g_ 20°
60° Y

7.1. Introduction




4. Given the figure below:

55°
E
< ;

T
S

A C G

a) Find each of the unknown angles marked in the figure below. Find a reason that leads to the answer
in a single step.
b) Based on the results for the angles above, is EF' || CG?

5. Given the figure below:

50°

P
1407 Y @

a

b
L N R

a) Find each of the unknown angles marked in the figure below. Find a reason that leads to the answer
in a single step.
b) Based on the results for the angles above, is PQ || N R?

6. Determine whether the pairs of lines in the following figures are parallel:

a)
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M
0]
K
Q 1/2 2 /45° R
3/ o 173
124 I
N P
¢)
K
T 3l 2 Y
95 1
M 2| 4 N
3| 85°
L

7. If AB is parallel to CD and AB is parallel to EF, explain why C'D must be parallel to EF.

C D
A B
E F

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise  Maths'.
1.2G5Y 2.2G5Z 3.2G62 4.2G63 5.2G64 6a.2G65 6b.2G66 6C.2G67 7.2G68
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7.2 Triangles EMASR

Classification of triangles

A triangle is a three-sided polygon. Triangles can be classified according to sides: equilateral, isosceles and
scalene. Triangles can also be classified according to angles: acute-angled, obtuse-angled and right-angled.

We use the notation AABC to refer to a triangle with vertices labelled A, B and C.

7.2. Triangles



http://www.everythingmaths.co.za/@@emas.search?SearchableText=2G5Y
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2G5Z
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2G62
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2G63
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2G64
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2G65
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2G66
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2G67
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2G68
www.everythingmaths.co.za
m.everythingmaths.co.za
http://www.everythingmaths.co.za/@@emas.search?SearchableText=EMA5R
http://www.everythingmaths.co.za/@@emas.search?SearchableText=EMA5S

Name Diagram Properties
Scalene All sides and angles are different.

Isosceles Two sides are equal in length.

c
The angles opposite the equal

A
B
A
/\ sides are also equal.
c B

Equilateral All three sides are equal in length
and all three angles are equal.

Acute Each of the three interior angles
is less than 90°.

Obtuse One interior angle is greater than

A
C l

B

4 90°.
/
C
B
(98
o’&(\o
o

A C

Right-angled One interior angle is 90°.

Different combinations of these properties are also possible. For example, an obtuse isosceles triangle and a
right-angled isosceles triangle are shown below:

ST

obtuse isosceles

right-angled isosceles

VISIT:
This video shows the different ways to classify triangles.
® See video: 2G69 at www.everythingmaths.co.za
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Investigation: Interior angles of a triangle

On a piece of paper draw a triangle of any size and shape.
Cut it out and label the angles @, b and ¢ on both sides of the paper.
Draw dotted lines as shown and cut along these lines to get three pieces of paper.

W N =

Place them along your ruler as shown in the figure below.
5. What can we conclude?

Hint: What is the sum of angles on a straight line?

Investigation: Exterior angles of a triangle

1. On a piece of paper draw a triangle of any size and shape. On another piece of paper, make a copy of
the triangle.

Cut both out and label the angles of both triangles @, b and ¢ on both sides of the paper.
Draw dotted lines on one triangle as shown and cut along the lines.
Place the second triangle and the cut out pieces as shown in the figure below.

Puogh N

What can we can conclude?

7.2. Triangles




VISIT:
We can use the fact that the angles in a triangle add up to 180° to work out the sum of the exterior angles in a

pentagon. This video shows you how.
® See video: 2G6B at www.everythingmaths.co.za

Congruency EMAST

Two triangles are congruent if one fits exactly over the other. This means that the triangles have equal cor-
responding angles and sides. To determine whether two triangles are congruent, it is not necessary to check
every side and every angle. We indicate congruency using =.

The following table describes the requirements for congruency:

Rule Description Diagram
RHS or 90°HS If the hypotenuse and one side of
(90°, hypotenuse, side) | a right-angled triangle are equal to

A D
the hypotenuse and the corresponding
side of another right-angled triangle,
then the two triangles are congruent.
c B F E

ANABC = ADEF

SSS If three sides of a triangle are equal in
(side, side, side) length to the corresponding sides of an-

other triangle, then the two triangles L 5
Q R T U

APQR = ASTU

SAS or S/S If two sides and the included angle of
(side, angle, side) a triangle are equal to the correspond-

F I
ing two sides and included angle of an-
other triangle, then the two triangles
are congruent. a H J K

AFGH = AIJK

AAS or £/S If one side and two angles of a trian-
(angle, angle, side) gle are equal to the corresponding one

U X
side and two angles of another triangle,
then the two triangles are congruent. @ Q
% WYy Z

AUVW = AXY Z

The order of letters when labelling congruent triangles is very important.

ANABC = ADEF

This notation indicates the following properties of the two triangles: A = D, B = E, C = F, AB = DE,
AC = DF and BC = EF.

NOTE:
You might see = used to show that two triangles are congruent. This is the internationally recognised symbol
for congruency.

VISIT:
This video shows some practice examples of finding congruent triangles.
® See video: 2G6C at www.everythingmaths.co.za
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Similarity EMA5V

Two triangles are similar if one triangle is a scaled version of the other. This means that their corresponding
angles are equal in measure and the ratio of their corresponding sides are in proportion. The two triangles have
the same shape, but different scales. Congruent triangles are similar triangles, but not all similar triangles are
congruent. We use ||| to indicate that two triangles are similar.

The following table describes the requirements for similarity:

Rule Description Diagram
D
a
A
a
b c b c
AAA If all three pairs of corresponding AB . AC Ei F
(angle, angle, | angles of two triangles areequal, | A=D,B=FE,C=F
angle) then the triangles are similar. .. ANABC ||| ADEF
M
R
SSS If all three pairs of correspond- N L s T
(side, side, side) | ing sides of two triangles are in | 2F = ML = NL
proportion, then the triangles are | -. AMNL ||| ARST
similar.

The order of letters for similar triangles is very important. Always label similar triangles in corresponding order.
For example,

AMNL ||| ARST is correct; but

AMNL ||| ARTS is incorrect.

NOTE:
You might see ~ used to show that two triangles are similar. This is the internationally recognised symbol for

similarity.

VISIT:
The following video explains similar triangles.
® See video: 2G6D at www.everythingmaths.co.za

The theorem of Pythagoras EMA5W
A
If AABC is right-angled with B = 90°, then b? = a2 + 2. ) b .
Converse: If b?> = a? + 2, then AABC is right-angled with B = 90°.
C B
a

7.2. Triangles
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VISIT:

The following video explains the theorem of Pythagoras and shows some examples of working with the theorem
of Pythagoras.

® See video: 2G6F at www.everythingmaths.co.za

Worked example 2: Triangles

QUESTION

Determine if the two triangles are congruent. Use the result to find z, ¢ and z.

SOLUTION

Step 1: Examine the information given for both triangles
Step 2: Determine whether ACDE = ACBA
In ACDE:

D+C+E=180° (sum of Zsin A)
90° + 35° + E = 180°
- E=55°

In ACDE and ACBA:

DEC = BAC =55° (proved)
CDE =CBA=90° (given)
DE =BA=3 (given)
. ANCDE =ANCBA (AAS)

Step 3: Determine the unknown angles and sides
In ACDE:

CE? = DE* + CD?>  (Pythagoras)

52 =324 42
22 =16
Sx=4

Chapter 7. Euclidean geometry
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In ACBA:

B+ A+§=180° (sum of Zs in A\)
90° + 55° + ¢ = 180°
Sy =35°

ACDE = ACBA (proved)

.CE=CA

C.2=05H

Exercise 7 — 2:

1. Calculate the unknown variables in each of the following figures.

Q)
N
T
Yy .36
P ‘ 0
b) N
00
68° -
P 0]
@)
N
xr
68° y
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2. Given the following diagrams:
Diagram A Diagram B

VAN

A C D

Which diagram correctly gives a pair of similar triangles?

Chapter 7. Euclidean geometry




3. Given the following diagrams:
Diagram A Diagram B

E
B E
B /@\\
A C D F
A C D F

Which diagram correctly gives a pair of similar triangles?

4. Have a look at the following triangles, which are drawn to scale:

B F

A e C D q E

Are the two triangles congruent? If so state the reason and use the correct notation to state that they are
congruent.

5. Have a look at the following triangles, which are drawn to scale:

N R

P 0 M S z Q

Are the two triangles congruent? If so state the reason and use the correct notation to state that they are
congruent.

6. State whether the following pairs of triangles are congruent or not. Give reasons for your answers. If
there is not enough information to make a decision, explain why.

a)

7.2. Triangles




/
A C D
¢)
B E
M
A D
d)
B
E
C
D
A
e)
B
D

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise  Maths'.

la. 2G6G  1b. 2G6H 1c. 2G6) 1d. 2G6K  1e. 2G6M  1f. 2G6N  1g. 2G6P 2. 2G6Q
3. 2G6R 4. 2G6S 5.2G6T 6a.2G6V  6b. 2G6W 6¢. 2G6X  6d. 2G6Y  6e. 2G6Z

@
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7.3 Quadrilaterals EMA5X

DEFINITION: Quadrilateral

A quadrilateral is a closed shape consisting of four straight line segments.

NOTE:
The interior angles of a quadrilateral add up to 360°.

Parallelogram EMA5Y

DEFINITION: Parallelogram

A parallelogram is a quadrilateral with both pairs of opposite sides parallel.
Worked example 3: Properties of a parallelogram

QUESTION

ABCD is a parallelogram with AB || DC and AD || BC. Show that:

1. AB=DC and AD = BC
2. A=Cand B=D

SOLUTION

Step 1: Connect AC to form AABC and ACDA
Redraw the diagram and draw line AC.

Step 2: Use properties of parallel lines to indicate all equal angles on the diagram
On your diagram mark all the equal angles.

Step 3: Prove AABC = ACDA
In AABC and ACDA:

Ay =Cs @lt Zs; AB || DO)

Cy =4 @alt Zs; BC || AD)

AC (common side)
.ANABC = ACDA (AAS)

“AB—=CD and BC = DA

.. Opposite sides of a parallelogram have equal length.

7.3. Quadrilaterals
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We have already shown Ay = C3 and A; = Cy. Therefore,
A=A1+A2=é3+é4=é

Furthermore, X X
B=D (AABC = ACDA)

Therefore opposite angles of a parallelogram are equal.

Summary of the properties of a parallelogram:
» Both pairs of opposite sides are parallel.
* Both pairs of opposite sides are equal in length.
* Both pairs of opposite angles are equal.
» Both diagonals bisect each other.

Worked example 4: Proving a quadrilateral is a parallelogram

QUESTION

Prove that if both pairs of opposite angles in a quadrilateral are equal, the quadrilateral is a parallelogram.

W X
Z Y

SOLUTION

Step 1: Find the relationship between z and

In WXY Z.
W=Y = Y (given)
Z=X =% (given)
W+X+Y+2Z =360° (sum of Zsin a quad)
528 42) = 360°
A+ =180°
W+2Z =2+4
= 180°

But these are co-interior angles between lines WX and ZY. Therefore WX | ZY.

Step 2: Find parallel lines
Similarly W + X = 180°. These are co-interior angles between lines XY and W Z. Therefore XY || W Z.

Both pairs of opposite sides of the quadrilateral are parallel, therefore W XY Z is a parallelogram.

Chapter 7. Euclidean geometry




Investigation: Proving a quadrilateral is a parallelogram

1. Prove that if both pairs of opposite sides of a quadrilateral are equal, then the quadrilateral is a parallel-
ogram.

2. Prove that if the diagonals of a quadrilateral bisect each other, then the quadrilateral is a parallelogram.

3. Prove that if one pair of opposite sides of a quadrilateral are both equal and parallel, then the quadrilateral
is a parallelogram.

A quadrilateral is a parallelogram if:
¢ Both pairs of opposite sides are parallel.
¢ Both pairs of opposite sides are equal.
¢ Both pairs of opposite angles are equal.
¢ The diagonals bisect each other.
¢ One pair of opposite sides are both equal and parallel.

Exercise 7 — 3:

1. PQRS is a parallelogram. PS = OS and QO = QR. SOR = 96° and QOR = z.

2 S

Q R

a) Find with reasons, two other angles equal to x.
b) Write P in terms of z.
c) Calculate the value of z.

2. Prove that the diagonals of parallelogram M N RS bisect one another at P.

M N

Hint: Use congruency.

For more exercises, visit www.everythingmaths.co.za and click on ’Practise Maths’. 1. 2G72 2. 2G73
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Rectangle EMA5Z

DEFINITION: Rectangle

A rectangle is a parallelogram that has all four angles equal to 90°.

A rectangle has all the properties of a parallelogram:
* Both pairs of opposite sides are parallel.
 Both pairs of opposite sides are equal in length.
 Both pairs of opposite angles are equal.

* Both diagonals bisect each other.

It also has the following special property:

Worked example 5: Special property of a rectangle

QUESTION

PQRS is a rectangle. Prove that the diagonals are of equal length.

SOLUTION

Step 1: Connect P to R and @ to S to form APSR and AQRS

Step 2: Use the definition of a rectangle to fill in on the diagram all equal angles and sides
Step 3: Prove APSR = AQRS

In APSR and AQRS:

PS =QR (opp sides of rectangle)
SR amp; amp; (common side)
PSR = QRS =90° (/s of rectangle)
. APSR = AQRS (RHS)

Therefore PR = QS

The diagonals of a rectangle are of equal length.

Summary of the properties of a rectangle:

* Both pairs of opposite sides are parallel. D i C

 Both pairs of opposite sides are of equal length.
* Both pairs of opposite angles are equal. - -+
* Both diagonals bisect each other.

 Diagonals are equal in length. A f B
+ All interior angles are equal to 90°

Chapter 7. Euclidean geometry
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Exercise 7 — 4:

1. ABCD is a quadrilateral. Diagonals AC and BD intersectat T. AC = BD, AT =TC, DT = TB.

B C

Prove that:

a) ABCD is a parallelogram
b) ABCD is a rectangle

For more exercises, visit www.everythingmaths.co.za and click on ’Practise Maths’. 1. 2G74

@
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Rhombus EMAG62

DEFINITION: Rhombus

A rhombus is a parallelogram with all four sides of equal length.

A rhombus has all the properties of a parallelogram:
¢ Both pairs of opposite sides are parallel.
¢ Both pairs of opposite sides are equal in length.
¢ Both pairs of opposite angles are equal.
¢ Both diagonals bisect each other.

It also has two special properties:

Worked example 6: Special properties of a rhombus

QUESTION

XY ZT is a rhombus. Prove that:
1. the diagonals bisect each other perpendicularly; T <2 ¢11 % 2>y
2. the diagonals bisect the interior angles.
1(2

SOLUTION

Step 1: Use the definition of a rhombus to fill in on the diagram all equal angles and sides
Step 2: Prove AXTO = AZTO

7.3. Quadrilaterals
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XT =7T (sides of rhombus)

TO amp; (common side)
X0 =07 (diags of rhombus)
L AXTO =AZTO  (SSS)
01 = 04
ButO; + O, = 180° (Zs on a str line)
01 = 04 = 90°

We can further conclude that O; = Oy = O3 = O4 = 90°.
Therefore the diagonals bisect each other perpendicularly.

Step 3: Use properties of congruent triangles to prove diagonals bisect interior angles

Xo =2, (AXTO = AZTO)
and Xo =27, (altss; XT|YZ2)
21 =2y

Therefore diagonal X Z bisects Z. Similarly, we can show that X Z also bisects X; and that diagonal T'Y bisects
TandY.

We conclude that the diagonals of a rhombus bisect the interior angles.

To prove a parallelogram is a rhombus, we need to show any one of the following:

* All sides are equal in length.
» Diagonals intersect at right angles.
« Diagonals bisect interior angles.

Summary of the properties of a rhombus:

 Both pairs of opposite sides are parallel. D ‘ c

* Both pairs of opposite sides are equal in length.

* Both pairs of opposite angles are equal.

» Both diagonals bisect each other.

» All sides are equal in length.

« The diagonals bisect each other at 90°

* The diagonals bisect both pairs of opposite angles. A | ‘N B

Square EMAG63

DEFINITION: Square

A square is a rhombus with all four interior angles equal to 90°
OR
A square is a rectangle with all four sides equal in length.

A square has all the properties of a rhombus:

Chapter 7. Euclidean geometry
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¢ Both pairs of opposite sides are parallel. D | C

¢ Both pairs of opposite sides are equal in length.
¢ Both pairs of opposite angles are equal.

¢ Both diagonals bisect each other. € €
¢ All sides are equal in length.

¢ The diagonals bisect each other at 90°

¢ The diagonals bisect both pairs of opposite angles. A i ‘B

It also has the following special properties:
¢ All interior angles equal 90°.
¢ Diagonals are equal in length.
¢ Diagonals bisect both pairs of interior opposite angles (i.e. all are 45°).

To prove a parallelogram is a square, we need to show either one of the following:
« Itis a rhombus (all four sides of equal length) with interior angles equal to 90°.
e ltis a rectangle (interior angles equal to 90°).

Trapezium EMA64

NOTE:
A trapezium is sometimes called a trapezoid.

Some examples of trapeziums are given below:

isosceles trapezium

QUESTION

ABCD is a kite with AD = AB and CD = CB. Prove that:

1. ADC = ABC
2. Diagonal AC bisects A and C

7.3. Quadrilaterals
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2|1
D 7 B
C
SOLUTION
Step 1: Prove AADC = AABC
In AADC and AABC:
AD =AB (given)
CD =CB (given)
AC (common side)
. ANADC = AABC (SSS)
- ADC = ABC

Therefore one pair of opposite angles are equal in kite ABC'D.
Step 2: Use properties of congruent triangles to prove AC bisects A and C

Ay
and C4

(AADC = AABC)

= A2
=C, (AADC = AABO)

Therefore diagonal AC bisects A and C.

We conclude that the diagonal between the equal sides of a kite bisects the two interior angles and is an axis
of symmetry.

Summary of the properties of a kite:

C

e Diagonal between equal sides bisects the other diagonal.

* One pair of opposite angles are equal (the angles between unequal sides).

» Diagonal between equal sides bisects the interior angles and is an axis of symmetry.
» Diagonals intersect at 90°

Chapter 7. Euclidean geometry




Exercise 7 — 5:

1. Use the sketch of quadrilateral ABC'D to prove the diagonals of a kite are perpendicular to each other.

2. Explain why quadrilateral W XY Z is a kite. Write down all the properties of quadrilateral WXY Z.
X

W Y

For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’. 1. 2G75 2. 2G76
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VISIT:
This video provides a summary of the different types of quadrilaterals and their properties.

® See video: 2G77 at www.everythingmaths.co.za

Investigation: Relationships between the different quadrilaterals

Heather has drawn the following diagram to illustrate her understanding of the relationships between the dif-
ferent quadrilaterals. The following diagram summarises the different types of special quadrilaterals.

= Rectangle ==

|
T

7.3. Quadrilaterals
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1. Explain her possible reasoning for structuring the diagram as shown.

2. Design your own diagram to show the relationships between the different quadrilaterals and write a short
explanation of your design.

Exercise 7 — 6:

1. The following shape is drawn to scale:

Give the most specific name for the shape.
2. The following shape is drawn to scale:

Give the most specific name for the shape.
3. Based on the shape that you see list the all the names of the shape. The figure is drawn to scale.

4. Based on the shape that you see list the all the names of the shape. The figure is drawn to scale.

5. Based on the shape that you see list the all the names of the shape. The figure is drawn to scale.

Chapter 7. Euclidean geometry




6. Find the area of ACDF if AB=8, BF =17, FE = EC, BE = ED, A =90°, CED = 90°.

A B C

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
1.2G78 2.2G79 3.2G7B 4.2G7C 5.2G7D 6.2G7F
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7.4  The mid-point theorem EMA66

Investigation: Proving the mid-point theorem

B C

Draw a large scalene triangle on a sheet of paper.

Name the vertices A, B and C. Find the mid-points (D and E) of two sides and connect them.
Cut out AABC and cut along line DE.

Place AADE on quadrilateral BDEC with vertex E on vertex C. Write down your observations.
Shift AADE to place vertex D on vertex B. Write down your observations.

What do you notice about the lengths DE and BC'?

Make a conjecture regarding the line joining the mid-point of two sides of a triangle.

NS Uk W=

Worked example 8: Mid-point theorem

QUESTION

Prove that the line joining the mid-points of two sides of a triangle is parallel to the third side and equal to half
the length of the third side.

7.4. The mid-point theorem
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SOLUTION

Step 1: Extend DE to F so that DE = EF and join FC

Step 2: Prove BCF' D is a parallelogram
In AEAD and AECF:

E‘1 = E‘2 (vert opp 4s =)
AE =CE (given)
DE =FEF (by construction)
S AEAD = AECF (SAS)
.ADE =CFE

But these are alternate interior angles, therefore BD || FC

BD = DA (given)
DA =FC (AEAD = AECF)
.BD =FC

.. BCFD is a parallelogram  (one pair opp. sides = and || )

Therefore DE || BC.
We conclude that the line joining the two mid-points of two sides of a triangle is parallel to the third side.
Step 3: Use properties of parallelogram BCF D to prove that DE = 1 BC

DF = BC (opp sides || m)
and DF =2(DE) (by construction)
..2DE = BC
~.DE =3BC

)

We conclude that the line joining the mid-point of two sides of a triangle is equal to half the length of the third
side.
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Converse

The converse of this theorem states: If a line is drawn through the mid-point of a side of a triangle parallel to
the second side, it will bisect the third side.

VISIT:
You can use GeoGebra to show that the converse of the mid-point theorem is true.

Exercise 7 — 7:

1. Points C' and A are the mid-points on lines BD and BE. Study AEDB carefully. Identify the third
side of this triangle, using the information as shown, together with what you know about the mid-point
theorem. Name the third side by its endpoints, e.g., F'G.

D
/C<\\
B A E
2. Points R and P are the mid-points on lines Q.S and QT'. Study AT'SQ carefully. Identify the third side of

this triangle, using the information as shown, together with what you know about the mid-point theorem.
Name the third side by its endpoints, e.g., FG.

S
AR\
T P Q

3. Points C' and A are given on the lines BD and BE. Study the triangle carefully, then identify and name

the parallel lines.
E
Q
D C B

4. Points R and P are given on the lines QS and QT'. Study the triangle carefully, then identify and name

the parallel lines.
S T
P
R
Q
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5. The figure below shows a large triangle with vertices A, B and D, and a smaller triangle with vertices at
C, D and E. Point C is the mid-point of BD and point E is the mid-point of AD.

B

D

a) Three angles are given: A = 63°, B = 91° and D = 26°; determine the value of DCE.

b) The two triangles in this question are similar triangles. Complete the following statement correctly
by giving the three vertices in the correct order (there is only one correct answer).

ADEC ||| A?

6. The figure below shows a large triangle with vertices G, H and K, and a smaller triangle with vertices at
J, K and L. Point J is the mid-point of HK and point L is the mid-point of GK.

H

K

a) Three angles are given: G = 98°, H = 60°, and K = 22°; determine the value of K.JL.

b) The two triangles in this question are similar triangles. Complete the following statement correctly
by giving the three vertices in the correct order (there is only one correct answer).
AHKG ||| A?

7. Consider the triangle in the diagram below. There is a line crossing through a large triangle. Notice that
some lines in the figure are marked as equal to each other. One side of the triangle has a given length of
3. Determine the value of z.

8. Consider the triangle in the diagram below. There is a line crossing through a large triangle. Notice that
some lines in the figure are marked as equal to each other. One side of the triangle has a given length of
6. Determine the value of x.
6
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9. In the figure below, VW || ZX, as labelled. Furthermore, the following lengths and angles are given:
VW =12; ZX = 6; XY = 5,5, YZ = 5and V = 59°. The figure is drawn to scale. Determine the
length of WY 174

w

10. In the figure below, VIV || ZX, as labelled. Furthermore, the following lengths and angles are given:
VW =4, ZX =2, WX =4, YZ = 3,5 and Y = 30°. The figure is drawn to scale. Determine the
length of XY

11. Find z and y in the following:

a)
xT
7
f f

b)

7

o
c)

6
x =0
1 1 -
| 5 |
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S

8
=

e) In the following diagram PQ = 2,5 and RT = 6,5.

P
66°
Q S
s U 7 T

12. Show that M is the mid-point of AB and that M N = RC.

A

[T
|

C

13. In the diagram below, P is the mid-point of N@Q and R is the mid-point of M Q. The segment inside of
the large triangle is labelled with a length of —2a + 4.

—2a+4

Q R M

a) Calculate the value of M N in terms of a.
b) You are now told that M N has a length of 18. What is the value of a? Give your answer as a
fraction.
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14. In the diagram below, P is the mid-point of N@Q and R is the mid-point of M @. One side of the triangle
2
has a given length of ?a +4.

G+ R

N P Q
a) Find the value of PR in terms of a.
b) You are now told that PR has a length of 8. What is the value of a?

15. The figure below shows AABD crossed by EC. Points C' and E bisect their respective sides of the
triangle. B A

CE

D

a) The angles D = 59° and EC'D = 4q are given; determine the value of A in terms of g.
b) You are now told that EC'D has a measure of 72°. Calculate for the value of g.

16. The figure below shows AGHK crossed by LJ. Points J and L bisect their respective sides of the
triangle. G

/)

H J K

a) Given the angles H = 58° and K L.J = 9b, determine the value of K in terms of b.

b) You are now told that K has a measure of 74°. Solve for the value of b. Give your answer as a
fraction.

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise =~ Maths'.

1. 2G7G 2.2G7H 3.2G7) 4. 2G7K 5. 2G7M 6. 2G7N 7.2G7P  8.2G7Q
9.2G7R 10.2G7S 11a.2G7T 11b.2G7V 11c. 2G7W 11d. 2G7X 11e. 2G7Y 12.2G7Z
13.2G82 14.2G83 15. 2G84 16. 2G85

2,

]
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7.5 Chapter summary EMA67

® See presentation: 2G86 at www.everythingmaths.co.za
* A quadrilateral is a closed shape consisting of four straight line segments.

* A parallelogram is a quadrilateral with both pairs of opposite sides parallel.
— Both pairs of opposite sides are equal in length.

— Both pairs of opposite angles are equal.
— Both diagonals bisect each other.

* A rectangle is a parallelogram that has all four angles equal to 90°
— Both pairs of opposite sides are parallel.

Both pairs of opposite sides are equal in length.

The diagonals bisect each other.

The diagonals are equal in length.

All interior angles are equal to 90°.

* A rhombus is a parallelogram that has all four sides equal in length.
— Both pairs of opposite sides are parallel.

— All sides are equal in length.

— Both pairs of opposite angles are equal.

— The diagonals bisect each other at 90°.

— The diagonals of a rhombus bisect both pairs of opposite angles.

* A square is a rhombus that has all four interior angles equal to 90°.
— Both pairs of opposite sides are parallel.

— The diagonals bisect each other at 90°.

— All interior angles are equal to 90°.

— The diagonals are equal in length.

— The diagonals bisect both pairs of interior opposite angles (i.e. all are 45°

* A trapezium is a quadrilateral with one pair of opposite sides parallel.

» A kite is a quadrilateral with two pairs of adjacent sides equal.
— One pair of opposite angles are equal (the angles are between unequal sides).

— The diagonal between equal sides bisects the other diagonal.
— The diagonal between equal sides bisects the interior angles.
— The diagonals intersect at 90°.

* The mid-point theorem states that the line joining the mid-points of two sides of a triangle is parallel to
the third side and equal to half the length of the third side.

1. Identify the types of angles shown below:

a)
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T~
d [
d) -
E) -

f) An angle of 91°
g) An angle of 180°
h) An angle of 210°

2. Assess whether the following statements are true or false. If the statement is false, explain why:

a) A trapezium is a quadrilateral with two pairs of opposite sides that are parallel.
b) Both diagonals of a parallelogram bisect each other.

c) A rectangle is a parallelogram that has all interior angles equal to 90°.

d) Two adjacent sides of a rhombus have different lengths.

e) The diagonals of a kite intersect at right angles.

f) All squares are parallelograms.

g) A rhombus is a kite with a pair of equal, opposite sides.

h) The diagonals of a parallelogram are axes of symmetry.

i) The diagonals of a rhombus are equal in length.

j) Both diagonals of a kite bisect the interior angles.

3. Find all pairs of parallel lines in the following figures, giving reasons in each case.

a)

62°

62°
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1/ 120°

60°
K / 60° / L

4. Find angles a, b, ¢ and d in each case, giving reasons:

a)
P
b\\Q
a
— djc
S 73°
R
b)
K
100°/
A ol L B
b
D
¢ M
@
E p / N F
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5. Given the figure below.

D

B

459

E Pl g
1359 v/ r
xT

[1/s

A C G

a) Find each of the unknown angles marked in the figure below. Find a reason that leads to the answer
in a single step.
b) Based on the results for the angles above, is EF || CG?

6. Given the following diagrams:

Diagram A Diagram B
1,2y 1,2z
L 1,2z
Y z
z 2.3z

Which diagram correctly gives a pair of similar triangles?
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7. Given the following diagrams:
Diagram A Diagram B

a a
@
b c b c b c

Which diagram correctly gives a pair of similar triangles?

8. Have a look at the following triangles, which are drawn to scale:

a K
F L H J € L

Are the triangles congruent? If so state the reason and use correct notation to state that they are congruent.

9. Have a look at the following triangles, which are drawn to scale:

w Z
1% m U v m X

Are the triangles congruent? If so state the reason and use correct notation to state that they are congruent.
10. Say which of the following pairs of triangles are congruent with reasons.

A D
Z E c Z E F
B E

G
: J ‘ L
\/\/

H I K

a)
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N P
1 1
M o Q R
d)
R U
S %
Q T
11. Using the theorem of Pythagoras, calculate the length z:
a)
3cm| S
L |
b)
13 cm
5cm
X
o)
2 cm
\ O
T 7 cm
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A
25 mm *
B 7 p—— ‘D
12. Calculate z and y in the diagrams below: 39 mm
a)
X
632

b)

15° 20°
9
d)
e)
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13. Consider the diagram below. Is AABC' ||| ADEF? Give reasons for your answer.
A
D

64
32/ 18 36

45

B 30 C

14. Explain why APQR is similar to AT'SR and calculate the values of z and .

P

Q

15. The following shape is drawn to scale:

Give the most specific name for the shape.
16. Based on the shape that you see list the all the names of the shape. The figure is drawn to scale.
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17. FGHTI is arhombus. Fy = 3z + 20° ; G; = x + 10°. Determine the value of z.

F

18. In the diagram below, AB = BC = CD = DE = EF = FA = BE.

A B C

Name:
a) 3 rectangles
b) 4 parallelograms
C) 2 trapeziums
d) 2 rhombi

19. Points R and P are the mid-points on lines Q.S and QT'. Study AT'SQ carefully. Identify the third side of
this triangle, using the information as shown, together with what you know about the mid-point theorem.

(Name the third side by its endpoints, e.g., F'G.)

T

20. Points X and V are given on the segments WY and W Z. Study the triangle carefully, then identify and
name the parallel line segments.
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21. The figure below shows a large triangle with vertices A, B and D, and a smaller triangle with vertices at
C, D and E. Point C is the mid-point of BD and point E is the mid-point of AD.

a) The angles A = 39° and B = 55° are given; determme the value of DEC.

b) The two triangles in this question are similar triangles. Complete the following statement correctly
by giving the three vertices in the correct order (there is only one correct answer).

ADEC ||| A?

22. The figure below shows a large triangle with vertices M, N and @, and a smaller triangle with vertices
at P, @Q and R. Point P is the mid-point of N@Q and point R is the mid-point of M Q.

a) With the two angles given, Q = 22° and QRP = 98°, determine the value of M.

b) The two triangles in this question are similar triangles. Complete the following statement correctly
by giving the three vertices in the correct order (there is only one correct answer).

AQMN ||| A?

23. Consider the triangle in the diagram below. There is a line segment crossing through a large triangle.
Notice that some segments in the figure are marked as equal to each other. One side of the triangle has
a given length of 10. Determine the value of x.

10

24. In the figure below, GH || LJ, as labelled. Furthermore, the following lengths and angles are given:
GH =10; LJ =5; HJ = 9; KL = 8 and GG = 84°. The figure is drawn to scale.
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84°

Calculate the length of JK.

25. The figure below shows triangle GH K with the smaller triangle JK L sitting inside of it. Furthermore,
the following lengths and angles are given: GH = 12; LJ = 7; HJ = 8; LG = 11 ; K = 33°. The figure
is drawn to scale.

Find the length of K'L.
26. In the diagram below, P is the mid-point of N@Q and R is the mid-point of M Q. One side of the triangle
has a given length of % -2

Q

a) Determine the value of PR in terms of z.
b) You are now told that PR has a length of 2. What is the value of 22

27. The figure below shows AMNQ crossed by RP. Points P and R bisect their respective sides of the
triangle.

M

[

119°
N P Q

a) With the two angles given, M = 8b and ZNPR = 119°, determine the value of Q in terms of b.

b) You are now told that A/ has a measure of 76°. Determine for the value of b. Give your answer as
an exact fractional value.
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28. The figure below shows AMNQ crossed by RP. Points P and R bisect their respective sides of the
triangle.

P 9d R

Qo>

Q

a) The angles Q = 15d and RPQ = 9d are given in the large triangle; determine the value of M in
terms of d.

b) You are now told that RPQ has a measure of 60°. Solve for the value of d. Give your answer as an
exact fractional value.

29. Calculate @ and b:

P Q

30. APQR and APSR are equilateral triangles. Prove that PQR.S is a rhombus.

Q

S

31. LM NO is a quadrilateral with LM = LO and diagonals that intersect at S such that M'S = SO. Prove
that:

a) MLS = SLO
b) ALON = ALMN
c) MO L LN
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32. Using the figure below, show that the sum of the three angles in a triangle is 180°. Line DE is parallel
to BC.

B

C

33. PQR is an isosceles triangle with PR = QR. S is the mid-point of PQ, T is the mid-point of PR and U
is the mid-point of RQ.

a) Prove ASTU is also isosceles.
b) What type of quadrilateral is ST RU? Motivate your answer.
o) If RTU = 68° calculate, with reasons, the size of T'SU.

34. ABCD is a parallelogram. BE = BC. Prove that ABE = BCD.

A B

35. In the diagram below, D, E and G are the mid-points of AC, AB and BC respectively. EC || FG.
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B G C

a) Prove that FECG is a parallelogram.
b) Prove that FE = ED.

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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8 Analytical geometry

Analytical geometry is the study of geometric properties, relationships and measurement of points, lines and
angles in the Cartesian plane. Geometrical shapes are defined using a coordinate system and algebraic princi-
ples. Some consider the introduction of analytical geometry, also called coordinate or Cartesian geometry, to
be the beginning of modern mathematics.

&

Figure 8.1: The motion of a projectile can be plotted on the Cartesian plane. Animators use this information to help them
create animations.

8.1 Drawing figures on the Cartesian plane

If we are given the coordinates of the vertices of a figure, we can draw the figure on the Cartesian plane. For
example, quadrilateral ABC'D with coordinates A (1;1), B (3;1), C (3;3) and D (1;3).

NOTE:
You might also see coordinates written as A(1,1).

Y
4

D C
31
21
14

A B

t x
1 2 3 4

The order of the letters for naming a figure is important. It indicates the order in which points must be joined:
Ato B, Bto C,Cto D and D back to A. So the above quadrilateral can be referred to as quadrilateral ABC' D
or CBAD or BADC. However it is conventional to write the letters in alphabetical order and so we only refer
to the quadrilateral as ABCD.

VISIT:

You can use an online tool to help you when plotting points on the Cartesian plane. Click here to try this one
on mathsisfun.com.
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Exercise 8 — 1:

1. You are given the following diagram, with various points shown:

Y

Find the coordinates of point D.
2. You are given the following diagram, with various points shown:

Y

Q
o ey
o e I

Find the coordinates of all the labelled points.
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3. You are given the following diagram, with various points shown:

L]
S
t

Which point lies at the coordinates (5; —4)?
4. You are given the following diagram, with various points shown:

Which point lies at the coordinates (—4; —3)?

8.1. Drawing figures on the Cartesian plane




5. You are given the following diagram, with 4 shapes drawn.
All the shapes are identical, but each shape uses a different naming convention:

Which shape uses the correct naming convention?

6. You are given the following diagram, with 4 shapes drawn.
All the shapes are identical, but each shape uses a different naming convention:
Which shape uses the correct naming convention?

F
O

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise  Maths'.
1.2GBK 2.2GBM 3.2GBN 4.2GBP 5.2GBQ 6.2GBR
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8.2 Distance between two points EMA69

A point is a simple geometric object having location as its only property.
DEFINITION: Point

A point is an ordered pair of numbers written as (z; y).

DEFINITION: Distance

Distance is a measure of the length between two points.

Investigation: Distance between two points

Points P (2;1), Q (—2; —2) and R (2; —2) are given.

* Can we assume that R = 90°? If so, why?
e Apply the theorem of Pythagoras in APQR to find the length of PQ.

]
2,,

P(2;1)
1+ o
// 1
I

e L x

-2 -1 | 2
-7 1
il I
7 |
- 1
- 1
«l . B -

Q(—2;-2) R(2;-2)

To derive a general formula for the distance between two points A (x1;y1) and B (x2;y2) we use the theorem
of Pythagoras.

Yy
2 4
B(x2;y2)
1+ o
-7
LA
7 ! T
-2 —1 | 2
27 !
eS| |
.7 !
e !
el - Dt === = == = = - E/d
A(z1;91) C(z2;91)
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AB? = AC? + BC?

. AB =+/AC? + BC?

And:

AC=1‘2—1‘1
BC =y =y

Therefore:

AB =/ AC? + BC?
= \/(552 —21)* + (2 — 1)’

Therefore to calculate the distance between any two points, (z1;y1) and (z2;y2), we use:

distance (d) = /(@1 — @2)? + (y1 — 9)°
Note that (21 — 22)* = (22 — 1)

VISIT:

The following video gives two examples of working with the distance formula and shows how to determine
the distance formula.

® See video: 2GBS at www.everythingmaths.co.za

Worked example 1: Using the distance formula

QUESTION

Find the distance between S (—2; —5) and Q (7; —2).

SOLUTION

Step 1: Draw a sketch

Chapter 8. Analytical geometry
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Step 2: Assign values to (z1;y1) and (z2; y2)
Let the coordinates of S be (z1;y1) and the coordinates of T" be (z2; y2).

391:—2 y1=—5 $2=7 y2=—2

Step 3: Write down the distance formula

d= \/(331 —x2)" + (y1 — 2)°

Step 4: Substitute values

=/ (=9 +(=3)°
=v81+9
=90
9,5
Step 5: Write the final answer
The distance between S and 7" is 9,5 units.
Worked example 2: Using the distance formula
QUESTION
Given RS =13, R(3;9) and S (8;y). Find y.
SOLUTION
Step 1: Draw a sketch
Y
241 S2(8;y2)
20 1 //’
16 |
12 |
g | <R(3;9)
4t
. .
—4 4 \§ 12
0 S1(8;y1)
_8 |4

Note that we expect two possible values for 3. This is because the distance formula includes the term (y; —y2)?
which results in a quadratic equation when we substitute in the y coordinates.

8.2. Distance between two points




Step 2: Assign values to (z1;y;) and (z3;y2)
Let the coordinates of R be (x1;y1) and the coordinates of S be (x2; y2).

z1=3 y1=9 22=8 Y=y

Step 3: Write down the distance formula

d= \/(xl = $2)2 + (y1 — y2)2

Step 4: Substitute values and solve for y

13 = \/(3—8)2+(9—y)2
13% = (=5) + (81 — 18y + ?)
0=y?—18y — 63

=(y+3)(y—21)
Sy=-3ory=21

Step 5: Check both values for y

Check y = —3:
d= \/(581 —22)° + (11 — 12)°
= \/(3—8)2+(9+3)2
= /25 + 144
=1/169
=13
Check y = 21:
d=1/(z1—22)* + (11 — )°

v +
\/(3 —8)%+(9—21)
= /25 + 144

= V169
=13

Step 6: Write the final answer
S'is (8;—3) or (8;21).

Therefore y = —3 or y = 21.

NOTE:
Drawing a sketch helps with your calculation and makes it easier to check if your answer is correct.
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Exercise 8 — 2:

1. You are given the following diagram:

Yy
B(=2;3) 4
3 1
2 1
1 1
. T
-5 = =l 12
-1
. \
73 1
A(1;-3
4| AG3)

Calculate the length of line AB, correct to 2 decimal places.
2. You are given the following diagram:

Calculate the length of line AB, correct to 2 decimal places.
3. The following picture shows two points on the Cartesian plane, A and B.

Yy

4 NS
A(—1;3,5)
3 NS
2
1 B
B(x;0,5)
: T
-2 -1 1 2

The distance between the points is 3,6056. Calculate the missing coordinate of point B.

8.2. Distance between two points




4. The following picture shows two points on the Cartesian plane, A and B.

y

41 A(l;y)

3 /

2

1 N
t t X

—4 1 2

B(—3;—2,5) -3

The line AB has a length of 7,2111. Calculate the missing coordinate of point B. Round your answer to
one decimal place.

5. Find the length of AB for each of the following. Leave your answer in surd form.

a) A(2;7) and B(=3;5) b) A(-3;5) and B(—9;1) o) A(z;y) and Bz + 4;y — 1)
6. The length of CD = 5. Find the missing coordinate if:
a) C(6;—2) and D(z;2). b) C(4;y) and D(1;-1).

7. If the distance between C(0; —3) and F'(8;p) is 10 units, find the possible values of p.

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.

1.2GBT  2.2GBV ~ 3.2GBW 4.2GBX 5a.2GBY 5b. 2GBZ
5c. 2GC2 6a.2GC3 6b. 2GC4 7. 2GC5

@
www.everythingmaths.co.za m.everythingmaths.co.za

8.3 Gradientofaline EMAG6B

DEFINITION: Gradient

The gradient of a line is determined by the ratio of vertical change to horizontal change.

Gradient (m) describes the slope or steepness of the line joining two points. In the figure below, line OQ is
the least steep and line OT is the steepest.
Y

4 T S
3,,

R
2,,

1 Q

+ X
-1 O 1 2 3 4

71,
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To derive the formula for gradient, we consider any right-
angled triangle formed from A (x1;y1) and B (z2;y2) with 9 |
hypotenuse AB as shown in the diagram alongside. The gra- B(z2;y2)
dient is determined by the ratio of the length of the vertical Ly

side of the triangle to the length of the horizontal side of the ‘ ‘ ‘ / ‘
triangle. The length of the vertical side of the triangle is the 3 2 1 1 ] 3
difference in y-values of points A and B. The length of the 214
horizontal side of the triangle is the difference in z-values of
points A and B.

A(z1591) ¢

Therefore, gradient is determined using the following formula:

Gradient (m) = Y2701 o LT Y2
X9 — I X1 — T2
IMPORTANT!
Remember to be consistent: m # Ny
T2 — 1

VISIT:
To learn more about determining the gradient you can watch the following video.
® See video: 2GC6 at www.everythingmaths.co.za

Worked example 3: Gradient between two points

QUESTION

Find the gradient of the line between points £ (2;5) and F' (—3;9).

SOLUTION

Step 1: Draw a sketch

)
F(=3;9)
9 |4
8 |4
6 \
5 |4
FE(2;5
il (2;5)
3 |4
2 1
1 1
; ; : : : : : : 0
-4 -3 -2 -1 1 2 3 4

8.3. Gradient of a line
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Step 2: Assign values to (z1;y;) and (z3;y2)
Let the coordinates of E be (z1;y1) and the coordinates of F be (z2; y2).

1171:2 y1=5 SC2=—3 y2=9

Step 3: Write down the formula for gradient

Y2 =%
m=—"-—"—
To — X1
Step 4: Substitute known values
L 9-5
BF = “3—5
~ 5
Step 5: Write the final answer
The gradient of EF = —1
Worked example 4: Gradient between two points
QUESTION
Given G (7; —9) and H (z;0), with mgg = 3, find z.
SOLUTION
Step 1: Draw a sketch
Y
2 1
H(;0)
t » x
—2 2 4 6 8 0
21
= magyg = 3
_6 |4
81
~10 | G(7;-9)
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Step 2: Assign values to (z1;y1) and (z2; y2)
Let the coordinates of G be (z1;y:) and the coordinates of H be (z2; y2)

ZB1=7 y1=—9 To =X y2=O

Step 3: Write down the formula for gradient

Y2 — 1
m=-"——
Xo — X1
Step 4: Substitute values and solve for x
0—(-9)
3= -——~
x—17
3(z—T7)=9
9
_ 7 — —
‘ 3
x—7=3
T=3+7
= 10

Step 5: Write the final answer
The coordinates of H are (10;0).

Therefore z = 10.

Exercise 8 — 3:

1. Find the gradient of AB if:
a) A(7;10) and B(—4;1) b) A(-5;—9) and B(3;2) c) A(z —3;y) and B(x;y +4)
2. You are given the following diagram:

Calculate the gradient (m) of line AB.

8.3. Gradient of a line




3. Calculate the gradient (m) of line AB in the following diagram:

4. If the gradient of CD = 2, find p given:
a) C(16;2) and D(8;p). b) C(3;2p) and D(9;14).
5. In the following diagram line AB has a gradient (m) of 2. Calculate the missing co-ordinate of point B.

Y
5 1
B(1;y)
4 i
3 B
2
1 1
A(-1;0)
* T
—2 —1 1 2
6. You are given the following diagram:
Y
4 1
A(-1;3)
\1;
1 1
f f x
-2 -1 4
—1 +
=2
31
B(z; —3)
—4 +
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You are also told that line AB has a gradient (m) of —1,5.
Calculate the missing co-ordinate of point B.

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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Straight lines EMA6C

Consider the diagram below with points A (z;y), B (z2;y2) and C (z1;y1).

Yy
A(x;y)
2 N
B(z2;y2)
y xT
—2 1 1 2
C(z1;y1)

_1 1

_2 1

Y2 —Y1 Y1 — Y2
T2 — I T1 — T2

We have map = mpc = mac and m =

Yy—4h _ Y2 — Y1

where (z;y) is any point
r — I T2 — X1

The general formula for finding the equation of a straight line is

on the line.
This formula can also be written as y — y1 = m (z — 7).

The standard form of the straight line equation is y = max + ¢ where m is the gradient and ¢ is the y-intercept.

QUESTION

Find the equation of the straight line through P (—1; —5) and @ (5;4).

8.3. Gradient of a line
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SOLUTION

Step 1: Draw a sketch

4+ Q(5;4)

Step 2: Assign values
Let the coordinates of P be (z1;y;) and the coordinates of @ be (x2; y2).

.Il:—l y1:—5 5132:5 y224

Step 3: Write down the general formula of the line

Y- _Y2-U
r — I To — X1

Step 4: Substitute values and make y the subject of the equation

5

y—(=5 _
z—(-1)
y+5

r+1 -
2(y+5)=3(x+1)
204+ 10 =32+ 3

20=3x -7
I
Y=5% 73

Step 5: Write the final answer
The equation of the straight line is y = 32 —

N[~
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Parallel and perpendicular lines EMA6D

Two lines that run parallel to each other are always the same distance apart and have equal gradients.
If two lines intersect perpendicularly, then the product of their gradients is equal to —1.

If ine WX 1 YZ, then myx X myz = —1. Perpendicular lines have gradients that are the negative inverses
of each other.

VISIT:

The following video shows some examples of calculating the slope of a line and determining if two lines are
perpendicular or parallel.
® See video: 2GCJ at www.everythingmaths.co.za

Worked example 6: Parallel lines

QUESTION

Prove that line AB with A (0;2) and B (2;6) is parallel to line CD with equation 2z — y = 2.

SOLUTION

Step 1: Draw a sketch

4+ y=2x—2

(Be careful - some lines may look parallel but are not!)
Step 2: Write down the formula for gradient

Y2 — 1
m=——
Xo — X1

Step 3: Substitute values to find the gradient for line AB

8.3. Gradient of a line
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Step 4: Check that the equation of C'D is in the standard form y = mz + ¢

20—y =2
y=2x—2
.'.mCD:Z

Step 5: Write the final answer
maB = McpD

therefore line AB is parallel to line C'D.

Worked example 7: Perpendicular lines

QUESTION

Line AB is perpendicular to line CD. Find y given A (2; —3), B (—2;6), C (4;3) and D (7;y).

SOLUTION

Step 1: Draw a sketch

Step 2: Write down the relationship between the gradients of the perpendicular lines AB | CD

mABXmCD:—l
YB — YA % YD — Yo
B —TA Tp — ¢

=-1
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Step 3: Substitute values and solve for y

y—3
=1
9_2 “7-4
9 y—3
_—4)( 3 =-1
y—3 —4
T — 1 x —
3 9
y—3 _4
3 9
4
—3=-x3
y o
4
_3:_
b 8
4+3
v=
449
-3
13
3
3

Step 4: Write the final answer
Therefore the coordinates of D are (7;4%).

Horizontal and vertical lines EMAGF

A line that runs parallel to the z-axis is called a horizontal line and has a gradient of zero. This is because there
is no vertical change:
change in y 0
m = — = -
changeinz  changein x

A line that runs parallel to the y-axis is called a vertical line and its gradient is undefined. This is because there

is no horizontal change:

_ change !n Y _ change in y — undefined
change in 0

Points on a line EMA6G

A straight line is a set of points with a constant gradient between any of the two points. There are two methods
to prove that points lie on the same line: the gradient method and a method using the distance formula.

NOTE:
If two points lie on the same line then the two points are said to be collinear.

8.3. Gradient of a line
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Worked example 8: Points on a line

QUESTION

Prove that A (—3;3), B (0;5) and C (3;7) are on a straight line.

SOLUTION

Step 1: Draw a sketch

¢ B(0;5)

A(—3;3)

= N W ks Ot & 3
. . . . . .
t t t t t t

5-4-3-2-1| 1 2 3 4 5

Step 2: Calculate two gradients between any of the three points

Y2 — Y1
m=————
To — X1
o 5-3 2
ABT 0 (=3) 3
and
o _T1=5_2
BC=3 70" 3
OR
U o G S
ACT 33T T6 3
and
o _1-5_2
BC=3"0" 3

Step 3: Explain your answer
MmaAp = Mpc = MAC

Therefore the points A, B and C' are on a straight line.

To prove that three points are on a straight line using the distance formula, we must calculate the distances
between each pair of points and then prove that the sum of the two smaller distances equals the longest
distance.
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Worked example 9: Points on a straight line

QUESTION

Prove that A (—3;3), B (0;5) and C (3;7) are on a straight line.

SOLUTION

Step 1: Draw a sketch

Y
7t - C(3;7)
61 .
B(0;5) | -~
5. ¢
e
A(—3;3) o~ 3
2
1
t t t t t t t t t t T
—5—4—3—2—11 1 2 3 4 5

—\o¥i —\o+d — V36516
~ V3 - Vi3 )

Step 3: Find the sum of the two shorter distances

dap+dpc = V13 + V13 =213 = V4 x 13 = V52

Step 4: Explain your answer
dap +dpc = dac

therefore points A, B and C' lie on the same straight line.

Exercise 8 — 4:

1. Determine whether AB and C'D are parallel, perpendicular or neither if:
a) A(3;—4), B(5;2), C(—1;-1), D(7;23)
b) A(3;-4), B(5;2), C(-1; 1), D(0; —4)
) A(3;—4), B(5;2), C(-1;3), D(-2;2)

8.3. Gradient of a line




2. Determine whether the following points lie on the same straight line:
a) E(0;3), F(—2;5), G(2;1) b) H(-3;-5), 1(0;0), J(6;10) ¢ K(—6;2), L(—3;1), M(1;-1)
3. Calculate the equation of the line AB in the following diagram:

—4 B(2;-3,5)

4. Calculate the equation of the line AB in the following diagram:
y

27 B(4;1,5)
1 1

t x
—il 1 2 3 4 5
1
A(=L-1)

—o 1L

5. Points P(—6;2), Q(2; —2) and R(—3;r) lie on a straight line. Find the value of .
6. Line PQ with P(—1; —7) and Q(g;0) has a gradient of 1. Find q.
7. You are given the following diagram:

Yy
B
3
2,,
1 2
: : /4// T
-3 -2-1,1 172 3 45 6
_9 s
/ T y=e=s
4| /,//
A(=2,—-4) ¢ |-
26 |
—71
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You are also told that line AB runs parallel to the following line: y = 2 — 5. Point A is at (—2; —4).
Find the equation of the line AB.

8. You are given the following diagram:

You are also told that line AB runs parallel to the following line: y = —x + 4,5. Point A is at (—1;2,5).
Find the equation of the line AB.
9. Given line AB which runs parallel to y = 0,5z — 6. Points A(—1; —2,5) and B(z;0) are also given.
Calculate the missing co-ordinate of point B.
10. Given line AB which runs parallel to y = —1,52 + 4. Points A(—2;4) and B(2;y) are also given.
Calculate the missing co-ordinate of point B(2;y).
11. The graph here shows line AB. The blue dashed line is perpendicular to AB.

The equation of the blue dashed line is y = x + 1. Point A is at (—2;4).
Determine the equation of line AB.
12. The graph here shows line AB. The blue dashed line is perpendicular to AB.

8.3. Gradient of a line




3 B
2,,

~ 177

—= <~ 1 x

=2 =1 "= 1 2 3
“1t/ "~
—3 |

A(-1,-35) —4

The equation of the blue dashed line is y = —0,5z — 0,5. Point A is at (—1;—3,5).
Determine the equation of line AB.

13. Given line AB which runs perpendicular to line C' D with equation y = —2z + 1. Points A(—5; —1) and
B(3;a) are also given. Calculate the missing co-ordinate of point B.

14. Given line AB which runs perpendicular to line C D with equation y = 2z — 0,75. Points A(—5;1) and
B(a;—2,5) are also given. Calculate the missing co-ordinate of point B.

15. You are given the following diagram:

A(-3,3)

-4 -3 -2 -1 1 2 3

You are also told that line AB has the following equation: y = —0,5z + 1,5.
Calculate the missing co-ordinate of point B.
16. You are given the following diagram:

A(—4,-3)
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You are also told that line AB has the following equation: y = 0,5z — 1.
Calculate the missing coordinate of point B.

17. A is the point (—3; —5) and B is the point (n; —11). AB is perpendicular to line C'D with equation
y = 32 — 5. Find the value of n.

18. The points A(4; —3), B(—5;0) and C(—3;p) are given. Determine the value of p if A, B and C' are
collinear.

19. Refer to the diagram below:

A(-5;2) C8:3)

—5—-4-3

| B(2;—4)

a) Show that AABC is right-angled. Show your working.
b) Find the area of AABC.

20. The points A(—3;1), B(3; —2) and C(9; 10) are given.

a) Prove that triangle ABC'is a right-angled triangle.
b) Find the coordinates of D, if ABCD is a parallelogram.
¢) Find the equation of a line parallel to the line BC, which passes through the point A.

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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8.4 Mid-pointofaline EMAG6H

Investigation: Finding the mid-point of a line

On graph paper, accurately plot the points P (2;1) and @ (—2;2) and draw the line PQ.
* Fold the piece of paper so that point P is exactly on top of point Q.
* Where the folded line intersects with line PQ, label point S
* Count the blocks and find the exact position of S.
¢ Write down the coordinates of S.

8.4. Mid-point of a line
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To calculate the coordinates of the mid-point M (z;y) of any line between the points A (z1;y1) and B (z2;y2),
we use the following formulae:
Y

B(x2;y2)

ng:3?14-91?2
2

Y1ty
Y=

From this we obtain the mid-point of a line:

T1+T2 Y1+ Y2
2 ’ 2

Mid-point M (z;y) = (

VISIT:
This video shows some examples of finding the mid-point of a line.
® See video: 2GDF at www.everythingmaths.co.za

Worked example 10: Calculating the mid-point

QUESTION

Calculate the coordinates of the mid-point F' (z; y) of the line between point E (2;1) and point G (—2; —2).

SOLUTION

Step 1: Draw a sketch

Chapter 8. Analytical geometry
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From the sketch, we can estimate that F' will lie on the y-axis, with a negative y-coordinate.
Step 2: Assign values to (z1;y1) and (z2; y2)

T1=-2 yp1=-2 =2 yYr=1

Step 3: Write down the mid-point formula

1+ T2 Y1+ Y2
F(x;y)=( TR )

Step 4: Substitute values into the mid-point formula

_ T+ @ y:—y1+y2
T=— 2
242 _ 2l

Step 5: Write the answer
The mid-point is at F' (0; —1).

Looking at the sketch we see that this is what we expect for the coordinates of F'.

Worked example 11: Calculating the mid-point

QUESTION

Find the mid-point of line AB, given A (6;2) and B (—5; —1).

SOLUTION

Step 1: Draw a sketch

8.4. Mid-point of a line




From the sketch, we can estimate that M will lie in quadrant I, with positive z- and y-coordinates.
Step 2: Assign values to (z1;y1) and (z2;y2)

Let the mid-point be M (z; y)
.’21:6 y1:2 $2:—5 y2:—1

Step 3: Write down the mid-point formula

T1+ T2 Y1+ Y2
M(w;y)=( SRR )

Step 4: Substitute values and simplify
6-5 2-—-1 11

Step 5: Write the final answer
M (%;1) is the mid-point of line AB.

We expected M to have a positive z- and y-coordinate and this is indeed what we have found by calculation.

Worked example 12: Using the mid-point formula

QUESTION

The line joining C (—2;4) and D (z;y) has the mid-point M (1; —3). Find point D.

SOLUTION

Step 1: Draw a sketch

D(z;y)

From the sketch, we can estimate that D will lie in Quadrant IV, with a positive z- and negative y-coordinate.
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Step 2: Assign values to (z1;y1) and (z2; y2)
Let the coordinates of C' be (z1;y1) and the coordinates of D be (z2;y2).

r1=—2 y1=4 =T Y=y

Step 3: Write down the mid-point formula

T1+ T2 Y1+ Y2
M(a:,y) = <T’T>

Step 4: Substitute values and solve for x5 and 3,

—2+ a9 4+
L= =
1x2 =-2+a, —3x2 =4+,
2 =2+, —6 =4+,
i) =242 Y2 =—-6—4
i) =l Y2 =—-10

Step 5: Write the final answer
The coordinates of point D are (4; —10).

Worked example 13: Using the mid-point formula

QUESTION

Points E (—1;0), F (0;3), G (8;11) and H (z;y) are points on the Cartesian plane. Find H (x;y) if EFGH is
a parallelogram.

SOLUTION

Step 1: Draw a sketch

Method: the diagonals of a parallelogram bisect each other, therefore the mid-point of EG will be the same as
the mid-point of F H. We must first find the mid-point of EG. We can then use it to determine the coordinates
of point H.
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Step 2: Assign values to (z1;y;) and (z3;y2)
Let the mid-point of EG be M (z;y)

9312—1 y1:0 1‘2:8 y2:11

Step 3: Write down the mid-point formula

T1+ T2 Y1+ Y2
M(i’%y) = (T’T)

Step 4: Substitute values calculate the coordinates of M

~1+8 0411 7 11
M(x;y)=( 5 05 >=<5;7>

Step 5: Use the coordinates of )/ to determine H
7 11
2’ 2

M is also the mid-point of F'H so we use M ( > and F' (0; 3) to solve for H (z;y).

Step 6: Substitute values and solve for z and y

z O+ 1 3+y
2 2 2 2
7 =z+0 11 =3+y
z =T Y 8

Step 7: Write the final answer
The coordinates of H are (7;8).

Exercise 8 — 5:

1. Calculate the coordinates of the mid-point (M) between point A(—1;3) and point B(3; —3) in the fol-
lowing diagram:

B(3;-3)
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2. Calculate the coordinates of the mid-point (M) between point A(—2;1) and point B(1;—3,5) in the

following diagram: y
2 |
A(—2;1)
\ !
t t t x
-3 =2 2 3
M (z;y)
B(1;-3,5)

3. Find the mid-points of the following lines:

a) A(2;5), B(—4;7) b) C(5;9), D(23;55) o E(x+2;y—1), F(x—5y—4)
4. The mid-point M of PQ is (3;9). Find P if Q is (—2;5).
5. PQRS is a parallelogram with the points P(5;3), @(2;1) and R(7; —3). Find point S.

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
1.2GDG 2.2GDH 3a.2GDJ 3b.2GDK 3c.2GDM 4. 2GDN 5. 2GDP

@
www.everythingmaths.co.za m.everythingmaths.co.za

8.5 Chapter summary EMAG6)

® See presentation: 2GDQ at www.everythingmaths.co.za

¢ A point is an ordered pair of numbers written as (z;y).
¢ Distance is a measure of the length between two points.
¢ The formula for finding the distance between any two points is:

2 2
dZ\/(xl—fz) + (y1 — v2)

¢ The gradient between two points is determined by the ratio of vertical change to horizontal change.
¢ The formula for finding the gradient of a line is:

Y2—U

m=—"—-

To — T
¢ A straight line is a set of points with a constant gradient between any two of the points.
¢ The standard form of the straight line equation is y = mx + c.
¢ The equation of a straight line can also be written as

Y-% _Y2—n
r — T X9 — I

8.5. Chapter summary
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* If two lines are parallel, their gradients are equal.

* If two lines are perpendicular, the product of their gradients is equal to —1.
* For horizontal lines the gradient is equal to 0.

 For vertical lines the gradient is undefined.

* The formula for finding the mid-point between two points is:

T1+ T2 Y1+ Y2
M(w;y)=< 5 )

End of chapter Exercise 8 — 6:

1. You are given the following diagram, with various points shown:

L]
=~

Find the coordinates of points A, B, C, D and E.
2. You are given the following diagram, with various points shown:

LA

*Q

Which point lies at the coordinates (3; —5)?
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3. You are given the following diagram, with 4 shapes drawn.
All the shapes are identical, but each shape uses a different naming convention:

Which shape uses the correct naming convention?
4. Represent the following figures in the Cartesian plane:
a) Triangle DEF with D(1;2), E(3;2) and F'(2;4).
b) Quadrilateral GHIJ with G(2; —1), H(0;2), I(—2; —2) and J(1; —3).
c) Quadrilateral M NOP with M (1;1), N(—1;3), O(—2;3) and P(—4;1).
d) Quadrilateral WXY Z with W (1; —-2), X(—1;-3), Y (2; —4) and Z(3; —2).

5. You are given the following diagram:

-5 | B(3,5;—4,5)

Calculate the length of line AB, correct to 2 decimal places.
6. The following picture shows two points on the Cartesian plane, A and B.

8.5. Chapter summary




B(x; —4)

The distance between the points is 8,4853. Calculate the missing coordinate of point B.
7. You are given the following diagram:

3 B(2;2,5)

Calculate the gradient (m) of line AB. The coordinates are A(—1;—3,5) and B(2;2,5) respectively.
8. You are given the following diagram:

Y

47 B(z;3,5)
3 1
2 i
/

A(—2;0,5)
— : 7
= =% =l 1 2 3 4 5

You are also told that line AB has a gradient, m, of 0,5. Calculate the missing co-ordinate of point B.
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9. You are given the following diagram:

You are also told that line AB has a gradient, m, of 2. Calculate the missing co-ordinate of point B.
10. In the diagram, A is the point (—6;1) and B is the point (0; 3).

y B(0;3)

A(—6;1)

-7 -6 -5 -4 -3 -2 -1

a) Find the equation of line AB.
b) Calculate the length of AB.

11. You are given the following diagram:

A(—3;35)

You are also told that line AB runs parallel to the following line: y = —1,52z — 4. Point A is at (—3; 3,5).
Find the equation of the line AB.
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12. You are given the following diagram:

You are also told that line AB runs parallel to the following line: y = z — 2.
Calculate the missing co-ordinate of point B(z; 3).
13. You are given the following diagram:

y
1 1
B(1,y)
+ g + x
—3 1 2
You are also told that line AB runs perpendicular to the following line: y = —0,5z — 2.

Calculate the missing co-ordinate of point B.
14. The graph here shows line, AB. The blue dashed line is perpendicular to AB.

Y

A(~5,3,5)

[ V) w >~
L L L
+ + +

+ + + + + + + + x
-6 -5 —4 -3 —2>J\\ 1 2
-2 \

- -3| B

The equation of the blue dashed line is y = 2 4+ 0,5. Point A is at (—5;3,5).
Determine the equation of line AB.
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15. You are given the following diagram:

B(5;y)

You are also told that line AB has the following equation: y = —0,5z — 1,5.
Calculate the missing co-ordinate of point B.
16. You are given the following diagram:

4 + B(1;35)

Calculate the coordinates of the mid-point (M) between point A(—2; —2,5) and point B(1;3,5) correct
to 1 decimal place.

17. A(—2;3)and B(2;6) are points in the Cartesian plane. C/(a;b) is the mid-point of AB. Find the values
of @ and b.

18. Determine the equations of the following straight lines:

a) passing through P(5;5) and Q(—2;12).
b) parallel to y = 3z + 4 and passing through (4; 0).
c) passing through F'(2; 1) and the mid-point of GH where G(—6;3) and H(—2; —3).
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H(-2;-3)

19. In the diagram below, the vertices of the quadrilateral are F(2;0), G(1;5), H(3;7) and I(7;2).

a) Calculate the lengths of the sides of FGHI.

b) Are the opposite sides of FGHI parallel?

c) Do the diagonals of FGH I bisect each other?

d) Can you state what type of quadrilateral FGHI is? Give reasons for your answer.

20. Consider a quadrilateral ABC' D with vertices A(3;2), B(4;5), C(1;7) and D(1;3).

a) Draw the quadrilateral.
b) Find the lengths of the sides of the quadrilateral.
21. ABCD is a quadrilateral with vertices A(0;3), B(4;3), C(5;—1) and D(—1; —1).

a) Show by calculation that:
i. AD = BC ii. AB| DC

b) What type of quadrilateral is ABC'D?
c) Show that the diagonals AC' and BD do not bisect each other.

22. P,Q, R and S are the points (—2;0), (2;3), (5;3) and (—3; —3) respectively.
a) Show that:

i. SR=2PQ ii. SR || PQ
b) Calculate:
i. PS ii. QR

c) What kind of quadrilateral is PQRS? Give reasons for your answer.
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23. EFGH is a parallelogram with vertices E(—1;2), F(—2;—1) and G(2;0). Find the coordinates of H by
using the fact that the diagonals of a parallelogram bisect each other.

24. PQRS is a quadrilateral with points P(0; —3), Q(—2;5), R(3;2) and S(3; —2) in the Cartesian plane.

a) Find the length of QR.

b) Find the gradient of PS.

c) Find the mid-point of PR.

d) Is PQRS a parallelogram? Give reasons for your answer.

25. Consider triangle ABC with vertices A(1;3), B(4;1) and C(6;4).

a) Sketch triangle ABC on the Cartesian plane.
b) Show that ABC is an isosceles triangle.

d) Determine the gradient of AB.
e) Show that D(7; —1) lies on the line that goes through A and B.
26. APQR has vertices P(1;8), Q(8;7) and R(7;0). Show through calculation that APQR is a right angled
isosceles triangle.

27. AABC has vertices A(—3;4), B(3; —2) and C(—5; —2). M is the mid-point of AC and N is the mid-point
of BC. Use AABC to prove the mid-point theorem using analytical geometry methods.

)
)
c) Determine the coordinates of M, the mid-point of AC.
)
)

28. a) List two properties of a parallelogram.
b) The points A(—2; —4), B(—4;1), C(2;4) and D(4; —1) are the vertices of a quadrilateral. Show that
the quadrilateral is a parallelogram.

29. The diagram shows a quadrilateral. The points B and D have the coordinates (2; 6) and (4; 2) respectively.
The diagonals of ABC'D bisect each other at right angles. F' is the point of intersection of line AC' with
the y-axis.

Y

A(=5;0)

—6 —4 —2 2 4 6 8 10 12

a) Determine the gradient of AC.

b) Show that the equation of AC is given by 2y = x + 5.

c) Determine the coordinates of C.

30. A(4;-1), B(—6;—3) and C(—2; 3) are the vertices of AABC.

a) Find the length of BC, correct to 1 decimal place.

b) Calculate the gradient of AC.

) If P has coordinates (—26;19), show that A, C and P are collinear.
)
)

d) Determine the equation of line BC.
e) Show that AABC! is right-angled.
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31. Given the following diagram: y

A(-2;2) 2|

D(1;-3)

a) If E is the mid-point of AB, find the values of a and b.
b) Find the equation of the line perpendicular to BC, which passes through the origin.

)
)
¢) Find the coordinates of the mid-point of diagonal BD.
d) Hence show that ABC'D is not a parallelogram.

)

e) If C could be moved, give its new coordinates so that ABC D would be a parallelogram.
32. A triangle has vertices A(—1;7), B(8;4) and C(5; —5).

a) Calculate the gradient of AB.

b) Prove that the triangle is right-angled at B.

c) Determine the length of AB.

d) Determine the equation of the line from A to the mid-point of BC.
e) Find the area of the triangle ABC.

33. A quadrilateral has vertices A(0;5), B(—3; —4), C(0; —5) and D(4; k) where k > 0.
a) What should k be so that AD is parallel to CD?
b) What should & be so that CD = /522
34. On the Cartesian plane, the three points P(—3;4), Q(7; —1) and R(3;b) are collinear.
a) Find the length of PQ.
b) Find the gradient of PQ.
c) Find the equation of PQ.
d)
35. Given A(4;9) and B(—2; —3).
a) Find the mid-point M of AB.
b) Find the gradient of AB.
¢) Find the gradient of the line perpendicular to AB.
)
)

Find the value of b.

d) Find the equation of the perpendicular bisector of AB.
e) Find the equation of the line parallel to AB, passing through (0; 6).

36. L(—1;—1), M(—2;4), N(z;y) and P(4;0) are the vertices of parallelogram LM N P.

a) Determine the coordinates of V.

b) Show that M P is perpendicular to LN and state what type of quadrilateral LM N P is, other than a
parallelogram.

c) Show that LM NP is a square.
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37. A(—2;4), B(—4;—2) and C(4;0) are the vertices of AABC. D and E(1;2) are the mid-points of AB
and AC respectively.

Y

a) Find the gradient of BC.

b) Show that the coordinates of D, the mid-point of AB are (—3;1).

c) Find the length of DE.

d) Find the gradient of DE. Make a conjecture regarding lines BC and DE.
e) Determine the equation of BC.

38. In the diagram points P(—3;3), Q(1; —2), R(5;1) and S(x;y) are the vertices of a parallelogram.

a) Calculate the length of PQ.
b) Find the coordinates of M where the diagonals meet.
¢) Find T', the mid-point of PQ.
d) Show that MT || QR.
)

e) Calculate the coordinates of S.

39. The coordinates of APQR are as follows: P(5;1), Q(1;3) and R(1;—2).
a) Through calculation, determine whether the triangle is equilateral, isosceles or scalene. Be sure to
show all your working.
b) Find the coordinates of points S and T', the mid-points of PQ and QR.
c) Determine the gradient of the line ST
d) Prove that ST || PR.
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40. The following diagram shows APQR with P(—1;1). The equation of QR is z — 3y = —6 and the
equation of PRisz —y—2=0. RPQ = 6.

Y
4 R
2 4
Q
T
2 4 6
P(1;-1)
2

a) Write down the coordinates of Q).

b) Prove that PQ L QR.

c) Write down the gradient of PR.

d) If the y-coordinate of R is 4, calculate the z-coordinate.

e) Find the equation of the line from P to S (the mid-point of QR).

41. The points E(—3;0), L(3;5) and S(¢ + 1,2,5) are collinear.

a) Determine the value of ¢.

b) Determine the values of a and b if the equation of the line passing through E, L and S is 24— L

b
42. Given: A(—3;—4), B(—1;—7),C(2; —5) and D(0; —2).
a) Calculate the distance AC and the distance BD. Leave your answers in surd form.
b) Determine the coordinates of M, the mid-point of BD.
c) Prove that AM | BD.
d) Prove that A, M and C are collinear.
e) What type of quadrilateral is ABC'D?

43. M (2;—2) is the mid-point of AB with point A(3;1). Determine:

a) the coordinates of B. b) the gradient of AM.
c) the equation of the line AM. d) the perpendicular bisector of AB.
44. ABCD is a quadrilateral with A(—3;6), B(5;0), C(4;—-9), D(—4;—3).
Y
10 +
A(=3;6)
5 1

—10 C(4;-9)
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Determine the coordinates of E, the mid-point of BD.

o o

Prove that ABCD is a parallelogram.

@

Find the equation of diagonal BD.

o

Determine the gradient of AC.

—+ D

Is ABCD arhombus? Explain why or why not.
Find the length of AB.

45. In the diagram below, f(z) = 3z — 4 is sketched with U(6;a) on f(z).

)
)
)
) Determine the equation of the perpendicular bisector of BD.
)
)
)

(o)c]

—10 —5

—10 |

a) Determine the value of a in U(6;a).

b) A line, g(x), passing through U, is perpendicular to f(z). V(b;4) lies on g(x). Determine the value
of b.

o) IfU(6;5), V(7%,4) and W(1;c) are collinear, determine the value of c.

46. In the diagram below, M and N are the mid-points of OA and OB respectively.

Yy
10 |
A
5,,
M(—1;4) B
N(5;2)
+ + + + + + + X
-2 O 2 4 6 8 10 12

a) Calculate the gradient of M N.
b) Find the equation of the line through M and N in the form y = mz + c.
c) Show that AB || M N.
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area AOAB
area AOMN "~
e) Write down the coordinates of P such that OAPB is a parallelogram.

d) Write down the value of the ratio:

47. A(6;—4), B(8;2), C(3;a) and D(b;c) are points on the Cartesian plane. Determine the value of:

a) aif A, B and C are collinear.
b) b and c if B is the mid-point of A and D.
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9 Finance and growth

9.1 Introduction

In this chapter, we apply mathematical skills to everyday financial situations.

If you had R 1000, you could either keep it in your piggy bank, or deposit it into a bank account. If you deposit
the money into a bank account, you are effectively lending money to the bank. Because you are lending the
bank money, you can expect some extra money back. This is known as interest. Similarly, if you borrow money
from a bank, then you can expect to pay interest on the loan. Interest is charged at a percentage of the money
owed over the period of time it takes to pay back the loan. This means that the longer the loan exists, the more

interest will have to be paid on it.

Figure 9.1: The entrance to the Johannesburg Stock Exchange (JSE) located in Sandton, Johannesburg - the financial centre
of South Africa. The JSE is Africa’s largest stock exchange and the 19™ largest in the world. Each month, more than 60

billion rand worth of shares are traded on the JSE.

The concept is simple, yet it is core to the world of finance. Accountants, actuaries and bankers can spend their
entire working career dealing with the effects of interest on financial matters.

DEFINITION: [nterest

In finance, interest is the money charged for borrowing money. It is usually expressed as a percentage of the
borrowed amount.

9.2 Simpleinterest EMA6M

DEFINITION: Simple interest

Simple interest is interest calculated only on the initial amount that you invested.

As an easy example of simple interest, consider how much we will get by investing R 1000 for 1 year with a
bank that pays 5% p.a. simple interest.

At the end of the year we have:

Interest = R 1000 x 5%
5

=R 1000 x —

" 100

=R 1000 x 0,05
=R 50

9.1. Introduction
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With an opening balance of R 1000 at the start of the year, the closing balance at the end of the year will
therefore be:

Closing balance = Opening balance + Interest
=R 1000 + R 50
=R 1050

The opening balance in financial calculations is often called the principal, denoted as P (R 1000 in the exam-
ple). The interest rate is usually labelled i (5% p.a. in the example and “p.a.” means per annum or per year).
The interest amount is labelled I (R 50 in the example).

So we can see that:
I=Px1

and:

Closing balance = Opening balance + Interest
=P+1I
=P+Px:
=P(1+1)
The above calculations give a good idea of what the simple interest formula looks like. However, the example

shows an investment that lasts for only one year. If the investment or loan is over a longer period, we need to
take this into account. We use the symbol n to indicate time period, which must be given in years.

The general formula for calculating simple interest is

A=P(1+in)
Where:
A = accumulated amount (final)
P = principal amount (initial)
1 = interest written as decimal
n = number of years

Worked example 1: Calculating interest on a deposit

QUESTION

Carine deposits R 1000 into a special bank account which pays a simple interest rate of 7% p.a. for 3 years.
How much will be in her account at the end of the investment term?

SOLUTION

Step 1: Write down known values

P = 1000
1=0,07
n=3
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Step 2: Write down the formula

A=P(1+in)

Step 3: Substitute the values

A =1000(1+ 0,07 x 3)
= 1210

Step 4: Write the final answer
At the end of 3 years, Carine will have R 1210 in her bank account.

Worked example 2: Calculating interest on a loan

QUESTION

Sarah borrows R 5000 from her neighbour at an agreed simple interest rate of 12,5% p.a. She will pay back
the loan in one lump sum at the end of 2 years. How much will she have to pay her neighbour?

SOLUTION

Step 1: Write down the known variables

P = 5000
i=0,125
n=2
Step 2: Write down the formula
A=P(1+in)

Step 3: Substitute the values

A =5000(1+0,125 x 2)
= 6250

Step 4: Write the final answer
At the end of 2 years, Sarah will pay her neighbour R 6250.

9.2. Simple interest




We can use the simple interest formula to find pieces of missing information. For example, if we have an
amount of money that we want to invest for a set amount of time to achieve a goal amount, we can rearrange
the variables to solve for the required interest rate. The same principles apply to finding the length of time we
would need to invest the money, if we knew the principal and accumulated amounts and the interest rate.

Important: to get a more accurate answer, try to do all your calculations on the calculator in one go. This will
prevent rounding off errors from influencing your final answer.

Worked example 3: Determining the investment period to achieve a goal amount

QUESTION

Prashant deposits R 30 000 into a bank account that pays a simple interest rate of 7,5% p.a.. How many years
must he invest for to generate R 45 000?

SOLUTION

Step 1: Write down the known variables

A =45 000
P =30 000
i = 0,075
Step 2: Write down the formula
A=P(1+in)

Step 3: Substitute the values and solve for n.

45 000 = 30 000 (1 + 0,075 x n)

45 000
— =1 7
30 000 +0,075 x n
45 000
30000—1—0,075><n
000
(?(5)000) —1 =m
0,075
2
:6—
"7

Step 4: Write the final answer
It will take 6 years and 8 months to make R 45 000 from R 30 000 at a simple interest rate of 7,5% p.a.

Worked example 4: Calculating the simple interest rate to achieve the desired growth

QUESTION

At what simple interest rate should Fritha invest if she wants to grow R 2500 to R 4000 in 5 years?
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SOLUTION

Step 1: Write down the known variables

A = 4000
P = 2500
n=>5
Step 2: Write down the formula
A=P(1+in)

Step 3: Substitute the values and solve for 7

4000 = 2500 (1 + i x 5)

4000
R g
2500 L TiXO
4000
2500 B
000
(3500) =1 _
5
i=0,12

Step 4: Write the final answer
A simple interest rate of 12% p.a. will be needed when investing R 2500 for 5 years to become R 4000.

Exercise 9 — 1:

1. An amount of R 3500 is invested in a savings account which pays simple interest at a rate of 7,5% per
annum. Calculate the balance accumulated by the end of 2 years.

2. An amount of R 4090 is invested in a savings account which pays simple interest at a rate of 8% per
annum. Calculate the balance accumulated by the end of 4 years.

3. An amount of R 1250 is invested in a savings account which pays simple interest at a rate of 6% per
annum. Calculate the balance accumulated by the end of 6 years.

4. An amount of R 5670 is invested in a savings account which pays simple interest at a rate of 8% per
annum. Calculate the balance accumulated by the end of 3 years.

5. Calculate the accumulated amount in the following situations:

a) A loan of R 300 at a rate of 8% for 1 year.
b) An investment of R 2250 at a rate of 12,5% p.a. for 6 years.

6. A bank offers a savings account which pays simple interest at a rate of 6% per annum. If you want to
accumulate R 15 000 in 5 years, how much should you invest now?

9.2. Simple interest




7. Sally wanted to calculate the number of years she needed to invest R 1000 for in order to accumulate
R 2500. She has been offered a simple interest rate of 8,2% p.a. How many years will it take for the
money to grow to R 25007

8. Joseph deposited R 5000 into a savings account on his son’s fifth birthday. When his son turned 21, the
balance in the account had grown to R 18 000. If simple interest was used, calculate the rate at which
the money was invested.

9. When his son was 6 years old, Methuli made a deposit of R 6610 in the bank. The investment grew
at a simple interest rate and when Methuli’s son was 18 years old, the value of the investment was
R 11 131,24.

At what rate was the money invested? Give the answer correct to one decimal place.

10. When his son was 6 years old, Phillip made a deposit of R 5040 in the bank. The investment grew at a
simple interest rate and when Phillip’s son was 18 years old, the value of the investment was R 7338,24.

At what rate was the money invested? Give your answer correct to one decimal place.

11. When his son was 10 years old, Lefu made a deposit of R 2580 in the bank. The investment grew at a
simple interest rate and when Lefu’s son was 20 years old, the value of the investment was R 3689,40.

At what rate was the money invested? Give your answer correct to one decimal place.
12. Abdoul wants to invest R 1080 at a simple interest rate of 10,9% p.a.

How many years will it take for the money to grow to R 3348? Round up your answer to the nearest year.
13. Andrew wants to invest R 3010 at a simple interest rate of 11,9% p.a.

How many years will it take for the money to grow to R 14 4482 Round up your answer to the nearest
year.

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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9.3 Compound interest EMAG6N

Compound interest allows interest to be earned on interest. With simple interest, only the original investment
earns interest, but with compound interest, the original investment and the interest earned on it, both earn
interest. Compound interest is advantageous for investing money but not for taking out a loan.

DEFINITION: Compound interest

Compound interest is the interest earned on the principal amount and on its accumulated interest.

Consider the example of R 1000 invested for 3 years with a bank that pays 5% p.a. compound interest.

At the end of the first year, the accumulated amount is

Ay =P(1+79)
= 1000 (1 +0,05)
= 1050

Chapter 9. Finance and growth
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The amount A; becomes the new principal amount for calculating the accumulated amount at the end of the
second year.

A = P (1+14)
= 1050 (1 + 0,05)
= 1000 (1 + 0,05) (1 + 0,05)
= 1000(1 + 0,05)*

Similarly, we use the amount A, as the new principal amount for calculating the accumulated amount at the
end of the third year.

Az =P (1+1)
= 1000(1 + 0,05)* (1 + 0,05)
= 1000(1 + 0,05)*

Do you see a pattern?
Using the formula for simple interest, we can develop a similar formula for compound interest.

With an opening balance P and an interest rate of i, the closing balanced at the end of the first year is:

Closing balance after 1 year = P (1 + 1)

This is the same as simple interest because it only covers a single year. This closing balance becomes the
opening balance for the second year of investment.

Closing balance after 2 years = [P (14 ¢)] x (1 +14)

= P(1+1i)?
And similarly, for the third year
Closing balance after 3 years = [P(l + i)ﬂ x (141)
= P(1+4)°

We see that the power of the term (1 + ¢) is the same as the number of years. Therefore the general formula
for calculating compound interest is:

A=P(1+4)"
Where:
A = accumulated amount
P = principal amount
7 = interest written as a decimal
n = number of years

9.3. Compound interest




Worked example 5: Compound interest

QUESTION

Mpho wants to invest R 30 000 into an account that offers a compound interest rate of 6% p.a. How much
money will be in the account at the end of 4 years?

SOLUTION

Step 1: Write down the known variables

P =30 000
i = 0,06
n=4
Step 2: Write down the formula
A=P(1+4)"

Step 3: Substitute the values

A = 30000(1 + 0,06)*
= 37 874,31

Step 4: Write the final answer
Mpho will have R 37 874,31 in the account at the end of 4 years.

Worked example 6: Calculating the compound interest rate to achieve the desired growth

QUESTION

Charlie has been given R 5000 for his sixteenth birthday. Rather than spending it, he has decided to invest it
so that he can put down a deposit of R 10 000 on a car on his eighteenth birthday. What compound interest
rate does he need to achieve this growth? Comment on your answer.

SOLUTION

Step 1: Write down the known variables

A =10 000
P = 5000
=2
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Step 2: Write down the formula

A=P1+i)"

Step 3: Substitute the values and solve for 7

10 000 = 5000(1 + i)°

10 000 )
5000 — (L7

/10000 L
5000
/10 000 .
—1=3
5000

i =0,4142

Step 4: Write the final answer and comment

Charlie needs to find an account that offers a compound interest rate of 41,42% p.a. to achieve the desired
growth. A typical savings account gives a return of approximately 2% p.a. and an aggressive investment
portfolio gives a return of approximately 13% p.a. It therefore seems unlikely that Charlie will be able to invest
his money at an interest rate of 41,42% p.a.

The power of compound interest EMAG6P

To illustrate how important “interest on interest” is, we compare the difference in closing balances for an
investment earning simple interest and an investment earning compound interest. Consider an amount of
R 10 000 invested for 10 years, at an interest rate of 9% p.a.

The closing balance for the investment earning simple interest is

A=P(1+in)
=10 000(1 + 0,09 x 10)
=R 19000

The closing balance for the investment earning compound interest is

A=P(1+i)"
=10 000(1 4 0,09)"°
=R 23 673,64

We plot the growth of the two investments on the same set of axes and note the significant different in their
rate of change: simple interest is a straight line graph and compound interest is an exponential graph.

9.3. Compound interest



http://www.everythingmaths.co.za/@@emas.search?SearchableText=EMA6P

—tt+——+——+—+—+—+> Years
1 2 3 4 5 6 7 8 9 10

It is easier to see the vast difference in growth if we extend the time period to 50 years:
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Keep in mind that this is good news and bad news. When earning interest on money invested, compound
interest helps that amount to grow exponentially. But if money is borrowed the accumulated amount of money
owed will increase exponentially too.

VISIT:

This video explains the difference between simple and compound interest. Note that the video uses dollars
but the calculation is the same for rands.

® See video: 2GH3 at www.everythingmaths.co.za

Exercise 9 — 2:

1. An amount of R 3500 is invested in a savings account which pays a compound interest rate of 7,5% p.a.
Calculate the balance accumulated by the end of 2 years.

2. An amount of R 3070 is invested in a savings account which pays a compound interest rate of 11,6% p.a.

Calculate the balance accumulated by the end of 6 years. As usual with financial calculations, round
your answer to two decimal places, but do not round off until you have reached the solution.

Chapter 9. Finance and growth
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3. An amount of R 6970 is invested in a savings account which pays a compound interest rate of 10,2% p.a.

Calculate the balance accumulated by the end of 3 years. As usual with financial calculations, round
your answer to two decimal places, but do not round off until you have reached the solution.

4. Nicola wants to invest some money at a compound interest rate of 11% p.a. How much money (to the
nearest rand) should be invested if she wants to reach a sum of R 100 000 in five years time?

5. Thobeka wants to invest some money at a compound interest rate of 11,8% p.a.

How much money should be invested if she wants to reach a sum of R 30 000 in 2 years’ time? Round
up your answer to the nearest rand.

6. Likengkeng wants to invest some money at a compound interest rate of 11,4% p.a.

How much money should be invested if she wants to reach a sum of R 38 200 in 7 years’ time? Round
up your answer to the nearest rand.

7. Morgan invests R 5000 into an account which pays out a lump sum at the end of 5 years. If he gets
R 7500 at the end of the period, what compound interest rate did the bank offer him?

8. Kabir invests R 1790 into an account which pays out a lump sum at the end of 9 years.

If he gets R 2613,40 at the end of the period, what compound interest rate did the bank offer him? Give
the answer correct to one decimal place.

9. Bongani invests R 6110 into an account which pays out a lump sum at the end of 7 years.

If he gets R 6904,30 at the end of the period, what compound interest rate did the bank offer him? Give
the answer correct to one decimal place.

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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9.4 Calculations using simple and compound interest

Hire purchase EMAG6R

As a general rule, it is not wise to buy items on credit. When buying on credit you have to borrow money to
pay for the object, meaning you will have to pay more for it due to the interest on the loan. That being said,
occasionally there are appliances, such as a fridge, that are very difficult to live without. Most people don’t
have the cash up front to purchase such items, so they buy it on a hire purchase agreement.

A hire purchase agreement is a financial agreement between the shop and the customer about how the customer
will pay for the desired product. The interest on a hire purchase loan is always charged at a simple interest rate
and only charged on the amount owing. Most agreements require that a deposit is paid before the product can
be taken by the customer. The principal amount of the loan is therefore the cash price minus the deposit. The
accumulated loan will be worked out using the number of years the loan is needed for. The total loan amount
is then divided into monthly payments over the period of the loan.

IMPORTANT!

Hire purchase is charged at a simple interest rate. When you are asked a hire purchase question, don’t forget
to always use the simple interest formula.

340 9.4. Calculations using simple and compound interest
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VISIT:
This video explains hire purchase and shows some examples of hire purchase calculations.

® See video: 2GHF at www.everythingmaths.co.za

Worked example 7: Hire purchase

QUESTION

Troy wants to buy an additional screen for his computer which he saw advertised for R 2500 on the internet.
There is an option of paying a 10% deposit and then making 24 monthly payments using a hire purchase
agreement, where interest is calculated at 7,5% p.a. simple interest. Calculate what Troy’s monthly payments
will be.

SOLUTION

Step 1: Write down the known variables
A new opening balance is required, as the 10% deposit is paid in cash.

10% of 2500 = 250
.. P = 2500 — 250 = 2250

i = 0,075

T T
Step 2: Write down the formula

A=P(1+in)

Step 3: Substitute the values

A =2250(1+ 0,075 x 2)
= 2587,50

Step 4: Calculate the monthly repayments on the hire purchase agreement

2587,50
24
= 107,81

Monthly payment =

Step 5: Write the final answer
Troy’s monthly payment is R 107,81.

A shop can also add a monthly insurance premium to the monthly instalments. This insurance premium will be
an amount of money paid monthly and gives the customer more time between a missed payment and possible
repossession of the product.

Chapter 9. Finance and growth
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NOTE:
The monthly payment is also called the monthly instalment.

Worked example 8: Hire purchase with extra conditions

QUESTION

Cassidy wants to buy a TV and decides to buy one on a hire purchase agreement. The TV’s cash price is
R 5500. She will pay it off over 54 months at an interest rate of 21% p.a. An insurance premium of R 12,50 is
added to every monthly payment. How much are her monthly payments?

SOLUTION

Step 1: Write down the known variables

P = 5500
i =021
54
=22 45
"t

The question does not mention a deposit, therefore we assume that Cassidy did not pay one.
Step 2: Write down the formula

A=P(1+in)

Step 3: Substitute the values

A =5500(1+0,21 x 4,5)
=10 697,50

Step 4: Calculate the monthly repayments on the hire purchase agreement

10 697,50
54
= 198,10

Monthly payment =

Step 5: Add the insurance premium
198,10+ 12,50 = 210,60

Step 6: Write the final answer
Cassidy will pay R 210,60 per month for 54 months until her TV is paid off.
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Exercise 9 — 3:

1. Angelique wants to buy a microwave on a hire purchase agreement. The cash price of the microwave is
R 4400. She is required to pay a deposit of 10% and pay the remaining loan amount off over 12 months
at an interest rate of 9% p.a.

a) What is the principal loan amount?

)
b) What is the accumulated loan amount?
c) What are Angelique’s monthly repayments?
)

d) What is the total amount she has paid for the microwave?

2. Nyakallo wants to buy a television on a hire purchase agreement. The cash price of the television is
R 5600. She is required to pay a deposit of 15% and pay the remaining loan amount off over 24 months
at an interest rate of 14% p.a.

a) What is the principal loan amount?

)
b) What is the accumulated loan amount?
c) What are Nyakallo’s monthly repayments?
)

d) What is the total amount she has paid for the television?

3. A company wants to purchase a printer. The cash price of the printer is R 4500. A deposit of 15% is
required on the printer. The remaining loan amount will be paid off over 24 months at an interest rate
of 12% p.a.
a) What is the principal loan amount?
b) What is the accumulated loan amount?
c) How much will the company pay each month?
d) What is the total amount the company paid for the printer?
4. Sandile buys a dining room table costing R 8500 on a hire purchase agreement. He is charged an interest
rate of 17,5% p.a. over 3 years.
a) How much will Sandile pay in total?
b) How much interest does he pay?
c) What is his monthly instalment?
5. Mike buys a table costing R 6400 on a hire purchase agreement. He is charged an interest rate of 15%
p.a. over 4 years.
a) How much will Mike pay in total?
b) How much interest does he pay?
c) What is his monthly instalment?
6. Talwar buys a cupboard costing R 5100 on a hire purchase agreement. He is charged an interest rate of
12% p.a. over 2 years.
a) How much will Talwar pay in total?
b) How much interest does he pay?
c) What is his monthly instalment?

7. A lounge suite is advertised for sale on TV, to be paid off over 36 months at R 150 per month.

a) Assuming that no deposit is needed, how much will the buyer pay for the lounge suite once it has
been paid off?
b) If the interest rate is 9% p.a., what is the cash price of the suite?

8. Two stores are offering a fridge and washing machine combo package. Store A offers a monthly payment
of R 350 over 24 months. Store B offers a monthly payment of R 175 over 48 months.
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If both stores offer 7,5% interest, which store should you purchase the fridge and washing machine from
if you want to pay the least amount of interest?

9. Tlali wants to buy a new computer and decides to buy one on a hire purchase agreement. The computers
cash price is R 4250. He will pay it off over 30 months at an interest rate of 9,5% p.a. An insurance
premium of R 10,75 is added to every monthly payment. How much are his monthly payments?

10. Richard is planning to buy a new stove on hire purchase. The cash price of the stove is R 6420. He has
to pay a 10% deposit and then pay the remaining amount off over 36 months at an interest rate of 8%
p.a. An insurance premium of R 11,20 is added to every monthly payment. Calculate Richard’s monthly
payments.

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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Inflation EMA6S

There are many factors that influence the change in price of an item, one of them is inflation. Inflation is
the average increase in the price of goods each year and is given as a percentage. Since the rate of inflation
increases year on year, it is calculated using the compound interest formula.

Worked example 9: Calculating future cost based on inflation

QUESTION

Milk costs R 14 for two litres. How much will it cost in 4 years time if the inflation rate is 9% p.a.?

SOLUTION

Step 1: Write down the known variables

P=14
i = 0,09
n=4
Step 2: Write down the formula
A=P+)"

Step 3: Substitute the values

A =14(1+0,09)*
=19,76

Step 4: Write the final answer
In four years time, two litres of milk will cost R 19,76.
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Worked example 10: Calculating past cost based on inflation

QUESTION

A box of chocolates costs R 55 today. How much did it cost 3 years ago if the average rate of inflation was 11%
p.a.?

SOLUTION

Step 1: Write down the known variables

A=155
i=0,11
n=3
Step 2: Write down the formula
A=P1+i)"

Step 3: Substitute the values and solve for P

55 = P(1+0,11)°
55
———=P
(14+0,11)
. P =40,22

Step 4: Write the final answer
Three years ago, the box of chocolates would have cost R 40,22.

Exercise 9 — 4:

1. The price of a bag of apples is R 12. How much will it cost in 9 years time if the inflation rate is 12%
p.a.?

2. The price of a bag of potatoes is R 15.
How much will it cost in 6 years time if the inflation rate is 12% p.a.?

3. The price of a box of popcorn is R 15. How much will it cost in 4 years time if the inflation rate is 11%
p.a.?

4. A box of raisins costs R 24 today. How much did it cost 4 years ago if the average rate of inflation was
13% p.a.? Round your answer to 2 decimal places.

5. A box of biscuits costs R 24 today. How much did it cost 5 years ago if the average rate of inflation was
11% p.a.? Round your answer to 2 decimal places.

6. If the average rate of inflation for the past few years was 7,3% p.a. and your water and electricity account
is R 1425 on average, what would you expect to pay in 6 years time?
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7. The price of popcorn and a cooldrink at the movies is now R 60. If the average rate of inflation is 9,2%
p.a. what was the price of popcorn and cooldrink 5 years ago?

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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Population growth EMA6T

Family trees increase exponentially as every person born has the ability to start another family. For this reason
we calculate population growth using the compound interest formula.

Worked example 11: Population growth

QUESTION

If the current population of Johannesburg is 3 888 180, and the average rate of population growth in South
Africa is 2,1% p.a., what can city planners expect the population of Johannesburg to be in 10 years?

SOLUTION

Step 1: Write down the known variables

P = 3888 180
1= 0,021
n =10
Step 2: Write down the formula
A=PQ1+)"

Step 3: Substitute the values

A =3888180(1+ 0,021)"
= 4 786 343

Step 4: Write the final answer
City planners can expect Johannesburg’s population to be 4 786 343 in ten years time.
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Exercise 9 — 5:

1. The current population of Durban is 3 879 090 and the average rate of population growth in South Africa
is 1,1% p.a.
What can city planners expect the population of Durban to be in 6 years time? Round your answer to
the nearest integer.

2. The current population of Polokwane is 3 878 970 and the average rate of population growth in South
Africa is 0,7% p.a.
What can city planners expect the population of Polokwane to be in 12 years time? Round your answer
to the nearest integer.

3. A small town in Ohio, USA is experiencing a huge increase in births. If the average growth rate of the
population is 16% p.a., how many babies will be born to the 1600 residents in the next 2 years?

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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9.5 Foreign exchange rates EMA6V

Different countries have their own currencies. In England, a Big Mac from McDonald’s costs £ 4, in South
Africa it costs R 20 and in Norway it costs 48 kr. The meal is the same in all three countries but in some places
it costs more than in others. If £1 = R 12,41 and 1 kr = R 1,37, this means that a Big Mac in England costs
R 49,64 and a Big Mac in Norway costs R 65,76.

Exchange rates affect a lot more than just the price of a Big Mac. The price of oil increases when the South
African rand weakens. This is because when the rand is weaker, we can buy less of other currencies with the
same amount of money.

A currency gets stronger when money is invested in the country. When we buy products that are made in
South Africa, we are investing in South African business and keeping the money in the country. When we buy
products imported from other countries, we are investing money in those countries and as a result, the rand
will weaken. The more South African products we buy, the greater the demand for them will be and more jobs
will become available for South Africans. Local is lekker!

NOTE:

The three currencies you are most likely to see are the British pound (£), the American dollar ($) and the euro
€).

VISIT:
This video explains exchange rates and shows some examples of exchange rate calculations.
® See video: 2G)6 at www.everythingmaths.co.za

Worked example 12: Foreign exchange rates

QUESTION

Saba wants to travel to see her family in Spain. She has been given R 10 000 spending money. How many
euros can she buy if the exchange rate is currently € 1 =R 10,68?
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SOLUTION

Step 1: Write down the equation
Let the equivalent amount in euros be

10000
~ 10,68
= 936,33

Step 2: Write the final answer
Saba can buy € 936,33 with R 10 000.

Exercise 9 — 6:

1. Bridget wants to buy an iPod that costs £ 100, with the exchange rate currently at £ 1 = R 14. She
estimates that the exchange rate will drop to R 12 in a month.
a) How much will the iPod cost in rands, if she buys it now?
b) How much will she save if the exchange rate drops to R 12?
¢) How much will she lose if the exchange rate moves to R 15?
2. Mthuli wants to buy a television that costs £ 130, with the exchange rate currently at £ 1 = R 11. He
estimates that the exchange rate will drop to R 9 in a month.
a) How much will the television cost in rands, if he buys it now?
b) How much will he save if the exchange rate drops to R 9?
¢) How much will he lose if the exchange rate moves to R 192
3. Nthabiseng wants to buy an iPad that costs £ 120, with the exchange rate currently at £ 1 = R 14. She
estimates that the exchange rate will drop to R 9 in a month.
a) How much will the iPad cost, in rands, if she buys it now?
b) How much will she save if the exchange rate drops to R 9?
c) How much will she lose if the exchange rate moves to R 18?

4. Study the following exchange rate table:

Country Currency | Exchange Rate
United Kingdom (UK) | Pounds (£) R 14,13
United States (USA) Dollars ($) R 7,04

a) In South Africa the cost of a new Honda Civic is R 173 400. In England the same vehicle costs
£ 12 200 and in the USA $21 900. In which country is the car the cheapest?

b) Sollie and Arinda are waiters in a South African restaurant attracting many tourists from abroad.
Sollie gets a £ 6 tip from a tourist and Arinda gets $12. Who got the better tip?

5. Yaseen wants to buy a book online. He finds a publisher in London selling the book for £ 7,19. This
publisher is offering free shipping on the product.

He then finds the same book from a publisher in New York for $8,49 with a shipping fee of $2.
Next he looks up the exchange rates to see which publisher has the better deal. If $1 = R 11,48 and
£ 1 =R 17,36, which publisher should he buy the book from?

6. Mathe is saving up to go visit her friend in Germany. She estimates the total cost of her trip to be R 50 000.
The exchange rate is currently € 1 = R 13,22.

Her friend decides to help Mathe out by giving her € 1000. How much (in rand) does Mathe now need
to save up?
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7. Lulamile and Jacob give tours over the weekends. They do not charge for these tours but instead accept
tips from the group. The table below shows the total amount of tips they receive from various tour groups.

The current exchange rates are:

Group Total tips
British tourists £5,50 £1=R1712
Japanese tourists Y 85,50 ¥1=RO0,10
American tourists $ 7,00 $ 1=R11,42
BDutlch tourists 0€5%7BORL €1=R1297
razilian tourists 40, -
Australian tourists 9,20 AUD 1 ERL = Raynd
South African tourists | R 55,00 TAUD =R 9,12

a) Which group of tourists tipped the most? How much did they tip (give your answer in rand)?
b) Which group of tourists tipped the least? How much did they tip (give your answer in rand)?
8. Kayla is planning a trip to visit her family in Malawi followed by spending some time in Tanzania at the

Serengeti. She will first need to convert her South African rands into the Malawian kwacha. After that
she will convert her remaining Malawian kwacha into Tanzanian shilling.

She looks up the current exchange rates and finds the following information:

R 1= 39,46 MWK
1 MWK = 4,01 TZS

She starts off with R 5000 in South Africa. In Malawi she spends 65 000 MWK. When she converts
the remaining Malawian kwacha to Tanzanian shilling, how much money does she have (in Tanzanian
shilling)?

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise  Maths'.
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9.6 Chapter summary EMA6W

® See presentation: 2GJH at www.everythingmaths.co.za

* There are two types of interest rates:
Simple interest | Compound interest
A=P(1+in) A=P(+14)"

Where: A = accumulated amount

P = principal amount
i = interest written as decimal
n = number of years
* Hire purchase loan repayments are calculated using the simple interest formula on the cash price minus

the deposit. Monthly repayments are calculated by dividing the accumulated amount by the number of
months for the repayment.

* Population growth and inflation are calculated using the compound interest formula.
 Foreign exchange rate is the price of one currency in terms of another.
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End of chapter Exercise 9 — 7:

10.

11.

12.

13.

14.

15.

16.

. An amount of R 6330 is invested in a savings account which pays simple interest at a rate of 11% p.a..

Calculate the balance accumulated by the end of 7 years.

An amount of R 1740 is invested in a savings account which pays simple interest at a rate of 7% p.a..
Calculate the balance accumulated by the end of 6 years.

. Adam opens a savings account when he is 13. He would like to have R 50 000 by the time he is 18.

If the savings account offers simple interest at a rate of 8,5% per annum, how much money should he
invest now to reach his goal?

. When his son was 4 years old, Dumile made a deposit of R 6700 in the bank. The investment grew at a

simple interest rate and when Dumile’s son was 24 years old, the value of the investment was R 11 524.
At what rate was the money invested? Give your answer correct to one decimal place.

. When his son was 7 years old, Jared made a deposit of R 5850 in the bank. The investment grew at a

simple interest rate and when Jared’s son was 35 years old, the value of the investment was R 11 746,80.
At what rate was the money invested? Give your answer correct to one decimal place.

. Sehlolo wants to invest R 6360 at a simple interest rate of 12,4% p.a.

How many years will it take for the money to grow to R 26 0752 Round up your answer to the nearest
year.

Mphikeleli wants to invest R 5540 at a simple interest rate of 9,1% p.a.

How many years will it take for the money to grow to R 16 6202 Round up your answer to the nearest
year.

. An amount of R 3500 is invested in an account which pays simple interest at a rate of 6,7% per annum.

Calculate the amount of interest accumulated at the end of 4 years.

. An amount of R 3270 is invested in a savings account which pays a compound interest rate of 12,2% p.a.

Calculate the balance accumulated by the end of 7 years. As usual with financial calculations, round
your answer to two decimal places, but do not round off until you have reached the solution.

An amount of R 2380 is invested in a savings account which pays a compound interest rate of 8,3% p.a.

Calculate the balance accumulated by the end of 7 years. As usual with financial calculations, round
your answer to two decimal places, but do not round off until you have reached the solution.

Emma wants to invest some money at a compound interest rate of 8,2% p.a.

How much money should be invested if she wants to reach a sum of R 61 500 in 4 years’ time? Round
up your answer to the nearest rand.

Limpho wants to invest some money at a compound interest rate of 13,9% p.a.

How much money should be invested if she wants to reach a sum of R 24 300 in 2 years’ time? Round
up your answer to the nearest rand.

Calculate the compound interest for the following problems.

a) A R 2000 loan for 2 years at 5% p.a.
b) A R 1500 investment for 3 years at 6% p.a.
c) A R 800 loan for 1 year at 16% p.a.

Ali invests R 1110 into an account which pays out a lump sum at the end of 12 years.

If he gets R 1642,80 at the end of the period, what compound interest rate did the bank offer him? Give
your answer correct to one decimal place.

Christopher invests R 4480 into an account which pays out a lump sum at the end of 7 years.

If he gets R 6496,00 at the end of the period, what compound interest rate did the bank offer him? Give
your answer correct to one decimal place.

Calculate how much you will earn if you invested R 500 for 1 year at the following interest rates:
a) 6,85% simple interest
b) 4,00% compound interest
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17. Bianca has R 1450 to invest for 3 years. Bank A offers a savings account which pays simple interest at a
rate of 11% per annum, whereas Bank B offers a savings account paying compound interest at a rate of
10,5% per annum. Which account would leave Bianca with the highest accumulated balance at the end
of the 3 year period?

18. Given:
A loan of R 2000 for a year at an interest rate of 10% p.a.

a) How much simple interest is payable on the loan?
b) How much compound interest is payable on the loan?

19. R 2250 is invested at an interest rate of 5,25% per annum.
Complete the following table.

Number of years | Simple interest | Compound interest
1
2
3
4
20

20. Discuss:

a) Which type of interest would you like to use if you are the borrower?
b) Which type of interest would you like to use if you were the banker?

21. Portia wants to buy a television on a hire purchase agreement. The cash price of the television is R 6000.
She is required to pay a deposit of 20% and pay the remaining loan amount off over 12 months at an
interest rate of 9% p.a.

a) What is the principal loan amount?
b) What is the accumulated loan amount?

c) What are Portia’s monthly repayments?

)

d) What is the total amount she has paid for the television?

22. Gabisile wants to buy a heater on a hire purchase agreement. The cash price of the heater is R 4800.
She is required to pay a deposit of 10% and pay the remaining loan amount off over 12 months at an
interest rate of 12% p.a.

a) What is the principal loan amount?

)
b) What is the accumulated loan amount?
c) What are Gabisile’s monthly repayments?
)

d) What is the total amount she has paid for the heater?

23. Khayalethu buys a couch costing R 8000 on a hire purchase agreement. He is charged an interest rate of
12% p.a. over 3 years.
a) How much will Khayalethu pay in total?
b) How much interest does he pay?
¢) What is his monthly instalment?
24. Jwayelani buys a sofa costing R 7700 on a hire purchase agreement. He is charged an interest rate of
16% p.a. over 5 years.
a) How much will Jwayelani pay in total?
b) How much interest does he pay?
c) What is his monthly instalment?

Chapter 9. Finance and growth




25.

26.

27.
28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

Bonnie bought a stove for R 3750. After 3 years she had finished paying for it and the R 956,25 interest
that was charged for hire purchase. Determine the rate of simple interest that was charged.

A new furniture store has just opened in town and is offering the following special:

Purchase a lounge suite, a bedroom suite and kitchen appliances (fridge, stove, washing machine) for just
R 50 000 and receive a free microwave. No deposit required, 5 year payment plan available. Interest
charged at just 6,5% p.a.

Babelwa purchases all the items on hire purchase. She decides to pay a R 1500 deposit. The store adds
in an insurance premium of R 35,00 per month.

What is Babelwa’s monthly payment on the items?

The price of 2 litres of milk is R 17. How much will it cost in 3 years time if the inflation rate is 13% p.a.?
The price of a 2 | bottle of juice is R 16. How much will the juice cost in 8 years time if the inflation rate
is 7% p.a.?

A box of fruity-chews costs R 27 today. How much did it cost 8 years ago if the average rate of inflation
was 10% p.a.? Round your answer to 2 decimal places.

A box of smarties costs R 23 today. How much did the same box cost 8 years ago if the average rate of
inflation was 14% p.a.?2 Round your answer to 2 decimal places.

According to the latest census, South Africa currently has a population of 57 000 000.
a) If the annual growth rate is expected to be 0,9%, calculate how many South Africans there will be
in 10 years time (correct to the nearest hundred thousand).
b) If it is found after 10 years that the population has actually increased by 10 million to 67 million,
what was the growth rate?
The current population of Cape Town is 3 875 190 and the average rate of population growth in South
Africa is 0,4% p.a.
What can city planners expect the population of Cape Town to be in 12 years time?
Note: Round your answer to the nearest integer.

The current population of Pretoria is 3 888 420 and the average rate of population growth in South Africa
is 0,7% p.a.

What will the population of Pretoria be in 7 years time?

Note: Round your answer to the nearest integer.

Monique wants to buy an iPad that costs £ 140, with the exchange rate currently at £ 1 = R 15. She
estimates that the exchange rate will drop to R 9 in a month.

a) How much will the iPad cost in rands, if she buys it now?

b) How much will she save if the exchange rate drops to R 9?

¢) How much will she lose if the exchange rate moves to R 20?
Xolile wants to buy a CD player that costs £ 140, with the exchange rate currently at £ 1 = R 14. She
estimates that the exchange rate will drop to R 10 in a month.

a) How much will the CD player cost in rands, if she buys it now?

b) How much will she save if the exchange rate drops to R 10?

¢) How much will she lose if the exchange rate moves to R 20?
Alison is going on holiday to Europe. Her hotel will cost € 200 per night. How much will she need, in
rands, to cover her hotel bill, if the exchange rate is € 1 = R 9,20?
Jennifer is buying some books online. She finds a publisher in the UK selling the books for £ 16,99.
She then finds the same books from a publisher in the USA for $23,50.

Next she looks up the exchange rates to see which publisher has the better deal. If $1 = R 12,43 and
£ 1 =R 16,89, which publisher should she buy the books from?

Bonani won a trip to see Machu Picchu in Peru followed by a trip to Brazil for the carnival. He is given
R 25 000 to spend while on the trip.

9.6. Chapter summary



He then looks up the current exchange rates and finds the following information:

R1=0,26 PEN
1BRL = 1,17 PEN

In Peru he spends 2380 PEN. When he converts the remaining Peruvian sol to Brazilian real, how much
money does he have (in Brazilian real)?

39. If the exchange rate to the rand for the Japanese yen is ¥ 100 = R 6,23 and for the Australian dollar is 1
AUD = R 5,11, determine the exchange rate between the Australian dollar and the Japanese yen.

40. Khetang has just been to Europe to work for a few months. He returns to South Africa with € 2850 to
invest in a savings account.

His bank offers him a savings account which pays 5,3 % compound interest per annum. The bank converts
Khetang’s Euros to rands at an exchange rate of € 1 = R 12,89.

If Khetang invests his money for 6 years, how much interest does he earn on his investment?
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10 Statistics

When running an experiment or conducting a survey we can potentially end up with many hundreds, thousands
or even millions of values in the resulting data set. Too much data can be overwhelming and we need to reduce
them or represent them in a way that is easier to understand and communicate.

Statistics is about summarising data. The methods of statistics allow us to represent the essential information
in a data set while disregarding the unimportant information. We have to be careful to make sure that we do
not accidentally throw away some of the important aspects of a data set.

By applying statistics properly we can highlight the important aspects of data and make the data easier to
interpret. By applying statistics poorly or dishonestly we can also hide important information and let people
draw the wrong conclusions.

In this chapter we will look at a few numerical and graphical ways in which data sets can be represented, to
make them easier to interpret.

Page Likes > Post Reach > Engagement >
6,554 575 127 i

a1% v23.1% v14.2%

63 492 28 AN

¥ 34.4% v7.3%

= This week This week 18
Last week Last week

«/\ : A
260

Figure 10.1: Statistics is used by various websites to show users who is viewing their content.

10.1  Collecting data

DEFINITION: Data

Data refers to the pieces of information that have been observed and recorded, from an experiment or a survey.

NOTE:
The word data is the plural of the word datum, and therefore one should say, “the data are” and not “the data

4

is”.
We distinguish between two main types of data: quantitative and qualitative.
DEFINITION: Quantitative data

Quantitative data are data that can be written as numbers.

Quantitative data can be discrete or continuous.
Discrete quantitative data can be represented by integers and usually occur when we count things, for example,
the number of learners in a class, the number of molecules in a chemical solution, or the number of SMS

messages sent in one day.

Continuous quantitative data can be represented by real numbers, for example, the height or mass of a person,

10.1. Collecting data
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the distance travelled by a car, or the duration of a phone call.

DEFINITION: Qualitative data

Quialitative data are data that cannot be written as numbers.

Two common types of qualitative data are categorical and anecdotal data. Categorical data can come from one
of a limited number of possibilities, for example, your favourite cooldrink, the colour of your cell phone, or the
language that you learnt to speak at home.

Anecdotal data take the form of an interview or a story, for example, when you ask someone what their personal
experience was when using a product, or what they think of someone else’s behaviour.

Categorical qualitative data are sometimes turned into quantitative data by counting the number of times that
each category appears. For example, in a class with 30 learners, we ask everyone what the colours of their cell
phones are and get the following responses:

black | black | black | white | purple | red red black | black | black
white | white | black | black | black | black | purple | black | black | white
purple | black | red red white | black | orange | orange | black | white

This is a categorical qualitative data set since each of the responses comes from one of a small number of
possible colours.

We can represent exactly the same data in a different way, by counting how many times each colour appears.

Colour | Count
black 15
white 6

red 4

purple 3

orange 2

This is a discrete quantitative data set since each count is an integer.

Worked example 1: Qualitative and quantitative data

QUESTION

Thembisile is interested in becoming an airtime reseller to his classmates. He would like to know how much
business he can expect from them. He asked each of his 20 classmates how many SMS messages they sent
during the previous day. The results were:

20| 3 O | 14309 |11 13|13 |15
9 |13 (16|12 13 |7 (17| 14| 9 | 13

Is this data set qualitative or quantitative? Explain your answer.

SOLUTION

The number of SMS messages is a count represented by an integer, which means that it is quantitative and
discrete.
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Worked example 2: Qualitative and quantitative data

QUESTION

Thembisile would like to know who the most popular cellular provider is among learners in his school. This
time Thembisile randomly selects 20 learners from the entire school and asks them which cellular provider
they currently use. The results were:

Cell C Vodacom Vodacom MTN Vodacom

MTN MTN Virgin Mobile Cell C 8-ta
Vodacom MTN Vodacom Vodacom MTN
Vodacom | Vodacom Vodacom Virgin Mobile MTN

Is this data set qualitative or quantitative? Explain your answer.

SOLUTION

Since each response is not a number, but one of a small number of possibilities, these are categorical qualitative
data.

Exercise 10 — 1:

1. The following data set of dreams that learners have was collected from Grade 12 learners just after their
final exams: {”l want to build a bridge!”; ”I want to help the sick.”; ”I want running water!”}
Categorise the data set.

2. Categorise the following data set of sweets in a packet that was collected from visitors to a sweet shop.
{23; 25; 22; 26; 27; 25; 21; 28}

3. Categorise the following data set of questions answered correctly that was collected from a class of maths
learners.
{3;5;2;6;7;5; 1;2}

click on ‘Practise = Maths'.

visit and
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For more
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10.2  Measures of central tendency EMA6Y

A www.everythingmaths.co.za

Mean EMA6Z

DEFINITION: Mean
The mean is the sum of a set of values, divided by the number of values in the set. The notation for the mean

of a set of values is a horizontal bar over the variable used to represent the set, for example z. The formula for
the mean of a data set {z1; x9;...; 2, } is:
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The mean is sometimes also called the average or the arithmetic mean.

Worked example 3: Calculating the mean

QUESTION

What is the mean of the data set {10; 20; 30; 40; 50}?

SOLUTION

Step 1: Calculate the sum of the data

10 + 20 + 30 + 40 + 50 = 150

Step 2: Divide by the number of values in the data set to get the mean
Since there are 5 values in the data set, the mean is:

1
mean = ? =30

Median EMA72

DEFINITION: Median

The median of a data set is the value in the central position, when the data set has been arranged from the
lowest to the highest value.

Note that exactly half of the values from the data set are less than the median and the other half are greater
than the median.

To calculate the median of a quantitative data set, first sort the data from the smallest to the largest value and
then find the value in the middle. If there is an odd number of values in the data set, the median will be equal

to one of the values in the data set. If there is an even number of values in the data set, the median will lie
halfway between two values in the data set.

Worked example 4: Median for an odd number of values

QUESTION

What is the median of {10; 14; 86; 2; 68;99; 1}?

SOLUTION

Step 1: Sort the values
The values in the data set, arranged from the smallest to the largest, are

1;2;10; 14; 68; 86; 99

Chapter 10. Statistics
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Step 2: Find the number in the middle

There are 7 values in the data set. Since there are an odd number of values, the median will be equal to the
value in the middle, namely, in the fourth position. Therefore the median of the data set is 14.

Worked example 5: Median for an even number of values

QUESTION

What is the median of {11;10; 14; 86; 2; 68;99; 1}2

SOLUTION

Step 1: Sort the values
The values in the data set, arranged from the smallest to the largest, are

1;2;10;11; 14; 68; 86; 99

Step 2: Find the number in the middle

There are 8 values in the data set. Since there are an even number of values, the median will be halfway
between the two values in the middle, namely, between the fourth and fifth positions. The value in the fourth
position is 11 and the value in the fifth position is 14. The median lies halfway between these two values and

is therefore
. 11+ 14
median =

=125

Mode EMA73

DEFINITION: Mode

The mode of a data set is the value that occurs most often in the set. The mode can also be described as the
most frequent or most common value in the data set.

To calculate the mode, we simply count the number of times that each value appears in the data set and then
find the value that appears most often.

A data set can have more than one mode if there is more than one value with the highest count. For example,
both 2 and 3 are modes in the data set {1;2;2; 3;3}. If all points in a data set occur with equal frequency, it is
equally accurate to describe the data set as having many modes or no mode.

VISIT:
The following video explains how to calculate the mean, median and mode of a data set.
® See video: 2GM5 at www.everythingmaths.co.za
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Worked example 6: Finding the mode

QUESTION

Find the mode of the data set {2;2; 3; 4;4; 4; 6; 6; 7; 8; 8; 10; 10}.

SOLUTION

Step 1: Count the number of times that each value appears in the data set

Value | Count
2 2
3 1
4 3
6 2
7 1
8 2
10 2

Step 2: Find the value that appears most often

From the table above we can see that 4 is the only value that appears 3 times. All the other values appear less
than 3 times. Therefore the mode of the data set is 4.

One problem with using the mode as a measure of central tendency is that we can usually not compute the
mode of a continuous data set. Since continuous values can lie anywhere on the real line, any particular value
will almost never repeat. This means that the frequency of each value in the data set will be 1 and that there
will be no mode. We will look at one way of addressing this problem in the section on grouping data.

Worked example 7: Comparison of measures of central tendency

QUESTION

There are regulations in South Africa related to bread production to protect consumers. By law, if a loaf of
bread is not labelled, it must weigh 800 g, with the leeway of 5 percent under or 10 percent over. Vishnu is
interested in how a well-known, national retailer measures up to this standard. He visited his local branch of
the supplier and recorded the masses of 10 different loaves of bread for one week. The results, in grams, are
given below:

Monday | Tuesday | Wednesday | Thursday | Friday | Saturday | Sunday
802,4 787,8 815,7 807,4 801,5 786,6 799,0
796,8 798,9 809,7 798,7 818,3 789,1 806,0
802,5 793,6 785,4 8093 | 7877 | 8015 799,4
819,6 812,6 809,1 791,1 805,3 8178 801,0
801,2 795,9 795,2 8204 | 806,6 | 8195 | 796,7
789,0 796,3 787,9 799,8 789,5 802,1 802,2
789,0 7977 776,7 790,7 | 803,2 | 8012 807,3
808,8 | 7804 812,6 801,8 | 784,7 | 7922 | 809,8
802,4 | 790,8 792,4 789,2 | 8156 | 7994 | 7912
796,2 817,6 799,1 826,0 8079 806,7 780,2

1. Is this data set qualitative or quantitative? Explain your answer.

2. Determine the mean, median and mode of the mass of a loaf of bread for each day of the week. Give
your answer correct to 1 decimal place.

3. Based on the data, do you think that this supplier is providing bread within the South African regulations?
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SOLUTION

Step 1: Qualitative or quantitative?

Since each mass can be represented by a number, the data set is quantitative. Furthermore, since a mass can
be any real number, the data are continuous.

Step 2: Calculate the mean

In each column (for each day of the week), we add up the measurements and divide by the number of mea-
surements, 10.

For Monday, the sum of the measured values is 8007,9 and so the mean for Monday is

8007,9
10

=800,8 g

In the same way, we can compute the mean for each day of the week. See the table below for the results.

Step 3: Calculate the median

In each column we sort the numbers from lowest to highest and find the value in the middle. Since there are
an even number of measurements (10), the median is halfway between the two numbers in the middle.

For Monday, the sorted list of numbers is

789,0; 789,0; 796,2; 796,7; 801,2;
802,3;802,3;802,5; 808,7;819,6

The two numbers in the middle are 801,2 and 802,3 and so the median is

801,2 + 802,3

= 801,8
B /08

In the same way, we can compute the median for each day of the week:

Day Mean | Median
Monday 800,8g | 801,8¢g
Tuesday 7972¢g | 796,1¢g

Wednesday | 798,4g | 7972 g
Thursday | 803,4g | 800,8 g
Friday 802,0g | 8043 ¢g
Saturday 801,6g | 801,4¢g
Sunday 799,3g | 800,2¢g

From the above calculations we can see that the means and medians are close to one another, but not quite
equal. In the next worked example we will see that the mean and median are not always close to each other.

Step 4: Determine the mode

Since the data are continuous we cannot compute the mode. In the next section we will see how we can group
data in order to make it possible to compute an approximation for the mode.

Step 5: Conclusion: Is the supplier reliable?

From the question, the requirements are that the mass of a loaf of bread be between 800 g minus 5%, which
is 760 g, and plus 10%, which is 880 g. Since every one of the measurements made by Vishnu lies within this
range and since the means and medians are all close to 800 g, we can conclude that the supplier is reliable.

10.2. Measures of central tendency




DEFINITION: Outlier

An outlier is a value in the data set that is not typical of the rest of the set. It is usually a value that is much
greater or much less than all the other values in the data set.

Worked example 8: Effect of outliers on mean and median

QUESTION

The heights of 10 learners are measured in centimetres to obtain the following data set:
{150; 172; 153; 156; 146; 157; 157; 143; 168; 157}

Afterwards, we include one more learner in the group, who is exceptionally tall at 181 cm.
Compare the mean and median of the heights of the learners before and after the eleventh learner was included.

SOLUTION

Step 1: Calculate the mean of the first 10 learners

150 4 172 + 153 + 156 + 146 + 157 + 157 + 143 + 168 4 157
10

mean =

= 155,9 cm

Step 2: Calculate the mean of all 11 learners

150 4172 + 153 + 156 + 146 + 157 + 157 + 143 + 168 + 157 + 181
. 11

mean

= 158,2 cm

From this we see that the average height changes by 158,2 — 155,9 = 2,3 cm when we introduce the outlier
value (the tall person) to the data set.

Step 3: Calculate the median of the first 10 learners
To find the median, we need to sort the data set:

{143;146; 150; 153; 156; 157; 157; 157; 168; 172}

Since there are an even number of values, 10, the median lies halfway between the fifth and sixth values:

1 1
median = w = 156,5 cm

Step 4: Calculate the median of all 11 learners
After adding the tall learner, the sorted data set is

{143; 146; 150; 153; 156; 157; 157; 157; 168; 172; 181}

Now, with 11 values, the median is the sixth value: 157 cm. So, the median changes by only 0,5 cm when we
add the outlier value to the data set.
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In general, the median is less affected by the addition of outliers to a data set than the mean is. This is important
because it is quite common that outliers are measured during an experiment, because of problems with the
equipment or unexpected interference.

Exercise 10 — 2:

. Calculate the mean of the following data set: {9; 14;9; 14; 8; 8; 9; 8;9; 9}. Round your answer to 1 decimal

place.

2. Calculate the median of the following data set: {4;13;10; 13;13;4;2;13;13;13}.

10.
11.

For

Calculate the mode of the following data set: {6;10;6;6;13;12;12;7;13;6}

. Calculate the mean, median and mode of the following data sets:

a) {2;5;8;8;11;13;22;23;27}
b) {15;17;24;24;26;28;31;43}
c) {4;11;3;15;11;13;25;17;2;11}

)
)
)
d) {24;35;28;41;31;49;31}

. The ages of 15 runners of the Comrades Marathon were recorded:

{31; 42; 28; 38; 45; 51; 33; 29; 42; 26; 34; 56; 33; 46; 41}

Calculate the mean, median and modal age.

. A group of 10 friends each have some stones. They work out that the mean number of stones they have

is 6. Then 7 friends leave with an unknown number (z) of stones. The remaining 3 friends work out that
the mean number of stones they have left is 12,33.

When the 7 friends left, how many stones did they take with them?

A group of 9 friends each have some coins. They work out that the mean number of coins they have is
4. Then 5 friends leave with an unknown number (z) of coins. The remaining 4 friends work out that
the mean number of coins they have left is 2,5.

When the 5 friends left, how many coins did they take with them?

A group of 9 friends each have some marbles. They work out that the mean number of marbles they
have is 3. Then 3 friends leave with an unknown number (z) of marbles. The remaining 6 friends work
out that the mean number of marbles they have leftis 1,17.

When the 3 friends left, how many marbles did they take with them?
In the first of a series of jars, there is 1 sweet. In the second jar, there are 3 sweets. The mean number of
sweets in the first two jars is 2.
a) If the mean number of sweets in the first three jars is 3, how many sweets are there in the third jar?
b) If the mean number of sweets in the first four jars is 4, how many sweets are there in the fourth jar?

Find a set of five ages for which the mean age is 5, the modal age is 2 and the median age is 3 years.

Four friends each have some marbles. They work out that the mean number of marbles they have is 10.
One friend leaves with 4 marbles. How many marbles do the remaining friends have together?

more  exercises,  visit www.everythingmaths.co.za and click on ’Practise = Maths’.
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10.3  Grouping data EMA74

A common way of handling continuous quantitative data is to subdivide the full range of values into a few
sub-ranges. By assigning each continuous value to the sub-range or class within which it falls, the data set
changes from continuous to discrete.

Grouping is done by defining a set of ranges and then counting how many of the data fall inside each range.
The sub-ranges must not overlap and must cover the entire range of the data set.

One way of visualising grouped data is as a histogram. A histogram is a collection of rectangles, where the

base of a rectangle (on the z-axis) covers the values in the range associated with it, and the height of a rectangle
corresponds to the number of values in its range.

VISIT:
The following video explains how to group data.
® See video: 2GMP at www.everythingmaths.co.za

Worked example 9: Groups and histograms

QUESTION

The heights in centimetres of 30 learners are given below.

142 | 163 | 169 | 132 | 139 | 140 | 152 | 168 | 139 | 150
161 | 132 | 162 | 172 | 146 | 152 | 150 | 132 | 157 | 133
141 |1 170 | 156 | 155 | 169 | 138 | 142 | 160 | 164 | 168

Group the data into the following ranges and draw a histogram of the grouped data:
130 < h < 140

140 < h < 150
150 < h < 160
160 < h < 170
170 < h < 180

(Note that the ranges do not overlap since each one starts where the previous one ended.)
SOLUTION

Step 1: Count the number of values in each range

Range Count
130 < h < 140 7
140 < h < 150 5
150 < h < 160 7
160 < h < 170 9
170 < h < 180 2

Step 2: Draw the histogram

Since there are 5 ranges, the histogram will have 5 rectangles. The base of each rectangle is defined by its
range. The height of each rectangle is determined by the count in its range.

Chapter 10. Statistics
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The histogram makes it easy to see in which range most of the heights are located and provides an overview
of the distribution of the values in the data set.

Exercise 10 — 3:

1. A group of 10 learners count the number of playing cards they each have. This is a histogram describing
the data they collected:

0-2 3-5 6-8 9-11 12-15
number of playing cards

Count the number of playing cards in the following range: 0 < number of playing cards < 2

2. A group of 15 learners count the number of stones they each have. This is a histogram describing the
data they collected:

10.3. Grouping data




0-2 35 6-8 9-11 12-15
number of stones

Count the number of stones in the following range: 0 < number of stones < 2
. A group of 20 learners count the number of playing cards they each have. This is the data they collect:

4 9 11 8 13 2 3 4 16 17
9 19 10 14 4 16 16 11 2 17

Count the number of learners who have from 12 up to 15 playing cards. In other words, how many
learners have playing cards in the following range: 12 < number of playing cards < 152 It may be
helpful for you to draw a histogram in order to answer the question.

. A group of 20 learners count the number of stones they each have. This is the data they collect:

16 6 11 19 20 17 13 1 5 12
5 2 16 11 16 6 10 13 6 17

Count the number of learners who have from 4 up to 7 stones. In other words, how many learners have
stones in the following range: 4 < number of stones < 7? It may be helpful for you to draw a histogram
in order to answer the question.

. A group of 20 learners count the number of stones they each have. The learners draw a histogram
describing the data they collected. However, they have made a mistake in drawing the histogram.

0-3 47 8-11 12-15 16-19
number of stones

The data set below shows the correct information for the number of stones the learners have. Each value
represents the number of stones for one learner.

{4;12;15;14;18;12;17; 15; 1; 6; 6; 12; 6; 8; 6; 8; 17; 19; 16; 8}

Help them figure out which column in the histogram is incorrect.
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6. A group of 20 learners count the number of stones they each have. The learners draw a histogram
describing the data they collected. However, they have made a mistake in drawing the histogram.

Y

0-3 4-7 8-11 12-15 16-19
number of stones

The data set below shows the correct information for the number of stones the learners have. Each value
represents the number of stones for one learner.

{19;11;5;2; 3;4;14; 2;12;19; 11; 14; 2;19; 11; 5; 17; 10; 1; 12}

Help them figure out which column in the histogram is incorrect.

7. A group of learners count the number of sweets they each have. This is a histogram describing the data
they collected:

0-3 47 811 12-1516-20
number of sweets

A cat jumps onto the table, and all their notes land on the floor, mixed up, by accident!
Help them find which of the following data sets match the above histogram:

Data Set A
2 1 20 10 5 3 10 2 6 1
2 2 17 3 18 3 7 10 8 18
Data Set B
2 9 12 10 5 9 9 10
13 6 5 11 10 7 7
Data Set C

3 12 16 10 15 17 18 2 3
1 12 8 2 7 17 3 11 4

10.3. Grouping data




8. A group of learners count the number of stones they each have. This is a histogram describing the data
they collected:

03 47 811 12-15 16-20
number of stones

A cleaner knocks over their table, and all their notes land on the floor, mixed up, by accident!
Help them find which of the following data sets match the above histogram:

Data Set A
12 4 2 15 10 18 10 16 16 19
1 2 9 10 16 10 11 9 2 13
Data Set B
7 10 4 5 8 7 12 10
14 5 1 9 2 13 3
Data Set C
9 3 8 5 8
5 8 1 4 3

9. A class experiment was conducted and 50 learners were asked to guess the number of sweets in a jar.
The following guesses were recorded:

56 | 49 | 40 | 11 | 33 | 33 | 37| 29| 30 | 59
21 | 16 | 38 | 44 | 38 | 52 | 22| 24 | 30 | 34
42 | 15 | 48 | 33 | 51 | 44 | 33 | 17 | 19 | 44
47 | 23 | 27 | 47 | 13 | 25 | 53 | 57 | 28 | 23
36 | 35 |40 | 23 | 45| 39| 32 | 58 | 22 | 40

a) Draw up a grouped frequency table using the intervals 10 < z < 20, 20 < 2 < 30, 30 < z < 40,
40 < z < 50 and 50 < z < 60.

b) Draw the histogram corresponding to the frequency table of the grouped data.

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise  Maths'.
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Measures of central tendency EMA75

With grouped data our estimates of central tendency will change because we lose some information when we
place each value in a range. If all we have to work with is the grouped data, we do not know the measured
values to the same accuracy as before. The best we can do is to assume that values are grouped at the centre
of each range.

Looking back to the previous worked example, we started with this data set of learners’ heights.

{132;132;132;133; 138; 139; 139; 140; 141; 142; 142; 146; 150; 150; 152;
152; 155; 156; 157; 160; 161; 162; 163; 164; 168; 168; 169; 169; 170; 172}

Note that the data are sorted.

The mean of these data is 151,8 and the median is 152. The mode is 132, but remember that there are problems
with computing the mode of continuous quantitative data.

After grouping the data, we now have the data set shown below. Note that each value is placed at the centre
of its range and that the number of times that each value is repeated corresponds exactly to the counts in each
range.

{135; 135; 135; 135; 135; 135; 135; 145; 145; 145; 145; 145; 155; 155; 155;

155; 155; 155; 155; 165; 165; 165; 165; 165; 165; 165; 165; 165; 175; 175}

The grouping changes the measures of central tendency since each datum is treated as if it occurred at the
centre of the range in which it was placed.

The mean is now 153, the median 155 and the mode is 165. This is actually a better estimate of the mode,
since the grouping showed in which range the learners’ heights were clustered.

NOTE:
We can also just give the modal group and the median group for grouped data. The modal group is the group

that has the highest number of data values. The median group is the central group when the groups are arranged
in order.

Exercise 10 — 4:

1. Consider the following grouped data and calculate the mean, the modal group and the median group.

Mass (kg) Count
40 <m < 45 7
45 <m < 50 10
50 <m <55 15
55 <m <60 12
60 <m <65 6

2. Find the mean, the modal group and the median group in this data set of how much time people needed
to complete a game.

10.3. Grouping data
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Time (s) Count
35 <t <45 5
45 <t <55 11
55 <t <65 15
65 <t <75 26
75 <t <85 19
85 <t <95 13
95 <t <105 6

3. The histogram below shows the number of passengers that travel in Alfred’s minibus taxi per week.

16 +

12 r

10 +

Count

400 500 600 700 800 900 1000
No. of passengers

Calculate:

a) the modal interval

b) the total number of passengers to travel in Alfred’s taxi

d

e) ifitis estimated that every passenger travelled an average distance of 5 km, how much money would
Alfred have made if he charged R 3,50 per km?

)
)
C) an estimate of the mean
) an estimate of the median
)

For more exercises, visit www.everythingmaths.co.za and click on ’Practise Maths'.
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10.4 Measures of dispersion EMA76

The central tendency is not the only interesting or useful information about a data set. The two data sets
illustrated below have the same mean (0), but have different spreads around the mean. Each circle represents
one value from the data set (or one datum).

e o ® o0 o oeme 00 ®o o ° o0 cowe®oe @ o0 ° e
1 1

-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

Dispersion is a general term for different statistics that describe how values are distributed around the centre.
In this section we will look at measures of dispersion.

Range EMA77

DEFINITION: Range

The range of a data set is the difference between the maximum and minimum values in the set.

The most straightforward measure of dispersion is the range. The range simply tells us how far apart the largest
and smallest values in a data set are. The range is very sensitive to outliers.

Worked example 10: Range

QUESTION

Find the range of the following data set:

{1;4;5;8;6;7;5;6;7;4;10;9; 10}

What would happen if we removed the first value from the set?

SOLUTION

Step 1: Determine the range
The smallest value in the data set is 1 and the largest value is 10.

The rangeis 10— 1 =9

Step 2: Remove the first value

If the first value, 1, were to be removed from the set, the minimum value would be 4. This means that the

range would change to 10 — 4 = 6. 1 is not typical of the other values. It is an outlier and has a big influence
on the range.

10.4. Measures of dispersion
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Percentiles EMA78

To understand percentiles properly, we need to distinguish between 3 different aspects of a datum: its value,
its rank and its percentile:

¢ The value of a datum is what we measured and recorded during an experiment or survey.
¢ The rank of a datum is its position in the sorted data set (for example, first, second, third, and so on).

¢ The percentile at which a particular datum is, tells us what percentage of the values in the full data set
are less than this datum.

The table below summarises the value, rank and percentile of the data set:

{14,2;13,9;19,8;10,3;13,0; 11,1}

Value | Rank | Percentile
103 | 1 0
11,1 2 20
13,0 | 3 40
139 | 4 60
142 | 5 80
198 | 6 100

As an example, 13,0 is at the 40 percentile since there are 2 values less than 13,0 and 3 values greater than
13,0.

2
—= _=04=40
243 ! %

In general, the formula for finding the p™ percentile in an ordered data set with n values is

p

-2 o141
r 100(n )+

This gives us the rank, r, of the p" percentile. To find the value of the pt percentile, we have to count from
the first value in the ordered data set up to the r™ value.

Sometimes the rank will not be an integer. This means that the percentile lies between two values in the data
set. The convention is to take the value halfway between the two values indicated by the rank.

The figure below shows the relationship between rank and percentile graphically. We have already encountered
three percentiles in this chapter: the median (50™ percentile), the minimum (0" percentile) and the maximum
(100™). The median is defined as the value halfway in a sorted data set.

n—+1
ro1 2 n
p 0 50 100
minimum median maximum
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Worked example 11: Using the percentile formula

QUESTION

Determine the minimum, maximum and median values of the following data set using the percentile formula.
{14;17; 45;20; 19; 36; 7; 30; 8}

SOLUTION

Step 1: Sort the values in the data set

Before we can use the rank to find values in the data set, we always have to order the values from the smallest

to the largest. The sorted data set is:
{7;8;14;17;19; 20; 30; 36; 45}

Step 2: Find the minimum

We already know that the minimum value is the first value in the ordered data set. We will now confirm that
the percentile formula gives the same answer. The minimum is equivalent to the 0™ percentile. According to
the percentile formula the rank, r, of the p = 0t percentile in a data set with n = 9 values is:

p

0
=—(9-1 1
100( )+

=1

This confirms that the minimum value is the first value in the list, namely 7.

Step 3: Find the maximum

We already know that the maximum value is the last value in the ordered data set. The maximum is also
equivalent to the 100" percentile. Using the percentile formula with p = 100 and n = 9, we find the rank of
the maximum value is:

p

— L w141
r 1Oo(n )+
100
=—(9-1 1
100( )+
=9

This confirms that the maximum value is the last (the ninth) value in the list, namely 45.

Step 4: Find the median
The median is equivalent to the 50 percentile. Using the percentile formula with p = 50 and n = 9, we find
the rank of the median value is:

50

100
50

100

= (n—1)+1

9-1)+1

[

e |
—
oo
~—
-+
—

This shows that the median is in the middle (at the fifth position) of the ordered data set. Therefore the median
value is 19.

10.4. Measures of dispersion




DEFINITION: Quartiles
The quartiles are the three data values that divide an ordered data set into four groups, where each group
contains an equal number of data values. The median (50" percentile) is the second quartile (Q2). The 25%

percentile is also called the first or lower quartile (Q1). The 75" percentile is also called the third or upper
quartile (Q3).

Worked example 12: Quartiles

QUESTION

Determine the quartiles of the following data set:

{7;45;11; 3;9; 35; 31; 7; 16; 40; 12; 6}

SOLUTION

Step 1: Sort the data set

{3;6;7;7;9;11;12; 16; 31; 35; 40; 45}

Step 2: Find the ranks of the quartiles
Using the percentile formula with n = 12, we can find the rank of the 25", 50t and 75" percentiles:
25
=—(12-1 1
35 = Top ¢ )+
_ 3,75
50
=—(12-1 1
50 = 100 ( ) +
=65
75
=—(12—-1 1
"5 = o0 ¢ )+
— 9725

Step 3: Find the values of the quartiles
Note that each of these ranks is a fraction, meaning that the value for each percentile is somewhere in between
two values from the data set.

For the 25 percentile the rank is 3,75, which is between the third and fourth values. Since both these values
are equal to 7, the 25" percentile is 7.

For the 50" percentile (the median) the rank is 6,5, meaning halfway between the sixth and seventh values.
The sixth value is 11 and the seventh value is 12, which means that the median is % = 11,5. For the

75t percentile the rank is 9,25, meaning between the ninth and tenth values. Therefore the 751 percentile is
31435 __ 33
e .
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Deciles

The deciles are the nine data values that divide an ordered data set into ten groups, where each group contains
an equal number of data values.

For example, consider the ordered data set:

28;33;35;45;57;59;61; 68;69; 72; 75; 78; 80; 83; 86; 91;
92:95;101;105;111;117;118;125;127;131;137;139; 141

The nine deciles are: 35;59;69; 78;86;95;111; 125; 137.
Percentiles for grouped data EMA79

In grouped data, the percentiles will lie somewhere inside a range, rather than at a specific value. To find the
range in which a percentile lies, we still use the percentile formula to determine the rank of the percentile and
then find the range within which that rank is.

Worked example 13: Percentiles in grouped data

QUESTION

The mathematics marks of 100 grade 10 learners at a school have been collected. The data are presented in
the following table:

Percentage mark | Number of learners

0<x<20 2

20 <z < 30 5

30 <z <40 18

40 <z < 50 22

50 < x <60 18

60 <z <70 13

70 <z <80 12
80 <z < 100 10

1. Calculate the mean of this grouped data set.
2. In which intervals are the quartiles of the data set?
3. In which interval is the 30" percentile of the data set?

SOLUTION

Step 1: Calculate the mean
Since we are given grouped data rather than the original ungrouped data, the best we can do is approximate

the mean as if all the learners in each interval were located at the central value of the interval.
_2(10) + 5(25) + 18(35) + 22(45) + 18(55) + 13(65) + 12(75) + 10(90)
B 100

Mean
= 54%

10.4. Measures of dispersion
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Step 2: Find the quartiles
Since the data have been grouped, they have also already been sorted. Using the percentile formula and the
fact that there are 100 learners, we can find the rank of the 25", 50" and 75" percentiles as
25
= — (100 -1 1
25 = 790 ( )+
= 24,75
50
= — (100 —1 1
50 = 79 ( )+
= 50,5
75
= — (100 —1 1
T75 100 ( 00 ) a4
= 75,25

Now we need to find in which ranges each of these ranks lie.

* For the lower quartile, we have that there are 2 + 5 = 7 learners in the first two ranges combined and
2 + 5 + 18 = 25 learners in the first three ranges combined. Since 7 < ry5 < 25, this means the lower
quartile lies somewhere in the third range: 30 < z < 40.

 For the second quartile (the median), we have that there are 2+ 5 + 18 + 22 = 47 learners in the first four
ranges combined. Since 47 < r59 < 65, this means that the median lies somewhere in the fifth range:
50 < x < 60.

¢ Forthe upper quartile, we have that there are 65 learners in the first five ranges combined and 65+13 = 78
learners in the first six ranges combined. Since 65 < r75 < 78, this means that the upper quartile lies
somewhere in the sixth range: 60 < z < 70.

Step 3: Find the 30" percentile
Using the same method as for the quartiles, we first find the rank of the 30t percentile.

30
= 2 100-1)+1
r 100(OO )+

= 30,7

Now we have to find the range in which this rank lies. Since there are 25 learners in the first 3 ranges combined
and 47 learners in the first 4 ranges combined, the 30" percentile lies in the fourth range: 40 < z < 50

Ranges EMA7B

We define data ranges in terms of percentiles. We have already encountered the full data range, which is simply
the difference between the 100" and the 0™ percentile (that is, between the maximum and minimum values
in the data set).

DEFINITION: Interquartile range

The interquartile range is a measure of dispersion, which is calculated by subtracting the first quartile (Q1) from
the third quartile (Q3). This gives the range of the middle half of the data set.

DEFINITION: Semi interquartile range

The semi interquartile range is half of the interquartile range.

Chapter 10. Statistics
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Exercise 10 — 5:

1. A group of 15 learners count the number of sweets they each have. This is the data they collect:

4 11 14 7 14 5 8 7
12 12 5 13 10 6 7

Calculate the range of values in the data set.
2. A group of 10 learners count the number of playing cards they each have. This is the data they collect:
5 1 3 1 4 10 1 3 3 4
Calculate the range of values in the data set.
3. Find the range of the following data set:
{1;2;3;4;4;4;5;6;7;8;8;9;10; 10}

4. What are the quartiles of this data set?

{3;5;1;8;9; 12; 25; 28; 24; 30; 41; 50}

5. A class of 12 learners writes a test and the results are as follows:

{20; 39; 40; 43; 43; 46; 53; 58; 63; 70; 75; 91 }

Find the range, quartiles and the interquartile range.
6. Three sets of data are given:

Data set 1: {9;12;12;14;16;22;24}
Data set 2: {7;7;8;11;13;15;16}
Data set 3: {11;15; 16;17; 19; 22; 24}

For each data set find:

a) the range b) the lower quartile c) the median
d) the upper quartile e) the interquartile range f) the semi-interquartile range

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise  Maths'.
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10.5 Five number summary EMA7C

A common way of summarising the overall data set is with the five number summary and the box-and-whisker
plot. These two represent exactly the same information, numerically in the case of the five number summary
and graphically in the case of the box-and-whisker plot.

The five number summary consists of the minimum value, the maximum value and the three quartiles. Another
way of saying this is that the five number summary consists of the following percentiles: 0, 25%, 50t 75t
100%™,

10.5. Five number summary
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The box-and-whisker plot shows these five percentiles as in the figure below. The box shows the interquartile
range (the distance between Q1 and Q3). A line inside the box shows the median. The lines extending outside
the box (the whiskers) show where the minimum and maximum values lie. This graph can also be drawn
horizontally.

maximum (100" percentile)
upper quartile (75" percentile)
data range interquartile range median (SOth percentile)
lower quartile (25" percentile)
minimum (0™ percentile)

VISIT:
This video explains how to draw a box-and-whisker plot for a data set.
® See video: 2GNC at www.everythingmaths.co.za

Worked example 14: Five number summary

QUESTION

Draw a box and whisker diagram for the following data set:

{1,25;1,5;2,5;2,5;3,1; 3,2;4,1;4,25;4,75; 4,8; 4,95; 5,1}

SOLUTION

Step 1: Determine the minimum and maximum
Since the data set is already sorted, we can read off the minimum as the first value (1,25) and the maximum as
the last value (5,1).

Step 2: Determine the quartiles
There are 12 values in the data set. Using the percentile formula, we can determine that the median lies
between the sixth and seventh values, making it:
3,2+ 4,1
2Etal 365
2
The first quartile lies between the third and fourth values, making it:
2,5+ 2,5
EEh 2,5
2
The third quartile lies between the ninth and tenth values, making it:
475+ 48

= 4,775
2 ’
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This provides the five number summary of the data set and allows us to draw the following box-and-whisker
plot.

‘‘‘‘‘‘ L 1,25

Exercise 10 — 6:

1. Lisa is working in a computer store. She sells the following number of computers each month:

{27;39; 3; 15; 43; 27; 19; 54; 65; 23; 45; 16}
Give the five number summary and box-and-whisker plot of Lisa’s sales.

2. Zithulele works as a telesales person. He keeps a record of the number of sales he makes each month.
The data below show how much he sells each month.

{49;12; 22; 35; 2; 45; 60; 48; 19; 1; 43; 12}

Give the five number summary and box-and-whisker plot of Zithulele’s sales.
3. Nombusa has worked as a florist for nine months. She sold the following number of wedding bouquets:

{16; 14;8;12; 6;5; 3;5; 7}
Give the five number summary of Nombusa’s sales.
4. Determine the five number summary for each of the box-and-whisker plots below.

a)

15 922 925 28 35

| —

88 92 98 100 101

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise  Maths'.
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10.6  Chapter summary

® See presentation: 2GNK at www.everythingmaths.co.za

 Data refer to the pieces of information that have been observed and recorded, from an experiment or a
survey.

* Quantitative data are data that can be written as numbers. Quantitative data can be discrete or continuous.

* Qualitative data are data that cannot be written as numbers. There are two common types of qualitative
data: categorical and anecdotal data.

* The mean is the sum of a set of values divided by the number of values in the set.

3=

T =

n
2
=1

1=
Ty +Ta+ -+ Ty
n

e The median of a data set is the value in the central position, when the data set has been arranged from
the lowest to the highest value. If there are an odd number of data, the median will be equal to one of
the values in the data set. If there are an even number of data, the median will lie half way between two
values in the data set.

» The mode of a data set is the value that occurs most often in the set.

e An outlier is a value in the data set that is not typical of the rest of the set. It is usually a value that is
much greater or much less than all the other values in the data set.

» Continuous quantitative data can be grouped by dividing the full range of values into a few sub-ranges.
By assigning each continuous value to the sub-range or class within which it falls, the data set changes
from continuous to discrete.

» Dispersion is a general term for different statistics that describe how values are distributed around the
centre.

e The range of a data set is the difference between the maximum and minimum values in the set.

* The p™ percentile is the value, v, that divides a data set into two parts, such that p% of the values in the
data set are less than v and 100 — p% of the values are greater than v. The general formula for finding the
p™ percentile in an ordered data set of n values is

- P -
r—loo(n 1)+1

e The quartiles are the three data values that divide an ordered data set into four groups, where each group
contains an equal number of data values. The lower quartile is denoted Q1, the median is Q2 and the
upper quartile is Q3.

* The interquartile range is a measure of dispersion, which is calculated by subtracting the lower (first)
quartile from the upper (third) quartile. This gives the range of the middle half of the data set.

e The semi interquartile range is half of the interquartile range.

* The five number summary consists of the minimum value, the maximum value and the three quartiles
(Q1, Q2 and Q3).

* The box-and-whisker plot is a graphical representation of the five number summary.

Chapter 10. Statistics
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End of chapter Exercise 10 — 7:

10.
11.

. The following data set of heights was collected from a class of learners.

{1,70 m; 1,41 m; 1,60 m; 1,32 m; 1,80 m; 1,40 m}
Categorise the data set.

. The following data set of sandwich spreads was collected from learners at lunch.

{cheese; peanut butter; jam; cheese; honey}
Categorise the data set.

Calculate the mode of the following data set:
{10;10; 105 18; 7; 10; 3; 10; 7; 10; 7}

Calculate the median of the following data set:
{5;5;10; 7; 10; 2; 16; 10; 10; 10; 7}

. In a park, the tallest 7 trees have heights (in metres):

{41;60;47; 42; 44;42; 47}

Find the median of their heights.
The learners in Ndeme’s class have the following ages:

{5;6;7;5;4;6;6;6;7;4}

Find the mode of their ages.

A group of 7 friends each have some sweets. They work out that the mean number of sweets they have
is 6. Then 4 friends leave with an unknown number (z) of sweets. The remaining 3 friends work out that
the mean number of sweets they have left is 10,67.

When the 4 friends left, how many sweets did they take with them?

. A group of 10 friends each have some sweets. They work out that the mean number of sweets they have

is 3. Then 5 friends leave with an unknown number (z) of sweets. The remaining 5 friends work out that
the mean number of sweets they have left is 3.

When the 5 friends left, how many sweets did they take with them?
Five data values are represented as follows: 3x; x + 2; x—3; x + 4; 2z—5, with a mean of 30. Solve for z.
Five data values are represented as follows: p + 1; p + 2; p + 9. Find the mean in terms of p.

A group of 10 learners count the number of marbles they each have. This is a histogram describing the
data they collected:

0-1 23 45 67 810
number of marbles

Count the number of marbles in the following range: 0 < number of marbles < 1

10.6. Chapter summary



12. A group of 20 learners count the number of playing cards they each have. This is the data they collect:

12 1 5 4 17
4 7 5 1 3
9 4 12 17 5
19 1 19 7 15

Count the number of learners who have from 0 up to 3 playing cards. In other words, how many learners
have playing cards in the following range: 0 < number of playing cards < 3? It may be helpful for you
to draw a histogram in order to answer the question.

13. A group of 20 learners count the number of coins they each have. This is the data they collect:

17 11 1 15 14
3 4 18 5 14
18 19 4 18 15
16 13 20 8 18

Count the number of learners who have from 4 up to 7 coins. In other words, how many learners have
coins in the following range: 4 < number of coins < 72 It may be helpful for you to draw a histogram in
order to answer the question.

14. A group of 20 learners count the number of playing cards they each have. The learners draw a histogram
describing the data they collected. However, they have made a mistake in drawing the histogram.

0-3 4-7 811 12-15 16-19
number of playing cards

The data set below shows the correct information for the number of playing cards the learners have. Each
value represents the number of playing cards for one learner.

{18; 10; 3;2;19; 15; 2; 13; 11; 14; 10; 3; 5; 9; 4; 18; 11; 18; 16; 5}

Help them figure out which column in the histogram is incorrect.

15. A group of 10 learners count the number of sweets they each have. The learners draw a histogram
describing the data they collected. However, they have made a mistake in drawing the histogram.
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16.

0-1 23 45 67 89
number of sweets

The data set below shows the correct information for the number of sweets the learners have. Each value
represents the number of sweets for one learner.

{1;3;7;4;5;8;2;2; 1; 7}

Help them figure out which column in the histogram is incorrect.

A group of learners count the number of sweets they each have. This is a histogram describing the data
they collected:

0-1 23 45 6-7 810
number of sweets

A cleaner knocks over their table, and all their notes land on the floor, mixed up, by accident!
Help them find which of the following data sets match the above histogram:

Data set A

1 8 4 8 8 6 1 5 7 5
Data set B

5 6 9 2 1 6 6 4 4 6
Data set C

7T 2 415 117 8 6
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17. A group of learners count the number of marbles they each have. This is a histogram describing the data
they collected:

0-3 47 811 12-15 16-20
number of marbles

A cat jumps onto the table, and all their notes land on the floor, mixed up, by accident!
Help them find which of the following data sets match the above histogram:

Data set A
7 13 15 13 12 13 8 14
3 15 1 7 4 11 1
Data set B
17 1 5 4 11 13 6 19 6 20
19 1 14 9 17 3 16 3 10 10
Data set C

10 3 535 6 5 2 1 4 3

18. A group of 20 learners count the number of marbles they each have. This is the data they collect:

1 8 17 13 9 12 2 6 15 7
14 15 1 6 6 13 19 9 6 19

Calculate the range of values in the data set.
19. A group of 15 learners count the number of sweets they each have. This is the data they collect:

5 13 4 15 5 6

1 3
13 13 15 14 7 2 4

Calculate the range of values in the data set.

20. An engineering company has designed two different types of engines for motorbikes. The two different
motorbikes are tested for the time (in seconds) it takes for them to accelerate from 0 km-h—! to 60 km-h—!.

Test 1 2 3 4 5 6 7 8 9 10
Bike 1 | 1,55 | 1,00 | 0,92 | 0,80 | 1,49 | 0,71 | 1,06 | 0,68 | 0,87 | 1,09
Bike2 | 09 | 10 | 1,1 | 1,0 | 1,0 | 09 | 09 | 1,0 | 0,9 | 1,1

Chapter 10. Statistics




a) Which measure of central tendency should be used for this information?

b) Calculate the measure of central tendency that you chose in the previous question, for each motor-
bike.

c) Which motorbike would you choose based on this information? Take note of the accuracy of the
numbers from each set of tests.

21. In a traffic survey, a random sample of 50 motorists were asked the distance they drove to work daily.
This information is shown in the table below.

Distance (km) | Count
0<d<5b 4
5<d<10 5
10<d<15 9
15 <d<20 10
20<d <25 7
25 < d <30 8
30<d<35 3
35 <d<40 2
40 < d <45 2

a) Find the approximate mean of the data.
b) What percentage of drivers had a distance of
i. less than or equal to 15 km?
ii. more than 30 km?
iii. between 16 km and 30 km?

c) Draw a histogram to represent the data.

22. A company wanted to evaluate the training programme in its factory. They gave the same task to trained
and untrained employees and timed each one in seconds.

121 137 131 135 130
Trained 128 130 126 132 127
129 120 118 125 134
135 142 126 148 145
Untrained | 156 152 153 149 145
144 134 139 140 142

a) Find the medians and quartiles for both sets of data.

b) Find the interquartile range for both sets of data.

¢) Comment on the results.

d) Draw a box-and-whisker diagram for each data set to illustrate the five number summary.

23. A small firm employs 9 people. The annual salaries of the employees are:

R 600 000 | R 250 000 | R 200 000
R 120000 | R 100 000 | R 100 000
R 100 000 R 90 000 R 80 000
a) Find the mean of these salaries.
b) Find the mode.
¢) Find the median.
)

d) Of these three figures, which would you use for negotiating salary increases if you were a trade
union official2 Why?
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24. The stem-and-leaf diagram below indicates the pulse rate per minute of ten Grade 10 learners.

—
o © w3
w O = 0o
ot = W

Key: 7|8 = 78
a) Determine the mean and the range of the data.

b) Give the five-number summary and create a box-and-whiskers plot for the data.

25. The following is a list of data: 3;8;8;5;9;1;4;x
In each separate case, determine the value of x if the:

(o8}

range = 16

(=3

mode = 8

Q 0

)

)

) median = 6
) mean = 6

)

box-and whiskers plot

)

27. Given ¢ (which represents the golden ratio) to 20 decimal places: 1,61803398874989484820
a) For the first 20 decimal digits of (®), determine the:

i. median
ii. mode
iii. mean
b) If the mean of the first 21 decimal digits of (®) is 5,38095 determine the 21%' decimal digit.

) Below is a box-and-whisker plot of the 21° - 27" decimal digits. Write down one list of numbers
that satisfies this box-and-whisker plot.

2 3 4 5 6 7 8 9
decimal digits

28. There are 14 men working in a factory. Their ages are : 22; 25; 33; 35; 38; 48; 53; 55; 55; 55; 55; 56; 59; 64

a) Write down the five number summary.

b) If 3 men had to be retrenched, but the median had to stay the same, show the ages of the 3 men
you would retrench.
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c) Find the mean age of the men in the factory using the original data.

29. The example below shows a comparison of the amount of dirt removed by four brands of detergents
(brands A to D).

¢ 0 0 0 9§ 0 1 01 0 1§ @ 1 1 ‘I
| | | | | | | | | | | | | |
| | | | | | | | | | | | | |
| | + | | | | | | |
A — | 1 T T T B -
B
B L rere— - L
R T T R T S T R T T B
| | | | | | | | | | |
@ T T T B T 1 b=
B e e e
D N e I A
R T T S S S-S R R T B B
| | | | | | | | | | | | | |
| | | | | | | | | | | | | |
10 12 14 16 18 20 22

Amount of Dirt Removed (mg)

a) Which brand has the biggest range, and what is this range?

b) For brand C, what does the number 18 mg represent?

c) Give the interquartile range for brand B.

d) Which brand of detergent would you buy? Explain your answer.
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11  Trigonometry

Trigonometry was developed in ancient civilisations to solve practical problems such as building construction
and navigating by the stars. We will show that trigonometry can also be used to solve some other practical
problems. We can use the trigonometric ratios to solve problems in two dimensions that involve right-angled
triangles.

As revision the three trigonometric ratios can be defined for right-angled triangles as:

) opposite adjacent opposite
sinf = ——— ¢ =7 ="
hypotenuse hypotenuse adjacent

We will use these three ratios and the theorem of Pythagoras to help us solve two-dimensional problems.

11.1  Two-dimensional problems EMA7ZF

In two-dimensional problems we will often refer to the angle of elevation and the angle of depression. To
understand these two angles let us consider a person sailing alongside some cliffs. The person looks up and
sees the top of the cliffs as shown below:

top of cliff
o [ON
base of cliff ship

In this diagram @ is the angle of elevation.
DEFINITION: Angle of elevation

The angle of elevation is the angle formed by the line of sight and the horizontal plane for an object above the
horizontal plane.

In our diagram the line of sight is from the ship to the top of the cliffs. The horizontal plane is from the ship
to the base of the cliffs. Also note the we can consider the cliffs to be a straight vertical line and so we have a
right-angled triangle.

To understand the angle of depression let us now consider the same situation as above but instead our observer
is standing on top of the cliffs looking down at the ship.

top of cliff P
A\
base oificiifif 777777777 ;hip
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In this diagram « is the angle of depression.

In our diagram the line of sight is from the top of the cliffs to the ship. The horizontal plane is from the top
of the cliffs through P. Note that this is parallel to the line between the base of the cliffs and the ship. P lies
directly above the ship. We can construct a vertical, perpendicular line to the horizontal plane at the point P.

Finally we can compare the angle of elevation and the angle of depression. In the following diagram the line
from the base of the cliffs to the ship is parallel to the line from the top of the cliffs to P. The angle of elevation
and the angle of depression are indicated. Notice that o = 6.

top of cliff P
« L]
u 0
base of cliff ship

Figure 11.1: An inclinometer. Inclinometers can be used to measure angles of inclination and so can be used to determine
the height of an object.

VISIT:
You can make an inclinometer to measure the angle of inclination of a tall building or tree. Once you have the
angle of inclination you can determine the height of the building or tree.

NOTE:
In trigonometry the angle of inclination is the same as the angle of elevation.
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Worked example 1: Flying a kite

QUESTION

Mandla flies a kite on a 17 m string at an inclination of 63°.

1. What is the height, h, of the kite above the ground?
2. If Mandla’s friend Sipho stands directly below the kite, calculate the distance, d, between the two friends.

SOLUTION

Step 1: Make a sketch and identify the opposite and adjacent sides and the hypotenuse

i\

d

Step 2: Use given information and appropriate ratio to solve for » and d

1.

sin 63° — opposite
hypotenuse
sin 63° = i
17
. h =17sin63°
=15,14711...
~ 15,15 m
2.
08 63° — adjacent
hypotenuse
cos63° = 7
.. d=17cos63°
=77178...
~772m

Note that the third side of the triangle can also be calculated using the theorem of Pythagoras: d? = 172 — h2.

Step 3: Write the final answers

1. The kite is 15,15 m above the ground.
2. Mandla and Sipho are 7,72 m apart.
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Worked example 2: Calculating angles

QUESTION

ABCD is a trapezium with AB = 4 cm, CD = 6 cm, BC =5 cm and AD = 5 cm. Point E on diagonal AC
divides the diagonal such that AE = 3 cm. BEC = 90°. Find ABC.

SOLUTION

Step 1: Draw the trapezium and label all given lengths on diagram. Indicate that BEC = 90°
A 4 cm B

D 6 cm C

We will use AABE and ACBE to find ABE and CBE. We can then add these two angles together to find
ABC.

Step 2: Find the first angle, ABE
The hypotenuse and opposite side are given for both triangles, therefore we use the sin function.

In AABE: .
sin ABE — _OPPOStte_
hypotenuse
3
T4
ABE = 48,5903...
=~ 48,6°

Step 3: Use the theorem of Pythagoras to determine BE
In AABE:
BE? = AB? — AE?
_ 42 _ 32
=7
. BE =+/Tcm

Step 4: Find the second angle CBE

In ACBE:
adjacent

hypotenuse

VT

5
=0,52915...

CBE = 58,0519...
~ 58,1°

cosCBE =
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Step 5: Calculate the sum of the angles

ABC = 48,6° + 58,1° = 106,7°

Another application is using trigonometry to find the height of a building. We could use a tape measure
lowered from the roof, but this is impractical (and dangerous) for tall buildings. It is much more sensible to use
trigonometry.

Worked example 3: Finding the height of a building

QUESTION

The given diagram shows a building of unknown height h. We start at point B and walk 100 m away from the
building to point (). Next we measure the angle of elevation from the ground to the top of the building, T, and
find that the angle is 38,7°. Calculate the height of the building, correct to the nearest metre.

o .\38,7°

100 m B
SOLUTION

Step 1: Identify the opposite and adjacent sides and the hypotenuse

We have a right-angled triangle and know the length of one side and an angle. We can therefore calculate the
height of the building.

Step 2:
In AQT B: .
tan 38,7° — CPPOsite
adjacent
_h
~ 100

Step 3: Rearrange and solve for /

h =100 x tan 38,7°
=80,1151...
~ 80

Step 4: Write final answer
The height of the building is 80 m.
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Worked example 4: Angles of elevation and depression

QUESTION

A block of flats is 200 m away from a cellphone tower. Someone stands at B. They measure the angle from
B to the top of the tower (F) to be 34° (the angle of elevation). They then measure the angle from B to the
bottom of the tower (C) to be 62° (the angle of depression).

What is the height of the cellphone tower (correct to the nearest metre)?

» [
B340\

62° ED
00 O
00 O
00 O
00 O
00 O

A
200 m c

Note: diagram not drawn to scale

SOLUTION

Step 1: To determine height C'E, first calculate lengths DE and C'D

ABDE and ABDC are both right-angled triangles. In each of the triangles, the length BD is known. Therefore
we can calculate the sides of the triangles.

Step 2: Calculate CD
The length AC is given. CABD is a rectangle so BD = AC' = 200 m.

In ACBD: o
~ D
tan CBD = 5D
-.CD = BD x tanCBD

= 200 x tan 62°

— 376,1452...
~ 376 m
Step 3: Calculate DE
In ADBE:
- DE
tan DBE = —
an BD

-.DE = BD x tan DBE
= 200 x tan 34°
— 134,9017...
~ 135 m

Step 4: Add the two heights to get the final answer
The height of the tower is: CE = CD + DE =135m+376 m =511 m.
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Worked example 5: Building plan

QUESTION

Mr Nkosi has a garage at his house and he decides to add a corrugated iron roof to the side of the garage. The
garage is 4 m high, and his sheet for the roof is 5 m long. If the angle of the roof is 5°, how high must he build
the wall BD? Give the answer correct to 1 decimal place.

C

Garage
Wall

SOLUTION

Step 1: Identify opposite and adjacent sides and hypotenuse

AABC is right-angled. The hypotenuse and an angle are known therefore we can calculate AC. The height
of the wall BD is then the height of the garage minus AC.

. 5 AC
sin ABC = B0

. AC = BC x sin ABC
= 5sin5°
=0,43577...
~0,4m

.BD=4m-04m
=3,6m

Step 2: Write the final answer
Mr Nkosi must build his wall to be 3,6 m high.

Exercise 11 — 1:

1. A person stands at point A, looking up at a bird sitting on the top of a building, point B.

The height of the building is = meters, the line of sight distance from point A to the top of the building
(point B) is 5,32 meters, and the angle of elevation to the top of the building is 70°.

Calculate the height of the building (x) as shown in the diagram below:

B

B OO

HE E 532
T

HE E

B OO
] 70°
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2. A person stands at point A, looking up at a bird sitting on the top of a pole (point B).

The height of the pole is = meters, point A is 4,2 meters away from the foot of the pole, and the angle of
elevation to the top of the pole is 65°.

Calculate the height of the pole (), to the nearest metre.

B

b /e

4,2 A

3. A boy flying a kite is standing 30 m from a point directly under the kite. If the kite’s string is 50 m long,
find the angle of elevation of the kite.

4. What is the angle of elevation of the sun when a tree 7,15 m tall casts a shadow 10,1 m long?

5. From a distance of 300 m, Susan looks up at the top of a lighthouse. The angle of elevation is 5°.
Determine the height of the lighthouse to the nearest metre.

6. A ladder of length 25 m is resting against a wall, the ladder makes an angle 37° to the wall. Find the
distance between the wall and the base of the ladder to the nearest metre.

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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11.2  Chapter summary EMA7G

® See presentation: 2GPV at www.everythingmaths.co.za

* We can define three trigonometric ratios for right-angled triangles: sine (sin), cosine (cos) and tangent
(tan).

» Trigonometry is used to help us solve problems in two dimensions that involve right-angled triangles,
such as finding the height of a building.

* The angle of elevation is the angle formed by the line of sight and the horizontal plane for an object above
the horizontal plane.

* The angle of depression is the angle formed by the line of sight and the horizontal plane for an object
below the horizontal plane.
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End of chapter Exercise 11 — 2:

1. A ladder of length 15 m is resting against a wall, the base of the ladder is 5 m from the wall. Find the
angle between the wall and the ladder.

2. Captain Jack is sailing towards a cliff with a height of 10 m.
a) The distance from the boat to the bottom of the cliff is 30 m. Calculate the angle of elevation from
the boat to the top of the cliff (correct to the nearest degree).
b) If the boat sails 7 m closer to the cliff, what is the new angle of elevation from the boat to the top of
the cliff?

3. Jim stands at point A at the base of a telephone pole, looking up at a bird sitting on the top of another
telephone pole (point B). The height of each of the telephone poles is 8 meters, and the angle of elevation
from A to the top of B is 45°.

Calculate the distance between the telephone poles (z) as shown in the diagram below:
B

45°
a5 A

4. Alfred stands at point A, looking up at a flag on a pole (point B). Point A is 5,0 meters away from the
bottom of the flag pole, the line of sight distance from point A to the top of the flag pole (point B) is 7,07
meters, and the angle of elevation to the top of the flag pole is z°.

Calculate the angle of elevation to the top of the flag pole (x) as shown in the diagram below:
B

5.0 A

5. A rugby player is trying to kick a ball through the poles. The rugby crossbar is 3,4 m high. The ball is
placed 24 m from the poles. What is the minimum angle he needs to launch the ball to get it over the
bar?

6. The escalator at a mall slopes at an angle of 30° and is 20 m long.

N\
-

Through what height would a person be lifted by travelling on the escalator?
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7. A ladder is 8 metres long. It is leaning against the wall of a house and reaches 6 metres up the wall.

a) Draw a sketch of the situation.
b) Calculate the angle which the ladder makes with the flat (level) ground.

8. Nandi is standing on level ground 70 metres away from a tall tower. From her position, the angle of
elevation of the top of the tower is 38°.

a) Draw a sketch of the situation.
b) What is the height of the tower?

9. The top of a pole is anchored by a 12 m cable which makes an angle of 40 degrees with the horizontal.
What is the height of the pole?

12

40°

.

10. A ship’s navigator observes a lighthouse on a cliff. According to the navigational charts the top of the
lighthouse is 35 metres above sea level. She measures the angle of elevation of the top of the lighthouse
to be 0,7°.

Ships have been advised to stay at least 4 km away from the shore. Is the ship safe?
11. Determine the perimeter of rectangle PQRS:

P Q

S R
12. A rhombus has diagonals of lengths 6 cm and 9 cm. Calculate the sizes of its interior vertex angles.

A B
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13. A rhombus has edge lengths of 7 cm. Its acute interior vertex angles are both 70°. Calculate the lengths
of both of its diagonals.

70°

14. A parallelogram has edge-lengths of 5 cm and 9 cm respectively, and an angle of 58° between them.
Calculate the perpendicular distance between the two longer edges.

9 cm
A B
8° L]

5cm

15. One of the angles of a rhombus with perimeter 20 cm is 30°.

a) Find the lengths the sides of the rhombus.
b) Find the length of both diagonals.

16. Upright sticks and the shadows they cast can be used to judge the sun’s altitude in the sky (the angle the
sun makes with the horizontal) and the heights of objects.

a) An upright stick, 1 metre tall, casts a shadow which is 1,35 metres long. What is the altitude of the
sun?

b) At the same time, the shadow of a building is found to be 47 metres long. What is the height of the
building?

17. The angle of elevation of a hot air balloon, climbing vertically, changes from 25 degrees at 11:00 am to
60 degrees at 11:02 am. The point of observation of the angle of elevation is situated 300 metres away
from the take off point.

a) Draw a sketch of the situation.
b) Calculate the increase in height between 11:00 am and 11:02 am.
18. When the top, T, of a mountain is viewed from point A, 2000 m from the ground, the angle of depression
(a) is equal to 15°. When it is viewed from point B on the ground, the angle of elevation (b) is equal to

10°. If the points A and B are on the same vertical line, find the height, h, of the mountain. Round your
answer to one decimal place.

19. The diagram below shows quadrilateral PQRS, with PQ = 7,5 cm, PS = 6,2 cm, angle R = 42° and
angles S and @ are right angles.
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7,5 cm

90° 42°
Q R

a) Find PR, correct to 2 decimal places.
b) Find the size of the angle marked z, correct to one decimal place.

20. From a boat at sea (5), the angle of elevation of the top of a lighthouse PQ, on a cliff QR, is 27°.
The lighthouse is 10 m high and the cliff top is 75 m above sea level.
How far is the boat from the base of the cliff, to the nearest metre?

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.

1.2GPW  2.2GPX  3.2GPY  4.2GPZ 5.2GQ2  6.2GQ3

7.2GQ4  8.2GQ5  9.2GQ6 10.2GQ7 11.2GQ8  12.2GQ9
13.2GQB  14.2GQC 15.2GQD 16.2GQF 17.2GQG 18.2GQH
19.2GQJ  20.2GQK
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12 Euclidean geometry

Geometry (from the Greek “geo” = earth and “metria” = measure) arose as the field of knowledge dealing
with spatial relationships. Geometry can be split into Euclidean geometry and analytical geometry. Analytical
geometry deals with space and shape using algebra and a coordinate system. Euclidean geometry deals with
space and shape using a system of logical deductions.

12.1  Proofs and conjectures EMA7H

We will now apply what we have learnt about geometry and the properties of polygons (in particular triangles
and quadrilaterals) to prove some of these properties. We will also look at how we can prove a particular
quadrilateral is one of the special quadrilaterals.

VISIT:
This video shows how to prove that the the diagonals of a rhombus are perpendicular.
® See video: 2GQM at www.everythingmaths.co.za

Worked example 1: Proving a quadrilateral is a parallelogram

QUESTION

In parallelogram ABC D, the bisectors of the angles (AW, BX, CY and DZ) have been constructed. You

A~

are also given AB = CD, AD = BC, AB || CD, AD || BC, A= C, B=D. Prove that MNOP is a
parallelogram.

SOLUTION

Step 1: Use properties of the parallelogram ABCD to fill in on the diagram all equal sides and angles.
Step 2: Prove that My = Oy
In ACDZ and AABX,

DCZ =BAX  (given)
151 = Bl (given)
DC = AB (given)
S ACDZ =NABX (AAS)
CZ =AX

and CZD = AXB

12.1. Proofs and conjectures
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In AXAM and AZCO

XAM =Z7ZCO  (given: ACDZ = NABX)
AXM =CZO (proved above)
AX =0CZ (proved above)

LAXAM = AZCO  (AAS)

My, = 01
but My, = M, (vert opp £s =)
and O; =0, (vert opp £s =)
Mg = 02

Step 3: Similarly, we can show that N, = P,
First show AADW = ACBY. Then show APDW = ANBY.

Step 4: Conclusion
Both pairs of opposite angles of M NOP are equal. Therefore M NOP is a parallelogram.

VISIT:
This video shows how to prove that the opposite angles of a parallelogram are equal.
® See video: 2GQN at www.everythingmaths.co.za

Exercise 12 — 1:

1. In the diagram below, AC and EF bisect each other at G. F is the midpoint of AD, and F' is the midpoint
of BC.

a) Prove AECF is a parallelogram.

B F C

b) Prove ABCD is a parallelogram.
2. Parallelogram ABCD and BEFC' are shown below. Prove AD = EF.

A D

3. In the diagram below PQRS is a parallelogram with PQ = T'Q. Prove Q; = R

Chapter 12. Euclidean geometry
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4. Study the quadrilateral ABCD with opposite angles A = C' = 108° and angles B = D = 72° carefully.
Fill in the missing reasons and steps to prove that the quadrilateral ABC'D is a parallelogram.

B C
Steps Reasons
790 T A given both /’s = 108°
108° ABC = ADC given both/’s = 72°

A+B+C+ D =360° sum of /s in quad
BAD + ADC = 180° given 108° + 72° = 180°

108° 790 S.AB || DC ?
-.BC || AD ?
.. ABCD is a parallelogram | opp sides of quad ||

A D

5. Study the quadrilateral Q RST with opposite angles @ = S = 124° and angles R = T = 56° carefully.
Fill in the missing reasons and steps to prove that the quadrilateral Q RST is a parallelogram.

R S
56°
124°
124° 56

Q T
Steps Reasons
RQT = RST given both /s = 124°
? given both /s = 56°

Q+R+S8+T=360°|7
ROT + QTS =180° | ?

QR TS co-int Zs; QR || T'S
SRS || QT co-int Zs; RS || QT
? opp sides of quad ||

6. a) Quadrilateral QRST with sides QR || T'S and QT || RS is given. You are also given that: Q=y
and S = 34°; QT'R = x and RT'S = 41°. Prove that QRST is a parallelogram.

12.1. Proofs and conjectures




b) Find the value of y.
¢) Find the value of z.

7. ) Quadrilateral XWVU with sides XW || UV and XU || WV is given. Also given is X =yand
V =36°% XUW = 102° and WUV = x. Prove that XW VU is a parallelogram.

b) Determine the value of y.
c) Determine the value of z.

8. In parallelogram ADBC, the bisectors of the angles (A, D, B, C) have been constructed, indicated with
the red lines below. You are also given AD = CB, DB = AC, AD || CB, DB || AC, A = B and
D=C.

Prove that the quadrilateral M NOP is a parallelogram.
Note the diagram is drawn to scale.

Chapter 12. Euclidean geometry




9. Study the diagram below; it is not necessarily drawn to scale. Two triangles in the figure are congruent:
AQRS = AQPT. Additionally, SN = SR. You need to prove that NPT'S is a parallelogram.

N

T

10. Study the diagram below; itis not necessarily drawn to scale. Quadrilateral XW ST is a parallelogram and
TV and XW have lengths b and 2b, respectively, as shown. You need to prove that ATVU = ASVWV.

w 2b X

U

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise  Maths'.

1.2GQP  2.2GQQ 3.2GQR  4.2GQS 5.2GQT 6.2GQV
7.2GQW  8.2GQX 9.2GQY 10. 2GQZ
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12.2  Chapter summary EMA7)

® See presentation: 2GR2 at www.everythingmaths.co.za

* A quadrilateral is a closed shape consisting of four straight line segments.
e A parallelogram is a quadrilateral with both pairs of opposite sides parallel.

— Both pairs of opposite sides are equal in length.
— Both pairs of opposite angles are equal.
— Both diagonals bisect each other.

s A rectangle is a parallelogram that has all four angles equal to 90°

Both pairs of opposite sides are parallel.

Both pairs of opposite sides are equal in length.

The diagonals bisect each other.

The diagonals are equal in length.
All interior angles are equal to 90°

* A rhombus is a parallelogram that has all four sides equal in length.

Both pairs of opposite sides are parallel.

All sides are equal in length.

Both pairs of opposite angles are equal.

The diagonals bisect each other at 90°

The diagonals of a rhombus bisect both pairs of opposite angles.

* A square is a rhombus that has all four interior angles equal to 90°

Both pairs of opposite sides are parallel.

The diagonals bisect each other at 90°

All interior angles are equal to 90°

The diagonals are equal in length.

The diagonals bisect both pairs of interior opposite angles (i.e. all are 45°)

e A trapezium is a quadrilateral with one pair of opposite sides parallel.
» A kite is a quadrilateral with two pairs of adjacent sides equal.

One pair of opposite angles are equal (the angles are between unequal sides).

The diagonal between equal sides bisects the other diagonal.

The diagonal between equal sides bisects the interior angles.

The diagonals intersect at 90°

* The mid-point theorem: The line joining the mid-points of two sides of a triangle is parallel to the third
side and equal to half the length of the third side.

VISIT:
This video shows how to prove that the opposite sides of a parallelogram are equal.
® See video: 2GR3 at www.everythingmaths.co.za

Chapter 12. Euclidean geometry
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End of chapter Exercise 12 — 2:

1. ABCD is a rhombus with AM = MO and AN = NO. Prove ANOM is also a rhombus.

A 2 } B

D =0/
2. ABCD is a parallelogram with diagonal AC'. Given that AF = HC, show that:

A B

a) AAFD = ACHB
b) DF | HB
c¢) DFBH is a parallelogram

3. Given parallelogram ABC'D with AE bisecting A and FC bisecting C.

A a7 B

D E c

a) Write all interior angles in terms of y.
b) Prove that AFCE is a parallelogram.

4. Giventhat WZ = ZY =YX, W = X and WX || ZY, prove that:

w X

a) XZ bisects X
b) WY =XZ

12.2. Chapter summary




5. D is a point on BC, in AABC. N is the mid-point of AD. O is the mid-point of AB and M is the
mid-point of BD. NR || AC.

a) Prove that OBM N is a parallelogram.
b) Prove that BC' = 2M R.

6. In AMNP, M = 90°, S is the mid-point of M N and T is the mid-point of NR.
M

N U P

a) Prove U is the mid-point of N P.

b) If ST = 4 cm and the area of ASNT is 6 cm?, calculate the area of AMNR.

c) Prove that the area of AM N R will always be four times the area of ASNT, let ST = x units and
SN = y units.

7. ) Given quadrilateral QRST with sides QR || T'S and QT' || RS. Also given: Q =yand S = 63°
QTR = 38° and RT'S = . Complete the proof below to prove that QRST is a parallelogram.

v

Steps Reasons

QTR =TRS alt Zs; QT | RS
STR = QRT alt Zs; QR || T'S

? ?

. AQRT = ASTR (AAS)

? congruent triangles
Q=S5 congruent triangles
. QRST is a parallelogram | ?

b) Calculate the value of y.
c) Calculate the value of z.

Chapter 12. Euclidean geometry




8. Study the quadrilateral QRST with opposite angles Q = S = 117° and angles R = T' = 63° carefully.
Fill in the correct reasons or steps to prove that the quadrilateral QRST is a parallelogram.

R S
63°
117°
117° 63
Q T

Steps Reasons
/ given both /s = 117°
QRS = QTS given both /s = 63°
? sum of Zs in quad
RQT + QTS = 180° 117° + 63° = 180°
QR TS co-int Zs; QR || T'S
SRS || QT ?
.. QRST is a parallelogram | ?

9. Study the quadrilateral QRST with Q = S = 149° and R = T' = 31° carefully. Fill in the correct reasons
or steps to prove that the quadrilateral QRST is a parallelogram.

R S
31°
149°
149°
31°
Q T
Steps Reasons
RQT = RST given both /s = 149°
QRS =QTS ?
Q+R+S+T =360° sum of Zs in quad
RQT + QTS = 180° ?
? co-int Zs; QR || T'S
? co-int Zs; RS || QT
.. QRST is a parallelogram | opp. sides are parallel

10. In parallelogram QT RS, the bisectors of the angles have been constructed, indicated with the red lines
below. You are also given QT = SR, TR = QS, QT | SR, TR || QS, Q = Rand T = S.

Prove that the quadrilateral JK LM is a parallelogram.
Note the diagram is drawn to scale.
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R

11. Study the diagram below; it is not necessarily drawn to scale. Two triangles in the figure are congruent:
ACDE = ACBF. Additionally, EA = ED. You need to prove that ABFE is a parallelogram.

B

12. Given the following diagram:

a) Show that BC'DF is a parallelogram.
b) Show that ADCF is a parallelogram.
c) Prove that AE = EC.

Chapter 12. Euclidean geometry




13. ABCD is a parallelogram. BEFC'is a parallelogram. ADEF is a straight line. Prove that AE = DF.

A B
D C
E
F

14. In the figure below AB = BF, AD = DE. ABCD is a parallelogram. Prove E'F is a straight line.

B F
A
D
@
E
For more exercises, visit www.everythingmaths.co.za and «click on ’Practise
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13  Measurements

Knowing how to calculate the surface area and volume
of an object can be useful in many contexts, particularly
when we need to know how much a task is going to cost
or how much material is needed to create an object.
Some examples of this are calculating the surface area of
a container, to help us work out the cost of the material,
or calculating the volume of a dam, so we know how
much water the dam can hold.

This chapter examines the surface areas and volumes of
three dimensional objects, otherwise known as solids.
In order to work with these objects, you need to know Figure 13.1: A tennis court. The position of each of the lines
how to calculate the surface area and perimeter of two is carefully calculated to ensure that the area of the rectangles
dimensional shapes. is the same anywhere in the world.

VISIT:

To revise how to calculate the area and perimeter of squares and rectangles you can watch the video below.
® See video: 2GRM at www.everythingmaths.co.za

13.1  Area of a polygon

DEFINITION: Area

Area is the two dimensional space inside the boundary of a flat object. It is measured in square units.

Name Shape Formula
S
-
Square $ area (A) = s2
h
-
Rectangle b area (A) =bx h
/\
1
Triangle b area (A) = 2b x h

Trapezium b area (A) = 3 (a+b) x h
n
1
Parallelogram b area (A)=bx h
Circle area (A) = 772 (circumference = 277)

13.1. Area of a polygon
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DID YOU KNOW?
The acre and the hectare are two common measurements used for the area of land. One hectare is about 0,01

square kilometres and one acre is about 0,004 square kilometres.

VISIT:
The video below shows some examples of calculations involving the area of a circle.
® See video: 2GRN at www.everythingmaths.co.za

Worked example 1: Finding the area of a polygon

QUESTION

Find the area of the following parallelogram:

A 3 mm

SOLUTION

Step 1: Find the height BE

AB? = BE? + AE? Pythagoras
.. BE? = AB?® — AE?

:52_32
=16
.BE =4 mm

Step 2: Find the area using the formula for a parallelogram

area=b x h
= AD x BE
=T7x4

= 28 mm?

VISIT:
The following Phet simulation allows you to build different shapes and calculate the area and perimeter for the

shapes: Phet: area builder.

Chapter 13. Measurements
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Exercise 13 — 1:

1. Find the area of each of the polygons below:

a)
5cm i
10 cm
b)
[ ]
5cm
10 cm
)
d)
7 cm 3 cm
3 5 cm
e)
A
m‘
12 cm 8 cm
f)
6 cm
5cm
g)

13.1. Area of a polygon




9 cm 21 cm

2. a) Find an expression for the area of this figure in terms of z and 7. The circle has a radius of —3z — 2.
Write your answer in expanded form (not factorised).

b) Find an expression for the area of this figure in terms of z and h. The height of the figure is h, and
two sides are labelled as —3z — 2 and —z. Write your answer in expanded form (not factorised).

—3z2—2

h
r‘

—z

3. a) Find an expression for the area of this figure in terms of z and «. The circle has a radius of x + 4.
Write your answer in expanded form (not factorised).

b) Find an expression for the area of this figure in terms of 2 and h. The height of the figure is h, and
two sides are labelled as = + 4 and —3z. Write your answer in expanded form (not factorised).

T+ 4

h

-

—3z

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise  Maths'.

la. 2GRP  1b. 2GRQ 1c. 2GRR 1d. 2GRS 1e. 2GRT 1f. 2GRV
1g. 2GRW  1h. 2GRX 2. 2GRY  3.2GRZ
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13.2  Right prisms and cylinders

A triangular prism has a triangle as its base, a rectangular prism has a rectangle as its base, and a cube is a
rectangular prism with all its sides of equal length. A cylinder has a circle as its base. Examples of right prisms
and a cylinder are given below: a rectangular prism, a cube and a triangular prism.

Surface area of prisms and cylinders

This is easier to understand if we imagine the prism to be a cardboard box that we can unfold. A solid that is
unfolded like this is called a net. When a prism is unfolded into a net, we can clearly see each of its faces. In
order to calculate the surface area of the prism, we can then simply calculate the area of each face, and add
them all together.

For example, when a triangular prism is unfolded into a net, we can see that it has two faces that are triangles
and three faces that are rectangles. To calculate the surface area of the prism, we find the area of each triangle
and each rectangle, and add them together.

In the case of a cylinder the top and bottom faces are circles and the curved surface flattens into a rectangle
with a length that is equal to the circumference of the circular base. To calculate the surface area we therefore
find the area of the two circles and the rectangle and add them together.

13.2. Right prisms and cylinders
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Below are examples of right prisms and a cylinder that have been unfolded into nets:
Rectangular prism

¥ ™

A rectangular prism unfolded into a net is made up of six rectangles.

& =

A cube unfolded into a net is made up of six identical squares.

Cube

Triangular prism

=

A triangular prism unfolded into a net is made up of two triangles and three rectangles. The sum of the lengths
of the rectangles is equal to the perimeter of the triangles.

Cylinder

@ )

O

A cylinder unfolded into a net is made up of two identical circles and a rectangle with a length equal to the
circumference of the circles.

Chapter 13. Measurements




VISIT:
This video explains how we can unfold solids into nets.
® See video: 2GS2 at www.everythingmaths.co.za

Worked example 2: Finding the surface area of a rectangular prism

QUESTION

Find the surface area of the following rectangular prism:

'

5 cm 10 cm
SOLUTION
Step 1: Sketch and label the net of the prism
5 cm
2 cm 2 cm 5cm

10 cm

Step 2: Find the areas of the different shapes in the net

large rectangle = perimeter of small rectangle x length
= (2+5+2+5)x10
=14 x 10
= 140 cm?

2 x small rectangle = 2 (5 x 2)
= 2(10)

=20 cm?
Step 3: Find the sum of the areas of the faces
large rectangle + 2 x small rectangle = 140 + 20 = 160

Step 4: Write the final answer
The surface area of the rectangular prism is 160 cm?.

13.2. Right prisms and cylinders
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Worked example 3: Finding the surface area of a triangular prism

QUESTION

Find the surface area of the following triangular prism:

SOLUTION

Step 1: Sketch and label the net of the prism

|
|
|
|
|
|
:
| 8 cm
|
|
|
|
|
|
|
|

Step 2: Find the area of the different shapes in the net
To find the area of the rectangle, we need to calculate its length, which is equal to the perimeter of the triangles.

To find the perimeter of the triangle, we have to first find the length of its sides using the theorem of Pythagoras:

Chapter 13. Measurements




8\ 2
2 2

:3 —
T —|—<2>

22 =3%24+42
=25
S.x=5cm

.. perimeter of triangle =5 + 5 + 8
=18 cm

.. area of large rectangle = perimeter of triangle x length
=18 x 12

=216 cm?

1
area of triangle = §b x h

—1><8><3
2

=12 cm?

Step 3: Find the sum of the areas of the faces

surface area = area large rectangle + (2 x area of triangle)
=216 +2(12)
= 240 cm?

Step 4: Write the final answer
The surface area of the triangular prism is 240 cm?.

Worked example 4: Finding the surface area of a cylinder

QUESTION

Find the surface area of the following cylinder (correct to 1 decimal place):

30 cm

13.2. Right prisms and cylinders




SOLUTION

Step 1: Sketch and label the net of the cylinder

10 cm

30 cm

Step 2: Find the area of the different shapes in the net

area of large rectangle = circumference of circle x length
=27r X [
= 27 (10) x 30
= 1884,9555... cm?
area of circle = 772
= m(10)?
=314,1592... cm?

surface area = area large rectangle + (2 x area of circle)

— 1884,9555... + 2(314,1592...)
= 2513,3 cm?

Step 3: Write the final answer
The surface area of the cylinder is 2513,3 cm?.

Exercise 13 — 2:

1. Calculate the surface area of the following prisms:

<>

10 cm

a)

6 cm 7 cm

Chapter 13. Measurements




o)
5 cm
d)
ap
(=2
e)

13.2. Right prisms and cylinders




2. If a litre of paint covers an area of 2 m2, how much paint does a painter need to cover:

a) a rectangular swimming pool with dimensions 4 m x 3 m x 2,5 m (the inside walls and floor only);
b) the inside walls and floor of a circular reservoir with diameter 4 m and height 2,5 m.

25 m
For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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Volume of prisms and cylinders EMA7P

DEFINITION: Volume

Volume is the three dimensional space occupied by an object, or the contents of an object. It is measured in
cubic units.

The volume of right prisms and cylinders is simply calculated by multiplying the area of the base of the solid
by the height of the solid.

VISIT:
The video below shows several examples of calculating the volume of a right prism.
® See video: 2GSB at www.everythingmaths.co.za
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h
l
E E Volume = area of base x height

Rectangular prism b = area of rectangle x height
=Ilxbxh
Q H Volume = area of base x height
Triangular prism b = area of triangle x height
= (bxh)x H

w Volume = area of base x height
Cylinder = area of circle x height

=7mr2 xh

Worked example 5: Finding the volume of a cube

QUESTION

Find the volume of the following cube:

3 cm
SOLUTION
Step 1: Find the area of the base
area of square = s>
=32
=9 cm?

13.2. Right prisms and cylinders




Step 2: Multiply the area of the base by the height of the solid to find the volume

volume = area of base x height
=9x3

=27 cm?

Step 3: Write the final answer
The volume of the cube is 27 cm?.

Worked example 6: Finding the volume of a triangular prism

QUESTION

Find the volume of the triangular prism:

20 cm

N
8 cm

SOLUTION

Step 1: Find the area of the base

1
area of triangle = §b x h

:(%x8)x10

= 40 cm?
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Step 2: Multiply the area of the base by the height of the solid to find the volume

volume = area of base x height
1
=—-bxhxH
50X hx

=40 x 20
= 800 cm?

Step 3: Write the final answer
The volume of the triangular prism is 800 cm?.

Worked example 7: Finding the volume of a cylinder

QUESTION

Find the volume of the following cylinder (correct to 1 decimal place):

15 cm

SOLUTION

Step 1: Find the area of the base
area of circle = 772
= m(4)”

= 167 cm?

Step 2: Multiply the area of the base by the height of the solid to find the volume
volume = area of base x height
=7r?xh
=167 x 15
~ 754,0 cm?

Step 3: Write the final answer
The volume of the cylinder is 754,0 cm?®.

13.2. Right prisms and cylinders




Exercise 13 — 3:

1. Calculate the volumes of the following prisms (correct to 1 decimal place):

a)
10 cm
6 cm 7 cm
b)
5 20 cm
10 c
)

.10 Cm

2. The figure here is a triangular prism. The height of the prism is 7 units; the triangles, which both contain
right angles, have sides which are 2, v/21 and 5 units long. Calculate the volume of the figure. Round to
two decimal places if necessary.

V21

2
|
|
!
|
|
|
!
!
!
|
|
|

5

e

3. The figure here is a rectangular prism. The height of the prism is 12 units; the other dimensions of the
prism are 11 and 8 units. Find the volume of the figure.
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12

4. The picture below shows a cylinder. The height of the cylinder is 11 units; the radius of the cylinder is
r = 4 units. Determine the volume of the figure. Round your answer to two decimal places.

11 cm

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise  Maths'.
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13.3 Right pyramids, right cones and spheres EMA7Q

DEFINITION: Pyramid

A pyramid is a geometric solid that has a polygon as its base and faces that converge at a point called the apex.
In other words the faces are not perpendicular to the base.

The triangular pyramid and square pyramid take their names from the shape of their base. We call a pyramid a
“right pyramid” if the line between the apex and the centre of the base is perpendicular to the base. Cones are
similar to pyramids except that their bases are circles instead of polygons. Spheres are solids that are perfectly
round and look the same from any direction.

Examples of a square pyramid, a triangular pyramid, a cone and a sphere:
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Surface area of pyramids, cones and spheres EMA7R

O Surface area = area of base +

Square pyramid b area of triangular sides
quare py =% + 4 (Lbhy)

=b(b+ 2hs)

Surface area = area of base +
Triangular pyramid b area of triangular sides
= g%b x hy) +3(3b x hy)
50 (hy + 3hy)

Surface area = area of base +
area of walls

Right cone —nr? 1 2k
=ar(r+h)
Sphere Surface area = 472
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Worked example 8: Finding the surface area of a triangular pyramid

QUESTION

Find the surface area of the following triangular pyramid (correct to one decimal place):

SOLUTION

Step 1: Find the area of the base
area of base triangle = 1bh,,

To find the height of the base triangle (h;) we use the theorem of Pythagoras:

6% =32+ h;
Shy =62 32
=3V3
*. area of base triangle = % X 6 x 3v/3
= 9v3 cm?

Step 2: Find the area of the sides

area of sides = 3 (% X b x hs>

1
=3(-x6x10
(019

=90 cm?

13.3. Right pyramids, right cones and spheres




Step 3: Find the sum of the areas

9v/3 + 90 = 105,6 cm?

Step 4: Write the final answer
The surface area of the triangular pyramid is 105,6 cm?2.

Worked example 9: Finding the surface area of a cone

QUESTION

Find the surface area of the following cone (correct to 1 decimal place):

SOLUTION

Step 1: Find the area of the base

area of base circle = 7r?

=7 x4?
= 167

Step 2: Find the area of the walls

area of sides = wrh

To find the slant height, h, we use the theorem of Pythagoras:
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]
4 cm
h? = 42 + 142
o h= /42 + 142
= 2v53 cm

1
area of walls = 527rrh

= (4) (2\/5)
= 87v/53 cm?

Step 3: Find the sum of the areas

total surface area = 167 + 87V 53
= 233,2 cm?

Step 4: Write the final answer
The surface area of the cone is 233,2 cm?.

Worked example 10: Finding the surface area of a sphere

QUESTION

Find the surface area of the following sphere (correct to 1 decimal place):

13.3. Right pyramids, right cones and spheres




SOLUTION

surface area of sphere = 4772
= 47 (5)?
= 1007
= 314,2 cm?

Worked example 11: Examining the surface area of a cone

QUESTION

If a cone has a height of h and a base of radius 7, show that the surface area is: 7% 4+ 7rv/72 + h2

SOLUTION

Step 1: Sketch and label the cone

Step 2: Identify the faces that make up the cone

The cone has two faces: the base and the walls. The base is a circle of radius r and the walls can be opened
out to a sector of a circle:

27r = circumference

This curved surface can be cut into many thin triangles with height close to a (where a is the slant height). The
area of these triangles or sectors can be summed as follows:

1
Area of sector = 3 X base x height (of a small triangle)

1
= — X 27r X
5 ™ X a

= Tra
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Step 3: Calculate a
a can be calculated using the theorem of Pythagoras:

a=+\r2+h?

Step 4: Calculate the area of the circular base (4;)

Ap = mr?

Step 5: Calculate the area of the curved walls (4,,)

A, =T7ra

=qr\/r2 + h2

Step 6: Find the sum of the areas A
A=Ay + A,

= 71?2 + wry/r2 4 h2

=7r7"(r—|— r2+h2)

Exercise 13 — 4:

1. Find the total surface area of the following objects (correct to 1 decimal place if necessary):

a)

Right pyramids, right cones and spheres




6 cm

2. The figure here is a cone. The vertical height of the cone is H = 9,16 units and the slant height of the
cone is h = 10 units; the radius of the cone is shown, » = 4 units. Calculate the surface area of the
figure. Round your answer to two decimal places.
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3. The figure here is a sphere. The radius of the sphere is » = 8 units. Calculate the surface area of the
figure. Round your answer to two decimal places.

4. The figure here shows a pyramid with a square base. The sides of the base are each 7 units long. The
vertical height of the pyramid is 9,36 units, and the slant height of the pyramid is 10 units. Determine
the surface area of the pyramid.

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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Volume of pyramids, cones and spheres

EMA7S

Square pyramid

Volume = % x area of basex
height of pyramid
=1xb?xH

Triangular pyramid

~—

= 1 x area of basex

height of pyramid

=1 x 1bh x H

Volume

Right cone

= 1 x area of base x

height of cone

=ixm?xH

Volume

Sphere

Volume = 3773

VISIT:

This video gives an example of calculating the volume of a sphere.
® See video: 2GST at www.everythingmaths.co.za

Worked example 12: Finding the volume of a square pyramid

QUESTION

Find the volume of a square pyramid with a height of 3 cm and a side length of 2 cm.
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SOLUTION

Step 1: Sketch and label the pyramid

J/ _r

Step 2: Select the correct formula and substitute the given values
We are given b = 2 and H = 3, therefore:

1
V==xbbxH
3
V—1x22><3
3
1
— - x12
3 %
=4 cm?

Step 3: Write the final answer
The volume of the square pyramid is 4 cm?3.

Worked example 13: Finding the volume of a triangular pyramid

QUESTION

Find the volume of the following triangular pyramid (correct to 1 decimal place):

13.3. Right pyramids, right cones and spheres




SOLUTION

Step 1: Sketch the base triangle and calculate its area

4 cm

The height of the base triangle (hy) is:

82 =42+ h}
L hy = /82 — 42
=4v3 cm

The area of the base triangle is:

1
area of base triangle = §b X hy

:%x8x4\/§
= 16v/3 cm?

Step 2: Sketch the side triangle and calculate pyramid height A
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122 = 2v3° + H?
H? =130
. H =+v130 cm

Step 3: Calculate the volume of the pyramid

1 1
V_§X§bhbXH

1
=3 % 16v/3 x V130
= 105,3 cm?®

Step 4: Write the final answer
The volume of the triangular pyramid is 105,3 cm3.

Worked example 14: Finding the volume of a cone

QUESTION

Find the volume of the following cone (correct to 1 decimal place):

SOLUTION

Step 1: Find the area of the base

area of circle = 7r

T x 32

= 97 cm?

13.3. Right pyramids, right cones and spheres




Step 2: Calculate the volume

1
V:§X7TT2XH

1
=§><97T><11

=103,7 cm?®

Step 3: Write the final answer
The volume of the cone is 103,7 cm3.

Worked example 15: Finding the volume of a sphere

QUESTION

Find the volume of the following sphere (correct to 1 decimal place):

SOLUTION

Step 1: Use the formula to find the volume

4 4
volume = gw

= %%(4)3

= 268,1 cm®

Step 2: Write the final answer
The volume of the sphere is 268,1 cm?.
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Worked example 16: Finding the volume of a complex object

QUESTION

A triangular pyramid is placed on top of a triangular prism, as shown below. The base of the prism is an
equilateral triangle of side length 20 cm and the height of the prism is 42 cm. The pyramid has a height of
12 cm. Calculate the total volume of the object.

12 Cmﬂ

42 cm

SOLUTION

Step 1: Calculate the volume of the prism
First find the height of the base triangle using the theorem of Pythagoras:

Next find the area of the base triangle:

1
area of base triangle = 3 X 20 x 10v/3
= 100v/3 cm?

13.3. Right pyramids, right cones and spheres




Now we can find the volume of the prism:

.. volume of prism = area of base triangle x height of prism
=100v/3 x 42
= 4200v/3 cm?

Step 2: Calculate the volume of the pyramid
The area of the base triangle is equal to the area of the base of the pyramid.

1
.. volume of pyramid = 3 (area of base) x H

1
=5 X 100V/3 x 12
= 400v3 cm?

Step 3: Calculate the total volume

total volume = 4200v/3 + 400v/3
= 46003
= 79674 cm®
Therefore the total volume of the object is 79674 cm?.

Worked example 17: Finding the surface area of a complex object

QUESTION

With the same complex object as in the previous example, you are given the additional information that the
slant height ks = 13,3 cm. Now calculate the total surface area of the object.

SOLUTION

Step 1: Calculate the surface area of each exposed face of the pyramid

1
area of one pyramid face = §b X hg
1
=—-x20x 13,3
5 X 2013,
=133 cm?

Because the base triangle is equilateral, each face has the same base, and therefore the same surface area.
Therefore the surface area for each face of the pyramid is 133 cm?2.

Step 2: Calculate the surface area of each side of the prism
Each side of the prism is a rectangle with base b = 20 cm and height h, = 42 cm.
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area of one prism side = b x h,,
=20 x 42
= 840 cm®

Because the base triangle is equilateral, each side of the prism has the same area. Therefore the surface area
for each side of the prism is 840 cm?.

Step 3: Calculate the total surface area of the object

total surface area =area of base of prism + area of sides of prism -+ area of exposed faces of pyramid
— (100v/3) + 3 (340) + 3.(133)
=3092,2 cm?

Therefore the total surface area (of the exposed faces) of the object is 3092,2 cm?.

VISIT:

This video shows an example of calculating the volume of a complex object.
® See video: 2GSV at www.everythingmaths.co.za

Exercise 13 — 5:

1. The figure below shows a sphere. The radius of the sphere is » = 8 units. Determine the volume of the
figure. Round your answer to two decimal places.

2. The figure here is a cone. The vertical height of the cone is H = 7 units and the slant height is h = 7,28

units; the radius of the cone is shown, » = 2 units. Calculate the volume of the figure. Round your
answer to two decimal places.

13.3. Right pyramids, right cones and spheres
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3. The figure here is a pyramid with a square base. The vertical height of the pyramid is H = 8 units and
the slant height is h = 8,94 units; each side of the base of the pyramid is b = 8 units. Round your answer
to two decimal places.

4. Find the volume of the following objects (round off to 1 decimal place if needed):

a)

Chapter 13. Measurements




6 cm

6. Calculate the following properties for the pyramid shown below. Round your answers to two decimal
places.

a) Surface area
b) Volume

13.3. Right pyramids, right cones and spheres




7. The solid below is made up of a cube and a square pyramid. Find its volume and surface area (correct
to 1 decimal place):

11 cm

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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13.4 The effect of multiplying a dimension by a factor of &

When one or more of the dimensions of a prism or cylinder is multiplied by a constant, the surface area and

volume will change. The new surface area and volume can be calculated by using the formulae from the
preceding section.

It is possible to see a relationship between the change in dimensions and the resulting change in surface area

and volume. These relationships make it simpler to calculate the new volume or surface area of an object when
its dimensions are scaled up or down.

Consider a rectangular prism of dimensions [, b and h. Below we multiply one, two and three of its dimensions
by a constant factor of 5 and calculate the new volume and surface area.

Dimensions Volume Surface
e V =Iixbxh A =2[Ixh)+(Ixb)+(bxh)]
Original dimensions — Ibh — 2(Ih + lb+ bh)
Nult
I

Vi =1xbx5h
. . . B Ay =2[(l x 5h) 4+ (I x b) + (b x 5h)]
Multiply one dimension by 5 - g‘(flbh) — 9(5lh + Ib + 5bh)
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Dimensions Volume Surface

Vo =5lxbx5h
. . . B Ay =2[(5l x bh) + (51 x b) + (b x 5h)]
Multiply two dimensions by 5 = 5.5 (Ibh) — 9% 5(5lh + Ib+ bh)

=5 xV

51

As = 2[(5l x bh) 4 (5] x b5b) + (5b x 5h)]
=2 (5%lh 4 5%lb + 5°bh)
=52 x 2(lh + Ib+ bh)
=524

V3 =5l x5bx 5h
Multiply all three dimensions by = 53 (Ibh)
5 =5V

;
':::::o
i

7
y

5h

Ve =kixkbxkh | A = 2[(kl x kh) + (ki x kb) + (kb x kh)]
= k3 (Ibh) = k2 x 2(Ih + Ib+ bh)
= K3V = k2A

Worked example 18: Calculating the new dimensions of a rectangular prism

QUESTION

Consider a rectangular prism with a height of 4 cm and base lengths of 3 cm.

< >

4 cm

3 cm 3 cm

1. Calculate the surface area and volume.

2. Calculate the new surface area (A,) and volume (V;,) if the base lengths are multiplied by a constant
factor of 3.

3. Express the new surface area and volume as a factor of the original surface area and volume.
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SOLUTION

Step 1: Calculate the original volume and surface area

V=Ixbxh
=3x3x4

=36 cm?®

A=2[Ixh)+ (I xb)+ (bxh)
=2[3x4)+ (3x3)+(3x4)]
= 66 cm?

Step 2: Calculate the new volume and surface area
Two of the dimensions are multiplied by a factor of 3.

V,=3lx3bxh
=3(3) x 3(3) x 4
=324 cm?

A, =2[(3l x h) + (31 x 3b) + (3b x h)]

=2[(3(3) x 4) + (3(3) x 3(3)) + (3(3) x 4)]
=306 cm?

Step 3: Express the new dimensions as a factor of the original dimensions

V =36
V, =324
Vo _ 32
V36
V=9V
=32V
A =66
A, = 306
An _ 306
A 66
306
A, ="A
66
51
="A
11
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Worked example 19: Multiplying the dimensions of a rectangular prism by &

QUESTION

Prove that if the height of a rectangular prism with dimensions I, b and h is multiplied by a constant value of
k, the volume will also increase by a factor k.

SOLUTION

Step 1: Calculate the original volume
We are given the original dimensions [, b and i and so the original volume is V' =1 x b x h.

Step 2: Calculate the new volume
The new dimensions are [, b, and kh and so the new volume is:
Vi, =1 xbx (kh)
= k (Ibh)
=kV

Step 3: Write the final answer

If the height of a rectangular prism is multiplied by a constant &, then the volume also increases by a factor of
k.

Worked example 20: Multiplying the dimensions of a cylinder by &

QUESTION

Consider a cylinder with a radius of  and a height of 4. Calculate the new volume and surface area (expressed
in terms of r and h) if the radius is multiplied by a constant factor of k.

454 13.4. The effect of multiplying a dimension by a factor of k




SOLUTION

Step 1: Calculate the original volume and surface area

V=mr?xh
A =nr? + 2nrh

Step 2: Calculate the new volume and surface area
The new dimensions are kr and h.

Vp, =m(kr)®> x h
= wk?r? x h
= k2 x r2h

=KV

A, = m(kr)? + 27 (kr) h
= 1k*r? 4 2wkrh
= k? (7r?) + k (27rh)

Exercise 13 — 6:

1. If the length of the radius of a circle is a third of its original size, what will the area of the new circle be?

2. If the length of the base’s radius and height of a cone is doubled, what will the surface area of the new
cone be?

3. If the height of a prism is doubled, how much will its volume increase by?
4. Describe the change in the volume of a rectangular prism if the:

a) length and breadth increase by a constant factor of 3.
b) length, breadth and height are multiplied by a constant factor of 3.
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5. If the length of each side of a triangular prism is quadrupled, what will the volume of the new triangular
prism be?

Q
) H

6. Given a prism with a volume of 493 cm? and a surface area of 6007 cm?, find the new surface area and
volume for a prism if all dimensions are increased by a constant factor of 4.

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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13.5 Chapter summary EMA7V

® See presentation: 2GTH at www.everythingmaths.co.za
¢ Area is the two dimensional space inside the boundary of a flat object. It is measured in square units.
¢ Area formulae:

— square: s>

rectangle: b x h

triangle: 1b x h

trapezium: 3 (a +b) x h

parallelogram: b x h
2

circle: mr

¢ A right prism is a geometric solid that has a polygon as its base and vertical sides perpendicular to the
base. The base and top surface are the same shape and size. It is called a “right” prism because the
angles between the base and sides are right angles.

¢ A triangular prism has a triangle as its base, a rectangular prism has a rectangle as its base, and a cube is
a rectangular prism with all its sides of equal length. A cylinder is another type of right prism which has
a circle as its base.

¢ Surface area is the total area of the exposed or outer surfaces of a prism.
¢ A net is the unfolded “plan” of a solid.

¢ Volume is the three dimensional space occupied by an object, or the contents of an object. It is measured
in cubic units.

¢ Volume formulae for prisms and cylinders:

Volume of a rectangular prism: [ x b x

Volume of a triangular prism: (3b x h) x H
Volume of a square prism or cube: s3

Volume of a cylinder: 712 x h

13.5. Chapter summary
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* A pyramid is a geometric solid that has a polygon as its base and sides that converge at a point called the
apex. The sides are not perpendicular to the base.

* The triangular pyramid and square pyramid take their names from the shape of their base. We call a
pyramid a “right pyramid” if the line between the apex and the centre of the base is perpendicular to the
base. Cones are similar to pyramids except that their bases are circles instead of polygons. Spheres are
solids that are perfectly round and look the same from any direction.

* Surface area formulae for right pyramids, right cones and spheres:

square pyramid: b (b + 2h)

triangular pyramid: 1b (h, + 3h,)

right cone: 7r (r + hs)

sphere: 4712

* Volume formulae for right pyramids, right cones and spheres:

square pyramid: 1 x b x H

triangular pyramid: £ x $bh x H
right cone: 1 x mr? x H

. 4.3
sphere: 377

* Multiplying one or more dimensions of a prism or cylinder by a constant k affects the surface area and
volume.

End of chapter Exercise 13 — 7:

1. Find the area of each of the shapes shown. Round your answer to two decimal places if necessary.

a)
f
+ +5 cm
f
15 cm
b)
)
Il
T
I
I
|
: 14 cm
I
|
I
[ f
8 cm 14 cm
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2. a) Find an expression for the area of this figure in terms of . The dimensions of the figure are labelled
—5y and —3y + 2. Write your answer in expanded form (not factorised).

—3y+2

1>

|
t
<

b) Find an expression for the area of this figure in terms of y. The figure has dimensions of —5y and
—3y + 2, as labelled. Write your answer in expanded form (not factorised).

/N
-

_5y

3. The figure here is a triangular prism. The height of the prism is 12 units; the triangles, which are both
right triangles, have sides which are 5, 12 and 13 units long. Find the surface area of the figure.

12

o
P

4. The figure here is a rectangular prism. The height of the prism is 5 units; the other dimensions of the
prism are 8 and 5 units. Find the surface area of the figure.

Y

8
5 5

5. A cylinder is shown below. The height of the cylinder is 11 cm; the radius of the cylinder is » = 6 cm,
as shown. Find the surface area of the figure. Round your answer to two decimal places.
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6. The figure here is a triangular prism. The height of the prism is 1

11 cm

2 units; the triangles, which both contain

right angles, have sides which are 5, 12 and 13 units long. Determine the volume of the figure.

5
12

N

3

7. The figure here is a rectangular prism. The height of the prism is 5 units; the other dimensions of the

prism are 12 and 5 units. Calculate the volume of the figure.

2

(S48
—
(S}

8. The picture below shows a cylinder. The height of the cylinder is 12 cm; the radius of the cylinder is
r = 7 cm. Calculate the volume of the figure. Round your answer two decimal places.

00

12 cm

9. The figure here is a sphere. The radius of the sphere is » = 7 units. Find the surface area of the figure.

Round your answer two decimal places.

Chapter 13. Measurements




10. The figure here shows a pyramid with a square base. The sides of the base are each 4 units long. The
vertical height of the pyramid is 8,77 units, and the slant height of the pyramid is 9 units. Determine the
surface area of the pyramid.

11. The figure here is a cone. The vertical height of the cone is H = 7,41 units and the slant height of the
cone is h = 8 units; the radius of the cone is shown, » = 3 units. Find the surface area of the figure.
Round your answer two decimal places.

12. The figure below shows a sphere. The radius of the sphere is » = 3 units. Determine the volume of the
figure. Round your answer to two decimal places.

13. The figure here is a cone. The vertical height of the cone is H = 7 units and the slant height is h = 8,60
units; the radius of the cone is shown, » = 5 units. Find the volume of the figure. Round your answer to
two decimal places.
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14. The figure here is a pyramid with a square base. The vertical height of the pyramid is H = 8 units and
the slant height is h = 8,73 units; each side of the base of the pyramid is b = 7 units. Find the volume
of the figure. Round your answer to two decimal places.

15. Consider the solids below:

a) Calculate the surface area of each solid.
b) Calculate the volume of each solid.
16. If the length of each side of a square is a quarter of its original size, what will the area of the new square
be?
17. If the length of each side of a square pyramid is a third of its original size, what will the surface area of
the new square pyramid be?

18. If the length of the base’s radius and the height of a cylinder is halved, what will the volume of the new
cylinder be?
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19. Consider the solids below and answer the questions that follow (correct to 1 decimal place, if necessary):

-

10 cm

2 cm

5 cm 4 cm

a) Calculate the surface area of each solid.
b) Calculate volume of each solid.

c) If each dimension of the solids is increased by a factor of 3, calculate the new surface area of each
solid.

d) If each dimension of the solids is increased by a factor of 3, calculate the new volume of each solid.

20. The solid below is made of a cube and a square pyramid. Answer the following:

22 cm

7 cm

a) Find the surface area of the solid shown. Give your answers to two decimal places.
b) Now determine the volume of the shape. Give your answer to the nearest integer value.

21. Calculate the volume and surface area of the solid below (correct to 1 decimal place):
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22. Find the volume and surface areas of the following composite shapes.

a)
EEEEEEEEE N——
15 cm

b)

N

11 m

./

)

|
'ﬁ"

4 ft

6 ft
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23. An ice-cream cone (right cone) has a radius of 3 cm and a height of 12 cm. A half scoop of ice-cream

(hemisphere) is placed on top of the cone. If the ice-cream melts, will it fit into the cone? Show all your
working.

24. A receptacle filled with petrol has the shape of an inverted right circular cone of height 120 cm and base
radius of 60 cm. A certain amount of fuel is siphoned out of the receptacle leaving a depth of & cm.

R =60 cm

120 cm

a) Show that 2 = 90 cm.

b) Determine the volume of fuel that has been siphoned out. Express your answer in litres if 1| =
1000 cm?

25. Find the volume and surface area of the following prisms.

a)
m

15 cm

b)
8
Q

5

¢)

26. Determine the volume of the following:
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b) ABCD is a square, AC = 12 cm, AP = 10 cm.

27. The prism alongside has the following dimensions:
AB = 4 units, EC = 8 units, AF = 10 units. BC'is an arc of a circle with centre D. AB || EC.

a) Explain why BD, the radius of the arc BC, is 4 units.
b) Calculate the area of the shaded surface.
¢) Find the volume of the prism.

28. A cooldrink container is made in the shape of a pyramid with an isosceles triangular base. This is known
as a tetrahedron. The angle of elevation of the top of the container is 33,557°. CI = 7 cm; JI = 18 cm.

Chapter 13. Measurements
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a) i. Show that the length U is 15 cm.
ii. Find the height JU (to the nearest unit).
iii. Calculate the area of ACUI.

Hint: construct a perpendicular line from U to C'T

iv. Find the volume of the container

b) The container is filled with the juice such that an 11,85% gap of air is left. Determine the volume

of the juice.
29. Below is a diagram of The Great Pyramid.
This is a square-based pyramid and O is the centre of the square.

BA = AC = a and OF = h = height of the pyramid. The length of the side of the pyramid BC =
755,79 feet and the height of the pyramid is 481,4 feet.

a) Determine the area of the base of the pyramid in terms of a.
b) Calculate AF (= s) to 5 decimal places.

. : .S
c) From your calculation in question (b) determine —.
a

d) Determine the volume and surface area of the pyramid.
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14 Probability

We use probability to describe uncertain events. When you accidentally drop a slice of bread, you don’t know
if it’s going to fall with the buttered side facing upwards or downwards. When your favourite sports team plays
a game, you don’t know whether they will win or not. When the weatherman says that there is a 40% chance
of rain tomorrow, you may or may not end up getting wet. Uncertainty presents itself to some degree in every
event that occurs around us and in every decision that we make.

We will see in this chapter that all of these uncertainties can be described using the rules of probability theory
and that we can make definite conclusions about uncertain processes.

e e e
i

Figure 14.1: Tracking a superstorm. Meteorologists use computer software to help them track storms and predict the
weather.

We’'ll use three examples of uncertain processes to help you understand the meanings of the different words
used in probability theory: tossing a coin, rolling dice, and a soccer match.

VISIT:

The following video introduces the concepts used in probability.
® See video: 2GVW at www.everythingmaths.co.za

DEFINITION: Experiment

An experiment refers to an uncertain process.

DEFINITION: Outcome

An outcome of an experiment is a single result of that experiment.

Experiment 1: A coin is tossed and it lands with either heads (H) or tails (T) facing upwards. An example
outcome of tossing a coin is that it lands with heads facing up:

Experiment 2: Two dice are rolled and the total number of dots added up. An example outcome of rolling two
dice:

AR
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Experiment 3: Two teams play a soccer match and we are interested in the final score. An example outcome
of a soccer match:

DEFINITION: Sample space

The sample space of an experiment is the set of all possible outcomes of that experiment. The sample space is
denoted with the symbol S and the size of the sample space (the total number of possible outcomes) is denoted
with n (5)

Even though we are usually interested in the outcome of an experiment, we also need to know what the other
outcomes could have been. Let’s have a look at the sample spaces of each of our three experiments.

Experiment 1: Since a coin can land in one of only two ways (we will ignore the possibility that the coin lands
on its edge), the sample space is the set S = {H; T}. The size of the sample space of the coin toss is n (5) = 2:

Experiment 2: Each of the dice can land on a number from 1 to 6. In this experiment the sample space of all
possible outcomes is every possible combination of the 6 numbers on the first die with the 6 numbers on the
second die. This gives a total of n(S) = 6 x 6 = 36 possible outcomes. The figure below shows all of the
outcomes in the sample space of rolling two dice:

O OE @O O & 80
(LS R A s B 5 T B AP LA I B A
ey ey @9 L6y B ER
(SN A | A B 5| A R TN O R § 1K
CeY O DR & @
(J&8 (IEE IRy LIRY (D&Y EES
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Experiment 3: Each soccer team can get an integer score from 0 upwards. Usually we don’t expect a score
to go much higher than 5 goals, but there is no reason why this cannot happen. So the sample space of this
experiment consists of all possible combinations of two non-negative integers. The figure below shows all of
the possibilities. Since we do not limit the score of a team, this sample space is infinitely large:

NOTE:
When we represent a sample space containing real numbers we can either write out all the outcomes in the
sample space: {1;2;3;4;5;6;7;8;9;10} or we can represent the sample space as: {n:neZ, 1 <n < 10}.

DEFINITION: Event

An event is a specific set of outcomes of an experiment that you are interested in. An event is denoted with the
letter E' and the number of outcomes in the event with n(E).

Experiment 1: Let us say that we would like the coin to land heads up. Here the event contains a single
outcome: E = {H}. The size of the event set is n(E) = 1.

Experiment 2: Let us say that we are interested in the sum of the dice being 8. In this case the event set is:
E={08):;@®):@0):;@@):;E@o0)}

since it contains all of the possible ways to get 8 dots with 2 dice. The size of the event set is n(E) = 5.

Experiment 3: We would like to know whether the first team will win. For this event to happen the first score
must be greater than the second.

E={(1,0);(2;0);(2;1);(3;0);(3;1);(3;2);...}. This event set is infinitely large.

14.1  Theoretical probability

DEFINITION: Probability

A probability is a real number between 0 and 1 that describes how likely it is that an event will occur.

We can describe probabilities in three ways:

14.1. Theoretical probability
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1. As a real number between 0 and 1. For example 0,75.
2. As a percentage. For example 0,75 can be written as 75%.
3. As a fraction. For example 0,75 can also be written as %.

We note the following about probabilities:

* A probability of 0 means that an event will never occur.
* A probability of 1 means that an event will always occur.
* A probability of 0,5 means that an event will occur half the time, or 1 time out of every 2.

When all of the possible outcomes of an experiment have an equal chance of occurring, we can compute
the exact theoretical probability of an event. The probability of an event is the ratio between the number of
outcomes in the event set and the number of possible outcomes in the sample space.

VISIT:
The following video shows an example of calculating the theoretical probabilities of an event.
® See video: 2GVX at www.everythingmaths.co.za

Worked example 1: Theoretical probabilities

QUESTION

What is the theoretical probability of each of the events in the first two of our three experiments?

SOLUTION

Step 1: Write down the value of n (5)
Experiment 1 (coin): n (S) = 2

Experiment 2 (dice): n (S) = 36

Step 2: Write down the size of the event set
Experiment 1: n (E) =1

Experiment 2: n (E) =5

Step 3: Compute the theoretical probability
Experiment 1:

P(E)_n(S)_i_O'S
Experiment 2:
_n(E) 5 | ia
P(E) = n(S) =36~ 018

Note that we do not consider the theoretical probability of the third experiment. The third experiment is
different from the first two in an important way, namely that all possible outcomes (all final scores) are not

Chapter 14. Probability
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equally likely. For example, we know that a soccer score of 1-1 is quite common, while a score of 11-15 is
very, very rare. Because all outcomes are not equally likely, we cannot use the ratio between n (E) and n (5)
to compute the theoretical probability of a team winning.

Exercise 14 — 1:

1. A learner wants to understand the term “event”. So the learner rolls 2 dice hoping to get a total of 8.
Which of the following is the most appropriate example of the term “event”?
* eventset = {(4;4)}
* eventset = {(2;6); (3;5); (4;4); (5;3); (6;2)}
* eventset = {(2;6);(6;2)}
2. A learner wants to understand the term “sample space”. So the learner rolls a die. Which of the following
is the most appropriate example of the term “sample space”?
o {152;3;4;5;6}
« {H;T}
* {1;3;5}
3. A learner finds a 6 sided die and then rolls the die once on a table. What is the probability that the die
lands on either 1 or 22
Write your answer as a simplified fraction.

4. A learner finds a textbook that has 100 pages. He then selects one page from the textbook. What is the
probability that the page has an odd page number?

Write your answer as a decimal (correct to 2 decimal places).

5. Even numbers from 2 to 100 are written on cards. What is the probability of selecting a multiple of 5, if
a card is drawn at random?

6. A bag contains 6 red balls, 3 blue balls, 2 green balls and 1 white ball. A ball is picked at random.
Determine the probability that it is:

) red

b) blue or white

o)

oY)

not green
d) not green or red

7. A playing card is selected randomly from a pack of 52 cards. Determine the probability that it is:

a) the 2 of hearts

)

b) a red card

€) a picture card
)
)

d
e

an ace
a number less than 4

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise  Maths'.
1.2GVY 2.2GVZ 3.2GW2 4.2GW3 5.2GW4 6.2GW5 7. 2GWe6
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14.2 Relative frequency EMA7X

DEFINITION: Relative frequency

The relative frequency of an event is defined as the number of times that the event occurs during experimental
trials, divided by the total number of trials conducted.

The relative frequency is not a theoretical quantity, but an experimental one. We have to repeat an experiment
a number of times and count how many times the outcome of the trial is in the event set. Because it is
experimental, it is possible to get a different relative frequency every time that we repeat an experiment.

VISIT:
The following video explains the concept of relative frequency using the throw of a dice.

® See video: 2GW?7 at www.everythingmaths.co.za
Worked example 2: Relative frequency and theoretical probability

QUESTION

We toss a coin 30 times and observe the outcomes. The results of the trials are shown in the table below.

trial 1 2 3 4 6 7 8 9 | 10
outcome | H T T T T H H H T
trial 1111213 | 14 16 | 17 | 18 | 19 | 20

5
H
15
outcome | H T T H T T T H T T
25
H

trial 211 22| 23 | 24 26 | 27 |1 28 | 29| 30
outcome | H H H T T H T T T

What is the relative frequency of observing heads after each trial and how does it compare to the theoretical
probability of observing heads?

SOLUTION

Step 1: Count the number of positive outcomes

A positive outcome is when the outcome is in our event set. The table below shows a running count (after
each trial t) of the number of positive outcomes p we have observed. For example, after ¢ = 20 trials we have
observed heads 8 times and tails 12 times and so the positive outcome count is p = 8.

1 2 3 4 5 6 7 |8 9 | 10
1 1 1 1 2 2 3 4 5 5
11112 13|14 1516 |17 |18 | 19| 20
6 6 6 7 7 7 7 | 8 8 8
2112223 24|25 |26 |27 |28]| 29| 30
9 |10 | 1T 11 12 12|13 |13 |13 | 13

VB |+ || =+

Step 2: Compute the relative frequency
Since the relative frequency is defined as the ratio between the number of positive trials and the total number
of trials,

_b
f_t

The relative frequency of observing heads, f, after having completed ¢ coin tosses is:

Chapter 14. Probability
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1 2 3 4 5 6 7
1,00 | 0,50 | 0,33 | 0,25 | 0,40 | 0,33 | 0,43
1 | 12 [ 13 | 14 | 15 | 16 | 17 | 18 | 19 | 20
0,55 | 0,50 | 0,46 | 0,50 | 0,47 | 0,44 | 0,41 | 0,44 | 0,42 | 0,40
21 | 22 | 23 | 24 | 25 | 26 | 27 | 28 | 29 | 30
0,43 | 0,45 | 0,48 | 0,46 | 0,48 | 0,46 | 0,48 | 0,46 | 0,45 | 0,43

8 9 10
0,50 | 0,56 | 0,50

| o || || =+

From the last entry in this table we can now easily read the relative frequency after 30 trials, namely % =0,43.
The relative frequency is close to the theoretical probability of 0,5. In general, the relative frequency of an

event tends to get closer to the theoretical probability of the event as we perform more trials.

A much better way to summarise the table of relative frequencies is in a graph:

1.0 w

0.8

0.2

0.0}

20 25 30

The graph above is the plot of the relative frequency of observing heads, f, after having completed ¢ coin tosses.
It was generated from the table of numbers above by plotting the number of trials that have been completed,
t, on the z-axis and the relative frequency, f, on the y-axis. In the beginning (after a small number of trials)
the relative frequency fluctuates a lot around the theoretical probability at 0,5, which is shown with a dashed

line. As the number of trials increases, the relative frequency fluctuates less and gets closer to the theoretical
probability.

Worked example 3: Relative frequency and theoretical probability

QUESTION

While watching 10 soccer games where Team 1 plays against Team 2, we record the following final scores:

Trial 112(3(4|5|6]7|8|9]10
Jeam1 2 O |1 |1 |1T(1T|1T]0]|5]| 3
Teem2 0|2 |2 (2(2|1T|1]0|0| O

What is the relative frequency of Team 1 winning?

14.2. Relative frequency




SOLUTION

Step 1:
In this experiment, each trial takes the form of Team 1 playing a soccer match against Team 2.

Step 2: Count the number of positive outcomes
We are interested in the event where Team 1 wins. From the table above we see that this happens 3 times.

Step 3: Compute the relative frequency
The total number of trials is 10. This means that the relative frequency of the event is

3
= —03
10

It is important to understand the difference between the theoretical probability of an event and the observed
relative frequency of the event in experimental trials. The theoretical probability is a number that we can
compute if we have enough information about the experiment. If each possible outcome in the sample space
is equally likely, we can count the number of outcomes in the event set and the number of outcomes in the

sample space to compute the theoretical probability.

The relative frequency depends on the sequence of outcomes that we observe while doing a statistical ex-
periment. The relative frequency can be different every time we redo the experiment. The more trials we
run during an experiment, the closer the observed relative frequency of an event will get to the theoretical
probability of the event.

So why do we need statistical experiments if we have theoretical probabilities? In some cases, like our soc
cer experiment, it is difficult or impossible to compute the theoretical probability of an event. Since we do
not know exactly how likely it is that one soccer team will score goals against another, we can never com-
pute the theoretical probability of events in soccer. In such cases we can still use the relative frequency to
estimate the theoretical probability, by running experiments and counting the number of positive outcomes.

VISIT:
You can use this Phet simulation on probability to do some experiments with dropping a ball through a trian-
gular grid.

Exercise 14 — 2:

1. A die is tossed 44 times and lands 5 times on the number 3.
What is the relative frequency of observing the die land on the number 32 Write your answer correct to
2 decimal places.

2. A coin is tossed 30 times and lands 17 times on heads.
What is the relative frequency of observing the coin land on heads? Write your answer correct to 2
decimal places.

3. Adie is tossed 27 times and lands 6 times on the number 6.

What is the relative frequency of observing the die land on the number 62 Write your answer correct to
2 decimal places.

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise  Maths'.
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14.3  Venn diagrams EMA7Y

A Venn diagram is a graphical way of representing the relationships between sets. In each Venn diagram a set
is represented by a closed curve. The region inside the curve represents the elements that belong to the set,
while the region outside the curve represents the elements that are excluded from the set.

Venn diagrams are helpful for thinking about probability since we deal with different sets. Consider two events,
A and B, in asample space S. The diagram below shows the possible ways in which the event sets can overlap,
represented using Venn diagrams:

S S S

A B A

The sets are represented using a rectangle for S and circles for each of A and B. In the first diagram the two
events overlap partially. In the second diagram the two events do not overlap at all. In the third diagram one
event is fully contained in the other. Note that events will always appear inside the sample space since the
sample space contains all possible outcomes of the experiment.

VISIT:

This video shows how to draw a Venn diagram using a deck of cards as the sample space.

® See video: 2GWC at www.everythingmaths.co.za

Worked example 4: Venn diagrams

QUESTION

Represent the sample space of two rolled dice and the following two events using a Venn diagram:

e Event A: the sum of the dice equals 8
¢ Event B: at least one of the dice shows a 2

SOLUTION

B

O 9@ QO
[o, i gj o.:J @ :ﬂ' @
&Y | &9 £

A
f 771‘ /.\ (o (0 ¢ ® @ ‘fi’* e [0 ¢ C Ji.j\ @ o
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Worked example 5: Venn diagrams

QUESTION

Consider the set of diamonds removed from a deck of cards. A random card is selected from the set of diamonds.

e Write down the sample space, S, for the experiment.
e What is the value of n (5)?
¢ Consider the following two events:

— P: An even diamond is chosen
— R: A royal diamond is chosen

Represent the sample space S and events P and R using a Venn diagram.

SOLUTION

Step 1: Write down the sample space S
S ={A;2;3;4;5;6;7;8;9;10; J; Q; K }

Step 2: Write down the value of n (S)
n(S) =13

Step 3: Draw the Venn diagram

Exercise 14 — 3:

1. A group of learners are given the following Venn diagram:

e N

12 4 9 15
11 3 8 14 5
2 13
ANB

(AuB)

\ J

The sample space can be described as {n:neZ, 1 <n < 15}.
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They are asked to identify the event set of B. They get stuck, and you offer to help them find it.
Which of the following sets best describes the event set of B?

e {2;3;4;5;8;9;10;11;12;13; 14; 15}

o {1;2;3;4;5;7;8;9;10;11; 12; 14; 15}

s {1;6;7}

- {6}

2. A group of learners are given the following Venn diagram:

e N

\ J

The sample space can be described as {n : n e Z, 1 <n < 15}.
They are asked to identify the event set of A. They get stuck, and you offer to help them find it.
Which of the following sets best describes the event set of A?
o {1;2;3;4;5;6;7;8;9;10;11;12; 14; 15}
o {3:8;12}
e {3:4;7;,10;14;15}
e {1;2;4;5;6;7;9;10;11;13;14; 15}
o {4;7;10;14;15}
3. Pieces of paper labelled with the numbers 1 to 12 are placed in a box and the box is shaken. One piece
of paper is taken out and then replaced.
a) What is the sample space, S?
b) Write down the set A, representing the event of taking a piece of paper labelled with a factor of 12.

c) Write down the set B, representing the event of taking a piece of paper labelled with a prime
number.

d) Represent A, B and S by means of a Venn diagram.
e) Find:
i. n(S)
ii. n(A)
iii. n(B)
4. Let S denote the set of whole numbers from 1 to 16, X denote the set of even numbers from 1 to 16 and
Y denote the set of prime numbers from 1 to 16. Draw a Venn diagram depicting S, X and Y.

5. There are 71 Grade 10 learners at school. All of these take some combination of Maths, Geography and
History. The number who take Geography is 41, those who take History is 36, and 30 take Maths. The
number who take Maths and History is 16; the number who take Geography and History is 6, and there
are 8 who take Maths only and 16 who take History only.

14.3. Venn diagrams




a) Draw a Venn diagram to illustrate all this information.

b) How many learners take Maths and Geography but not History?
¢) How many learners take Geography only?

d) How many learners take all three subjects?

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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14.4 Union and intersection EMA7Z

DEFINITION: Union

The union of two sets is a new set that contains all of the elements that are in at least one of the two sets. The
union is written as AU B or “A or B”.

DEFINITION: [ntersection

The intersection of two sets is a new set that contains all of the elements that are in both sets. The intersection
is written as A N B or “A and B“.

The figure below shows the union and intersection for different configurations of two events in a sample space,
using Venn diagrams.

S S S

h
Sy
p N

AUB

Figure 14.2: The unions and intersections of different events. Note that in the middle column the intersection, A N B, is
empty since the two sets do not overlap. In the final column the union, AU B, is equal to A and the intersection, AN B,
is equal to B since B is fully contained in A.

Chapter 14. Probability



http://www.everythingmaths.co.za/@@emas.search?SearchableText=2GWD
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2GWF
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2GWG
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2GWH
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2GWJ
www.everythingmaths.co.za
m.everythingmaths.co.za
http://www.everythingmaths.co.za/@@emas.search?SearchableText=EMA7Z

Exercise 14 — 4:

1. A group of learners are given the following Venn diagram:

The sample space can be described as {n : n e Z, 1 <n < 15}.

They are asked to identify the event set of the intersection between event set A and event set B, also
written as A N B. They get stuck, and you offer to help them find it.

Which set best describes the event set of A N B?
« {7;10;11}
o {1;2;3;4;5;6;7;9;10; 11}
o {1;2;3;4;5;6;7;9;10}
e {7;10}

2. A group of learners are given the following Venn diagram:

3

The sample space can be described as {n: neZ, 1 <n < 15}

They are asked to identify the event set of the union between event set A and event set B, also written
as AU B. They get stuck, and you offer to help them find it.

Which set best describes the event set of A U B?
e {1;6;7;10;15}
o {1;2;4;5;6;7;8;9;10;11;12;13;14; 15}
e {2:4;5;9;10;11;12;13; 14}
+ {3}

For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’. 1. 2GWK 2. 2GWM
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14.5 Probability identities

By definition, the sample space contains all possible outcomes of an experiment. So we know that the proba-
bility of observing an outcome from the sample space is 1.

P(S)=1

We can calculate the probability of the union of two events using:
P(AuB)=P(A)+P(B)—P(ANnDB)

We will prove this identity using the Venn diagrams given above.
For each of the 4 terms in the union and intersection identity, we can draw the Venn diagram and then add
and subtract the different diagrams. The area of a region represents its probability.

We will do this for the first column of the Venn diagram figure given previously. You should also try it for the
other columns.

PA) o+ P(B) - P(ANB)
O 0
= + Q - )
e &
@

= P(AUB)

VISIT:
This video gives an example of how we can add probabilities together.
® See video: 2GWN at www.everythingmaths.co.za

Worked example 6: Union and intersection of events

QUESTION

Relate the probabilities of events A and B from Example 4 (two rolled dice) and show that they satisfy the
identity:
P(AuB)=P(A)+P(B)-P(ANB)

SOLUTION

Step 1: Write down the probabilities of the two events, their union and their intersection

From the Venn diagram in Example 4, we can count the number of outcomes in each event. To get the
probability of an event, we divide the size of the event by the size of the sample space, which is n (S) = 36.

Chapter 14. Probability
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P4) () ~ 36
PE) ~Tm =y
P(ANB) :"(f(g)B) —3—2%
P(AUB) :"(:(L;)B) —%

=36 36
14
- 36

.. RHS = LHS

Exercise 14 — 5:

1. A group of learners is given the following event sets:

[EventSet A1 2 5 6| | EventSet B[ 3| | Event Set AN B [ empty |

The sample space can be described as {n : n e Z, 1 <n < 6}.

They are asked to calculate the value of P(A U B). They get stuck, and you offer to calculate it for them.
Give your answer as a decimal number, rounded to two decimal places.

2. A group of learners is given the following event sets:

[EventSetA|1 2 6| [EventSet B[1 5] [EventSetAUB[1 2 5 6|

The sample space can be described as {n : n e Z, 1 <n < 6}.

They are asked to calculate the value of P(A N B). They get stuck, and you offer to calculate it for them.
Give your answer as a decimal number, rounded to two decimal value.

For more exercises, visit www.everythingmaths.co.za and click on ’Practise Maths’. 1. 2GWP 2. 2GWQ
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14.6  Mutually exclusive events

DEFINITION: Mutually exclusive events

Two events are called mutually exclusive if they cannot occur at the same time. Whenever an outcome of an
experiment is in the first event it cannot also be in the second event, and vice versa.

Another way of saying this is that the two event sets, A and B, cannot have any elements in common, or
P(ANB) = @ (where @ denotes the empty set). We have already seen the Venn diagrams of mutually
exclusive events in the middle column of the Venn diagrams provided earlier.

S S ANBS

O || @

O Q..;

A

From this figure you can see that the intersection has no elements. You can also see that the probability of the
union is the sum of the probabilities of the events.

P(AUB) = P(A)+ P(B)

This relationship is true for mutually exclusive events only.

Worked example 7: Mutually exclusive events

QUESTION

We roll two dice and are interested in the following two events:
e A : The sum of the dice equals 8
e B : At least one of the dice shows a 1

Show that the events are mutually exclusive.

SOLUTION

Step 1: Draw the sample space and the two events

Step 2: Determine the intersection

From the above figure we notice that there are no elements in common in A and B. Therefore the events are
mutually exclusive.

Chapter 14. Probability



http://www.everythingmaths.co.za/@@emas.search?SearchableText=EMA83

Exercise 14 — 6:

State whether the following events are mutually exclusive or not.

1. A fridge contains orange juice, apple juice and grape juice. A cooldrink is chosen at random from the
fridge. Event A: the cooldrink is orange juice. Event B: the cooldrink is apple juice.

2. A packet of cupcakes contains chocolate cupcakes, vanilla cupcakes and red velvet cupcakes. A cupcake
is chosen at random from the packet. Event A: the cupcake is red velvet. Event B: the cupcake is vanilla.

3. A card is chosen at random from a deck of cards. Event A: the card is a red card. Event B: the card is a
picture card.

4. A cricket team plays a game. Event A: they win the game. Event B: they lose the game.

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise =~ Maths'.
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14.7 Complementary events EMA84

DEFINITION: Complementary set

The complement of a set, 4, is a new set that contains all of the elements that are not in A. We write the
complement of A as A’, or sometimes not (A).

For an experiment with sample space S and an event A we can derive some identities for complementary
events. Since every element in A is not in A’, we know that complementary events are mutually exclusive.

ANA =0

Since every element in the sample space is either in A or in A’, the union of complementary events covers the
sample space.

AUA =S

From the previous two identities, we also know that the probabilities of complementary events sum to 1.

P(A)+P(A)=P(AUA) =P (S)=1

Worked example 8: Reasoning with Venn diagrams

QUESTION

In a survey 70 people were questioned about which product they use: A or B or both. The report of the survey
shows that 25 people use product A, 35 people use product B and 15 people use neither. Use a Venn diagram
to work out how many people:

1. use product A only
2. use product B only
3. use both product A and product B

14.7. Complementary events
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SOLUTION

Step 1: Summarise the sizes of the sample space, the event sets, their union and their intersection

* We are told that 70 people were questioned, so the size of the sample space is n (S) = 70.
e We are told that 25 people use product A, so n (A) = 25.
¢ We are told that 35 people use product B, so n (B) = 35.

e We are told that 15 people use neither product. This means that 70 — 15 = 55 people use at least one of
the two products, so n (AU B) = 55.

¢ We are not told how many people use both products, so we have to work out the size of the intersection,
AN B, by using the identity for the union of two events:

P(AuB)=P(A)+P(B)—-P(ANB)
n(AUB) n(A) n(B) n(ANB)
n (S) n(S) n(S n (S)

55 _25 35 n(AnB)
70 70 70 70
~.n(ANB)=25+4+35—55
=5

Step 2: Determine whether the events are mutually exclusive

Since the intersection of the events, A N B, is not empty, the events are not mutually exclusive. This means
that their circles should overlap in the Venn diagram.

Step 3: Draw the Venn diagram and fill in the numbers

15

Step 4: Read off the answers

1. 20 people use product A only.
2. 30 people use product B only.
3. 5 people use both products.

Exercise 14 — 7:

1. A group of learners are given the following Venn diagram:
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The sample space can be described as {n:neZ, 1 <n < 15}.

They are asked to identify the complementary event set of B, also known as B’. They get stuck, and you
offer to help them find it.

Which of the following sets best describes the event set of B’?
o {1;5;13;14}
e {2:3;4;6;10;11; 12}
o {3;4;6;11;12}

2. A group of learners are given the following Venn diagram:

(AuB)

11 2 13 4 15 9

The sample space can be described as {n : n e Z, 1 <n < 15}.

They are asked to identify the complementary event set of (A U B), also known as (A U B)’. They get
stuck, and you offer to help them find it.

Which of the following sets best describes the event set of (AU B)'?
e {2:4;9;11;13;15}
e {1:;3;5;6;7;8;10;12; 14}
* {6;8;12}

3. Given the following Venn diagram:

14.7. Complementary events




(AuB)

10 6 12 13 4 3

The sample space can be described as {n : neZ, 1 < n < 15}. Are (AU B)’ and A U B mutually
exclusive?

4. Given the following Venn diagram:

(AuB)'

2

The sample space can be described as {n : n € Z, 1 <n < 15}. Are A’ and B’ mutually exclusive?

For more exercises, visit www.everythingmaths.co.za and «click on ’Practise = Maths'.
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14.8 Chapter summary EMAB85

(® See presentation: 2GX2 at www.everythingmaths.co.za

* An experiment refers to an uncertain process.
* An outcome of an experiment is a single result of that experiment.

e The sample space of an experiment is the set of all possible outcomes of that experiment. The sample
space is denoted with the symbol S and the size of the sample space (the total number of possible
outcomes) is denoted with n (.5).

e An event is a specific set of outcomes of an experiment that you are interested in. An event is denoted
with the letter E and the number of outcomes in the event with n (E).

* A probability is a real number between 0 and 1 that describes how likely it is that an event will occur.

Chapter 14. Probability
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— A probability of 0 means that an event will never occur.
— A probability of 1T means that an event will always occur.
— A probability of 0,5 means that an event will occur half the time, or 1 time out of every 2.

¢ A probability can also be written as a percentage or as a fraction.

¢ When all of the possible outcomes of an experiment have an equal chance of occurring, we can compute
the exact theoretical probability of an event. The probability of an event is the ratio between the number
of outcomes in the event set and the number of possible outcomes in the sample space.

¢ The relative frequency of an event is defined as the number of times that the event occurs during experi-
mental trials, divided by the total number of trials conducted.

= number of positive trials  p

number of trials n

* The union of two sets is a new set that contains all of the elements that are in at least one of the two sets.
The union is written as AU B or A or B.

* The intersection of two sets is a new set that contains all of the elements that are in both sets. The
intersection is written as A N B or A and B.

* The probability of observing an outcome from the sample space is 1: P (S) = 1.
* The probability of the union of two events is calculated using: P (AU B) = P (A)+ P (B)— P (AN B).

¢ Mutually exclusive events are two events that cannot occur at the same time. Whenever an outcome of
an experiment is in the first event, it can not also be in the second event.

¢ The complement of a set, A, is a different set that contains all of the elements that are notin A. We write
the complement of A as A’ or “not (A4)”".

¢ Complementary events are mutually exclusive: AN A’ = @.
¢ Complementary events cover the sample space: AUA' = S
* Probabilities of complementary events sumto 1: P(A)+ P(A')=P(AUA)=P(S)=1.

1. A learner wants to understand the term “outcome”. So the learner rolls a die. Which of the following is
the most appropriate example of the term “outcome”?

¢ A teacher walks into the class room.
¢ The die lands on the number 5.
¢ The clock strikes 3 pm.

2. A group of learners are given the following Venn diagram:
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The sample space can be described as {n : n e Z, 1 <n < 15}.
They are asked to identify the event set of B. They get stuck, and you offer to help them find it.
Which of the following sets best describes the event set of B?

o {6;13}

« {1;3;5;7;10}

o {2;4;6;8;9;11;12;13;14; 15}

o {1;2;3;4;5;7;8;9;10;11;12; 14; 15}

3. A group of learners are given the following Venn diagram:

15
4 9
5 11 14 8
13 2
ANB

(Au B)

The sample space can be described as {n : n e Z, 1 <n < 15}.

They are asked to identify the event set of the union between event set A and event set B, also written
as A U B. They get stuck, and you offer to help them find it.

Write down the event set that best describes A U B.
4. Given the following Venn diagram:

(AuB)

5 3 1213 1 2 10 6 9

The sample space can be described as {n : n e Z, 1 <n < 15}.
Are AU B and (A U B)" mutually exclusive?
5. A group of learners are given the following Venn diagram:
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10.

11.

12.

The sample space can be described as {n : n e Z, 1 <n < 15}.

They are asked to identify the complementary event set of (A N B), also known as (A N B)’. They get
stuck, and you offer to help them find it.

Write down the set that best describes the event set of (AN B)'.

. A learner finds a deck of 52 cards and then takes one card from the deck. What is the probability that

the card is a king?
Write your answer as a decimal (correct to 2 decimal places).
A die is tossed 21 times and lands 2 times on the number 3.

What is the relative frequency of observing the die land on the number 32 Write your answer correct to
2 decimal places.

A coin is tossed 44 times and lands 22 times on heads.

What is the relative frequency of observing the coin land on heads? Write your answer correct to 2
decimal places.

. A group of 45 children were asked if they eat Frosties, Strawberry Pops or both. 31 children said they

eat both and 6 said they only eat Frosties. What is the probability that a child chosen at random will eat
only Strawberry Pops?

In a group of 42 learners, all but 3 had a packet of chips or a cooldrink or both. If 23 had a packet of
chips and 7 of these also had a cooldrink, what is the probability that one learner chosen at random has:

a) both chips and cooldrink
b) only cooldrink

A box contains coloured blocks. The number of each colour is given in the following table.

Colour Purple | Orange | White | Pink
Number of blocks 24 32 41 19

A block is selected randomly. What is the probability that the block will be:

a) purple

c) pink and orange

)
b) purple or white
)
d)

not orange

A small nursery school has a class with children of various ages. The table gives the number of children
of each age in the class.

14.8. Chapter summary



Age 3 years old | 4 years old | 5 years old
Male 2 7 6
Female 6 5 4

If a child is selected at random what is the probability that the child will be:

a) afemale
b
C
d
e

f

a 4 year old male
aged 3 or 4

aged 3 and 4

not 5

D LD LD O

either 3 or female

13. Fiona has 85 labelled discs, which are numbered from 1 to 85. If a disc is selected at random what is
the probability that the disc number:

a) ends with 5
b) is a multiple of 3

is a multiple of 6

Q 0

is number 65

)

f) is a multiple of 3 or 4

is a multiple of 2 and 6

Qa

)
)
)
)
) is not a multiple of 5
)
)
)

h) is number 1

14. Use a Venn diagram to work out the following probabilities for a die being rolled:

a) a multiple of 5 and an odd number
b) a number that is neither a multiple of 5 nor an odd number
¢) a number which is not a multiple of 5, but is odd
15. A packet has yellow sweets and pink sweets. The probability of taking out a pink sweet is 5. What is
the probability of taking out a yellow sweet?
16. In a car park with 300 cars, there are 190 Opels. What is the probability that the first car to leave the car
park is:
a) an Opel
b) not an Opel

17. Nezi has 18 loose socks in a drawer. Eight of these are plain orange and two are plain pink. The remaining
socks are neither orange nor pink. Calculate the probability that the first sock taken out at random is:

[29)

orange

=}

not orange
pink

o Q. n

)
)
)
) not pink
) orange or pink
f) neither orange nor pink

18. A plate contains 9 shortbread cookies, 4 ginger biscuits, 11 chocolate chip cookies and 18 Jambos. If a
biscuit is selected at random, what is the probability that:

a) it is either a ginger biscuit or a Jambo
b) it is not a shortbread cookie
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19. 280 tickets were sold at a raffle. Jabulile bought 15 tickets. What is the probability that Jabulile:

a) wins the prize
b) does not win the prize
20. A group of children were surveyed to see how many had red hair and brown eyes. 44 children had red
hair but not brown eyes, 14 children had brown eyes and red hair, 5 children had brown eyes but not
red hair and 40 children did not have brown eyes or red hair.
a) How many children were in the school?
b) What is the probability that a child chosen at random has:
i. brown eyes
ii. red hair
c) A child with brown eyes is chosen randomly. What is the probability that this child will have red
hair?

21. Ajar has purple sweets, blue sweets and green sweets in it. The probability that a sweet chosen at random

will be purple is 1 and the probability that it will be green is %

a) If I choose a sweet at random what is the probability that it will be:
i. purple or blue
ii. green
iii. purple
b) If there are 70 sweets in the jar how many purple ones are there?
c) 2 of the purple sweets in (b) have streaks on them and the rest do not. How many purple sweets

have streaks?

22. Box A contains 3 cards numbered 1, 2 and 3.
Box B contains 2 cards numbered 1 and 2.
One card is removed at random from each box.
Find the probability that:

a) the sum of the numbers is 4.

the product of the two numbers is at least 3.

)
b) the sum of the two numbers is a prime number.
o)

)

d) the sum is equal to the product.
23. A card is drawn at random from an ordinary pack of 52 playing cards.

a) Find the probability that the card drawn is:
i. the three of diamonds
ii. the three of diamonds or any heart
iii. a diamond or a three
b) The card drawn is the three of diamonds. It is placed on the table and a second card is drawn. What
is the probability that the second card drawn is not a diamond.

24. A group of learners is given the following event sets:

| EventSet A [ 3 4| | EventSet B[2 4 5| | EventSet AUB |2 3 4 5|

The sample space can be described as {n: neZ, 1 <n <6}

They are asked to calculate the value of P(A N B). They get stuck, and you offer to calculate it for them.
Give your answer as a decimal number, rounded to two decimal value.
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25. For each of the following, draw a Venn diagram to represent the situation and find an example to illustrate
the situation.

a) a sample space in which there are two events that are not mutually exclusive
b) a sample space in which there are two events that are complementary

26. Use a Venn diagram to prove that the probability of either event A or B occurring (A and B are not
mutually exclusive) is given by:

P(AUB)=P(A)+ P(B) - P(ANnB)

27. All the clubs are taken out of a pack of cards. The remaining cards are then shuffled and one card chosen.
After being chosen, the card is replaced before the next card is chosen.
a) What is the sample space?
b) Find a set to represent the event, P, of drawing a picture card.

d
e) What description of the sets P and N is suitable? (Hint: Find any elements of P in N and of N in
P))

28. A survey was conducted at Mutende Primary School to establish how many of the 650 learners buy
vetkoek and how many buy sweets during break. The following was found:

)
)
c) Find a set for the event, IV, of drawing a numbered card.
) Represent the above events in a Venn diagram.

)

* 50 learners bought nothing
* 400 learners bought vetkoek
* 300 learners bought sweets

a) Represent this information with a Venn diagram.
b) If a learner is chosen randomly, calculate the probability that this learner buys:

i. sweets only
ii. vetkoek only
iii. neither vetkoek nor sweets
iv. vetkoek and sweets
v. vetkoek or sweets
29. In a survey at Lwandani Secondary School, 80 people were questioned to find out how many read the
Sowetan, how many read the Daily Sun and how many read both. The survey revealed that 45 read
the Daily Sun, 30 read the Sowetan and 10 read neither. Use a Venn diagram to find the percentage of
people that read:
a) only the Daily Sun
b) only the Sowetan
c) both the Daily Sun and the Sowetan

30. In a class there are

* 8 learners who play football and hockey

7 learners who do not play football or hockey
e 13 learners who play hockey

* 19 learners who play football

How many learners are there in the class?

31. Of 36 people, 17 have an interest in reading magazines and 12 have an interest in reading books, 6 have
an interest in reading both magazines and books.
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a) Represent the information in a Venn diagram.
b) How many people have no interest in reading magazines or books?
c) If a person is chosen at random from the group, find the probability that the person will:
i. have an interest in reading magazines and books.
ii. have an interest in reading books only.
iii. not have any interest in reading books.

32. 30 learners were surveyed and the following information was revealed from this group:

¢ 18 learners take Geography
¢ 10 learners take French

¢ 6 learners take History, but take neither Geography nor French.

In addition the following Venn Diagram has been filled in below:
Let G be the event that a learner takes Geography.

Let F' be the event that a learner takes French.

Let H be the event that a learner takes History.

2

a) From the information above, determine the values of w, z, y and z.

b) Determine the probability that a learner chosen at random from this group:
i. takes only Geography.
ii. takes French and History, but not Geography.
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1  Algebraic expressions
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Exercise 1 — 3:
1. a)

b)

Q)

d)

Exercise 1 — 4:

Z

(i)
between the rectangle and Z
(i)

real

real
non-real
undefined
non-real
real
rational
irrational

rational, an integer, a whole num-
ber and a natural number

irrational
irrational
irrational

rational, an integer, a whole num-
ber and a natural number

irrational
irrational

rational

12,566 2.
3,317
0,267
1,913
6,325
0,056

4and 5
5and 6
1 and 2
4and 5

2y® + 8y

y2 4+ Ty + 10

2t2 — 5t + 2

22 — 16

22 — 16

a? — b?

6p* +29p + 9
3k? + 16k — 12
s2 4+ 125436

22 — 49

9z? — 1

—14k% + 17k + 6
1622 — 8z + 1
y2 —2y—15
—z? + 64

22 + 18z + 81
84y — 153y + 33
g% —10g + 25

d? + 18d + 81

b)
9]
d)

b)
c)
d)

b)

9]
d)

e)
f)

b)
9]
d)
e)

345,0440
1361,73
728,009052
0,0370
0,45455
0,08

12 and 13
7 and 8
8and 9
4and 5
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rational
irrational
rational
rational
irrational
rational
7and 11
-8
\/5; T
v—=1

.0 - 4. 22 . 5. 137
73,70, -84, 227,134
; 9755 11
-3;7; 11
14
0
i) 555 (ii) rational
)

3,3231089... ; 3 +
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i) any three digits (ii) irrational
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(
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(
(
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4,93

14,80
14,8044...
0,01

519 854,59

) 4and 5
j) 4and 5
) 3,1
) 9,1
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1 —9h?

4p? + 10p + 6
8a? + 60a + 28
1072 + 287 + 16

w? —1
g% —121
8b% — 20b + 8
8b%2 — 10b + 3
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25p% — 80p + 64

16y2 + 40y + 25

—10y" — 39y% — 36y°

7292 — 18y + 27

—10y® + 4y? + 103y — 132
—14y> 4+ 26y% + 4y — 16

10.
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0,123
0,114145
0,5

0,5

0,21

= = o olh ©lor ©la
= w‘g g‘g g%

e
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c) 648 768,22
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o

o 3,9
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s+ -5
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—2a(b+4)

8kj(3 — 2k)

—ab(a + b)
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3(2v—3)(v—3)
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12.
13.

15.

15.
16.

17.
18.

19.
20.

13.

15.
16.
17.

19.
20.
21.
22.
23.
24,
25.
26.

21.
22.

23.

24,
25.

26.
27.

o 13
a) 9y° —~-3—~-4y2
b) 16
Q) a®+ 3+ 5

b) (13 + 271a3

22(3x + 1 + 5z2)
zy(2y + yz + 3)
12k 5(1 + 27)
3(a? 4 2a — 6)
Ta + 4

(abc — 1)(abc + 1)
(a72b)( a+2b)
(a:-‘rl)( a:—l)
(y = V8)(y + VB)

(y = VI3)(y + V13)
(a — 3b)(a — 5b)(a + 3b)>

(5¢ — 22)(9+¢)
(25 = 5v)(3+y)
(2a — 5k)(8 + =)
(a =b)(z+y+2)
Ba+b)(z—y—3)

(a — 4b)(a — 3b)
(3a — 4b)(a + 3b)
2((7Tz 4+ 2)(7x — 1))

(z — 6)(= —5)
(a=T7)(a—-1)
(y —3)(y +6)

3(b+4)(b+1)
6(a+ 7)(a—4)

Tos)(F+HE+sY

(@* )(@+ﬁ+h2)

1(69 +v)(369° — 6gv + v°)
(1—z+y)(1—z+y+z®—2zy+y?)
(h=1)(h+1)(h*+1)(2¢° +h)(49* —
2g°h + h?)

(z 4+ y) (5w — h)(25w? + 5wh + h?)

(912)— 6)(x+1)(3p + w)(9p° — 3pw +




o

o200 F

O

B Q)
a;S r)
5 S)
a
3a 0
2 u)
a+3
at2 v)
a(3b+1)
3 w)
dzy 2 a)
3
p(u=2) b)
3y o)
w44
2 d)
b+9
2 )
t+s
t—s
z f)
5
-3
B 8
r+2 h)
z2+43z+9 )
a+8 i
a?+2a+4

Exercise 1 — 11:

o » w N =
TRE20TR20ZT250220Z2T8

between the rectangle and Z
(i)
non-real
undefined
real

real
non-real
real
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7d? —19d — 6

622 — 162+ 8

25w? — 110w + 121

2552 — 10s + 1
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(g5 +7) (ﬁ—fh—&-rr")

32.
(j + k) (4n — b)(16n? + 4nb + 33.
b%) 34
—8a + 4 35,
125a° — 64b 36,
16m* — 81 37
a? + dab + 4b% — 2

2

21. 5ax

29. 4 3
23. 3a’m®
24,
25.
26.
27.

28. 2
29.
30.

6. 96a’b’
7. 4a®b

)3
kf £ =2o0rxz =3
) z=3o0rz=1
r=0o0rz =4
n 1

ot

a—5
W e
1
a?46a+36
) —2(2a + b)
n) s—+31
) n+8
) p> —2pq+q°
12—22
) o
—14
D @Fa=
32034042
223

4a—1
Cat1)(2a—1)(a—1)
52420

6

423 4112247243
T (212 (@+3)
2(b249)

(6—3)(b+3)

z(z+1)

22 4+x+6

Y e
=)
(32 — 4)(z + 2)
bx
8,85
a? + 2ab + 4b?
922 — 3z +1
a) z# 3andz # —1
b) a#banda # —3

31.
32.
33.
34.
35.

L
7
5

0 1

39z+3

4% +12°

57y—8 o 29y—1
17

36. oy

37. 12

51
38. 5L

4Y — 25y
3

39.

3
o) —or0
2
p 1
) 7
q 2
n —3
s) —3




) 3or —1 v) —2 3. z~ 281
u) 3 2.7 4. =~ 1,49

Exercise 2 — 4:

1 a) 512a° y) —27 o1 6. a) The sum of two pow-
b) 2¢3 6 2 ers of the same de-
5o4y+3z z) g d) 3 gree is not the power
€ 57T 1 ) o of the sum of the
d) 15152 2. a) — € - bases
e 7 ? f I5 b) The sum of two pow-
7 b) = = ers of the same de-
' 21;18 15,12 8 ® 2 gree is not the power
g —=a’b o 14 h) —1 of the sum of the
h) bk2+k d) 227 —2P 41 ) 16 ) bases ' ‘ '
X 6 2 553 1 c) A negative sign is
) 4c’m e a 49 f— missing, when a
)2 f) 3=y 16 power is moved
K 1 g) 34 k-1 from the denomina-
7al0p hy 320%+2 ) 1or16 tor to the numerator,
) ald ) . m 2 the sign of the expo-
b8 i) 117 — 4P nent changes.
m) 2°7.3%7 j) 112672 x plde—d N k=g d) We cannot multiply
n) 27m’ K 34 o) z =281 bases unless they are
1 213 x5 1 raised to the same
0 5 81 P 3 power
) D 5o @ z=30rz =2 ‘ ,
P 535 m 2 e) The sign of a base is
q 2T 70 noz=2 not changed when
) i n) 108a°b’ s) z=1lorx=—1 an  exponent s
N 27 10 6 _ moved from the
g L o) 22p7q ) vw=-8 denominator to the
2; p) —(ab) u xz=1 numerator in a frac-
0 Iz q z° v) z=—1 tion
W ;8 N o(2)2 Wz = —torz = f) The power of a prod-
o 3b 3 1 uct is the product of
V) 8z%y s) 4 ) luti all the bases raised to
w) 4713 3 a) —3 X nosofution the same power
% 22 b) 3 4 wm273 7. 25 x 102013 2015 digits.
5. x = 3,10

3 Number patterns

Exercise 3 — 1:

2 Tho1 = —1 g) Ty = 42b; T = 46b; T = 50b o =23
3. Th_qg=C 6. Tg = 28 and Ty = 43 13. a) 76 ; 106 ; 136
4, a) no common difference 7. Ts =Gand Ty = J b) 30n — 74
by d=7 8. Ts =23 and Ty = 35 c =16
c) no common difference 9. a) 8 14. a) No common difference
d d= -0,65 b) —1 b) Ty = —3and T, =3
5. a) 35,45 and 55 ¢ —9and —5 15. a) d=—-2n-3
b) 7,12and 17 d) 28 b) Ty =2and T5 =0
¢ 21,18and 15 e 27 16. a) —%
d) Ty = —28,1; T; = 11. a) 13 triangles b) —3id 43 gpd 100
—33,1; T = —38,1 079 ?
i de ', b) 2n + 3 17 Q) _%
e) Ty = —39z;Ts = —49x;Tg =
s ’ ¢ 9 53 b) —2,—3and — 4
12. 47 ; 55; 63
f) Ty = 442;Ts = 642;T5 = a) 18. E
84,2 b) 8n+7
Exercise 3 — 2:
2. d=-3 b) Tg = —11 b) T,, =3n -5
3. no common difference o Tg =189 o Tp =4n+17
4 Tpo3=7 9. & T, = —4n — 14,Ti9 = d T, =1n
5. a Ty = -672 ; Ts = =54, Th5 = —T4, T30 = —13 12 a) —49; —63; 77
—86,2; Tg = —105,2 b) T, = :7n + 87T10 = b) = —14n + 7
b) Ty =38 ; Ts = 34r ; To = —62,T15 = —97, Tso = —202 o — 66
307 10. a) 12and 16
13. M
6. T = 31 and Ty = 41 b) —10 14, C
7. Te = Fand Tho = J c) 23 and 53 '
15. 111 seats
8. a) T = 49 11. a) T, =4n—1

16. a) 17 boxes

Solutions




b) T,, =3n—1
c) 89
17. a) Ty =4
b) 3
o T, =3n+1
d) 76 matchsticks
18. 10

Exercise 4 — 1:

1.5 7. 12
2. -8 8. 11
3. -1 9. %7
4. -3 10. 15
5.0 1. %
6. —% 12. -89

Exercise 4 — 2:

1 a) 572 + 167 =0
b) 6r% —25r4+39=0
0 2d* +15d+17=0
2. a) x=—-50rz =3
by p=—-2o0rp=9
o xz=—-2o0orz=3%
d) w:%orw:—6
e) z=—2o0rz=—1
fy b=3o0orb=4
g) a=3o0ra=6.
hy y=32ory=-32
) rx=2%orz=-2
o3
k) m:()orm:—%

Exercise 4 — 3:

1. z=—2andy = —3

2. there is no solution to z and y

3. zx=2andy = -3

4. a z={5andy=—23
by 2=—-7andy = —32
¢ z=5andy =3
d z=-landy = -1
e) x=13andy = —1

Exercise 4 — 4:

1. 2 hours
2. 1 hour

3. Zwelibanzi achieved 80 marks and Jessica
achieved 68 marks.

.18 large shirts and 2 small shirts
6. —34

7. a milkshake costs R 34 and a wrap costs
R 27.

Exercise 4 — 5:

1. x=1-2y
9 2(s;ut)7a
3 %:n

13.
14.
15.
16.
17.
18.

10.
11.
12.
13.
14.

T1 = —7and T2 = -1

1 19. 5
3 20. 4
6 21. —36
o 22. 8
20 23. 5
3
26 24. 24
he=-3orz=4
m z=%orz=2%§
n zr=4orzx =11
o) 2
p) z=3o0rz=3
q t=0ort=3
N 5
s) x =+/180rxz = —/18
) p=Torp=—1
waz=—-Ltorz=7
vV e=-Sorz=3
w) z=30orx =—2
X)) a=—%1ora=235
y) z=1lorz =1
flz=11landy =5
g z=9andy =2
— _ 4
hy a=2andb= %
: -1
i) =35 andy = -2
) a=—-Zandy=2%
kK z=2%andy=—-1%
) = can be any real number, 3 <
30° and 60°

b=8cmandl =2b=16cm
7or—3

length: 6 cm, width: 4 cm

12 litres

9and 11

1

2

Solutions

23.
24,

4 Equations and inequalities

25.
26.
27.
28.
29.
30.

15.
16.
17.
18.
19.
20.
21.

b) T, =(n+1)2%4+n

c) Tia = 239 blocks
77 parts

a) 7

b) 0

c 4

10 31, 223

a5
-2 32. 12
6 33 -7
—2 34. —19
—12,5 35. —%
280
151

a) y=3o0ry =—3

b) z=—%torz=3

o xz=3orx=—6

d y=2tory=4

e b=—3borb=4

fly=—4ory=1

g z=4orx=—4

h)y z=1lorz=-1

i) b=22o0rb==3

) a=-%Bora=1

k) =3

) =14

m) a=—2

n a=0o0ra=%2

y <2
m) a and b can be any real number
except for 0.

a) x=—landy =2

b) xt=9andy = —4

¢ z=—-landy = —4

d z=2andy =1

e) x=15andy =35
8 years old
7 and 35 years old.

o=}

r=20rx =—3

15

34

48 blue beads, 96 red beads and 36 purple beads,

A—2nr __
27r T h

A=

o

gh+Li02




10. 2 = —aorz = —b 14. C =5 (F—32°) 18. x = 3,91

11. b= +Vc2 —a? 33y 19. u =26
12 U= 4%, 15 r =4/ 20. h=+16

16. x=a+4orx=—1 21. 6
_ A—7mR2
13- =4y o= 17 2 =2o0rz = —2

Exercise 4 — 6:

1. a) < —landz > 6;z €R o z€[3;00). 0 EbM;EZI -
b) 3<z<6;z€R d) e (—o0; 8. * Y
a>TaeN
o xz#3x#6;x€R ) (_ ._@) e
5 13 b) ~1 0 1 2 3 4 5 @
d z>—-10;z € R .21
, f) (—oo;—21] b lLbER
. ) —OO;—§ U l;oo Q) —18 -17 —16 -15 —14 -13 -—12b
3. a) (—34;00) ¥ . f) (3:9)
b) (—oo; 5) h) [_5; _5} d) 5 6 7 8 8 9 10 @
Exercise 4 — 7:
1 a1 q z=—-3andy =4
b) —1 7. a) 12

each ruler costs R 5 and each pen costs R 3

£ &0 2 &
—
o

)
)
)
d -8 c) The price of the hotdog is R 31 while a milkshake costs R 25.
e % d) Lefu has 77 marks and Monique has 89 marks
f) % e) 0,56 km
g —2 f) The trucks will meet after 1
hy —2 g 8km
i 10 h) R20
j -3 i) 33
k) 42 j 12
5 k z=5
m 1 8. a w=9¢b#£0
2. a) b=—-9o0rb=3 b £=1
b) x=—lorxz =6 o E=m
(&
o b=-5o0rb=2 @ E= oy
d 2
7 o f=
e) x=—torz=3
; 5 ) me+c=y
)1 g If(a+b+c)#Othenz =4—blfa+b+c=0,z € R
g —32 13
hy —23 o=
o ) . ) b=48
D ow= ;””_ , 9. a z<-landz>4z€cR
li)yffgorny b) > -2,z €R
Jz=—zorz= O —-l<z<—-2zcR
) d=4

10.  a (700; %29)

there is no solution to z and y. by x€ (700; %8]

z=—-landy = —1

z=—-landy =3

o v AW

o [5¢500)

a)z:landy:Q 1 17
d) (=005 3) U (F500)

b) x=4andy =2
o z=5andy = -2

x<4reN

11. a) °

1 2 3 4 5 7
d z=6andy = —5
b>4bel
e) x=—6andy =4 R e R
fl x=3andy =6
'I<OJ,C]!‘ N N

g) w:77andy:5 Q) -3 -2 -1 0 1 2 3 T
h) x =14andy =2

) Y 12 a) z=-31

) z=-8andy=—5 b) 2= —2o0rz =10

) z=1landy=—1 0 a=50ra=—11

k z=Landy =32 d z=20rz=-2

) o=—3Landy =4 e) a=4ora=-3
m) no solution fy a=2o0ra= -3

n) a and b can be any real number except for 0 g a=2ora=—9

0) z and y can be any real number except for 0 h) b=4+v3o0rb==+1

p) r=48andy =7 ) y=xZory==1

Solutions




) b=4 t)mzi(aib)fora,b;éOanda;éb
kK a=1 W r=—-32yorz=y
) z>2 V) o =3yorz=—1
m) z < ;818 w) no solution since = # 4
n x> 55 X) no solution since v/—1
o) a < -—T
s y) * > —13
p) —3<k<2
@ z=Tors= 6 . 4‘.45§:_E<4.55 .
N z=—-lorz=—2 13 440 445 450 455 4.60 x
) x =32 ‘

5 Trigonometry

Exercise 5 — 1:

. adjacent m . adjacent o
3. a) coscO= —— = — d) cosM = —— = —
hypotenuse o hypotenuse n
. ~ r
b) tan 37 = 20O _ 5. cos P ==
adjacent o q
) sinO opposite o 6. sina = 2
C) sin = — = =
hypotenuse n
Exercise 5 — 2:
1. a) 2,14 g) —0,82 m) 1,56 s) 0,67 x) 0,88 c) true
b) 0,62 h) —1,48 n —1,19 9 5,01 y) d) false
0 028 ) 2,37 o) —1,59 w 0,91 non-real 3. 71,57
d 021 ) 1,02 P —139 v 2 0,21
) 0,90 K 1,49 @ 0,23 undefined 2. a) true
f) 1,15 I 1,60 N 2,52 w) 2,13 b) false
Exercise 5 — 3:
1 V3 1 3 = -3
LA L d ¥ hy 1 b) 2 b 55 f =
b) % e) % 2. % o V31 o —1 g =8
L 1 2 V2 .
o) % H —5 3. 5 a = d) ¥ 6
9 L 4wl e 2 7.
Ve 2
Exercise 5 — 4:
1 a) 36,11 e) 3,51 ) 2,87 o 4S — 4D
b) 8,91 f) 33,43 j) 9,06 3. MN = 1286and NP =
o 10,90 8 29,46 2. a) AZ = 4D 15,32
d) 21,65 h) 10 b) % % 4, © =29,82andy = 31,98
Exercise 5 — 5:
1. 23,96° 2. 35,23° 3. 39,40° 4. 26,31° 5. 36,87° 6. 45° 7. 30°
Exercise 5 — 6:
1 a) 59,5° i) 18,1° 2. a) —0342 3. a) 5449°
b) 53,1° j) 40,5° b) 0,827 b) 90°
o 71,3° k) no solution ¢ —0,440 ¢ 36,12°
d) 76,6° I) 18,4° d) 1,770 d) 63,07°
e) 80,1° m) no solution e) 0,242 e) —18,97°
f) 41,8° n) 109,9° f) —2,924 f) 43°
g) no solution 0) 26,6° g 1,614
h) 41,4° p) 17,7° h) 0,625

Exercise 5 — 7:

Solutions




d)
4 a)

b)
5 a)

b)

<)
6. &

o5 5

=

Exercise 5 — 8:

N
© 2 0 T v o T

® =

A = =

22T 233 xR 020T 8 0TS

not been written correctly 4.,

been written correctly
not been written correctly
5,67

0,29

0,29

—-1,07

—0,74

1,79

3,08

1,66

—4.45

1,79

2,33

7,73

—0,23

0,99

1,31

3 12.

o ®

a &
b) —45
a) V89
8
b J%
5
9 7
d 8
o ¥
a) %
b 5
o 1
a -
1
o) —@
d §
e) %
V3
L
g £
h £
3
2
_3
23
V3

9,96 mm and 8,35 mm

a) 35°

b) 4

o 7

d) 6

e 3

f) 45°

g 55°

h) 65°

i) 5

a) 1732 cm

13.
14.
15.

16.
17.

19.

—24; —7) and (—48; —14)

a = 4(—24) = —96and b =
4(-7) = —28

b) 10cm

o 25,08°
44,44°
11,88

a) V55

b A

0 0 =67976°
27,46 cm

a) 42,07°
63,43°
25°
56,25°
14,32°
30°
59,26
45°
4,01
6,39
0,91
1,85

33,69°

. 23,96°

. 97,120

. 8,7cm, 5,65 cm and 5,65 cm

. Area of AABC = 16944 units?

Exercise 6 — 1:

g oz e

o

g}

w
o

T2 202

{z:zeR,z <7}
{z:zeR,—-13<z <4}
{z:z € R,z > 35}
{z:zeR, 2 <z<21}
{z:zER,féng%}

{x:zGR,m>*\/§}

(=005 6]
(=555)
($;00)
[21;41)
y = 5z
y=>5

y=3z

Solutions

1] w0 20 s 4

/’/

50 60

I A A
2 -1/ 12 3 4 5 6
2




Q n T

o

10

> o

L

R 108,88
R 199,36

T LT 222202
-

Exercise 6 — 2:

oW

a) z-intercept = 1 and y-intercept = —1
b) z-intercept = —2 and y-intercept = 2
c) z-intercept = 3 and y-intercept = —3
m =3andc = —1.
m=1andc= —1.
a) (0;1) and (—1;0). The graph is increasing
b) (0;—1) and (1;0). The graph is increasing
o (0;—1)and (3

(0;1) and (%

;0). The graph is increasing

o

; 0). The graph is decreasing

)

e) (0;2) and (—3;0). The graph is increasing
f) (05 3). The graph is horizontal.

g) (0;0). The graph is increasing

h) (0; —3) and (2; 0). The graph is increasing
a) False

b) True

c) True

Exercise 6 — 3:

Exercise 6 — 4:

4.

Exercise 6 — 5:

>

5.

Exercise 6 — 6:

SAEER S

=-1q=4 5. a) h(x)
2, q= -3 b) g(z)

a) —2 o f(z)

b) (—0,63;0) and (0,63;0) d) k(z)

a) 1 6. a) h(x)

b) (—0,71;0) and (0,71;0) b) f(x)

.a=—-landqg =2 b) —1
a=—2andqg=3 5. a) h(x)

a) There is no y-intercept. b) g(x)

by —3 o k(z)

a) There is no y-intercept. d) f(x)

) (0;0,33) b) k(z)

b) (0,4;0) o f(z)
a=—landg=4 d) h(x)
a=-landg=>5 6. b) asymptote

a) (0;-0,75) 9 y=(3)"

b) (1;0) d) (0;1)

a) g(z) 7. a) f(z) =37
a=3andg=3% 6. a=1landg=0
a=4andq= -2 7. a) h(x)
a=3,andg=-1 b) k(x)
a=1, andg=0 q f(z)
a:3andq:% d g(=)

Solutions

C,
d
e)

a)
b
C,

a)
b)

d)
e)
a)
b)
¢
d)
a)
b)
c)
d)
e)

f)

a) a

b)
)

d)

22,043 L
22,071L

1,15V

7m

Om<s(t) <10m

The domain is 0s < ¢t < 20s. It represents the total time
taken to reach the bottom of the slope.

5m
10m
5m

False

False
y=-fr+3
y=-3zx+5
y=3r+3
y=—-2x+4

) g(@)
) a=1p=-9
b) b=—-1;,9g =23
) e < —4orx >4
) x>0

) the point does lie on the graph
o —24

) y=0andz =0

) (=3;2)

o

h(z) = —3%
(=003 0)

g(z) =377
j(z)=2.3°
k(z) = 3% — 3

O

>2 & a0z

8. g(z) =4sin6
9. a) E(180° -2)and —2<y <0
b) E(360°2)and 0 <y < 4

o E(90°—05)and —2,5 < y <
—0,5

d) E(180°05)and05 < y <




4,5 16. 60° < 0 < 300° b) 2
11. E(180°;1),range y S 17. ag A = (90%4), B = o 3
Randdomain0 < 0 < 360,z # (90°; —2), C = d 1
90,z # 270 (180°;4) and D = (180°; —2
9. a A = (90°3), B =
13. a) y= —2cosf b) 2 (90°;2) C =
b) y =sinf+1 o 2 (180°; —4) and D = (270°;2)
14. 90° < 6 < 270° d) 2 b) 3
15. 0° < 6 < 210°and 330° < 0 < 18. a) A ES (90°;1), B = o 2
360° (180°;=3),  C = d -1
(270°; —1) and D = (360°; 3)
Exercise 6 — 7:
2. @ y=az+2andy=—L1a%+2 3. a) (i) o (i)
b) y=8zandy =& b) (iv) d) ()

x

Exercise 6 — 8:

1 a) y=3z b) Reduction by 4
b) y=2—-4 c) Translation by 3 units in the positive y-direction.
4 a) x-intercept = —% and y-intercept = —5 d) Reflection on z-axis
b) z-intercept = —2 and y-intercept = 4 23. a) 2,50
5. m=1l,andy =2 — 4 b) 1,3
6. a E 25. a=3andq = —4
b) B 26. a) h(z)
9 A b) f(z)
d) C o k(z)
e) F d) g(x)
fy D 27. a) —4
7. a) True b) —2
b) False o —3z
c) False d) 7%
8. a) y= 3T+ 3 e) %
by y=gz+35 f 77
0. a) 120mL g 8
b) 600 mL 28. a) False
c) 33,33s b) False
d) 240 mL c) True
11. a) 50km d) False
b) The domainis 0 < ¢ < 120 min. ) False
c) Therangeis0 < s < 100 km, it represents the total distance f) True
tlra"e”ed‘ 29.  b) (—3;12)and (2;2)
12.a:7§;q:6 d)y:—2x2+6
13. a) 3 30. 1,6 units
b) (—0,77;0) and (0,77;0) 31, A rty—15y—z-+3
14. a) k(x) b)
b g(z) c) 6 R 5 coinsand 9 R 2 coins
o h(z) 32 a=3andq =3
d f(=) 33. a=3andg=0
B g(@) 34, a=1landg= —3
b f() 35, a) g(x)
o h(z) b f(z)
17 a) 8m 0 k()
b) 6m &) h(z)
A 3m 36. f(z) = —3,5cos6
d 1m 40. a) E=(270°—2)and —2 <y <2
18. a=2andg =3 b) E = (360°;2)and —2< y < 2
19. 2 nosolution 41. E = (45°;0) ,rangey € Randdomain0 < z < 360,z #
b) 3 90, 6 # 270
20. a) k(x) 42. 0° < 6 < 180°
b) f(z) 43. 0° < 6 < 90° and 270° < 6 < 360°
o g(=) 44, 0° < 0 < 360°
d) h(z) 45. a) y=3x
22. a) Translation by 2 in the positive y-direction. b) y=—2z%2+3

Solutions




y:_T3 b) BC = 3 + 4 = 7 units

)

d y=z+2 o y=—4%

e) y=>5sinf+1 d y=4"+1

fl y=2x2"+1 &) y=0

g y=—tanf — 2 f) Range f(z): (0; 00), Range g(z): (—oo; 1]
46.  a) A(90°;1), B(90°; —1), C(180°;2) and D(360°; 1) 5. o y=a2+4

b) 0 d) Domain h: (—oo; 00). Range h: [—4; c0)

o 1 53. a) A(v8;v/8) and B(—v/8; —/8)

d 5 b) 2v8
47. a) A(90°;1), B(270°;3), C(270°;1) and D(360°;2) o 8

b) 2 d) 2

a3 54, a) A(—1;0), B(1;0), C(0;3)

d 2 o D(2;—9)
48.  a) M(0;1)and N(0;—1) d y=—6z+3

b) 2 55. a) {0:0°< 0 < 360° 0 # 90°;270°}

o 1 b) 3

d y=277 56. a) y=-—2zeny=ax2—3

e) Range y = 2%: (0; 00) b) y =4x + 1landy = 3"

Range y = —27: (—o0;0) 57 a (v

50. a) g=1 b) (i)

7  Euclidean geometry

Exercise 7 — 1:

3. 70° f) EF is not parallel to CG fy PQ|| NR
4, a) 2 = 55° 5. a) a = 50° 6. a) no parallel lines
b) 35° b) 40° b) not parallel
o #=135° o &= 140° o ..TY || MN
d) 45° d) 40°
e) p=45° e) d=40°
Exercise 7 — 2:
1 a) T72° f) z =18andy =4 6. a) ANABC = AEDC
b) 98° g) x=12andy = 13 b) not congruent
¢ y = 112°and x = 44° 2. diagram A ¢) not enough information
d) 29 3. diagram B d) not enough information
e) 25 5. APNM = AQSR, reason: SAS e) AABC = AADC
Exercise 7 — 3:
1. a SROand ORQ b) 2z o 28°
Exercise 7 — 4:
Exercise 7 — 5:
Exercise 7 — 6:
1. rectangle 3. quadrilateral 5. square, rectangle, rhombus, parallelo-
2. rhombus 4. kite and quadrilateral gram, kite, trapezium and quadrilateral
6. 315
Exercise 7 — 7:
1. ED b) AHKG ||| AJKL o5
2. TS 7. 6 d) z = 28 units and y = 100°
3. EDand AC 8. 3 e) x =24°and y = 13,93
4. no parallel lines 9. 11 13. a) MN = —4a+8
5 a) 91° 10. 4 b —3%
b) ADEC || ADAB 1. a) 14 4. a) 242
6. a) 60° b) 3,5 b) 18

Solutions




15. a) A= —4q+121° 16. a) K = —9b+4122°
b) 18° b) 1

s

Exercise 7 — 8:

1 a) straight angle 5. a) & = 45° 16. rhombus, parallelogram, kite, trapezium
b) obtuse angle b) 45° and quadrilateral
c) acute angle o #=135° 17z =15°
d) right angle d) 45° 18.  a ACDF, ABEF and BCDE
Refl | 5 = 45° b) ACDF, ABEF, BCDE and
) e o
t
) o f’s: a”gle . ) paBra ¢ o ACEF and BCDF
1 t .
g) straight angle iagram d) ABEF and BODE
h) reflex angle 7. diagram A
) ) 19. TS
2. a) False 8. not enough information
20. ZY and VX
b) True 9. (AVWU = AY ZX), reason: SSS 21 ) 39°
T 10. AABC = ADEF '
©) True 2 b) ADEC ||| ADAB
d) False b) AGHI = AJKL o
T ) AMNO = ARP 2 98
e) True ¢ = Q b) AQMN ||| AQRP
f) True d) AQRS not congruent ATUV 23 5
.0
g) True 11. a) 4,24 cm
24. 9
h) True b) 12 cm .
25. no solution
i) False ¢ 728cm 2% PR 2
. =-=-1
j) False d) 40 mm a) 4
3. a AB|| CD 12 a) 25° b) z =12
by MN | OP b) 145° 27 a) —8b+119°
o GH || KLand GK || HL o z=10andy = 12,5 b L
4. a) a = 107°,b = 73%c¢ = d) 60° 28. a) —24d + 180°
107°,d = 73° e) 36° b) %
by a=b=c=d=80° f) z=6andy =10 29. a=5andb =12
) a=>50°b=45°%c=095%d= 14. 2 = 2,75and y = 30° 33. b) rhombus
85° ’ .
15. kite c) 44

8 Analytical geometry

Exercise 8 — 1:

1. (3;3) 4. B
2. A(3;—4), B(3; =3),C(—3;—4), D(5; —3) and E(5; —4). 5. shape Z
3. FE 6. shapeZ

Exercise 8 — 2:

1. 6,71 5. a) V29 b) y=30ry=—5
2. 2,24 b) V52 7. p=3orp=—9
3.z=1 o VIi7

4. y=3,5 6. a) x=3o0orx=9

Exercise 8 — 3:

1 a X o 2 4 a) =32 6. 3
by L 2. —0,5 b) 5
3.1,5 5.4
Exercise 8 — 4:
1. a) parallel 4, y =05z —05 1. y=—z+2 18. =2
b) neither 5. % 12 y=2x—15 19. b) 42,5 units
c) perpendicular 6. 6 13. 3 20. b) (3;13)
2. a) collinear 7. y=x—2 14, =2 0 y=2x+12
b) collinear 8. y=—x+15 15. 0,5
c) not collinear 9. 4 16. —0,5
3. y=—-22+4+0,5 10. —2 17. 6

Exercise 8 — 5:

Solutions




1.
2.

M (1;0) 3.
M (—0,5; —1,25)

Exercise 8 — 6:

N

—

12.
13.
14.
15.
16.
18.

21.
22.

23.
24,

25.

9 Finance and growth

© 0 ® NN

A(7T;-4),  B(3;-3),
D(—2; —8) and E(—5;4)
A

Shape Z

9,81

3

C(7;7),

2

4

4
a y=4x+3
b) V40

y=—15z—1

2

0

y=—z—15

—4

(—=0,5;0,5)

y=—x+ 10

y =3z +12

y=37+3

opposite sides are not parallel

a,

T o T

do not bisect

o n

ordinary quadrilateral

o

isosceles trapezium
i. V10
ii. 3
c) Trapezium
H(3;3)
a)
b)

o

)
)
)
)
)
)
)
)

8

o)
N vl
‘I
~—

NN e
(M
— N

=
|
N

|

Exercise 9 — 1:

1. R 4025

2. R5398,80
3.
4
5

R 1700,00

. R7030,80

a) R324

Exercise 9 — 2:

1.
2.
3.

R 4044,69
R 5930,94
R 9327,76

Exercise 9 — 3:

R 3960,00
R 4316,40
R 359,70

R 4756,40
R 4760,00
R 6092,80

a) (—1;6)
b) (14;32)
29. a3
o C(11;8)
30. a) 98
b) 2
3
d) y= 5m+6
31. a a=landb=1
b) y= %=z
9 (3:1)
e) C(7;0)
32 a) -1
d 9,49
d y=—-z+6
e) 45
33. a) no value of k&
b) k=1
34, a) 5V5
b) —3
O y=-3+3%
d) 1
35, a) M(1;3)
b) 2
o —3
d) y=—ia+ 1
e) y=2x+6
36.  a) N(3;5)
b) rhombus
37. a
o 4,1
d
e y=—3z—4
38. a) V4l
b) M(1;2)

© X N

b) R 393750
R 11 538,46
19
16,25%
5,7% per annum

R 59 345,13

5. R 24 002,00

R 17 942,00

) R 253,87
) R6932,80
a) R 3825
) R 4743
) R197,63
) R5418

Solutions

22—3, 2y—5
o (B2 25)

39.

40.

41.
42.

43.

44,

45.

46.

47.

10.
11.
12.
13.

4. (8;13)
5. 5(4;—5)

T(-1;3)
S(1;6)
isosceles

3

1
Q(0;2)

mpr =1

6

y=2x—3

—1

dac =dpp = V26

(—0,5; —4,5)
square

(1; =5)

3

y=3cx—38
y=-37-3
B=(5-9)
ABCD is a parallelogram
y=37-3
y = —3x
mac = —32

not a rhombus
10

5
73
8%
muN =—%
y=-3z+33
AB || MN

2

P(z;y) = (8;12)
—13

(8;12)

3,8% per annum

4,3% per annum

20 years

32 years

7. 8,45% p.a
4,3% per annum

1,8% per annum

R 12 962,50
R 4462,50
R 360,07

R 10 240

R 3840

R 213,33




6.  a) R6324
b) R 1224
o) R 263,50

Exercise 9 — 4:

1. R33,28
2. R29,61

Exercise 9 — 5:

1. 4142255

Exercise 9 — 6:

R 1400
R 200
R 100
R 1430
R 260
R 1040

N —_
ST v 0 T o

)
)
)
)
)
<)

Exercise 9 - 7:

R 11 204,10
R 2470,80
R 3508772
3,6% per annum
3,6% per annum
25 years
22 years
R 938
R 7319,78
R 4158,88
R 44 872
R 18 731,00
a) R 205
b) R 286,52
c) R128
14. 3,3% per annum

® NSV AW

[
wnp = O

15. 5,5% per annum
16.  a) R534,25
b) R 520

3. R22,77
4. R14,72

7. a) R 5400

b) R 4251,97
8. store A
5. R 14,24
6. R2174,77
2. 4217 645

3. a) R 1680
b) R 600
c) R480
4. a) USA
b) Sollie
5. New York publisher

17. Bank B
18. a) R200
b) R 200
21. a) R 4800,00
b) R 5232,00
c) R 436,00
d) R 6432,00
22. a) R4320
b) R 4838,40
c) R 403,20
d) R5318,40
23. a) R10880
b) R 2880
c) R302,22
24. a) R13860
b) R 6160
c) R 231,00
25. 8,5%
26. R 1106,04

9.
10.

27.
28.
29.
30.
31.

32
33.
34.

35.

36.
37.
38.
40.

R 156,84
R 210,22

7. R 38,64

553

R 36 780
a) Brazilian tourists

b) Japanese tourists

. 530523 TZS

R 24,53
R 27,49
R 12,60
R 8,06
a) 62,3 million people
b) 1,7
4 065 346
4083 001
a) R2100
) R840
) R700
a) R 1960
) R560
c) R840
R 1840
UK publisher
3521,37 BRL
R 13 343,92

Exercise 10 — 1:

1. qualitative anecdotal

Exercise 10 — 2:

9,7
13
6

HwN =

8

a) mean: 13,2; median: 11; mode:

b) mean: 26; median: 25; mode: 24

Exercise 10 — 3:

Exercise 10 — 4:

Solutions

2. quantitative discrete

c¢) mean: 11,2; median: 11; mode:

11

d) mean: 34,29; median: 31; mode:

none

5. mean: 38,3; median 38; mode 33 and 42.

6. 23

3.

11.

quantitative discrete

26
20
a) 5
b) 7
36
7. Data Set C
8. Data Set C




1. Mean: 52; Modal group: 50 < m < 55; Median group: 50 < b) 33 600

m < 55 o 700
2. Mean: 70,66; Modal group: 65 < t < 75; Median group: d) 750
65 <t<T75
e) R 588 000
3. a) 700 < x < 800
Exercise 10 — 5:
1. 10 2.9 3.9 4.Q1 = 65 Q2 = 18
Q3 =29
Exercise 10 — 6:
Exercise 10 — 7:
1. quantitative continuous 16. data set C d z =10
2. qualitative categorical 17. data set B e) x=4
3. 10 18. 18 26. {2;5;7;10;10}
4. 10 19. 14 27. a) median = 6,5; mode = 8; mean
5. 44 20. a) Mean and mode =545
6. 6 21 a) 19,9 b) ¢o1 =4
7. 10 23, a) R182222,22 o {3;3;5;5;8;8;8} or
8. 15 b) R 100 000 {84:4;5:8;8; 8}
9' 1 R 100 000 28. a) 22;36,5;50;55; 64
S r= o b) no men can be retrenched
10. z=p+4 24, a) The mean and range are 89,2 and o
1.1 27 respectively. Q) T = 42,643
1 4 25, a) =17 2. ab
13. 3 b) x is any integer with =z # b) median
14' c {1;3;4;5; 9} o 3
' Q x=T1T d) brand C
15. E
11  Trigonometry
Exercise 11 — 1:
1. 5 2 3. 53,13° 4. 35,30° 5. 26m 6. 15m
Exercise 11 — 2:
1. 19,47° 6. 10m 12. 106,62° and 67,38° 17. b) 379,73 m
2. a) 18° 7. b) 48,59° 13. 11,47 cm and 8,03 cm 18. 793,77 m
b) 23° 8. b) 54,69 m 14. 4,24 cm 19. a) 11,21 cm
3. 8 9. 771m 15. a) 5cm b) 56,4°
4. 44,99° 10. the ship is not safe 16. a) 36,53° 20. 167 m
5. 8° 11. 473,52 m b) 34,82 m

12  Euclidean geometry

Exercise 12 — 1:

1. a) AECF isaparm 2. AD = EF c) 105° o) 42°
b) ABCD isaparm 6. b) 34° 7. b) 36°
Exercise 12 — 2:
6. b) 24 cm? are equal
7. a) () In AQRTand ARST side RT = RT, (ii) common b) 63°
side, (i) .. QR = T'S and QT = RS and (iv) opp. sides o 79°

13  Measurements

Exercise 13 — 1:

1. a) 25cm?

b) 50 cm?
o) 78,54 cm?
)

40 cm?

e) 60 cm? 2. a) 9722 + 127z + 4xw
f) 12 cm? b) —2hz —h
g 43,30 cm? 3. a) wz? 4 8wz + 167
h) 276 cm? b) —hax + 2h

Solutions




Exercise 13 — 2:

a) 344 cm? d) 471,24 cm?
b) 277,82 cm? e) 270
o 87,96 cm? f) 532,84 cm?

Exercise 13 — 3:

1.
2.

420 cm? 3.
500 cm® 4,

785,4 cm®
32,06

Exercise 13 — 4:

d) 1256,6 cm?
175,93
804,25 square units

a) 282,7cm?
b) 45,6 cm? 2.
o) 180 cm? 3.

Exercise 13 — 5:

2144,66 units® b) 52,0 cm?

29,32 units® o 144 cm?®

170,67 units® d) 4188,8 cm®
a) 314,16 cm® 5.

is 507 cm®

Exercise 13 — 6:

1

2
3.
4

o=

doubles
a) increaases by a factor of 9

Exercise 13 — 7:

16.
17.
18.
19.

a) 75cm?
b) 153,94 mm?
©) 252,76 cm?
a) 15y2 — 10y
b 1522 5y

420

210

640,88

360

300

1847,26

615,75

88 square units
103,67 square units
113,1 units?
183,26 units®
130,67 units cubed
) Acone = 126,67 cm?  Acquare pyramid =
437,26 cm® Apaif sphere = 150,80 cm?.
b) Veone = 94,25 cm® Viguare pyramia = 900 cM® Viig sphere =
134,04 cm3

W= ©= =
sk

a) Acylinder = 351,9 cm2
384 Cm2 Arectangular prism = 76 Cm2~

Alriangular prism =

surface area is 393 cm? and the volume

b)

2. a) 241L
b) 22L

5. 1056
552,92

o

4. 189 square units

6. a) 91,39 cm?
b) 29,39 cm?

7. surface area is 190 cm? and the volume
is 175 cm®

increaases by a factor of 27

5. 64 times

6. volume is 31 552 cm® and the surface area is 96 112 cm?.

20.

21.

22.

23.

24,

25.

26.

27.

28.
29.

a)
b)

chlinder‘ = 502,7 Cm3 V;riangular prism =
240 cm® Viectangular prism = 40 cm?®

Acylinder = 3166,7 sz Atriangular prism =
3456 cm? Avectangular prism = 684 cm?

chlinder = 13571,9 Cm3 ‘/triangularprism =
6480 cm® Vrcdangular prism = 1080 cm?®

460,64 cm?

588 cm®

30 159,52 cm? and 301 592,88 cm®

a)
b)

Yes

3665,19 cm® and 1194,67 cm?
2148,85 m® and 867,08 m?
600 ft> and 600,37 ft2

90 cm

261,51

47 123,89 cm® and 1570,80 cm?
92,38 and 180,04

1200 and 886

2412,743

645,07 cm®

28,57 units?

285,664 units®

74,626 cm®

4a?

612,00538 feet

1,620

91 661 532,5 feet® and 1 551 425,432 feet?

14  Probability

Exercise 14 — 1:

Solutions




o=
N

1. eventset= {(2;6); (3;5); (4;4); (5; 3); (6; 2) }6. a 3 b) %
2. {1;2;3;4;5;6} b 1 9 5
3. =3
3 o 2 d 45
4. 0,50 N s
5 : %
53

Exercise 14 — 2:

1. 0,11 2. 0,57 3. 0,22

Exercise 14 — 3:

1. {1;2;3;4;5;7;8;9;10;11;12; 13; 14; 15} b) {1;2;3;4;6;12} o 29
2. {1;2;4;5;6;7;9;10;11;13; 14; 15} o {2;3;5;7;11} d 2
3. a) {1;2;...;12} 5. b) 6

Exercise 14 — 4:
1. {7;10} 2. {1;2;4;5;6;7;8;9;10;11;12;13;14; 15}
Exercise 14 - 5:
1. 0,83 2. 0,17
Exercise 14 - 6:
1. mutually exclusive 2. mutually exclusive 3. not mutually exclusive 4. mutually exclusive
Exercise 14 — 7:
1. {2;3;4;6;10;11;12} 2. {2;4;9;11;13;15} 3. yes 4. no

Exercise 14 — 8:

1. the die lands on the number 5 e) 0,80 o 4
2. {1;2;3;4;5;7;8;9;10;11;12; 14; 15} f) 0,55 22. a) P= %
3. {1;2;3;4;5;7;8;9;10; 11; 12; 13; 14; 15} g) 0,16 by P= %
4. h) 0,01 _
yes ) 1, o P= %
5. {1;3;6;12;14;15} 14. a) g d) P= é
6. 0,08 b) 1 L .o
2 23. a) () P = g5; (i) P = g5 (ii)
7. 0,1 o) % P= %
8. 0,50
9. 0,18 o )
10' ! )1 16. a £ 24. 0,17
’ 4% b) éTl) 27. e) Mutually exclusive and comple-
b) 2% 17 ) mentary.
. a) 2
11. a) 0,21 g 29. a) 50%
b) 0,56 b 5 b) 31,25%
90 9 5 o 6,25%
d) 0,72 d & 30. 31
12. a) 0,5 e) g X
b) 0,23 f) 4
0,67 . " °
a0 18, a) i
4o b 1
e) 0,67 19 1,:
f) 0,56 - A5 3. a)
b 2
13. a) 0,11 56 b) 13
b 0.33 20.  a) 1123 o ()P =1 @P=2%G)P=2
d 0,16 9 19 32. a) w=4,z=2y=6andz =1
d) 0,01 21 b 10 b) P = &; ()P = &

Solutions




Past exam papers

Mathematics, Paper 1, Exemplar

MARKS: 100
TIME: 2 hours

Instructions and information

Read the following instructions carefully before answering the questions.

This question paper consists of 7 questions.

Answer ALL the questions.

Clearly show ALL calculations, diagrams, et cetera that you have used in determining your answers.

Answers only will not necessarily be awarded full marks.

You may use an approved scientific calculator (non-programmable and non-graphical), unless stated otherwise.
If necessary, round off answers to TWO decimal places, unless stated otherwise.

Diagrams are NOT necessarily drawn to scale.

Number the answers correctly according to the numbering system used in this question paper.

O X N W =

Write neatly and legibly.
Exercise 1 — 1:

1. a) Simplify the following expressions fully:
i. (m —2n)(m? — 6mn — n?) (3 marks)
z2 4+ 1 4z% — 3z — 1

ii. —
2 —z+1 4z + 1

(5 marks)

b) Factorise the following expressions fully:
i. 622 — 7z — 20 (2 marks)
ii. a4 a— 2ab— 2b (3 marks)

c) Determine, without the use of a calculator, between which two consecutive integers /51 lies. (2 marks)

d) Prove that 0,245 is rational. (4 marks)

[TOTAL: 19 marks]
2. a) Determine, without the use of a calculator, the value of z in each of the following:

i. @2 — 4z = 21 (3 marks)

ii. 96 =322 (3 marks)
2

iii. R= ﬁ (2 marks)
35

b) Solve for p and ¢ simultaneously if:

6g+7p=3
2q+p=5
(5 marks)
[TOTAL: 13 marks]
3. a) 3z+1; 2x; 3z — 7; ... are the first three terms of a linear number pattern.

i. If the value of z is three, write down the FIRST THREE terms. (3 marks)
ii. Determine the formula for T,,, the general term of the sequence. (2 marks)

iii. Which term in the sequence is the first to be less than —31? (3 marks)

b) The multiples of three form the number pattern: 3; 6 ; 9; 12; ...

Determine the 13" number in this pattern that is even. (3 marks)
[TOTAL: 11 marks]

4., a) Thando has R 4500 in his savings account. The bank pays him a compound interest rate of 4,25% p.a. Calculate the amount Thando will
receive if he decides to withdraw the money after 30 months. (3 marks)

b) The following advertisement appeared with regard to buying a bicycle on a hire-purchase agreement loan:

Purchase price R 5999
Required deposit R 600
Loan term only 18 months, at 8% p.a. simple interest

i. Calculate the monthly amount that a person has to budget for in order to pay for the bicycle. (6 marks)

ii. How much interest does one have to pay over the full term of the loan? (1 marks)

c) The following information is given:

Past exam papers




1T ounce = 28,35g
$1 =R 8,79

Calculate the rand value of a 1 kg gold bar, if 1 ounce of gold is worth $978,34
[TOTAL: 14 marks]
5. a) What expression BEST represents the shaded area of the following Venn diagrams?

(1 mark)

(1 mark)

b) State which of the following sets of events is mutually exclusive:

Event T: The learners in Grade 10 in the swimming team |
Event 2: The learners in Grade 10 in the debating team

B Event 1: The learners in Grade 8 \
Event 2: The learners in Grade 12
C Event 1: The learners who take Mathematics in Grade 10 |

Event 2: The learners who take Physical Sciences in Grade 10

(1 mark)
c) Inaclass of 40 learners the following information is TRUE:
¢ 7 learners are lefthanded
* 18 learners play soccer
* 4 learners play soccer and are left-handed
¢ All 40 learners are either right-handed or left-handed
Let L be the set of all left-handed people and S be the set of all learners who play soccer.
i. How many learners in the class are right-handed and do NOT play soccer? (1 mark)
ii. Draw a Venn diagram to represent the above information. (4 marks)
iii. Determine the probability that a learner is:
A. Left-handed or plays soccer (3 marks)
B. Right-handed and plays soccer (2 marks)
[TOTAL: 13 marks]
6. Given: f(z) = 2 + land g(z) = -2z — 4

Sketch the graphs of f and g on the same set of axes. (4 marks)

o o

Write down the equations of the asymptotes of f. (2 marks)

g}

)

)

) Write down the domain of f. (2 marks)
) Solve for z if f(x) = g(z). (5 marks)
)
)
)

o Qo

Determine the values of = for which —1 < g(z) < 3. (3 marks)
f) Determine the y-intercept of k if k(z) = 2g(x). (2 marks)

Write down the coordinates of the z- and y-intercepts of h if h is the graph of g reflected about the y-axis. (2 marks)

o))

[TOTAL: 20 marks]

7. The graph of f(x) = az? + q is sketched below.
Points A(2;0) and B(—3;2,5) lie on the graph of f.
Points A and C' are z-intercepts of f.
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B(-3;2,5)

c A(2;0)

a) Write down the coordinates of C'. (1 mark)

o

Determine the equation of f. (3 marks)

(o aNe)

Write down the range of h, where h(z) = — f(z) — 2. (2 mars)

)

)

) Write down the range of f. (1 mark)

)

) Determine the equation of an exponential function, g(xz) = b® + ¢, with range y > —4 and which passes through the point A. (3 marks)

(S

[TOTAL: 10 marks]

2 Mathematics, Paper 2, Exemplar 2012

MARKS: 100
TIME: 2 hours

Instructions

* This question paper consists of 9 questions.

e Answer ALL the questions.

¢ Clearly show ALL calculations, diagrams, graphs, et cetera which you have used in determining the answers.

e Answers only will NOT necessarily be awarded full marks.

* You may use an approved scientific calculator (non-programmable and non-graphical), unless stated otherwise.
¢ If necessary, round off answers to TWO decimal places, unless stated otherwise.

¢ Diagrams are NOT necessarily drawn to scale.

e ONE diagram sheet for QUESTION 6.1.1 and QUESTION 9 is attached at the end of this question paper. Write your centre number and examination
number on this sheet in the spaces provided and insert the sheet inside the back cover of your ANSWER BOOK.

* Number the answers correctly according to the numbering system used in this question paper.
¢ Write neatly and legibly.

Exercise 2 — 1:

1. A baker keeps a record of the number of scones that he sells each day. The data for 19 days is shown below.

a) Determine the mean of the given data.
(2 marks)

b) Rearrange the data in ascending order and then determine the median.
(2 marks)

c) Determine the lower and upper quartiles for the data.
(2 marks)

d) Draw a box and whisker diagram to represent the data.
(2 marks)
[TOTAL: 8 marks]

2. Traffic authorities are concerned that heavy vehicles (trucks) are often overloaded. In order to deal with this problem, a number of weighbridges have
been set up along the major routes in South Africa. The gross (total) vehicle mass is measured at these weighbridges. The histogram below shows the
data collected at a weighbridge over a month.
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a) Write down the modal class of the data.
(1 mark)
b) Estimate the mean gross vehicle mass for the month.
(5 marks)
¢) Which of the measures of central tendency, the modal class or the estimated mean, will be most appropriate to describe the data set? Explain
your choice.
(1 mark)
[TOTAL: 7 marks]

3. a) In the diagram below, D(—3; 3), E(—3; —5) and F(—1 ; k) are three points in the Cartesian plane.

Y
D(-3;3)

E(3;-5)

i. Calculate the length of DE.
(2 marks)

ii. Calculate the gradient of DE.
(2 marks)

iii. Determine the value of k if DEF = 90°.
(4 marks)

iv. If & = —8, determine the coordinates of M, the midpoint of DF'.
(2 marks)

v. Determine the coordinates of a point G such that the quadrilateral D EF' G is a rectangle.
(4 marks)

b) C is the point (1 ; —2). The point D lies in the second quadrant and has coordinates (z ; 5). If the length of C'D is /53 units, calculate
the value of z.
(4 marks)

[TOTAL: 18 marks]
4. a) In the diagram below, A ABC is right-angled at B.

S

5]
Q
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Complete the following statements:
i. sinC = ATB
(1 mark)
ii. PA=48
(1 mark)
sin 60° . tan 30°

b) Without using a calculator, determine the value of
sec 45°

(4 marks)
o In the diagram, P(—5; 12) is a point in the Cartesian plane and ROP = 0.

P(=5:12) Y

Determine the value of:
i. cos@
(3 marks)
ii. cosec?f + 1
(3 marks)
[TOTAL: 12 marks]
5. a) Solve for z, correct to ONE decimal place, in each of the following equations where 0° < = < 90°.
i. bcosz =3
(2 marks)
ii. tan2z = 1,19
(3 marks)
iii. 4secx —3=25
(4 marks)

b) An aeroplane at J is flying directly over a point D on the ground at a height of 5 kilometres. It is heading to land at point K. The angle of
depression from J to K is 8°. S is a point along the route from D to K.

i. Write down the size of JK D.
(1 mark)

ii. Calculate the distance D K, correct to the nearest metre.
(3 marks)

iii. If the distance SK is 8 kilometres, calculate the distance D S.
(1 mark)

iv. Calculate the angle of elevation from point S to .J, correct to ONE decimal place.
(2 marks)

[TOTAL: 16 marks]
6. a) Consider the function y = 2tan x.

i. Make a neat sketch of y = 2 tan z for 0° < z < 360° on the axes provided on DIAGRAM SHEET 1. Clearly indicate on your sketch
the intercepts with the axes and the asymptotes.
(4 marks)

ii. If the graph of y = 2 tan x is reflected about the x-axis, write down the equation of the new graph obtained by this reflection.
(1 mark)

b) The diagram below shows the graph of g(z) = asinz for 0° < z < 360°.
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i. Determine the value of a.
(1 mark)
ii. If the graph of g is translated 2 units upwards to obtain a new graph h, write down the range of h.
(2 marks)
[TOTAL: 8 marks]
7. a) The roof of a canvas tent is in the shape of a right pyramid having a perpendicular height of 0,8 metres on a square base. The length of one
side of the base is 3 metres.
A
0,8 m
B
D

i. Calculate the length of AH.
(2 marks)

ii. Calculate the surface area of the roof.
(2 marks)

iii. If the height of the walls of the tent is 2,1 metres, calculate the total amount of canvas required to make the tent if the floor is excluded.
(2 marks)

b) A metal ball has a radius 8 millimetres.

i. Calculate the volume of metal used to make this ball, correct to TWO decimal places.
(2 marks)

ii. If the radius of the ball is doubled, write down the ratio of the new volume : the original volume.
(2 marks)

iii. You would like this ball to be silver plated to a thickness of 1 millimetre. What is the volume of silver required? Give your answer
correct to TWO decimal places.
(2 marks)

[TOTAL: 12 marks]
8. PQRS is akite such that the diagonals intersect in O.
OS =2cmand OPS = 20°.

2.cm

a) Write down the length of OQ.
(2 marks)

b) Write down the size of POQ.
(2 marks)

o) Write down the size of QPS.
(2 marks)
[TOTAL: 6 marks]
9. In the diagram, BCDE and AODE are parallelograms.

Past exam papers




a) Provethat OF || AB
(4 marks)

b) Prove that ABOE is a parallelogram.
(4 marks)

c) Prove that AABO = AEOD.
(5 marks)

[TOTAL: 13 marks]

2.0 Diagram sheet 1

Centre number:

Examination number:

Question 6.1.1

_5 1

Question 9
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