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Wave equation worksheet pdf

Wave equation example. Wave equation worksheet answers. Wave equation formula. What is the basic wave equation.

In 1924, Louis de Broglie presented his research thesis, in which he proposed electrons have properties of both waves and particles, like light. He rearranged the terms of the Plank-Einstein relation to apply to all types of matter. The de Broglie equation is an equation used to describe the wave properties of matter, specifically, the wave nature of the
electron:A = h/mv,where A is wavelength, h is Planck's constant, m is the mass of a particle, moving at a velocity v.de Broglie suggested that particles can exhibit properties of waves. The de Broglie hypothesis was verified when matter waves were observed in George Paget Thomson's cathode ray diffraction experiment and the Davisson-Germer
experiment, which specifically applied to electrons. Since then, the de Broglie equation has been shown to apply to elementary particles, neutral atoms, and molecules. Differential wave equation important in physics Not to be confused with wave function.
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TEACHERS LESS0OM PLAN: Lesson One — Sound Waves

This lesson plan accompanies the WHITEBOARD version of the site, and can perhaps
be used a5 @ "script’ 10 accompany the lesson, The guide script is shown in falics,

TP SOUNIY WAVES

Tet tlifs lesson vor will dearn about somrd amd waves, Foi will fird ol e iy facow
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2§ KEYWaRDs
The kevwords we will cover i this lesson are:
& Soeed m distance travelled i il twe (s )
Freguenwy = mumber of complele waves in one second (Hz)

.
o Wavelenpth = distance between marching pedirrs on the wave (i)
& Longinadinal = vibratton parallel o direcrion of travel

-

Trevsverse = vibralion ab fight amgle te direchion of traved
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Assuming the class have ne prior knowledge, you could spend 5 minutes asking cpen
CuEsteng, Such as ‘whal is & wave™ and ‘whai iravels in waves”. You could aiher do this with
the whohe dass, of for Larger cladaas, Spll @i groups of 3 of 4.

¥ plitting he class imo groups, you will probably need another 5 minutes ta get leedback
Troem B QUESions.

After this, you could colate the cormect answers, and then wrile the delinition on the baard
and ask them 1o write it down in their book.

4 WAVE TYPES

Waves corry energy from one plaoe fo another, Sovad, lght amd radio signals el
trerved in the forrm of waves. There are two main Dipes of wave, Wie wanly e covie np
ard ok oo Dpe af wave o see an example of Rew it "beloves?

Maat, you could show the class the animationfvidea of fipple tink, and aleo & slinky (use 0
il e far this — ideally a bew]. Ask fwo peoples 1o hold il ong persan Sends & wave down il
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A pulse traveling through a string with fixed endpoints as modeled by the wave equationSpherical waves coming from a point sourceA solution to the 2D wave equation The (two-way) wave equation is a second-order linear partial differential equation for the description of waves or standing wave fields - as they occur in classical physics - such as
mechanical waves (e.g. water waves, sound waves and seismic waves) or electromagnetic waves (including light waves).

It arises in fields like acoustics, electromagnetism, and fluid dynamics. Single mechanical or electromagnetic waves propagating in a pre-defined direction can also be described with the first-order one-way wave equation, which is much easier to solve and also valid for inhomogeneous media. Introduction The (two-way) wave equation is a second-
order partial differential equation describing waves, including traveling and standing waves; the latter can be considered as linear superpositions of waves traveling in opposite directions. This article mostly focuses on the scalar wave equation describing waves in scalars by scalar functions u = u (x1, x2, ..., xn; t) of a time variable t (a variable
representing time) and one or more spatial variables x1, x2, ..., xn (variables representing a position in a space under discussion), while there are vector wave equations describing waves in vectors such as waves for electrical field, magnetic field, and magnetic vector potential and elastic waves. By comparison with vector wave equations, the scalar
wave equation can be seen as a special case of the vector wave equations; in the Cartesian coordinate system, the scalar wave equation is the equation to be satisfied by each component (for each coordinate axis, such as the x component for the x axis) of a vector wave without sources of waves in the considered domain (i.e., a space and time). For
example, in the Cartesian coordinate system, for (E x, Ey, E z ) {\displaystyle (E {x},E {v},E {z})} as the representation of an electric vector field wave E — {\displaystyle {\vec {E}}} in the absence of wave sources, each coordinate axis component E i {\displaystyle E {i}} (i = x, y, z) must satisfy the scalar wave equation.

Other scalar wave equation solutions u are for physical quantities in scalars such as pressure in a liquid or gas, or the displacement along some specific direction of particles of a vibrating solid away from their resting (equilibrium) positions. The scalar wave equationisd2udt2=c2(92udx12+92uax22+---+9d2uaoxn?2), {\displaystyle
{\frac {\partial ~{2}u}{\partial t~{2}}}=c”~{2}left({\frac {\partial ~{2}u} {\partial x {1} ~{2}}}+{\frac {\partial ~{2}u}{\partial x {2}~{2}}}+\cdots +{\frac {\partial ~{2}u}{\partial x {n}~{2}}}right),} where c is a fixed non-negative real coefficient.
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In other words: u is the factor representing a displacement from rest situation - it could be gas pressure above or below normal, or the height of water in a pond above or below rest, or something else. t represents time. d 2 u 9 t 2 {\displaystyle {\frac {\partial ~{2}u}{\partial t~{2}}}} is a term for how the displacement accelerates, i.e. not the
speed at which the displacement is changing, but in fact the rate at which that displacement's speed is itself changing - its acceleration. x represents space or position. 9 2 u d x 1 2 {\displaystyle {\frac {\partial ~{2}u}{\partial x {1}"~{2}}}} is a term for how the displacement is varying at the point x in one of the dimensions (like one of the axes on
a graph). It's not the rate at which the displacement is changing across space, but in fact the rate at which the change itself is changing across space - its second derivative. In other words, this term shows how the displacement's changes are squashed up in a tiny surrounding area. The equation states that at any given instance, at any given point,
the way the displacement accelerates is proportional to the way the displacement's changes are squashed up in the surrounding area. Or, in even simpler terms, the way displacements get pushed around is proportional to how pointy the displacement is, and conversely. Using the notations of Newtonian mechanics and vector calculus, the wave
equation can be written more compactlyasu ~ =c 2 V 2 u, {\displaystyle {\ddot {u}}=c”{2}abla ~{2}u,} where the double dot on u " {\displaystyle {\ddot {u}}} denotes double time derivative of u, V is the nabla operator, and V2 = V - V is the (spatial) Laplacian operator (not vector Laplacian): u " =902udt2,V=(90x1,0dx2,...,09xn),V
2=0290x12+920x22+---4+92dxn 2. {\displaystyle {\ddot {u} }={\frac {\partial ~{2}u}{\partial t~{2}}} \gquad abla =\left({\frac {\partial } {\partial x {1}}},{\frac {\partial } {\partial x {2} }} \ldots ,{\frac {\partial } {\partial x {n}} }\right),\qquad abla ~{2}={\frac {\partial ~{2}}{\partial x {1}~{2}}}+{\frac {\partial ~{2}}{\partial

x {2}7{2}}}+\cdots +{\frac {\partial ~{2} }{\partial x {n}~{2}}}.} An even more compact notation sometimes used in physics reads simply 0 u = 0, {\displaystyle \Box u=0,} where all operators are combined into the d'Alembert operator (denoted by abox): 0 =1c29d29t2 — V 2. {\displaystyle \Box ={\frac {1}{c”™{2}}}{\frac {\partial ~{2}}
{\partial t~{2}}}-abla ~{2}.} A solution of this (two-way) wave equation can be quite complicated, but it can be analyzed as a linear combination of simple solutions that are sinusoidal plane waves with various directions of propagation and wavelengths but all with the same propagation speed c. This analysis is possible because the wave equation is
linear and homogeneous, so that any multiple of a solution is also a solution, and the sum of any two solutions is again a solution. This property is called the superposition principle in physics. The wave equation alone does not specify a physical solution; a unique solution is usually obtained by setting a problem with further conditions, such as initial
conditions, which prescribe the amplitude and phase of the wave. Another important class of problems occurs in enclosed spaces specified by boundary conditions, for which the solutions represent standing waves, or harmonics, analogous to the harmonics of musical instruments. The two-way wave equation - describing a standing wave field - is the
simplest example of a second-order hyperbolic differential equation. It and its modifications play fundamental roles in continuum mechanics, quantum mechanics, plasma physics, general relativity, geophysics, and many other scientific and technical disciplines. In the case that only the propagation of a single wave in a predefined direction is of
interest, a first-order partial differential equation - one-way wave equation - can be considered. Wave equation in one space dimension French scientist Jean-Baptiste le Rond d'Alembert discovered the wave equation in one space dimension.[1] The wave equation in one space dimension can be written as follows: 9 2udt2=c29d2uox?2.
{\displaystyle {\frac {\partial ~{2}u}{\partial t~{2}}}=c” {2} {\frac {\partial ~{2}u}{\partial x~{2}}}.} This equation is typically described as having only one space dimension x, because the only other independent variable is the time t. Nevertheless, the dependent variable u may represent a second space dimension, if, for example, the
displacement u takes place in y direction, as in the case of a string that is located in the xy plane. Derivation of the wave equation The wave equation in one space dimension can be derived in a variety of different physical settings. Most famously, it can be derived for the case of a string vibrating in a two-dimensional plane, with each of its elements
being pulled in opposite directions by the force of tension.[2] Another physical setting for derivation of the wave equation in one space dimension uses Hooke's law. In the theory of elasticity, Hooke's law is an approximation for certain materials, stating that the amount by which a material body is deformed (the strain) is linearly related to the force
causing the deformation (the stress). From Hooke's law The wave equation in the one-dimensional case can be derived from Hooke's law in the following way: imagine an array of little weights of mass m interconnected with massless springs of length h. The springs have a spring constant of k: Here the dependent variable u(x) measures the distance
from the equilibrium of the mass situated at x, so that u(x) essentially measures the magnitude of a disturbance (i.e. strain) that is traveling in an elastic material. The resulting force exerted on the mass m at the location x + hiis: F Hooke = Fx+2h —-Fx=k[u(x+2h,t)—u(x+h,t)]—-k[u(x+h,t)—u(x,t)]. {\displaystyle
{\begin{aligned}F {\text{Hooke}}&=F {x+2h}-F {x}=k[u(x+2h,t)-u(x+h,t)]-k[u(x+h,t)-u(x,t)].\end{aligned}}} By equating the latter equation with F Newton =ma(t)=ma2dt2u(x+ h,t), {\displaystyle {\begin{aligned}F_{\text{Newton}}&=m)\a(t)=m\, {\frac {\partial ~{2}}{\partial t~{2}} }u(x+h,t),\end{aligned}}} the equation of
motion for the weight at the location x + hisobtained: 9 29t2u(x+h,t)=km[u(x+2h,t)—u(x+h,t)—u(x+h,t)+u(x,t)]. {\displaystyle {\frac {\partial ~{2}}{\partial t~{2}} }ux+h,t)={\frac {k}{m} }[u(x+2h,t)-u(x+h,t)-u(x+h,t)+u(x,t)].} If the array of weights consists of N weights spaced evenly over the length L = Nh of
total mass M = Nm, and the total spring constant of the array K = k/N, we can write the above equationasd2dt2u(x+h,t)=KL2Mu(x+2h,t)—2u(x+h,t)+u(x,t)h?2. {\displaystyle {\frac {\partial ~{2}}{\partial t~{2}} }u(x+h,t)={\frac {KL"~{2}}{M}}{\frac {u(x+2h,t)-2u(x+h,t)+u(x,t)}{h~{2}}}.} Taking the limit N - «, h -
0 and assuming smoothness, onegetsd2u(x,t)at2=KL2Ma2u(x,t)ax2, {\displaystyle {\frac {\partial ~{2}u(x,t)}{\partial t~{2}}}={\frac {KL~{2}}{M}}{\frac {\partial ~{2}u(x,t)}{\partial x~{2}}},} which is from the definition of a second derivative.

KL2/M is the square of the propagation speed in this particular case. 1-d standing wave as a superposition of two waves traveling in opposite directions Stress pulse in a bar In the case of a stress pulse propagating longitudinally through a bar, the bar acts much like an infinite number of springs in series and can be taken as an extension of the
equation derived for Hooke's law. A uniform bar, i.e. of constant cross-section, made from a linear elastic material has a stiffness K given by K = E A L, {\displaystyle K={\frac {EA}{L}},} where A is the cross-sectional area, and E is the Young's modulus of the material. The wave equation becomesd2u (x,t)dt2=EALMad2u(x,t)ox2.
{\displaystyle {\frac {\partial ~{2}u(x,t)} {\partial t~{2}}}={\frac {EAL}{M}}{\frac {\partial ~{2}u(x,t)} {\partial x~{2}}}.} AL is equal to the volume of the bar, and therefore AL M =1 p, {\displaystyle {\frac {AL}{M}}={\frac {1}{\rho }},} where p is the density of the material. The wave equation reducestod2u(x,t)dt2=Epo2u(x,t)
d x 2 . {\displaystyle {\frac {\partial ~{2}u(x,t)} {\partial t~{2}}}={\frac {E}{\rho } }{\frac {\partial ~{2}u(x,t)}{\partial x~{2}}}.} The speed of a stress wave in a bar is therefore E / p {\displaystyle {\sqrt {E/\rho }}} . General solution Algebraic approach The one-dimensional wave equation is unusual for a partial differential equation in that a
relatively simple general solution may be found. Defining new variables[3] € = x — ct, n = x + c t {\displaystyle {\begin{aligned}\xi &=x-ct,\\\eta &=x+ct\end{aligned}}} changes the wave equation intod 2 uad € a n = 0, {\displaystyle {\frac {\partial ~{2}u}{\partial \xi \partial \eta } }=0,} which leads to the general solutionu (€,n)=F (&) + G (7
), {\displaystyle u(\xi ,\eta )=F(\xi )+G(\eta ),} or equivalently, u(x,t)=F(x—ct) + G (x + ct) . {\displaystyle u(x,t)=F(x-ct)+G(x+ct).} In other words, solutions of the 1D wave equation are sums of a right-traveling function F and a left-traveling function G. "Traveling" means that the shape of these individual arbitrary functions with respect to x
stays constant, however, the functions are translated left and right with time at the speed c. This was derived by Jean le Rond d'Alembert.[4] Another way to arrive at this result is to factor the wave equation into two one-way wave equations: [0dt —caddax][dadt + caadx]u=0. {\displaystyle \left[ {\frac {\partial } {\partial t} }-c{\frac {\partial }
{\partial x} }\right\eft[ {\frac {\partial } {\partial t} }+c{\frac {\partial } {\partial x} }\right]Ju=0.} i.e.dudt—couax=0,0uadt+ caduadx=0.{\displaystyle {\frac {\partial u}{\partial t} }-c{\frac {\partial u}{\partial x} }=0,\qquad {\frac {\partial u}{\partial t} } +c{\frac {\partial u} {\partial x}}=0.} As a result, if we definev=9uadt+couax,
{\displaystyle v\equiv {\frac {\partial u} {\partial t} } +c{\frac {\partial u}{\partial x}},} thendvat — cavax = 0. {\displaystyle {\frac {\partial v} {\partial t} }-c{\frac {\partial v} {\partial x} }=0.} From this, v must have the form G(x + ct), and from this the correct form of the full solution u can be deduced.[5] The usual second-order wave equation
is sometimes called the "two-way wave equation" (superposition of two waves) to distinguish it from the first-order one-way wave equation describing the wave propagation of a single wave in a pre-defined direction. For an initial-value problem, the arbitrary functions F and G can be determined to satisfy initial conditions: u (x,0)=f(x),
{\displaystyle u(x,0)=f(x),} ut(x,0) =g (x). {\displaystyle u {t}(x,0)=g(x).} The result is d'Alembert's formula: u (x,t)=f(x—-ct)+f(x+ct)2+12cfx—ctx+ctg(s)ds. {\displaystyle u(x,t)={\frac {f(x-ct)+f(x+ct)}{2}}+{\frac {1}{2c} Nint {x-ct}~{x+ct}g(s)\,ds.} In the classical sense, if f(x) € Ck, and g(x) € Ck—1, then u(t, x) €
Ck. However, the waveforms F and G may also be generalized functions, such as the delta-function. In that case, the solution may be interpreted as an impulse that travels to the right or the left. The basic wave equation is a linear differential equation, and so it will adhere to the superposition principle. This means that the net displacement caused by
two or more waves is the sum of the displacements which would have been caused by each wave individually. In addition, the behavior of a wave can be analyzed by breaking up the wave into components, e.g. the Fourier transform breaks up a wave into sinusoidal components. Plane-wave eigenmodes Main article: Helmholtz equation Another way to
solve the one-dimensional wave equation is to first analyze its frequency eigenmodes. A so-called eigenmode is a solution that oscillates in time with a well-defined constant angular frequency w, so that the temporal part of the wave function takes the form e—iwt = cos(wt) — i sin(wt), and the amplitude is a function f(x) of the spatial variable %, giving
a separation of variables for the wave function: uw (x,t)=e —iwtf(x). {\displaystyle u {\omega }(x,t)=e” {-i\omega t}f(x).} This produces an ordinary differential equation for the spatial partf(x): 0 2uwaot2=9029t2(e—-iwtf(x))=—-w2e—-iwtf(x)=c29029dx2(e—iwtf(x)).{\displaystyle {\frac {\partial ~{2}u {\omega }}
{\partial t~{2}}}={\frac {\partial ~{2}}{\partial t~ {2} } }\left(e™ {-i\omega t}f(x)\right)=-\omega "~ {2}e" {-i\omega t}f(x)=c™ {2} {\frac {\partial ~{2}}{\partial x~{2}} }\left(e” {-i\omega t}f(x)\right).} Therefore,d2dx2f(x)=—-(wc)2f(x), {\displaystyle {\frac {d"™{2}}{dx" {2} } }H(x)=-\left({\frac {\omega } {c} }\right)~ {2}f(x),} which is
precisely an eigenvalue equation for f(x), hence the name eigenmode. Known as the Helmholtz equation, it has the well-known plane-wave solutions f (x) = A e + i k x, {\displaystyle f(x)=Ae” {\pm ikx},} with wave number k = w/c.

The total wave function for this eigenmode is then the linear combinationuw (x,t)=e—-iwt(Ae—-ikx+Beikx)=Ae—-i(kx+wt)+Bei(kx—wt), {\displaystyle u {\omega }(x,t)=e” {-i\omega t}\left(Ae”™ {-ikx} +Be" {ikx}\right)=Ae" {-i(kx+\omega t) } +Be "~ {i(kx-\omega t)},} where complex numbers A, B depend in general on any
initial and boundary conditions of the problem. Eigenmodes are useful in constructing a full solution to the wave equation, because each of them evolves in time trivially with the phase factor e — i w t, {\displaystyle e” {-i\omega t},} so that a full solution can be decomposed into an eigenmode expansion: u (x,t)=f—owos(w)uw(x,t)dw,
{\displaystyle u(x,t)=\int _{-\infty } ~{\infty }s(\omega )u {\omega }(x,t)\,d\omega ,} or in terms of the plane waves, u(x,t) =/ —woos+ (w)e—-i(kx+wt)dw+[—owws—(w)ei(kx—wt)dw=[—wws+(w)e—ik(x+ct)dw+[—wws—(w)eik(x—ct)dw=F(x—-ct)+ G (x+ct), {\displaystyle
{\begin{aligned}u(x,t)&=\int {-\infty } ~{\infty }s {+}(\omega )e” {-i(kx+\omega t)}\,d\omega +\int {-\infty } ~{\infty }s {-}(\omega )e”™ {i(kx-\omega t)}\,d\omega \\&=\int _{-\infty } ~{\infty }s {+}(\omega )e” {-ik(x+ct)}\,d\omega +\int {-\infty } ~{\infty }s {-}(\omega )e” {ik(x-ct)}\,d\omega \\&=F(x-ct)+G(x+ct),\end{aligned}} } which is exactly
in the same form as in the algebraic approach. Functions s+(w) are known as the Fourier component and are determined by initial and boundary conditions.
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This is a so-called frequency-domain method, alternative to direct time-domain propagations, such as FDTD method, of the wave packet u(x, t), which is complete for representing waves in absence of time dilations. Completeness of the Fourier expansion for representing waves in the presence of time dilations has been challenged by chirp wave
solutions allowing for time variation of w.[6] The chirp wave solutions seem particularly implied by very large but previously inexplicable radar residuals in the flyby anomaly and differ from the sinusoidal solutions in being receivable at any distance only at proportionally shifted frequencies and time dilations, corresponding to past chirp states of the
source. Vectorial wave equation in three space dimensions The vectorial wave equation (from which the scalar wave equation can be directly derived) can be obtained by applying a force equilibrium to an infinitesimal volume element. In a homogeneous continuum (cartesian coordinate x {\displaystyle \mathbf {x} } ) with a constant modulus of
elasticity E {\displaystyle E} a vectorial, elastic deflection u ( x, t) {\displaystyle \mathbf {u} (\mathbf {x} ,t)} causes the stress tensor T = E V u {\displaystyle \mathbf {T} =Eabla \mathbf {u} } .

Name: Date:

Wave Calcul_ations

Speid of @ wave Y

v = volocity [spead), maasured ir

h=vavalangth, measured in meters (m

f = frequency, measured in Hertz (Hz= 1/s]

4 1. The speed of sound in air is about 340 m/s. What is A
the wavelength of sound waves produced by a guitar
string vibrating at 490 Hz?

a l.4mb. 0.7 mc. 166,600 m

2. A wave along a guitar string has a frequency of 540
Hz and a wavelength of 2.5 meters. Calculate the
speed of the wave:

a. 216 m/s b. 1350 m/s c. 0.0046 m/s

3. The string on a piano that produces an A sharp vi
brates with a frequency of 235 Hz. If the sound waves
produced by this string have a wavelength (in air) of
1.49 meters, what is the speed of sound in air?

a. 158 m/s b. 350 m/s c. 0.006 m/s

4. A sound wave has a frequency of 3250 Hz and a
wavelength of 0.1 m. What is its speed?

a. 325 m/s b. 32,500 m/s c. 0.00003 m/s

5. A sound wave has a frequency of 2700 Hz and o
wavelength of 20 m. What is its speed?
a. 13,500 m/s b. 0.00007 m/s ¢. 540 m/s

The local equilibrium of a) the tension force div T=V - (E Vu) = E A u {\displaystyle \operatorname {div} \mathbf {T} =abla \cdot (Eabla \mathbf {u} )=E\Delta \mathbf {u} } due to deflection u {\displaystyle \mathbf {u} } and b) the inertial force p 9 2 u/a t 2 {\displaystyle \rho \partial ~ {2}\mathbf {u} /Apartial t~ {2} } caused by the local
acceleration 9 2 u/ a t 2 {\displaystyle \partial ~{2}\mathbf {u} Apartial t~{2}} can be writtenaspd2uat2 — E Au = 0. {\displaystyle \rho {\frac {\partial ~{2}\mathbf {u} }{\partial t~{2}}}-E\Delta \mathbf {u} =\mathbf {0} .} By merging density p {\displaystyle \rho } and elasticity module E , {\displaystyle E,} the sound velocity c = E / p
{\displaystyle c={\sqrt {E/\rho }}} results (material law). After insertion, follows the well-known governing wave equation for a homogeneous medium:[7] 9 2uadt2 —c 2 Au = 0. {\displaystyle {\frac {\partial ~{2}\mathbf {u} }{\partial t~{2}}}-c”~{2}\Delta \mathbf {u} ={\boldsymbol {0}}.} (Note: Instead of vectorial u (x, t), {\displaystyle
\mathbf {u} (\mathbf {x} ,t),} only scalar u ( x, t) {\displaystyle u(x,t)} can be used, i.e. waves are travelling only along the x {\displaystyle x} axis, and the scalar wave equation followsasd2uat2 —c2d2udx 2 =0 {\displaystyle {\frac {\partial ~{2}u} {\partial t~{2}}}-c~{2}{\frac {\partial ~{2}u}{\partial x~{2}}}=0} .) The above vectorial
partial differential equation of the 2nd order delivers two mutually independent solutions. From the quadratic velocity termc 2 = (+c) 2 = ( — ¢ ) 2 {\displaystyle c™~{2}=(+c)"~{2}=(-c)"~{2}} can be seen that there are two waves travelling in opposite directions + c {\displaystyle +c} and — c {\displaystyle -c} are possible, hence results the
designation “two-way wave equation”. It can be shown for plane longitudinal wave propagation that the synthesis of two one-way wave equations leads to a general two-way wave equation.

For V ¢ = 0, {\displaystyle abla \mathbf {c} =\mathbf {0} ,} special two-wave equation with the d'Alembert operator results:[8] (d ot —c-V)(ddt+c-V)u=(02dt2+(c-V)c-V)u=(024t2+(c-V)2)u=0.{\displaystyle \left({\frac {\partial } {\partial t} }-\mathbf {c} \cdot abla \right)\left({\frac {\partial } {\partial t} } +\mathbf {c}
\cdot abla \right)\mathbf {u} =\left({\frac {\partial ~{2}}{\partial t~{2}}}+(\mathbf {c} \cdot abla )\mathbf {c} \cdot abla \right)\mathbf {u} =\left({\frac {\partial ~{2}}{\partial t~{2}}}+(\mathbf {c} \cdot abla )~ {2}\right)\mathbf {u} =\mathbf {0} .} For V ¢ = 0, {\displaystyle abla \mathbf {c} =\mathbf {0} ,} this simplifiesto (929t 2 + c 2
A)u = 0. {\displaystyle \left({\frac {\partial ~{2}}{\partial t~{2}}}+c”{2}\Delta \right)\mathbf {u} =\mathbf {0} .} Therefore, the vectorial 1st-order one-way wave equation with waves travelling in a pre-defined propagation direction ¢ {\displaystyle \mathbf {c} } results[9]asduaot — c -V u = 0. {\displaystyle {\frac {\partial \mathbf {u} }
{\partial t} }-\mathbf {c} \cdot abla \mathbf {u} =\mathbf {0} .} Scalar wave equation in three space dimensions Swiss mathematician and physicist Leonhard Euler (b. 1707) discovered the wave equation in three space dimensions.[1]A solution of the initial-value problem for the wave equation in three space dimensions can be obtained from the
corresponding solution for a spherical wave. The result can then be also used to obtain the same solution in two space dimensions. Spherical waves The wave equation can be solved using the technique of separation of variables. To obtain a solution with constant frequencies, let us first Fourier-transform the wave equation in timeas W (r,t) = —
oW (r,w)e—iwtdw, {\displaystyle \Psi (\mathbf {r} ,t)=\int {-\infty }~{\infty }\Psi (\mathbf {r} ,\omega )e” {-i\omega t}\,d\omega ,} soweget (V2 +w2c2) W (r,w)=0.{\displaystyle \left(abla ~{2}+{\frac {\omega ~{2}}{c™{2}} }\right)\Psi (\mathbf {r} ,\omega )=0.} This is the Helmholtz equation and can be solved using separation
of variables. If spherical coordinates are used to describe a problem, then the solution to the angular part of the Helmholtz equation is given by spherical harmonics, and the radial equation now becomes[10][d2dr2 +2rddr+ k2 -1(1+1)r2]fl(r) = 0. {\displaystyle \left[{\frac {d~{2}}{dr~{2}}}+{\frac {2} {r}}{\frac {d} {dr}}+k"~{2}-
{\frac {10+1)}{r~{2}} }\rightlf {1}(r)=0.} Here k = w/c, and the complete solution isnow given by W (r, w )=31m[Alm (1 )hI(1)(kr)+Alm(2)hl(2)(kr)]YIm (6, ¢), {\displaystyle \Psi (\mathbf {r} ,\omega )=\sum {Im}\left[A {Im}~{(1)}h {1}~ {(1)}kr)+A {Im}~{(2)}h {1}"~{(2)}(kr)\right]Y {Ilm}(\theta ,\phi ),} where h(1)l(kr)
and h(2)1l(kr) are the spherical Hankel functions. Example To gain a better understanding of the nature of these spherical waves, let us go back and look at the case when 1 = 0.

In this case, there is no angular dependence, and the amplitude depends only on the radial distance i.e. W(r, t) — u(r, t). In this case, the wave equation reducesto (V2 —1¢c2929t2) ¥ (r,t) =0, {\displaystyle \left(abla ~{2}-{\frac {1}{c™{2}}}{\frac {\partial ~{2}}{\partial £t~ {2} } }\right)\Psi (\mathbf {r} ,t)=0,} or(92dr2+2rddr—1c?2
929t2)u(r,t)=0.
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{\displaystyle \left({\frac {\partial ~{2}} {\partial r~{2}}}+{\frac {2} {r} } {\frac {\partial } {\partial r}}-{\frac {1}{c™{2}}}{\frac {\partial ~{2} } {\partial t~{2}} }\right)u(r,t)=0.} This equation can be rewrittenasd 2 (ru)ot2—-c292(ru)or 2 = 0, {\displaystyle {\frac {\partial ~{2}(ru)}{\partial t~{2}}}-c™~ {2} {\frac {\partial ~{2}(ru)}
{\partial r~{2}}}=0,} where the quantity ru satisfies the one-dimensional wave equation. Therefore, there are solutions in the formu (r,t)=1rF(r—ct)+ 1rG (r+ ct), {\displaystyle u(r,t)={\frac {1} {r}}F(r-ct)+{\frac {1} {r}}G(r+ct),} where F and G are general solutions to the one-dimensional wave equation and can be interpreted as
respectively an outgoing and incoming spherical waves. The outgoing wave can be generated by a point source, and they make possible sharp signals whose form is altered only by a decrease in amplitude as r increases (see an illustration of a spherical wave on the top right). Such waves exist only in cases of space with odd dimensions.[citation
needed] For physical examples of solutions to the 3D wave equation that possess angular dependence, see dipole radiation. Monochromatic spherical wave Cut-away of spherical wavefronts, with a wavelength of 10 units, propagating from a point source Although the word "monochromatic" is not exactly accurate, since it refers to light or
electromagnetic radiation with well-defined frequency, the spirit is to discover the eigenmode of the wave equation in three dimensions. Following the derivation in the previous section on plane-wave eigenmodes, if we again restrict our solutions to spherical waves that oscillate in time with well-defined constant angular frequency w, then the
transformed function ru(r, t) has simply plane-wave solutions: ru(r,t) =Aei(wt * kr), {\displaystyle ru(r,t)=Ae”{i(\omega t\pm kr)},} oru(r,t)=Arei(wt * kr). {\displaystyle u(r,t)={\frac {A}{r}}e”{i(\omega t\pm kr)}.} From this we can observe that the peak intensity of the spherical-wave oscillation, characterized as the squared
wave amplitude I = |u(r,t)|2=|A|2r2, {\displaystyle I=|u(r,t)|~{2}={\frac {|A|"~ {2} }{r"{2}}},} drops at the rate proportional to 1/r2, an example of the inverse-square law. Solution of a general initial-value problem The wave equation is linear in u and is left unaltered by translations in space and time. Therefore, we can generate a great
variety of solutions by translating and summing spherical waves. Let @(€, 1, C) be an arbitrary function of three independent variables, and let the spherical wave form F be a delta function: that is, let F be a weak limit of continuous functions whose integral is unity, but whose support (the region where the function is non-zero) shrinks to the origin.
Let a family of spherical waves have center at (€, n, C), and let r be the radial distance from that point. Thusr2 =(x—-¢)2+(y—-1n)2 + (z —C) 2. {\displaystyle r~ {2} =(x-\xi )~ {2} +(y-\eta )~ {2} +(z-\zeta )~ {2}.} If u is a superposition of such waves with weighting function ¢, thenu (t,x,y,z)=14nac fffo(&,n,C)d(r—ct)rd&dnd;
{\displaystyle u(t,x,y,z)={\frac {1} {4\pi c} }\iiint \varphi (\xi ,\eta ,\zeta ){\frac {\delta (r-ct)}{r} }\,d\xi \,d\eta \,d\zeta ;} the denominator 4mc is a convenience. From the definition of the delta function, u may also be writtenasu (t,x,y,z)=t4n[fSe(x+cta,y+ctp,z+cty)dw, {\displaystyle u(t,x,y,z)={\frac {t}{4\pi } }\iint {S}\varphi
(x+ct\alpha ,y+ct\beta ,z+ct\gamma )\,d\omega ,} where a, B, and y are coordinates on the unit sphere S, and w is the area element on S. This result has the interpretation that u(t, x) is t times the mean value of ¢ on a sphere of radius ct centered atx: u (t,x,y,z)=tMct[ ¢ 1. {\displaystyle u(t,x,y,z)=tM_{ct}[\phi ].} It follows thatu (0, x,y, z
)=0,ut(0,x,y,z)=0(x,y,z).{\displaystyle u(0,x,y,z)=0,\quad u_{t}(0,x,y,z)=\phi (x,y,z).} The mean value is an even function of t, and hence ifv(t,x,y,z)=9dadt(tMct[ y 1), {\displaystyle v(t,x,y,z)={\frac {\partial } {\partial t}} {\big (}tM_{ct}[\psi I{\big )},} thenv (0 ,x,y,z)=w(x,y,z),vt(0,x,y,z) = 0. {\displaystyle
v(0,x,y,2)=\psi (x,y,2),\quad v_{t}(0,x,y,z)=0.} These formulas provide the solution for the initial-value problem for the wave equation. They show that the solution at a given point P, given (t, %, y, z) depends only on the data on the sphere of radius ct that is intersected by the light cone drawn backwards from P. It does not depend upon data on the
interior of this sphere. Thus the interior of the sphere is a lacuna for the solution. This phenomenon is called Huygens' principle.

It is true for odd numbers of space dimension, where for one dimension the integration is performed over the boundary of an interval with respect to the Dirac measure. It is not satisfied in even space dimensions. The phenomenon of lacunas has been extensively investigated in Atiyah, Bott and Garding (1970, 1973). Scalar wave equation in two space
dimensions In two space dimensions, the wave equationisutt=c2 (uxx +uyy). {\displaystyle u {tt}=c™{2}\left(u {xx}+u {yy}\right).} We can use the three-dimensional theory to solve this problem if we regard u as a function in three dimensions that is independent of the third dimension. Ifu (0, x,y)=0,ut(0,x,y)=0¢(x,Vy),
{\displaystyle u(0,x,y)=0,\quad u_{t}(0,x,y)=\phi (x,y),} then the three-dimensional solution formula becomesu (t,x,y)=tMct[d]l=t4nffSP(x+cta,y+ctp)dw, {\displaystyle u(t,x,y)=tM_{ct}[\phi ]={\frac {t}{4\pi } }\iint {S}\phi (x+ct\alpha ,\,y+ct\beta )\,d\omega ,} where a and p are the first two coordinates on the unit sphere,
and dw is the area element on the sphere. This integral may be rewritten as a double integral over the disc D with center (x, y) and radiusct: u (t,x,y)=12nct [ Do (x+&,y+n)(ct)2-E2-n2d¢dn. {\displaystyle u(t,x,y)={\frac {1}{2\pi ct} N\iint {D}{\frac {\phi (x+\xi ,y+\eta )} {\sqrt {(ct)~{2}-\xi ~{2}-\eta ~{2}}}}d\xi\,d\eta .} It
is apparent that the solution at (t, %X, y) depends not only on the data on the light cone where (x —€)2 + (y—n)2=c 2t 2, {\displaystyle (x-\xi )~ {2}+(y-\eta )~ {2}=c”™{2}t"{2},} but also on data that are interior to that cone. Scalar wave equation in general dimension and Kirchhoff's formulae We want to find solutions to utt — Au = 0 for u : Rn
X (0, ») - R with u(x, 0) = g(x) and ut(x, 0) = h(x). See Evans for more details. Odd dimensions Assume n = 3 is an odd integer, and g € Cm+1(Rn), h e Cm(Rn) form =(n+ 1)/2. Letyn=1x3 x5 X --- X (n—2)andletu(x,t)=1yn[at(1tot)n—-32(tn—-21]aBt(x)|foBt(x)gdS)+(1ltat)n—-32(tn—-21|aBt(x)|[faBt(x
)hdS)]. {\displaystyle u(x,t)={\frac {1}{\gamma {n}}}left[\partial {t}\left({\frac {1}{t}}\partial {t}\right)”~{\frac {n-3}{2} Neft(t™{n-2}{\frac {1}{|\partial B {t}(x)|} Nint {\partial B {t}(x)}g\,dS\right)+\left({\frac {1} {t} }\partial {t}\right)”~{\frac {n-3}{2} Ileft(t~{n-2} {\frac {1} {|\partial B {t}(x)|} }\int {\partial B {t}
(x)}h\,dS\right)\right].} Thenu € C2 (Rn x [ 0, « ) ) {\displaystyle u\in C~{2} {\big (}\mathbf {R} ~{n}\times [0\infty ){\big )}} , utt — A u = 0 {\displaystyle u_{tt}-\Delta u=0} in Rn x (0, « ) {\displaystyle \mathbf {R} ~{n}\times (0\infty )} ,lim (x,t) - (x0,0)u(x,t) =g (x0) {\displaystyle \lim _{(x,t)\to (x~{0},0)}u(x,t)=g(x~{0})},
lim(x,t)—=(x0,0)ut(x,t)=h(x0) {\displaystyle \lim {(x,t)\to (x~{0},0)}u {t}(x,t)=h(x~{0})} . Even dimensions Assume n = 2 is an even integer and g € Cm+1(Rn), h € Cm(Rn), form = (n + 2)/2. Letyn =2 x4 X --- Xxnandletu(x,t)=1yn[at(1tat)n—-22(tnl |Bt(x)|[/Bt(x)g(t2—|]y—-x]2)12dy)+(1tat)n—2
2(tnl1|Bt(x)|S/Bt(x)h(t2—-]y—x]|2)12dy)]{\displaystyle u(x,t)={\frac {1}{\gamma {n}}}\left[\partial {t}\left({\frac {1}{t}}\partial {t}\right)” {\frac {n-2} {2} Neft(t~{n}{\frac {1}{|B_{t} ()|} N\int {B {t}x)}{\frac {g}{E&~{2}-|y-x|~{2}) " {\frac {1}{2}}} }dy\right)+\left({\frac {1} {t} }\partial {t}\right)~{\frac {n-2}

{2} Neft(t™ {n}{\frac {1}{|B_{t}®)|}Nint {B {t}(x)}{\frac {h}{t~{2}-|y-x|~{2})"~{\frac {1} {2}}}}dy\right)\right]} then u € C2(Rn X [0, »)) utt —Au=0in Rn X (0, ) lim (x,t)—=(x0,0)u(x,t) =g (x0) {\displaystyle \lim {(x,t)\to (x~{0},0)}u(x,t)=gx"~{0})}lim(x,t)—-(x0,0)ut(x,t)="h(x0) {\displaystyle \lim _{(x,t)\to
(x~{0},0)}u_{t}(x,t)=h(x"~{0})} Problems with boundaries One space dimension Reflection and transmission at the boundary of two media For an incident wave traveling from one medium (where the wave speed is cl) to another medium (where the wave speed is c2), one part of the wave will transmit into the second medium, while another part
reflects back into the other direction and stays in the first medium. The amplitude of the transmitted wave and the reflected wave can be calculated by using the continuity condition at the boundary. Consider the component of the incident wave with an angular frequency of w, which has the waveformuinc (x,t) =Aei(klx—-wt), A€C.
{\displaystyle u”™ {\text{inc} }(x,t)=Ae"{i(k_{1}x-\omega t)},\quad A\in \mathbb {C} .} Att = 0, the incident reaches the boundary between the two media at x = 0. Therefore, the corresponding reflected wave and the transmitted wave will have the waveformsurefl (x,t)=Bei(—-klx—-—wt),utrans(x,t)=Cei(k2x—-wt),B,CeC.
{\displaystyle u” {\text{refl} } (x,t)=Be”~{i(-k_{1}x-\omega t)},\quad u”™ {\text{trans}}(x,t)=Ce” {i(k_{2}x-\omega t)},\quad B,C\in \mathbb {C} .} The continuity condition at the boundaryisuinc (0, t) +urefl(0,t)=utrans(0,t),uxinc(0,t)+uxref(0,t)=uxtrans (0,t). {\displaystyle u™{\text{inc}}(0,t)+u” {\text{refl}}

(0,t)=u" {\text{trans}}(0,t),\quad u_{x} "~ {\text{inc}}(0,t)+u_{x} "~ {\text{ref}}(0,t)=u_{x} "~ {\text{trans}}(0,t).} This gives the equations A+ B=C,A-B=k2k1C=c1c?2C, {\displaystyle A+B=C,\quad A-B={\frac {k {2}}{k {1}}}C={\frac {c {1}}{c _{2}}}C,} and we have the reflectivity and transmissivity BA=c2—-clc2+c1,CA=
2c2c?2+cl. {\displaystyle {\frac {B}{A}}={\frac {c_{2}-c {1}}{c _{2}+c {1}}}\quad {\frac {C}{A}}={\frac {2c_{2}}{c_{2}+c {1}}}.} When c2 < cl1, the reflected wave has a reflection phase change of 180°, since B/A < 0. The energy conservation can be verified by B2c1 + C2c 2 =A 2 c 1. {\displaystyle {\frac {B~{2}}{c {1}}}+
{\Mfrac {C~{2}}{c {2}}}={\frac {A~{2}}{c {1}}}.} The above discussion holds true for any component, regardless of its angular frequency of w. The limiting case of c2 = 0 corresponds to a "fixed end" that doesn't move, whereas the limiting case of c2 — « corresponds to a "free end". The Sturm-Liouville formulation A flexible string that is
stretched between two points x = 0 and x = L satisfies the wave equation for t > 0 and 0 < x < L. On the boundary points, u may satisfy a variety of boundary conditions. A general form that is appropriate for applicationsis —ux(t,0)+au(t,0)=0,ux(t,L)+bu(t,L) =0, {\displaystyle {\begin{aligned}-u_{x}(t,0)+au(t,0)&=0\\u_{x}
(t,L)+bu(t,L)&=0,\end{aligned} } } where a and b are non-negative. The case where u is required to vanish at an endpoint (i.e. "fixed end") is the limit of this condition when the respective a or b approaches infinity. The method of separation of variables consists in looking for solutions of this problem in the special formu (t,x) =T (t)v(x).
{\displaystyle u(t,x)=T(t)v(x).} A consequence isthatT"c2 T =v " v = — A . {\displaystyle {\frac {T"}{c~{2}T}}={\frac {v''}{v}}=-\lambda .} The eigenvalue A must be determined so that there is a non-trivial solution of the boundary-value problemv”"+Av=0,—-v' (0)+av(0)=0,v' (L) + bv (L) = 0. {\displaystyle
{\begin{aligned}v'+\lambda v=0,&\\-v'(0)+av(0)&=0,\\v'(L)+bv(L)&=0.\end{aligned } } } This is a special case of the general problem of Sturm-Liouville theory. If a and b are positive, the eigenvalues are all positive, and the solutions are trigonometric functions. A solution that satisfies square-integrable initial conditions for u and ut can be obtained
from expansion of these functions in the appropriate trigonometric series.

Investigation by numerical methods Approximating the continuous string with a finite number of equidistant mass points, one gets the following physical model: Three consecutive mass points of the discrete model for a string If each mass point has the mass m, the tension of the string is f, the separation between the mass points is Ax, and ui, i =1, ...,
n are the offset of these n points from their equilibrium points (i.e. their position on a straight line between the two attachment points of the string), the vertical component of the force towards pointi + 1isui+ 1 —uiAxf, {\displaystyle {\frac {u {i+1}-u {i}}{\Delta x}}f,} (1) and the vertical component of the force towards pointi — 1isui—-1 —
uiAxf. {\displaystyle {\frac {u {i-1}-u {i}}{\Delta x} }f.} (2) Taking the sum of these two forces and dividing with the mass m, one gets for the vertical motion: u "i=(fmAx)(ui+1+ui—-1-2ui). {\displaystyle {\ddot {u}} {i}=\left({\frac {f} {m\Delta x} }\right)(u_{i+1}+u {i-1}-2u {i}).} (3) As the mass densityisp =m A x,
{\displaystyle \rho ={\frac {m} {\Delta x} },} this can be writtenu "i=(fp(Ax)2)(ui+1+ui—-1-2ui). {\displaystyle {\ddot {u}} {i}=\left({\frac {f}{\rho (\Delta x)"~ {2} } }I\right)(u {i+1}+u {i-1}-2u {i}).} (4) The wave equation is obtained by letting Ax — 0, in which case ui(t) takes the form u(x, t), where u(x, t) is continuous function of
two variables, ui takes the form 92u/ot2, andui+ 1 +ui—1-2ui(Ax)2-92udx?2.{\displaystyle {\frac {u_{i+1}+u {i-1}-2u {i} }{(\Delta x)"~{2}} }\to {\frac {\partial ~{2}u}{\partial x~{2}}}.} But the discrete formulation (3) of the equation of state with a finite number of mass point is just the suitable one for a numerical propagation of
the string motion. The boundary conditionu (0, t)=u (L, t) = 0, {\displaystyle u(0,t)=u(L,t)=0,} where L is the length of the string, takes in the discrete formulation the form that for the outermost points ul and un the equations of motionareu "1 =(cAx)2 (u2 — 2u 1) {\displaystyle {\ddot {u}} {1}=\left({\frac {c}{\Delta x} }\right)~{2}
(u {2}2u {1} B)andu "n=(cAx)2(un—-1-2un), {\displaystyle {\ddot {u}} {n}=\left({\frac {c}{\Delta x} N\right)~{2}(u {n-1}-2u {n}),} (6) whilefor1 <i<nu "i=(cAx)2(ui+1+ui—-1-2ui), {\displaystyle {\ddot {u}} {i}=\left({\frac {c}{\Delta x} N\right)~{2}(u_{i+1}+u {i-1}-2u {i}),} (7) where c = vf/p. If the string
is approximated with 100 discrete mass points, one gets the 100 coupled second-order differential equations (5), (6) and (7) or, equivalently, 200 coupled first-order differential equations. Propagating these up to the times Lck (0.05), k=0, ..., 5, {\displaystyle {\frac {L}{c}}k(0.05),\ k=0,\dots ,5,} using an 8th-order multistep method, the 6
states displayed in figure are found: The string at 6 consecutive epochs, the first (red) corresponding to the initial time with the string in rest The red curve is the initial state at time zero, at which the string is "let free" in a predefined shape[11] with all u " i = 0 {\displaystyle {\dot {u}} {i}=0} . The blue curve is the state at time L c - 0.25,
{\displaystyle {\tfrac {L}{c}}\cdot 0.25,} i.e. after a time that corresponds to the time a wave that is moving with the nominal wave velocity ¢ = vf/p would need for one fourth of the length of the string.

The shape of the string at the times Lck - 0.05, k=6, ..., 11 {\displaystyle {\tfrac {L}{c}}k\cdot 0.05,\ k=6,\dots ,11} The wave travels towards right with the speed ¢ = vf/p without being actively constraint by the boundary conditions at the two extremes of the string. The shape of the wave is constant, i.e. the curve is indeed of the form f(x — ct).
The shape of the string at the times Lck-0.05, k=12, ..., 17 {\displaystyle {\tfrac {L}{c}}k\cdot 0.05,\ k=12,\dots ,17} The constraint on the right extreme starts to interfere with the motion, preventing the wave to raise the end of the string. The shape of the string at the times L ck - 0.05, k=18, ..., 23 {\displaystyle {\tfrac {L}{c}}k\cdot
0.05,\ k=18,\dots ,23} The direction of motion is reversed.

The red, green and blue curves are the states at the times L ck - 0.05, k=18, ..., 20 {\displaystyle {\tfrac {L}{c} }k\cdot 0.05,\ k=18,\dots ,20} while the 3 black curves correspond to the states at k = 21, ..., 23 {\displaystyle k=21,\dots ,23} with the wave starting to move back towards left. The shape of the string at the times Lck - 0.05, k =
24, ..., 29 {\displaystyle {\tfrac {L}{c}}k\cdot 0.05,\ k=24,\dots ,29} The shape of the string at the times Lc k- 0.05, k=30, ..., 35 {\displaystyle {\tfrac {L}{c}}k\cdot 0.05,\ k=30,\dots ,35} The wave now travels towards left, and the constraints at the end points are not active any more. When finally the other extreme of the string is reached,
the direction will again be reversed in a way similar to what is displayed in the figure above for k = 18, ..., 23. {\displaystyle k=18,\dots ,23.} Several space dimensions A solution of the wave equation in two dimensions with a zero-displacement boundary condition along the entire outer edge The one-dimensional initial-boundary value theory may be
extended to an arbitrary number of space dimensions. Consider a domain D in m-dimensional x space, with boundary B. Then the wave equation is to be satisfied if x is in D, and t > 0. On the boundary of D, the solution u shall satisfy 9 u o n + au = 0, {\displaystyle {\frac {\partial u}{\partial n} }+au=0,} where n is the unit outward normal to B, and
a is a non-negative function defined on B. The case where u vanishes on B is a limiting case for a approaching infinity.

The initial conditionsareu (0, x)=f(x),ut(0,x) =g (x), {\displaystyle u(0,x)=f(x),\quad u_{t}(0,x)=g(x),} where f and g are defined in D. This problem may be solved by expanding f and g in the eigenfunctions of the Laplacian in D, which satisfy the boundary conditions. Thus the eigenfunction v satisfies V - Vv + A v = 0 {\displaystyle abla
\cdot abla v+\lambda v=0} in D, and d vd n + a v = 0 {\displaystyle {\frac {\partial v} {\partial n}}+av=0} on B. In the case of two space dimensions, the eigenfunctions may be interpreted as the modes of vibration of a drumhead stretched over the boundary B. If B is a circle, then these eigenfunctions have an angular component that is a
trigonometric function of the polar angle 6, multiplied by a Bessel function (of integer order) of the radial component. Further details are in Helmholtz equation. If the boundary is a sphere in three space dimensions, the angular components of the eigenfunctions are spherical harmonics, and the radial components are Bessel functions of half-integer
order. Inhomogeneous wave equation in one dimension See also: Inhomogeneous electromagnetic wave equation The inhomogeneous wave equation in one dimensionisutt(x,t)—c2uxx(x,t) =s(x, t) {\displaystyle u {tt}(x,t)-c™{2}u_ {xx}(x,t)=s(x,t)} with initial conditionsu (x, 0) = f(x ), {\displaystyle u(x,0)=f(x),} ut(x,0)=g(x).
{\displaystyle u {t}(x,0)=g(x).} The function s(x, t) is often called the source function because in practice it describes the effects of the sources of waves on the medium carrying them. Physical examples of source functions include the force driving a wave on a string, or the charge or current density in the Lorenz gauge of electromagnetism. One
method to solve the initial-value problem (with the initial values as posed above) is to take advantage of a special property of the wave equation in an odd number of space dimensions, namely that its solutions respect causality. That is, for any point (xi, ti), the value of u(xi, ti) depends only on the values of f(xi + cti) and f(xi — cti) and the values of the
function g(x) between (xi — cti) and (xi + cti). This can be seen in d'Alembert's formula, stated above, where these quantities are the only ones that show up in it. Physically, if the maximum propagation speed is c, then no part of the wave that can't propagate to a given point by a given time can affect the amplitude at the same point and time. In terms
of finding a solution, this causality property means that for any given point on the line being considered, the only area that needs to be considered is the area encompassing all the points that could causally affect the point being considered.

Denote the area that causally affects point (xi, ti) as RC. Suppose we integrate the inhomogeneous wave equation over this region: [f RC(c2uxx(x,t)—utt(x,t))dxdt=ffRCs(x,t)dxdt. {\displaystyle \iint {R {C}}{\big (}c™{2}u {xx}(x,t)-u_{tt}(x,t){\big )}\ dx\,dt=\iint {R {C}}s(x,t)\,dx\,dt.} To simplify this greatly, we can use
Green's theorem to simplify the left side to get the following: fLO+ L1 +L2(—c2ux(x,t)dt—ut(x,t)dx)=ffRCs(x,t)dxdt. {\displaystyle\int {L {0}+L {1}+L {2}}{\big (}{-}c™{2}u {x}(x,t)\ dt-u {t}(x,t)\,dx{\big )}=\iint {R {C}}s(x,t)\,dx\dt.} The left side is now the sum of three line integrals along the bounds of the
causality region. These turn out to be fairly easy to compute: [xi—ctixi+cti—ut(x,0)dx=—-fxi—ctixi+ctig(x)dx.{\displaystyle\int {x {i}-ct {i}}"~{x {i}+ct {i}}-u {t}(x,0)\, dx=-\int {x {i}-ct {i}}~{x {i}+ct {i}}g(x)\,dx.} In the above, the term to be integrated with respect to time disappears because the time interval
involved is zero, thus dt = 0. For the other two sides of the region, it is worth noting that x + ct is a constant, namely xi + cti, where the sign is chosen appropriately. Using this, we can get the relation dx + cdt = 0, again choosing the right sign: f/L1 (—c2ux(x,t)dt—ut(x,t)dx)=fL1(cux(x,t)dx+cut(x,t)dt)=cfL1du(x,t
)=cu(xi,ti)—cf(xi+cti). {\displaystyle {\begin{aligned}\int {L {1}}{\big (}{-}c™{2}u {x}x i)\, dt-u_{t}(x,t)\,dx{\big )}&=\int {L {1}}{\big (}cu {x}(x,t)\,dx+cu_ {t}(x,t)\,dt{\big )}\&=c\int {L {1} }\,du(x,t)\\&=cu(x {i},t {i})-cf(x {i}+ct {i}).\end{aligned}}} And similarly for the final boundary segment: L2 (—c2ux(x,t)dt —
ut(x,t)dx)=—-—fL2(cux(x,t)dx+cut(x,t)dt)=—cfL2du(x,t)=cu(xi,ti)—cf(xi—-cti).{\displaystyle {\begin{aligned}\int {L {2} }{\big (}{-}c~{2}u_{x}(x t)\,dt-u_{t}(x,t)\,dx{\big )} &=-\int {L {2}}{\big (}cu {x}(x,t)\,dx+cu {t}(x,t)\,dt{\big )}\&=-c\int {L {2} }\,du(x,t)\&=cu(x_{i},t {i})-cf(x {i}-
ct_{i}).\end{aligned}}} Adding the three results together and putting them back in the original integral gives [f RCs(x,t)dxdt=—-fxi—ctixi+ctig(x)dx+cu(xi,ti)—cf(xi+cti)+cu(xi,ti)—cf(xi—-cti)=2cu(xi,ti)—cf(xi+cti)—cf(xi—cti)—[fxi—ctixi+ctig(x)dzx.{\displaystyle
{\begin{aligned }\iint {R {C}}s(x,t)\,dx\,dt&=-\int {x {i}-ct {i}}~{x {i}+ct {i}}g(x)\,dx+cu(x_{i},t {i})-cf(x {i}+ct {i})+cu(x {i},t {i})-cf(x {i}-ct {i})\&=2cu(x {i},t {i})-cf(x {i}+ct {i})-cf(x {i}-ct {i})-\int {x {i}-ct {i}}~{x {i}+ct {i}}gx)\,dx.\end{aligned}}} Solving for u(xi, ti), we arriveatu (xi, ti) =f(xi+cti)+f(xi—cti)?2
+12cfxi—ctixi+ctig(x)dx+12cfOtifxi—c(ti—t)xi+c(ti—t)s(x,t)dxdt. {\displaystyleu(x {i},t {i})={\frac {f(x {i}+ct {i})+f(x {i}-ct {iH)}{2}}+{\frac {1}{2c}Nint {x {i}-ct {i}}~{x {i}+ct {i}}gx)\,dx+{\frac {1} {2c}Nint {0}~ {t {i}Nint {x {i}-c(t_{i}-t)} ~{x {i}+c(t_{i}-t)}s(x,t)\,dx\,dt.} In the last equation
of the sequence, the bounds of the integral over the source function have been made explicit. Looking at this solution, which is valid for all choices (xi, ti) compatible with the wave equation, it is clear that the first two terms are simply d'Alembert's formula, as stated above as the solution of the homogeneous wave equation in one dimension. The
difference is in the third term, the integral over the source. Wave equation for inhomogeneous media, three-dimensional case For one-way wave propagation, i.e. wave are travelling in a pre-defined wave direction ( + ¢ {\displaystyle +c} or — c {\displaystyle -c} ) in inhomogeneous media, wave propagation can also be calculated with a tensorial one-



way wave equation (resulting from factorization of the vectorial two-way wave equation), and an analytical solution can be derived.[9] Other coordinate systems In three dimensions, the wave equation, when written in elliptic cylindrical coordinates, may be solved by separation of variables, leading to the Mathieu differential equation. Further
generalizations Elastic waves The elastic wave equation (also known as the Navier-Cauchy equation) in three dimensions describes the propagation of waves in an isotropic homogeneous elastic medium. Most solid materials are elastic, so this equation describes such phenomena as seismic waves in the Earth and ultrasonic waves used to detect flaws
in materials.

While linear, this equation has a more complex form than the equations given above, as it must account for both longitudinal and transverse motion: pu " =f+ (A +2u)V(V-u) —uV x (V x u), {\displaystyle \rho {\ddot {\mathbf {u} }}=\mathbf {f} +(\lambda +2\mu )abla (abla \cdot \mathbf {u} )-\mu abla \times (abla \times \mathbf {u} ),}
where: A and 1 are the so-called Lamé parameters describing the elastic properties of the medium, p is the density, f is the source function (driving force), u is the displacement vector. By using V x (V x u) =V(V-u) — V-V u = V(V - u) — Au, the elastic wave equation can be rewritten into the more common form of the Navier-Cauchy equation. Note
that in the elastic wave equation, both force and displacement are vector quantities. Thus, this equation is sometimes known as the vector wave equation. As an aid to understanding, the reader will observe that if f and V - u are set to zero, this becomes (effectively) Maxwell's equation for the propagation of the electric field E, which has only
transverse waves. Dispersion relation In dispersive wave phenomena, the speed of wave propagation varies with the wavelength of the wave, which is reflected by a dispersion relation w = w ( k), {\displaystyle \omega =\omega (\mathbf {k} ),} where w is the angular frequency, and k is the wavevector describing plane-wave solutions. For light
waves, the dispersion relation is w = *c |k|, but in general, the constant speed c gets replaced by a variable phase velocity: vp = w ( k) k. {\displaystyle v_{\text{p}}={\frac {\omega (k)}{k}}.} See also Acoustic attenuation Acoustic wave equation Bateman transform Electromagnetic wave equation Helmholtz equation Inhomogeneous
electromagnetic wave equation Laplace operator Mathematics of oscillation Maxwell's equations One-way wave equation Schrodinger equation Standing wave Vibrations of a circular membrane Wheeler-Feynman absorber theory Notes ©~ a b Speiser, David.
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doi:10.4249/scholarpedia.4308 Retrieved from " Wave Velocity is one of the common topics of all the exams that test students on the parameters of physics.

Students normally find it hard to deal with this topic as it is a little complex in nature.

Although, if studied well, the same topic could be very scoring for the students from exam point of view. To bridge the gap between students and their learning Vedantu has come up with an article prepared by a team of dedicated teachers on wave velocity. Wave Velocity - Formula, Properties, Examples could also be found in the PDF format from the
website. The students can download it on their devices and study from the comfort of their homes. The resource is free of cost and doesn’t require any prior registration fee. A wave is a result of external perturbation in a plane surface. We can define a wave as - a wave is a disturbance propagating in space with transportation of energy and
momentum from one point to another without transfer of the matter. The most commonly used examples for waves are the ripples in a pond, Sound that reaches us propagates through wave motion, TV signals, etc. The waves are classified into different types depending upon the type of medium, propagation energy, dimensions, and the vibration of
particles.What is Wave Velocity?Now, we are constantly talking about the term wave velocity. To understand the wave velocity first, let us look at the meaning and define wave velocity.The wave velocity definition is given as the velocity associated with the disturbance propagating in the given medium or in other words, wave velocity is the distance
traveled by waves per unit time.The wave velocity depends upon the nature of the medium used.The wave velocity is also known as phase velocity (Image will be Uploaded soon)Now the formula of wave velocity is given as follows.

The wave velocity formula says it is the product of wavelength and the frequency of the wave. I.e.,Wave velocity (v) mathematically is given by,\[\Rightarrow v = \frac{w} {k} \I.......... (1) Where, w - The angular velocity k - the angular wavenumber or propagation constantWe know that,The value of the angular velocity = w = \[2\pi u \]; where \[u\] -
Frequency of the waveThe value of the wavenumber = k = \[\frac{2\pi} {\lambda}\]; where \[\lambda\] - The wavelength Substituting these value in equation (1) we get, \[\Rightarrow = \frac{2\piu} {2\pi\lambda} = \lambdau \]Therefore, we have,\[\Rightarrow = v = \lambdau \]....... (2)Where,\[\lambda\]- The wavelength\[u\] - Frequency of the
waveEquation (2) is known as the equation of wave velocity or wave velocity formula.Wave Velocity Formula:In wave motion, the perturbations travel through the medium due to repeated periodic oscillations of the particles. The velocity of the wave will be different from the velocity of the particles with which they vibrate about their mean positions.
The wave velocity will always be constant but the particle velocity will be changing with time periods.Properties of Wave Velocity:The wave velocity in a given medium is always constant.The wave velocity is independent of the time and source of the wave, but the wave velocity depends on the wavelength of the propagating wave in a given
medium.The wave velocity depends on the medium used.Examples:1. How to Calculate Wave Velocity for a Given Periodic Wave with a Wavelength of 3m Has a Frequency 6Hz?Sol: Given,The wavelength of the periodic wave = \[\lambda\] = 3mThe frequency of the given periodic wave = \[u\] = 6HzWe have to calculate the wave velocity of the given
periodic wave. From the equation of wave velocity we have,\[\Rightarrow v = \lambdau \]Where, \[\lambda\] - The wavelength \[u\] - Frequency of the waveSubstituting the corresponding values in equation (1) we get, \[\Rightarrow\] v = (3)(6) = 18 m/s Therefore, the wave velocity of a given periodic wave is 18 m/s.2. How Do You Find the Velocity of
a Wave with a Wavelength of 20m has a Frequency 70Hz?Sol: Given,The wavelength of the periodic wave = \[\lambda\] = 20mThe frequency of the given periodic wave = \[u\] = 70HzWe have to calculate the wave velocity of the given periodic wave.

From the equation of wave velocity we have,\[\Rightarrow v = \lambdau \]Where, \[\lambda\] - The wavelength \[u\] - Frequency of the waveSubstituting the corresponding values in equation (1) we get, = v = (20)(70) = 1400 m/sTherefore, the wave velocity of a given periodic wave is 1400 m/s.3. The Velocity of Wave 70m/s. If the Wavelength of the
Wave is 1m then Calculate the Frequency of the Given Wave.Sol: The wavelength of the wave = \[\lambda\] = 1mThe wave velocity of the given wave = v = 70m/sWe have to calculate the Frequency of the given wave. From the equation of wave velocity we have,\[\Rightarrow v = \lambdau \]...... 1Where, \[\lambda\] - The wavelength \[u\] - Frequency
of the waveOn rearranging the equation (1) for the frequency of the wave, \[\Rightarrow u = \frac { v}{A} \]...... (2) Substituting the given values, \[\Rightarrow u = \frac {70}{1} \I...... (2) = 70 HzTherefore, the frequency of the given wave is 70Hz 4. A Wave with a Frequency 450Hz is Traveling at a Speed of 200m/s. Then Calculate the Wavelength
of the Wave. Sol: The frequency of the wave = \[u\] = 450HzThe wave velocity of the given wave = v = 200m/s We have to calculate the wavelength of the given wave. From the equation of wave velocity we have, \[\Rightarrow v = \lambdau \]...... 1Where, \[\lambda\] - The wavelength \[u\] - Frequency of the waveOn rearranging the equation (1) for the
wavelength of the wave, \[\Rightarrow \lambda = \frac { v}{u} \]......... (2) Substituting the corresponding values in (2) we get, \[\Rightarrow \lambda = \frac {200} {450} \]......... (2) = 0.44m Therefore, the wavelength of the given wave is 0.44m.Revision remedyThe Wave Velocity - Formula, Properties, Examples article developed by Vedantu is a
perfect tool for revision for the students. It is advised that when the exams are near, you should choose to revise from the wave velocity PDF. The article precisely mentions all the details with complete clarity to the students. One may even choose to make notes from the above content and enhance her chances to score well in the exams. On the other
hand, just underlining the keywords would suffice too. All one has to do is look at the keywords. If feasible, taking a printout is also a convenient idea.Making the Notes and Underlining As it is common knowledge, having good revision notes is the best policy for scoring well in exams. One can use the wave velocity article to make the revision notes.
Note down all the keywords and important definitions that are relevant from the exam point of view.



