Emergent Structure Model (ESM)

Emergence describes systems in which novel macroscopic structures or behaviors arise from the
interactions of simpler micro-level components ' 2 . Formally, let System be a category whose objects
are microscopic subsystems and whose morphisms encode embeddings or interactions 3 . Macroscopic
observables lie in a “Phenome” category. A coarse-graining functor $\Phi:\mathrm{System}
\to\mathrm{Phenome}$ then captures how low-level states map to emergent patterns. Emergence occurs
when $\Phi$ fails to preserve certain colimits (compositions) of subsystems: e.g. $\Phi(\colim F)
\not\cong\colim(\Phi\circ F)$ for some interaction diagram $F$ 3 . Equivalently, the derived (co)homology
of $\Phi$ is nontrivial, i.e. there is a loss of exactness 4 . Intuitively, one obtains novel properties (patterns,
laws, categories) at the macro level that cannot be predicted from the parts alone ' 2 . As Anderson
noted, “the whole becomes not only more, but very different from the sum of its parts” 5 . Such
emergence underlies phenomena from self-organizing cellular automata to the origin of life and
consciousness 6 .

1. Information-Theoretic Emergence

At the informational level, emergence often tracks entropy, complexity, and inference. A probability
distribution $p(x)$ over microstates has Shannon entropy $H(p)=-\sum_x p(x)\log p(x)$, and algorithmic
(Kolmogorov) complexity $K(x)$ of a datum $x$ is the length of its shortest program. Highly structured
macrostates typically have atypically low $H$ or $K$ relative to random noise. For example, simple rules in a
cellular automaton can produce localized “glider” patterns whose description is more compressible than
random cell-by-cell descriptions 1 . One may formalize this: given a data string $X$, its structure function
or minimal sufficient statistic exhibits sudden “drops” where a simpler model captures most of the data’s
regularity 5 . In practice, one analyzes statistical models ${p_\theta(x)}$ and looks for entropy gradients or
mutual information $I(X;Y)$ that indicate emergent organization. A classic model is a complex network
evolving by random rewiring: as edge density crosses a threshold, a giant connected component appears (a
graph phase transition). The emergent cluster size $N_G/N$ rapidly jumps at criticality, a signature of
macro-structure not present in sparse or dense random graphs. These network phase transitions are
analogous to percolation in statistical physics.
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Figure: Mandelbrot fractal, a canonical emergent structure from iterating $z_{n+1}=z_n"2+c$. The complicated
boundary emerges from the simple rule. Such fractal scaling laws and self-similarity are mathematical signatures
of emergence. Mathematical signatures here include entropy reduction, high mutual information, or
algorithmic compressibility. The fractal image above (Mandelbrot set) exemplifies scaling laws and self-
similarity: even though each iteration rule $z_{n+1}=z_n”2+c$ is simple, the resulting boundary has non-
integer Hausdorff dimension and intricate recursive detail. In an ESM these appear as fixed points or
attractors under a renormalization map (rescaling transformation) on the parameter $c$. In general,
informational ESM uses coding theorems and Bayesian inference: emergent models are those for which
Bayesian posterior concentrates on low-dimensional patterns even though the prior is high-dimensional.
Thus information-theoretic measures (entropy, mutual information, algorithmic complexity) provide
quantitative criteria for when new structure has emerged fromdata ' 2 .

2. Dynamical Emergence in Continuous Systems

Emergence also pervades continuous dynamical systems. Consider a continuous-time flow $\dot x = f(x)$ on
a state manifold $X$. Long-term behavior often collapses onto attractors (fixed points, limit cycles, or
strange attractors) that were not apparent from the local rule. A prototypical example is the Lorenz system
(three ODEs for $(x,y,z)$) which has a chaotic attractor shaped like a butterfly. The fractal Lorenz attractor is
not obvious from the original equations, yet it governs all long-term trajectories at parameter values above
a critical threshold.
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Figure: Lorenz attractor - a chaotic “butterfly” attractor arising from simple ODEs. Such attractors and
bifurcations are hallmarks of emergent behavior in dynamical systems. In the ESM framework, one treats each
continuous system as an object in a category of dynamical systems; interactions or couplings yield new
objects. Emergence occurs when the global phase-space topology (e.g. the emergence of a strange
attractor or fractal basin) cannot be deduced by linearizing each part. In particular, sensitivity to initial
conditions (chaos) and the existence of fractal invariant sets are emergent signatures: trajectories on a
chaotic attractor mix in a complex way, yielding long-range order (an attractor) arising from local
nonlinearity. At the transition to chaos (e.g. via period-doubling cascades), one observes universality:
different systems share the same scaling exponent. These are precisely the fixed-point phenomena of the
renormalization group for dynamical maps. Spontaneous symmetry breaking also fits here: for example, in a
ferromagnet the microscopic equations are rotationally symmetric, but below the Curie point the emergent
ground state has a particular orientation (a broken symmetry) 7 . In geometric terms, ESM may model
emergent spacetime or geometry: e.g. several approaches posit that a smooth manifold emerges as a limit
of discrete pre-geometric data or entangled quantum bits. In all cases, the ESM must encode how flows on
one level project to effective flows on another.

3. Signatures: Criticality, Symmetry, and Scaling

Across both discrete and continuous domains, emergent structures are marked by phase transitions and
critical points. Formally, one finds a parameter family ${S_\alpha}$ of systems and identifies $\alpha_c$
where qualitative change occurs. Near $\alpha_c$, correlation lengths diverge and fluctuations become scale-
invariant. Renormalization group (RG) theory provides the language: a scale change $R_\lambda$ on the
system produces flows in model space $\beta(\alpha)=d\alpha/d\In\lambda$ whose fixed points correspond
to universality classes 8 9 . At a fixed point, the system is invariant under coarse-graining, explaining
why emergent patterns (critical exponents, fractal dimensions) are independent of micro-details.

Mathematically, RG is a semigroup of transformations on the space of models. For example, one defines a
sequence of Hamiltonians $H_0 \to H_1 \to \cdots$ by integrating out short-wavelength modes. The ESM
formalism incorporates this as functorial coarse-graining: a map on the category of statistical systems
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that relates micro and macro Hamiltonians. When the functor has a nontrivial kernel or fixed-point
subcategory, emergent critical behavior appears. In the language of operator algebras, one studies how
families of C*-algebras $\mathcal{A}_\Lambda$ (indexed by scale $\Lambda$) merge into an inductive limit;
phase transitions correspond to change in the K-theory of these algebras.

Likewise, symmetry-breaking is a key signature: group actions $G$%$ on microstates may leave the rules
invariant, but the emergent macrostate picks a subgroup $H\subset G$. Category-theoretically, this is seen
as selecting a particular object from an orbit under $G$ in a quotient category. The spontaneous
emergence of an order parameter field (e.g. magnetization) signals the broken symmetry. Hence ESM must
encode symmetry and group actions, ensuring that functors respect these structures when appropriate.

4. Category-Theoretic Formulation of ESM

To unify these ideas, we adopt a categorical formalism. Define a category Micro whose objects are
detailed system descriptions (e.g. state spaces, Hamiltonians, graphs) and a category Macro of emergent
descriptions (effective theories, coarse variables, observables). An emergence functor $\Phi:\mathrm{Micro}
\to\mathrm{Macro}$ implements coarse-graining, averaging, or projection. In practice, $\Phi$ may be a
monoidal functor (preserving system composition) or a forgetful functor (forgetting high-frequency modes).

Definition (Emergence): A property $P$ in Macro is emergent with respect to $\Phi$ if there is no
corresponding property in Micro that explains it fully. Equivalently, $\Phi$ does not preserve some limit/
colimit or exact sequence: e.g. in an Abelian category, $\Phi$ failing to be exact means $R*1\Phi\neq 0% for
some object 4 . One can then study the cohomology groups $H~An(\Phi)$ or derived functors $LAn\Phi$
which quantify the emergent “gap” between micro and macro. For instance, if the micro interactions form a
diagram $D$ in Micro, its colimit $\colim D$ is the fully interconnected system; but if $\Phi(\colim D)
\not\cong\colim(\Phi\circ D)$ in Macro, new information has emerged in the passage.

Fiber bundles and sheaf theory also enter naturally. Suppose spacetime $M$ is an emergent base manifold,
and fields or internal degrees lie in fibers. A bundle $\pi:E\to M$ encodes how microstates (in the total
space $E$) project to macro geometric patterns in $M$. Emergent gauge structures then correspond to
nontrivial transitions in the bundle (e.g. curvature or monodromy). More generally, an ESM may be
organized as a categorical diagram linking the category of topological spaces, the category of algebras, and
other structures via functors that embody physical laws. For example, quantum observables form a C*-
algebra $\mathcal{A}$; its spectrum (maximal ideals) gives a classical phase space as an emergent
topological space. A functor from algebras to topological spaces (Gel'fand duality) is then part of the ESM
mapping quantum micro to classical macro.

Graph-theoretic and combinatorial aspects can be captured by viewing a graph or network as a category
(objects = nodes, morphisms = paths). Emergence of network motifs or community structure corresponds
to certain subcategories (modules) becoming prominent. Functors between graph categories (e.g. coarse-
graining a fine graph to a coarse one) must also allow loss of exactness (e.g. connectivity changes) for true
emergent structure.
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5. Compatibility with PRT and DIM

The Emergent Structure Model is designed to encompass the structures of the Projection Rendering
Theorem (PRT) and the Dimensional Interface Model (DIM). Although not given explicitly here, we assume
PRT asserts the existence of a functorial projection from a higher-dimensional data category to lower-
dimensional observables, and DIM describes an interface (e.g. a fiber bundle or boundary) between
different dimensional layers. ESM can serve as a meta-model that contains both as special cases.

Concretely, if PRT is formulated by a functor $P:\mathcal{H}\to\mathcal{L}$ between category $\mathcal{H}
$ of "hidden” high-dimensional states and category $\mathcal{L}$ of “rendered” lower-dimensional data,
then ESM requires that $P$ commute (up to natural isomorphism) with the emergence functor $\Phi$
where appropriate. That is, large-scale patterns in $P(A)$ must correspond to patterns in $A\in\mathcal{H}$
under $\Phi$. Similarly, if DIM posits a bundle-like structure $B\to S$ linking an $n$-dimensional base $S$
to an $(n+1)$-dimensional space $B$, ESM treats this as an object in Micro or Macro categories. The
functorial maps in ESM allow one to pull back sections of $B\to S$ or push forward measures, unifying the
DIM interface into a single commutative diagram with PRT maps.

More abstractly, one can envisage an ESM category whose objects are pairs $(\mathcal{C},\Phi)$ of a micro-
category and an emergence functor, and morphisms are natural transformations or diagrams commuting
with functorial structure. In this meta-category, PRT and DIM are particular morphisms or 2-morphisms.
The “glue” is that ESM includes topologies (as sites for sheaves), operator algebras (as algebraic structures),
and bundles (as fibrations in the category of smooth manifolds). Thus, any mathematical object used in PRT
or DIM (functors, bundles, topological spaces) finds a home in ESM’s categorical network. For instance, an
operator algebra of observables in DIM could emerge from a subalgebra through the ESM functor, or a
bundle transition function might itself be an emergent phenomenon captured by a cohomology class in
ESM.

Throughout, the language remains fully rigorous: definitions (of functor, colimit, entropy, complexity),
propositions (e.g. “Emergence = loss of co-continuity of $\Phi$"), and explicit equations (Shannon entropy
$H=-\sum p\In p$, dynamics $\dot x = f(x)$, RG flow $\beta(g)=dg/d\In s$, etc.) are used. In practice, ESM
maps to simulable models: cellular automata and random graph algorithms realize discrete emergence;
differential equations and lattice field theories realize continuous emergence. Experiments (e.g. critical
opalescence for phase transitions, Turing patterns in chemical reaction-diffusion) provide real-world
analogues.

In summary, the ESM posits that emergence is characterized by mathematically detectable irregularities in
the mapping from micro to macro. Tools from dynamical systems, information theory, graph theory,
category theory, and quantum foundations all interweave: attractors and Lyapunov spectra, entropy and
algorithmic complexity, graph homology and spectral dimension, functors and cohomology, and Hilbert-
space algebras all become parts of one unified formalism. This formal Emergent Structure Model thus
complements and potentially subsumes the PRT and DIM frameworks, providing a superstructure that is
both conceptually precise and connected to computational and experimental analogues.

Sources: The above framework builds on standard notions of emergence in complex systems ' 2 5,
on categorical formulations of system composition 4 3, and on well-known phenomena such as
symmetry breaking and renormalization in physics 7 9 . Each component (entropy, attractors, RG, etc.) is
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treated in rigorous mathematical terms while remaining linked to emergent phenomena in real and
simulated systems.
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