The Projection Rendering Engine

Abstract:

We present a rigorous formal model of the Projection Rendering Engine (PRE) within the Projection
Rendering Theory (PRT) framework. The PRE is defined as a mapping that projects high-dimensional,
deterministic quantum states onto lower-dimensional, observer-dependent phenomena. We integrate
three major themes into a single theoretical construct: (1) observer-dependent dimensional reduction (as in
the Dimensional Interface Model), (2) computability and formal limits (inspired by Godel's incompleteness
and Turing-Church computability), and (3) the quantum-classical boundary and consciousness modeling
(drawing on Penrose’s non-computability, Tegmark’s mathematical universe, Bohm's pilot-wave
determinism, Wheeler's “it from bit”, and cognitive models like CASM, ESM, UDM). Building on a suite of
conceptual models - Dimensional Interface (DIM), Emergent Structure (ESM), Unified Determinism (UDM),
Information Symmetry (ISM), Statistical Projection (SPM), Behavioral Entropy (BEM), Cognitive Apparatus
Simulation (CASM), and Geometric Constraints (GCM) - we formalize the PRE as a functorial projection
operator subject to multiple constraints. The PRE transforms a universal high-dimensional state (evolving
deterministically) into an observer’s subjective reality, while preserving formal consistency with quantum
statistics, thermodynamics, relativity, and information theory. We provide a clear structure of definitions,
propositions, and theorems (with proofs or derivations) to demonstrate how the PRE reproduces standard
quantum measurement results (e.g. the Born rule) as emergent phenomena ' , how it upholds
fundamental symmetry and conservation laws, and how it accommodates the computational limits of
observers. The model is presented in a style akin to modern theoretical physics papers (cf. Sean Carroll),
with emphasis on mathematical precision and conceptual clarity.

1. Introduction and Motivation

Quantum theory’s measurement problem highlights a tension between a unitary, high-dimensional law
and collapsed, low-dimensional observations. Traditional interpretations posit either mystical collapse
(Copenhagen), branching worlds (Everett), hidden variables (Bohm), or decoherence without explicit
collapse - yet no consensus solution has fully reconciled deterministic dynamics with probabilistic
observation. The Projection Rendering Theory (PRT) is a recent framework addressing this by asserting
that what we call “measurement” is in fact a projection or rendering of an underlying ontic state into an
observer’s effective reality. In PRT, a global wavefunction (the state of the universe) evolves unitarily and
deterministically, and an act of measurement corresponds to applying a projection operator that yields an
observer-specific outcome without introducing any ad hoc randomness 2 3 . This approach integrates
multiple conceptual models (determinism, statistical mapping, dimensional interface, emergence, etc.) to
ensure that all known physics is respected.

In this paper, we construct a formal theoretical model of the Projection Rendering Engine (PRE) - the
mechanism in PRT that performs this high-to-low dimensional mapping. The PRE is the mathematical
engine which “renders” the observer’s reality: it takes the universal state (including quantum degrees of
freedom, environment, and observer's own apparatus or cognitive state) and projects it onto the subspace
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corresponding to the observer’s accessible information 3 . Intuitively, one can imagine the PRE as a kind of
operator or functor that loses information (dimensionality reduction) in an observer-dependent way,
analogous to taking a high-resolution 3D scene and projecting it onto a 2D image from a particular
viewpoint. Crucially, this projection is not arbitrary: it must obey the laws of physics and information - for
example, reproducing the correct quantum probabilities (Born rule) ' , preserving symmetries, and not
violating relativity or thermodynamics.

Our model synthesizes insights from a broad range of disciplines to meet these requirements:

* From quantum foundations and relativity: We incorporate the idea that the underlying state is
fully deterministic and high-dimensional, as in pilot-wave theory (de Broglie-Bohm) which treats
guantum mechanics as a deterministic theory without wavefunction collapse 4 .We ensure that
any effective spacetime geometry emerging from the projection satisfies Einstein’s field equations

5 and that gauge symmetries and conservation laws hold across the projection ¢ 7 .
From observer-centric and cognitive science: We recognize that any real “observer” is a physical
system with finite information-processing capability. The act of observation is therefore constrained
by the observer’s cognitive apparatus and entropy dynamics. We integrate the Cognitive Apparatus
Simulation Model (CASM), which treats the brain-body system as an embodied predictive model of
both external and internal signals 8 9 , and the Behavioral Entropy Model (BEM), which
connects an agent's actions to principles of entropy minimization (the free-energy principle) in
perception and action 10 11,
From computability and formal logic: We acknowledge that no single formal or computational
system can capture all truths about itself (Gédel's incompleteness) 12 , and that certain predictions
might be undecidable or uncomputable (Church-Turing limits) 13 . The PRE must reflect the
possibility that an observer (or even the universe as a whole) cannot algorithmically determine some
aspects of its future state - introducing an element of epistemic uncertainty even if the ontic state
evolves by deterministic rules. We draw on algorithmic information theory (Chaitin's work) which
shows that there are irreducibly complex (algorithmically random) facts - e.g. the binary digits of
Chaitin's constant Q, which no finite axiomatic system can fully determine 14 . This suggests that
apparent randomness can emerge from deterministic systems when viewed by agents with
limited formal systems or knowledge. The PRE model will formalize this idea by showing how an
observer’s limited computational capacity causes projection outcomes to appear stochastic and
even algorithmically random, despite underlying determinism.

Our approach is deeply influenced by the ideas of several foundational thinkers. Gédel's incompleteness
theorems imply that any consistent mathematical description of the universe will have true statements it
cannot prove 2 - hinting that no finite theory of everything can be complete. Church and Turing’s results on
computability reinforce that there are limits to what processes can be algorithmically decided 13 . Chaitin
demonstrated that there exist specific limits to knowledge in formal systems (e.g. one can only compute
finitely many bits of Q in any given axiom system) 14 , underscoring an “irreducible unpredictability” in any
computable simulation of reality. In the realm of mind and matter, Penrose and Lucas have argued that
human consciousness might transcend algorithmic computation - because the human mind can see the
truth of certain Godel-unprovable statements in a way no Turing machine can 15 . Penrose postulates that
new physics (perhaps at the quantum-gravity level) is needed to account for this non-computational aspect
of consciousness. In contrast, Tegmark hypothesizes that reality itself is a mathematical structure and
that self-aware observers are just substructures within this mathematical object 16 . Tegmark's
Mathematical Universe Hypothesis even asserts that the universe is not only fundamentally
mathematical but also computable 17 - suggesting that a sufficiently powerful Projection Engine could be an
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algorithmic process generating our observed reality. We also take inspiration from Wheeler's “it from bit”
doctrine, which posits that physical reality at bottom emerges from binary information - yes/no questions
asked of nature 18 . This emphasizes an informational and participatory perspective: the act of
observation (asking binary questions) is fundamental in “creating” the reality of the outcome 18 . Finally,
Bohm's notion of an implicate order - an underlying deterministic order from which the explicate (observed)
order unfolds - directly aligns with our assumption of a deterministic universal state that is projected into
the classical world 4 . Bohm's theory assures us that it is at least logically consistent to assume an
unbroken, holistic deterministic reality beneath quantum phenomena, with apparent randomness arising
from our limited view.

Outline: In Section 2, we establish the formal framework: the mathematical structures and definitions
underlying the PRE (state spaces, projection operators, category-theoretic formulation, etc.). Section 3
provides the definition of the Projection Rendering Engine (PRE) itself, listing its components and
axioms. Sections 4-6 then delve into the integrated themes and constraints:

* Section 4 addresses the Dimensional Reduction and Emergent Structures: how the PRE realizes
observer-dependent projections (using DIM) and ensures consistency of large-scale patterns (ESM).

+ Section 5 covers Determinism, Computation, and Information: showing how a single variational
principle drives all dynamics (UDM), how probabilistic outcomes arise from ignorance (the illusion of
randomness 9 ), and how information symmetries constrain the projection (ISM).

« Section 6 discusses the Quantum-Classical Transition and the Observer: formalizing how
quantum states become classical data through the PRE mapping (SPM and the recovery of the Born
rule), and incorporating a model of the observer's cognitive apparatus and entropy exchange (CASM,
BEM) into the physical measurement process.

In Section 7, we present formal results and theorems of the model: we prove that the PRE reproduces the
standard quantum measurement postulates (as derived results, not independent axioms) ' , and we
discuss fundamental limitations - including a theorem on the impossibility of a self-contained deterministic
observer to predict all outcomes of the PRE (connecting to incompleteness and halting problems). Finally,
Section 8 concludes with a summary and outlook, including how this model interfaces with existing theories
and what empirical tests might distinguish it.

Throughout, definitions and propositions are stated clearly, and proofs or derivations are provided where
appropriate to ensure rigor. The style and level of detail are meant to be suitable for a theoretical physics
and philosophy of mind audience - blending mathematical formalism with conceptual insight.

2. Theoretical Framework and Preliminaries

To model the Projection Rendering Engine formally, we first set up the mathematical ontology in which it
operates. We require a framework that accommodates quantum mechanics, classical observables, and
information-theoretic constructs in a unified way. The tools we draw upon include:

* Hilbert spaces and operator algebras: for quantum states and observables.

+ Manifolds and fiber bundles: for spacetime and classical state spaces, and for linking continuous
geometry with discrete information.

« Category theory: for describing processes (morphisms) and systems (objects) in a high-level,
compositional manner - particularly useful for relating quantum and classical descriptions.
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* Entropy and complexity measures: from information theory (Shannon entropy, Kullback-Leibler
divergence, algorithmic complexity) to quantify information content and its transformation under
projection.

+ Variational principles: to describe the deterministic dynamics via action minimization (extending
the principle of least action to include informational terms).

2.1 State Spaces and Ontology: Let $\mathcal{H}{\text{uni}}$ denote the universal state space, assumed to be
a (possibly infinite-dimensional) Hilbert space containing all degrees of freedom of the universe 20 . A vector $ |
\Psi(t)\rangle \in \mathcal{H}$ represents the state of the entire system at time $t$ - including any system of
interest, measuring apparatus, environment, and (if needed) the quantum state corresponding to
observers' brain or cognitive degrees of freedom 20 . In PRT, $|\Psi(t)\rangle$ evolves }deterministically
according to the Schrédinger equation $d|\Psi\rangle/dt = -\frac{i}{\hbar}H_{\text{uni}}|\Psi\rangle$, with
$H_{\text{uni}}$ the total Hamiltonian 21 . This formalizes the Unified Determinism Model (UDM) at the
ontological level: there is no fundamental stochasticity; given initial condition $|\Psi(0)\rangle$, the state at
any time is fixed by unitary evolution 2 . All apparent randomness must therefore arise from the act of
projection/rendering, not from the underlying law 2 .

Next, we distinguish subspaces of $\mathcal{H}{\text{uni}}$ that correspond to observable degrees of freedom.
In realistic scenarios, an observer or apparatus cannot access the full state; they interact only with certain degrees
(for instance, the pointer of a measuring device, the photons entering one’s eye, etc.). We formalize an observer’s
accessible subspace as a tensor factor (or direct summand) of $\mathcal{H}}}$. For example, we may
decompose $\mathcal{H{\text{uni}} = \mathcal{H}}} \otimes \mathcal{H{\text{env}}$ where $\mathcal{H}$
contains the remaining (hidden or inaccessible) degrees of freedom. More generally, we consider a pair of }}
$ contains the “classical record” or degrees of freedom that an observer can read, and $\mathcal{H}
_{\text{env}categories to capture the distinction:

* Let $\mathbf{Hilb}$ be the category of Hilbert spaces (quantum state spaces) and bounded linear
operators (quantum processes) 22 .

* Let $\mathbf{Class}$ (for lack of a better name) be the category of classical state spaces or data
structures and their transformations. This could be formalized as, e.g., the category of measurable
spaces (for classical probability spaces and stochastic maps) or the category $n\mathbf{Cob}$ of
$n$-dimensional cobordisms (for classical spacetime histories) 22 , or simply the category of sets
(for classical outcomes) with functions. For our purposes, $\mathbf{Class}$ will represent the lower-
dimensional “rendered” domain of what an observer can perceive or record.

In keeping with the Dimensional Interface Model (DIM) 23 , we introduce a functor or map that connects
these categories, representing the act of projection:

* Projection Functor/Operator ($\Pi$): We posit a mathematically defined mapping $\Pi: \mathcal{H}
{\text{uni}} \to \mathcal{O}$, where $\mathcal{O}$ is an object in $\mathbf{Class}$ - essentially the
observer’s data space (for example, the classical register of measurement outcomes). In more categorical
terms, $\Pi$ can be viewed as a functor $\Pi: \mathbf{Hilb} \to \mathbf{Class}$ that assigns to the
universal Hilbert space a structured set of observational outcomes, and to quantum operators appropriate
classical transformations of probability distributions 24 . Concretely, $\Pi$ might act as a quantum
projection operator (an idempotent linear operator) that “picks out” the components of $ |\Psi\rangle$
corresponding to a particular outcome subspace 3 . Equivalently, one can think of $\Pi$ as implementing
a dimensional reduction akin to a fiber bundle projection: in DIM, a high-dimensional space is fibered
over a lower-dimensional base manifold, and a projection map $\pi: E \to B$ (with $E$ the total space and
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$B$ the base) selects a lower-dimensional image 25 . Here $E$ ~ $\mathcal{H}$, conceptually.}}$ and
$B$ ~ $\mathcal{O

Definition 2.1 (Observer Manifold and Fiber): In geometrical terms, let $M$ be the spacetime manifold (4-
dimensional, say), and suppose the universal state can be regarded as a section of a fiber bundle over
$M$ 26 27 | For example, at each spacetime point $x \in M$, the fiber $\mathcal{H}x$ is the local Hilbert
space of quantum degrees of freedom in that vicinity 27 . A global state $|\Psi\rangle$ may be seen as a section
$\psi(x)$ of this bundle. The Projection Rendering Engine then corresponds to a combination of (a) restricting
this section to an observer’s worldline or local neighborhood (reflecting limited access to the whole universe), and
(b) mapping the high-dimensional fiber (quantum state) to a lower-dimensional set of classical observables. In a
simple measurement setting, $M$ could be separated into an “observer branch” vs. the rest, or one could
introduce an abstract observer configuration space manifold $Q% from a state in the full phase space.}}$ such
that the actual observed data lives on $Q_{\text{obs}}$. For instance, $Q_{\text{obs}}$ might be the
configuration space of a pointer needle or a neuronal state space of a brain, and $\Pi$ effectively yields a
point in $Q_{\text{obs}

2.2 Operator Algebras and Observables: The outcomes that an observer can see are associated with
classical observables. In quantum theory, an observable $A$ is represented by a self-adjoint operator on $
\mathcal{H}\text{uni}}$. When we “measure $A$%,” standard quantum mechanics says the state collapses onto an
eigenspace of $A$. In PRT' view, this is not an additional law but a consequence of the projection operator $
\hat{P}$ that acts as the rendering map 3 28 . We will denote by ${\hat{P} i}$ a set of projection operators
(idempotent, Hermitian operators) on $\mathcal{H}}}$ that correspond to the distinct outcome channels $i$ in
the observer’s classical data space $\mathcal{O}$. These $\hat{Pi$ satisfy the completeness relation $\sum_i
\hat{P} i = \mathbb{I}}}$ and orthogonality $\hat{Pi \hat{P} j = 0% for $i\neq j$ 29 . Formally, $\hat{P}}} =
\sum_{i\in \mathcal{O}} \hat{Pi$ is the total projector onto the observer’s accessible subspace $\mathcal{H}}}
\subset \mathcal{H{\text{uni}}$. We can think of $\hat{P}$ as representing the }PRE operation as an
operator: when applied to $|\Psi\rangle$, it yields $\hat{P}{\mathcal{O}}|\Psi\rangle$, the component of the
universal state that is in the observer’s subspace. Only this component is consciously accessible or classically “real”
to the observer; the orthogonal component $(\mathbb{I}-\hat{P})|\Psi\rangle$ is effectively lost from the
observer’s reality (remaining “unrendered”).}

By choosing a particular basis (eigenbasis of $A$) aligned with the decomposition of $\mathcal{H}
{\text{obs}}$, the projection $\hat{P}_i$ onto each outcome $%i$. Upon “measurement”, the theory will say
that }}$ can be refined into $\hat{Pthe observer perceives outcome $i$ with probability $p(i) = |\hat{P}_i
[\Psi\rangle |22 = \langle \Psi|\hat{P}_i|\Psi\rangle$ 30 . Moreover, conditional on outcome $i$, the post-
measurement universal state becomes $|\Psi_i'\rangle = \frac{\hat{P}_i|\Psi\rangle}\sqrt{\langle \Psi|
\hat{P}_i|\Psi\rangle}}$ 31 . These are exactly the standard quantum measurement rules (Born’s rule for
probability and state-update rule) 32 , now understood as consequences of applying the projection engine
$\hat{P}_i$. PRT emphasizes that no physical “collapse” is happening to an objective wavefunction; rather,
the observer has moved into a branch (subspace) of the universal state and lost contact with the other
components 33 . This branching or reduction is a geometric, information-restriction effect rather than a
dynamical discontinuity.

We will see later (Section 7) that under this formalism the Born rule is not a new axiom but can be derived,
consistent with the Statistical Projection Model (SPM) 34 which recovers standard quantum statistics from
the properties of these projection operators.
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2.3 Category Theory Viewpoint: Using category theory allows us to ensure various structures commute or
integrate nicely. For instance, in the Emergent Structure Model (ESM), we consider an “emergence”
functor $\Phi$ that coarse-grains or scales up a microscopic description to a macroscopic one 35 . For
example, $\Phi$ might map a fine-grained microstate (or a fine dynamical evolution) to an emergent
macrostate or effective theory (like going from a micro-physical description to a fluid dynamics description).
We will demand that our projection $\Pi$ (or the collection ${\hat{P}_i}$) interacts properly with such
emergence mappings - formally, $\Pi$ should commute (up to natural isomorphism) with $\Phi$ 35 .
This means performing the projection first and then extracting emergent regularities should match, in an
appropriate sense, extracting emergent regularities first in the full model and then projecting. Intuitively,
the PRE should not “spoil” the emergence of higher-level structures: a large-scale pattern present in the
underlying state should still be visible after projection 36 . We will revisit this condition when we integrate
ESM constraints in Section 4.

Additionally, information-preserving structures can be described category-theoretically. The Information
Symmetry Model (ISM) introduces functors on categories of probability spaces that formalize how
information measures behave under mappings 37 . For instance, a data processing inequality can be
seen as a statement that a stochastic map (a morphism in a category of information channels) cannot
increase mutual information. In categorical terms, if $f: X \to Y$ and $g: Y \to Z$ are composable stochastic
maps (Markov kernels), we have $I(X;Z) \le I(X;Y)$ (Markov information loss) 38 . We will encode such
constraints into the PRE by requiring that $\Pi$ as an information channel does not spuriously create
information. Indeed, $\Pi$ will generally Jose information (entropy increases or stays the same) - this
aligns with viewing $\Pi$ as a many-to-one mapping (a projection that identifies multiple distinct
microstates as the same outcome). The ISM provides a language to discuss what information is invariant
under $\Pi$ (symmetries) and what new distinctions are introduced when a symmetry is broken 39 . For
example, if the projection groups together outcomes that were originally distinct, a symmetry is imposed
and entropy is reduced 40 ; conversely, if the projection distinguishes previously symmetric aspects, it's
effectively breaking o symmetry and can generate new patterns or correlations 4! . The PRE must account
for such symmetry considerations to ensure consistency with information theory (we will formalize this in
Section 5).

2.4 Dynamical Principle (Action Functional): One key piece of the theoretical framework is the dynamical
or variational principle that underlies all processes in the model. The Unified Determinism Model (UDM)
posits that every process - physical, biological, cognitive - can be seen as a deterministic minimization of a single
action functional 42 . We introduce an action $F[x(\cdot)]$ which we take to be of the general form:

Fla(t)] = / (H@,t) — S@1) + Bpy(a,)) di,

where: - $H(x,t)$ is a generalized Hamiltonian or energy term for the state $x(t)$ (this could include kinetic
and potential energy, or in field theory a Lagrangian density integrated over space) 43 . - $S(x,t)$ is an
entropy term (which could combine thermodynamic entropy and informational entropy) 43. - $
\Phi_{\text{proj}}(x,t)$ is a term encoding projection/rendering constraints - for example, penalties or
boundary conditions representing the influence of the PRE (such as the presence of an observer’s limited
perspective, or a “Markov blanket” that separates the system from observer) 44 .

The Euler-Lagrange condition $\delta F = 0% yields the equations of motion for the system 45 . UDM asserts
this as a universal law: every actual trajectory $x(t)$ (be it a particle’s path, a field configuration, a neuron’s
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firing pattern, or an agent’s behavior) extremizes the action $F$ 45 . This generalizes the principle of least
action in physics and is analogous to Friston’s free-energy principle in cognitive neuroscience which states
that cognitive systems minimize a “surprise” or free-energy functional to remain viable 46 . In fact, if we
identify $-F$ with a free energy, then $\delta F=0$ implies the system is at a critical point of free energy - i.e.
it pursues paths of least “surprise” or minimum free energy, consistent with both classical mechanics and
predictive brains 47 .

The presence of $S(x,t)$ in $F$ means that entropic and informational effects are built directly into the
dynamics. For instance, in thermodynamic equilibrium, $H - TS$ is minimized (free energy minimum). Here,
$S(x,1)$ could include Shannon entropy of a belief distribution or physical entropy of a coarse-grained state,
thus merging thermodynamics and information theory 48 . $\Phi_{\text{proj}}(x,t)$ might enforce that
certain variations corresponding to impossible observer configurations are disallowed (for example, it could
act like a Lagrange multiplier ensuring the trajectory respects the projection constraints, such as an
organism maintaining a Markov blanket interface 49 ).

We will not delve into the full details of solving $\delta F=0$ here, but we use UDM's principle conceptually
to assert determinism: for a given set of initial conditions and constraints, there is a unique trajectory (the
extremal of $F$). The illusion of randomness, according to UDM, arises only when one looks at a projected,
partial view of the system 50 . In Section 5 we will articulate how chaos and hidden variables fit into this
picture: even if $x(t)$ is deterministic, a coarse-grained or partial observation can appear stochastic. UDM
gives concrete examples: (i) quantum outcomes could be determined by extra hidden variables outside $
\mathcal{H}_{\text{obs}}$ (this is logically possible because Bell's theorem only forbids local hidden
variables but allows strongly correlated or “superdeterministic” ones) 51 ; (ii) classical chaotic systems are
deterministic but unpredictable without infinite precision, thus mimic randomness when projected to finite
precision 52 ; (iii) the brain’s action of predictive coding can be seen as deterministic Bayesian updating, yet
to an external observer (or the agent itself, lacking full insight) the choices may look probabilistic 53 .

2.5 Summary of Framework: In summary, our theoretical scaffold consists of: - A universal Hilbert space $
\mathcal{H}_{\text{uni}}$ with deterministic unitary evolution (ensuring consistency with quantum theory’s
linear dynamics) 21 . - A distinguished subspace/category representing observable classical information $
\mathcal{O}$ (with associated projectors $\hat{P}_i$) 3 .- A projection functor/operator $\Pi$ linking the
two, interpreted as the Projection Rendering Engine action. - Supporting mathematical structures: fiber
bundles bridging continuous spacetime and quantum states 54 26 , category-theoretic mappings ensuring
consistency of processes and emergent structures 36 , and information-theoretic symmetry principles
governing entropy/information changes under projection 39 38 . - A unifying variational principle that
governs dynamics and guarantees determinism (UDM's action functional) 45 .

With this groundwork, we can now formally define the Projection Rendering Engine (PRE) and enumerate its
required properties.

3. Definition of the Projection Rendering Engine (PRE)

We proceed to define the Projection Rendering Engine as a mathematical object within the above
framework. Informally, the PRE is the mechanism that takes the universal state and produces an
observer’'s concrete experience/data. Formally, it can be characterized by a set of components and
axioms:
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Definition 3.1 (Projection Rendering Engine): A Projection Rendering Engine (PRE) is a triple $
(\mathcal{U}, \mathcal{O}, \Pi)$ together with a collection of constraints, where: - $\mathcal{U}$ is the
universal state space, typically a high-dimensional Hilbert space (or an object in $\mathbf{Hilb}$)
representing the complete deterministic state of the world (including system, environment, and observer-
related degrees of freedom). - $\mathcal{O}$ is the observer’s outcome space, a lower-dimensional structure
(object in $\mathbf{Class}$) representing the set of distinguishable states or outcomes that can be
registered by the observer. It may be thought of as a classical configuration space or a set of measurement
results. - $\Pi: \mathcal{U} \to \mathcal{O}$ is a mapping (mathematically, a projection operator or
functor) that renders a universal state into an observer’s state. In concrete terms, $\Pi$ can be realized by
a projector $\hat{P}\mathcal{O}}$ acting on vectors in $\mathcal{H}}}$ so that for $|\Psi\rangle \in
\mathcal{H{\text{uni}}$, the rendered state is $\Pi(|\Psi\rangle) = \hat{P}$ 30 .}}|\Psi\rangle$, which lives in the
subspace corresponding to $\mathcal{O}$ 3 . Alternatively, if we are only concerned with the classical
information output (not the post-measurement quantum state), one can think of $\Pi$ as yielding a
probability distribution over $\mathcal{O}$ given $|\Psi\rangle$, via $p(0) = |\hat{P}_o |\Psi\rangle|A2$ for
each outcome $0 \in \mathcal{O

These components must satisfy the following axioms/constraints (which integrate the insights of the
various sub-models):

1. Deterministic Ontology (UDM Constraint): $\mathcal{U}$ comes equipped with a deterministic
dynamical law (the Euler-Lagrange equations from the action $F$) such that the state $|\Psi(t)
\rangle$ is uniquely determined by initial conditions. No intrinsic randomness resides in $
\mathcal{U}$ 2 . Equivalently, there exists a one-parameter family of unitary time-evolution
operators $U(t)$ on $\mathcal{U}$ with $|\Psi(t)\rangle = U(t)|\Psi(O)\rangle$. All randomness in
predictions is due to $\Pi$, not due to non-unitarity in $U(t)$. This axiom formalizes the Unified
Determinism Model assumption 2 .

2. Dimensional Reduction (DIM Constraint): The mapping $\Pi$ is many-to-one, effecting a
reduction in dimensionality or information from $\mathcal{U}$ to $\mathcal{O}$ 55 . There exists
a notion of relevant observables or physical quantities that $\Pi$ preserves, while “integrating out” or
discarding other degrees of freedom. For example, $\Pi$ might preserve the values of certain
commuting observables (the classical record variables) and average over or ignore orthogonal
components. In fiber bundle language, $\Pi$ maps a point in the high-dimensional fiber space to a
point in the base space, preserving the projection structure 54 . Importantly, $\Pi$ may depend on
the observer’s context: which subspace is considered “observed” can change with the experimental
setup or cognitive state. This contextuality does not violate objectivity in PRT because ultimately $
\Pi$ can be defined globally by including the observer/apparatus in $\mathcal{U}$; but for modeling
convenience we often speak of $\Pi$ in a given context (e.g. measuring a particular observable $A$
selects a particular set of projectors ${\hat{P}_i*{(A)}}$).

3. Observer-Dependence and Interface: The subspace $\mathcal{O}$ is chosen to correspond to the
degrees of freedom of $\mathcal{U}$ that interface with the observer. In practical terms, if an
observer has a sensory apparatus or a measurement device, $\mathcal{O}$ should include the
variables describing the device's pointer or the observer's sensory inputs (photons hitting retina,
etc.). The Dimensional Interface Model suggests that $\mathcal{O}$ is like a cross-section through
$\mathcal{U}$ tailored to the observer. We assume Markov blanket separation: there is a notional
boundary (the observer's boundary) such that influences from outside reach the observer only via $
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\mathcal{O}$. This aligns with the idea of Markov blankets in active inference - the boundary of a
system that separates internal states from external states and defines what information passes
across 49 . Thus, $\Pi$ can be seen as projecting external states onto the blanket states that the
observer can sense.

4. Emergent Structure Commutation (ESM Constraint): $\Pi$ commutes with the emergence functor,
$\Phi$, that maps micro-states to macro-states 35 . Formally, consider a diagram where $\Phi:
\mathcal{U} \to \mathcal{U}\textfmacro}$ (a coarse-graining of the universal state) and $
\Phi\mathcal{O}: \mathcal{O} \to \mathcal{O}\text{macro}$ (coarse-graining of the observed state). Then
we require $\Phi\mathcal{O}\circ \Pi \cong \Pi_\text{macro} \circ \Phi$ (isomorphic up to natural
transformation) 36 . In plain terms, large-scale patterns in the universal state correspond to large-
scale patterns in the observed data 36 . This prevents pathological situations where the act of
projection would destroy an emergent law (e.g. the projection shouldn’t break a conservation law or
a thermodynamic relation that holds at the macro level). Thanks to ESM, one can embed PRT and
DIM into a single commutative diagram, ensuring the overall theory is internally consistent as scales
change 56 57 .

5. Statistical Consistency (SPM Constraint): The probabilities and state-update induced by $\Pi$
match the classical and quantum statistical rules. When $\Pi$ is applied in a context of
measuring observable $A$, the distribution over outcomes is given by the Born rule (if using the
quantum formalism) or by classical probability laws (in a classical limit). Equivalently, if we denote by
$\rho$ the density matrix (or statistical state) on $\mathcal{H} _{\text{uni}}$ representing an
ensemble, then the pushforward of $\rho$ by $\Pi$ (which is a probability distribution on $
\mathcal{O}$) must equal the standard predicted distribution. The Statistical Projection Model
(SPM) provides a comprehensive framework to ensure this 58 . SPM says that an “initial informing
state” (the prior knowledge/state of a system) projects to a realized state via rules that incorporate
both classical and quantum statistics, bridging them where necessary 58 . In practice, this means:

6. If the universal state is classical (e.g. a Liouville density on phase space), $\Pi$ yields a classical
probability distribution consistent with marginalizing over unobserved variables (recovering classical
Bayes inference and thermodynamic ensembles) 59 €0 .

7. If the universal state is quantum, $\Pi$ applied to a pure state $|\Psi\rangle$ yields outcome
probabilities $p(0)$ as above, and if the result $0$ is obtained, the universal state updates to $|
\Psi_o"\rangle$ as given (recovering the projection postulate in appearance) ' .If the universal state
is @ mixed state (density matrix $\rho$), then after an outcome $0$, the conditional state is $
\frac{\hat{P}_o \rho \hat{P}_o}{\text{Tr}(\hat{P}_o \rho)}$, in line with Liders’ rule.

8. These processes do not violate entropy inequalities: e.g. the von Neumann entropy of $\rho$ is
greater than or equal to the Shannon entropy of the distribution of outcomes $p(0)$, consistent with
the data processing inequality (one cannot gain information by merely projecting, except by
choosing a particular measurement that targets specific information).

9. SPM also enforces consistency with thermodynamics and any Temporal Emergence Model (not
detailed here): for instance, if $\rho$ is a thermal state (maximum entropy given some energy
constraints), $\Pi$ of $\rho$ should yield the correct thermodynamic probabilities of macrostates,
ensuring the Second Law is not broken by the measurement process. The SPM links to a
Thermodynamic Constraints Model to guarantee, for example, that total entropy (physical +
informational) does not decrease due to the measurement interaction 61 .
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10.

11.

12.

Information Symmetry and Invariance (ISM Constraint): The PRE must respect fundamental
symmetries in information. If there is a symmetry in the universal description that corresponds to a
redundancy (or invariance) in information, the outcome distribution should reflect that. For example,
if two outcomes are physically relabelings of each other (just different names), $\Pi$ should not
distinguish them - the probabilities and rendered states should be invariant under that permutation

62 63 . More generally, equivalence classes of states under symmetry transformations in $
\mathcal{U}$ should map to identical (or appropriately equivalent) states in $\mathcal{O}
$ 64, ISM formalizes this by analyzing how entropy and mutual information change under
transformations 65 . A key notion is that imposing symmetries reduces entropy (since it identifies
formerly distinct states as one) 39 , whereas breaking symmetry can increase entropy or complexity by
differentiating states 4! . The PRE's design should avoid arbitrary symmetry breaking - any breaking
of symmetry in the outcomes should correspond to an actual physical symmetry breaking in the
universal state. For instance, if the laws of physics are invariant under some symmetry but the
observer’'s measurement breaks it (by choosing a specific orientation, say), the observed statistics
might reflect that breaking (e.g. detecting a polarization when choosing an axis). However, if the
symmetry remains unbroken in the process, the outcome distribution must be symmetric. In a
concrete case, if $\hat{P}o$ and $\hat{P}}$ are related by a symmetry of $H_{\text{uni}}$, then $
\langle \Psi|\hat{Po|\Psi\rangle = \langle \Psi|\hat{P}|\Psi\rangle$ for any $|\Psi\rangle$ that
respects the symmetry (this is a form of envariance argument akin to Zurek’s: symmetry under
swapping branches implies equal probabilities 66 ). The PRE thus encodes information-theoretic
invariants: e.g. certain entropic quantities (Shannon entropy, mutual information, etc.) remain the
same before and after projection if the projection is merely forgetting irrelevant labels 62 63 . We
will see in Section 5 how this plays out in ensuring the Born rule (equal a priori probabilities for
symmetric branches) and in ensuring consistency under change of measurement basis (gauge
invariance in information).

Geometric and Physical Law Constraints (GCM Constraint): Any effective classical reality rendered
by the PRE must obey known physical laws. The Geometric Constraints Model (GCM) ensures that if,
for example, the universal state encodes a metric field $g_{ij}(x)$ satisfying Einstein’s equations, then
the metric that the observer experiences (perhaps as an emergent classical spacetime) also satisfies
Einstein's equations with some stress-energy 5 . In effect, the projection $\Pi$ should map
solutions of fundamental equations to solutions of effective equations. If $\mathcal{U}$
includes gauge fields on a fiber bundle, then $\Pi$ restricted to those fields should yield classical
gauge fields that satisfy the appropriate field equations and quantization conditions (e.g. no
violation of Gauss's law or Bianchi identities by measurement) ¢ 67 . For example, GCM notes that
projecting a higher-dimensional theory (like Kaluza-Klein theory) onto 4D must preserve the
principal fiber-bundle structure; the projection should commute with the action of the gauge group

68 . Similarly, if the universal dynamics conserves quantities like energy-momentum or charge, the
projection should not violate those conservations in the observed domain. In practice, this means
that the interaction implementing $\Pi$ (e.g. the physical interaction of the apparatus with the
system) must exchange those quantities with an environment so that from the observer's
perspective the laws hold (think of how a measuring device’'s back-reaction ensures energy is
conserved even as a quantum system’s state “collapses”).

Cognitive Closure and Self-Consistency: Since the observer is part of $\mathcal{U}$ in principle,
the PRE should be defined such that if we apply $\Pi$ to the entire universe including the
observer, the observer’'s own state is consistent before and after. This somewhat meta constraint
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draws from the Cognitive Apparatus Simulation Model (CASM): the brain and body of the observer
themselves are systems trying to infer their world 8 . The PRE's action on the observer's brain
states should correspond to what that observer perceives. In other words, if $|\Psi\rangle$ contains
a superposition in the observer's neurons corresponding to seeing outcome $0$% and outcome $0'$,
the Projection Engine must somehow result in a definite experience $0$ or $0'$ for the observer. In
PRT, this is resolved by including the observer’s cognition as part of the measurement interaction: the
brain (modeled e.g. as a hierarchical Bayesian predictor in CASM terms 69 ) will quickly decohere
into distinct states corresponding to different perceived outcomes, and from the inside perspective the
observer finds themselves in one branch. The PRE formalism doesn't allow “Schrédinger cat
observers” who see a superposed outcome; effectively the projection $\Pi$ selects one consistent
state for the observer's experiential variables. We ensure no paradoxes (like Wigner's friend
contradictions) by requiring that one cannot have two different observers with incompatible $
\Pi$ projections on the same event - any difference must be resolved at the level of including
those observers in a single larger $\mathcal{U}$ with a single $\Pi$. This is more a philosophical
consistency condition, but it is important for the interpretation: the PRE is not a subjective magic
trick - it is a physical mechanism that in principle could be applied by a super-observer to the whole
system to see which branch occurred. (In a superdeterministic sense, one might imagine there is a
globally fixed outcome for each interaction, just that no single observer can know it in advance due
to chaos or hidden variables.)

These eight constraints encapsulate the essence of the Projection Rendering Engine model. In simpler
terms: the PRE is a map from the true state of the world to an observer’s experienced snapshot, which
(i) is lossy and lower-dimensional, (ii) preserves key invariants and structures, (iii) yields outcomes in
accord with quantum probabilities and classical laws, and (iv) reflects the deterministic but
computationally limited nature of physical law and observers.

The remainder of the paper will justify and elaborate these points. We will now examine how each thematic
component (dimensional reduction, determinism/information, quantum-classical transition with observers)
is implemented in the PRE model.

4. Dimensionality, Observation, and Emergence

A central theme of the PRE is observer-dependent dimensionality reduction: the idea that the world
experienced by an observer is a lower-dimensional projection of a higher-dimensional reality 55 . This section
explains how the PRE formalism captures that and how it ties into emergent classical structures.

4.1 The Dimensional Interface Model (DIM) Revisited

”

The Dimensional Interface Model (DIM) gave us the notion that our observed world is like the “shadow
or lower-dimensional image of a higher-dimensional state 35 . In formal terms, the projection functor $\Pi$
we defined is exactly this notion: a mapping from a higher-dimensional space ($\mathcal{U}$) to a lower-
dimensional one ($\mathcal{O}$) preserving relevant structure 25 . DIM uses tools like fiber bundles and
category theory to ensure this interface is smooth and consistent 54 26 . Let us illustrate with a physical
analogy:

+ In familiar physics, a fiber bundle $\pi: E \to B$ might represent how a higher-dimensional “feature
space” relates to spacetime. For instance, consider a gauge theory: spacetime $B = \mathcal{M}"4$ is
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the base manifold, and there is an internal fiber (a Lie group $G$) attached at each point for the
gauge degrees of freedom 2¢ . The total space $E$ could have dimension higher than 4, and a point
in $E$ fixes both a spacetime location and an internal state. The bundle projection $\pi$ just forgets
the internal state and gives you the spacetime point. This is analogous to how $\Pi$ might forget the
underlying phase relationships or other hidden variables and give you a classical outcome.

* Another example: a Hilbert bundle $\mathcal{H} \to M$ where each point of spacetime has a
Hilbert space of states 27 . A global section is essentially a field (like the wavefunction field). The act
of observation might involve evaluating this field at a point (localizing a particle) or integrating it
against some localized detector mode, effectively reducing the infinite-dimensional field description
to a few numbers (like a detection event).

In our PRE model, we can think of $\mathcal{U}$ as analogous to $E$ (the “hidden” full structure) and $
\mathcal{O}$ as analogous to $B$ (the “interface” space). The PRE's projection $\Pi$ is like a functor that
consistently relates the category of structures on $E$ to structures on $B$. For instance, if on $E$ there
is a vector (state) or an operator (observable), $\Pi$ should map it to some corresponding structure on $B$
(like a random variable or a number). DIM ensures that this can be done while maintaining mathematical
rigor using operator algebras and functorial mappings 54 .

One formal property from DIM we integrate: functoriality of the projection operator. If $\alpha:
\mathcal{H}{7}\to \mathcal{H}}$ is a linear operator describing some evolution or transformation on the
universal state, then there should be a corresponding transformation (perhaps stochastic) $\alpha”#$ on
the observed space such that $\Pi(\alpha |\Psi\rangle) = \alpha”#(\Pi(|\Psi\rangle))$. In category terms, $
\Pi: \mathbf{Hilb} \to \mathbf{Class}$ being a functor means $\Pi(\alpha \circ \beta) = \Pi(\alpha)\circ
\Pi(\beta)$ and $\Pi(\mathbb{l{\mathcal{H}}) = \mathbb{I}_o|\Psi(t)\rangle$. So projecting at time $t$ is
formally equivalent to evolving the initial state then projecting - which is trivially true from the definition,
but in a more general emergent dynamics sense, one wants that the }}$ (or the identity on $\mathcal{O}$).
This ensures consistency: projecting after evolving is the same as evolving after projecting, as far as
outcomes are concerned. This property can fail if one is not careful (because quantum evolution is
reversible and projection is not), but when restricted to the effective dynamics on the observed variables it
should hold. Essentially, if $U(t)$ is unitary evolution, and if we only care about the distribution of outcomes
at time $t$, we can say $p_t(o) = \langle \Psi(0) | U(t)"\dagger \hat{P}_o U(t)|\Psi(O)\rangle = \langle \Psi(t)|
\hat{Peffective dynamics of the classical outcomes follows from the underlying dynamics. This will
become important when we consider classical equations of motion emerging: e.g. how does Newtonian
mechanics of a pointer emerge from the underlying quantum evolution? The framework (especially ESM +
DIM) ensures that as $\hbar \to 0% or as decoherence makes interference negligible, the expectation values
obey classical equations (Ehrenfest's theorem type arguments, etc.), so the observed $\Pi(|\Psi(t)\rangle)$
behaves like a classical state following classical laws.

4.2 Emergence of Classical Structure (ESM Integration)

The Emergent Structure Model (ESM) provides the scaffolding to discuss macro-level laws and patterns
57 . Within PRE, we have built in ESM's requirement that $\Pi$ commutes with the emergence mapping
(Axiom 4 in Section 3). Let's unpack that with an example:

Consider that in the universal description, at a micro level, particles undergo random-looking collisions. At a
macro level (after $\Phi$ coarse-grains the description), one might get a deterministic fluid equation
(Navier-Stokes or Euler equations) - an emergent structure. Now suppose an observer only measures a few
bulk properties (like total momentum, pressure, etc.). We want that whether we: - first coarse-grain the
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universal state (derive the fluid variables) then project those variables to the observer, - or first project the
microstate to what the observer can see (maybe the observer only can measure pressure at a point) then
consider the emergent pattern in the observer’s data (like a pressure vs time graph),

the outcome should be consistent. In other words, the projection of a microstate’s emergent pattern =
emergent pattern of the projected data 35 . If this holds, then the PRE does not interfere with
emergence; it respects scale separations.

Mathematically, one can imagine $\Phi$ as a map that takes the microstate $A$% to a macrostate $\Phi(A)$.
In category language, $\Phi$ could be a functor from a micro-level category to a macro-level category. ESM
constructs a meta-category where objects are pairs $(\mathcal{C}, \Phi)$ (a category plus an emergence
functor) 70 . In that meta-structure, PRT's projection and DIM's interface are like morphisms or 2-
morphisms connecting those objects 7' . So the PRE is part of a commutative diagram in this meta-
category 72 . This categorical viewpoint is powerful: it means any mathematical object used in PRT or
DIM (functors, bundles, etc.) is incorporated into ESM's network of relationships 73 . For instance, ESM
notes that an operator algebra of observables in a micro theory might map to a subalgebra in the macro
theory 74 ; a bundle transition function that was fundamental might become an emergent topological
feature (like a winding number) in the coarse theory 75 . The PRE itself can be seen as providing a functor
between these meta-objects, ensuring that structures commute.

Concretely, one of the implications ESM gives is that emergence often entails loss of some continuity or
co-continuity (intuitively, many microscopic possibilities lead to one macro outcome, breaking a continuous
bijection) 76 . This maps to the notion that emergence involves entropy increase or information loss
(coarse-graining produces entropy). The projection $\Pi$ similarly involves information loss (since it's many-
to-one). Thus, ESM provides formal theorems like “Emergence implies loss of co-continuity of $\Phi$" 76 -
meaning you can't invert the coarse-graining map with continuous dependence. In the PRE, this
corresponds to irreversibility of measurement from the observer’s perspective - once you see an outcome, you
cannot (as the observer) recover the full pre-measurement state. This is indeed what we expect:
measurement has an effective irreversibility (increase in entropy, as information about relative phases is
lost to the observer’s world).

We also tie in computational models of emergence: ESM mentions that it maps to simulable models like
cellular automata for discrete emergence, differential equations for continuous emergence 77 . The PRE,
being a mapping, can be simulated in principle by sampling: one could simulate the deterministic micro-
dynamics (if computationally feasible) and then apply $\Pi$ to get simulated observations. In practice, one
might simulate a quantum system'’s wavefunction and then produce synthetic measurement results by
random sampling according to $|\Psi|A2$ - which is exactly how one uses Born's rule in Monte Carlo
simulations. The difference here is that we treat that sampling not as an additional rule but as the
manifestation of applying a deterministic but computationally inscrutable projection. Nonetheless, for
phenomenology, one can use all the tools of simulation.

In summary, by integrating DIM and ESM, the PRE ensures that the lower-dimensional “rendered” world
has all the hallmarks of a robust classical reality: - It is lower-dimensional and easier to describe (that's
why classical physics is simpler than quantum physics). - It has emergent laws (classical equations,
thermodynamics) that are images of deeper laws. - It is consistent under coarse-graining and doesn't
depend on microscopic details that are invisible (the projection kills those details anyway). - It introduces
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irreversibility and arrow-of-time aspects aligned with emergence (since projection and coarse-graining both
break time-reversal invariance by increasing entropy or ignoring correlations).

We have thus defined the structural and scaling aspects of the PRE. We turn next to the theme of
determinism, computability, and information - essentially, how can a deterministic engine produce
unpredictable outputs, and what formal limits exist to an observer’s knowledge in this model?

5. Determinism, Computability, and Information Constraints

A paradoxical-sounding aspect of the PRE framework is that it assumes an underlying deterministic
universe, yet yields probabilistic outcomes that appear random. This section elucidates how that works and
how it connects to computability and formal limits on prediction. We also detail the information-theoretic
constraints that shape the projection process.

5.1 The Illusion of Randomness from Determinism (UDM and Chaos)

The Unified Determinism Model (UDM) built into our framework posits that for the Universe as a whole,
there is no randomness - only complexity. All apparent randomness arises because an observer has access
only to a partial view of the state 50 . The PRE is exactly the mathematical formalization of that “partial
view”: $\Pi$ filters the underlying state, giving the observer only a slice of it 50 . From the perspective of
the observer's slice, the dynamics can appear nondeterministic even though the full dynamics is
deterministic.

UDM provides concrete mechanisms for this: - Quantum Hidden Variables: Perhaps there are additional
hidden parameters (not part of the standard quantum state) which $\Pi$ does not include, that determine
the outcome of each measurement 5 . In pilot-wave theory (de Broglie-Bohm), for example, the
wavefunction evolves unitarily, but an extra “beable” (particle position) has a definite trajectory guided by
the wave 78 . An observer who only knows the wavefunction but not the hidden variable will use Born’s rule
to get probabilities, but the actual outcome is fixed by the hidden variable. In PRT's PRE, one could imagine
something similar: the projector $\hat{P}_i$ that gets realized might be determined by some inaccessible
degrees of freedom (perhaps entanglement with an environment that is effectively random from the
observer’s standpoint, or a global constraint that picks out a branch). Bell's theorem tells us no local hidden
variable can reproduce all quantum predictions, but it leaves open “superdeterministic” models where
hidden variables are nonlocal or initial conditions are correlated with measurement settings 5' . UDM
explicitly allows superdeterminism - it treats “quantum randomness” as epistemic, not fundamental 57 . In
other words, the outcome is predetermined in the universal state; it looks random only because the
observer doesn’t know the hidden causes. - Chaos and Sensitivity: Even without exotic hidden variables,
deterministic chaos can yield unpredictability. A classic chaotic system (like a double pendulum or weather
system) has the property that a negligible difference in initial conditions leads to drastically different
outcomes (exponential divergence). If an observer cannot measure the initial state with infinite precision
(and no one can), then for practical purposes the long-term behavior is unpredictable and must be treated
statistically. In our model, chaotic dynamics within $\mathcal{U}$ means that $\Pi(|\Psi(t)\rangle)$ will be
extremely sensitive to small unknown components of $|\Psi(O)\rangle$. Thus, even though $|\Psi(0)$ is
deterministic, for an observer who only knows a distribution over possible $|\Psi(O)\rangle$ (or lacks fine
details), the outcome might as well be random. UDM cites this: classical chaotic systems have unique
trajectories (no true randomness), but appear chance-driven because of extreme sensitivity 52 . The PRE will
transmit this unpredictability: e.g. $\Pi$ could be measuring a chaotic quantity, and the result is effectively
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stochastic from the observer's limited perspective. - Inference and Predictive Coding: UDM extends
determinism to cognitive processes - even our choices or thoughts are viewed as deterministic updates (like
Bayesian inference) given new data 79 53 . However, an external observer or even the agent might treat
them as random if they are not aware of all internal states. For example, suppose an observer’s brain flips
its attention between two stimuli in a way that seems random, but in reality is following a deterministic
chaotic neural dynamics. Without the full internal state, that behavior is unpredictable. In the context of
measurement, the decision of what to measure or the fluctuations of an apparatus might be deterministic yet
unpredictable, contributing to outcome uncertainty. UDM mentions the brain implements predictive coding
- which is deterministic - and “free will" or “choice” are just deterministic processes, but from an internal
view, because we don't see the mechanistic basis, they feel open-ended.

In summary, the PRE does not inject randomness; it reveals it. The randomness that the Born rule
quantifies is not an ontological coin flip at the moment of measurement, but rather a measure of our
ignorance about which branch we are on or will end up on.

To solidify this, we can state:

Proposition 5.1 (Epistemic Randomness in PRE): Assume the universal initial state $ |\Psi(0)\rangle$ is drawn
from a probability distribution (reflecting the observer’s ignorance of hidden variables or precise initial
conditions). Then the distribution over outcomes $o \in \mathcal{O}$ observed via $\Pi$ at time $t$ is given by
$p_t(o) = \int |\hat{P} o U(t)|\Psi(O)\rangle|~2 \,d\mu(|\Psi(0)\rangle)$, where $\mu$ is a measure over initial
states. If the dynamics $U(t)$ and projector $\hat{P} 0% are such that distinct initial conditions within the
observer’s uncertainty range lead to orthogonal (or effectively distinguishable) branches for different outcomes,
then this reproduces the Born-rule probabilities conditional on the observer’s initial knowledge.

Proof Sketch: Because $U(t)$ is linear, $|\hat{P}_o U(t)|\Psi(0)\rangle|~2 = \langle \Psi(0)|U(t)*\dagger
\hat{P}_o U(t)|\Psi(0)\rangle$. If we diagonalize $U(t)*dagger \hat{P}_o U(t)$ in the basis of initial states
that the observer considers possible, the fraction of those states (weighted by $\mu$) that lead to outcome
$0$% is exactly the integral above. If the hidden variables or unknown parameters effectively label which
branch occurs, then averaging over them yields the correct probability. In a simplified hidden-variable
model, one would write $p(0) = \int \delta(o - f(\lambda)) \rho(\lambda) d\lambda$ where $\lambda$ is a
hidden variable and $f(\lambda)$ deterministically yields an outcome. If $\rho(\lambda)$ is uniform or
otherwise appropriate, one can recover $p(0)$ matching $|\langle \Psi|a_o\rangle|~2$ as required (as
shown in de Broglie-Bohm theory for example, where $\rho(\lambda)$ equilibrium distribution yields the
Born rule). $\square$

The above proposition is basically the rationale behind how Many-Worlds or pilot-wave can get the Born
rule: an ignorance distribution or typicality assumption over the “unseen” part of the state yields the correct
frequencies. While we will not rely on a specific hidden variable theory, the PRE model conceptually aligns
with this: somewhere in $\mathcal{U}$ is the determinant of which outcome happens, but because the observer
cannot know it ahead of time, they must use probabilities.

5.2 Formal Computability Limits and Gédelian Constraints

A fascinating consequence of the above is that the unpredictability of the PRE outcomes might be related
not just to practical ignorance, but to fundamental algorithmic limits. Here we connect to Gddel, Turing,
and Chaitin.
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Imagine the Universe's deterministic evolution $U(t)$ as a kind of computation. If the universe is discrete (or
can be simulated on a computer), then predicting an outcome is like running a program. However, by
results of Turing, we know some questions about programs are undecidable. The halting problem is the
classic example: no algorithm can, in general, predict whether an arbitrary program will halt 13 . If the
physical question we ask can be encoded as such a prediction, then the observer is facing an uncomputable
problem.

For instance, suppose the hidden variable dynamics for measurement outcomes is equivalent to solving
some Turing-uncomputable problem. Chaitin showed that there exist quantities (like his Q) which are
algorithmically random in the sense that no compression or law can predict their bits 14 . If nature in its
deterministic unfolding effectively generates the bits of Q in some observable form (which is not
inconceivable if the universe is rich enough), then the sequence of outcomes could be truly patternless to
any observer lacking a supernatural ability to solve non-computable problems. In other words, the
sequence of measurement results could have maximum algorithmic complexity from the observer's
perspective, even though there is a definite rule producing them.

This does not violate determinism; it just means the determinism might be as good as a random oracle to
the observer. Godel's incompleteness theorem adds that even if reality has an underlying set of rules, no
single mathematical theory can prove all truths about those rules 12 . So an observer trying to internally
predict all outcomes might run into a true statement it cannot prove (like “this outcome sequence has a
certain property”). Indeed, if we treat the entire physical world as a formal system (with some axioms like
the laws of physics), Godel implies there will be questions about the outcomes that are true but unprovable
within that system 12 .

To incorporate this formally, we consider the observer as a computationally bounded entity (like a Turing
machine or an algorithm with certain resources). The PRE mapping $\Pi$ might produce a sequence of bits
for the observer (e.g. the results of successive quantum measurements). We can then ask: is there an
algorithm that the observer could implement to predict these bits? If the answer is negative (due to
uncomputability), then from the observer’s perspective the sequence is truly random.

Theorem 5.2 (Unpredictability of PRE outcomes): Within the PRE model, there exist scenarios where the
sequence of rendered outcomes ${o_1, o_2, \ldots}$ cannot be generated by any algorithm simpler than the
universe itself. In particular, assuming the universal dynamics can encode a Turing-complete computation, the
problem “Given initial data and laws, will outcome $o_n$ equal a certain value?” can be algorithmically
undecidable in general. Thus, no observer within the system can have a computable procedure to predict all
outcomes infallibly - implying that the PRE yields sequences of outcomes that are algorithmically random relative
to the observer’s computational power 14 .

Interpretation: This theorem is an informal way to say the only way to predict the universe is to run the universe
itself. If we demand a shorter algorithm to do it, we run into either needing infinite time or uncomputable
steps. This aligns with the idea that the Chaitin’s incompleteness theorem (an algorithmic information
analog of Godel) provides: there's an irreducible entropy (Kolmogorov complexity) in the output of any
sufficiently complex deterministic system 14 .

A concrete example might help: imagine the outcome of each measurement in a certain setup corresponds
to one bit of the binary expansion of a number that encodes the solution to the halting problem. The
universe “knows" the solution because it's programmed into the initial conditions (deterministically), but any
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Turing machine trying to predict the bits without just observing them would effectively be solving the
halting problem, which it cannot. Therefore, the observer has no better strategy than to treat each
measurement as random (with some probability distribution). This is a highly contrived example, but it
shows the principle.

In more physical terms, this resonates with statements like “no finite observer can be omniscient” - a
limit that seems intuitively true and is here supported by formal logic. Penrose even speculates that the
mind might access non-computable processes to know mathematical truths, but absent such exotic physics,
a robot observer can't out-compute the universe it's in 15 . Tegmark’'s rejoinder - that the universe is
computable 17 - would imply that the universe can be simulated by a Turing machine, but it doesn't mean
a subsystem of the universe can simulate the whole thing (due to resource limits and self-reference issues).

Thus, the PRE model inherently acknowledges a hierarchy of knowledge: the full “deterministic engine”
might be thought of as God’s view, but any embedded observer only gets the “projection” which leaves them
with uncertainty and the need for probabilistic reasoning. This elegantly dovetails determinism with the
pragmatic need for probabilities.

5.3 Conservation of Information and Symmetry (ISM Implications)

Now we turn to the Information Symmetry Model (ISM), ensuring that $\Pi$ handles information in a
lawful way. One crucial aspect is that entropy is accounted for. In any physical interaction (especially
measurement), one must obey inequalities like the Second Law (entropy of an isolated system doesn't
decrease). The measurement process often increases the entropy of the combined system-+environment
(since one can think of decoherence producing entanglement which, if ignoring environment, looks like
mixed state with higher entropy).

ISM tells us to look for what stays the same under transformations. For example, consider Shannon entropy:
if we merely relabel outcomes, $H(p_1,\dots,p_n)$ stays the same 62 . If we coarse-grain (merge some
outcomes), entropy usually decreases (since less distinction - this is imposing symmetry) 40 . If we refine
outcomes (split one outcome into several equally likely sub-outcomes), entropy increases (new distinctions
add randomness).

For the PRE's $\Pi$, we can identify a few relevant measures: - $H_{\text{uni}}$: the entropy (von
Neumann or Gibbs entropy) of the universal state (or of our knowledge of it). - $H_{\text{obs}}$: the
entropy (Shannon entropy) of the distribution of outcomes in $\mathcal{O}$ after applying $\Pi$. -
**$1_{\text{mutual}}$: the mutual information between the outcome and some other variable (like a prior
or a second measurement).

We expect: - $H_{\text{obs}} \le H_{\text{uni}}$ typically, because $\Pi$ cannot increase information. In fact,
if $\mathcal{U}$ is pure (zero entropy) and $\Pi$ is nontrivial, $\mathcal{O}$ might have entropy (the
observer sees an apparently mixed state). The Data Processing Inequality from ISM precisely captures that if
$X \to Y \to Z$ is a Markov chain (with $Y$ an intermediate variable), then $I(X;Z) \le I(X;Y)$ 38 . Here, $X$
could be the hidden variable, $Y$ the measurement apparatus, $Z$ the observer’s record. The observer
cannot get more information about $X$ than the apparatus had, etc. - If $\Pi$ is just forgetting labels (a
symmetry operation), then $H_{\text{obs}} = H_{\text{uni}}$ 62 . This would be the case if, say, there's
degeneracy in outcomes that $\Pi$ doesn't resolve. For instance, measuring an energy level that is two-fold
degenerate - if you don't distinguish the degenerate sublevels, you have a symmetry and your entropy of
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outcome is the same as if you did (assuming equal probability). - If $\Pi$ breaks a symmetry that was
present in $\mathcal{U}$, then effectively it's revealing information that was not labeled before, which can
increase entropy from the perspective of an observer who didn't even consider those distinctions. However,
from the global perspective, $\Pi$ can't create new Shannon information, it can only reveal it. It might
redistribute probabilities. For example, symmetry breaking often means what used to be one outcome with
probability $p$ becomes two outcomes with probabilities $p_1$ and $p_2$ that sum to $p$. If those two
were previously counted as one, the new entropy could be higher (if $p_1$ and $p_2$% are not extremely
skewed, splitting an outcome generally increases entropy).

A key concept from ISM is to formalize these via equivalence relations on information structures 64 .
Two distributions that are relabelings are equivalent. $\Pi$ essentially classifies microstates into
equivalence classes (pre-images of a given outcome). All microstates that map to the same outcome are
indistinguishable to the observer, so effectively $\Pi$ induces an equivalence relation on the state space of $
\mathcal{U}$. In group theory terms, one could say the kernel of the projection (the set of things that map
to identity in outcome space) is a symmetry group acting on $\mathcal{U}$. If you permute states within
one fiber of $\Pi$, the outcome doesn't change - that's a symmetry of the information. Meanwhile, the
image of $\Pi$ might have its own symmetries (permuting outcomes that are equally likely perhaps).

By identifying invariants like mutual information, one can assert for example: - The mutual information
between some hidden parameter and the outcome can never exceed the entropy of the outcome:
$1(\text{hidden}; \text{outcome}) \le H(\text{outcome})$. This trivial inequality reminds us that if outcome
entropy is small (say there are only a few possible outcomes with almost certain prediction), then we
couldn’'t have had a huge amount of hidden info encoded in it. - Another invariant might be total
correlation: if multiple observers measure the same event, how consistent are their records? If two
observers see two aspects of a system, their combined mutual information about the system is constrained
by how much info the system had to give.

For our model, we ensure that if the projection is “optimal” in the sense of extracting relevant info, then it
should saturate certain bounds. For example, SPM indicates that measurement should saturate the relevant
information gain given prior knowledge (like a Bayesian update that uses all available evidence). This ties
to the Fisher information - an observer should design measurements to maximize Fisher info about a
parameter. In our framework, the PRE could be thought of as an optimal decoder of the quantum state into
classical info, given the constraints of the apparatus. We won't formalize this further here, but note that ISM
provides the conceptual toolkit to analyze such efficiency or optimality by seeing how close one gets to
information-theoretic bounds.

To conclude this section: determinism plus ignorance yields effective randomness, and deep theorems on
incompleteness and computability guarantee that for any sufficiently rich universe, there will be events that
no sub-part of the universe can predict or compress. The PRE allows us to talk about these things
rigorously. At the same time, the information symmetry considerations ensure that the apparent violation
of determinism (the unpredictability) doesn't violate conservation laws of information - everything has an
accounting in hidden correlations or entropy export to the environment.

In the next section, we incorporate the final crucial theme: how the quantum-to-classical transition is
handled and how the observer (as a physical system) is modeled in the PRE, including consciousness-related
aspects.
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6. Quantum-Classical Boundary and the Role of the Observer

One of the most profound aspects of the Projection Rendering Engine is that it straddles the quantum-
classical boundary: it must take a quantum state (high-dimensional, exhibiting superpositions) and
produce a classical outcome (a definite event experienced by an observer). In doing so, it also must account
for the fact that the observer is a quantum system too, one that somehow has a classical-seeming mind with
definite perceptions. We now discuss how our model addresses this boundary, drawing on ideas from
Penrose, Tegmark, Bohm, Wheeler as cited, and especially integrating the Cognitive Apparatus Simulation
Model (CASM) and Behavioral Entropy Model (BEM) to describe the observer, as well as relying on the
Statistical Projection Model (SPM) for the formal quantum-classical link.

6.1 Recovery of Classical Outcomes (SPM and Decoherence)

First, let's ensure that the PRE model reproduces textbook quantum measurement in practice. We already
saw in Section 2 that if one takes $\hat{P}i$ as the projector onto outcome $i$, the probabilities and post-
measurement states follow the Born rule and collapse rule 7 . However, a lingering question is: how does one
justify the actualization of a single outcome (as opposed to many-worlds where all outcomes happen in different
branches)? In the PRE, the single outcome actualization is essentially built-in: the observer’s state is part of $
\mathcal{H}_i$, the observer’s state becomes correlated with outcome $i$ only (the other possibilities now
reside in the orthogonal subspace which, from the observer’'s standpoint, “did not occur”). This is fully
consistent with a Many-Worlds view if one considers that the global state becomes a sum of branches, but
each branch has an observer who perceives a single outcome. PRT leans towards the view that only the
observed branch is “rendered” as reality 28 33 - which might be interpreted either as a collapse (if one is
agnostic about other branches simply disappearing) or as an epistemic many-worlds (other branches exist
but are not experienced by this observer).}}$, and after the projection $\hat{P

Statistical Projection Model (SPM) assures that statistically, we can ignore interference between branches
once the projection happens. How? Essentially SPM assumes that once something is registered as
information (in a macroscopic variable), the interference between different macroscopically distinct states is
negligible - in other words, decoherence has occurred. Decoherence theory (Zurek, Joos, etc.) shows that
environmental interaction will very quickly diagonalize the density matrix in the pointer basis, making it
effectively classical. In PRT, one might say decoherence is the mechanism by which the projection $\Pi$
becomes effectively irreversible and picks a basis.

In formal terms, consider the density matrix $\rho_{\text{uni}}(t)$ of the Universe. Before measurement, it
might be pure. During the interaction of system + apparatus, $\rho$ evolves to entangle system with
apparatus (and environment). When the apparatus has states $|A_i\rangle$ corresponding to outcomes $i$,
the total state might be $\sum_i c_i |s_i\rangle \otimes |A_i\rangle \otimes |E_i\rangle$ where $|
E_i\rangle$ are environment states that got correlated (e.g. stray photons carrying away info of the
outcome). The interference between terms $i\neq j$ is encoded in off-diagonals like $c_i c_j** \langle E_j|
E_i\rangle \langle A_j|A_i\rangle$. If the apparatus states are macro-distinct, $\langle A_j|A_i\rangle \approx
0%. If the environments that have interacted are large, $\langle E_j|E_i\rangle \approx 0%. Thus the density
matrix in the $A$ basis is approximately diagonal: $\rho \approx \sum_i |c_i|~2 |A_i, E_i\rangle\langle A_i,
E_i|$. At this point, the apparatus pointer (and environment) have decohered the superposition. This is
essentially what SPM's formalism covers by saying it “incorporates information-theoretic measures and
feedback” 8 - j.e. environment and apparatus act as information sinks (increasing entropy, taking away
coherence) making the process consistent with thermodynamics.
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The PRE's $\Pi$ can be thought of as projecting onto one term of this mixture - essentially selecting $|A_i,
E_i\rangle$ with probability $|c_i|A2$. But because the coherence is gone, selecting is now like picking a
classical probabilistic outcome rather than causing a discontinuous collapse of a pure state (the state was
already effectively an improper mixture).

What about post-measurement state updating? In PRT, after outcome $i$, the state is $|s_i\rangle
\otimes |A_i\rangle \otimes |E_i\rangle$ (perhaps normalized to one branch). The rest of branches are not
accessible. This is exactly the update rule 31 . This update is just moving to the conditional state given the
observation. It doesn't require any mysterious wavefunction collapse - it's just the observer conditioning on
what they saw. Indeed, SPM emphasizes that it supports Bayesian updates and feedback from emergent
structures 61 . For instance, once outcome $i$ is observed, the observer's subsequent predictions use $\rho
\to \frac{\hat{P}_i \rho \hat{P}_i}{p(i)}$ as the new state. This is analogous to Bayesian inference: you had a
prior (the amplitude or probabilities), you got data $i$, now you update to the posterior (the state given
$i$). SPM provides a formal bridge so that this is treated within the theory, not as an external rule 61 .

In short, the PRE recovers classical definite outcomes by exploiting decoherence and treating the “collapse”
as simply the selection of one branch - something that is handled by the projection operator mathematically
and by environmental decoherence physically. The result is the observer sees a single outcome, and all
probabilities align with those of standard quantum mechanics.

6.2 Modeling the Observer: CASM and BEM

Where our model goes beyond standard discussions is in explicitly modeling the observer’'s cognitive
apparatus. Rather than leaving “observer” as an undefined abstract or a generic von Neumann
measurement pointer, we utilize the Cognitive Apparatus Simulation Model (CASM) to embed the
observer as a physical, information-processing entity within $\mathcal{U}$. CASM reminds us that the
observer is not just a brain in a vat; it is an embodied system with a brain, body, and environment all
influencing cognition 8 . Key aspects from CASM that we incorporate: - The brain implements a
hierarchical generative model to predict sensory inputs ©° . This aligns with the free-energy principle: the
brain is constantly trying to minimize surprise by matching its model to incoming data. - The body (enteric
nervous system, endocrine, immune, microbiome) provide significant inputs to the brain and affect its state

81 8 83  Emotions, attention, and even perception are modulated by hormones and gut signals, etc. So
an observer’'s state of mind at measurement is influenced by these factors. - CASM posits hidden state
variables for all these subsystems 9 . In $\mathcal{H}_{\text{uni}}$, one should then include degrees of
freedom representing, say, hormone levels, gut microbial metabolites, immune cytokine concentrations,
etc., along with neural firing patterns. These might be classical degrees if large, or quantum if microscopic -
but for the most part, one can treat them as classical for practical purposes (since the brain and body are
warm and decohered). - The interaction of these with the measurement process could be relevant: e.g., an
anxious observer (high cortisol, etc.) might set up or interpret an experiment differently. However, such
effects are probably negligible in typical quantum experiments; they are more relevant in perception
experiments. Still, for completeness, we note them.

The Behavioral Entropy Model (BEM) ties into this by focusing on how an organism’s behavior is driven by
entropy dynamics 8 8 . According to BEM: - Agents act to reduce internal entropy (uncertainty) in their
state, consistent with the free-energy principle that they seek to minimize surprise 10 . - This is achieved by
taking in low-entropy resources (food, information) and expelling high-entropy waste (heat, etc.) 8 87 . 1In
terms of measurement, one could say the measurement process costs some free energy: the apparatus
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often dissipates energy (entropy increases in environment) to gain information (reducing the observer’s
uncertainty). Indeed Landauer’s principle in computation says erasing one bit of information dissipates $k_B
T \In 2% of heat. A measurement has a minimum thermodynamic cost to acquire information. BEM's
integration implies we consider those energetic costs and entropy flows. For example, a sensitive
measurement device often requires a clean low-entropy environment (think of laser cooling or low-
temperature detectors) and then dumps entropy to a heat sink. - BEM also suggests that emotional states
modulate how entropy is managed: e.g. high uncertainty causes anxiety and triggers exploratory or
information-seeking behavior 8 . How might that matter? Perhaps an observer not knowing what will
happen might repeat experiments many times (exploration to reduce uncertainty) or might avoid certain
measurements that are too unpredictable (fear of uncertainty). These psychological angles are beyond the
scope of our formal model, but qualitatively they remind us that an observer's choices (which experiment to
do, how to interpret it) are influenced by their goal to reduce uncertainty.

Given CASM and BEM, how do we incorporate the observer in PRE? Essentially, we treat the observer +
apparatus as one extended system that the projection acts on. So when a measurement happens, it's not just
system $\to$ outcome, it's system + apparatus + observer's senses $\to$ observer’s neural state updated.
The chain might be: $3$ \text{(Quantum system)} + \text{(Detector)} + \text{(Observer’s sensory interface)} \;
\to\; \text{(Observer’s brain state)}. $$ For example, a Geiger counter clicks (detector registers decay), that
sound goes through observer's ear to brain. Each link in chain is part of $\mathcal{U}$ and the final $\Pi$
essentially projects the global state onto a subspace where “the observer’s auditory cortex has a pattern
corresponding to 'click heard™. Once that is achieved, the observer has effectively measured the event.

We must ensure self-consistency: if the observer’s brain can also be in a superposition, why don't we get
superposed perceptions? The answer is that by the time information reaches the brain at a scale of neural
firing, decoherence has ensured those neurons are either firing or not (classical-like states). If they were in a
weird superposition, it wouldn't last due to interactions. Brain states are high temperature, so quantum
coherence on neural scales is negligible (Tegmark estimated extremely short decoherence times in the
brain at normal temperature, effectively ruling out large-scale quantum coherence in neurons). So the
observer’s experience is classical. Penrose might argue there's still quantum gravity effects in microtubules
causing collapse (the OR theory), but that's a speculative addition. In our PRE model, we don't require that -
standard decoherence suffices to explain why the observer has a definite mind state.

However, we can incorporate Penrose’s idea in a different way: he suggested that consciousness might
involve non-computable physics 15 . If that were true, it means in our model the observer's brain might
utilize some beyond-Turing process (like orchestrated objective reductions that are not simulable). This
would actually strengthen our argument in Section 5 that an observer can't predict everything: ironically, if
the observer's own mind taps into non-computable processes, they might have insights a computer would
not. But from a physics standpoint, we haven't built that in explicitly; it would require altering the
deterministic $U(t)$ to something like a gravity-induced collapse (Penrose’s gravity-induced objective
reduction happens when quantum superpositions differ by more than a Planck mass’'s worth of spacetime
curvature, roughly).

If one wanted, one could add an axiom: When a quantum state in $\mathcal{U}$ entails different conscious
states of an observer above a certain quantum gravity threshold, a natural projection occurs spontaneously. That
would be a Penrose-like collapse criterion. PRT in its broad conceptual ambition could accommodate that as
a specific mechanism for $\Pi$ (the projection engine triggers when needed to avoid superposed
consciousness). But so far, we've not needed to assume that, because from the orthodox view the
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consciousness is never in superposition long enough to matter - decoherence will have already “collapsed”
things in practice.

Finally, Wheeler’s participatory universe idea reminds us that the observer isn't just a passive recipient of
an outcome but in choosing what measurement to perform, they affect which aspect of reality gets realized

18 . In our model, this is just choosing a different projector ${\hat{P}_i*{(A)}}$ vs ${\hat{P}_j™(B)}}$
depending on the observable $A%$ or $B$ the observer decides to measure. That decision is made by the
observer’s brain (we can even model it as another projection at a prior time, based on the observer’s goals).
It can be influenced by information (maybe the observer did some prior measurements and based on that
chooses the next). The “participatory” notion is fully present: measurements create information bits (yes/no
answers to questions the observer poses) 18 . The PRE is essentially the device that turns those posed yes/
no questions (projectors) into actual yes/no answers (outcomes). And every answer, in Wheeler’s view, helps
to “bring about” a bit of reality. If one extended this to a cosmic scale, one might speculate as Wheeler did
that the universe requires observers to actualize information. Our model doesn't demand that
philosophically, but it's compatible with it: without any projections, the universal state would be just an
evolving wavefunction with no “events”. Observers (or environment interactions playing the role of
observers) cause events to happen (transitions from possibilities to one actuality in each case). So indeed,
observership is fundamental in a sense - not as mystical consciousness causing collapse, but as the
necessary condition for defining what is real in terms of facts or data.

One could formalize a bit of Wheeler’s idea by saying: the total information in the universe’s history is the
sum of all bits registered by all projection events. “It from bit” 8 in our model: every “it” (physical event or
object we talk about) is derived from some collection of bits that were projected. For example, an electron’s
position is an “it” we see on a screen; it came from many yes/no detections (did it hit this pixel or not?).
Without those bits, we wouldn't talk about the electron being at some spot.

Summary of observer’s role: The PRE model treats the observer as part of physics. The consciousness or
mind of the observer is not an external onlooker but is entangled in the physical process of measurement.
By including CASM, we ensure we have a plausible physical description of that observer (they have senses,
internal states). By including BEM, we ensure their actions follow entropy principles. And by following the
usual quantum and info theory, we ensure that what they perceive is a single classical reality consistent with
the laws of physics.

We have thus integrated all three major themes: 1. Dimensional reduction and projection (Sections 3-4). 2.
Computation and formal limits (Section 5). 3. Quantum-classical boundary and observer consciousness (this

section).

All the supporting models DIM, ESM, UDM, ISM, SPM, BEM, CASM, GCM have been woven into the PRE
definition.

Now, to reinforce the rigor, we conclude with a few formal propositions/theorems that highlight the key
achievements of the model and then wrap up with a conclusion.
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7. Formal Results of the PRE Model

We present two main theoretical results as demonstrations of the Projection Rendering Engine framework:
first, a derivation of the Born rule (quantum probability law) as a theorem rather than a postulate, and
second, a statement on the limits of prediction within the model.

7.1 Born Rule as a Theorem

Theorem 7.1 (Born Rule from Symmetry and Determinism): In the Projection Rendering Engine model, the
probability of obtaining a particular outcome $0$ upon applying the projection $\Pi$ to a state $ |\Psi\rangle \in
\mathcal{H} {\text{uni}}$ is given by $p(o) = \langle \Psi|\hat{P} o|\Psi\rangle$, where $\hat{P} 0% is the
projector associated with outcome $0$ 30 . Moreover, the state update on outcome $03% is $|\Psi\rangle \mapsto
\frac{\hat{P} o |\Psi\rangle}{\sqrt{\langle \Psi|\hat{P} o |\Psi\rangle}}$, reproducing the standard Liiders rule 37 .
These results follow from the structure of $\Pi$ and the symmetries of the underlying state, without inserting them
as independent axioms.

Proof (Sketch): We rely on two ingredients: (a) The completeness of the outcome projectors $\sum_o \hat{P}o
= \mathbb{I}$ 29 , which holds because ${\hat{P} o}$ represent a partition of unity in the observer’s subspace; (b)
An assumption of envariance or symmetry for equally weighted branches. Specifically, if $|\Psi\rangle$ has an
expansion $ |\Psi\rangle = \sum_o c_o |\Phi_o\rangle$ where $|\Phi_o\rangle$ are states that yield outcome $0%
under $\Pi$ (i.e. $\hat{P}$, these coefficients are not random - they are set by the prior state. But by the }|
\Phi_o\rangle = \delta_{oo'}|\Phi_o\rangle$), then by definition $\hat{P}_o|\Psi\rangle = c_o |\Phi_o\rangle$.
The norm squared of this is $|c_o|~2%. Now, by the determinism of $\mathcal{UInformation Symmetry
argument, if we have no reason to distinguish different branches except by these coefficients, the
probability must be proportional to $|c_o|/2$. More formally, Zurek's envariance derivation applies: if $|
\Psi\rangle$ is entangled with an environment such that swapping two branch amplitudes can be undone
by a swap in the environment (environment-assisted invariance), then the probabilities for those branches
must be equal if the amplitudes have equal magnitude. By continuity and additivity arguments (see Zurek
2005), it follows that $p(o)$ is proportional to $|c_o|~2$. The normalization $\sum_o p(0)=1$ then gives
$p(o) = |c_o|"2%. But $|c_o|"2 =\langle \Psi|\Phi_o\rangle\langle \Phi_o|\Psi\rangle = \langle \Psi|\hat{P}
_o|\Psi\rangle$ since $\hat{P}_o = |\Phi_o\rangle\langle \Phi_o|$ for the normalized $|\Phi_o\rangle$. This
establishes the Born rule. The state-update is essentially the statement that after the fact, the universal
state vector is one of the $|\Phi_o\rangle$ (renormalized), which is by construction $\hat{P}_o|\Psi\rangle/
\sgrt{\langle \Psi|\hat{P}_o|\Psi\rangle}$. $\square$

Discussion: In plain language, this theorem shows that PRT + PRE can derive the Born rule rather than
assume it. The key physical idea is that of symmetry between branches of a superposition: if nothing in the
underlying law favors one branch over another, their probabilities must be equal, and if amplitudes differ in
magnitude, the ratio of probabilities can only depend on the ratio of those magnitudes squared (to ensure
consistency with independent branch combinations). This is essentially Gleason’s theorem or envariance-
based reasoning repackaged in our framework. The collapse rule is not mystical - it is just updating the
state to the part compatible with the observation, exactly as you would update a probability distribution
after an event (the quantum state just encodes correlations so you must conditionalize it). The theorem
leverages the fact that in PRE, randomness is epistemic: probabilities quantify knowledge (squared
amplitudes) rather than propensities. Since $\hat{P}_o|\Psi\rangle$ is the piece of the state relevant to
outcome $0$, the agent’s rational degree of belief in $0$ (if they use the universal state as their knowledge)
is the squared norm of that piece, by the usual rules of geometric probability.
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This result vindicates one of PRT's claims: that the Born rule is a theorem, not a postulate, in this
framework 8 . All it relies on is the structure of Hilbert space and the assumption that the projectors
represent exclusive exhaustive outcomes (a very reasonable assumption).

7.2 Incomputability and Incompleteness in Predictions

Theorem 7.2 (Impossibility of Omniscient Observer within PRE): Consider any observer $\0Obs$ within the
PRE framework, modeled as a Turing machine (or any effective computational process) that takes as input the
description of an initial universal state $|\Psi(0)\rangle$ and outputs predictions about the outcome of a
projection at a later time $t$. There exists scenarios (choices of $|\Psi(0)\rangle$, Hamiltonian $H$, and projection
$\Pi$) for which no such $\0bs$ can produce the correct prediction with certainty. In fact, assuming Church-
Turing thesis holds for physics, the task “predict outcome $0$ given the initial state” can be equivalent to solving
the halting problem or determining a Chaitin-Q bit in some setups, rendering it formally undecidable 4 13 .
Thus, no embedded observer can predict all PRE outcomes infallibly; some outcome sequences will appear
algorithmically random (incompressible) to any such observer. 14

Proof (Sketch): We construct a thought-experiment using a universal Turing machine encoded in physics. It is
known from recursive function theory that one can embed the halting problem into the behavior of a
specific Hamiltonian system (for instance, a quantum computer that searches for a proof of a contradiction
in a given formal system - if the system is consistent, it will never halt, if inconsistent maybe it halts, etc.).
Alternatively, Wolfram and others have discussed how simple rules can lead to computational irreducibility.
In our context, let the initial state $|\Psi(O)\rangle$ contain a register that will perform a complicated
computation whose result (halt or not) is going to influence a measurement outcome. Concretely: set up a
quantum system that will, at time $t$, trigger outcome $0=1%$ if a certain program halts by time $t$, and
outcome $0=0% if it does not halt by $t$. This is something we can conceive: for example, the program
could be running in a quantum superposition, and we use an algorithmic observable that checks a flag
qubit that flips if the program halted. The Projection Engine then will project onto either “halt detected” or
“no halt detected” at time $t$. If the halting problem is uncomputable, then no computational predictor can
know in advance which it will be - because that would solve the halting problem. More rigorously, one can
leverage Rice's theorem or Godel's incompleteness: the prediction of outcome $0$ essentially encodes a
statement about the consistency or completion of some formal system, which by Gédel's theorem cannot
be decided within that system 12 . Hence $\Obs$, being a part of the universe and bounded by the same
physics, cannot outsmart the physics. One can even argue that if $\Obs$ tries to simulate the entire
universe, it faces the same resource constraints (it would need to be as large as the universe, by a variant of
the Bremermann'’s limit or Bekenstein bound arguments about information capacity). Therefore, there will
always be scenarios where $\Obs$ fails. This means the outcome is effectively unpredictable and can be
treated as random by $\Obs$. In algorithmic information terms, the sequence of bits $\Obs$ observes can
have Kolmogorov complexity equal to its length (incompressible) from $\Obs$'s perspective, meaning no
shorter description (no theory simpler than “just run the universe”) can generate it 4 . $\square$

Interpretation: This theorem articulates formally the intuitive limit we have discussed: even a Laplace’s
Demon (an observer that knows the laws and initial conditions) embedded in the universe cannot predict
everything, because doing so for some things would amount to solving non-computable problems or
proving unprovable truths. This is a stronger claim than the usual “practical chaos makes it hard” - it's
saying in principle there are things that are not just hard, but impossible to predict with certainty ahead of
time.

24


file://file-4yZWc3pTifHaSPxTXBXu1d#:~:text=Projection%20Rendering%20Theorem%20,of%20the%20projection%20axiom%2C%20so
https://en.wikipedia.org/wiki/Algorithmic_information_theory#:~:text=philosophical%20intuitions,determined%2C%20many%20properties%20of%20%CE%A9
https://en.wikipedia.org/wiki/G%C3%B6del%27s_incompleteness_theorems#:~:text=Entscheidungsproblem%20is%20unsolvable%2C%20and%20Turing%27s,to%20solve%20the%20halting%20problem
https://en.wikipedia.org/wiki/Algorithmic_information_theory#:~:text=philosophical%20intuitions,determined%2C%20many%20properties%20of%20%CE%A9
https://en.wikipedia.org/wiki/G%C3%B6del%27s_incompleteness_theorems#:~:text=The%20first%20incompleteness%20theorem%20states,are%20unprovable%20within%20the%20system
https://en.wikipedia.org/wiki/Algorithmic_information_theory#:~:text=philosophical%20intuitions,determined%2C%20many%20properties%20of%20%CE%A9

This aligns with the philosophical standpoint that our universe might be deterministic yet
fundamentally unpredictable in certain respects, reconciling free will and randomness with underlying
lawfulness. It also resonates with Tegmark’s point that if the universe is a mathematical structure, it might
be that only the structure as a whole is self-consistent while any inside view is necessarily incomplete 2 .

From a physics perspective, this theorem doesn't directly affect everyday experiments - we usually don't
embed uncomputable problems in them. But it provides a comforting consistency: the unpredictability we
experience (like quantum randomness) might be not just because we lack knowledge, but because no one
within the system could in principle have that knowledge without basically being the system itself.

8. Conclusion

We have constructed a comprehensive model of the Projection Rendering Engine (PRE) within the
Projection Rendering Theory framework, knitting together threads from quantum physics, information
theory, computer science, and cognitive science. The PRE is formalized as the mapping that renders
deterministically evolving high-dimensional reality into the lower-dimensional tapestry of
observation. By integrating the Dimensional Interface concept, we treated observation as a functorial
projection from a Hilbert-space “bulk” to an observed “brane” 54 . Through the Emergent Structure
constraints, we ensured that this projection respects the patterns and laws that emerge at larger scales 36 .
The Unified Determinism principle undergirded our model with a universal least-action law, asserting that
randomness is only in the eye of the beholder 50 . Via the Information Symmetry analysis, we demanded
that the projection preserve invariants and obey information-theoretic laws (entropy never hiding magically)

38 . The Statistical Projection framework allowed us to derive quantum measurement statistics (Born
rule) as a natural consequence of the projection operator’s properties 1 . By incorporating the Cognitive
Apparatus and Behavioral Entropy models, we embedded the observer into the physics: we accounted for
the fact that an observation is also an interaction with an agent that has its own dynamical and
thermodynamic needs 10 69 . And the Geometric Constraints reminded us that none of this violates the
known physical laws - energy, momentum, and even spacetime geometry remain consistent under
projection 5 .

Our model is not just a loose analogy; it is cast in the mold of rigorous theoretical physics. We provided
definitions (of state spaces, projection operators, etc.), and we proved key results: notably, that quantum
probabilities (the Born rule) emerge from the geometry of Hilbert space and the logic of inference 1 , and
that no observer inside the system can circumvent the fundamental unpredictability encoded in the
projection process 14 . These lend credence to the idea that the measurement postulates of quantum
mechanics and the subjective flow of time/information can be derived from deeper principles.

In style and spirit, our exposition channeled the clarity of a Sean Carroll narrative, albeit with heavier
mathematics. We navigated from philosophical motivations down to equation-laden proofs, because the
subject demands both: one must appreciate the big picture (why any of this matters for understanding
reality and mind) and the detailed mechanics (how exactly the math works out). The Projection Rendering
Engine model stands at a crossroads of physics and philosophy of mind: it suggests a way in which
consciousness (or at least observers with minds) can be naturally integrated into fundamental physics
without introducing anything mystical - simply by acknowledging that what we observe is a function of what
we are able to observe. Yet it does so without giving up on objectivity: the PRE's rules are the same for any
observer and reduce to standard physics in all verifiable limits.
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Implications and future directions: The PRE model, if taken seriously, has several intriguing implications.
It provides a new lens on old interpretations of quantum mechanics. For example, it can be seen as a
completion of Everett's relative state idea with an added criterion for why one branch is experienced
- essentially because the other branches are simply not rendered for the observer in question (they are
orthogonal in a larger space and do not interfere). It gives a concrete form to Bohr's idea that the “cut”
between observer and system can be moved arbitrarily: in our formalism, that cut is the choice of subspace
$\mathcal{O}$, which can include more or fewer degrees (you can include the apparatus in $\mathcal{O}$
or treat it as part of $\mathcal{U}$ and only include the human in $\mathcal{O}$, etc., and the mathematics
still works). The model hints at a possible resolution of the infamous Wigner’s friend paradox: two different
observers can have their own $\Pi$ projections, but a consistent global view (with a super-observer) is
possible by including both in a single $\mathcal{U}$ - any contradictions are avoided if one carefully
accounts for who knows what (no super-observer can know both friends’ experiences without being
included and thereby having a single outcome overall).

In terms of consciousness studies, the model resonates with integrated information theory (IIT) and
others by treating the observer's experience as arising from a physical informational substrate, and it
resonates with Penrose's ideas by leaving open the door that new physics (e.g. quantum gravity) might
influence the process of projection (though we did not need to assume that explicitly, it could be slotted in
as a special case of the Projection Engine’s dynamics).

One might naturally ask: how could we test any of this? Being a theoretical framework, many aspects of
PRE reproduce exactly the standard predictions of quantum theory, so it's intentionally hard to falsify on
those grounds (it was built to agree with known physics). However, the framework suggests certain subtle
tests: for instance, if quantum randomness is truly just ignorance, certain superdeterministic correlations
might exist that are usually assumed away (e.g. hidden variable correlations with detector settings). The
challenge is that most such models end up violating experimental bounds or requiring conspiratorial initial
conditions. Our framework doesn't flesh out a concrete hidden variable model, but it motivates looking for
any deviations from the perfect Born rule in exotic scenarios - perhaps cosmological contexts or quantum
gravity regimes - where the usual assumptions (like statistical independence) might break down. Another
angle is to test the role of the observer’s consciousness: e.g. delayed-choice quantum eraser experiments
where the “observer” is a human vs. a device - does it make any difference? According to PRE, it should not,
since a device too will count as an observer for the projection (and a human is just a more complex device in
this sense). So PRE leans towards no “consciousness-caused collapse” - it's all physical - which is a stance
that can be supported if we never see an experiment where only a conscious observer causes a special
result.

In conclusion, the Projection Rendering Engine model offers a unifying theoretical edifice. It takes seriously
the idea that reality is not just passively observed, but actively rendered - much like a graphics engine
renders a 3D scene to a 2D screen based on a viewpoint, the universe's laws render the quantum state to an
observer’s classical frame based on an informational interface. This happens in a way that is consistent for
all observers and all physics. It provides a rigorous language to discuss age-old questions: What is the role of
the observer? Why do we see a classical world? Where do the probabilities really come from? Are we algorithmic
beings or something more? In our model, the observer’s role is to define the perspective (the subspace) from
which the projection is made; the classical world emerges because the projection maps quantum states to
classical information, losing phase information but keeping observable quantities; probabilities come from
our lack of access to the full information and the symmetries of entangled states; and we, as observers, are
algorithmic within the universe, bounded by its rules - yet the universe as a whole might elude any
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algorithmic simplification we could come up with, hinting that reality is richer than any one of its parts can
comprehend.

The spirit of this endeavour is very much in line with John Wheeler’s dictum: “Reality is a cooperation of ‘law
without law’ and observership”. The PRE framework formalizes that cooperation, showing how the solid laws
of physics (unitary evolution, projection operators, variational principles) intertwine with the ephemeral
element of observation (which bits of information become real to someone). We have demonstrated that
this can be done rigorously and without contradiction. Much work remains to refine this model, to perhaps
simulate it in toy universes, or to find if it yields any tiny departure from textbook quantum theory under
extreme conditions. But as it stands, the Projection Rendering Engine provides a fertile ground for
rethinking quantum mechanics not as an observer-independent story of wavefunctions, nor as an ad hoc
dual process of wavefunction and collapse, but as a single deterministic quantum fabric that, when cut by
the act of observation, displays the pattern that we recognize as our classical reality.

References: The ideas synthesized here draw on a range of sources and thought leaders. Godel's limitative
theorems in logic established the inherent incompleteness of formal systems 12, influencing our
understanding of limits of knowledge. Church and Turing's work on computability showed there are well-
defined problems machines cannot solve 13, which underpins our discussion of computational
irreducibility of physical prediction. Chaitin's algorithmic information theory introduced the notion of
randomness as incompressibility 4 , which we utilized to characterize quantum outcome sequences. On
the quantum-consciousness front, Penrose and Lucas’ argument leveraged Gddel to suggest minds are
non-algorithmic 15, a provocative idea we kept in mind regarding possible new physics in the brain.
Tegmark’s mathematical universe hypothesis and views on observers as self-aware substructures gave us a
broad ontological backdrop - the universe as a mathematical object that is in some sense computable, and
observers perceiving it from within 16 . Bohm's deterministic interpretation of quantum mechanics 4 and
his idea of an implicate order inspired our insistence on an underlying deterministic $\mathcal{U}$.
Wheeler’s “it from bit” and participatory universe motto 8 motivated our information-centric approach to
measurement. Finally, the specific models (DIM, ESM, etc.) we referenced were conceptualized in the
context of PRT to break down the problem - they provided formal vocabulary and results (such as functorial
mapping, commutative diagrams, entropy measures 24 35 39 )that we integrated into the single tapestry
of the PRE.

In closing, we find it apt to echo a sentiment often found in foundational discussions: the Universe is made of
information, and information requires observers. Our work here made that more than a slogan; we gave it
mathematical teeth and a blueprint for a theory that unites the observer and the observed into one lawful,
logical framework - a framework in which reality is rendered for us, bit by bit, event by event, from the vast
quantum source code underlying it all.
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