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BINARY OPERATIONS (XII, R.S. AGARWAL)

EXERCISE 3-A [Pg. No. 74]
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Let * be a binary operation on the set I of all integers, defined by a*b=3a+4bh-2.
Find the value of 4*5

a*b=3a+4b-2

=4*5=3x4+4x5-2=30

The binary operation * on R isdefined by a*b=2a+b. Find (2*3)*4

Given, a*b =2a+bVYaandb € R.

Now, (2 *3)*4

=2 x2+3)*4=12*4=2x12+4=28

Let * be a binary operation on the set of al nonzero real numbers, defined by a*5b :a?b. Find the

value of ¥ given that 2*(x*5)=10

Given:-a*b:%b 2:2%(x*5)=10

ﬁz*(xgs)ﬂo:z *x = 10:2%":103x=25

Let x:RxR— R be abinary operation given by @*b=a+4b*. Then, compute (-5)*(2*0)
Given:-a*b=a+4b’

Now; (-5)* (2 * 0)

=(5)* (2+4x0)=-5*2=-5+4x (2] =11

Let * be a binary operation on the set Q of all rational numbers given as a*b=(2a-5)" for all
a.beQ. Find 3*5 and 5*3. is 3*5=5%3?

Given :—>a*b=(2a—b)

Now, 3 ¥5=(2x3-5)=1

And5*3=(2x5-37=49

Here, 3 *5£5%3

Let * be a binary operation on N given by a*b =1 cm of a and b. Find the value of 20*16 60 ,‘\\Q
Is * (1) commutative  (ii) associative ? @ O
Given: >a*b=LCMofaandb % &(b

. 20*%16=L.C.M of 20 and 16 = 80. & Q
Commutatively:— %\(b
Let,aandb € N

+*LCMataandb=L.CMofbanda . OQ éo
—>@*b)=(b*a)Va&beN .\\\ %)
Hence, * is commutative. Q\ \/

Associatively : —

(a*b)*c ‘\Q
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= {L.CMof aand b} * chttps://millionstar.godaddysites.com/
=LCMof[{LCMofaandb} and C]=L.C.M of [ L.C.M of a, b and c]
=LCMof[aand {LCMofbandc}]=a* { LCMofb and c}

=a*(b*c)
Here,a*(b*C)=(a*b) *cV a,beceN Hence, * is associative.
If * be the binary operation on the set Z of all integers defined by a*b = (a+3b3), find 2%4
Given: >a*b=a+ 3b’
L2%4=2+3x@)} =50
show that * on Z* defined by a@*b=|a—b/| is not binary operation
On Z°, *is defined by a*b=|a—b|.itis seen that for @, ac Z .
a*a=|a~a]={)e Z", hence * is not a binary operation
Let *on Z  defined by a*b=a’ isneither commutative nor associative
Commutativity : Let a, be N, then a*b=a" and b*a=5h",
a’ and b* arenotequal for every a, be N .

= a*b=b*a = *isnot commutative only.
Associativity : Let @, b, c€ N, then

(a*b]*c=a"*c:(ab)c:abc (D)

and a*(b*c):a*b‘:(a)b( .2
From (1) & (2), (a*b)*c #a*(b*c) = * isassociative on N .
Let a*b=1cm (a,b) for all valuesof a,bc N

(i) Find (12*16) (ii) show that * is commutative on N

(ii1) Find the identity element in N (iv) Find all invertible elements in N
(i) 12*16=L.CM (12, 16)=48

(ii)Let,a&b e N

a*b=LCM(a,b)

=L.CM(b,a)=b*avVabeN

Hence, * is commutative.

(ii1) Let, C be the identity element

-cis the identity element . c¢*a=avae N @
=LCM(@B,9=a=>C=1 60 ,‘\\Q
(iv) Let, a be an orbitoary element on N @ Q
Now,a*b=1 {fora'=b % K@
—~LCM(@ab)=1=>a=b=1 { Q

= 1 is the only element in N, Which is invertible. 6\® %.

Let O be the set of all positive rational numbers Q &Q

(i) show that the operation * on Q" defined by a*b= —(a+b) isa bu@r w

(i1) show that * is commutative (iii) show that * I%IM
(i)Let,ta&be Q
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=(at+tb)e Q":»%(a+b)ec1*:>a*b eqQ

Hence, * on Q' is a binary operation.
(iiLet, a&b e Q

a*b=_(a+b)=2(b+a)=b*ava&be Q

Hence, * is commutative on Q

7

(iii) 10 * (2 * 6) = 10 * %(2+6) —10*4= 10;4=

6

(10*2)*6= %(10+2)"6 =6*6= 6;6 =
10 *¥(2*%6)=(10* 2) * 6 . * is not associative.
Show that the set 4 = (—I, 0, 1) is not closed for addition.

Wehave, 1€ 4, 1€ 4 and 1+1=2¢ A.Hence, A4 is not closed for addition.

* on R—{-1}, defined by (a*b)= is neither commutative nor associative

b

Commutativity : Let a, b R—{-1}, then a*b=—2_ anld P*a=——
b+1 a+l1

= a*b#b*a = *isnotcommutativeon R—{-1}.
Associativity : Let a, b, ce R—{-1}, then

a

a bl a
wo o= = = o i
e [b+1] S et (b+1)(c+1) M
1
and a*(b*c)za*( 2 ]= 4 =a(c-r) XD
c+1 b 41 bre+l
c+1

From (1) and (2), (a*b)*c#a*(b*c) = * isnot associative on R—{-1}
Forall a,be R, we defined a*b=|a—b|
Show that * is commutative but not associative
Let,a&b € R.
a*b=la-b|
=b-al=b*a
. *is commutative. (2* 3) ¥*4=12-31 *4 @
=1%4=|1 -4]=3 O X
and,2* (3 *4)=2 %3G —4) b L AN
=2*1=2-1|=1 74) O
v (2*3)*%4= 2% (3 *4) .. *isnotassociative &6 Q

Forall a,be N, we defined a*b=a’ +b’ (b
Show that * is commutative but not associative 6\-'

Let,aandb & N

ae* ba::3 +be_‘. . OQ &Q
=b*aVabeN ‘\\\ @fb

-, *is commutative. (1 *2) *3=(1"+2%*3 Q\ \/
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' =9 * 3= 9% + 3°= 729 + 2ffttps IMllionstar.godaddysites.com/
S 1*(2*3)=1*(2%+3)
=1%*35=1>+35"=1+42875=42876
s (1*¥2)*3+1*(2%*3) . fisnot associative
16. Let X be a non-empty set and * be a binary operation on P(.X), the power set of X , defined by
A*B=ANB forall 4, Be P(X).

(i) Find the identity elementin (PX) (ii) Show that X is the only invertible element in P(X) :
Sol. (i) Since AnX =4 forall 4 in P(X). .. X istheidentity element.

(ii) Let A be invertible in P(.X) andlet B be its inverse.
Then, AnB =X . This is possible only when A=B=X.
X is the only invertible element in P(.X') and its inverse in X .

a+b;, ifa+b<6

17. A binary operation * on the set {0,1,2.3,4,5; is defined as a*b=
wep { j {a+b—6; ifa+b>6

Show that 0 is the identity for this operation and each element a has an inverse (6—a)

ra<b
Sol. Here,a*0=a+0 st
a+0<6

=a*0=0
Hence, O is the identity element
Inverse element of a : —
Let,b=a"'

a*b=0
—a+b=0ifa+b<6
or,atb—-6=0ifa+b=> 6
If,atb=0=a=-h
clearly, fa=0 then, a'=0
If, a+b-6=0 then,b=6-a
a"=6—a, Yae {l1,23,4,5}

EXERCISE 3-B [Pg.No. 78] _ : .
1. Define * on N by m*n=lem(m, n). Show that * is a binary operation which is commutative as well
as associative.

Sol. Let m and ne N, then- m*n=lem(m, n)=lem(n, m)=n*m 60 ’\\
Hence, * is commutative binary operation.

and (m*n)* p =(lcm(m, n))* p = lem of (Iem of (m, n) and p) =lem of (m, n, p) &6 Q&

\
2. Define * on Z by a*b=a—-b+ab. Show that * is a bmary@ on@whrch is neither

and m*(n*p):m*(lcm of (n, p)) lcm of (m and lcm of (n p) -lcm of (%

(m*n)* p=m*(n* p). Hence, the operation is associative.

commutative nor associative.
Sol. Commutativity : Let us take two elements 1 and 2 of Z

,Q(\
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' Then, 1%¥2 =1-2+1x 2 =HttpmdmBibhstd gddaBdybited.com’. 1¥2 = 2*]
Hence, the binary operation is not commutative.
Associativity : 2, 3,47

(2#3)*4=(2-3+2x3)*4=5%4=5-4+5x4=2]

and 2*(3*4)=2*(3-4+12)=2*11=2-11+2x11=13
= (2*3)*4#(2%3)*4. Hence, binary operation is not associative.

3. Define * on Z by a*b=a+b—ab. Show that * is a binary operation on Z which is commutative as
well as associative.

Sol. Let a, be Z, then by definition a*b=a+b—ab and b*a=b+a—-ba
Hence, a*b=b*a.
For Associativity : Let a, b, ce Z .

Now, (a*b)*c=(a+b—ab)*c =a+b-ab+c—(a+b—ab)ec

=a+b+c—ab—bc—ca+abe ..(1)
and a*(b*c)=a*(b+c—bc)=a+b+c—bc—a(b+c—bc)
=a+b+c—ab-bc—ca+abc .

Hence, by (1) and (2), (a*b)*c = ﬁx(g *c)
Hence, the binary operation on Z is associative.
4. Consider a binary operation on O —{1}, definedby a*b=a+b—ab
(i) Find the identity element in O —{1} (ii) Show that each ac O—{1} has its inverse
Sol. (i) Let e be the identity element.
Then,a*e=a Vae Q {1}
—Date—-ae=a =e(l-a)=0 =e=0ecQ=}{1}
Now,a*0=a+0=a
and, 0 Fa=0+a=a
thus, o is the identity element in Q—{1}
(i) Letae Q- {1} and Let,a’' =b,

Now,a*b=0
—a+b-ab=0=>a=ab-b=a=(a-1)-b=>b= L]e Q-{1} :>a‘1=a—a—1&Q e
a_ —
Hence, each a € Q — {1} has its inverse. @

5.  Let Q, be the set of all non-zero rational numbers. Let * be a binary operation on Q,, deﬁw * C)

N
@Q

Q

a*bz% forall a, be(Q,.

(i) Show that * is commutative and associative (i1) Find the identity element in O, &% Q

(iii) Find the inverse of an element a in O, 6\.® %-

ab

Sol. Let a*b=—
i >

ba b

c
b
(i) Forall a, b, ceQ,, we have a*b:%b:T:b*a and (a* ~ E\ZL:(G )c
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sl =
Also, a*(b*c):a*T: 44 :a(lf:sc)' But (ab)c =a(bc). Hence, (a*b)*c=a*(b*c)

(ii) Let e be the identity element and let €O, . Then a*e=a = ﬂf—za = e=4

2. 4 is the identity element in .

(iii) Let a=Q,a and let its inverse be b, then, a*b=¢ — %b=4 = b:geQn
a

16 .
Thus, each a € 0, has — as its inverse.
' a

. - . i b
On the set Q" of all positive rational numbers, define an operation * on 0° by a*b =% for all

abeQ’

Show that

(i) * is a binary operation on Q" (ii) * is commutative (iii) * is associative
Find the identity element in O~ for *

What is the inverseof ac Q" ?

Let,aandb € Q ~aandbe Q

:a-beQ*:%eQ*:a*be Q

Hence, * is binary operation on Q"
Commutatively :—

Let,aandb € Q'
Now,a*b=%=%=b*aVa&bQQ+

Hence, * is commutative on Q
Associativity:—
Let,a,bandc e Q°

Now,a*(b*c)="a* [b?c]

(%)
= 2 =.a££ and,(a*b)*cza—b*c

2 4 2 <
b

=%'c_abc bo ,\\'c}
z & < &

“(@*b)*c=a*(db*c)Vab&ce Q' &% Q

Hence, * is associative on Q° ’\('b

Identity element:- %

Let, e € Q b the identity element . a*e=aande*a=a Q &Q

a-e

ae_ 488 . o s O
:>2adzai2Q ‘§\\®(b

Hence, e = 2 is the identity element on Q @

Inverse of a :-
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a-b 4 4
Now,a*b=2="——=2=3pb=—=a'==
2 a a

Let O be the set of all positive rational numbers.
. : 1 . L .
(i) Show that the operation * on Q" defined by a*h = E(a +b) is a binary operation

(ii) Show that * is commutative (ii1) Show that * is not associative

(i) On O, * defined by a*h = a;b

binQ'.

; y : x a+
It is seen that for each a, b€ Q" , there is a unique element

binQ:'A

. . : . a+
This means that * carries each pair (a, b) to a unique element a*b =

Therefore, * is a binary operation.

- b+ " ;
(ii) Commutative : ¢*b =a_2b =Ta =b*a, a*b=>~h*a, which shows * is commutative.

[a+b)+c
(iii) Associative : (a*b)*c:[a;rb}c: 2 L 7, N

2 4
o ote
a*(b*c):a*[b-i-c}: 2 :2a+b+c
d 2 2 4
Now, QLo # ik = (a*b)*c=a*(b*c), hence, * is not associative.

4 4
Let O be the set of all rational numbers: Define an operation * on O —{~1} by a*b=a+b+ab.
Show that :
(i) * isa binary operation on Q0 — {—l} (i1) * is commutative

(iii) * is associative (iv)zero is the identity element in Q —{~1} for *

= S =3
(v) a —[Ha]*whereaeQ {-1}

(i) On O, *is defined by a*b=a+b+ab, it is seen that for each a, b Q" these is unique element
a+b+ab in Q" This means that * carries each pair (a, ) to a unique element a*b=a+b+ab @

in O . Therefore, * is a binary operation. 60 ,\\F)

Note that a +b+ab ==1 is not possible.

s Ifa+b+ab=-1 = (1+a)(1+b)=0 = a=-1 or b==1, which is not posm{% QKQ

*.* Both cannot be —1.
(ii) Commutativity : Forany a, be R—{-1},
We have a*h=a+b+ab and b*a=b+a+ba and as a+b+ab —%\‘Qb

.. a*bh=b*a. So, * is commutative on R—{-1}.
(iiii) Associativity : For any a, b, ce R—{-1} we have (a*b)*c= +f@&-}*c

N
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(a*b)*c = (a+b+ab)eAnfilionstapsddaddysites.com/
=5 (a*b)*c:a+b+c+ab+bc+ac+abc o 6
and a*(b*c)=a*(b+c+bc)
a*(b*c)=a+(b+c+bc)+a(b+c+bc) =a+b+c+ab+be+ca+abe ..(2)
From (1) and (2), we have, (a*b)*c=a*(b*c) forall a, b, ce R—{-1}
So, * is associative on R—{-1}.
(iv) Existence of identity : Let e be the identity element. Then, a*e=a=e*a forall ac R—{-1}
= a+e+ae=a and e+a+ea=a forall ae R—{-1}
= e(1+a)=0 forall aeR—{-1}] = e=0
Also, o€ R—{-1}. So, o is the identity element for * defined on R—{-1}.

Existence of inverse : Let a = R—{—l} and let b be the inverse of a.
Then, a*b=e=b*a = a*b=e

= a+b+ab=0 [ Identity elementis o]

= b:i,Since, aeR—{—I} ['* a#-1 = a+1%#0, hence, — is defined]
a+1 a+1

s=d
Hence; every element of R— { ]} is invertible and the inverse of an element a is —-1-
a+

Let A=NxN . Define * on 4 by (a, b)*(c,d)=(a+c, b+d)

Show that :
(i) A isclosed for * (i1) * is commutative
(iii) * is associative (iv)identity element does not exist in 4

(i) Let (a.b)c 4 and (c,d)e A, then a, b,c,deN
(a, b)*(c, d) =(a+c, b+d)eA [ a+ceN, b+deN]
. A is closed for *.
(i) Commutativity : Let (a, b), (c,d)e 4,
then (a, )*(c, d)=(a+c, b+d) and (c, d)*(a, b)=(c+a, d+b)
v a+c=c+a and b+d=d+b forall a, b,c,deN
~ (a+e,b+d)=(c+a,d+b) forall a,b,c,deN

= (a., b)*(c, d)=(e, d)*(a; b) forall (a, b), (¢, d)eNxN =4 bo ‘\Q

(iii) Associativity : Forany (a, b), (c. d), (e..f)e4, we have, “*’ @ @
{(a, b)*(c, d)}*(e, f) =(a+e,b+d)*(e, f)=((a+c)+e, (b+d)+f) (&% QK
=(a+(c+e), b+(d+f)) [ Addition is associative on N ] %\v %‘

=(a, b)*(c+e, d+f)=(a b)*{(c. d)*(e. 1)} QQ

So, “*’ is associative on 4
(iv) Let (x, y) be the identity elementin A. Then (a, b)*(x, y) 5 }&b)e A
= (a+x,b+y)=(a, b) forall (a,b)cA = a+x=a b= b+_}’@ "a, be N

,QQ
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Let A:{l, -1, i, —i} be the set of four 4™ roots of unity. Prepare the composition table for
multiplication on 4 and show that

(i) A is closed for multiplication (i1) multiplication is associative on A4
(iii) multiplication is commutative on 4 (iv) 1 is the multiplicative identity
(v) every element in A has its multiplicative inverse
Sol.
. 1 -1 i —i
1 1 -1 i —
-1 -1 1 —i i
i i - -1 1
- -1 i 1 -1

(i) Clearly every element of table belongs to the set A. Hence 4 is closed for multiplication.
(ii) Clearly a(bc)=(ab)c is satisfied forall a,b,c = A. Hence multiplication is Associative.
(iii) Clearly the table is symmetrical about the diagonal line.
Hence multiplication is commutative for 4.
(iv) As1l.1=1 1.(-1)=-1, li=iand1.(H)=— and 1.1=1, —1.1=—1, i.1=iand —i.1=—i.
Hence 1 is multiplicative identity.

(v) As Iispresentin every row and columns of product.
Hence everv element in A has its multiplicative inverse.
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