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DIFFERENTIAL EQUATIONS WITH VARIABLE SEPARABLE
(XII, R. S. AGGARWAL)

EXERCISE 19A (Pg. No.: 929)
Very-Short-Answer Questions

Find the general solution of each of the following differential equations

1 %:(sz)(ny’)

Sol. %=(1+x3)(1+_}'3)

On separating variables we get % = (l + xz)dx

Integrate on the both sides we get j

ﬁ%tm"%=x+x +@ :>t3n'ly=x+§+c‘
2 ,'('4—':2:‘}--——-——);4
=
Sol. x‘@=— A
T g
A
On separating variables we get L. }:l
(7 o
1
e

Integrate on the both sides we get j-a—y; = I——]Idx
y X
dy 1
JSr=-fa
y X

[y idy =—[x"ax
y—-l-l — _x—-hl 'i"C
g

3

y ==x"+C

¥Wati=L 0 *\O
O X

1 1

F-'-F:C‘ @

3. —=—=l+x+u+xy @
Sol. —=l+x+y+xy Q%& Q%.
| S\

il
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%:1(l+x)+y(l+x)

%=(1+x)(l+y)

On separating variables we get 4 = (I + x)dr

(1+y)
(liyy)#j(}”)ﬁ

Integrating on the both sides we get I

log|I+y|=x+%+C

=l-x+y—xy

«s~ &I@

Sol. E_l X+y—xy
Q:}(l-x)ﬂ(x-x]

%:(1—x)(1+y]

On separating variables we get & (1-x)ax

(1+_y)
Integrating on the both sides we get I ) J-(l X )dx
log|1+y|=x~%-+€
dy
5 )=—=2x"
(x+ )dx y

Sol. (x+l)% = 2%y

dy _2xXy

de  (x+1)

On separating variables we get o s dx
¥y (x+1)

Integrating on the both sides we get Ja[v I (x—-l-l)dx

Idy - 2-[ x+1) @
On dividing x’dy(x—1) \ég Q
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Y=z

x‘?

Y —x

x-1

x-1

0
% =x"+x+1+
(x-1) {x=1)
dy g
22
Iy f(x_])

3 2
log| ¥ | =2[%+%+x+log]x—l|]+€
log|y[:%+%z+2x+2log|x—l|+c

log|y]=2_TJ":3:+,:c'2 +2x+2log|x~1|+C

Xy

=€

X+y

=€

S &S RIS

=e* e
On separating variables we get g— =e'dx

Integrating on the both sides we get IQ‘ = Ie"dx

Ie"-"dy = je‘dx’

¥ =" 1
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@ _ ( & —e* )

dx (e‘ - e“’)

On separating variables we get dy = (e" _e—x) dx
(e‘ +e " )

3 E (e‘ —e " )
Integrating on the both sides we get J'ajv = J'-—_abc
(e‘ +e ‘)
Let (e" - e'”) e
Diff. on the both sides will respect to t
i B

_ (ex—e"') dt

y:log|e‘+e‘”|+(7

8. & =" +x'e
dx
Sol. L. ™7 + e
dx
-@:e’r e +x’e™”
dx
% =g (e-" +x2)
- . : a,'}’ — ¥ x 2
On separating variables we get -Ex--e (e +x )
E;'.}-:Tz(e" +x2)dbc @
&

e'dy= (e‘ +x° )dx
Integrating on the both sides we get Je"dy = I(e‘ +x° )dir K@ Q&(b
e":e‘+§+C 6\® %_

9. e Vdc+e Fdy=0 ) O(\ (&Q
Sol. & ¥dx+e” Fdy=0 §\\ %)
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. ) d _eExe—ir
On separating variables we get LA —
B
2y 2x
e —€
-3y aﬁ} T dx
e e
82_1'—3_\'03] = u€2x+3xcﬁ
e’dy =—edx

Integrating on the both sides we get jes-"dy = j —e™dx

eS)‘ +e$x =C
¥’ =C
10 e*tandx+(1-e")sec ydy =0
Sol. " tan ydx+(1-¢*)sec’ ydy =0
(l—e’)seégya)v-_- —e”* tan ydx

dy  —etany
dx (lve")sec2 y
On separating variables we get She dy=— € _dx

2 x
Integrating on the both sides we get JMy = —Ie—dr
tany (1 - e")
Let tan y =1
Diff on the both sides w.r. to y

2 dt
sec’ y=—

dt

dy:seczy @

Let (l —e”) =m
Diff on the both sides wr. To x @
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—_——

sec’y _dt e
-[ t xseczya I
1 1

fia= L
log|7|=log|m|+C
log| tany[:logll—e" |+]ogiC|

log|tany|=log|(1~e“’)("|
tany=C(1—ex]

sec” x tan ydx +sec’ ytanx dy =0 s
sec’ xtan ydx +sec’ ytanxdy=0
sec’ ytan xdy =—sec’ xtan ydx

dy —sec’ xtany

dx sec’ ytanx

On separating on the both sides we get & M
dx  sec” ytanx

sec“yaj,: msecx o
tan y tan x
2 e B
Integrating on the both sides [—2dy = [———dx
tan y tan x
sec’ sec’ x
[y = [ =
tan y tan x
Let tany=U
; ; 5 du
Diff on the both sides w.r. toy sec” y = E
_ du
sec’ y
Let tanx=1}"
Diff on the both sides w.r.t x
., dV
sec X =—
dx
d';f
dx=—
sec” x

J-seczyx du __j‘seczxx du

U sec’y - Vo osec’x

1 1
J.Ed?l = —f;dv
log|u|=-iog|v]+C
log| tan y |=—log| tan x|+ C

log| tany|+10g|tanx | =C

mm Wondershare
PDFelement

Remove Watermark g



http://cbs.wondershare.com/go.php?pid=5239&m=db

Wondershare

Remove Watermark PDFelement

https://millionstar.godaddysites.com/

log| tan y- tan x| =log| C |
tanx-tan y=C
12.  cosx(1+cosy)dx—siny(1+sinx)dy=0
Sol. cosx(1+cosy)dx—sin y(1+sinx)dy =
cosx(1+cos y)dx =sin y(1+sin x)dy
sin y(1+sinx)dy = cosx(1+cos y)dx
dy _cosx(l+cosy)
dx  siny(l+sinx)
On separating variables we get

dy _cosx(l+cosy)
dx siny(l +sin x)
sin y _ cosx

= dx
(1+cosy) (1+sinx)

Integrating on the both sides we get

J- sin y _J- cos x
(l+cos }) (l +sin x)

Let (1+cosy)=u

Diff on the both sides w.r.ty 0+ (—siny)= p.

du
=siny
Let (1+sinx)=V
Diff on the both sides w.r. t x

dv
0+cosx=—
dx

av
cos X

dx =

Ismy du __Jctas:r)< dv
w siny v COSX

1
AJ‘;d&m j‘ ~dv
—log|u|=log|v|+C
—log|u |—log| v|=C 60 C’JQO
—(log[u|+logv)=C 6®
log|u|+log|v|=C K Q
X0

log|1+cos y|+log|l +sinx|=C %

r(1+cosy)(1+sinx)|:log|C| . OQ &Q
) N SO

(I1+cosy)(1+cosx)=C % @
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(1+sinx)(1+cosy)=C

For each of the following differential equations, find a particular solution satisfying the given
condition

cos(%)za, cwhere aeR and y=2 when x=0

cos (%) =a
dy

On separating variables we get i =cos '@

dy = cos ™' adx

Integrating on the both sides we get

jdy: Icos" adx

y=cos ' a_[dx

y=cos ax+C )

Putting when x=0, then y=2

2=cos 'ax0+C

=2

Now putting the value of C =2 equation (i)

y=cos ax+(

y=cos a-x+2

yi=cos'a-x

y-2
x

cos(!‘_?]za

=cos 'a

X

—4xy” it being given that y =1 when x=0

|

Iil
g

dy 2

separating variables we get ;&—-= —4xy

& 8 S BlE

;}I}

%
C

%

y dy =—4xdx @

Integrating on the both sides we get 6
[y'dy=[-4xax %\Q} °d'<2
I yidy= —4_.':' dx . OQ Q&Q

' =—x T C @ %
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1%)

Lo sdie .. ()
y

Putting when x=0, they y=1
—%:-—2(0)%(,‘

=1=€C =C=-1

Now putting the value of C =—1 in equation (i)

——=-2x"+(-1)

15. xd_y=(2r3+1)cbc(x=t0), given that y=1 when x=1
Sol. xdy=(2x*+1)dx
On separating variables we get xdy = (2x” +1)dx

dy (2::3 +1)

dx X
dy=[2x2+l]dx

X

Integrating on the both sides we get Ia)’ I( o H]dx
I Bi= I( 2x 1 }ﬁ
[y = zj‘xafx+ j —dx

P 2%+1og|x1+C

y=x"+logld+C .. ) <
Putting when x =1 then y=1 60 ’\\O
1=1+log|1]|+C < (bo
1=1+0+C (&6 Q&
1=1+0+C

IR

C=0 . O(\ (&Q
N tting the values of C =0 i tion (i)
ow putting the values o in equation (i .§\\ %
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y=x"+log|x|+0
y=x"+log|x|

dy

z:ytanx, it being given that y=1 when x=10
o4
On separating variables we get % =ytanx

dy

— =tanxdx
¥

Integrating on the both sides we get

j%: franx a

logly[:loglse(_;xi+(‘
y=secx+( .. (i)
Putting when x =0, then y=1
l=sec0+C

1=1+C

1-1=@

-, Gl
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EXERCISE 19B (Pg.No.: 931)

Very-Short-Answer Questions

Find the general solution of each of the following differential equations
dv  x-1

dx y+2

1.

dy x-—1

Sol. Given differential equations — =
P2

= (y+2)dy=(x—1)dx [separating the variables]
=¥ | (y+2)@:|(x—l)abr

yl .l':
=D —+2y=——x+¢
2 T3 '

=V +4y =y +4y=x"-2x+2¢
=y +4y—x +2x=2c,

= y° +4y-x" +2x=c {Here ¢ =24 this is the required solution of given differential equation

dy b 5
2‘ —_—= ’_
dx (x’ +I)
Sol. Given differential equation is . ?x
x +1
= dy= derl {separating the variables
X+

xdx

x +1

= Jar-
This is the required solution
3. %:{1+x)(1+y3)

=2 y=%log(x2+l)+c

) dy B
Sol.. Given, Em(1+x)(1+y )

= dy=(14x)(1+ ) dx
dy

=b H—, =(1+x)dx [On separating the variables]
"
= I 1 +Iy: dy = I(l +x)dx [Integrating both sides] o otan” (y) = x+—g— +e

4. (1+x3)%—xy 60 O
Sol. Given, (x%l)%:xy :>(x3+1)djv=xydx :%:xildx [Onseparatingthevan'a@:] (b

o J’lay: [—=—d  [Integrating both sides]
y x +1

= logy=%10g|x3+1|+logc Q

O o
. 10g| y: lz log{(f' +l).c} ‘\\\ @fb
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A _y2=(xz+l)+c
dy
3 —+y=1ly#1
T P=lFR1)
Sol. Given,g—-fy:l :ﬁzl—y :i—dfr [On separating the variables]
dx dx 1=y

.[ dy Id" [Integrating both sides]

- _1°g|‘1‘}’|:x+c

= —log|l1-y|=x+c
c:x+log|1~—y|

6 DX g
dcx N1-x
TR L
dx N1-x
= : dy+ : dx =0 [on separating the variables]
1=y7 N -
dy

=( [integrating both sides]

:::I ' +j g
\ﬁ__yr \f]_x;‘
=sin' y+sin 'x=C

Hence sin ' y+sin ' ¥=C is the required solution

2
7 1A x—ﬁ+ —

dy >
Sol. x—+y=
T e d

! dy 5
Sol. Given, x—+y=y"
e Y=

& _ a2

S x—=y -
dryy

= xaﬁ?=(y2 —~y)dx

j - (y ) I— fIntegrating both sides] @
=% —logy+log|y—l|:logx+logc 60 ;\\O
= log|y-1|=log(xyc) .. y-l=xyc @ (bc}

e © Q¢
8. x’(y+)dx+y*(x—1)dy=0 \@ %.
Sol. Given differential equation is x* (y+1)dx+y*(x—1)dy=0 Q% Q
= V' (x=1)dy=—x"(y+1)dx . O é
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DIFFERENTIAL EQUATIONS WITH VARIABLE SEPARABLE (XII, R. S. AGGARWAL)

yt+dy  x
- y+1 T ox-1
yidy  px’dx
2t e
—l+l
:I y+1 I %=1
jj.(y l)(y+l)+1 J-(x I)(x+l)+1dx
y+1
_f{y 1+— =—J'{x+l+ﬁ

-

:y?—v+logy+1——x?—x —log|x= 1|+c

=S4 —2}!-.'-21()g,|_],'+1|:—x2 —2x—210g|x—1|+261
= x* 4y + 2+ 2y 2log|(y+1) (x-1)| =

Here 2¢,=c¢

This is the required solution of given differential equation

2y _ 2
9. y(_l—l' )—CE—X(I-I-} )
: 3 5 y x 3 :
Sol. Given, y(l—x )afv:x(]-t-y )dx =5 : ,dy:] —dx  |On separating the variables]
J_Jl"‘ _x"
- J‘ [Integrating both sides]
1+y 1-x
dt dz dt dz
Let I#¥yi=t & 1-x’ =z, 2y=— & 2x=— D ydy=— & xdx=——
y =4 e =g 3

= %I%dt*—*—%j% dz = log|t|+log|z|=loge = (rz)=c = (l+y2)(1-x.2')=c
10. ylog ydx—xdy=0
Sol. Given differential equation is y-logdx—x-dy =0
= xdy = ylog ydx
dy _ dx
ylogy T

dx
ot I ylogy I ® <
= log(log y) =log|x|+logc, 60 QN
= log(log y) =logc, |x| <& O
= (logy)=¢|x| = logy==cx 66 Q
= logy=cx %\
{here c==¢, , Q KQ

This is the required solution of given differential equation ’\\O (b
N\

=
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x(xl —xzy:)c:j,f+y(y3 +x2y3)dx=0

. Given differential equation is x(x -x*y’ )a_‘y+y(y 4+ x°y* )afx 0

:>x( )Lfy+y (l+x")a§c=0
= (I—y‘)dy:—y’(Hx:)dx

f— 2 1432
:,(yf)dy:_(:)ﬁ

(oo
oA

1 1
= —2—)ﬁ—log|y|—§—log|r|+c

= —L:—L:+log|xl—log|y|:c
2x" 2y
= —L_—L,Hog i‘ =c
X 2y y
This is the required solution of given differential equation
(l—xz-)ay+xy(l ~y)dx=0
Given differential equation is (1 -x )dy +xy(1-x)dc=0

=5 (l—xz)dy ==xy(1-y)dx

= o . .
y(i-y) 1-¥
jvy(l —d I 2xdfx

:’f{m—} %

= log |x| = logll k- y| = Elogl_l - x3| +logc,

o (V=

= log

::»F - :>—-—y-_+cﬂ :>y=c(1—y)ﬁ 60 (};\}O
{ where c=%¢ gz &@

This is the required solution of given diff equation (& Q
(l—xz)(l—y)dr:xy(Hy)c{v %\ %‘

Sol. Given, (l —x:)(l —y)dx=xy(1+y)dy OQ &Q
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LIONS
. DIFFERENTIAL EQUATIONS WITH VARIABLE SEPARABLE (XII, R. S. AGGARWAL)
1-x* 1+ ) .
= dx = yg y) dx [On separating the variable]
X =

s y(1+y)

x -y

[On intergrading both sides]
:I%cﬁr—fxdx:f%dy+j%dy 310g1x|_x_2’:_f‘“1{: i

ﬁj(“y)(”y)dy o

I-y

= logle—x—z_z-j'(lw)aﬁf—logIl—yl—I%l_ dy

E &3
= log | x| - - ydy+jl_}afy
z 2 1
= log|x|~%=—ym};—~log|l—y-{—‘l'ajurj«l_—ya}p

2 2
= log|x|—x?=—y—y?—iog|l—y|—y—log|1—y|

=% logl:rl—%=—2_y—y—'—logll—_]yl2

= =
S L oz S
= log|x|#log|1-y[ =-2y ) Iog(x(l y) )— L 2y i
14. (y+1y)ctr+(x—xy3)dy:0
s, Grn (o) (=27 )r=0 = (em) o)
= y(l+x)afx=x(y341)dy H—xdx afv [On separating the variable]

s [P [y = ﬁmw—hdwg@

¥ . kS
. ~log|y|+e - Iog|x;v|+x—?=c

= log|x|+x=

15. (x:—)rxg)@+(y1+xyz)<ﬁc:0
Sol. Given, (xz—vxz)dy+(y’+xy2)dx=0 = x*(1-y)dy=—y* (1+x)dx

= ]_—:va[v = l;x dx [On separating the variable]
s
I y
dy = _[——dx [Integrating both sides| @

Q)
= _[Fd}’—_[%dx=—j?afr—_f%ck = —;—log|y|=%—log|x| @60 c,)&\
. 9
¥ 2R

))

16. (xzy—xz)dr+(xy3—y2]dy=0 %
Sol. Given, (X’y—x")dv+(x7 —p*)dy=0 = (¥'y—x*)dx=—(0" —}’2\
X0

= log|x|—log|y|:%+%+c . log
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(%)

= xz(y—l)dx:—yz(x—l)dy

= Ixxﬁldx:-[ -

-

= J‘—(x_l)_(fﬂ)drﬂ': {J'(—V 1)(}’”) J‘y_lab]

= J(x+1)a!r+log|x—l|=—U(y+l)dy+log]y—1]]+c

=% J%+x+los‘:,3 | x—1|=—[%+y+log|y-+l |]+c

= x?-+y—2-+x+y+log|x—ll-&-lo’g.ly—:ll=c

1 2 g

E(x“ +y1)+(x+y_]-+log |(x—1)(y—1)|:c
17. x«,)l-i—y:dx+y\fl +x'dy=0
Sol. Given, xyfl+ v dx + y1+ x*dy =0

= x1+ ) de=—yN1+x7 dy

dx

X P
e = dy
J1+x J1+)7
X ¥ - . =
= | ——dt = | == Inte ng both side
v | et

Let X =& 1+)' =2
d-z

= 25::3 & 2y=—
dx dy
d=z

:)xdx-i& a!V_—?

[On separating both sides]

Now, §I$d = —-Z—J.J; dz

= Ir%dt =—Iz_%dz
PIE 2
RSV T AN 6\\' ;&\O@
é\ll+x'+\h+y‘:c @ O
18. %ze’"‘" +x%¢ \@K@ Q
Sol. We have % =" +x°.¢& % %.

=" +x-¢’ =(e"+x7)-e O
(e +x") N @fb
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DIFFERENTIAL EQUATIONS WITH VARIABLE SEPARABLE (XII, R. S. AGGARWAL)

=w e dy= (e’ +x° )dx [separating the variables]
= Ie"-"djv - I(e’“ + xz)dx
-7 =¢ +§+C,

3

— y "
=>e+e” +?=(., where C =-C,

3

g o . . .
Hence ¢” +¢ - +—3- =(C isthe required solution

dy 3e™ +3e™

19. ——
dc e +e”
4x
Sol. Given differential equation is — dy 38—”%
e +e’
3e* +3e™
:> ———-——
Q:V e +e
Ax
iy {33 +3e }e—xdx
e +e”
e +1
3e3"{1+e2"}
D> dy=——F——dx
e +1

= dy =3e¥dx :jdy=3j’e”dx
:>y=.2xx%‘es"+c

Sy=etwc
Is the required solution of given differential equation
20.  3e"tan ydv+()=e")sec’ ydy =0
Sol. Given equation is 3¢* tanydx+(1—e" )s.v::«::2 ydy=0
= (l—e")se& ydy = -3¢ tan ydx
=5 sec” ydy _"3e dx
tan y 1-¢'

5 Isecz ydy _ I—e “d

tan y

=3 log|tany| = 310g‘ 1-¢"

= iogl tanyl= loge, |I—e” i

:>|tany|:cl|l—e"r %
= t;my=ic1(l—e")3 OQ &Q

= tany:c(l—e") ‘\’\\ @rb
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Sol.

22.

Sol.

23.

Sol.

24.

Sol.
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Where ¢ =+¢,

This is the required solution of given differention equation

e""(1+x3)a§'—§dr=0

Given differential equation is e” (1 +x7 )ay Xa=0
y

xdx
1+x°

— e‘”(1+x3)djv=£dr = ye'dy=

ﬁjyeaje -[I+x
= sfed-[{2 fea -3 [ 2L

= y-e’ -Ie"afy =Elog(l + xz) +c

5 " ]. >
=y’ —¢" =z lag|lE® )+c
ye Slog(1+x7)
This is the required solution of given differential equation

&
dx

= ex+y +ex—_|'

dy XY x=y

Given differential equation is = e +e

dy . . € _@_:e,,{eﬁ-"n}

= ==¢ ¢ +i— = -
? dx e

dy =e‘dx = I g ":y - je”a‘x = tan' (') =e" +c
(e"' ) +1

This is the required solution of given differential equation

(eJ‘ +I)cosxdx+e” sinxdy =0

e’y+1

Given differential equation is (e +1)cos xdx +e” sin xdy = 0

= e"sinxdy = —(e" 1) cos xdx

e dy co_s-xdx - _[ e'dy _fcotxafr
e”+1 sin x e’ +1

+log|sin x| =log ¢,
= logl(e" +I)sinx|:lo'gc, =5 l(e-" +l)sin :|c|=cI 60 ;\\'CJ
:(e"+l)sinx:ic, = (e" +1)sinx=c {where +¢, —c} @ O

This is the required solution of given differential equation K@ Q
& ity ’\(,b %.
dcx xy+x %

+1
Given, %+M= g = . 4 y{x+1) =% y+1 dy = +(x+lj ? Q\gkhe variables]

Xy +x de x(y-i-l)

=% log|e- +l|=—log|sinx|
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DIFFERENTIAL EQUATIONS WITH VARIABLE SEPARABLE (XII, R. S. AGGARWAL)

=5 Iy il ILHdr [Integrating both sides]

= Idy+f;dy:—‘|'dr—j£dx = y+logy=—x-logx+c .. x+y+log(xy)=

V1-x*dy = xdx

Given differential equation is v1—x"dy = xdx

5= xdx
Vi-x*
:>Iafv I Sxdx jdy —-I { Let z=x"

T

:>y=-2-sm 'z4%¢ :y—-;-sm "(2%)+¢,

dy

cosec xlogy—=+ *y=0
gydx &

dy

Given differential equation is coseccx-logyEAPx:y =0

= cosecx-logy% =-x'y = _.'E?:%—}fdy=_‘-(—xz sin x)aﬁr

= j'zdx=—[xfjsinxcﬁ:—j{%3jsmm}dx}

{Let z=logyi". de= 9—2}
P

z_I

= i —[~x3 CosX + 2J.xcosxa5r:i+c

= % =x’ cosx— 2[xjcosdr—j{%jcosmﬁr} a!ril +e

-
-

2
= ‘?rxzcosx—Z[xsinx—fsinm&':hc = “?: x’ cosx—2xsinx—2cosx+c¢

:%(hogy)2 (x -2]cosx 2xsinx+c¢ = (logy) (2—x2)cosx+2xsinx=c

This is the required solution of given differential equation

_}dx+(1+r3)tan"xdy=0
iven differential equation is ydx +(1+x*)tan ' xdy =0 " ()®
Gi 6 ,\'\
:>(I+x2)tan'1xdy:—ycbc :Q:————TC& - @ (bo
y (l+x‘)tan x K@ Q&
dx 1
:I%:—jm ::>log|y|:—log|tan x|+logc, %’\(b %_

loglyta.n x|—logc ::>|ytan x| & =5y x=+e = pian ;GQ

{where ¢ =+¢, } Q\
,QQ


http://cbs.wondershare.com/go.php?pid=5239&m=db

29.

Sol.

. oo dillctil cumtion
X

https://millionstar.godaddysites.com/

This is the required solution of given differential equation
1

- Q =tan # E

x dx

=tan 'x

= dy=xtan ' xdx = Idy=I(tan lx)-:rdx
= Idy= tan ' xJ-xa&'—I{-gr—(tan" x)jxdr}’dx

1 %
1yt A

= Iabz:x?ztan" x—J'

.2 p 1 2
- fo oA

@ e 1el+x?-1
= y=——1tan x—— —,’tﬂ'
Iaj/ 2 2"' 1+x°

X a1 1
:)Idbf—?tan 1‘——2-]{1“— -—T}dr
x: e 1 1 =3
= p=——tan ' x——x+—tan 'x+c

2 2 2

Ly - . 1
= y=—|(x +l)tan x——x+c
y=—(x+1) 3
This is the required solution of given differential equation
e l—yzdr+lafv =0
X
Given differential equation is

e“J1-y desLav=0
X

= xidy =—e"\J1- y*dx

= ycbc’ =—x-e'dx
1-y

Integrating both sides we have I

YA (o
Lo e

h 7
142 _

= —Ejryj};:—j‘xle‘:‘dx
1pdz = de ¢ .

EN _EIJE =—[x_[e cﬁ—j{-d;je m}ax]w

{Let Z=1-y" }

. —-;--2«/—:+x-e”+e‘+(.'

=S xe*—e" —J1-y’ =C

= e (x=1)—4f1-)* =C
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DIFFERENTIAL EQUATIONS WITH VARIABLE SEPARABLE (XII, R. S. AGGARWAL)

This is the required general solution of given differential equation
dy 1-cosx

30. ==
dx l+cosx
2sin> Y~
Sol. Given, Lo 1298% gy LK a2y
dx l+cosx I+cosx Ycos? X
2

= dy=tan’ %aﬁr [On integrating both sides]

= [dy=| tanzgaﬁt [Integrating both sides]

x
=% yzj(secgf——l}éc :>y=tm2~x+c .‘.y:2tan£~x+c
2 1 2
2

d
31. (cosx)l+coszx=-cos3x

dx
Sol. Given differential equation is COS.\’%'!‘COS 2x=cos3x

dy

=5 C0SX— = c0os3x —cos 2x
dx

cos3x—cos2x

= dy=
4 cos2x
= . = z
:>dy=4cos x—3cosx—2cos x“dx
coS X

=" cbz={4coslx—3—2005x+secx}cbr

4(l+c0s2x)

—egly =
y{ :

—3—Zcosx+secx}dx

= dy ={2+2c0sx—-3—2cosx+secx}dx
Integrating both sides we have Id_’y = I{Zcos 2x—2cos x+secx—1}dx
= y= sin2x—23inx—x+‘10_g|secx+tanx|+('

This is the required grated solution of given differential equation
1+cos2
s, &, (resty)

dx  (1-cos2y) @
Sol. Given,ﬁ-f-M:O :Q:_Hcoﬂy 2 : dy=- I dx 60 (s)\'\o

dx 1-cos2x dx 1-cos2x l1+cos2y 1—-cos2x

1 1
= dy =- dx On separating the variables
2c0s’ y N it x [On scpamiing the v. ] @ Q

] : 1 : - - @
= —sec yaj’z—acoscc xdx [Integrating both sides] %

2

= %Iseczyc{y:—%.[-:c'sec2 xdx .. tany=cotx+c \‘\\0 (b
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ﬂ+cosxsmy o

dx cosy
. Given differential equation is — L4 w 0
cosy
- gv_:_cosx—51ny
dx cos y

=X ydyz—cosabr
siny

= cot y-dy =—cos xdx

Integrating both sides we have Icot y-dy= —_.’cos xdx

= log|sin y| = —sinx+C

= iog|sin_y| +sinx=C

This is the required solution of given differential equation
cos x(1+cosy)dx=siny(1+sinx)dy="0

We have cosx(1+¢os y)dx—sin y(1+sinx)dy=0 ... (i)

Cos X siny

s =0
l+sinx 1+cos &y
( ) (1+cosy)
cosx sin y 0
= I(l+si_nx I(l-l-cos_y) =logC, whereC is a constant

= log|1+sin x| +log|1+cos y| = log "

:-log|(l +sinx)(1+ cosy)| =logC

= (1+sinx)(1+cos y)=C

Hence (1+sinx)(I+cosy)=C is the required solution
sin’ xdx —sin ydy = 0

Given differential equation is sin’ xdx —sin ydy =0

=> sin ydy =sin’ xdx

Integrating both sides we have Isin ydy = Isins xdx

=" jsin ydy = %1(3 sin x =sin 3x )dx

= —cosyz—icosx+lc053x+C,
4 12

O ’\0
= —12cos y =-9cos x +cos3x+124 6 6\
= cos3x—9cos3x—12cos y+(C =0 @

Where 12¢ =c¢ this is the required solution of given differential equation K@ Q

%+sin(x+y)=sin(x—ﬂ %\® %-

. . . . Lody . .
Given differential equation is — tin (x+y)=sin(x-y) . OQ @
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dy

=5 E+sin(x+y)—sin(x—y)=0

q‘y

= —=—+2cosx-sinx=0
dx

= £=—2c:osx-siny
dx

= sec ydy = —2cos xdx
Integrating both sides w.r.t x we have

Isec ydy = —25005 xdlx
= log|sec y+tan y| =—2sinx +C
= log|sec y +tan y|+2sinx =C

This is the required general solution at given differential equation

37 Lood ydy+-l-CO§ xdx=0
x ¥
i ; . b 2 1 3
Sol. Given differential equation is l-ct::S“ ydy +—cos” xdx=0
X ¥

=5 — g ydy:—lc(}s2 xdx
x y

=>yeos’ ydy =—xcos” x

y1+c052ydy:_r1+c052rék
2 2
y ¥y ~Xx Xxcos2x
= | =+=cos2 p=[—- dx
[2 2 y}’j’ [2 2x }

= ydy+ycos2ydy = —xdx—x-cos 2xdx
Integrating both sides we have I ydy + I ycos2ydy = —j.xdx = Ixcos 2xdx

=2 %3+}’I6052y@—_[{%_[6032}’@}05' = —x?z—[xjcoﬂx —I{%J‘coﬂx}dx]qvcl

-

L a2l 1¢. ol WO 1¢.
= —+—ypsin2y——|sin2 = ————xsin2x +—| sin 2xdx
g gnney 2I Yy =23 2I

2

yl 1 5 1 X T | :
= it y-5in2y+—00s2y =————xsin2x——cos2x+C.
T % TR 4 '
. s T I g 1 i
= —+—+—xsin2x+—ysin2y +—cos 2y +=cos 2x =,
2 2 2 2 4 4 @

= 2(x* + 37 )+ 2{xsin2x + ysin2y}. +{cos 2x +cos 2y} = C 60 :\\'CJ
{where C =4C, @ O
This is the required general solution of given differential equation &6 Q

38. ‘j—‘izsin3 xcos® x + xe* 6\(0 %-

dy

4 = . A i e T ] ool
Sol. Given differential equation is ;;-sm X-COS X+x-€ . 0 (b
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= dy =sin’ xcos’ xdx + xe“dx

= Iafy = Jsin3 x-cos” xdx + jxe"afx

= Iajz= J'sirf X-Cos’ x-sina!x+!x-e%ix

= Iajz=_[(l —cos’ x)co53 xsin xdx+jxe‘dr

Let cosx=7 = sinxdx =—dz

=» _"dy = —_‘-(l -z’ ) 2°dz +x_"e“‘dx— I{%Je”dx}o&

=5 y:—Izzdz+Iz4dz+x-e‘ —e’ +c

3 -

= Y=—%+Z?+e“ (x-1)+e

l 3 I 3 x \ :
= y=-cos"tzcos’ x e (x—1)*¢

This is the Required general solution of given differential equation

dy

Find the particular solution of the differential equation - l+x+y+xy , given that y=0 when

¥=1
dy

Given differential equation is - =l+x+y+xy

== %=(1+x)+y{_l +x)

3%_(1+x)(l+y)

- %—(14-.‘()(25('

j . = [(1+ x)dx-{integrating both side}

3

"2'+c ...... @)

= logll +y| =x+

Putting x=1 and y =0 in (i) we have log[l+0|=1+%+c

>

:>0=E+c —c=—2
2

Putting c:—% in (i) we have E0g|1+y|:x+%—% 0 c)@
This is the required particular solution of given differential equation 6 ,\'\

Find the particular solution of the differential equation x(l + y° )dx y(l +x° a}y 0, givent
when x=0

> oy
Given differential equation is x(1+ " )dc - y(1+x" )dy =0 6\,
=5 x(l+y2)dx :y(l +x3)afv &Q
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ydy  xdx

= 2 -5
1+y° 1+x

Integrating both sides we have I

- =

ydy xcbx
1+y° 14+ %

2ydy ¢ 2xdx
:>I1+y3 _Il+x2

:>Iog|l +y2| = 10g|l+x3|+logc
:>log|1+y2‘=logc|l+x2|

= |1+ =g 1+ ¥

= (1+5*)=%(1+x%)

= (1+7)=cft+¥*) {Leto=dy ... 0}
Putting x=0 and y=1 in (i) we have 2=¢
Putting =2 (i) we have (1+y*)=2(1+x")

=y =242 =] =3 ¥y =2x"+1
This is the particular solution of given differential equation

Find the particular solution of the differential equation log[%} =3x+4y, giventhat y=0 where

x=0
[ dy
Given differential equation is log E] =3x +4y
= @ :e3x+4_v = d_y = eBx _84}’
dx dx

SeVdy=e* -dx
Integrating both sides we have Ie'”‘ dy = jek -dx

1 4. U .
=>——e P ==e+c ... i
4 3 @
Putting x=0 and y=0 wehave ——-¢’ =—¢’ +¢
S -7
b= —— S =—
4 3 12
. i -
Putting ¢ =—— in (i) we have @
2 e
| o 1o RN
_.___.e » :—.e —_——_—
4 3 12 (74) @)

:_‘3.84“‘24"?3‘("‘7 K@ Q
= 4e*+3e =7 ,@
This is the required particular solution of given differential equation % %‘

Solve the differential equation (Jr2 - y.rz)aj/ + ( Y +x?y? )dx =0, given tllatGQ‘ wh( =]
0%\\ V@

@ %‘s
. \Q

,QQ

Given differential equation is x* (1-y)dy + y° (I +x’)dx =0
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= (l—y)dyz—y2 (l+x3)dx
Y (1_'};)@ _ _(1+x:)dx

2

¥ X

Integrating bOIh Sides we have I(l"‘)i)‘iy s _J‘l-l-x*

= j{%—%}dy: —I{;I?H}dx

— _l_loglylzl—x-lvc (l)
y X

Putting x=1 and y=1 we get -1-logl=1-1+¢
c=-1

Putting c=-1 in (i) we have —l—log|y| =l—x—l
¥y G o
= x—l—lﬂ lag| y|+1= 0 is the particular solution of given differential equation
b 4

Find the particular solution of the differential equation e"4/1 - yzdx'+ldy =0 given that y=1 when
X
x=0

Given differential equation is e*y/1— y dx +£afv =0
x

= e J1-yde=-La

X
::-Jr_e“aﬁc:—\/lyiiyJ
=3 j._x-e”dx=f -

g -
= xfeds - J {g jm}dx:% | \-/fy_‘j

> x-e"—e" =%2 1-y* +¢

= e (x-D=y1-y* +c
Putting x=0 and y=1 wehave=c

Putting c =1, in (i) we have e*(x—1)=4/l=y =1 60 .\O

This is the required particular solution of given differential equation @ 6\'

21 1
Find the particular solution of the differential equation Q:Mﬂ—, giv at
dx (siny+ycosy)

when x=1 %\® %_

dy  x(2logx+1)

Given differential equation is g T Q &Q

sin y+ ycosy . O @

= (sin y+ ycos y)dy = x(2log x +1)dx ‘\\\ @

<
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Integrating both sides we have

I(siny +ycosy)dy = Ix(Zlogr+])d.'x

= Isin yajz+fycosyaj* = 2leogxaﬁc+jmfr

= —cosy+y‘|'cosyafy—j{%‘|'cosyc{v}cty

P

:Z[I%xjxd—f{dijxm}m]+§+c

. . x’ 1 x° x°

= —cosy+ysin y—|sin =2| —logx— | —dx |[+—~¢

y+ysiny~ [sinydy [2 ogx~[—= } >
:>—cosy+ysiny+cosy=x2-log-x—fxcbc+%+c

2 2

:ysiny:leogx-%+%+c ...... (i)

Putting x =1 and yzg we have %-sin%:leogy+c

z
o> —==%c
2

T
==
2

Putting ¢ =%~% in (i) we have ysiny = x3.10gx+g
This is the required solution of given differential equation

dy

45.  Solve the differential equation o ysin2x, given that y(0)=1

Sol. Given differential equation is % = y-sin2x

dy

= —— =sinx-dx
¥

Integrating both sides we have Iﬂ = Isin 2xdx
¥
= log|y| = —é-cos 2x¥e ... (i)
. |
Putting x=0 and y—1 wehave 0=——+c¢
¢ 4 2 <

>e=c &
: A 1 1

Putting e in (i) we have log]y|——5c052x+5 (&6 Q

:>2Iog|y|:l—<:052x :»210g|y|:25in3x 6\' %-

>log|y|=sinc =[y=e"" OQ &Q

This is the required solution of given differential equation ‘\\\ @fb
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Solve the differential equation (x+ 1)% =2xy, given that y(2) =3

Given differential equation is (1+ x)% =2xy

y x+I

Integrating both sides we have Idy ZJ'
x +1-
- I -[ x+1

:'\’J-ay—zj{ 1+x}aY

= log|y| = 2x—2log|x+1|+¢,

x+1

= log|y|+log(x+1)" =¢, +2x
=% iog|y(x+l)’z'|=C, +2x

= 57 = |y(x+ l)zl

= +5 -.fz'z“‘=y(x+1)2
>0 =p(x+1) ... (i)
Putting x=2 and y=3 weget C-¢*=3(2+1)
~c=21 27
et

= :y(x+l)3

Putting C=£ in (i) we have 23— e
e e

= px+1) =27

This is the required solution of given differential equation

Solve %zx(.Zlong), given that y=0 when x=2
e

dy

Given differential equation is B x(2logx+1)
= dy =x(2logx+1)dx
Integrating both sides we have Idy = 2leog xdx+6j.xdx

y= 2|:longxa&'—J{%(logx)jxdx}dx}+jxdx+(.‘

x° i 1
::»2-?logx—2j.?-;-dx+_[xdx+c

=5 y:xg-logx—der+der+(?

= y=x"logx+C cweskl)
Putting x=2 and y =0 we have 0=4log2+(C
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= C=-4log2

Putting C =—4log2 in (i) we have y = x”-log x—4log2
= y=x"-logx—4log2
This is the required solution of given differential equation

48. Solve (x3 +x3+x+1)%:2x3 +x, giventhat y=1 when x=0

9

Sol. Given differential equation is (x3 +x7 + x+1) =24
' 2x:+x B~
X 4+x +x+l1
Integrating both sides we get
(2x2+x)dr
Ixz(x+1)+(x+l)—j'ay
2 +x .
=dy ...
>leE A4 0 1) fav ..
Lo 2x° +1x _ A N ;B’x o 1(_“
(x-l—l_)(x‘+l) x+1 x +1 x +1
:>'2x1+x=A(x3+l)+Bx(x+])+C(x+])
Putting x=-1 we have 2-1=24+0+0
:-C:—A:—l
2
Putting x=-2, we have 8-2=54+28-C
::>6=+'-§--;~2)‘5’+l
2 2
6—3—1228
2 2
:>B=E
2
Nierww Xax 1 o>
(x+1)(¥*+1) 2(x+1) 2(x*+1) 2(x*+1)

2x1+x)

+])(x +l) @
_ Q)
jdyhg-[xﬂ‘kajxlﬂ_ijx%l 60 c’)\\
:>y=-é-log|x+l|+%log(x2 +1)—-§-—tan_1x+(f s (A1) K@ Q&@

Putting x=0 and y=1 we have l:%logl+%log2—%tan'10+(_‘ 6\(0 %.

=1=0+0-0+C . Q &Q
=SiE=1 ‘§\\O @fb

Now from (i) Iafy I(
x
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Putting C' =1 in (ii) we have

1 3 3 1
r=—log|x+1|+=log(x* +1)——tan ' x+1
y=logc+1|+Zlog(x* +1)-=

This is the required solution of given differential equation

dy

Solve e = ytanx, giventhat y=1 and x=0
Given differential equation is -g—: ytanx
= @ = tan xdx

y

Integrating both sides we get Iﬂ = I tan xdx
y

= log|y| =log|secx]| +logC,
= log|y| = logC, [sec x|

> bl=Glsc]

= y==C secx

= y=1Cageex +C =e let

= yeosx=C

Putting x=0 and y=1 we have
IxcosO=¢e

= &=l

Putting C =1 in equation (ii) we have ycosx =1
This is the required solution of given differential equation

dy

Solve - y tan2x, giventhat y=2 when x=0

Given differential equation is % =y’ tan 2x

= y’dy = tan2x-dx
Integrating both sides we have I yldy =-Itan 2x dx

=5 —%:%Iog[sec?.xhc

= —i-z—%]coslﬂ

= —%:—%IoglcostHC (D)
Putting x=0 and y=2 we have —%z—-;—loglcoshf.'

2
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DIFFERENTIAL EQUATIONS WITH VARIABLE SEPARABLE (XII, R. S. AGGARWAL)

Putting C = —% in (i) we get —% = —%log|cos 2xl—%

= 2= y{log|cos 2x|+ 1}

This is the required solution of given differential equation
51. Solve %zycotl\-, giventhat y=2 when x:%

X
dy

Sol. Given differential equation is o cot2x

ﬁﬂzthx-dx
y

Integrating both sides we have

= I%zj.coﬂx-dr

= log|y| = lElo»g;]sin x| +1logC,

= log|y| = log((f', sin’ Zx)

={p}=C,sin’ 2x

heype=fC, sin® 2%

= y==iiigin® 2x {Let +C, =C N %(1)
Putting xzﬁ and y=2 in (i) we have 2=_Csin212r-

=(C =2 putting C=2 in (i) wehave y=2sin"2x
This is the required particular solution of given differential equation

52. Solve (1+-x:)seczycbf+2xtanycﬁr=0 given that y=% when x =1

Sol. Given, (l+x3)sec2ydy+2x tany dc=0 = (1+x:)seczy dy=-2x tan y dx

5 sec‘ydvz 2x s Ise(:‘y@:_]- Zr’
tan y I+x

tan y 1+x°
Let tany=1 & l+x’ =z = sec’ydy=df & 2xdx=d=
= I;dt:—f;dz = log |t]+log|z|=loge = f.z=¢
= tany.(1+x3)=c (1) @
Given that y——when xe=l, tan[£](1+l)=c s LTI=e J.e=2 60 %\\F)
4 4 '
Putting the value of ¢ in equation (1), we get, (]+x3)tany =%, % &(b

| | | oo e
53. Find the equation of the curve passing through the point | 0,— | whose d @ﬂ tion 1s
3 q passing g po ( 4] %9& %

sin x cos ydx +cos xsin ydy =0 Q @

Sol. Given differential equation is sin x-cos ydx +cos x-sin ydy =0 0 (b
\\\

= cosx-sin y-dy =—sin x-cos ydx §\ \/®
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MYy = - 30X e = tan ydy = —tan xdx
cos y cosx

Integrating both sides we get J'tan ydy= —Itan xdx
logy|secy| = -loglsec x| +log(C,

= log|sec 3| +log|secx| =logC,

= log|secx-sec)| =logC,

= |secx- secy| =C,

= secx-secy =+(C,

=secx>secy=C {Let (| =e¢

"+ the curve passing through LO,fﬂ

-

secO—sec%-—"(l‘

:JE=C

Hence required solution is secx-secy = V2

Find the equation of a curve which passes through the origin and whose differential equation is
ﬂ=e" sinx
dx

Given differential equation is % =e -sinx

= dy=e"-sinx-dx

Integrating both sides w.r.t x we have
=5 Iq‘y:j’e”-sinxdx

= p=1+C {Let [, = [e"sinxdx
Now /, = !e" sin x dx

= I, =sinx[e%dx| {%{sin x)Ie“dx}dr

= I, =e¢" sin x*jcosx- e'dx

= I, =¢€"sin x—{cos xJ‘e-"d!c--— H%(cos x) [e’dr} dx]

= I =¢" -sinx—[e" cosx+Jsinx-e*dr:| 60 %OQ

= e"-sinx—e*-cosx—/, < @)

= 21, =¢"(sinx—cosx) K@ Q

=] =l-e‘(sinx—cosx) (ii) \(b %-
 =5-¢"(sinx—cosx) ... S

From (i) and (ii) we have Q &Q

y=5¢ (sinx—cosx)+C ... (il N @(b
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DIFFERENTIAL EQUATIONS WITH VARIABLE SEPARABLE (XII, R. S. AGGARWAL)

Since it passes through origin
50 =%e° (sin0—cos0)+C

- 0:1(0—1)+C =0 i
2 2

Putting C =% in equation (iii) we have

y:%-e‘(sinx—cosx)iré

= 2y =¢*(sinx—cosx)+1
This is the required solution of given differential equation

55. A curve passes through the point (0,—2) and at any point (x,y) of the curve, the product of the

slope of its tangent and y-coordinate of the point is equal to the x-coordinate of the point. Find the
equation of the curve

Sol. We know that slope of tangent at (x, y) is m= ;ﬂ
e

dy

According to question y- = =X
= ydy = xdx
Integrating both sides we have I ydy = Ix_dr

:sz——%(]

Z 2
= ) =4 2
=y =aC [let 2C,=C D)
Since the curve passes through (0,-2)
A2) =0+C
=C=4
Putting C =4 in (i) we have y° = x* +4
This is the required equation of curve
56. A curve passes through the point (—2,1) and at any point (x,y) of the cuive, the slope of the tangent
is twice the slope of the line segment joining the point of contact to the point (—4,—3). Find the
equation of the curve

Sol. We know that slope of tangent of (x,y) is'm :% 60 ,’\\F)Q
Equation .4 g 2+ @ ()
dx x+4 6 &(b
L PN
y+3 x+4 6\' %_
dy__p dv

Integrating both sides we have Iy - IH_ 2 . OQ KQ
= log|y +3|=2log|x +4|+logC, N 74)
@ v/
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= log|y +3|=logC, (x+4)’
= |y+3]=C (x+4)’
=" y+3=i(.‘,(x+4)"
= y+3=C(x+4) {let C==C,
Since the curve through (-2,1)
L 14+3=C(-2+4)
=4=4C
==
Putting C =1 in equation (i) we have
y+3:(x+4)2
Sy=x"+8x+16 3
= y=x" +8x+15
This is the required equation of curve

57. In abank principal increases at the rate of r% per annum. Find the value of r Rs. 100 double itself in 10
years..(Given log,2=09631 )

Sol. Let P be the principal at any time #,
. _pr
dt 100
. S
p 100
rdt

Integrating both sides we have Iip- = j-ﬁ;
P

:>Iog(p)-.—+(, ...... (i)
At 7=0, wehave p=p,
sdogP =C

ri
o logP =—+1
£ 100 g P,

:logpﬁlogpozr—
100
ziog[ﬁ}r—‘ e G <&
p,) 100 O WO
LN
O G

Putting p, =100, p =2 p, =200 @

And 7=10, we have log2=L K@ Q
" ; ?
= r=10log2=6.931 S Cb-

58. In a bank principal increases at the rate of 5% per annum An amount of Rs.
bank. How much will it worth after 10 years? (Given ¢”’ =1.648 )

Sol. Let P be the principal at any instant t %

N
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DIFFERENTIAL EQUATIONS WITH VARIABLE SEPARABLE (XII, R. S. AGGARWAL)

.dp _Sp

Cdi 50
dp _5di
p 100
dp di
p 20

Integrating both sides we have I@ = %J‘dt
P

= 10g|pl=%+log(?

At t=0 wehave p=1000
= 1log1000 =logC

{
.. log p =—+1og1000
8P =55+108

Putting 7 =10, we have log p = % +1og1000

= p=1648
Hence p =1648 after 10 years

59. The volume of a spherical balloon being inflated changes at a constant rate if initially its radius is 3
units and after 3 seconds it is 6 units. Find the radius of the balloon after t seconds

3

Sol. The volume of a spherical balloon of radius ris givenby J' =—

r

Now, e —k, where k>0 [note that V is decreasing]

dt
d(4 dr
:é;(g;rr ]:—k ::>(4m- )dr =—k
=5 I(4Jrr3)dr = I(—k)d:
=% %m‘“ =—kt+C ver.. (1), where C is an arbitary constant

Putting =0 and r=3 in (i), we get C =367

im’s =—@l+36r ..o (iii) .
3 > &

It is being given that when =3, then r=6 @
Putting =3 and r =6 in (ii), we get k =847 6
Putting =847 in (ii), we get r* =(631+27) =r =(631+27)" K Q

60. In a culture the bacteria count is 100000. The number is increased by 10% in urs many
hours will the count reach 200000, if the rate of growth of bacteria is pr 0 ona Qhe number

present ?
\\\

Sol. Let at any time t, the bacteria count be N. then N

,QQ
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%OCN = %:w = I%dN:j‘kdtzb log N = kt +log(C)

At 1 =0, we have N =100000
= logC =10g 100000

= lgoN = kt +10g100000

At =2, we have N = 110000

. . 1 1 ;
Putting these values in (i), we get k = —logl— (1)

2 %10
1 (1 }
- logN =—llog[~—]+log100000 ..... (ii)
3 o0
When N = 200000 .let /=7, then logZOOl)O:%log[%}l-longOOO < T= 2‘°ng
P <1208
10
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