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Areas of Bounded Regions Ex 21.1 Q1

Given equations are

wez )
and v2 = gx ---{2)

Equation (1) represents a line parallel to y-axis and equation (2] represents a
parabola with vertex at origin and x-axis as its axis, A rough sketch is given as below: -

¥

n
[ s
B

A
T
¥ =8x
We hawve to find the area of shaded region . We sliced it in vertical rectangle width
of rectangle = ax,
Length ={y-0)=y
Area of rectangle = yax

This rectangle can mowe horizontal from » =0 to x =2

Required area = Shaded region OCBO
= E{Shaded region OABO]

= 2]§ydx
= 2]§«|‘8X e
= 2.2.07 [Efx ax

] m[;&]i
[ 2)- (5]

el [ﬂ]

3

Required area = 33—2 square units @
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To find area of region bounded by x-axis the ordinates x = -2 and » =

mm Wondershare

yY-1l=ux ---{1
Equation {1} is a line that meets at axes at {0,1) and {-1,0].

& rough sketch of the curve is as under: -

i

(-2.0)p A/ B
o (3.0

Ei-2,-1)

L]
i N
x

Shaded region is required area.

Reguired area = Region ASCA +Region ADEA

A = 1% yax + [ yax|

- P+ e + \f_-;{x +1) c"x|
5] o[,
[ e
B

=E+l
2

17 .
A=— 50. units
3 g
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We have to find the area of the region bounded by

mm Wondershare

X=2a ———(1]
and w2 = 4ax ---(2)

Egquation (1) represents a line parallel to y-axis and eguation {2) represents a

parabola with vertex at origin and axis as x-axis. A rough sketch of the two
curves is as below: -
¥

E/-—""

We have to find the area of the shaded region. Mow, we slice it in rectangles.
Width =ax, Length=y - 0=y

4rea rectangle = yax
This appraoxim ating rectangle can move from » =0 to x = 2,

Required area = Region QCEO
2{Region 0AB0)

2[5 N4ax dx

2.2438 ey
(e

]
u]

15/3:4)

. 8 .
Reqguired area = gaz square units
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We have to find area bounded by ~-axis and parabala

mm Wondershare

y=4x—x2
= *Podx+4=-y+4
= (e-2e-tr-9) ---f)

Equation {1] represents a downward parabola with vertes [2,4) and passing

through {0,0) and {0,4). & rough sketch is as below: -

¥
L5 1]
p

LB {0,4)

fx=2)f emfy =)

the shaded region represents the required area. We slice the region in approzimation
rectangles with width =ax, length=yv -0=y

area of rectangle = yax.
This approxim ation rectangle slide from x =0 to x = &, so

Required area = Region 0ABQ

. 2 .
Required area= 5 sgquare units
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Tao find area bounded by

mm Wondershare

w? = gx ---{1
and x = 3 ---{2)

Equation (1) represents a parabola with wertex at origin and axis as x-axis and

equation (2] represents a line parallel to y-axis.

& rough sketch of the equations is as below: -

¥
x=3
]
X
o A
C\
yo = dx

Shaded region represents the required area we slice this area with approxim ation
rectangles with Width =ax, length=yv-0=y

&rea of rectangle = yax.
This approxim ation rectangle can slide from x = 0 to x =3, =0

Required area = Reqgion 0080
2{Region 0AB G}

2[g i

= 2] fawax

= 4)3fedx
o5

8
= —.343
533

Required area= 2.2 square units

Areas of Bounded Regions Ex 21.1 Q6
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We have to find the area enclosed by

yo=d-x2

= (-9 -~
¥ =10 ——-{2)
N=2 ———{3)

Equation {1} represent a downward parabola with vertex at [0,4] and passing through
{2,0),(-2 0). Eguation (2) represents y-axis and equation (3] represents a line parallel

to y-axis.

& rough sketch of curves is as below: -

8o, 4) N

K==y =4}

Shaded region represents the required area. We slice this region into approzim ation
rectangles with Width =ax, length=y -0=y

Area of rectangle = vax.

This approxim ation rectangle mowve from » =0 to x = 2, 50

Required area = (Regian 0A80)
= ]3{4—)(2:]0‘)(

. 16 .
Required area= R square units
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PDFelement
We have to find area enclosed by x-axis and
y=+1
= wi= x4+l ---{1)
and x =0 ---2)
¥ =4 ---13)

Equation {1} represent a parabola with vertex at {-1,0) and passing through
{0.1) and {0,-1). Equation {2] is y-azis and equation {3} is a line parallel to

y-axis passing through {4,0}. So rough sketch of the curve is as below: -

v H
] e e
——
D /_/f ¢
i
(o]
X
-1,0 4,0

™

VY =x+1

We slice the required region in approximation rectangle with its Width =ax, and
length=y-0=y

Area of rectangle = yax.

Approximation rectangle moves from x =0 to x = 4, So

Fequired area = Shaded region
= [Region OECDO)
= [gyabe

= [ e + 1
= %[}Hl}ﬁ]:
= 2 ({4 +)FTT) - (o4 )07

Required area = %[SJE— 1:| sguare units

3
A
Thus, Required area=? 5 -1 square units
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We have to find area enclosed by x-axis

=0 x=2 ———[1}
and vZi=fx+4 ---[(2)

Equation {1} represents y-axis and a line parallel to y-axis passing through (2,0)
respectively. Equation {2) represents a parabola with vertex at [—gJDJ and passes

through the points {0,2),(0,-2), so rough sketch of the curves is as helow: -

{ (2,0

—

{ N T P oexi4
k.

Shaded reqgion represents the required area. It is sliced in approxim ation rectangle with
its Width =ax, and length={y -0} =y

Area of rectangle = yax.

This approxim ation rectangle slide from x =0 to x = 2, so

Required area = Region 048 CO

= |2 Jox + 4y
} {E {6X+4)«f’6x+4}2

3 s}
o

[[{12 r4) iz 4] - [(0+4) m)]
[16416 - 444 ]

[l ol

= %(64—8)

Required area= % sguare units
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We have to find area endosed by

y2ex-1 -~ (1)

andx =2 ---{2)

Equation (1) is a parabola with vertex at (1,0) and axis as x-axis, Equation {2) represents
a line parallel to y-axis passing through (2,0}

& rough sketch of curves is as below: -

% 04 b~

y’-x—]

Shaded region shows the required area. We slice it in approxim ation rectangle with
its Width =ax and length =y - 0=y
Area of the rectangle = vax,

This rectangle can slide from » =1 tox =2, s0

Required area = Region A&CA
= 2 [Region AGCA)
= 2[12de
=22 —1dx

= 2(%(;«—1}@]
- 2[le- e =1)-{(r-na-1)]

2
1

-2(1-0)

Fequired area= % sgquare units
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I~

Xd JJ.J
«— _+i_=1
4 9

It can be observed that ellipse is symmetrical about x-axis.

2
Area bounded by ellipse = 2_[\,f dix
a

2 ><2
= 2]3 -2 dx
L 4

= 3.‘[?‘“'4—)(2 dx
u]
= Rt fsin'liT
2 27 2],
= 3[1(0)+ 2sin™ (1) - 0- 2sin7! (0} ]
- 3]
= 3m Q. units
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We have to find area enclosed between the curve and x-axis.

¥ -Eﬁ-xz, :re[tl,lj

= viedn® =4, x5 2[0,1]
xz 4
= Td-yT-lJXe[El,l] ---f1)

Equation (1) represents an ellipse with centre at origin and passes through (£1,0)

and (0,2} and x <[0,1] as represented by region between y-axis and line x = 1,

4 rough skefch of curves is as below:-

¥
B (04
5_{;.(1_ vl
- A
(-1,0) o (1,0
[0, -4)

Shaded region represents the required. We slice it into approxim ation rectangles of Width =ax
and length= v

Area of the rectangle = yax,
The approximation rectangle slides from x =0t x =1, 50

Required area = Region 0APBO
= léya‘x

= 2 - x2ax
- 2[%q'1—7+%5in‘1[x ]1
i [[iJl—_H 2 sinr {1}]_ (0+ n]]

2

. kg .
Required area = 2 square units
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To find area under the curves
¥y o= 2% - x 2
= ®2 ey =2t ---(1)
Betwsen x =0 ---{2)
N¥=a -= -(3}

Equation (1) represents a drode with centre (0,0) and passes axes at (0,a)
[i—a,D} equation {2} represants y-axis and equation x = & represent a line

parallel to y-axis passing through (a,0).

& rough sketch of the curves is as below: -
¥

8| {0,
:ﬂﬂ" v
—nn‘\
A

{-a,0) o] (2,0

(0,-a)

Shaded region represents the required area, We slice it into approxim ation rectangles of Width =ax
and length=y -0=y

Area of the rectangle = yax.
The approximation rectangle can slide from x =0 to x = 5, 50

Required area = Region OAPBO
= [ayax

= [EJa? - xtdx

[;_J.az._+§sin-'[1;J- {u}]

z
X r
X+l [E
2 z i

. 5 N
Required area= Zez square units
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To find area bounded by #-axis and

mm Wondershare

2y =S +7 ---(1)
ez -
¥=8 ---(3)

Equation (1) represents line passing through [—%,DJ and [D, ;] equation (2),{3)shows

line parallel to y-axis passing through (2,0), (8, 0) respectively.

& rough sketch of curves is as below: -
¥

(80

»
5
>
“
L
£
~

x=2

Shaded region represents the required area. We slice the region into approximation rectangles of Width =ax
and length=y

Area of the rectangle = yax.
This approsimation rectangle slides from x =2 to x =8, s0
Required area= [Region ASCDA)

_ J:[SX;- ?]dX

%[(mu +56) - {10+ 14[|

192
2

Required area= 96 square units
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We have to find the area of circle

mm Wondershare

x24y? =57 ---{1)

Equation {1} represents a circle with centre {0,0) and radius &, so it meets the axes at

{+s,0),{0,+5). & rough sketch of the curve is given below: -

Y
B| (0.a)
/éi
Pixy)
B:
) -ar'\ o ] .0

=—

D | (0,-a)

Shaded region is the required area. We slice the region A084 in rectangles of

width ax and length=y-0=y
Area of rectangle = yax.
This approxirm ation rectangle can slide from » =0 tox =&, =0

Required area = Region AS8C0A
= 4[Region ABCA)
= 4{]3 ydx}

= 4fJa® - xPax

&
2
B e Tt

2 2 2,

=]
=]

I
S
—
—_—
[k

z
i +%5in'1—]—[0+0}}

I
Ju
—
o
+

i)
|\J| -
ra |
| —

Required area= 32 sgq.units
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Tao find area enclosed by

X=-2,x=3,y=0andy=1++1]

mm Wondershare

= y=1+x+1 ifx+120
yo=24x ---1),ifxz-1

Il

and  y=1-[x+1},ifx+1<0
= y=1-x-1,ifx < -1
= Vo= —x ---{2), ifx<-1

So, equation {1} is a straight line that passes through {0,2) and [-1,1). Equation
{2) is a line passing through {~1,1) and {-2, 2] and it is enclosed by line » = 2 and
x = 3 which are lines parallel to y-axis and pass through (2,0} and {3,0] respectively

y =0 is x-axis. So, a rough sketch of the curves is given as:-

(-2,0) - F O . (2,0)

Shaded region represents the required area.

So, required area = Region [ABECDFA)
Required area = (region ABEFA +region ECDFE) ---{1)

region ECOFE is sliced into approxim ation rectangle with width ax and length vy,
#rea of those approximation rectangle is vyax and these slids from » = -2 to x = -1,

Region ABEFA is sliced into approximation rectangle with width ax and length ..
Area of those rectangle is v ax which slides from » = -1 to » = 3. 50, using equation [1),

Required area = [_'zlyldx + jflyzdx
= [T (-x) a4+ 2 [ + 2)dx

2]
31{E)6 )

. 27 .
Required areas= - sg.units
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Consider the sketch of the given graph:y=|x —5|

¥y

mm Wondershare
PDFelement

Remove Watermark g

(1,0) (5.0)

Therefore,

1

Required aren =f yax
0

ant
=3 5q. units

Therefore, the given integral represents the area bounded by the curves,

¥=0y=0,x=landy=—(x-5).
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mm Wondershare

The given equation 15 1= |.r+3|

The corresponding values of x and ¥ are given in the following table,

x|-6]|=-5]-4]-3]-2|-1]0

sl 2121101011213

On plotting these points, we obtain the graph of ¥ :§x+ 3| as follows.

JbY

5
4/:\.’-‘-=|.‘rl 3

B

T -5 4 -3 -2 -t_!Oa 23 4

-2

-~

It is known that, (x+3)<0 for —6<x<-3and (x+3)20for -3<x<0

Y= (e B [ (e B

=—-§+3I:E_3+[%:+3I:{?

I N0 (-3)
—-—_[T+3{—3]J—[T+3(—6)ﬂ+[0—[T+3(-—3)]]
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We have,

mm Wondershare

_ 1= x+1, ifx+1z0
y =pral= ~fx+1),ifx+120

y - [x+1),ifxz-1
-x =1, ifx <-1

= yo=x+1 {1)
and p = -x -1 (2)

Equation {1} represents a line which meets azes at [0,1) and [-1,0). Equation [2)
represents a line passing through {0,-1) and {-1,0)

& rough sketch is given below: -

X P

Required area =9 sq. unit
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Ta find the area bounded by

mm Wondershare

Wasis, ¥x=3 ¥ =4and xy-3x -2y -10=10
= viv-2)=3x+10

3 + 10
= Y= -2

A& rough sketch of the curves is given below: -

¥ N B
® o
D (xﬂ:) - Bx
- % 7 )
o A B

Shaded region is required region.
It is sliced in rectangle with width =ax and length=y

Aarea of rectangle = yax
This approxim ation rectangle slide from » =3 to x = 4. So,

Required area = Region A8CDA
= J3yax

_ I;[ax + lﬂ]dx

x-Z
4 16
=3 [3 + -y 2]0‘;{

4 4
= [ax) + 15{|DQ|X—2H3

={12-9)+16(log2 - log1)

Required area= {3+ 16l0g2) sq. units
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To find area bounded by y = g+25in2){,
w-aris, x=0and x=x
& table for values of ¥ =g+25inzx is: -
X 0 z s z z 2r 31| 5x g

=] 4 3 2 3 4 G
T ) 1.57 2.07 2.57 3.07 3.57 3.07 257 2.07 1.57
E+25m X

& rough sketch of the curves is given below: -

¥

(x.0)

Shaded region represents required area. We slice it into rectangles of width =ax
and length=y

Area of rectangle = yax
The approximation rectangle slides from »x =0 to x = x. So,
Required area = [Region A8CDO)
= [ yax
= [g{%+ 25in2x] =l
|
=3 [E+ 1-cos 2;(]0")(

P sin 2y |
= | Za+x—
[,

{52

-
2

+ T

Required area = g[ﬂ +2) sq. units

Remove Watermark Wondershare
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To find area between by wx-axis, x =0, ¥ = r and

mm Wondershare

y=%+25in2x ---{1)

The table for equatian (1) is:-

X 0 ke ke Ed T 27 ar Ex g
[a] 4 3 2 3 4 [a]
¥ 0 0.66 1.25 1.88 2.5 1.88 1.25 N1 0
¥
{0.3) -
(0,2)
{0,1

Shaded region is the required area. We slice the area into rectangles with width =ax,

length=y

Area of rectangle = yax

The approximation rectangle slides from x = 0 to x = 5. S0,

Required area = (Region AB0A)
= I yax

= ]D"[£+ 25in2dex

E

x
=7 [—+ 1- CDSEX]G‘X
r

xz Sin2x
= | —"x-
20 2
a

=[g+g—u]—(u}

. 3 .
Required area= ?ﬂ sg. units
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Y
B d
n
o B D . X
n 3= F
2 2
C
v

From the figure, we notice that
The required area= area of the region OABC + area of the region BCDB
+ area of the region DEFD

%
Thus, the reqd. area = J'Dz cos ® dx +

+ Ig%CDS ¥y

_Lf/:’écos W odx
=[sinx] gé+

[sinx ];j’f Zn

g
. 3w .o
SN — = SN —
2

. . 3m
+|5IN2m - sin—
2 2

+[sinx]

=|sinZ - sino |+
2

=1+2+1 = 4 sguare units

Areas of Bounded Regions Ex 21.1 Q24

To find area under the curve

y = sinx ---{1)
and y = sin2x ---{2)
between » =0 and x = %
X il ke Ed g T
5] 4 3 2
¥=sinx il 0.5 0.7 0.8 1
Y=sin 2 x 0 0.8 D 0.8 i}

& rough sketch of the curve is given below: -
¥

(*11)
{0,1) P

(0,05

Q)
Area under curve v = sin2x 60 \

It is sliced in rectangles with width =ax and length =y, @

area of rectangle = ¥y ax @& Q

This approxim ation rectangle slides from x = 0to x = % Sa, %
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Required area = Region OPACO

A = ]gyldx

= 105 Sin2x oy

_[-cos2x E)
2 0

4

3 .
Ay = — sq.units
1= % q

Area under curve ¥ = sinx

Itis sliced in rectangles with width ax and langth ¥,
Area of rectangle = yoax

This appraxim ation rectangle slides from x =0 to x = % Sa,

Required area= Region 02400

J—

5y Ax
[ESinxdx

x

= |:—CI:|5;{:|D5

= - CDSE—CDSD
3

1 .
As = 5l sq.units

So,

1 2
At A== —
27Ty
.'42:.41=2:3
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To compare area under curves

v =coscx and y =sin®x between x = 0 and x = x.

mm Wondershare
PDFelement

Remove Watermark g

Table for v = cos®x and v = sin®x is

¢ o z il z | 2 3| oo
] 4 3 2 3 4 a]
Yposx 1 0.73 0.5 0.25 1] 0.25 0.5 0.75 1
Y=sintx il 0,25 0.5 0.7 1 0.75 0.5 0,25 0
i = cos®
(0,1) +A E » A /_,: i
(a¥, (aydlc
| | ‘
J
L &
n N
0 B (m,0)
x
5~)
#rea of region enclosed by v = cos? x and axis
Ay = Region 0AEQ + Reqgion ECOD&
= 2 {Region 8CO8)
=27 cosx
z
(1= 2
_ 2[;[ Cos X]dx
z 2
z
sin2x |7
= -
L
z
={fs-0)-|Z-0
2
g
=5 - —
2
I .
Ay = = sg.Units ---{1
1=5 =8 (1)
area of region enclosed by v = sin x and axis

A, = Region QEDO

= [§sin® x dx

_ Ilsr[1— c;szx]dX

1 sinzx "
= — X—
2 2 1,

Lr-0)- (0}] {O Q
o
A2=g s5q. units ---(2} %\' %-

From equation (1) and (2], ‘\‘\\O @@

. S

area endosed by v = cos® x = Area enclosed by v = sin®x . Q
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Areas of Bounded Regions Ex 21.1 Q26

The required area fig., of the region BOB'RFSE is enclosed by the ellipse and the
lines ®x = 0 and # = ae.
Mate that the area of the region BOR'RFSE

= 2-[;'3 yiu = 2% _[Uae-.llaz -y
2

1=
2b | = 2 z a -1 =
= — |43 - % + —sn" —
2 a

=]
2h
Za

= ab |ey1 - 8% 4 sin L e]

Y
A
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E y
a
e
- % :.-'2 = at
A
a 0 i a ’
z
a
)
—

Area of the minor segment of the drde

a
=2[1.|'52- iy
3
r 2
= 2_%4&2-x2+ %sin‘lg:l;

I 2 F
2(0)+ Lsirri[2) -2 52~ 2 - g 2
2 2 2/ 4 4 2 4

[ .2 2
Zar(2)-2 -2 _gswxg}

(4:— 3»"3)sq. units

I
[

It
W8]

|%

1

18]
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‘hy

I 1 I L I ! 1 1 L I I x;
5 4 3 d 1 0 3 4 5 6 7 g
a1+
24 é
a4 B
I ¥ Y
t=1 t=2

Area of the bounded region
T odx

= 2|y —dt
{” ar

= 2 (2at) (221)



http://cbs.wondershare.com/go.php?pid=5239&m=db

&

Areas of Bounded Reg%ﬁg%)/(/ajll!lll%%tar'gOdaddySItes'Com/

Jl}_

mm Wondershare
PDFelement

Remove Watermark g

]

s
® = Zoost, ¢ = Zsint
% %
| + | { |
-8 -6 -4 %% |
4
£

Area of the bounded region
2

= 4[2sintdt
a

—8[cost:é
—8[0— 1]
= 857 Units
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mm Wondershare

Areas of Bounded Regions Ex-21-2 Q1

To find the area enclosed in first quadrant by

x
1

=0,v=1 v=4 and
po= ---{1

Equation {1} represents a parabola with vertex {0,0) and axis as y-axis. x = 0 is y-axis
and y =1, y = 4 are lines parallel to x-axis passing through (0,1} and {0, 4)
respectively. & rough sketch of the curves is given as:-

\\P EVA!UM} ¥=1

Shaded reqgion is required area and itis sliced into rectangles with area xay
it slides from vy =1toy =4, so0

Required area = Region A8 CDA
= Jixay

4 ¥
=75
Iy Py ¥

- 213y
4]
(5+)- (5]

_1f16 2
D ERE

4
1

RN S

e

Required area =% 5g. units
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Ta find region in first quadrant bounded by v = 1, v = 4 and y-axis and

%% =18y - --{1)
Equation {1} represents a parabola with vertex {0,0) and axes as y-axis.

A& rough sketch of the curves is as under: -

x-=1.5rl Djl0.4) = ‘lc Sy=4

By

3

\ A(D,1) / B(4,1)
X

Shaded region is required area it is sliced in rectangles of area xay which slides
fromy =1toy =4, so

Required area = Region ASCDA

A= [y xdy
Iy 4y

geed

[z
3

1) .
A =— sq. units
3

4
1
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mm Wondershare

|
[
a

[

|

—
i}
[

[

o
[

a4

23 2
Area of the region = 2x _[ [a— X—] dx
o 45

2
=2x ax—i i
- 12a

0

_ -
=2 5[2‘3—0)—M
L 12a

[ fa’
= 2|za® -
- 12a}
I 3
_2 16a
| 12a
g .
= Z&=q unit
= £g Units

Areas of Bounded Regions Ex-21-2 Q4

w2

g
Area of the region = 2x I[— 15
]

- (—4)}dx

— 3 8
- 2x| -2 4 ax
| 48 A

r I
=2x 4x——:|
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o — ) =Z2a

¥ =4

Area of the bounded region
& 1
= I[avzla d}’

1> 2

=a[y3 dy

i 5=
B aa[gys]
o

3 3
- 3[23 - 1]&2 g units
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Area of the bounded region

= iu@—%z dx

_ xE 52
fo4:4]
={ [g_)%_ ff_g - D] Areas of Bounded Regions Ex-21-3 Q2

%

=12 sq. units

\ A

v E 2 G U

_}4)%_% @ @
='8_E} QO
-I:-8-41:T-45qunit5 &\Q\
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~
@ f Bounded Regions Ex-21-3 Q3

e to find area of region bounded by

---(y

and y = x ---{2}

Equation (1) represents parabola with vertex [0,0) and axis as x-axis and equation
{2] reprasents a line passing through origin and intersecting parabola at {EI,I:I] and
{1,1).

& rough sketch of curves is as below: -

Y

o

&
(1.1)

(% v, L

*Ax
7 Q% ¥a)

2

¥ -x

Shaded region represents the required area. We shice it in rectangle with Width =ax,
length =y, -y

area of rectanale = [y, - v, Jax
The approzimation tnangle can slide from » =0 to x = 1.

Required ares = region A0S 24
1
= lofyy - yz) o

Jg [ - ) ae

2, 27
kS

%.1.\.&'-%]-[0]

. 1 .
Required area = 3 square units
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We have to find area bounded by the curves

mm Wondershare

y=4—x2

= A e(y-9) -y
and v =0 ---12)
y =3 ---{=)

Egquation {1} represents a parabola with vertex {0,4) and passes through {0,2),{0,-2)

Equation (1) is x-axis and equation (3} is a line parallel to x-axis passing through [0,3].
& rough sketch of curves is below: -

(0,4)

DKA Plyl ¥=3

=

(-2,0) o 2,0

y-4-xz

Shaded region represents the required area. We slice it in approximation rectangle with
its Width =ax and length=y -0=¥

&rea of the rectangle = yax.

This approxim ation rectangle can slide from x = 0 to » = 2 for region OA8C0,

Required area = Reqgion ABDEA
2{Region 0A8CO)

2]§ il

2i5{4- Xz}jx
4]
2 {[8 g g] = [D)]

: 32 :
Required area = 3 squareunits
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x2 R X oW

Here to find area dfx,v) =+ L 1€ 2+ 2
{( y} & b a b

S,

PR

AR A— -—-f1

L (1)

MY

T+ -——[=

PR (2)

Egquation [1] represents ellipse with centre at origin and passing through [#a,0},

(0,%b) equation (2} represents aline passing through {a,0) and {0,b).
& rough sketch of curves is below:-let 3 > b

oy

P %y
[lt}ﬁ:

r

(0,-a)

0,0)

z 2
Shaded region is the required region as by substituting {0,0) in LN 7 /%) gives a true statement

& br
and by substituting 0,0} in 1% XE+§ gives a false statement.

We slice the shaded region into approxim ation rectangles with Width =ax,
length = [y, - y,)

area of the rectangle = {y - y2)
The approxim ation rectangle can slide from » =0 to ¥ = 3, so
Required area = lﬁ[;m - :i[a-x]}a‘x

= EE[W - {a-x]]dx

o e e
al2 2 2
2
eB 2dF- A+ Lsinif1)-22+ 2 |- (0+04040)
all2 2 2
Lt
al2a 2 2

Required area = “_:{;r—z) square units 20 ;\\CJ
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Equation of AE,

N ey

y=3x-5 ———{1)

=?(X’3}
¥-d4=-x+3
yo=-x+T ---{2)

Equation of AC,

2-1
y—1=[ﬁJ{x—2}
y—1=%{x—2]

—1x 2+1
¥ 3 3

1 1
—Zx+l [z
% 3)(+3 {2)

Shaded area 2 48T is the required area.
ar {atBC) = ar (aA480) +ar [48DC)

For ar{aABD}: we slice the region into approxim ation rectangle with width =ax

and length {y; - v3) area of rectangle = v, - ¥5)ax
This approsimation rectangle slides from x =2 to v = 3

ar [aA8D) = Jg[yl - ya)ax

]
—
(5]

ar {aABD) =% sg. unit

Far ar{aBDC): we slice the region into rectangle with width =ax

and length {y. - ¥3). Areaof rectangle = [y, - vy lax

https://millionstar.godaddysites.com/

ve find area of the triangle whose vertices are A{2,1), B(3,4) and C(5,2)

Remove Watermark

Wondershare
PDFelement
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&

roximation rectangle slides from x = 3 to x = 5.

0C) = 13{ys - ya)ax

B} lg[(_x +7)- {%x " %de

[4{5}2 L0 (5]] i [4{3}2 i Q{B}H
6 3 6 3

1
| —

ar [a80C) = % 5q. units

So, ar[aABC) = ar [«A8D) + ar (B0 C)

| 4=

+

w| o

[l TR ]
w|m

ar [«ABC] = 4 =q. units
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Remove Watermark g

nd area of the triangle whose vertices are A(-1,1), 8[0,5), C(3,2)

¥

(xvi)s al ;)

Equation of A8,

_|¥z-¥1 _
=
£E-1
v-1= (G e
4
1= 1
v l{x+ )

¥=4x+4+1
v o= dx+5 ---[1

Egquation of &2,

y—5=[%]{x—0}
- Zr-0)
Wb =-x
W=F5—x ---{2)

y-5= %J(X—D)
-Z(x-0)
¥y -5=-x
y=5-x ---[@

Equation of AC,
2-1

e e
1

—1== 1

¥ 4(){+)

—1x+1+1
Y=ty

y=%(x+5} -3

Shaded area aABC is the required area.
ar {aBC) = ar (2480 + ar [a80C) @

For ar (MBD}: we slice the region into approxim ation rectangle with width =ax E 0 \30

and length (v, - ¥3) area of rectanale = [y, - va)ax

This approxzimation rectangle slides from x =-1tox =0, so @

ar (aA80) = [ [y, - ya)dx K@ Q
- ]_01[(4)( +5)- %{x +5)}a‘x \@
=]_U1(4X+5—XZ—£JQ‘X %
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C} © we glice the region into rectangle with width =ax

{wz-vs). Areaof rectangle = (y; - ygjex

The approxim ation rectangle slides from » = 0 to x = 3.

ar [«800C) = % 5q. units

So, ar[aA8C) = ar [2ABD )+ ar [8DC)

15 4%
5t Areas of Bounded Regions Ex-21-3 Q8
_ 60 To find area of manaular region bounded by
8 ¥ =2x+1 [Say, line A8) Y

ar [=ABC) = 12—5 5g. units

¥ =3x+1 [Say, line BC)
¥ =4 [3ay, line AC)

---(2
---@

equation [1) represents a line passing through points (0,1) and (—% ,OJ,equati an

[2) represents a line passing through points {0,1) and [—%.OJ. Equation (3) represents

a line parallel to y-axis passing through [4JOI.
Solving equation (1) and (2} gives point &(0,1)

Solving equation (2] and (3) gives point (4,13}
Solving equation {1} and (3 gives point A{4,9)

{0, 1}],;

//

*
Shaded region A8CA gives required friangular region. We slice this region @ruai&}gj

rectangle with width =ax, length = [, - v2). O

area of rectangle = {yy - yo)ax @ QKZ
This gpproximation rectangle slides from x =0 to x = 4, s\'@ %

Required area = {Raginn ABC‘A} Q
= lalys - ya)ox OQ K

——

=4 B

*

- 3[(3v +1) - 2x +1)]ax RN Qo)
= |;XG'X @ VQ
%] &
Required area =8 sg. Units &Q
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Tao find area {[x,y} tvE g, x4 g 9] given eguation is

¥ o=8x ---{1}
x2 4y =0 ———(2]

Egquation [1] represents a parabola with vertex [0,0) and azis as x-axis, equation [2)

represents a circle with centre [0,0) and radius JO =3, soitmeets area at {+3,0},

(D,iB}. point of intersection of parabola and circle is [1,2\,5) and {1,—2\5).

& rough sketch of the curves is as below: -

Shaded region is the required region.

Required area = Region QA8 CO
= 2(Region 0BCO)
Required area = 2 {region 0DCO +region DBCD)

= E[JULJEWQ'X+ Ji~9 - xzd&r]

]

o3 ()
(s om0

SENEERTERE))

]

_ [ 9 9 (1 _
Required area=2 §+ . Esm‘1 [EJ] square units
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Remove Watermark

To find the area of common to

X< 4ye =18 ---{1)
y*=fx ---(2)

Equation {1} represents a parabola with vertex [0,0) and axis as =-axis, equation (2}
represents a circle with centre [0,0) and radius {16 = 4, so it meets areas at (+4,0},

(El, J_r4,D}. points of intersection of parabola and circle are [2,2@’3—) and (2, —Qﬁ).

& rough sketch of the curves is as below: -

Shaded region represents the required area.

Required area = Region 08 CAD
Required area =2 {region ODAQ +region DCAD) ---{1)

Region O0AQ is divided into approxim ation rectangle with area y,ax and slides from
x=0tox =2, And region £CAD is divided into approximation rectangle with area yoax
and slides from x = 2 and x = 4. So using equation {1},

Required area=2 [jgyldx + [;yzdx}
= 2[]§ﬁdx+]§' 16—x2dx}

2

_ {g 1z +{(u+esm-1{1))- 1 e @DH
o) oo )]

{Jﬁ_éz.v’?}+ {[iJm——la+ 12—65in'1 %J - [§m+ 12—55in'1 %]H

Required area= %(4:7 + \5) sg.units

Wondershare
PDFelement



http://cbs.wondershare.com/go.php?pid=5239&m=db

https://millionstar.godaddysites.com/

mm Wondershare

Areas of Bounded Regions Ex-21-3 Q11 Remove Watermark g~ ppFelement
Equation of the given circles are

2+yi=4 (1)
And (% -2R +yZ=4 L(2)

Equation (1) is a circle with centre O at eh origin and radius 2, Equation (2) is a

circle with centre C (2,0) and radius 2, Solving equations (1) and (2}, we have
(=202 + y2 = 52 + y2

or w2 —dn + 4+ y2 =52+ y2

or % = 1 which gives y +J3

Thus, the points of intersection of the given circles are 4 (1, 3] and &' (1, -8 as

shown in the fig.,

Required area of the enclosed region OACA'D between circle

= 2 [area of the region 0DCAO] (Why 2)

= 2 [area of the region 0DA&O + areaof the region DCADT]

- 2 [y + [Fyax]
=2 ];'.,!4- (x - 2dx + Ide-- xzdz{l (v )

s2[be-a) fo oo 27 e w2 e[ hudao o+ Deast 2]
.[[}: -2) 4-[x-2)2+4sin'1[%2]£+[xm+4sin'l %T

1

- [—-ﬁ*«‘«sin“ [%1]]-45-'{1 [-1)}4-[4 st 16 - 4sint 1
, [_ﬁ—4x§]++x%]{4,%_.‘.@_4,‘%}
- _ﬁ—%+21]+[2:—q§—2_;]

= 93_" -2 squa.re units

Ke

=X

A':i,-ﬁ]
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To find region enclosed by

y2ex -~

H+p=2 ———[2]

Equation (1) represents a parabola with vertex at origin and its axis as x-axis,
equation [2’ represents aline passing through {2,0} and [D,Q}. points of intersection

of line and parabola are {1,1) and [4,-2).

& rough sketch of curves is as below:-
¥

©.2)

Shaded region represents the required area. We slice it in rectangles of width ay and
length = fxry - x5).

area of rectangle = [xy - x3)ay.

This approximation rectangle slides from y = -2 to y = 1, s0

Required area= Region A0BA
= p(s - x2)ay
= ILaf2- v - y2)ay

{39
ey

. 9 .
Required area= 5 sq.units
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To find area {[x,y] cpfeax,axieaple 16}

mm Wondershare

>  yi= ===1)
wi+avi=16
2, ,..2_ 16
-— ---f2
X< wy = l}

Equation (1) represents a parabola with vertex [0,0) and axis as x-axis,

equation (2) represents a circle with centre (0,0) and radius :g. and meets axes at

[:%,D] and [D,ti]. & rough sketch of the curves is given below: -

N
't )
7 a(un)
- 8
(%) ) 06 (4.0) .
=7 (x.0)
[+-3)
whare 8 -9+ 273

Required area = Region OCBAQ
= 2 (Region 0BAQ)
= 2 (Region ODAQC +Region DBAD)

= 2|[5 Bxay + J',% ’i :E-]? - xedxl

[ 4
N 2 E
A=2 [ﬁ-%x&]ud-[% %J -x? +%sin_1¥}

Ao fesee -5

3
Thus, A=—9% a2 + 8% o E—az—isin“[—"‘r-—g‘a
Vel 3 3 3 r

Where, a = _9+5 274
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To find area [[ny] : y2 < Sx, Gx? 1-51.«2 4 36]

mm Wondershare

= yi=5x ---(1)
sx? 45y = 36
Jl:2+)-‘2-E ———‘2]

5

Equation {1} represents a parabola with vertex [U,D] and axis as x-axis,

. . ) B
Equation (2} represents a circle with centre (0,0} and radius E and meets awes at

[ti, D] and [EIJ t i] % ordinate of point of intersection of drcle and parabola is
J5 3

=25+ \5345
10
¥

a where a = . & rough sketch of curves is:-

[—’. o

Required area= Region OCEAO

A = 2 [Region 0BAQ)
= 2(Region 0DAO +Region DBAD)

' . _
2 B + [F :?E_J —xzdx:|

]

na
—_—
w
1
x
B
S
+
| x
e
—
;(m
+
= w
l:llUI
wi
5
[
YV
als
e
l

HE L Fe2 [0+§ %] [: ;'Z:J -2 +_sm"[a‘r]]

Thus, A= L2 4"!_ e 1?" -a %—az—%sin'l[ ays

Where, a =—':25 *y1345

10
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vE=dx ---(1)

X% = ay ---{2)

Equation {1} represents a parabola with vertes {U,U] and axis as ®-axis,
Equation {2] represents a parabola with vertex [IJ,D} and axis as y-axis,

Points of intersection of parshalas are [0,0) and (4,4).

& rough sketch is given as:-

X ody F
4.1
1,‘1»“
£ i
- A
i 7
==
Uy

The shaded region i1s required area and 1t is sliced nto rectangles with width
ax and length [y, - o). Area of rectangle = [y, - y)ax.

This approximation rectangle slide from x =0 to ¥ = 4, s0
Required area= Region OQAPO
A =I5 (v - ya2)ax
4 x?
=l [2'J_ - T]W
4
2 57
=|2. S -
{ axwﬁ‘? 12]o

{2l

32 168

A="2___-

3 3

16 )
A =— sq.units
3 q
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x% = dhy
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---(2)

Remove Watermark

Wondershare
PDFelement

Egquation {1} represents a parabola with verter [0,0) and axis as x-axis,

{2) represents a parabola with vertex [0,0] and axis as y-aris,

points of intersection of parabaolas are [D,D} and {43% b%, 432 b %J

equation

& rough sketch is given as:-

X = dby %
e

¥ = dax

The shaded region is required area and it is sliced into rectangles of width =

ax and length fyy - ya).

area of rectangle = (g - ¥ajax,

: . . ’ 1l
This approxim ation rectangle slides from ~ =0 to x = 4&5 b 3 S0

Required area= Region OQAFOD

4l a2
=fg * 3fyy-yo)ax

4:lpZ 2
-3 3[e£f-%]m

3 4"% 5%
= |:2.\|4';§X\|{;_X_

1z2b
o
z
=3263ibzaibl G4ab
3 3 3 6 3 12k
32 16
=—ab-—ab
3 3

16
A= ?Gb sg.units
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To find areain first quadrant enclosed by x-axis.

mm Wondershare

x=ﬁy ———{1)
xZepi=4 ---{2)

Equation (1] represents a line passing through {0,0), {—ﬁ,—l},[ﬁ, 1). Equation (2)
represents a circle with centre {0,0) and passing through (+2,0], {0,%2). Paints of

intersection of line and circle are [—-.45,—1) and (-ﬁ,l}.

& rough sketch of curves is given below: -

¥
{0,2)
B
{x'ph ):t:.g‘gﬂ] r)
% 3
(-2,0) ¢ faol "

B
( Y (0,-2)

Required area = Region 2480

A = Region OCEQ + Region A& CA
£ 2
= Jo7wad + gy ot

= ja‘ﬁidx+ff§ 4 - xZdx

v
(28] ]
e
A =% sg.units
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Jhy

L 1 1 L
] 4 .2 i ; 4 6 g 10 12 14
— X = 2y+3

Area of the bounded region

= _E-& dx+i«f§-[%3] dx

x%:‘ P 3)(9

1HLLE L

| @% o] % _of e @)%, (6 s
% % 4 2 % 4 2

=9 5q, units
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To find areain enclosed by

mm Wondershare

x?4+y? 21632 “—(1]
and y? = Gax ---{2)

Equation {1} represents a circle with centre (0,0) and meets axes [+4a,0), (0, +43).
Equation(2) represents a parabola with vertex (0,0} and axis as x-axis. Points of

intersection of circle and parabola are {23J 2\59], [25,—2,}5.9),

A rough sketch of curves is given as:-
¥
0,43 122, 24301

oyt w1bal

[4a, 0)

Region 0OCO is sliced into rectanales of area = y,ax and it slides from »x =0 to x = 23,
Region BCOS is sliced into rectangles of area = y,ax it slides from x = 23 0 » = 43 So,

Required area= 2 [Ragion 00 CO + Region BCDB]

= 2[15" yaae + 13}y ]
-2 [fg’@dx o e -xzdx]

Ja—a.[gmf+[gm+gsm-1[iﬂj

n
]

- 2|65 2 a3 +[[D+Saz.g]_[ iz +se=.%]]]

=2 _E\Eaz + 43ty - 24357 - gaz.'r]

258 Bazn]

3 3

A= %[% + J?I sq.units
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To find area lying above x-axis and included in the circle

x%4y? =gy
fx-4) +y? =16 —Y
and v? = 4x - --f2)

Equation {1) represents a cirde with centre {4,0) and m
Equation{2) represent a parabola with vertex {0,0) and
{4,-4) and [4,4).

& rough sketch of the curves is as under: -

(4,4) % =dax

k-4 +y? =16

Shaded region is the required region

Required area = Region 3480
Required area = Region 0080 + Region DAED

.com/ mm Wondershare

PDFelement

Remove Watermark g

eets axes at [0,0) and {8,0),

axis as ®-axis. They intersect at

<

Region 0DEO is sliced inta rectangles of area v ax. This approximation rectangle

can slide from x = 0 to » = 4, So,

Reqgion 0DEO = jgyldx
(A2 feay

o5,

Region QD80 = % sg. units

-~

Region DAED is sliced into rectangles af area y,ax, Which maoves from x = 4 to x = 8. 5o,

Region DAED = ]fyga‘x

= lfmo‘x
= {{Xzim+2—ﬁ sin_l{%ﬂj

-[[o-e5)- -0l

Region DABD = 47 sq. units

Using {1),{2) and (3], we get

Required area= [%+ 4;7]

A= 4[:7 +%] sg.units

---(3 7
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To find area enclosed by

mm Wondershare

v = Ex° ---{1)
y=2x%40 ---{2)

Equation [1) represents a parabola with vertex (0,0) and axis as y-axis. Equation (2)

represents a parabola with vertex {0,9] and axis as y-axis, Paints of intersection aof

parabolas are ‘-.E,LE:] and [—-ﬁ,lS}.

& rough sketch of curwes is given as:-
-oy-.Zx‘)o?

(#5158 A(3,15)

Region AOCA is sliced into rectangles with area [}q - }-’Q}M. It slides fraom ~ =0
tox = JgJ S0

Required area = Region AOBCA

2{region A0CA)

2y, - o) ax
2[5'5{2)(2 +9- 5){2)0")(

2 {a - ax?)ax

2[9x—x3}f

2[{av3 - 345) - (0]

Reguired area= 12\5 sq.units
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To find area enclosed by

mm Wondershare

po=2x? ---{1)
v=xZ+4 ---12)

Equation {1} represents a parabola with vertex {0,0) and axis as y-axis. Equation {2)
represents a paraboala with vertex {Dﬂr) and axis as y-axis. Paoints of intersection of

parabolas are (2,8) and (-2 8).

& rough sketch of curves is given as: -

Region A0CA is sliced into rectangles with area (yl - yg}ax. And it slides from x =0

tox=2=2

Reqguired area= Reqgion AO&CA
A =2 [Region AOCA)

= 2[5(}’1 - yaldx
= 2[§ (xz + 4 - 2x2)dx

= 2[§ (4 - xz} i

fos]
-5y

3z .
A= 5 50.units


http://cbs.wondershare.com/go.php?pid=5239&m=db

https://millionstar.godaddysites.com/
Areas of Bounded Regions Ex-21-3 Q23 Remove Watermark g

mm Wondershare

PDFelement

ACLY

vy .|l v Y

Equation of side AB,

x+1 y-2

1+1 E5-2

:>x+1 -2
2 3

= 3x+3=2y-4

=2y -3x=7

Equation of side BC,
x—1 v—5
3-1 4-5
¥—1 w-=-5
T T4
=-—x+1=2y—-10
=2y =11-x

Equation of side AC,
41 y—2
341 4-2
X+l y-2
T4 T2
X+l y-2
o T
=x+l=2y-4
=2y =5+x
5+
=3

Area of required region
= Area of EABFE + Area of BFGCE - Area of AEGCA

= j‘ymd}{ + j‘ Ypedx — j'vncdx
-1 1 -1

=T3K;7dx+}11£xdx—}5;xdx
-1 1 -1

1z - 1 21 W]
=§7+7>{_1+§11}{—?1—_5><+3_1 %Q) &(b
:%[73(12;2)+7(1—(—1))]+%[11(3—1)—7(3)2‘12] \ Q

2
b3 z \®
_%[5<3—(—1))+(3)T_1] % Cb-
=%[0+14]+%[22—4]—%[20+4] ‘\‘\\O Q)(b
:7+%x18—%x24 Q\ v/
—749-12 ;
=4 sqgunits ’\Q
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dhjr

mm Wondershare

(L1

Area of the bounded region
1

=£J§-xdx

{54
{34

1 .
== . =
& =g, uni
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Consider the following graph.

mm Wondershare
PDFelement

Remove Watermark g

s

We have, y=+/3 x

Substituting this value in x? +y2 =18,

$2 +[ﬁx]z =16

=x?+3x*=186

- 4x*=16

=xi=4

=uw=12

Since the shaded region is In the first quadrant, let us take the positive
value of x.

Therefore, x=2and y= 2‘,"5 are the coordinates
of the intersection point A.
Thus, area of the shaded region OAB= Area OAC + Area ACB

2 4
- Area OAB=f ﬁxax+fz 16 - x% dx

4
- Area 0A5'=(“{_" ] %[x\he X2 +16sin~ [i]]
2

1

2

4
= Area OAB=( “Ez’”‘] {165.11“1[—”—%[4M+ leIn_]{%ﬂ
- %[4ﬁ+ 1ss|n‘1[iﬂ

2

- Arga OAB=23 + ?[lsx T

= Area OAB=243 +4m-243 -

= Area OAB= 411—"’3—“

- Arga OAB= STH 5Q. units.
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To find area bounded by

mm Wondershare

yi=2x 41 ---{1
and x -y =1 ---{2)

Equation {1} is a parabola with vertex [—%,DJ and passes through (0,1}, {0,-1}.

Equation {2} is a line passing through {1,0) and {0,-1). Points of intersection of
parabola and line are (3,2} and [0,-1).

A& rough sketch of the curves is given as:i -

e |

¥ =2ael

Shaded region represents the required area. It is sliced in rectangles of area [x; - x;Jay.

It slides from v =-110 y =3, =0

Required area = Region AECDA
3
= [Zifwy - xz)dy

2
= ]?1[14.5,'_ y—_l]dy
2
1 3 2
=§j_1‘2+2y—y +1)dy
1
=§j_31(3+2y—y2)dy

- 3 ik}
1 z_ ¥
==|3 -
¥ty 3 :|_1

=%_{9+9-9}-[-3+1+%H
;

9+E}
L 3

Required area= 13—6 s3. units
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e

To find region bounded by curves

y=x-1 ---{
andfy - 1)° = 4{x +1) -

Equation {1} represents a line passing through {1,0) and (0,-1) equation (2)
represents a parabola with vertex {-1,1) passes through [0,3]), {0, -1} ,[— gJD].

Their points of intersection {0,- 1) and [8,7).

& rough sketch of curves is given as:-

[p-1)" =4 {xs 1)

Shaded region is required area. It is sliced in rectangles of area {x; - x;)ay.

It slides from vy =-1to v =7, =0

Required area = Region A8CDA
A = Ij1{X1 _XQ}dy

2
-1
=f31[5’+1_ by 4 }

1

+1]dy

[__"1{4y+4—y2—1+2y+4}dy

£l ]

12 ey +7-v2)ay

E

ER
147+43-203) 3 7,1
I 3 3

(245 11}

i 517
3y2+?y—y :|
-1

E

EEE

E

a-5%
3

sg. units
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Area of the bounded region

= E—x2 - (2] o=
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To find area bounded by

yo=2 - 52 ---{1
andy +x =10 ---[2)

Equation {1} represents a parabola with vertex [0,2) and downward, meets axes at :i-JEJD}.

Equation [2) represents a line passing through [0,0) and (2, - 2}, The points of intersection
of line and parabola are {2,-2) and {-1,1}.

& rough sketch of curves is as follows: -
¥

Pixyys)

Shaded region is sliced into rectangles with area = (yl - yz)u(. It slides from x» = -1
to x =2, 50

Reqguired area = Region A8PCOA
z
A =[5y - yalx

9 )
A =— s53. Units
= g
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-

PDFelement

¥
li-

o
=3
£

L) ] ETTERE i ! ' ; 1:1 6
r’ 2x dp=12=0 =
_a_

Area of the bounded region
3 _ 5 .
= l3x -3- ["_ijdx N !12 - 2x - [x_i]dx
2 2

2 2 P 2 .2
- 3-3;;' -X—+lx} +[ 12x-2x—-x—+—1xI
4 2 ], 2 4

> >

|2 _9-2,31,|60-25-24+2_ 36494+ 32-2
> a3 '3 4 2

=11 sq.units
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To find area bounded by »x =0, x =1
and
yo=x ---{1)
y=xi4z ---{2)

Equation {1) is aline passing through (2,2) and {0,0). Equation [2) is a parabola upward
with vertex at {0,2]. & rough sketch of curves is as under: -

-

¥ oA
i: yuxtael

Piry) <1021

Shaded region is sliced into rectangles of area = (5’1 - yz}&x. It slides from x =0

tox =1, =0

Required area = Region 048CO
A= ]é{h - yajax
=]é{x2+2—x)dx

{2+12-3
N 6

11 )
A=_—"— =0, units
5 g


http://cbs.wondershare.com/go.php?pid=5239&m=db

Areas of Bounded R%%%/g}l_%)_g%@&godaddyS|tes.com/ mm Wondershare
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Ta find area bounded by

x =2 ---{1)

and

X =3- 2y2

2% -~ (- 3) ---(2)

Equation {1} represents an upward parabola with vertex [0,0) and axis -p. Equation (2]
represents a parabola with vertex (3,0) and axis as x-axis, They intersect at {1,-1) and

{1,1). & rough sketch of the curves is as under:-

C(l.1
s
NP (xy )

=1 I

iy

=X

1
&
.gz}_.} !
= ._'-.*‘

e Afl,-1)

Required area = Reqgion JABCO
A =2 Region 08 CO
= 2[Region 0D CO +Region 8D CE |

= 2[Joyix + [ 2 |

= 2| A + 3 B_Txdx:|

2 {%Jﬂ}[é[%} 3%‘.(_2]}]

_ g[g DH{D}— [2-1-1-(—2}]]

=2 E+i
ERE

A =4 =q. units
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To find area of 248 C with A (4,1}, &{6,6) and C{a, 4},

mm Wondershare

Equation of A8,

g
y=gx-9 ---{1

Equation of 8,
4-5
-6 =|— -6
v-o- (3|6
=-1{x -8}
Wo=-x+12 ---{2)

Equation of AC,

x¥-2 ---{3

& rough sketch is as under:-
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-

Clearly, Area of AABC = Area ADE + Area BOC

Area ADB: To find the area ADB, we slice it into vertical strips.

We observe that each vertical strip has its lower end on side AC and the
upper end on AB. 5o the approximating rectangle has

Length=y, -y,

Width = Ax

Area =(y; —y)Ax

Since the approximating rectangle can move fromx=41to &,

5
the area of the triangle ADB=I (2 —yy)dx

—~ area of the triangle ADB=f [(——9] [—x 2)}5

Sx

= area of the triangle ADB=f 9- —x +2]dx

[T
S 7%
= qrea of the triangle ADB=f [T - ]

= area of the triangle ADB=( sz 7x ]
4

= area of the triangle ADB=[ X ’;35 —7 x 6) —[ i xsls —7x4]
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Remove Watermark g

= area of the triangle ADB=[% =42 =14+ 28]

= area of the triangle ADE= [% - 28]

8
Similarly, Area BDC = f (va—v3)dx
6

8
= Area BDC=f (va—vs)dx
6

8
= Area BDC=_{; {[—x+12]—[%x—2ﬂtjx

g
—7x
= +
~ Area BDC j; { : 14}0‘,%
- 2 B
~ Area BDC = | - 2% +l4x]
. 8 &
~ Area BDC = | - L254 +14xa}—[— 7"836 +14x6]
: 63
= Area BDC= —56+ll2+7—84
- Area BDC=[%—28]
Thus, Area ABC = Area ADB+ Area BDC
- Area ABC=[6—23 —23]+[% —23]
= Areq ABC=63-56
= Area ABC=7 s5q. units
Areas of Bounded Regions Ex-21-3 Q34
To find area of region
{[X,y):lx—l|£y£«|'5—x2]
= e -1 =y
1-x, if <1 ———(1)
= ¥ = )
x-1ifxzl ---12)
and  x?4y? =5 ___(3}

Equation {1} and (2] represent straight lines and equation {3} is a circle with centre

{o,0), meets axes at (iﬁ,ﬂ) and {D,iﬂg}.

A rough sketch of the curves is as under:

S
- O
Shaded region represents the required area. \\ @
N D
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Required area = Region 8C0E& +Region CADC

A= va)ax + [y, - yo)dx

- j_ll[ql's iy ik 1+X:|G"X +jf(~.;'5— Jre 1) dx

—=z.5 27’ —=z.5 2 T

= [% 5—x2+§sin_li—x+x—] +[% 5—X2+§sin_1i—%+x]
-1

= 1+Es ‘1i—£+1+—5|n‘1i—§ + 1+—5|n‘1i—1——5|n‘1i
2 J5 2 5, 12 & s
: 2 ik 1
= Gsint =+ Zsin! o - Zaint -2
N N 5 2
A=|= 5m'1—+sir'|'li -=| =3. units
2 N3 N
Areas of Bounded Regions Ex-21-3 Q35
To find area bounded by v = 1 and
y=l-1
x-1,ifxz0 ———{1]
Y= 1-x,ifx <0 ___{2)

& rough sketch of the curve is as under: -

¥

¥= K ¥l

{01} A €21

O B(1.0)

Shaded region is the required area. So
Reguired area = Region ASCA

A = Region AEDA+ Region ECDE

=jol(y1—y2)dx+]12(y1—y3)dx
= M1-1+x)ax + F{1-x + 1) c

- julxdx1+f12{2—x}02'x
1), ]

= {%— D]+{(4—2}— [2—%}]
=%+[2—2+%J

A=1=q. unit Q\

Remove Watermark

mm Wondershare

PDFelement
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Areas of Bounded Regions Ex-21-3 Q36

To find area of in first quadrant enclosed by x-axis, the line v = x and circle

x% 4y? =32 ---{1

Equation {1 is a crole with centre [0,0) and meets axes at {iw‘z_,n], {D,J_ﬂw@).

and y = i5 a line passes through (0,0} and intersect circle at {4,4].
& rough sketch of curve is as under:-
¥
x’i"?-BZ

(4,4}

(8 i

iy
miadZ 00

Required area is shaded region 0480

Region QAEQ = Region OCEQ + Region CABC

= Iy i@+ Py
= [t xax +];HE 32 - x%dx

4
2

= [%] + [%«uaz—xz +% sin_lL:|

0 =3

=(B—D}+HD+16.%J—[B+16.%]

=8+85-8-4x

a

4

A =4x 29, units

Areas of Bounded Regions Ex-21-3 Q37
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The given equations are

2+y2=16 . (1
y=6x (2

Ay

¥

Area bounded by the circle and parabola

=2[ Area(OADO)+ Arca(ADBA) |

=2-f¢‘ﬁdx+ me-x’m]

=2|J6{E ! [+2 2J|6—x‘+'265in'i]

(1]

;
2
2l ofp-ieiove

- “‘f(zﬁ)u[m— Jﬁ—s:]

= ¥+8ﬂ—4£-gx
= [#3+6x-3V5-2x]

[ 3+4n]

[431: + J_] stuare units

J.'-.

&.(.-.I

-h-t.n-l

|

Area of circle =m (F)?
=11 (4)2 = 167 square units

Thus, Required area = 16m— i[4'rr+ ﬁ]

%[«bcaw -3

= 2{en-v3) (b
S E-RRENER (b\(? Q&
N

Areas of Bounded Regions Ex-21-3 Q38 Q &Q
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Area of the bounded region

Z
=Ix+2—x2dx
|
x2 x3
4 g2 1 1
S S B L N S}
R R
Q )
= — Sq.units
5 sq.uni

Areas of Bounded Regions Ex-21-3 Q39
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To find area of region

{(x,y}:05y£x2+3, D<y<ax+3, szs3}

= w=x2+3 ---{1)
y =2x +3 ---{2)

and K=0,x5=73

Equation {1) represents a parabola with vertex [3,0] and axis as y-axis. Equation (2]

. . 3 .
represents a line a passing through {DJB) and [—EJD], a rough sketch of curve is as under: -

Yy=2x+3
3 B(3,8)

"

Required area = Region ABCDOA

A = Region ABCEA + Region ECDOE

= ]gyldx +]§y2dx
= ]23{2)( +3) v + ]g {XZ + 3}0‘;{

3 3 2
= {X2+3X} +|Ex
2 3 o

=[(9+9)—(4+6)]+H§+2]—(D}:|

14

=[18-10]+ [?]

A= 38 sg. units
3

Areas of Bounded Regions Ex-21-3 Q40
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To find area bounded by positive x-axis and curve

v o= fl- X7
x2ayp? o1 ---{1)
Xo=y ---1(2)

Equation (1) represents a circle with centre {0,0) and meets ares at {#1,0),(0, £1].

. . - 1 1 1 1
Equation {2} represents a line passing through [—,—J and [——,——] and
@ FEEE

they are also points of intersection. A rough sketch of the curve is as under: -

Y

L)
(s i)

Required area=Region 0480
A = Region OCEQ +Region CABC

1
= 1§F i + 1Y, v

¥
1
=]D:JEXG"X+]11 1% %
£
1
WA 1
={%i| +{%u‘1—x2+%smlx]_l
2
{L_DH[MMJ_[L inH
2 2 = (=] 2 2 4
1 = 1 =«
= _ 4+ -_-_
4 4 4 B

kg .
A=— s53. Units
g g

Areas of Bounded Regions Ex-21-3 Q41
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Ta find area bounded by lines

¥ =4x+5 [Say AB)
v =5-x [say 8C)
4y = x+5 [Say AC)

--- [y
-2
--- (3

By solving egquation {1) and {2), we get &(0,5)
By solving equation (2] and {3}, we get ©(3,2)
By solving equation (1) and [3), we get 4{-1,1)

A& rough sketch of the curve is as under: -

Shaded area oAEC is the required area.

Required area = ar (aA80) + ar (a80C)

ar [aABD) = % [y - va) o

-

mm Wondershare
PDFelement

Remove Watermark g
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ar(&ABD]=% sg. units ---{3)

ar {8DC) = ]3[}62 - ya)dx

ar(aBDC]=§ 5Q. units - --[3)

Using equation {1}, {2} and {3},

ar [«ABC) = 18—5+§
_ 6o
a

ar [sABC) = 12—5 sq. units

Areas of Bounded Regions Ex-21-3 Q42

To find area enclosed by

x2+yZ=g ---{1)

[x—3}2+y2=9 ---{2)

Equation 1) represents a cirde with centre (0,0} and meets axes at (£3,0), (0, £3).

Equation {2} is a drole with centre {3,0) and meets axes at 0,0}, (6,0},

. 3 3443 3 33
they intersect each other at [E’TJ—] and [EJ— TJ-] & rough sketch of the curves
is as under:
a{iﬂ.a\i."ll
LN
o ¢ Jao
!
M3~ 3372)

Shaded region is the required area. 0 . 0
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Required area = Region QASCO

A =2 [Region 08CO)
= 2[Region 0D CO + Region D& CD)

3
=z {[g,ﬂ'g - {x - 3]2dx +[39- dex}

2

(255 gom(-2)]-[or g (_1)]}+ {[n et () (25 +Zon [%J]H

7,9 al 195 85 9a
‘s z'2 z2'2 8 26

943

A=|6r-——| =q. units

Areas of Bounded Regions Ex-21-3 Q43
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The equation of the given curves are
X2+ =400

Clearly x* +y® =4 represents a circle and x +y =2 is the equation of a
straight line cutting x and y axes at (0,2) and (2,0) respectively.

The srmaller region bounded by these twe curves /s shaded in the
following figure.

Length =va—y,

Width = Ax and

Area =(yy - y1)8x

Since the approximating rectangle can move from x =0to x =2, the
required area is given by

2
A=j; vz = va)dx

Wehavey1=2—xandv2=ﬂ4—x2

Thus,

2
- o B
A—J;[ 4—x 2+x]o‘x
2 2 2
= Ja—x2|dx -
=A j;[zlxdx 2de+j;xdx
—= 2 2
-..A=[Lx2+isin_l[%)] —2[x]g+[x—2]
0 0

2 2 2

- A= %sin'l[%]-zuz

= A=25in"Y1)-2
St

-*A-2x2 2

=+ A=T=2sq.units

Areas of Bounded Regions Ex-21-3 Q44
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To find area of region

H 2
x.y:x—+y -S‘I.Sii-z
(xov)i 2

3 R
Here
2 2
%+VT=1 -==1)
%4.%-1 ---{2)

Equation {1} represents an ellipse with centre at origin and meets axes at (+3,0],
(0,£2). Equation (2] is a line that meets axes at (3,0),(0,2).

A rough sketch is as under:

- 1. .

Shaded region represents required area. This is sliced into rectangles with area
[y - ¥z }ax which slides from x = 0 tox =3, so

Required area = Region APBQA

A=glyy - ya)ax

3|2 Z 2
=5l =49-x"ay - =[3-x)d
]DL X 3( %) x}

2
|:£-qg—x2 +E sin'l[%]— 3x+%:[

2 2

HIJ +§.%- g +%}-{n}:|

Areas of Bounded Regions Ex-21-3 Q45
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To find area enclosed by

y = -1

—fx-1],ifx-1<0
L

- f[x-1), ifx-120

1-w,ifx<l ---{1)
=  y= .

x-1ifxz1 ---{2)

and  y=-fp-1+1

+fx-1)+1,ifx-1<0
= = .
—fx-1)+1, ifx-120
x, if x <1 ———{3)
Y ka2 ifxz -—-(4)
A rough sketch of equation of lines (1), {2],(3), (4] is given as:
¥
g
Pad
{1,1) =
B
M NG
R 31
(B2} ¢ S (32)
QN7 A
(%) <[/ O g
A o N,
<& | LS
s (% ¥a) <
Shaded region is the required area.
Required area = Region AECDA
Required area = Region 80CE +Region ABDA ---{1)

Region EOCE is sliced into rectangles of area = {yl - yz}&x and it slides from
N o= i tox =1
2

Region ABDA is sliced into rectangle of area = (5’3 - y4}&x and it slides from
¥=1tox= % So, using equation (13,

Required area = Region E0CE +Reqgion AEDA
3

= [ [y1 - ya)ax +]Z{ys - yq)ox
Zz

3

= (1 - 14u)dn + [F[-x +2-x + L) ax
. 3
= ax - 1)y +[2{3-2x)ax
! 1 <

1 ) .
A=§ sg.units N \O @
Q& \/Q)
Areas of Bounded Regions Ex-21-3 Q46 )
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To find area endosed by

IwZ+oy =22
a2
wi=-gly-= ---f1
v-Z] (v
And

y=l-2

—fx-2),ifx-221
T T x-a)ifx-2z1

2w, ifx<2
= -2
= Y {X—E,ifxzz (=)

. . 32 .
Equation (1) represents a downward parabala with vertex [D,?] and equation {2) represents

lines. A rough sketch of curves is given as: -

¥
N

&

Required area = Region ABECDA

A =FRegion ABEA + Region AECDA
= ]g(i’a‘ﬂt)dx +f-22(5’1 - yp)dx

2 2
_ ][ﬁ ]d J[u ]d
£ =]

_ax?_ a2
=l§[32 Ix - 5X+m]dx+]_22[32 X ¢ 1D+5x]dx

= %[]23{42 P 5)(} (= +j_22[22 —3xE SX)dx:|

| 52’ 52
A=\ 4zn-x3-22 | 4| 2Erox e 2
5 2 2 .

z

= %f{[lza —2?—%]— fa4-8- 10)}+{(44—El+1[l)— (-44+8+10)
, %{%— 66}+{46+26}i|
= %:%+?2}

A= % £q. units 60 C’;Qc)
Areas of Bounded Regions Ex-21-3 Q47 &% Q
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To area enclosed by

y=4x—x2

= —y=x2—4x+4—4

= —y+4={x—2]2

= ly-a- -2y --- ()

e

Equation (1) represents a parabola downward with vertex at (2,4) and meets
axes at [4,0),(0,0). Equation (2) represents a parabola upword whose vertes

is [%, —%J and meets axes at (1,0),(0,0). Paints of intersection of paraboalas

are (0,0) and [E,E]
2 4

& rough sketch of the curves is as under: -

.

e

AT
P NA 52,15 /4,

I

Shaded region is required area it is sliced into rectangles with area = [yl —yz}ax. It slides from x =0

i)
tox =—, s0
2

Required area = Region OQAP
5
A=y - yo)ix

fez-2o]
125

vy sq. units @
O ’\0
Areas of Bounded Regions Ex-21-3 Q48 6 6\
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Given curves are
y = 4y — 52
S AL NI CE ---()

and

y=x2-x . .
- -

Egquation (1) represents a parabola dawnward with wertex at (2,4] and mests axes

. . 1 1
at [4,0),(0,0). Equation {2) represents a parabola upward whose vertes is [EJ - Z]

5 15 .
and meets axes at 1,0}, (0,0) and [E’T] A rough sketch of the curves is as under: -

¥omx-x

Sty

'i‘e‘-‘}' 14,00

Q) i nf;r% Bil1,0) ¥ mdy = x?
Pix ya!

aX

Area of the region above x-axis
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Ay = area of region CBACC

= Region O8CO + Region BACE
5

=[5y + [E(yy - vp)dx

5
=]é(4x—x2}dx +[1§{4x—x2—x2+x}dx
1 2
(#2522l ]
2 3 2 2

0 1

[e- 2|22 22)-(5-2)

_5, 125 11
3 24 5]
121 .

= _—_ sq. units
24

Area of the region below x-axis

Ao = Area of region OPEC
= Region OBCO + Region BACE

= iy astx]
= ‘fol [x2 - x}dx‘

1
X2
2
1]

o

N

|
!

L=
[

[n Y S

= Ay A, = 12104

Areas of Bounded Regions Ex-21-3 Q49
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To find area bounded by the curve

y =1
1-u,ifw<l ---{1}
= =
A PRI o 3

and y=3—lx|

I+x, if ¥ <0 ---(3)
~ YT aoxifxzo —

Drawing the rough sketch of lines {1),(2),{3) and (4] as under:-
¥

(3.0)

B(2.1}

o e ¥ = 3

Shaded region is the required area
Required area = Region ABCDA

A = Region ABFA +Region AFCEA + Region COEC
= [F{ys - va)ae +13{yy - va) o + Bily, - va)ax

=P fEox w1 + [ME-x—1+xVdy + [N [F+x - 1+ x)dy
I I 5

= [F{4-2x)dx + [32dx + O (2 + 2x) ax

= [4X—X2:|12+ |:2,\f:|10+|:2x+x2:|?1
= [{8— 4)-[4- 1]]+[2— D]+[{D]— [—2+1)]
={4-3)+2+1

A=4sq. unit

Areas of Bounded Regions Ex-21-3 Q50


http://cbs.wondershare.com/go.php?pid=5239&m=db

https://millionstar.godaddysites.com/

Remove Watermark .- Wondershare

PDFelement
ty

2

Area of the bounded region = %
a2 El 4
= - _!-J*ilax - mix dx

& XK 2
S 3 P
12 ["!‘;% 2

2 2

& _w &
12 3 2
m=2

Areas of Bounded Regions Ex-21-3 Q 51
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dn.y

{16a, 164)

Area of the bounded region = 1024

3
1&x =
% = | J16ax - . dx

o 16a

15a

1024 |:4J—x"‘ x3j|

= 8-

3 % 48]

1024 (16a)°x2 (16a)’

3 3 483
a=2

Mote: Answer given in the book is incorrect.
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Area of the bounded region

2
= [{4v -v* - 2y +3) dy
-1

k]

yzﬁ}
= |2 —-"—=+ 3y

2559

1, o [162]

e

=9-9+9-1-=+3-
3 432

= Esq units
= 54
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reas of Bounded Regions Ex-21-4 Q2

wt?
o
st
-__&‘-x\_q_ =3
(3,5 5
¥
— x =842y -yt
| | xm
- 4 2 0 / j/ W”g 1 ¥ 14 .
5,-1) i
" y=-1

Area of the bounded region
3 <}
= [(5-0) dy+ [8+2y-y*-5 dy
-1 -1
3 3
=[5yf + 3y+y2—y—
1 3 L
=15+5+9+9—2_37+3—1—1

3

a2 )
= —35q. Units
3 o
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MILLIONST/R

Rl

Area of the bounded region
4 2

= I[y L V—J dy
AGE 4

2 3Tt
= j"_+2y_}f_
4 1z "

= 4+8—§—1+4—g
3 3

=9 :aq. units

Areas of Bounded Regions Ex-21-4 Q4

dn.}, /

Area of the bounded region %
Cifyra- ¥ 4 NN
flroa-5) o O
Y
[5ew-2] @ %2
=8+16—2—2+8—iL
3 3

*
=18 =g, units \Q
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