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STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)

EXERCISE 27 A [Pg.No.: 1121 ]
1. A line passes through the point (3,4,5) and is parallel to the vector (2; +2j —314.:). Find the equations

of the line in the vector as well as Cartesian forms

A A A

Sol. Position vector of point A(3, 4 , 5) isOA = 3i+ 4 j+ 5k
Eqn. of live passing through A and parallel to the vector

b=2i+2j-3k is given by,
I" :()_A--H'b’

A A A 'y A

ie. r':(3i+4j+5k}+r[2i+2j—3k}

Cortesion form,

A A A

Eqn. of line passing through (o , B, y) and parallel to the vector b=ai+ bj+ckis given by,

x=a _y-p_z-y
a b Cc

x-3 y-4 z-5

Hence, required equation is, 5 3
2. Aline passes through the point (2,1,-3) and is parallel to the vector (f -2+ 3!() Find the equations

of the line in vector and Cartesian forms.
Sol. Vectorequation of the given.

The line passes through the point 4(2,1, —3) and is parallel to the vector r'r'r=(f —2}-!-3;@) also the
position vector of A is 7 = 2f+}—3§ A
.. Vector equation of the given lineis 7 =7, + Am
= F=(2}+}~31§)+/1(f~2}+31?) (@)
x-2 .= 1 _Z+ 3
=2 3

Therefore, Cartesian equation of the given line,

3.  Find the vector equation of the line passing through the point with position vector (2? +}—5£:) and
parallel to the vector (f +3)- kn) Deduce the Cartesian equations of the line. . Q@
Sol. Vector equations of the given line passes through the point 4(2,1,—5) and is parallel to the@%r c}}
= (f+3} -ﬁ)_ Also the position vector of 4 is 7 = (Zf = Sﬁ:) _ <

Vector equation of the given line is ¥ =7 + Am K@ Q
o . T = T . \®
r_(2.r+j—5k)+l(f+3)—k) (1) %
: . . ox=2 y-1 z—(-5) x-2, z Q
Cartesian equation of the given line, l 5 o =" l f\ — =
N
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-2 _y-1_2z+45
3 -1

Hence

are the required equations of the given line in the Cartesian form.

A line is drawn in the direction of (f +}—2£:) and it passes through a point with position vector

(Zf = 4!2]_ Find the equations of the line in the vector as well as Cartesian forms

Eqn. of line passing through the point having position vector a and parallel to the vector b is given

by re= atb
Hence, required vector equation of line is, (ZI j— 4k] +;.{r+1 2k}

Now, xi+yj+zk=(2+pn)i+(-1+p)j+ (-4 -2u)k

Sx=2+py=-1+p & z=-4=2 el L. Y+1_244

1T 1 =2
Hence, Cortes ion equation of line is X;Z =Y :1 o +24
: 4 ; x-3 yp+2 z=6 _. ; ;
The Cartesian equations of a line are = = . Find the vector equation of the line.
~5
= - oo —(-2 z—
Cartesian equations of the line is 2 = y+2 = - o 3 "y ( } =
-5 4 2 -5 4

Here, x, =3;9y=-2, z,=6. So, F, =3i -2 +6k
Hereya=2 b=-5c=4 . m=2-5j+4k
Vector equation of the given lineis F=r+im — 7= (3?—2}+6J;)+2(25—‘5}'+4§)

The Cartesian equations of a line are 3x+1=6y—~2=1-z Find the fixed point through which it
passes, its direction ratios and also its vector equation.
Cartesian equations of the line is, 3x+1=6y—-2=1-z

~(3) ]
- - | y"' .
RIS O
3

=
I
et

Multiplying the denominator by 6, then s = =

. s 1 . 1
= 7= (_§;+3J+kj (21+_; 6&) So. the fixed point [_EEIJ

. . | 1o La B gee s %]
The vector equations of the lineis ¥ =7 + Am = F=| ——i+—j+k |+ A(2i + '—6k ()
q f [ 3173 J ] ( if 60 Q\\
Find the Cartesian equations of the line which passes through the point (1,3,-2) and is 1:% to @
. . . . x+1 y-4 z+3 % %-
The given equations of parallel line is = =

siven equations of p S 0 ek Q& Q

Here, a=3,b=5,¢c=-6 0
N

line given by 3 b = y;‘% =Z +63' Also, find the vector form of the equations so obt?#
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STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)

Sol.

Sol.

10.

Sol.

Let be the points 7 = (i +3 - 212) = (3? +5] —653) .
The vector equation of the lineis 7 =7 + Am .

= f:(?+3}—2£)+,1(3:’+5j—6i) ()

Cartesian equation of the given line is, = y;B = z+62

-1 y-3 z+2 : y y - p
Hence x3 o - = +6 are the required equation of the given line in Cartesian form.

Find the equations of the line passing through the point (1,-2,3) and parallel to the line

-6 y-2 =247
3 4 5
Let the points be 7, =(f —2}+3f;]

-6 Yy-24 47
3 -4 5

= Vector equation of aline is, 7 =7, + Am =F :(f—2}+31;)+}.(3f—4j+5§)

=it = (37~ 4] + 5k)

¥=1_ y42 2-3
3 —4 5

Cartesian equation of the given line is,

=l y+2 z—
=
Find the Cartesian and vector equations of a line which passes through the point (1,2, 3) and is parallel
—x~F y+3 b

S 37

3 ’ . . .
Hence, are the Cartesian equation of the given line.

to the line

(x+2) _ Y43 _ 2(z-3)
1

Let be the points 7 =7 + 2}'+3I; and parallel to the line - = 3

=2 _y+3 2:-6 _ (x+2) (y+3) (2-3)
1 7 3 4 7 3/2
Z¥e _y+3 29 & y+3 z-3
-1 7 B2 2 14 3

Vector equation of the line 7 =7 + i => F =i +2j+3k+A(~2i +14j+3k)

— i =-2i +14] + 3k

=1 -2 2z-3
2 14 3
Find the equations of the line passing through the point (.—1,3, ~2) and perpendicular to each of the

Iine-:—::;.:% and X+2:}:_1=z+l @

3 2 5 O \Q
Let the direction ratios of the required linebe a, b, ¢ 6 6\

This line being perpendicular to each of the given lines, we have @

a+2b+3c=0 &"O Q
3a+2b+5c=0 ) o %&fb Y

Cross multiplying (i) and (iii), we have 0B 5.5 7.6 k(let) Q &Q

—>a=4k, b=-14k & c =8k ‘\\\0 Q)(b

Hence, are Cartesian equation of given the line.
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X+1_y-3 _ 242
4k 14k 8k

Since, the line passes through (-1, 3, -2) . eqn. of line is,

. X+1 ¥= 3 _z+ B e 3 "
ie, e v , this is the required eqn. of line.

Find the equations of the line passing through the point (1,2, —4) and perpendicular to each of the lines
x—8:y+9: z-10 and x-15 :y—29 _ :—5‘

8 -16 7 3 8 -5
Let the direction ratio of the required line be a, b, ¢ then, this line being perpendicular to each at the
given lines, we have

8a—16b+7¢c=0 ...(i) 3a+8h-5¢=0 ...(i1)

a b e

80-56 21+40 64+48

Cross multiplying (i) and (ii) we get,

W B B B g 242, F=614; c =1122
24 61 112

Thus the required lien has direction ratio 244, 614, 1124 and it passes through the point (1, x —4).

Hence the required line equation is, — e i s x-1_y=2_zi4
244 614 1121 24 61 112
Prove that the lines L = pe3 e+l and 1 X = 24§ intersect each other and find the

M 7 2 G4
point of their intersection.

g ; x-4 y+3 z+1 5 .
Th enl e = = = A(say
e given line ar - ¥ ( ay ) (i)
x—1_y+1_ z+IO -
d =
and — — : u(say) (i)

P(A+4,-44-3,74-1) in any ponton (i)

Q(2p+1,-3u~1,81~10) in any point on (ii)
Thus, the givenlines will interest then 4 +4=2y+1, —44-3=-3u—-1, 7TA-1=8u-10
2A-2u=-3 .(1), —4A+3p=2 (i), 71-8u=-9 .. (ii)
Solving equation (i) and (i1), we get A =1, and =2
Also these value of A and u satisfy (iii) hence the given lines intersect.
Putting A=11in P or x=2 in (, we get the point of intersection of the given line as (5, -7.6)
_ y=2 i z—3 and x—4 _ y-1
of their intersection. ’ ) : ? @

" =
Show that the lines

= z intersect each other. Also, find the point

y—2 =3

The given equation of a line are &l == = A (say) (1) 0 ’\0
2 3 m O (’)\.

S, O L U S ) <

5 32 K‘b Q
=>x=24+1, y=34+2, z=41+3 (b
. P(24+1,34+2,42+3) inany pointon (1) and O(5k +4,2k +1.k) in any@ ({Cb_

Thus, the given lines will interest if

= 2A+1=5k+4 =21-5k=3 () \\\ (b
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STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)
= 31+2=2k+1 =31-2k=-1 ()= 4A+3=k =41-k=-3 (i)

Solving equation (i) and (ii), then we get A=—-1k=-1.

Also these value of 4 and k satisfy (iii) hence the given lines intersect.
Hence, two lines intersect to each other putting the value of A in point P, then putting A=-1in P
or k=-1inQ.
We get the point of intersection of the given line as
={2(-1)+1 3(-1)+2, 4(-1)+3} =(2+1,-3+2,—4+3) =(-1, -1, -1)

Hence required point is (-1, -1, —1).

14.  Show that the lines _xz_lz Y ;I =z and JlrTﬂz—yl—z,z:z do not intersect each other.
; p =1 +1 =z
Sol. The given line are xszTl=T=ﬂ.(say) (1)
+1 F-2 z-2
— o — Sa ol 2
s 1 1 #( y) @)

P(24+1,32=LA4) inany point on(1). Q(5u—1, u+2, #+2) in any point on(2).

If possible, let the given lines intersected.

Then, Pand QO coincide form some particular value of 2 and x, in that case, we have,
2A¥1=5u—-1,34-1=pu+2, and A=pu+2

=l Su=-2 (), 3A-u=3 _G) & A-p=2 . (i)
Solving equation (i) and (ii), we get 4 —-—; and u :i

However, these value of 1 and x do not satisfy (ii). Hence. the given lines do not intersect.

15. The Cartesian equations of a line are 3x+1=06y—2=1-z Find the fixed point through which it
passes, its direction ratios and also its vector equation.
Sol. Cartesian equations of the line is, 3x+1=6y—-2=1-z

= 3(x+3)-(s-2)-— :xv@—y;—“

(4

3 6

[3)_»-]
s 273 e
Multiplying the denominator by 6, then ‘2 -

Il
(9%}
Il

| B O ¥ 1
= K= ——i+= +I(] 2i+ j—6k Su, the fixed point | ——, —_ 1
(37 5ok =g k). o pon (-1, 1)

The vector equations of the lineis 7 =7 +Am = F=(—%f+%}'+fgj+i(2§+} 6,@) 60 ’\\F)

16. Find the length and the foot of the perpendicular drawn from the point 2 -1, 5{@ IQ
x-11 y+2 248 Q

Sol. The given equation of the line

10 -4 -1 %
x-11_y+2 248
TR =TI 0 KQ
S y=T0441L p=-43-2 z=-110-8 \\\ Q)(b
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. Co-ordinate of N(104+11,-44-2,-111-8)

P(2,-15

. Direction ratios of PN (2-19)
=(104+11-2),(-44-2+1).(-111-8-5)
=(104+9,-44-1,-111-13) 3 = ,

PN L given line 4B (x,5,2)
10(102+9)+(—4)(—42-1)+(-11)(-112-13) =0

= 1001+90+164+4+1211+143=0 =2371+237=0 = Ai=-1

Co-ordinates of N =10(-1)+11,—4(-1)-2,-11(-1)-8 =(-10+11,4-2,11-8 ) =(1, 2, 3)

= length of PN =,‘((142)3 +H2+1) +(3-5)" = J(el)z +(3)" +(=2)° =V1+9+4 =14 units
Find the vector and Cartesian equarions of the line passing through the points 4(3.4.—6) and
B(5,-2,7).

Let, A=7 =(37 +4j-ok), B=r,=(5-2j+7k)
= (7, -£)=(51=2]+7k)- (37 +4j-ok)
. Vector equation of line is. 7 =7, + (£, —F) =F =(3f+4}—6!;)+&(2f—6}+13§)

L ;i . = X —X o & T
. Cartesian equation of a line is, Lol 0y L

X=X Ys—H =5

x=3 y-4 z—(-6) - x-3 _yS 299

5-3 -2-4 7+6 2 \&6 203
Find the vector and Cartesian equations of the line passing through the points A(2,-3,0) and
B(-2,4,3).

Vector equations of the given line
Let the position vector of A & B be 7, & r;, be the direction ratios respectively then

P =(2f—3}+0£) and 7 =(~2§"+4_}'+3.€)
= (iv;—i-;)=(-2?+4}+3£)~(2f-3})=(—4E+7}'+3£)
. Vector equation of a line ABis 7 =7 + A(F, — ) for some scalar A
ie, 7 =(2?—3})+,1(—4f+7}'+3£) o)

X% YN -4

= V8 &4 @

Cartesian equation of a line is,

x—2 _y+3 _z79 :>x—2vy+3 Z 60 ;\\'CJ
-2-2 443 3-0 4 71 3 % <
x-2 y+3 =z . . . . &@
Hence, 35 are the Cartesian equation of the given line. K@ Q
Find the vector and Cartesian equations of the line joining the points whos n %prs are

(5—2_}+§)and (f+3}—2!;). Q

Sol. Let the position vector of 4 & B be 7; & I, respectively then, 7, = %@& 6&7 +3]- Zk)

@
,QQ
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STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)

- (a—ﬁ):(f+3_}—2§)—(i—2}+§)= (5}—3}2)
. Vector equation of a line is, 7 =7 + A(# —# ) for some scalar 4.

= 7 =(i-2j+k)+2(5j-3k)

3 s 4 i g e
Cartesian equation of the given line is, = =
L% Yamh g

x-1_y-(=2)  z-1 L x-1_y+2 z-1
1-1 3-(-2) -2-1 0 5 -3

=1 y42 FE-
5 -3
Find the vector equation of a line passing through the point 4(3,-2.1) and parallel to the line joining

1 ; : 2 :
are the Cartesian equation of the given line.

Hence,

the points B(-2,4,2) and ((2,3,3). Also, find the Cartesian equations of the line.
Let be the points 7 = (35—2} +l;) and parallel to the line joining the points B :(—2f+4j'+2§) &
¢ :(2?+3_}+312)
=BC = position vector ot " — position vector of B
=(2i+3]+3k)—(-27 +4j+2k) =(4i - j+k) - m=(4i-]+k)

*. Vector equation of a lineis 7 =7 +Am = f:(3§-2}+£)+1(4£-j+1§)

; : 3 . -3 - -
Cartesian equation of the given line, x = = X2 7Y . :
a b z 4 -1 1

x-3 y42 z=1
4 L

Hence are the Cartesian equations of the given line.

Find the vector equation of a line passing through the point having the position vector (f +2}'-31;)
and parallel to the line joining the points with position vector (f —~}'+512) and (25+3f—41;). Also,
find the Cartesian equivalents of this equation.

Let be the points 7 =(f +2} -3;@) and parallel to the line joining the position vector A =(f - J +5£:)
and B = (2f+3}‘~4£:).

— AB= Position vector of B— of position vector of A

= (2?+3}—4§)-(f—j‘+5£) :(f +4_}—9£)= m

. Vector equation of aline is, F =7, + im = F= (f+2}—3£)+2 f+4}*9;€) @
O o O
. Cartesian equation of the given line is, PR poa ¥ Y5 gl 6 ’\.\
a b ¢ 1 4 9 (OC)
-1 = z 3 ; ; ;
Hence, xl o 7 H o +93 are the Cartesian equations of the given line. @ QK

Find the coordinates of the foot of the perpendicular drawn from the point A(1, @9 he %joi ning
the points B(1, 4, 6) and C(5, 4, 4). Q

: \
The equation of line BC is O (b
N @
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Y. A(1,2.1)
6

= = === (D)

The general point on this line is, (42 +1, 4, —24+6). .

N(4A+1, 4, —21+6)

Let N be the foot of the perpendicular drawn from the point 4(1, 2, 1) to the given line.
Any point on line BC will be, N(44+1, 4, —21+6) for some value of .
Direction ratio of AN are (41+1-1,4-2,-21+6-1) = (44,2, -21+5)

Direction of given line (1) are 4, 0, -2.
Since, AN perpendicular to given line (1), we have,

4(42)+02-2(-24+5)=0 =164+41-10=0 =x201=10 :>1=%

So, the required point of N (3, 4, 5).
Hence, the required coordinates of foot of the perpendicular is (3, 4, 5).

Find the coordinates of the foot of the perpendicular drawn from the point 4(1,8,4) to the line joining
the points B(0,-1,3) and C(2,-3,-1).
The given line BC is

sl y—(-1) _=z-3 _ A(18.4)
2-0 =H-(-1) -1-3
X y+l z-3 .
—=——=2—=A(say)...
2 _2 _4 Lsay) (l) . .
The general point on this line is (24, =24 -1, —44+3). N(24,-24-1,-41+3)

Let N be the foot of the perpendicular drawn from the point A4(1,8,4) to the given line.

Then, this pointis N (24.—24-1,-44+3) for some value of 1.

Direction ratio of AN are (24-1,-24-1-8,-41+3-4) = (24-1),(-24-9),(-41-1)
Direction ratio of given line (i) are (2, -2, —4)

Since AN L given line (i) we have, 2(24-1)-2(-24-9)-4(-41-1)=0

= 41-2+41+18+164+4=0 = 241+20=0 :>A=_Ti0=%5
So, the required point of N [_—53,2] . . c)@
393 60 ,&\
Hence the required co—ordinate foot of the perpendicular is (_—SEEJ @ (OCJ
3 3 3 &
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STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)

25:

Sol.

x+3 _y-1 =14
2 3

il [P[D,Z,S)

Find the image of the point (0,2,3) in the line

The given line is 2 -l rey
5 2 3

Let N be the foot of the perpendicular drawn from the
point (0,2,3)to the given line.

..N has the co-ordinate (54-3,24+1,31—-4)

N(54-3,24+131-4)
The direction ratio of PN are
51-3-022+1-234~4-3

= (52-3),(24-1),(32-7) sM(a.p.7)

Also the direction ratio of the given line (i) are 5,2,3 since PN is perpendicular to the given line (i)
we have 5(54-3)+2(24-1)+3(34=7)=0

= 254-15+44=2+94-21=0 =384-38=0 = A=1

Putting 2 =1 we get the point N(2,3,~1)

Let M (a,B,7) be the image of P(0,2,3), in the given line.

Then N(2,3,-1)is the mid point of PM.

a¥0 _5 B+2
7 2
Hence, theimage of P(0,2,3)is M (4,4,-5).

3 and ?’_;3:_1 =.a=4, f=4 and y=-5

: : . . § =1
Find the image of the point (5,9,3) in the line x2 < =

The given equation of the line x.2—l = y;Z - 2;3

=d .10 P (59,3)

>x=21%1, y=31+2,z=41+3

co-ordinate of 0, (24+1-5),(34+2-9),(44+3-3),
0=(24-4.31-7,44)

Since, PQ is perpendicular to the given line (i) we have M(x.y.2)
2(22=4)+3(31-7)+4(42)=0

= 44-8+92=21+16A=0=294-29=0 =291=29 —=Ai=1

Putting the value of 4 =1,
we get the point 0 =(2+1,3+2,4+3) =(3,5,7).

Let M(x,,,,z ) be the image of P(5,9,3) in the given line then N(3,5,7) is the mid point of PA% ) O@

OV
=3 =$5+%=06 =x =05 =a=i 74) @)
o

A

Q(21+1?3A+2,4)£+3 )

5+x

9ty _

and =5 =9+ 3y=10 =g =10-9 —=p=1 &% Q
> N B4 B4 \'®

JEZ,

=7 S3+z=14 =z=14-3 =z =11 & Q
Hence image of pointis (1,1,11) ‘\OQ (&
& NI
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Find the image of the point (2,~1,5) in the line 7 = (1 i-2j —8;?) + 210/ -4j-1 1;?).
. The given lineis 7 = (1 1?—2_}—8£)+2(10?—4}—11§) o)
Cartesian equation the given line.
x-11 y+2 =z+8 ..
= —— :/I n 'P 2,_1,5
10 —4 =11 (i) ( )
Let N be the foot at the perpendicular drawn from the
point -

L N(11+13,1,—2—4A—85,,1)
P(2,-1,5) to the given line.

. M has the coordinate (11+104,—-2-44,-8-114)

The direction ratio of PN are,
114104-2,-2-44+1,-8-114-5 ie. (9+104),(-1=42),(~13-112)

Also the direction ratio at the given line-are 10— 4 —11.

Since PN is perpendicular to the given line (i), we have
10(9+102)=4(-1-42)-11(-13-114)=0

= 90+1004+4+164¥143+1214=0 = 2374+237=0. = 2374==237 —= A=-1

Putting A=-1, we get the point N (1, 2, 3).

Let M (c; B, 7} be theimage of P(2, -1, 5) in the given line.

The N(L 2, 3) is the mid point of P.M.

M (a,B.7)

a+2
)

= a =0, f=5, and y=1. Hence, the image of P(2, -1, 5) is M(0,5.1).

=1 %:2 and %’5:3 S @422 f-1=4 and y+5=6

1129] -

Prove that the points 4(2,1,3),B(~4,3,-1) and C(5,0,5) are collinear.
Let A=(2,1,3), B=(-43-1)& C=(5,0,5)
The equation of the line AB are

x=~2 GEl z-3 -y ¥—1_ ¥-3

= = = D)
—4-2 3-1 -1-3 —6 2 —4
The given points 4, B, C are collinear
= lies on the line AB = (5,0,5] satisfied (1) <O
5-2 0-1 5-3 3 -1 2 1 =1 1 6\} *\0
= = = SH——— —=—=— &
H £ =4 % 2 4 8 7 -3 % @)
Hence the given points 4, B and C are collinear. % &(b
Show that the points A(2,3,—4),B(l,—2,3) and C(3,8,—I 1) are collinear @K Q
The eqn. of line AB is. S W e A % %-

1-2  -2-3 3-(-4) Q Q
3x—2=y—3:z+4_'__‘__'(i) ‘\’\\0 @f&

-1 -5 7 @\ y
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STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)

Sol.

Sol.

Sol.

3-2 8-3 1144

— = 7 which is true

Puttingx =3, y=8 & z=-11 in eqn. (1), we have

Thus, the point e(3, 8, -11) lies on the line AB.
.. Hence, the given points A, B and C are collinear.
Find the value of A for which the points 4(2,5,1),B(1,2,—1) and C(3,A,3) are collinear
The equation of AB is,
X-2 y-& _2-1 ()
T T S
- points A, B & C are collinear
.. ¢ (3, A, 3) satisfies the equation (1).
5 3-2 3-8 _3-1 . XS mmm -5 =5 leetabii
12 -5 —%f -3
Find the values of A and p so that points 4(3,2,-4),B(9.8,-10) and C(A,u1,—6) are collinear
Eqn. of line passing through A(3, 2, -4) and B(9, 8, -10) is given by
x-3_y-2_ z+4
9-3 8-2 -10+4
Since, the line passes through c(A, u, —6)
L A=3 _p-2 -6+4

6 6 6
= A=3=2 & p-2=3
=1=5 & =4 Ans.

Using the vector method. find the values of 4 and  so that the points 4(-1, 4, —2), B(4, 1) and
C(0,2,-1) are collinear.

Let, d, b, ¢ be the position vector of the given point 4, B, C respectively then
a=(-i+4]j-2k), b :(ﬁ+p}+k") & ¢=(0i+2j-k)
= AC = Position vector of € — Position vector of 4
_(2)-F)-(F+4j-2B)=(f -2 +5)
. Vector equation of a line r =7, +!(E)
= 7 =(~i +4j-2k)+(i -2] +k) = F=i(=i+1)+j(4-20) + R(=2+1) (@)
If the line AC passes through the point B we have
b= f(—:‘+r)+}(4—21)+kt(-2+t) (for some scalar )

= A +uj+k=i(D10)+ j(#-20) +k(2+1) 0 . 0®
Equating coefficient both side 7, j and k we get 6

= BTt (A) p=4-21 .(B) %Q
=% 1==24+f —=Tf=3 &
From equation (A), A=—14+3 =1=2 6\.® %-

From equation (B), #=4-2f = pu=4-2(3) =pu=-2. Hence 1=2 an 2.
e

.\\\0 o
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6. The position vectors of three points A, B and C are (—45 +2}—3£),(§ +3}'—2!;) and (—9? +_,}—4!;)
respectively. Show that the points A, B and C are collinear
Sol. The co-ordinates of given points are A(-4, 2, -3), B(1, 3, -2) and c¢(-9, 1, -4)
Eqn. of line passing through A (-4, 2, -3) and B(1, 3, -2) is
Xx+4 y-2 z+3
144 3-2 -2+3
- X+4 = y-2 _ z+3
5 1 1
Puttingx =-9,y=1 & z=-4, we get
-94+4 1-2 443
E 4 1
Hence, the points A, B & C are Collinear.

which is true.thus, C(-9, 1. -4) lies on line AB

EXERCISE 27 C [Pg.No.: 1134]
Find the angle between each of the following pairs of Imes
L F=(31+]j-2k)#n(7 - 7-2k) and 7 = (27— j=5k)+n(37 5] -4k)

Sol. The given lives are of the form,

—p = =" - =

»
r=a,+rb, and r =a,+ab,

where, bfvi j 2k and b2—31 5j- 4k

lbrby|
Iby11b |

4]3+5+8| 16 16 ¥-NE)
==t = COS —— = 0= COS =0= COS -
650 /300 1043 15

Let, 0 be theangle between the lines. . beos

= 06 =cos

2. F:(Sf—4}+2§)+l(f+3£) and F =5_f+u(—f+j‘+.{:)
Sol. F=(3f—4}+2§) )andr 5: +;J(-r+j+k)
Let, m, :(?+3£) (—: +J+k)

i, (:‘+3§).(—f+j+l?) ]
cosf=| ———| =cosf= —
[ImnllszJ [J(l)z P YU =) (1)

Aud

JITW, 059:[71_'27) o] 20]
R - % &

-
Hence, the angle between the given line iscos [vl_:?} I

’0
(7-2])+4(2i —2]+k) and, 7 = (3k)+ p(i +2] - 2k) %\ Cb_

(F-27)+2(27 ~2j+k) and 7 =(3k) + (7 +2] - 2k) .

== ol = L

9%}
~
Il

Sol. 7

Il
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STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)
Let iy = (21 -2j+k) & m, =(i+2]-2k)

., ( J’; (f +2j Zk) ]
cosf =| ——= = cosf = -
[ImullszJ [J(z Oy +@2) +(=2)’

:msﬂz[ e ] :cosG:(_4) :>c059=(_—4} :Hzcos"(ﬁJ
Na+4+1VJ1+4+4 3x3 9 9

Hence, the angle between the given line iscos [E‘-J .

Find the angle between each of the following pairs of lines:
% x+l_y-4 _z-5 ot x+3 y—f 5

1 1 32 3 & 4
Sol. x+1:yv—4:z—5 and x+3:£—3:z+5
1 1 2 3 5 4

The directions ratios of the given line (1, 1, 2) & (3, 5, 4)

_' mé,:[ aa, +hb, +cc, ]msgz[ 10)+15)+2(4) ]
V) (4)

Va +b7 +c’ Ja? +b +c;’ ¥ +(1) +(2) JGF +6)F+
. 3+5+8 16 f 16"
A o(}'S&_[\!1+1+4~.(9+25+16J = (JEJS_OJ msg_(mj
16 8 8
= mo-(5) :9[‘;\5} <0-eos’( )

v i 3) ()

Hence the angle between the given linecos ' (%} .

5. x—4zy+1:z—6 il x—5:2y+5:z—a
3 - 5 1 =2 1

Sol. x-4:y+1:z.—6 and x—5=2y+5: i 3
3 4 5 1 -2 1

. . —— -4 y+1 z=6 = +5/2 z-3
The given equation of a line is - 28 - & X 5=y =

4 5 1 -1 1 @
The directions ratio of the given line are (3,4, 5) & (1,1, 1) 0 ’*\\F)
Vai +87 467 +b7 ) VG +@+ O VO + )
3-4+5

- mse:[\f9+16+25\/1+1+1) :cos@(ﬁ) ﬁcos@:(ﬁ} %\(b %‘
& Q&
= 6059:% =5 wsﬁ:ﬁx% i 0089:1_6 ’
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Hence the angles between the given lines is cos ™' (%}
3—x:y+5:l—zand£:l y:z+2
= 1 3 3 =2 =)
3_x:y+5:l_z aIldizl—y:_2
2 1 3 3 -2
The given equation of the line are, —; =7 ;rS = l-;z
= 5 ]
= _3 —(z— 4 G
5 (x )=y+5:( 1) o 3_p+5_z-1
-2 1 3 2 [ -3
= z —(y=1
Another given equation of the line are, 8 mbd 2y = +]2 %: (> = ) :z+12

The direction ratio of the given lineare(2,1,-3) & (3.-2-1)

" aa, +bb, +cc, |
0 \\/“12 +b el ya +b + ¢ J
[ 20me)e 7 swms
o \\/(2): +(1)° +(—3)3J(3)3 +(2) +(-1)’ N [\/4+1+9J9+4+1J

"W ) (11] _.(nj
= cosf=p———| —cosf=|—| =b=¢os |—
i) 14 14
(11
Hence the angles between the given lines is cos i
\
1 =1 3 4 5
Direction ratios of line %—}—1 y=0arel,0,-1
S . XY G
Di tios of line =====are 3,4, 5
rection ratios of line =2 g are3. 4,

Let, © = Angle b/ the lines
4 [1x3+0x4+(-1)x5]

£ 0=008"=p -
J12+02+(—1) V32 + 42 4+ 52
=0=cos™" 2 =0=c08 '— ’ =50= t:os“‘I Ans.
32«}50 10 5 @
5-x y+3 w=]1 1= =z-5
_— ey d —==-—= .
B i 1 31 2 6\> %\\F')
Given lines are, @ CJ

5+4x y+3

==, 2 0 (&6 Q
oo X3 -8 -8 G %\' Cb_
1 3 - Q
X— 5 _y+3_2z-5 . OQ &
2 0 \\\ @fb
Here, Directlon ratios are -3, -2, 0 &\ V
e

from (i)
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STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)

Sol.

10.

Sol.

4 18

Sol.

x-1 y-1 z-5
1 3 2

Here, Direction ratios are 1, -3, 2

Let, 6 = Angle between the lines.

-3x1+(-2)x(-3)+0x2

JE37 + (2P +(-3) +22 - V1314

from (i1),

- B=cos™

—=6=cos’ 2 Ans.
3182

x=3 ¢l z=1 x3+2 ¥=4 =435

and

Show that the lines are perpendicular to each other.

-3 4 2 4 2
The given equation of the line are @ yJ;l = z;2
Another equation of the line are e = }:4 = z;-S

The directions ratioof the given line are (2, -3, 4) & (2, 4, 2).
Two lines are perpendicular to each other. So, aa, +bb, +¢c, =0

= 2(2)+(-3)(4)+(4)(2)=0 =4-12+8=0 =12-12=0

Hence, the given lines are perpendicular to each other.

Findalll Value of & for which ihe Eams N2 QT3 g L1 S .
=3 2k 2 3k 1 5

perpendicular to each other.

; i won. X¥=1 RED " 38
The given equation of the line is = =

sivened =3 2k 2

; . =] N

= Another equation of the line is =N 2

=T y-1 -(z-6) W, L

3k 1 5 3k 1 -5
The direction ratios of the given line are —3, 2k, 2 and 3k, 1, —5.
Given lines are perpendicular to each other. So, a,a, +5b, +¢,c, =0
= -3(3k)*2k(1)+2(-5)=0 =-9%+2k-10=0 =-7k=10 :k:%lo
Show that the lines x=—p=22z and x+2=2y—-1=-z+1 are perpendiculartoeach other

. " . Z J_I z_l
Hints : The given lines are Sl Z ond il Y] o
2 B 1 3 2 o0 2

. . L. - X y Z
The given lines are X=-y=2Z=> —=——== .

g y 7 Hogiey e>\> \\9
and, x +2=2y—-1=-z+1 @ C)

:>x+2=y—1r'2=z—1 %
2 T~ =2 \ Q
Direction rations of linex =-y=2zare 2, -2, 1 %’&(b %_

Direction rations of livex +2=2y -1 =-z+ 1 are 2,1,-2 Q Q
Now,2x2+(-2)x1+1x(2)=4-2-2=0 . O (&
Hence, both the lines are perpendicular. .\\\ @
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Find the angle between two lines whose direction ratios are
(i) 2,1,2, and 4,8,1 (ii) 5,-12,13, and -3,4,5
(iii)1,1,2, and (J§—1),(-J§- 1},4 (iv)a,b,c and (b—c), (c—a),(a-b)
() Let, 4=(2,1,2) i, (4, =2,b,=1,¢,=2) andB=(4,8,1) i.e. (a,=4,b,=8,¢,=1)

st 2018200 = cos0=( et
J@ (1) +(2) J(4) +(8) +(1) JA+1+4v16+64+1

18 18 '2} i
6: —_—— — —_— =] =-— _— —_—
= cos (@JS-I'] =>cosd (3)(9] = cosf (3. =6 =cos [3]

Hence, the angle between the given lineiscos ' [%) .

(ii) 5, -12,13 and -3, 4, 5
Direction ratio ot the first line are 5, =12, 13
5x(—3)+(—12)(4)+13x5 —15-48+65

JOPHC12f + (137 (3) +(3) +(5)  13W2es2

cosl =

::cost’ﬁ—i:L :szs“‘[i)
652 65 65

Hence, the angle between the given line is cos {BL \-
(i) Let 4 (11,2)ie. (a =1 b =1 =2)and [(Ji 1).(~5-1).4]
ie., [aaz(\/g—l),bgz(—\/?_’

) a,a,+bb. +cc,
- ool Jal +b7 +¢, .Jaz +b, " +e ]
= cosf = I( ) ( )+2(4
)+ (V3 -1) +(5-1) +(9)
e g g |
\Jl+1+4\/3+l—2ﬁ+3+1+2\5+16
- () mvlty) (4 o
= 0056=(i] :>6'=cos"'[%) :Hzcos"'[cos%) .'.6'=% < C)

) 9
Hence, the angle between the given line is _7‘_'_ (& Q
3 2
(iv)A(a, b, c) ie, (@, =a, b,=b, ¢ =c) Q
and [(b-c).(c~a).(a~b)] ie. [a=(b-c).b,=(c~a).c; = (a—b)JO
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STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)

13.

Sol.

. 0059:[ aa, +bb, +cc, ] __[ a(b_c)+b(c_a)+c(a_b) J

\/af +b7 +¢} Jazl +b," +¢,° Jai +B +¢° \/(f:'—t?)2 +(c~a)1 +(a“b):

ab—ac+bc+ac—ab—-bc J
Na' +B + B +¢ +¢2 —2bc +a* - 2ac +a* +b* +2abb

= cosf)-(

= cosf=0 =8O=cos (0) .-,9:%

. . . T
Hence, the angle between the given line is a

If 4(1,2,3),B8(4,5,7),C(-4,3,—6) and D(2,9,2) are four given points then find the angle between

the lines AB and CD
Direction ratios of ABare 4—1,5-2 7=3

ie 3,3,4

Direction ratios of CD are 2 —(-4), 9 —3, 2 — (-6)
ie 66,8

Here, %: %:g .. Both the lives are parallel

Hence, Angle between the lines = 0.
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ERCISE 27 D [Pg.No.: 1143 ]
In problems 1-8, find the shortest distance between the given lines.

1. F:(f+})+ﬂ.(2?—}+§) *:(2f+}—§)+y(35—5}+2§),
Sol. 7= (r+;)+/1(2: ;+k) (21+j k)+,u(3r 5}'+21?)

Shortest distance _|(r r,) (mi iy )l
|, = | |

= (Fz—ﬁ):(2f+}'—l;)—(f+}):(f—£)

i j ok
-1 1] gl2 1] 5|2 =i
= (m, xm)v- 2 -1 1=/ —J +k
=5 2 3 2 3 -5
3 5 2

=i(=2%5)- j(4-3)+k(=10+3) = (37 - - 7k)
= |, x| =\J@) # (=AY +(~7)° =0+1+49 =59

. Shortest distance = }( k) (\?};_91 7k)| 5l = J_ units,

2. F :(-4f+4}+12)+/1(?+}—12), 7 :(-3}"-3}—3/?_)+,1(2}"+3j+3§)

Sol. F=(—4i+4j+k)+A(i+]—k), F=(-31 ~8]—3k)+pu(2i +3j+3k)

3+7| 10

Shortest distance = i( ‘)(m' o) )l

]|
= (B —F)=(=3—8]-3k)- (47 +4]+k) =(i -12] - 4k)
N A N I PR TR P
= (m, s, ) =11 1 -1 3™z 3‘+k2 3
28 3

=i(3+3)- j(3+2)+4(3-2) = (6! 5;+!r)

= |, x| = (6) +(=5) +(1) =36+25+1=+62

f, Shonestdistance—l( —le 4k 6" 5]+kJ |6+60 4| ’E “

3. :(:+21+3k)+}l(: aj+2k) (41+5_}+6fc)+p(2f+3j+k) 66
Sol. f=(:'+2j+3k)+2(:—3;+2k) =(4:+5;+6k)+,u(21+31+k) \(& Q

e |) () &
shortets distance -—| ];"] xn:| | . OQ (&Q
= (F—F)=(4] +5]+6k)~(i +2j+3k)=(3] +3] +3k) \\\ %)

l\.)
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STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)

i 7 £
. J=z 2l 1 2l 1 -3
= (mxm,)=|1 -3 2|=i —-J +k
e 301
2 % 1

=i(-3-6)-j(1-4)+k(3+6) =(-97 +3] +9%)

| =(-9) +(3)" +(9) =VB1+9+81=+171=3J19

|3!+3j+3k 9f+3}+9k)| 2740427 | o
R

", Shortest dist |= its.
ortest aistance | 3J_ 1 l 3J_ 3]9| lglll'!lS
a4 F=(i+2j+k)+n(i-j+k
F=(2ff}f;(:)+u(2f+j+2}?)
Sol. The give lines are
L7 =(i+2fvk)en(i-j+k)
L::F:(Zf—.}—lﬂ+u(25+}+2£)
The equations are at the form 7 =d, +Ab, and 7 =d, + ub,, where
g =i+2j+k , a,=2—j-k
b=i=j+k and b, =2i+j+2%k
Now d, —d, =(2f - j—k)~ (i +2j+k) =i-3]-24
TN -1 1 11 1 -1
And b xb,=[1 -1 1 =] |§F| ‘}Jr‘ li?
2 W e B |2 1
2 1 73
=(%1-2)i —{2-2)j+(1+2)k =-3i +3k
:>[5x5,|=,/ 3)+3 =J979=418=32
Now (d, —d,)- (5 ) =(f~3}‘—2£)-(—3§+3£):—3—6:—9
= 2
S5.D. ( a,) units
|6,
:%x_:f% units :-3-? units @

5. r=(t+2;—4k)+ﬂ.(2i+3j+6k),F=(3i+3j-’ik}+y(—2i+3j+3k)‘ Q @)
Sol. Comparing the given equation with the standard equations 7 =7, + Am,and 7 =7, + uni, &% Q&(b

\ B = (3 +3)-5k)-(i+2]j-4k) =27 + -k q)\fb Y

i j ok
and i xm,=| 2 3 6|=i(9-18)—j(6+12)+k(6+6) =-9i - 18; @Q «Q
=2 3 3

N
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oo [y i) = J(-9) +(-18) +(12)° =B1+324+144 = /549

<D ((~95~18}+12§)(2f+}-§)] _|ox2+(<18)x (1) +12x(-1)|

V549 ] 3V61

~18-18-12| _|-18-18-12] 16

3J6_I. |—| 3\[6—] |-J6—lumts

6. F=(6i+3k)+ (27— j+6k), F=(-97 +j—10k)+ (4 + j + 6k)

\

Sol. 7 :(6f+3;}‘)+3(2f-}+6;§), F:(—95+}-1o£)+p(45+}+6£)

| -7).(m m)1

Shortest distance = —
|m1 X m2|

= (fz_;r;)=(—9f+}—10£)—(6§+0}+3£) =(—15§+}—13£)

-1 4] «|2 4] A2 -1
=i -] +k
1 6 4 6 4 1

= i(-6-4)—j(12-16) +k(2+4) :(—10f+4}+6.€)

= [, i, =\/(—10)2 +(4)" +(6)" =+100+16% 36 =+/152 =238

('—]5;+_}~l3£).(“10;+4}+6£)| |150+4_7S| 76
- h . — . L _.h
Shortest distance v | | e | T V38
7. F=(3-1)i+(4+20) j+(1=2)k, 7 =(1+s)i +(3s-7)7 +(2s-2)k
Sol. 7=(3=t)i+(4+21)j+(1-z2)k ie, F=(3f+4j—2£)+:(—f+2}‘+£)
F=(145)i +(3547)i +(25-2)k i, 7 =(i ~7j-2k)+s(i +3]+2k)
Shortest distance = l(Fz = ﬁﬂ)'(ﬁf i )l
I lmlxmzl |
= (7 —£)=(=7]-2k)- (37 +4] - 2k) = (-2 -11))
i ]k
= (i xni)=|=1 2 1=7(4=3)-j(-2-1)+k(-3-2)=(i+3]-5k) %
1 3 2 .
¥ KW
= |, x| =J(1) +(3) +(-5) =+1+9+25 =35 < (bo
© Q&

". Shortest distance :I(_2;_11})'(;+3}_5§)i=‘233 35

. \
NeT ;T —Ez 35 units %g\@ %-
8. F=(A-1)i+(A+1)j—(A+1)k, F=(1-p)i +(2u-1)j+(u+2)k OQ ’QQ
Sol. r’:(/l—l)f+(/1+l)j—(i+])§ i.e.f-:(—f+}—£)+1(5+}—§) ‘§\\ @
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v STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)
F=(1—p)i +(2u=1) j+(u+2)k ie, 7 =(i - j+2k)+pu(-i +2]+k)

- zl(F ~7).(m, ><“"_'.’:)l

|r,a1 X rﬁ3|

Shortest distanc

|
= (B -#7)=(7-j+2k)-(-7 + - k) =(27 - 2j+3k)

i ] &k
- - '_\1 _1 r-_l —I Al 1
:>|m1xm2|:l 1 -1=12 l-—j r 1 k { B
-1 2 1

=i(1+2)— j(1=1)+k(2+1) = (37 + 3k)

= |y x| =3P+ (3)" = Y8+ 0 =32
(21‘2 2}+312.).(3§ +3£) |
W2 l
(zf ] +3£).(3}" +312)|
32 |:
9.  Compute the shortest distance between the lines
7 =(§’*})+x(2§—£) and 7 = (2.?—_})+u(?—j*.£)

Determine whether these lines intersect or not
Sol. Competing the given equations with the standard equations

*. Shortest distance =

6+9] 15 5 . 5 2 52
W2 32 N2 V2 2

. Shortest distance =

F=d +\b and F=a,+ub,

Weget d,=i—j.b, =2 -k ,d, =2i—jb=i-]—k

Now 4, — 4, =(2f+}‘)—(f~_}') = @—a, =i
ik

Andb-,xﬁ-z:2 0 -1)=
I =1 -1

= |66, |=f(-1) +7 +(:2) =VITT+a=+6

Here (d,—a,)-(b xb,) =i-(-7 +j-2k) ==120

‘0 —1’, ‘2 _1’5 ‘2 0
_+

I‘._
1—1’ I =1

k =—i+j-2k
J 4 I /

Hence the given lines do not intersect @
(&: _&1)'(51 x_{;:)
5]

Now S.D. =

i 1 P
%% 3
10. Show that the lines 7 = (37 ~15] +94 )+ (27 ~ 7]+ 5#), and F=(—f+}+‘3'J3)+JH(Z*‘;,B!‘\‘-;"E'%)Q"§
intersect. %’\,

Sol. F=(31-15]+9k)+ (2 ~7]+5k) and F = (i + j+9k)+ u(20 + j - 3k Q
O
N %)
QX
N\

N
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2 —r])(m, xﬁ’z)l

Shortestdistance=|(f ——
| |m,xm2| |

= (B —F)=(-i +j+9k)~(37 ~15]+9%k) =(-4i +16])

- - -~

i J &
= (myxm,)=|2 -7 5 |=i(21-5)-j(-6-10)+k(2+14)=(16i +16] +16k)
2 1 -3

= |it, x| = [(16)° +(16)° +(16)° =16¥3
(~4i+16]) (167 +16] +16k)| | 64+256| 192
1643 | 1643 | "Tes5 "

Hence the given lines are don’t intersect proved.
11. Show that the lines ¥ = (Zf -3§)+ l(f+ 27+ 3!?) and 7 = (Zf+6} +3i;:)+ u(zf+3_}‘ 1'4£) intersect

. Shortest distance = I

Also, find their point of intersection
Sol. Comparing the given equation with the standard equation

F=d +\b and F =@, +pb, wegetd =2i—3k b =i+2j+3k
d,=2i46j+3k and b,=2i +3]+4k
Now, d, —q, =(2§+6‘}+3A:)—(25—3£:) =6]+6k

Y ,2
2°3

j+
Al

45 W E;=
|
4 D
L% ]
_—
|
Yt
(%]

2
And b xb, =|1 2
2 3

=(8-9)i —(4-6)j+(3-A)k=—-i +2j -k
Here (d@:—a,)-(6, xb,) = (6] +6k)-(~i +2j-k) =12-6=6=0
Thus the lines do not interest
12, Show that the lines Fz(?+2}+3§)+7\.(23+3}'+4§) and 7 :(4f+}]+u(sf+2} +'§)

Intersect
Also, find the their point of intersection

Sol. 7=(i+2]+3k)#A(27 +3)+4k| and 7 =(4i + )+ u(Si +2j +k)

Shortest distance l( 7~ 1) xmz)l @

|m szl l

O U
= (K—F)= (4] + )~ (i +2]+3k) = (31 - j=3k) @6 C}'\

3 4| A_’z 4| A|2 3|
= | +k

F 3
= (mxm,)=(2 3 4|=i : 3" s 5
5 &1

i(3-8)- j(2-20)+k(4-15)=(-5i +18]-11k) . QQ (&Q
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STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)

= J(=5) +(18) +(-11) =+25+324+121 =/470

(37— j—3k) (-7 +18]-114)| |45 18+33|_
J470 | J470

=5 |!ﬁ‘ X,

*. Shortest distance =

Hence, the given lines are intersect to each other. 7 =7
= (f+2}+3§)+&(2?+3}+4£) (4 +j)+,u(sf+2j+k)
=y .3(1+2)l)+}+(2+3/1)+I§(3+4A):i(4+Sy)+j(l+2p)+£(;f)
Equating co-efficient both side i j and k we get

1422=4+54, 2+3A=14+2u. 3+41l=pu
= 24-5u=4-13A-2u=v=242— =3
= 24-5p=3 ..(4), 31-2F==1 =(B), 4i-p=3 ..(C)
Solving equation 4 and B, we get A =—1, g =-1
Putting the value of 4 in

7 :(E+2}+3£)+1(2E+3}+4£) :(E+2}+3§)-1(2§+3}+4,€)
=i(1=2)+ j(2-3)+k(3-4)=(- - j-k) - Point(~1,-1,<1)
Find the shortest distance between the lines , and L, whose vector equations are
F=(F+2j=4k)+1 (27 +3]+6k) and F =(37+3]—5k)+u(2/ +3] +6k)
The given lines are
7 :(5+2}—4£)+1(2f+3}+6£)
F=(30+3]—Sk)+n (20 +3j+6k)
These equations are of the form 7 =d, +Ab and 7 =d, + b

Where G, =i +2)—4k , d, =3i +3] -5k and b =2/ +3] +6k

Clearly the given lines are parallel

-

Now, d@,—d,=(37+3]- Sk) (f+2}~4§) =27 +j—F

F 1 3 6|, |2 © 2 3
Lbx(d,<a)=[2 3 6 ar _llf—z _lj+|2 llk
2 1

-1
=(-3-6)i —(-2-12) j+(2-6)k :-9?+14}—4£ cs
Now |5 6\> LN
ow | b x(a, —a,)| J(-9 +14° +(—4) =+/81+196+16 =293 @
And |5|=V2+37+6 =va9=7
Shortest distance between , and L,,

_|5x(ai—al)| 2\/27@ _ Q% &Q

units
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Find the distance between the parallel lines Z, and L, whose vector equations are
= (f+2}+3§)+/{(f—}'+1: and F :(2?—}' —.(:)+,u(f = +I?).

)
=(7+2j+3k)+a(i - j+k), F=(20 - j—k)+u(i-j+k)

Shortest distance = |mx(|;|—r;) ={% “‘fi)z(Zf*}“ﬁ)—(f+2}'+3£) =(f~3}~4§)
P e B I P
S axE-R)=1 1 1= o i LR s
R

=7(4+3) = j(-4-1)+k(=341) = (7] +5]=2k)

= | (%) =4(7) +(5) +(=2) =+/A9+25+4 =78

J78 326 _ .
i - = \E ._JZ_G_ units.

Find the vector equation of a line passing through the point (2,3,2) and parallel to the

= |m|= J(I)z + (—1)2 +(I)2 =3 .. Shortest distance =

liner = (—2; +3}‘) - l(2f ~37+ 6}’;) Also find the distance between these lines

The vector equation of line passing through the point (2,3,2) and parallel to the line
F=(=20%3])+ (27 ~3}'+6f€) is given by

= (2? +3j+ 2£)+p(2§ —3}+6§)

Comparing the given equations with the standard equations

F=d +\b and F=d,+ub ‘We get'd'=-2i +3],d, =2 +3j+2k and b=2i-3j+6k
Now, d, —d;=(27 +3]+2k) (-2 +3])= 47 + 2k

And b=2i —3j4%6k

- - ~

ik
5 2y = _3 6 A 2 6 ~ 2 _3 A
~bx(a,-a)=|2 3 6]= g 2l e ol e w
4 0 2

=~6i —(4-24) j+12k =—6i +20] +12k

Now |5 x(d, ~@)| =(-6)° #20° #12° = J36+400+144 =3/580
And|5|=,/23+(—3)3+63=7 6\} ‘\()
op |0x@-a)| 5o " >
A = = 7 umis &

Write the vector equation of each of the following lines and hence determine @&an%ﬂween

them

-1 B e s BB B 548

22 >
2 3 6 4 6 12 AN (b
Given lines are \&%\ VQ
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STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)

x-1_y-2 z+4
hg =75+

Vector equations of the lines are
L F= (f + 2}‘~4£)+7\.(25 +3) +6I;)

X3 _y-3 45
T 6 12

and L, :

And L, ;r-:(3?+3}-5£)+2u(25+3j+6£)

Clearly the given lines are parallel Here 4, =f+2}~4§ , d, =3f+3_}+512
And b =2i +3]+6k

Now, d, —d, = (3i +3] - 5k) (i + 2] —4k) =2 + j =k

i— -
1 = 2-—1121

3 6‘? ’2 6',.‘ |2 3(.

=(-3-6)i (22-12) j+(2-6)k =97 +14j -4k
Now |f3><(4':;?2 —5,)I=J(—9}: +14° +(—4)3 =+/81+96+16 =+/293
And |5|:J23 +3+6 =49 =7

Write the vector equations of the following lines and hence find the shortest distance between them

x=1_y-2_z-3 - X-2_y-3_z=5
2 | 4 3 4 5

Given lines are L,:J‘-I—ymzzzm3 Nl o 23
2 3 4+ - B 4 5
Vector equations of the lines are

A

I, ;f:(;+2}+3£)+u(2:’+3j+4§)

And L, :F =(27 +3]+5k)+8(37 + 4] +5k)

Here G =i +2]+3k,d, =2 +3j+5k , b, =2i +3] +4k,b, =3i +4] + 5k
Now d, —d, =(2i+3]+5k)~(i +2j+3k) =7+ j + 2k

i j k
s o= N 3 4|. |2 4] |2 3],
And b xb,=(2 3 4| = 1= I¥. k
- 4 5 F 5 3 4
3 A4 5
=(15-16)i —(16-12) j+(8-9)k =—i+2j-k <O

o (@, =) (B xB,) = (7 + j+2k)- (7 +2] k) =-1+2-2=-1 6\} (,)\'\0
And |6, xb, [=\/(—1)3+23+(—1)2 =6 (OQ
(@-a)y(Ea)| |-y 1 %5 V@ »

SD.= — e T o S b et it
| » JE 6)( : units %

(o))

S
¢

N
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Find the shortest distance between the lines given below

18.

Sol.

19.

Sol.

_1 s i
=y+2:'z 3 andx I:y+1=z+l
-1 1 -2 1 2 -2
Given lines are
=1 y+2 2z—3 il _x+l
: = = .
4 -1 1 -2 = 1 2 -2
The shortest distance between the skew lines
e WO i i G W | R A
a b c a, b, c,

1

3

N—h TN BIh
| L2 b, G
| a b, &
J(a1b3 ~ab) +(be,=bg f +(ae, —ac )
1-1 1-2 1-(-3)

Is given by S.D.

-1 1 =2
1 2 -2
., SP. =
( 1x2-1x1)’ (1x—2 2x-2)" +(~1x-2-Ix&2)’
o 3k S
%2 2 (2+2)*4(=2-1)[ .
= - = - nits
Jo+4+16 ‘ 2o o
|12 units *I untS‘—s—x@ units *@ units
V29 V29 V29 V29 29
x—lZ:y—l:z—S - x—23:y—19:z—25
-9 4 2 -6 —4 3
=12 Y= x-25 y-19 2-25

= = and L, ; = =
9 4 2 26 4 3

Vector equations of the lines are

L:#=(12i +}+5§)+8(-9f +4}'+2}?) L= (23E+19}'+25£)+u(-6}"-4}+3£)

Given lines are /) :

Here, G, =127 % j+ 5k, d, =231 +19]+25k , b =-9i +4]+2k and b, =—6i —4 ] +3k
Now, d, —d, :(23?+l9}+25§)~(12§+}+5£) =117 +18 )+ 20k

P
And b xb,=|-9 4
-6 -4

=9 T
—63

l—9 4

# 4 2
1453
4 3
3
=(12+8)i —(-27+12) j + (36 +24)k =20i +15] +60k >
Now (d, —d)- (B xb,) = (117 +18] +20k) (207 +15] +60k) %\' Cb_
=11x20+18x15+20x60 = 220 + 270 +1200 = 1690 OQ .&Q

And | xb, | =207 +157 +60° = [5* (47 +37 +12) = 5169 =5x13 = \

@
,QQ
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STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)

Sol.

Sol.

SD. = units = 26 units

(d,-a,)-(5 x5,) _‘ 1690
51"5: ]

EXERCISE 27 E [Pg.No.: 1150 ]

Find the length and the equations of the line of shortest distance between the lines given by

3 -1 -3 2 B
The given equations are
x=3 y-8 23 . XF3 kel z=6 ..
L = :k o = = = R 1]
3 =] 1 ® = 2 4 " o

P(30+3,-1+8,1+3) is anypointon (i)

O(-3u—3.2u—7,44+6) is any pointon (ii)

The direction rations of PQ are (—3u—31—6,2u+A—154u—1+3)

It PQ is the shortest distance then PQ is perpendicular to each of (i) and (ii)
5 3(-3u—-3A-6)%(-1)-(2u+A1-15)+1-(4u-1+3) =0

And =3(-3u—-3A-6)+2(2u+A~-15)+4-(4u-1+3)=0
=—-11A=74=0 and 7A+2%=0

Solving these equation we get A=0 and p=0

Thus PQ will be the line of shortest distance when A=0 and u=0
Substituting A=0 and u=0 in P and Q respectively we get the points
P(3.8,3) and Q(-3.-7,6)

. shortest distance = PO

=J(53-3)7+(-7-8)" +(6-3)" =4/36+225+9 =330 units
3 y-& z-3
33 -7-8 6-3
x—3:y—8:z—3 :>x—3:_y—8::.-'—3

-6 S5 3 2 5 -1
x=3_y-4_z+2 x=1 y+7 242

and = =
=1 2 1 1 3 2

The given equations are
x-3 y-4 =z+2

—= 4(say) i) <&
x—ll_yf?_zj2_ ) 60 \\,O
— =2 = (say) )

P(—A+3,24+4,4-2) is any pointon (i), O(u+1,3u—7,2u—2) is any point on (ii). ‘b Q{b

The direction ratio of PQ are (-A+3—u—1,24+4-3u+7,A-2-2u+2)

= (-A-u+2, 24-3u+11, A1-24) % KQ

If PQ is the line of shortest distance then PQ is perpendicular to each s@ld (u
Q\

Equation of line of shortest distance is

=
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~1(-A-pu+2)+2(24-3u+11)+1(A-24)=0

= A+ u-2+41-6u+224+A-2u=0=>6A-Tu+20=0 ...(iii)
1(-A-pu+2)+3(24-3u+11)+2(A-24)=0

= —A-pu+2+64-9u+33+24-4u=0 =71-14u+35=0

= A-2u+5=0 ...(1v)

Solving equation (iii) and (iv) then we get A =—1, =2

Thus, PO will be the line of shortest distance when A=—1 and y=2.

Substituting A=-1 and x=2in P and Q respectively. We get the point P(4,2,-3) and 0(3,-1,2).

. SD.=PQ =|(3-4) +(-1-2) +(2+3)’ =V1+9+25 =35 unit

Equation of the line of shortest distance means equation of PQ given by

-4 _ y~2 z2+3 :>x—4=y—2=z+3

34 -1-2 243 1" B s
x+1=y—1:z—9 and x—3=y+15=i9
2 1 =3 2 =7 5
The given equation are
x+1 y-1 2-9 z
= = =A(sa ikl
2 1 ~3 ( y) ®
x=3 FEly z-9 .
= = = sa’ p— 1]
g == #(say) (ii)

P(22-1,2+1,-34+9) is any point on (i), Q(24+3,-71—15,51+9) is any point on (ii).

The direction ratio of PQ are (24—-1-2u4 -3, A+1+7u+15-32+9-514-9).

= (24-2u-4, A+ Tu+16,=3u—5u)

If PQ is the line of shortest distance then PQ is perpendicular to each of (i) and (ii).
2(22-2p=4)+1(A+Tu+16)-3(-31-51) =0

= 4A=4u-8+A+Tu+16+9A+15u=0 =144+18u+8=0

= JA+9u+4=0 ...(iii)
2(22-2p—4)=7(A+Tu+16)+5(-32-5u)=0

= A4-4p—-8=TA-49u-112-154-252=0 = —184-78u-120=0 =>92+394+60=0

= 3A+13u+20=0 .(iv)

Solving equation (iii) and (iv) we get A =2, and A=-2.

Thus, PQ will be the line'of shortest distance When =2 and z=-2. <

Substituting 2=2, #=-2in P and QO respectively. We get the point P(3,3,3) and O(-1,-1, —@‘0 c’;\\o

: = PO =J(-1-3) +(-1-3) +(=1-3)’ =16 +16 +16 = /48 = 44/3 units <@
. SD.= PO =[(-1-3)’ +(~1-3)" +(-1-3)’ =16 +16+16 = /48 = 4/3 unit &"O {b

Equation of the line of shortest distance means equation of PQ given by ,\('b

X3 y-3 -3 ¥=3 _ y=3 z-3 3 y-3 _ z—3

= = = = =% = =
JeF A =13 ol ol 1 1 IQ Q
x=3, y=3,z=3 Hence x=y=z * O (&
. ¢
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STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)

x~6 y-7 z-4 anid _y+9 e
5 =1 1 3 B 4

Sol. The given equation are

Sol.

=8 =] zp=4

3 -1

X __y+9
4 2 4
P(34+6,-A+7,A+4) is any point on (i), Q(—3y,2,u—9,4,u+2) is any point on (ii).

=4 (say) skl

= pu(say) ...(ii)

The direction ratio of PQ are, (34+6+3u, —A+7-2u+9, A+4-4u-2).
PO(BA+3u+6, —A—2u+16, 1—4u+2)

If PO is the line of shortest distance then PQ is perpendicular to each of (i) and (ii).
3(3443u+6)-1(-A-2u+16)+1(A-4u+2)=0

= 9A+9u+18+A+2u—16+A-4u+2=0

= 11A+7u+4=0 ... (1it)
—3(3A+3u+16)+2(-A-2u+16)+4(A-4u+2)=0

= -94-9u—18-24—-4u+32+4A-16u+8=0

= —TA=294y+22=0 (iv)

Solving equation (iii) and (iv) then we get A=—1L u=1.

Thus, PQ will be the line of shortest distance when A =—1, u=1.

Substituting A=-1, and A=1 in P and Q respectively.

We get from point P(3,8,3) and Q(-3,-7.6).

. SD.=PQ =/(-3-3)’ +(~7-8) +(6-3) =v36+225+9 =270 =330 units
Equations of the line of shortest distance means equation of PQ given by
-3 -8 z-3 :>x—3_y—8_ -3 :>x—3_y—8_z—3

by

=33 -7-8 6-3 5 -15 3 2 5 <
4 -2 z+3 -2 -6 -3 . n ;
Show that the lines %:yT: ; and x2 =2 = == intersect and find their point of
=
intersection,
. . x y—2 z43
The given lines are T =A(say) ...(1)
X—2 <o 23
=22 = u(say) -..(ii)

2 8 A
P(2,22+2,34-3) isany point on (1) Q(2u+2, 31+6, 41+3} is any point on (ii) if the i e@)
and (ii) intersect. then P and O must coincide for same particular value of 4 and x. '6

This give, A=2u+2, 2A+2=3u+6, 3A-3=4u+3
A-2u=2 ()

2A-3u=4 -..(ii) %\'fb Cb_

3A-4u=6 ... (i)
Solving (i) and (i) we get A =2, =0 and these value of A and u als@mg Q@

@
,QQ

<
\\O
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Hence, the gives lines intersect. The point of intersection of the given lines is (2,6,3), which is
obtained by putting A=2 in P or #=0 in 0.

Show that the lines x3—1 AL el and ol W G

2 5 2 3 -2

Do not intersect each other

The equations of the given lines are

o=1_ 3yl 21

i 3 2 3
=@ p-1 gl

2 3 = T

Any point on the line (i) is P(3A+1,2A-1.31+1)

=% uue (i)

L

Any point on the line (ii) is Q {2 +2,3p+1L,-2pu+1}

It both the lines intersect the P and Q must loinlide for some particular values of A and p

Now 3A+1=2u+2=31-2u=1 el
2A—Y=3uFl' =2\ -3u=-2 e (1v)
A+ =-2uFI=3A+2u=0 (V)

Adding (iii) and (v) we have 6A=1= A = l

o |

Witting x:-é IR equafion (iii) 3xé—2|.l —1

1 1 1
e Sl B ] gy — o G S0 ] e 1 R
u 3 n=u 3

. 1 | I 1 \
Putting A=—&pu=—— 1 2% ——3x| —— | =2
o 6 B 4 iy 6 K( 4J

+% =-2 which is false Hence, the given lines do not intersect each other

If a line has direction rations 2,— 1.—2 then what are its direction cosines ?

. Direction rations of the line are 2, —1-2

Now \f23+(—l)3+23:\/§=3 .'.f:%,m:—% and n:—2
b

Hence direction cosines are 3 —l,—z @
3" & 3 0 »\Q

: 2o B g 4—-x y 1=z 6 6\

Find the direction cosines of the == @
7 € 4 &(b

. o =X B 1=z .. X—4 y z-1 K@

Given lineis —===—— R O s
2 6 3 3 & = ,@ cb'

here, direction ratios of the line are —2,6,-3 %

Now y(~2)} +6" +(-3)" =7 O
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STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)

= —E,m =E and n= —3 Hence direction cosines are —E,E,—z
j i) 7 7 7

3-x y+2 z42

: - , find the direction cosines of line parallel to the

3.  if the equations of a line are

given line

3—x:y+l . z+2 . x-3 " y+2 " z+2
-3 —1 6 3 -2 6

Direction ratios at a line parallel to given line are 3,-2,6

Now 1f33 +(—2): +6 =+f49=7

3 . . 4 3
Sadf= ?,m =— and n=? Hence direction cosines are i

Sol. Given lineis

<
~| o

x—~2 §F3 z+5

4. Write the equations of a line parallel to the line and passing through the point

-2 2
(1-2.3)
g . X8 y—p 2= 5 ; &
Sol. Equation line parallel to the line S o and passing through the point (x, y,z) is given
a C
by
X=X :y—yl — e
a b €

¥ Y13z +5

Therefore equation of line parallel the line 3 -

and passing through the point
(L-2.3) is

i-1_y+2 73
3 2 B

Now, position vector of the point (1,-2,3),d = T3]+ 3k

Anda vector11 to the line is & = 37 +2j+ 6k

~

Hence vector equation of line 7 = (1 - 2}' + 3!() + u(—33 + 2}' + 6@)

5. find the Cartesian equations of the line which posses through the point (2.4, —5) and which is
x+3 y-=4 z+5
-5 6

parallel to the line

= _y=B =%

Sol. Equation of line parallel t¢ the line 5
a

passing through the point (x,,y,,z) is
given by

=k =¥ N @

a b e 60 :\'\O

x+3 y=4 z+8 . Q)
= and passing through@v poi
S & {2‘5

m(-2,4,-5) is given by & Q
x+2_y-4_z+5 %\.@ Ny

3 -5 6

NN

Z—Z‘

There force equation of line parallel to the line
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Sol.

Sol.

Sol.

10.

Sol.

4§

Sol.
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x-5 _y+4 6-z
7 32

Write the vector equation of a line whose Cartesian equations are

-5_y+4_6-z - L:x—5:y+4:zh6
7 2 3 T -2
Clearly (5,—4,6) line on the line position vector of 4(5,-4,6) is a= Sf—4}'+6ﬁt

) .. X
Given lineis L :

A vector parallel to the line & =37 +7] -2k
Hence the vector equation of lineis 7 = (Sf —4j+ 6:'2) +1 (3f +97— 21(:)
-x _y+4 2z-6

o
]

the Cartesian equations of a line are s . write the vector equation of the line

T 3fx=y+4:22*6 i xf.::y+4:2*3
7 4 =5 7 2

Clearly (3,-4,3) lies on the line

Now position vectorof (3,-4,3) is @=3=4]+3k

A vector parallel to the given line b =—5i +7j+2k

Hence equation of lineis 7 = ( 3 —4}+312) (=57 +7j+ 21})

Write the vector equation of a line passing through the point (1,—1,2) and parallel to the line whose

- s y-1 z+1
equations are = =
1 2 —2

Position vector of the point (1,-1,2) is d=i= J+ 2k

x-3 yl z+1

isb=i+2]-2k
B -2

A vector parallel to the line whose equations are

Hence vector equation of lineis 7 = (f "k 2!?) + p(f ¥2] —21?)

If P(1,5.4) and O(4,1,-2) be two given points find the direction ratios of PQ
Given points are P(1,5,4) and Q(4,1,-2)

Direction ratios of PQ are 4—1,1-5,-2—-4 ie 3,-4,-6

-Xx_y+3 _ z+42

The equations of a line are 4 =

Find the direction cosines of a line parallel to this
line
o y+3 _ zel T 4 y+3 z+2
2 1 -2 2 1
D.r’s of line parallel to the line are -2, 2,1 @

Now ‘K 2) +2°+1° = Js 3 60 (’;&\O

Given line is 1

Sh=——=m=— and n= 1 Hence direction cosines are E 2—1— @ (b
S 333 {O Qﬁ
. . ; x=1 y+2 5- @
the Cartesian equations of a line are > = - = : Find its vector equati EE ﬁ\' q i
Given line is ¥1_gid 3= ie. x—1 y+2 -5 Q &Q
’ O >

3 1
Clearly (1,-2,5) lies on the position vector of point (1 -2, S) is @& \/@
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STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)

12,

Sol.

13

Sol.

14.

Sol.

15.

Sol.

16.

Sol.

D.r.’s of line are 2,3, -1
. A vector parallel to the line is b=2i +3_}‘—§
Hence vector equation of line is 7 = (f ~2 4 51;) +p(2f +3]~ i;)
Find the vector equation of a line passing through the point (1.2,3) and parallel to the vector
(37 +2]-2#)
Position vector of the point (1,2,3) is a@= i+2j+3k
Equation b =3i +2j—2k is vector parallel to the line
Hence required equation at lineis 7 =d+ub ie 7= (J +2}+3§)+ u(.’&arT 27~ 2!:')
The vector equation of a line is 7 = (2;+] —4)1:) + ?\.(f ] —ﬂ Find its cartesion equation
Given line is 7 = (2i + j—4k ) + (= }'—}?)
= xi +yj+k= (2+l}f+(1—k)}+(—4—ut)

=2 y-1_z+4 4
1 =] =k

=>x=2+A,y=+K and z=—4-\A =

Hence Cartesian equation of line is XIZ = y_ll =2 +14

Find the Cartesian equation of a line which passes through the point (—2,4.-5) and which is parallel

x+3 _y—-4 z+8

to the line =
5 6
Equation of line passes through the point (c,B,y) and parallel to the line = y;y, =271 i3
a c

given by
by Ba Wi

a b c
. equation of line passes through (—2,4,—5) and parallel to the line o L y;4 = ZZS

Find the Cartesian equation of a line which passes through the point having position vector
(2f —}+4k-) and is in the direction of the vector (f+2}—k)

The required line passes through the point (2,—1,4) and it has direction ratios 1,2, -1

. it equation is A 1

2 —1 @
Find the angle between the lines = (2? - 5}' + I;) +4 (3f + 2}' + 6}:) @i o \O
F = (70 - 6k) + (i +2]+2k) @b (}

The angle between the lines and 7 =a, + 4, and 7 =aq, +2.52 is given by cos@ = 3 b % Q

_|3.=+2;+6k (}‘+2}+2J§) _(3+4+12) 19 _ 419 \
cosé?—{ {JI 122+ 2 B (7x3) T iem‘s\\{i&\@(b&
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18.

Sol.

19,

Sol.

20.

Sol.

21,

Sol.

22,

Sol.

2%

Sol.
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Firid the sngle betwee this lines “3=}’5‘1=":3 i x;rlzy]—4=z;5

. Hence (a,)=3,b,=5,¢c,=4 and (@ =Lh =1¢,=2)

I.‘:‘.'lc:r2 +bb, +cc, |
Jaf +B +c’ }{Ja +b2 +c: }

|3x)+(5xD)+(4x2)] 16 16 8

) {JB’ +5° +42}{\h"‘+l2 +22} _ (\/EXJE) ) 1043 ) 53
= 9—005'1[ix£] =cos (ﬂi}

S cosf =
{

V3 3 15
Show that the lines —{-;—S:y—;%c% and %z%zi are at right angles

3
Here (@, =7,b, =-5,¢, =1) and (a,=1,b,=2,¢,=3
(@a, +bb, +ce,)=(Tx1)+(-5)x2+(1x3) =0

Hence the given lines are at right angles
The direction ratios of a line are 2.6,—6. What are its direction cosines ?

We havef2° +6° +(-9)° =121 =11

d.c.’s of the given line ar E,E,P—g
11 11 11
A line makes angle 90°135° and 45° with the positive diectins of x-axis y-axis and z-axis
respectively. What are the direction cosines of the line ?

)

. . . -1 1°
D.c’s of the line are cos90°,c0s135° and cos45°, ie | 0,—;
( N ?EJ

What are the direction cosines of the y-axis ?
Clearly, the y-axis makes an angle of 90°,0°,90° with the x-axis y-axis and z-axis respectively

So, its d.c.’s are c0s90°,cos0°, cos90°, i.e 0.1,0

What are the direction cosines of the vector (?f g 2% ) ?

D.r’s of the given vector are 2,1,-2 and 1’22 +1° +(—2)2 =J8.=r3

. d.c’s of the given vector are%, ; ;32

What is the angle between the vector 7 = (45 +8j + i;) and the x-axis?

Q8
D.r.’s of the given vector are 4.8.1 and V4’ +8 +1* =81 =9 QGO c,)\'\
8 1

‘. d.c.’s of the given vector are sl B8
o & 9°9°9 &6

Let & be the angle between the given vectors and the x-axis ,@ q Q

T ecosa'zi = a=cos’ i
S—" E
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