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Mathematics

(Chapter — 13) (Limits and Derivatives)
(Class - Xl)

Exercise 13.1

Question 1:

Evaluate the Given  limx+3 |imit:
Answer 1:
limx+3=3+3=6

Question 2:
Evaluate the Given limit: 1im(x_27_2)

Answer 2:

[ 22]( 22)
Im| x——|=| n=——
X 7 7

Question 3:

Evaluate the Given limit: limar’

r—sl

Answer 3:
limer® =n (1)’ =n

r—sl

Question 4:

Evaluate the Given limit: lin} 4“23
Kb x_

Answer 4:

. 4x+3 4(4)+3 16+3 19

lim = = =
4-2 2 2

r»d x_z

Question 5:
Evaluate the Given limit:
Answer 5:

el (<) (=) 4 1-141 1
B ~1-1 I 2

lim
r=»—]|

x—1
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Question 6:

Evaluate the Given limit: lim(”l)— =1
vl X

Answer 6:

lim(x+l) -1

vl X

Putx+1l=ysothaty - 1asx— 0.

x+1) =1 5
Accordingly. lim ( ) ~limZ l

=) verl );_]
. v =1
=lim=
] _V_l
o xu_ " o
=51 [hm = na ']
v X q
=3
C(x#3) -1
llm( ) =95
r—»l) 1-
Question 72 Q S 10
Evaluate the Given limit:  lim=—-——

Answer 7:

At x = 2, the value of the given rational function takes the form. %
3xT=x=10 i (x=2)(3x+5)

x*-4 =2 (x=2)(x+2)

i 3x+35

a2 x 42
3(2)+5

2+2
_u

o)

Clim

x—2
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Question 8:

4
Evaluate the Given limit: lim‘f—_sl—
3 2x° —5x—3

Answer 8:

At x = 2, the value of the given rational function takes the form. 9

4

o e () (Ead)(E49)
slim—; = lim
33 2x* =5x-3 = (x-3)(2x+1)
c+3)(x* +9
=lim—(Jl )(A )
¥—3 2x+1
(3+3)(3°+9)
o 2(3)+1
=()x|8
7
_108
.
Question 9:
Evaluate the Given limit:  Jjm @t
xea() cx+]
Answer 9:

Laxtb a(0)+b

— =bh
=0 ex+1  ¢(0)+1

Question 10: '

=3 _
Evaluate the Given limit:  lim= ]
- -~

z0—1

Answer 10:

|
z3 —]

lim
2zl
At z = 1, the value of the given function takes the form.

1
Put z=x sothatz —-1asx—1.

z:;—l 0 %
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; )
Accordingly, lim ———=lim
= = L e |
LA |
=lim =
x—l x_l
10 . -‘_Il _all A
=21 lim —— = na"™
e '\'_a
=2
!
lim=— =2
2=l - _l
Question 11: 5
Evaluate the Given limit; 1im£x7ﬂ’”_c,a+b+c¢o
ol ex“+bx+a
Answer 11:

ar’ +he+ca(l) +b(1)+e
=1 ox’ +hx+a c(l)2 +b(1)+a

_a+b+c
T at+b+e
=] [a+b+c¢0]
. _ 11
(E?\lljejtsjgganthlez .Given limit: ~ lim 52 0 " <)®
> &
Answer 12: 74) O

11 )
e B R \ Q
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At x = =2, the value of the given function takes the form.

1o (2+x)
s 2x

Now, lim *—= = |im
-2 x+2 -2 x+2

cl|le

S |
= lim —
Xp=2 2x
Lk -l
2(-2) 4
Question 13: i
_ o . SInax
Evaluate the Given limit: ~ lim=-
Answer 13:
. sinax
lim
(] bx

At X = 0, the value of the given function takes the form 6

. sinax sin ax ax
Now. lim = lim

X} bx x-ol)

e
wEn

:-‘ixl |:|| Sm} 1j|
b 5 <f

[.r—)ODax’—)O]

S 'I'Q
Q
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Question 14: 5
. .. . SInax
Evaluate the Given limit:  lim— a, b#0
w0 gin by
Answer 14:
. sinax
lim——, a, h#0
0 gin by

At X = 0, the value of the given function takes the form 6

Sin ax
Now, lims, = lim—2
=0 sinhy 0 smbx)
— |xbx
bx
lim sinax
a\ ax—0 ax l'-)Oidx—)O
=|— | X———————
b lim(sinbx) andx - 0=>bx—>0
byl bx
=12 x[ im3Y o
\b l ¥ ¥
_4
b
Question 15:

Evaluate the Given limit: “m—sm(n—x)
x-n n(n'—X)

Answer 16:

. osin(m—x

hm—(—)

x-n 7[(7[—)()

Itisseenthatx > T = (mM—-x)—0
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0 &

sin(m—x) sin(m-x)

. L »
a - n(m-x) —;“-l-lgl" (m=x)

_t5 [Ums'—"-‘i - l]
yoal) y

Question 16:

Evaluate the given limit: ;5 €08*
xeal} n—x

Answer 16:

lim——=

cosx cosl)
slr—-x -0

L
n

Question 17:

Evaluate the Given limit:  ;,,, $082% 1
E00C0S x —1

Answer 17:

. cos2x~1
lim —————
w0 cosx—1

~Q

At x = 0, the value of the given function takes the form.

Now, 0 @
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lim—————=1lim

cos2x—1 1-2sin’® x—1
=0 COSX — l xebl) ] A sin: .\t " l
= 22

- s
cosx=1-2sin" ;]

(sin:.\'\ s
s = X
. SInc X -
=lim =lim £
i . a4 X r—sl)
sin” 5
9 sin” — 2
= 7 |.x
= %
(-‘-)- 4
2) )
. (sin®x
lim —
\'-.(I\ .\"
=4 >
R .
sin-~
. )
lim T
x—pll (".)
L\ 2
. sinxY
lim——
x=0  x X
=4 - Xx—>0=—-——>0
-\ 2
sm7
hm_-:
»]—-ﬂ) £
) 2
> . sing
=4— lim———=1
]' 1=l ‘,

~Q

o %)
QueStlon 18: ., ax+xcosx \é Q

Evaluate the Given limit:  lim————
w0 hsinx %
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Answer 18:
. ax+Xxcosx
Ihm

0 hsinx

At x = 0, the value of the given function takes the form.

Now,

ax+xcosx | .mx(0+COSX)

lim - =—li -
=0 hsinx b0 siny
L:2; X ;
=-l|m(. Jxlnm(a+cosx)
b—¢\sinxy,/ 0
| | "
=—x————xlim(a+cosx)
b (. Sln.l') x—0
lim——
x—20 X
=lx(a+cosO) li
b N0
_a+l
h
Question 19:
Evaluate the Given limit: ling xsecx
Answer 19:
: K 0 0
limxsecx=lim——=——===()
v =0 cosx  cos |

Sl|o
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Question 20:

Evaluate the Given limit: limm a,b,a+b=0
w0 gy +sin bx

Answer 20:

. . 0
At x = 0, the value of the given function takes the form. 3
Now,

. sinax+bx
lim—M=
v agx +sin bx

sinax
( ]ax+ bx
. ax
=lim

0 sin hx
ax + bx

bx

o RO N ;
[Ilm )xllm(a.\')+hm bx

av—»i) ax x—) =l

. 3 . Sinhx
limax+limbx| him

Y= =) hr—h bx

[As x = 0= ax— 0 and bx — 0]

- N=sl) Nt}

limax + lim bx

=4l =5l

lim (ax+ bx)

— X=)

~lim(ax + bx)

A=)

=lim(1)

o=l

lim (ax) + lim bx [ ,

~Q
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Question 21:
Evaluate the Given limit:  lim(cosec x —cot x)

x—0

Answer 21:

At x = 0, the value of the given function takes the form. @0 —o0
Now,
lim (cosec x - cot x)

x—0
|
sinx sinx
( sinx ]
|—cosx

smx)

. CoSx
=lim
voald

: | -cosx
=lim

Y

= lim

x—=u (

. l—cosx
lim
-l "‘

sinx

X

lim

xold

X

| -cosx sinx B

==1

=0and lim

¥l

[Iim
¥l

—

= =
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Question 22:
tan 2x

Answer 22:
. tan2x
Iim

X
X—>=

2 X=—
2

T 0
X=— —
- , the value of the given function takes the form 0
T
x=>—=,y—>0

X ==

- so that

tan2 y+£)
2

i 120 (m+2y)

y =0 v

-

tan 2y

= lim
v s} )

. sin2
— ||n]—y
¥y=0 y COS2Y

. | sin2y 2
= lim X
y=0| 2y cosy

. sin2y ; 2
=| lim = |xlim
e, 2y v=0{ cos2y

2 [ . sinx
lim

x -l x

[lan(n +2y)=tan 2}']

[y—=>0=2y—>0]

|
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Question 23:
i lim i 2x+43,
Flnd ‘_‘_’0 f(X) and IJ.’IE? f(X), Where f(X) =
3(x+1),
Answer 23:
The a . on s £l = 2x+3, x<0
e given function is f(x) = 3(x+1), ol

lim £ (x) = lim[2x+3] = 2(0) + 3=3
lim /()= lim3(x-+1)=3(0:+1) =3
i £ (x) = lim £ (x) = im £ (x) =3
lim f(x)= |i§|\3(x+l)=3;(l+l)=6
ii}:]f(x)=i:im3(x+l)=3(l+l)=6

lir{g f(x) = Iin"g f(x) = lin?_f(x) =6
Question 24:

-1, x<I

- lim ¢ fx) =
Find w1 19, where 1 -x'=1, x>1

Answer 24:

The given function is

<)

x>0

Remove Watermark g
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x1-1, x<1

f(x)={

—x =L x>1

lim f(x

x—I"

lim /£ (x)

=|im[—x3—|]=—13—1 =—]1—-1=-2
x—1' x—»l

Itis observed that lim f(x)# lim f(x).

):jSx?[x-’-1:|=1f—1=1—1=o

Hence, lim /(x) does not exist.

Question 25:
x|
Evaluate lim  f(x), where f(x) = ll: X0
0, x=0
Answer 25:
]._x_]
The given function is f(x) = Ix ' O]V
0, x=0

lim f(x)=lim

i 9=t 1|
&)

=lim(-1)

2]
:

=lim(1)

xoal
=1
It is observed that lim f(x)= lim f(x).
= x—0"

=lim [When x is negaitve, |x|

Al

lim f(x)=lim

P 11 v’

= lim

x—0

Hence, lim /(x) does not exist.
x—)

]

[ When x is positive, |x|=x]
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Question 26:
X
: == x#0
Find lL"?, f(x), where f(x) = [
0, x=0

Answer 26:

The given function is

RY

) ={H’

X Tl

. nm[i"

lim f(x)=lim [|—\'|_

[When x <0, |\| = -:c]

x—l) -"-.J
=l.in(1'(—l)
—
lim f(x)=lim [ﬁ]
N—=C x> X
—lim| X When x > 0, |x] =
\I—T'[r] [ enx > |r| \‘]
=1lim(1)

N—»€)

=1
It is observed that lim f(x)#
x—l)

lim f(x).

x—l

Hence, |ins f(x)does not exist.

Remove Watermark g
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Question 27:

Find lim f(x), where f(x) = |x|—5

Answer 27:
_ o |x]-5
The aiven function is f(X) = .
lim f(x)= lim |:|x|—5:|
=lim(x-5) [ When x>0, |x|=x]
=5-5
=0
i 7)< lim )
=lim(x-5) [ When x >0, |x|=x]
=5-5
=0

s im f(x) = lim f(x) =0

Hence, lim f(x)=0

Remove Watermark g
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Question 28:

a+bx, ifx<1

Suppose f(x) =14, ifx=0,
b—ax, ifx>1

and lin} f(x) = f(1) what are possible values of a and b?
xX—

Answer 28:

The given function is
a+bx, x<I

f(x)=14,

b—ax x>1

x=1

lim f(x)= lin?(a+bx) =a+bh
lim f(x)=lim(h-ax)=b-a
f(1)=4
Itis given that lim f(x)=£(1).
sim f(x)=lim f(x) = Iin?f(x) =£(1)
xeal” ' [
=a+b=4andb-a=4
On solving these two equations, we obtain ¢ =0 and b = 4,

Thus, the respective possible values of a and b are 0 and 4.
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Question 29:
Let a1, a2, . . ., an be fixed real numbers and define a function

fX)=(x-a1)(x-az)...x —an) .

What is lim f(x) ? For some a # ai, az... an, compute lim f(x).
x—aq x—a

Answer 29:
The aiven function isf(x) g (x—a, )(x—a: )...(.\‘—an )

lim / (x) = lim[ (x =4, ) (x~a)...(x~a,)]
- [!'T, (x-a, )}l:hml (x-a, ):I[!lm (x-a, )]

=(‘71 _au)(a. —a:)...(al -a,)=0
o lim f(\') =0

r=ry

Now, lim f(x)= lim [(x—- a)(x—a,)..(x- a")]

=[lim(x~a) [ lim(x~a, )t}...[lxi_l’lg(x—a" )]
=(a-a)(a-a,)...(a-a,)

slim f(x)=(a—a)(a—-a,)..(a—a,)

I

Question 30:
|x|+|_. x<(
If f(x) = 0, x=0
|x|—l, x>0

For what value(s) of a does lim f(x) exists?
Xx—a

Answer 30:

The given function is

mm Wondershare

H  PDFelement

~Q



http://cbs.wondershare.com/go.php?pid=5239&m=db

https://millionstar.godaddysites.com/

|x|+ I, x<0

f(x)=10, x=0
|x|—l. x>0

When a =0,
i 7= tim (1

=lim(-x+1)

=—0+1
=]

fm 7 (x) = tim (1 -1)
= ljniil(x—l)
=0-1

[lf.\' <0, |r| = —x]

[lfx >0, |\'| = x]

Here, it is observed that lim /' (x)# lim f(x).
x—sl =0

- lim f(x)does not exist.

When a <0,
lim f(x)= lim (|x|+1)
=lim(-x+1)
=-a+l

lim f(x)= lim (Jx|+1)

=’ v’

=lim(-x+1)

=-a+l

[x <a<0= |\| = —x]

[a <x<0= |x| = —x]

sim f(x)=lim f(x)=-a+1

Thus, limit of / (x)exists at x = a, where a <0.

Whena >0

Remove Watermark g
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lim /(x) = lim (|]x[-1)

X%l >

=lli_r’r3(x—l) [0< x<a:>|x|=x]

=a-1

lim f(x) = lim (|x|-1)
=lim(x—l) [0< a<.\'=>|x|=x]
=a-1

lim_ f(x)=lim f(x)=a-1

Thus. limit of /'(x)exists at x = a, where a > 0.

Thus, 13 exists for all @ #0.
i )

Question 31: fx)=2 :
If the function f(x) satisfies, le ~wik evaluate lxl_lfllf(x)
Answer 31:

f(x)-2
lim—(—,—)—=1t
x>l - =]

Lig}(f(x)—2)
l\i_t}}(x:—l)

= lim(f(x)-2)= nl\l_rn(‘( -1)

= lim(f(x)-2)==(1"-1)
)

x—»l

= l‘lqrn(f(x)-—Z =0
=5 Ijrr}f(x)—l_in}2=0
= limf (x)~2=0
l\;mf(x)zz
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Question 32:
mx” +n, x<0

If. Sf(x)=1nx+m, 0<x<1 Forwhatintegers m and n does
nx’ +m, x>1

: : 0
Ll_l'r(}f(x) and L'_',‘,‘f(x) exist”

Answer 32: The given function is

mx° +n, x<0
S(x)=qnx+m, 0sx=<1
nx> +m, x>1

\ILT J(x)= Ilm(m.r' +n‘)

x—»0
=m(0) +n
=n

.ILT Fix)= l‘_i_'mo(nx+m)
=n(0)+m

= m.

Thus, lim f'(x) existsif m =n.

lim Sf(x)=lim(nx+m)
=n(l)+m

=m+n

lim £ (x) = lim (72x" + m)

=n(1) +m . (
=m+n 60 O\\
clim £ (x) = lim £ (x)=lim £ (x). (OQ @
N
Thus limf(x) exist for any integral value of m and n. %\, %-
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Mathematics

(Chapter — 13) (Limits and Derivatives)
(Class XI)

Exercise 13.2

Question 1:

Find the derivative of x2 - 2 at x = 10.
Answer 1:

Let f(x) = x?> — 2. Accordingly,

f(10+h)- £(10)

7'(10) = lim-

I h
[(10+5) ~2]-(10°-2)

=lim

Sl h

. 102 4+2.10h+H -2-10"+2
=lim

fr-a0) h

. 20h+ 1

=lim

Jral) h
=1im(20+ /) =(20+0)=20

IR
Thus, the derivative of x? — 2 at x = 10 is 20.

Question 2:
Find the derivative of 99x at x = 100.
Answer 2:

Let f(x) = 99x. Accordingly, .
100+ A)~ (100
/7(100) = lim S1U00+h)~74100)

=) h
99(100+ A)—=99(100
=lim H0T i )
fr—»0) h
. 99%1004+994-99x100
= lim
S0 h
. 994
= lim——
Jr—) h @
= Iim(99) =99 (
Jreald * )
N | A
Thus, the derivative of 99x at x = 100 is 99. @ C)
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Question 3:
Find the derivative of x at x = 1.
Answer 3:

Let f(x) = x. Accordingly, i f(1+h)-£(1)

j"( l ) g hl—o() h
1+ h)—
fi—0 h

=lim—
Ji—0 h

=lim(1)

=0

Thus, the derivative of xat x = 1 is 1.

Question 4:
Find the derivative of the following functions from first principle.

(i) x3 - 27 (i) (x-1) (x-2)
] A el

(iii) = (iv) AN\

Answer 4:

(i) Let f(x) = x3 - 27. Accordingly, from the first principle,
f(x+h)-f(x)

A S
[(.\' +h) - 27] —(x*-27)
=lim :
Jr—sD) h
. X +h+3x°h+3xh =X
=lim
Jral) h
. R +3x°h+3xk
=lim
Jr-sD) h
= lim (4 +3x7 +3xh)

=0+3x" +0=3x"

Remove Watermark
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(i) Let fix) = (x = 1) (x = 2). Accordingly, from the first principle,

S - f(x+h)=f(x)
f (.\’)—le l

(x+h=1)(x+h=2)=(x=1)(x~-2)

= lim

=N h

" (.1:2 +hy=2x+hx+h* =2h—x—h+ 2)—(}(2 = 2.1'—,\'+2)
= lim

kl—a(l h

_ (hx+hx+h* =2h-h)
=lim

fr—»() h

. 2hx+h*=3h
= lim———

fr-30) h
=lim(2x+h-3)
=(2x+0-3)
=2x-3

(iii) Let f(x):i2
X

Accordingly, from the first principle,

mm Wondershare

PDFelement

~Q



www.tiwariacademy.com
www.tiwariacademy.com
www.tiwariacademy.in
http://cbs.wondershare.com/go.php?pid=5239&m=db

https://millionstar.godaddysites.com/

Remove Watermark

(iv) Let f(x)=""]

x—1

, _ f(x+h)=1(x)
f'(x)=lim = (
L
~lim (x+h)
f—0 h
= lim~ —"':,'(“hf
WOh| x(x+h)
il _.\': —x2 =k =2hx
=lim— - >
| x(x+h)
g i —h* —2hx
=lim— e —
fe—0 h _x- (x + h)‘
: -h-2x
=lim| ——
"""'[,\" (x+h) ]

0-2x

72

Ty (x+0’): %

——— . Accordingly, from the first principle,

f(x+h)-f(x)

(x+h+l_x+l)
Sin x+h-1 x-1
h—0l h

h=0 J

=|iml[(x—1)(x+h+1)-(x+1)(.\-+h-1)]

(x=1)(x+h-1)
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o] -(x:+h\'+x-x—h—l)—(x:+hx—x+x+h—|)
= (x=1)(x+/-1)

= Iiml- ~2
-0 fp _(x— )(x+h-1)

=5'i~'33[(x_1)(_;+;;_1)}

= =9

GE) Gl

Question 5:

For the function
100 a9 2
X . 5
f(x)==—+—+..+—+x+1
( ) 100 99 2

Prove that f(1)=100/"(0)

Answer 5:
The given function is
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100 oo 2
f(x):l}-—+ir——+...+l\;-+.r+l
100 99 2

100 ‘_W .\’:
= ==t X]
’() [100 99 +2+‘+]

d . d T2, a5 dxty. d d
2 rx)== HF Np a8 12 1@y S
) dr[I00)+clr[99)+ +d\'{2]+d\'(r)+dr()

On using theorem di(x") =nx""', we obtain
3

100x™ 99,\"‘"‘ 2x
— = +.t—+1+0
f( ) 100 99 2

=x" +x . +x+1

LL(x)=x" +xT L x ]

Atx =0,
f'(0)=1
Atx=1

S ()= +1" o+l =1+ 1+ 14 1 o =1%100=100

Thus, /7(1)=100x /" (0)

Question 6:

Find the derivative of x" +ax" " +a'x" " +..+a" 'x+a" for some fixed real number a.

Answer 6:
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Let f(x)=x"+ax""'+a’x" 7 +..+a" 'x+a"

I 3
i f’(-") = ;—(.\'” + (LT”_' £ alxu—_ g a,,_lx + (l")
AY !

( )'”’ (‘"l)“’,i‘ ). +a"ld_lr(-")+a";_i(|)

A d : :
On using theorem T.r” =nx""'. we obtain
dx

L(x)=nx""+a(n-1)x"+a* (n-2)x"" +..4a"" +a" (0)

=nx""'+a(n=-1)x""+a’ (n=2)x""+..+a""

Question 7:

For some constants a and b, find the derivative of

(i) (x - a) (x - b) (ii) (ax? + b2 (i)
Answer 7: x—b
(DLetf(x)=(x-a) (x-Db)

= f(x)=x"=(a+b)x+ab

' d 2
s (%) Ir(x ~(a+b)x+ ab)

dx

= i(x:)—(a+l))%(x)+%(ab)

M d n "= -
On using theorem T(t )= nx""', we obtain
dx

f(x)=2x—(a+b)+0=2x-a-b
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(ii) Let  f(x)=(ax’ +b):
= [(x)=a’x"+2abx’ +b’

" d /4 2 2 2 d oy d 2 d .,
S fUx)=—\ax" +2abx" +b" )=a —(x" )+ 2ab—(x" )+ —|b
/'(x) dx(at abx ) a dr(r) a 1r(‘c) dx( )
On using theorem %x” =nx"". we obtain
dx
['(x)=a’ (4x*)+2ab(2x)+b7(0)
=4a’x" +4abx

= 40,\'(03(2 + b)

—

x—a)

(iiiy Letf (x)=—

i d —-a
g (.ﬂ:z[_{_;]

By quotient rule,

(x-b) 4 (x-a)~(x-a) %, (1)
(x—b)
_(x=8)()-(x=a)(1)
(x—b)
=x—b—x+a
(x—b)
a-b

“(x-by

1(3)=
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Question 8:

x:r _an
Find the derivative of - for some constant a.
Answer 8: x—a
, x"=a"
Letf(x)=
xX—a

- - {=2)

By quotient rule,

Question 9:

Find the derivative of

(i) 2_\--% (i) (5x3+3x-1) (x - 1)
(iii) x3 (5 + 3x) (iv) x*> (3 - 6x79)
2 %
-4 (3 - 4x°5 )
(v ) v x+1 3x-1 .

X—a

fw<.r-a>;1(x~—a~)—(-{-a~) ? (x-a)
‘ (x—a)
(x—a)(nx"" —O)‘—(x" -a")
(x—a)

nx" —anx"' —x" +a”"

(x—a):
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Answer 9:

(i) Let f(x)=2.\'—%

dx 4
TR
dx dv\ 4
=2-0

(i) Letf(x)=Bx*+3x-1)(x-1)

By Leibnitz product rule,

” 3 d d (.

ki (x)=(5x' +3x—I)E(x-|)+(x-])£(bx‘ +3x—l)
= (5 +3x—=1) (1) + (x=1)(5.3x* +3-0)
=(5x3+3x-l)+(.\'—l)(15x: +3)
=5x" +3x - 1415x" +3x-15x" -3

=20x" <15x" +6x -4

(iii) Let f (x) = x 3 (5 + 3x)

By Leibnitz product rule,
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f'(x)=x" %(5”*) (5+3Y)Zr( )
=x7(0+3)+(5+3x)(-3x7")

=x7(3)+(5+3x)(-3x7)
=3x7 -15x7 - 95
=-6x" —15x""

=—3x"(2+§)
x

—3\'

(”r+5)

=—(5+2)
M )

(iv) Let f (x) = x° (3 - 6x7°)
By Leibnitz product rule,

- s d -9 o d ¢ s
f(x)=x ‘—i—(3—6x )+(3—6x )E(r)

X

{0 6(-9)x '”} (3—6.x"°)(5.\")
=x*(54x7")+15x* - 30x~

=54x" +15x* =30x~°
=24x7° +15x*

=15x" -i—E

X
(v) Let f(x) = x4 (3 - 4x7°)

~Q

By Leibnitz product rule,
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i

(9= ot )+(3-40) ()
N S
- 0 o3t i)

=20x7" -12xF +16x7"

=36x"-12x"°
12 36
T X0
: f .L_ x2
(V) Let FO0 = 1 3x—1

ro-3(2)

By quotient rule,

_df ¥
dx\ 3x-1

(x+1) (3x-1)
="U+nwreuq_rh-nwn-pﬁ@q
(x+1) (Gx-1)
=2 _’6.\':—2.\'—33(3}
—(x+l): i (3x-1)’
= _—3x:—2x:j|
_(x+|): _(3.\'—]):
=9 _.\'(3.\'—2)

(x+1)  (3x-1)°

Remove Watermark g

—(x+ l)‘1(2)—j25x£.\'_+ I)}—{(.’»x—l)z (bx:)—x: :

x(3.\‘—l)j|
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Question 10:
Find the derivative of cos x from first principle.

Answer 10:
Let f (x) = cos x. Accordingly, from the first principle,

() = gien L R) =1 ()
S'(x)=lim ;

h—l)

cos(x+/)-cosx

= lim
Jreald h
_“m'cosxcosh—sinxsinh—cos»(
_b—')“ I
[ =cosx(1-cosh)-sinxsinh
=lim
h—sl) [
| =cosx(1-cosh) sm\smh:|
=lim
hesl) h
. l—cosh
=—cos x| lim————— |=sinxlim
h—s0 h fr—0 h
) - l—cosh nh
=—cosx(0)-sinx(I) [llm —0and lim 302 -
frenl) l’ {10} II
=—-sinx
S (x)=-sinx

Question 11:

Find the derivative of the following functions:

(i) sin x cos x (ii) sec x (iii) 5 sec x + 4 cos x
(iv) cosec x (v) 3cot x + 5cosec x (vi) 5sin x - 6cos x + 7

(vii) 2tan x - 7sec x
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Answer 11:
(i) Letf(x) = sin x cos x.

Accordingly, from the first principle,

f'(x)=lim [(x+h)-1(x)

h—sl) h

sin(x+ h)cos(x+h)—sinxcosx

= lim
H—0 h

= lim— [ 2sin(x+h)cos(x+/)—2sin xcosx |

h=h 7))

= lim [sin2(x+h)—sin2x]

sl 2h

o 2x+2h+2x . 2x+2h-2x
=lim 2cos -sin

h—=0 2h 2 2

o 4x+2h . 2h
=lim—| cos sin—

h-0 h 2 2

3 1 ;
=lim —[cos(?.x +h)sin h]

h—) ,7

. . sinh
=limcos(2x+ h).lim~——

) h—l) h

=cos(2x+0).1

=COS2x

(ii) Let f(x) = sec x. Accordingly, from the first principle,

14
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f'(x)=lim-

- /()

f(x+h)
h

h—0

=lim

sec(x+/)—secx

h—0

h

= Iiml
0 fp

|| cosx

| |
i cos(x+h) t cos.\'J

= lim—
h—0 h

= dim—

cosx i

cosx 0 f

= : lim

—cos(x+h)]

cosxcos(x+ /)

. (x+x+h\. (x=-x-h
—2sin sin
2 2

cos(x+4h)

[ -~ (2.\'+ll]. [ h)
~2sin sin| ——
| 2 2

= dim—

cos(x +h)

COSX Jesld

: (h)
sin| —
2

cos(x+h)

: (2x+h]
sin
; 2
Jdim

= dim
cosx *,,

| lsin

(h] =0 cos(x+h)

"

-—

X

COSX COSX

=secxtanx

15

Remove Watermark

mm Wondershare

H  PDFelement

~Q



www.tiwariacademy.com
www.tiwariacademy.com
http://cbs.wondershare.com/go.php?pid=5239&m=db

mm Wondershare
H  PDFelement

Remove Watermark

https://millionstar.godaddysites.com/

(iii) Let f(x) = 5 sec x + 4 cos x. Accordingly, from the first principle

o L th)—7(x)

/ ( ) 1;—w h
i Ssec(x+h)+4cos(x+h)—[5secx+4cosx]
=lu
h—l) h
/ c+h)— :
W [sec(\ +h)—sec \] [cos(a +h) cos,\]
Ji—0 l1 h—-\(l ,?
a1 1 1
=5lim— - +4llm—|:cos(1 +h)- cosx]
=0 | cos(x+h) cosx =0 )y
4llm—[cosxcosh ~sinxsin /1 —cos x|

... 1| cosx—cos(x+h)
=5lim—
=0 h| cosxcos(x+h) h>0
. x+x+h) . (x—x—-h
5 | —2sin 5 |
=——Ilm— — +4lim—| —cosx(l—cosh)— sinxsinh]
cosx i—0 )1 cos(x+h) b= N
. (2_\-+h) ( I}
~ =2sin| —— |sin| —— .

5 o 1 2 2 . {l-cosh) . . sinh
= dim— ' + 4| —cosxlim ——= —gin x lim ——
cosxy If—-»ﬂh COS(—\""h) h—0 h 10 h

= ﬁ)
sin 7\+h 2
2 ,' h
g LA
=——lim 2 + 4| (—cosx).(0)—(sinx).I
cosx ol cos (x+h) [( Q) temez) :I
( 2.\‘+h] ; (h
sin| —
2 .
—<4sinx

sin
e
lim 7

;

COs X

5 sinx .
I—4sinx

R

™ eont | s cos(x+h) w0 h
2
O
o

~Q

=35secxtanx.—4sin x
16 ?: Q
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(iv) Let f (x) = cosec x. Accordingly, from the first principle,

fx+h)—f(x)
h

f'(x)=1lim

h0

J'(x)=lim % [cosec(x +h)- cosecx]

=lim—| — l & .l
Ly _sm(.\'+h) sin x

| -sin.\'—sin(.\'+h)]

=lim—| — .
w0 | sin(x+h)sinx

. x+x+hY) . (x—x—h)
2cos = sin| S

1 2 2 J
=lim— - -
i—=0 Jy sin(x+ /1)sin x
- [2.\'-&-/)). [ h)
2cos = |sin| —
o1 2 2
=lim— - .
0 b sin (x+/)sin x

=lim
. sin(x +/r)sin x

(2.\'+h] )
~COS
>

=lim . S
0 sin(x+h)sinx h 0 (/"J

/
_[(_zcosx
sinxsinx )

O o
= —COosecx cot x @b C}'\

:—_%%L
17 Q
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(v) Letf(x) = 3cot x + 5cosec x.

Accordingly, from the first principle,

oy e d (EHR)=T{(x)
S(x)=1lim =

f1i—=0

i 3cot (x+h)+ Scosec(x+h)—3cot x—Scosec x
=lim
h—{) h

= 3I|'ml[cot(.r+h)—cot x]+ SIim—l—[cosec(x+h)—cosec x] (1)
h !

Ji—) =) ,;

s 2
Now. m - cot(x+h)—cot x]

=lim—

1[cos(x+h) cosx
0| sin(x+h)  sinx

— lim 1| cos(x+/)sinx—cosxsin(x+ h)}

b0 b sin xsin(x+#)

1 sin(x=x-h) |
=lm—| ——
hab | sin .\'SIn(x+”)_
:Iil'ﬂl . Sin.(_h)
b= k| sin xsin(x+ /’)_

[ ) sith X 1
=—| lim—— [.| lim— -
W0 b= sin x-sin (x + h)

I 5 1
) JPC0S0C A2
.Sinx-sin(x_*_o) Sil‘lz 5 cosec x ( )

~Q
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lim > [cosec (x+h)- cosecrj

0

| |
=lm—|— ——
0 fi| sin{x+h) sinx

. 1 [ sinx - sin(x + h):|

0 f| sin(x+h)sinx

" [x+x+h) . (x—x—h]
2cos| —— -sin
2 2

lim l
0 fy sin(x+/A)sinx
r
5 2x+h) . h
2cos sin| —
lim I £ =
b fp sin(x+ /1)sinx

. (h
sin| —

-

)

T
| =
S| N

[Zx + h)
—COos .

2
=lm

[ sin(x+/r)sin x

["Y+h] ( ]
-cos sin

h

2

=[im Jim————=

il sin(x+h)siny | 2 [ J

—cosx |
sinxsinx /)

= —cosecx cot X -(3) 0 . <®
From (1), (2), and (3), we obtain b \\')
/' (x)=—3cosec’x —Scosec x cot x %) O
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(vi) Let f(x) = 5sin x — 6¢cos x + 7. Accordingly, from the first principle,

f{E+H)= (=)

"(x¥)=lm=
f( ) h—0 h

M l Sot - ~ . ~P AP >
=!I1mh|:bsm(a +h)—6cos(,\+h)+7—>smx+6¢.os.\—7]
= !.'_'R/l [ {sin(x+/)-sin x}—6{cos(x+h)—cosx}]
=5lim— [%m(\ +h)-sinx]- ~6lim L cos(x+h)-cos x|

=0k /]
s zcos(fthtrr]sm(wh— j] 6lim Q08X paVI=SIn i fi=cos3

sl 2 2 w h
=5Iimlp2cos(2x+hJ o] . —cosx(l-cosh)—sinxsinh

=0k ; 2 2 fi—=0 h

sin
2 .| —cosx(l=cosk In.xsin /

= 5lim cos( r+h] 7 —6llm[ x 1)_S|nrsmhi|

h—l) 2 h =0 h h

2
sin 5
2x ' - ;

=S[Iimcos(""+hﬂ lim — 2 -6[(-cosx)[liml “"S”)-sinxnm(i"ﬁn

fr—=0 2 !r'_’“ h fr—sl) h = h

S

=5cosx.1-6[ (~cosx).(0)—sinx.1]

=5c08sx+6sInx

(vii) Let f (x) = 2 tan x — 7 sec x. Accordingly, from the first principle,

20
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f'(x)=lim J(x+h)—1(x)

=0 h

= Iiml[:.’-ltan(x +h)~Tsec(x+h)-2tanx+ 7sec,\']

N h
=l,li}3:;l; Q{tan(.wh)-tan.\‘}—7{sec(.\'+h)—sec.\'}]
=2 l'l!:l‘])%l:tan (x+h)—tan x] -7 l,'i_|33,l,|:sec(.\' + 1)~ sec x]
[ sin(x+h) sinx
gl ) SR gped] 3 0
70 h_cos(.\'+h) Cos X 0 | cos(x+h) cosx
=2“m_l.—sin X+ ht)cos x —sinxcos(x + /) —7liml cos x —cos(x + /)
SEh| cosxcos(x+/) ol cosxcos(x+h)
~ Xt+x+hle (x—x—h
[ sin(x+h-x) 1| 2 20N 2
=2lim— —7lm— = L S
=0 h| cosxcos(x+h)| ok cosxcos(x+h)

2 H'] | J‘ | 2sin 2 Jin[ 1)

=2hm 7hm—
0|\ h ) cosxcos(x+ h) b0 fy cosxcos(x+/)
. ([ 2x+h
| e [ 225
osmh | | . ) : 2
=2| lim lim =T llm—= || Iim
b h hal) cos XY cos(_\' -+ h) ’: ) ﬁ ha0 cOSs XY cos(_" + h)
) 2
| siny |
=21 — 71 —J
COSXCOSX COSX COS X

~Q

=2sec’ x—Tsecxtanx QO

:———%%L
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Mathematics

(Chapter — 13) (Limits and Derivatives)
(Class XI)

Miscellaneous Exercise

Question 1:

Find the derivative of the following functions from first principle:

(i) -x (i) (=)!
(iii) sin (x + 1) (iv) cos[x-%]
Answer 1:

(i) Let f(x) = -x. Accordingly, f(x+h)=—(x+h)

By first principle,

f(x+h)-f(x)

()=l
lim —(x+h)—(-x)
h-» h
. —Xx—h+x
=lim——
h—» 1} h

. —h
= lim—
i1 h

=lim(-1)=-1

h—0
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(ii) Let f(x)=(-x)"

By first principle,

-X X
) . f(x+h)-f(x)
t(X)z!,l_lB h
e (—IJ
=lim— —| —
h>0h| x+h \ x
.1 -1 |J
=lim— +—
h+0h| x+h x
g -X+(x+h)
h=0 h| x(x+h)
l-—x+x+h
= lim—
h-0 hijx (x+h)
1 h
= lim—
b50h| x(x+h)

. Accordingly, f(x+h)=

-l
(x+h)
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(i) Let f(x) = sin (x + 1). Accordingly, f(x+h)=sin(x+h+|)

By first principle,

F(x+h)-f(x)

f'(x)=lim

sty

- L
= mﬂ[sm(x-i-h-i- I)—sin(x+ I)]

| X+h+l+x+1) . (x+h+1=-x-1
= lim—| 2cos sin
b0 h 2 2

-t 22723 |
n(5)
2

.. (h
sin| — .
, X ( ]
= Iimcos("\;&)-lim 2 As h 40:%—)0]

h—s) '—’—,0 [h) i
‘ 2

= lim| cos

h—)

(2x+h+2)s

2x+0+2 [ sinx
= cos| —— |1 lim =]
2 _x—m b 4
=cos(x+1)

(iv) Let f(x)=cos(x—%]. Accordingly, f(x+h)=cos[x+h—§)

<
By first principle, Qbo c,)\'\

~Q
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f(x+h)—f(x)

[Ash—>0:>%—>0]

iz
5 1l T T
=lim— cos[x+h——)—cos(x—-)
h=0 h | 8 8
(x+h—~r-r-+x—~7["] S O L WL
e 1 . 8 8. 8
=lim—| -2sin sin
h—0 |y 2 2
2X+h—— h
=lim—| -2sin Sin —
ht ly 2
(2x+h_E\sin(l—])
i : 4 2
=lim| —sin -
h—sl) 2 [E]
|\ / \2
[ ( .(h
I = sm(ij
= lim| =sin Jim
h—0) 2 I:__’" (E}
i A 2
2x+0-2
=-sin| ——|.1
2
\
| nJ
=-8in| X——
. 8
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Question 2:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): (x + a)

Answer 2:

Let f(x) = x + a. Accordingly, [(x+h)=x+h+a

By first principle, x+h)=F(3
F@=m =)
h—) h
. xth+a-x—-a
=lim—
h=0 1
=Iim(ﬁj
N0 h
= lim(1)

Question 3:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): (px+q)['—‘:+s]

Answer 3: Letf(x)=(l)-\‘+q)('—;+8]

./"(-f)=(p-\f+q)[§+s] +[£+S)(Px+f/)'
= (px+q)(rx" +s)' +[£+s](p)
=(px+q)(-m‘3)+[£+s]p

et {Ews):

X

Y

+ ps
> S A <

A O P
B g @b C}\

—pr_gr . pr
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Question 4:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers)

Answer 4:
Let  f(x)=(ax+b)(cx+d)
By product rule,

-

S (x)=(ax+b) ;\' (ex+ d): +(cx+ d): ‘Z. (ax+b)

=(ax+ b)i(c:.\'z +2cdx + d:)+ (cx+d) —d—(a\'+ b)
dx dx

=(ax+b)[ 2 (c'x*)+ d (2¢dx) + C: d:]+(cx+d):|: LA b}
dx dx dx dx

dx
= (a.r+b)(2c:x+ 2cd)+(cx+d3)a
=2c(ax+b)(cx+d)+a(ex+d)’

Question 5:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

i . x+b
and s are fixed non-zero constants and m and n are integers): z
Answer 5: ex+d
Let S ax+ b
7(x) ex+d

i (cx+d)j (ax+b)—(ax+b) ;i(c.\‘+a')

X

fiix ;
(x) (ex+d)

(ex+ d)(a)—(a.}'+b)(c)
(ex+d)
" acx +ad - acx - be
(cx+d):
ad —be bo .\CJ
(ex+d) <
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Question 6:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers):

|
1+—
X
1
=
X
Answer 6:
I x+1
_ l+_ 2 ”
Letf(x)=—2F=—1—="—— wherex=0
' I—l x—1 Y —
X X

By quotient rule,

. (.\'—I)‘%(x+l)—(x+I)c%(x—l)

B (x=1)°

D000 |
(1)

xz0, 1

1'(x)

:Lx:-]. x;‘_-O. |
=
= —— . x20, 1

(+-1)

~Q

———— G
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Question 7:
Find the derivative of the following functions (it is to be understood that a. b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): __~
ax* +bx+c

Answer 7:

1
Let f X)=—or---——
' ( ) ax*+bx+c
By quotient rule,

(ax® +bx+c) :{i(l)— :\ (ax® +bx+c)

f'(x)=

=y

(a.\'3 +bx + c)

((13'3 +bx + (‘)(O) —(2ax +b)

Y

(ax: +bx+c )
—(2ax+b)

(ux: + bx + c)-

Question 8:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

) . ax+b
and s are fixed non-zero constants and m and n are integers): ,\'—
Answer 8: px-tgx+r

. ax+b
Let f (x) = — 0
pxX-+gx+r

By quotient rule,
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(px* +q.\'+r')%(ax+b)—(w¢+h)%_(px2 +qx+r)

(px* +gx+ r):
B (px* +gx+r)(a)—(ax+b)(2px+q)

( px: +qgx+ r)2

_apx’ +agx + ar —2apx’ — agx —2bpx — bgq

(px* +qr+ r)2
_ —apx’ —2bpx +ar—bq
(px* +gx+ r):

Question 9:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): 7 oS e
Answer 9: ax+b
. X+ g+
Let f (\') Y XY
ax+b

By quotient rule,

d 2 . 2 d .
(ax+h)E(px +qx +r)—(p.\ +qx+r)a(a\'+h)

s (ax+b)
(ax+b)(2p.w:-t-q)—(px2 +qx+r)(a)
) (ax+b)
_ 2apx’ + agx + 2bpx + bg — apx® — agx — ar
(ax +b)1

_apx’ +2bpx+bg—ar

(ax+ b)2 60

—————
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Question 10:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

a b
and s are fixed non-zero constants and m and n are integers): ——-—5+C0sX
X X

Answer 10:

Let/(x)= :_—IJ— :’ +Cos.x

f'(x)= i(:—:)—i( b, )+‘l—l(cos_\-)

dx dx ! x” dx

=a g (.r“)—h 4 (.\":)+ fi-(cos.\')

dx dx dx
B (1(—4.\-‘* )— h (—2x“ J+(—sinx) [% ('.\"') = nx""'and % (cosx)=—sin .\‘]
—4a 2h
=t —8inX
X X

Question 11:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): 4\/;—2

Answer 11:
Letf(x)=4vx-2

2 gy
: &%
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Question 12:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): (ax + b)"

Answer 12:

Let /' (x)=(ax+b)". Accordingly. f (x+/)={a(x+h)+b]" =(ax+ah+b)"
By first principle,

()= L1

h-0

(ax+ah+b)" —(ax+b)

=lim
h->) h
(ax +h)" 1+ ah —(ax +b)'
Zfen ax+h
E h—l) h

( N ah ) 1
= (m+h)" lim S o
) h

=(ax+b)"liml l+n( i )+n("_l)( i ]-&- -1
-0 ax+b 2 \ax+b

(Using binomial theorem )

e 1 ~1)ah’ —
=(ax+b) lnml n( ah J+n(n )a ’ +...(Terms containing higher degrees of /1)
b0 f ax+hb [._2(ax+h)'

" R 3/
=(ax+b) lim|:( - +"(" . '+..}

=0l (ax+b)  [2(ax+b ):

—(ax+bY [(a:’:h)+0]

x+b)’
gl D)

T (ax+b)

= na(ax+b)"" bo

————— G

~Q
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Question 13:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): (ax + b)" (cx + d)™
Answer 13: Let f(x)=(ax+5b) (ex+d)"

F(x)=(ax+b)" %(cx+d)"' +(cx+d)" %(a\wb)" (1)

Now, let f; (x) = (ex+d)"

fi(x+h)=(cx+ch+d)"

vron g J(x+h)= 1 (x)
i (x)=1lim ;

Ji—s 7
e (ex+ch+d)" —(ex+d)"
-0 h

=(av+dy1hnl-(|+ o ) -1
"0 h ex+d

—_ i ; -1) (¢
=(cx+d) 1,.'"“,1 (l+ L +m(m ) ( ) +...]—l]

h (ex+d) 2 Aex+d)

—(aid)" liml mch +”’(”’_l)"1h:
: 0| (ex+d) " 2(ex+d)

leesid ) Tim| =2 +m(m—l)c3h+
=19 C =
il (ex+d)  2(ex+d)

= (c‘.\’ +d )M [ e -+ 0]

ex+d

4 ... Terms containing higher degrees of h):|

_me (ex+d )"'
" (ex+d)

=mec(cx+d )”’7l

(1 nr m=1
—(ex+d)" =me(ex+d) =k 2)
dx
w2 2 (! < n_ z -1 0 ‘\(
Similarly. —d;(u,\+b) = na(ax +b) -(3) b é\

2 gy
12 —
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Therefore, from (1), (2), and (3), we obtain
S (x)=(ax+b)’ {/nc(c.\‘ﬂl)'"_' } +(ex+d)" {na(a\*+b)"_'}
=(ax+b)"" (cx+d) i [mc ax+b)+na(cx +d)]

Question 14:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): sin (x + a)
Answer 14:

Let f(x)=sin(x+a), therefore £ (x+h)=sin(x+h+a)

By first principle,

S'(x)=1lim /(.\'+I2—f(.v)

fr—()

sin(x+h+a)-sin(x+a)

= lim

h— l1

o x+h+a+x+a r+h+a X—a
=lim—| 2cos - -=-
h»(',,

TR | 2\+2a+h : /
=lim—| 2cos —

h—0 f 2

g (..\’+2a+h (5

= lim| cos e
fipl) 2 l

2)

sl)

Ash—+0:>§-—>0}

h
. (2\+7a+h) n(i
= lim cos ( )

i
2

——————
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Question 15:

mm Wondershare
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Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): cosec x cot x

Answer 15:

Lot/ (x) = cosec xcot x

By product rule,

f*(x) = cosec x(cot x) +cot x(cosec x) (1)

Let 7, (x) = cotx. Accordingly. £, (x+h) = cot(x+h)

By first principle, Six+h)— f(x)

£ (x)=1lim

Jr—) ,’

. cot{x+h)—cotx
= lim——-— - -

L l—,

e 1 (cos(x+h) cosx
T a0 b  sin(x+/) sinx

1 [ sinxcos (x+#)—cosxsin(x+h)
h—=0 h sinxsin(x+ /)

1 -_iin_(_._\'—.\'—— h,) ]

u=9 k| sin xsin(x+#)
sin(—/
— l _lin]i L')
sinx 7= il sin(x+/7)
51 . sin/ . 1
——.| lim lim——————
sinx \ #=° h =i sin (x + fr)

_ -1 I
sinx | sin(x+0)
—1
sin” x

= —cosec x

. (cot x) = —cosec’x -:(2)

14 Q&
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Now, let f2(x) = cosec x. Accordingly, f. (x+h) - cosec(x+h)

By first principle,
£, (x) =lim fi(x+h)- (%)

=0 h

s o]
= lim—[ cosec(x +h)-cosec x|
h—=0 h

From (1), (2), and (3), we
obtain

=lim—
fr—a0) h

|

1 1
[sin (x+h) sinx

sin.xsin(x+ /1)

Remove Watermark

[sin x—sin(x+ h)}

X+x+h

mm Wondershare
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x—x—~h
')c =

al )

.,
~COS
I o (

s
SII'I'
\

sin(x+h)

- -

(2

sin(x+4h) )
)

S(
2x+h ‘l

: (h) (
sin| — 0S
>
1im —=.hi =<

h-30 (/_lJ "k sin(x+h)

L {2
sin(x+0)

COS X

2x+h

)

2x+h
2

2x+0

sin .y
-1

sinx sinx

=-—cosecx.cotxy

~Q

~.(cosec x) =—cosecx cot x

15 go
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f'(x) = cosec x( —cosec’x )+ cot x(—cosec x cot x)

3 2
= —C0Ssec x —Col™ x cosec x

Question 16:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

cos x
and s are fixed non-zero constants and m and n are integers): -
Answer 16: I+sinx
Ccos X
Let f(x)= -
' ( ) 1 +sinx
. : d d 5
By quotient rule, (1+sin x)E(cos x)—(cosx)a(l +sinx)

f'(x)=

(1+sinx)’

_ (I+sinx)(=sinx)—(cos.x)(cos x)

(1+sinx)’

_ —sinx—sin’x~cos’ x

(1+sinx)’
—sinx— (sin3 x+cos’ x)
(1+sinx)’

—-sinx—|

) (1+sinx)’

~ —(1+sinx)

i (1+sinx)’
~1

(1+sinx)

~Q

2 g
: &%
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Question 17:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

i . SIN X 4 COS X
and s are fixed non-zero constants and m and n are integers): — "

Sin X —COS X

Answer 17:

Let f(.\’) ] SINx-+cosx

Sin X —Ccos x
By quotient rule,

(sinx—cosx) L (sinx+ cosx)—(sinx+cosx) d (sinx —cos x)

(%)= dx dx

(sinx—cosx)’

~ (sinx—cos x)(cos x—sinx) - (sinx + cosx)(cos x +sin x)

(sinx—cosx)’

-

~(sinx- cos.r): ~(sinx+ cosx)

(sinx—cosx)

- [sin" X+ C08” x=28in XCOS X +8in" X+ Cos” X+ 28in xCos x]
~[1+1]
(sinx—cosx)
-2

(sinx— cosx)’

(sinx —cos x)’

———
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Question 18:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

secx—1
and s are fixed non-zero constants and m and n are integers):
Answer 18: I secx+]
secx -1 N cosx _l-cosx
Let f(x)= f(x)== : =
secx+1 41 l#cosx
By quotient rule, cosx

(1+cosx) G (1-cosx)—(1-cosx) g (1+cosx)
f(x)= dx i dx

(1+cosx)

(14 cosx)(sinx)—(1-cosx)(-sinx)

(1+cosx)’

SIN X + COS X SIN X + SIN X — SiN X COS X

(1+cosx)’
_ 2sinx
(1+cosx)’

2sinx 2sinx

(HLT - (sec.\“+ 1)

SeCXx S¢C™ x

~ 2sinxsec x

(secx+1)

2sinx

———secx
__COSX

 (seex+1)

_ 2secxtanx

(secx+1) 60 C,;\\F

29
18 Q &Q
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Question 19:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): sin” x

Answer 19:

Let y = sin” x.

Accordingly, forn = 1, y = sin x.
S—=—=C08X, i.e, —sinx=cosx
dx dx
Forn =2, y = sin? x.
v d .. ;
= =—(sinxsinx)
dx dx
- r - . . ’ - -
=(sinx) sinx+sinx(sinx) [By Leibnitz product rule]
= COS X Sin X+ Sin X COS X
=2sinxcosx (1)

Forn = 3, y = sin3 x.

Ay _d

“I:ﬁ(bmnm x)
= (sinx) sin’ x +sinx(sin’ x)' [By Leibnitz product rule]
= cosxsin’ x+sin x(2sin x cos x) [ Using (1) ]

= COSXSin° x+2sin’ xcosx

=3sin’ xcosx

d N adn-t)
We assert that X(Sln .X)—I?.Sln XCOSXY

Let our assertion be true for n = k. @

——— G
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ie., ;—i(sin* .\')=ksin“_”xcosx (2)

Consider

=5 (sin"' .\') = ;I; (sin xsin' .\')

= (sinx) sin* x+sinx(sin‘ x)' [By Leibnitz product rule|
=cosxsin’ x+sin x(k sin ™ x cos.\') [ Using (2)]
=cosxsin’ x+ksin' xcosx
=(k+1)sin" xcosx

Thus, our assertion is true forn = k + 1.

Hence, by mathematical induction, —(snn" x) =nsin'"" xcos x

dx

Question 20:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

) . a+bsinx
and s are fixed non-zero constants and m and n are integers): —————
Answer 20: c+dcosx

a+bsinx
Let_f(x) =—
c+dcosx

By quotient rule,

20 Q &Q
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(c+ (Icosx)%(a+bsin x)—(a+bsinx)(;—i(c+ d cos x)
dx Ix

(c+dcosx)’

_(e+dcosx)(beosx)—(a+bsinx)(—dsin.x)

(c+dcosx)’

_ cheosx+ bd cos” x + ad sin x + bd sin” x

d

(¢c+dcosx)

be cos x + ad sin x + bd(co.cf x+sin’ x)

(c+dcosx)

_bccosx+adsinx+bd

(c+dcosx)’

Question 21:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): M
Answer 21: cosx
et ()= sin(x+a)
cosx
By quotient rule,
s S o ! d )
e cosxa[sm(.\ +a)] sin (x+a)d‘_ COS X
5 (-‘)— 3
Cos” x
cosx(—{[sin(.rﬂ:)]—sin(x+a)(—sinx)
f(x)=—-& - (i)
Cos™ x N (
Let g(x) =sin(x+a). Accordingly, g (x+Ah) =sin(x+h+a) 60 s\\
By first principle, @ Q

——
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g(x)

g'(x)=1lim

fe—t)

g(x+h)-
h

= lim— l sm(\+h+a)->m(t+a)

= h

st \+h+a+t+a \+h+a X—da
=l'"“7 2cos
M—ollz

sz d 2\+2a+h e I
=lim—| 2cos .
h 2

_’

[2\'+2a+h 2

S}

= lim| cos

Jrald

| (2r+2a+h] sin
=limcos
=0 2 --m (

-

31-

2x+2a . smnh
=| cos x| lim—— =1
2 h—
=cos(x+a) . (i1)

From (i) and (ii), we obtain

S'(x)= s

_cos(x+a—x)

cosx-cos(x+a)+sin xsin(x+a)

5
Cos™ X
_ cosa

cos’ x
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Question 22:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): x* (5 sin x - 3 cos x)

Answer 22:

Let f(x)=x"(5sinx—3cosx)

By product rule,

Filx)y=a" %(SSin x=3cosx)+(5sinx-3cos x)%(x4 )

Il

x* [5 ;—i(sin x)- 3%(cos x)] +(5sinx—3cos .\‘);—i(.\‘*)

x*[5cosx—3(-sinx) |+(5sinx—3cosx)(4x’)

x* [5xcosx+3xsinx+20sin x—12cos x]

Question 23:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): (x? + 1) cos x

Answer 23:
Let f(x)=(x*+1)cosx
By product rule,

7/(0)=(+* +1) L cos ) cos-L (2 41)

=(x?+1)(=sinx)+cos x(2x)

=—x"sinx —sinx +2xcos x <
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Question 24:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): (ax? + sin x) (p + g cos x)

Answer 24:
Let f(x) =(ar: +sinx)(p+qcosx)
By product rule,

() = (o i <)L s )L n? i x
f (.\)-—(wc +.sln.\)dr(p+qw.s.\)+(p+qw.s.\)d‘_(u\ +sm.1)
= (ux2 +sin .\')(—qsin x)+(p+qceosx)(2ax+cosx)

= —¢sin x(m‘" +sinx)+(p+gcosx)(2ax +cosx)

Question 25:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): (x+cosx)(x—tanx)
Answer 25:

Let f(x)=(x+cosx)(x—tanx)
By product rule,

S (x)=(x+cosx) % (x~tanx)+(x—tanx) ‘Z (x+cosx)

dx dx

=(x+cos.\-)[i (1) (tan x)]+(.\'—lun £Y(1= i 5)

= (.\'+cos.\')[l —~‘—Z~tan .\‘:|+(x—tan x)(1-sinx) e (1)
dx

Let &(¥)=tanx  Accordingly, &(x+h)=tan(x+h) 60 ‘\()

By first principle, @

SN
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g(x+h)-g(x)

(x)=1lim*
& (Y) Je—ll h
xX+h)—tan
=lim(tan(w— 1) t'mvj
h— h

1] sin(x+h) sinx
= lim — L —
=0 fy _cos(.\‘+ h) cosx

= lim—
>0 b cos(x + h)cosx
I

1 sin(x+h-x)
. L 1 o i
cosx "' h|  cos(x+h)

I 1] sink
= Jim—| ———
cosx " h| cos(x+h)

1 [ sin(x+ h)cosx—sin xcos (x+ h)}

| . sinh : |
& J hm—— || lm———
cosx \h0 h_ ) =0 cos(x+h)

| |
= 2 B
cosx  cos(x+0)
|
COS~ X
=sec’ x (i)

Therefore, from (i) and (ii), we obtain

f'(x)=(x+cosx)(1-sec’ x)+(x—tanx)(1-sin x)

= (x+cosx)(~tan’ x)+(x—tanx)(I-sinx)

25 go
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Question 26:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

) ) 4x+5sinx
and s are fixed non-zero constants and m and n are integers): ————

Answer 26: 3x+7cosx

4x+5sinx
( ) .

X)=
Let - 3x+7cosx
By quotient rule,

(3x+7cosx) : (4x+5sinx)—(4x+5sinx) j (3x+7cosx)
x x

[f(x)= , 2
) (3x+7cosx)
(3x+7cosx)| 4 d (x)+5 a (sinx) [—(4x+5sinx)|3 4 v +79 cosx
- dx dx dx dx
(3x+7cosx)’
x+7cosx)(4+5cosx)—(4x+5sinx)(3—Tsinx
_(3x+7cosx)(4+5 4x+5sin x)(3-Tsi
(3x+7cosx)’

12x+15xc0s x +28cos x +35c0s” x—12x+ 28xsin x —15sin x +35sin’ x

-

(3x+7cosx)

15x 08 x + 2808 x + 28xsin x — 1 55in x +35(cos: ¥ +sin’ x)

(3x+7cosx)°

_ 35+15xcosx+28cosx+ 28xsinx—13sinx

(3x+7cosx)’

Question 27:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers):

e cos(::-) 60 c,;\\CJ

sin x

O
&2 o
26 Q &Q
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Answer 27:

3 T
X cos(z)
Let f(x)=——=

sin x
By quotient rule,

sin x _d‘ (xz ) —x :ilv (sinx)

‘, T
xX)=cos—. -
/ (r) 4 sin” x

cos sinx-2x—x’ cosx
sin” x

X COS Z [2sinx - xcosx]

sin” x
Question 28:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers):
I+tanx
Answer 28:

X

Let f(x)=

|+ tan x

d ;. i ;
i (l+tan.\)$(.\) X dx(l+tan.x)

f(x)

(1+tanx)’

(I+tanx)—x- ‘;’ (1+tanx)
"(x)=- L (1)
) (1+tanx)

Let g(x)=1+tanx. Accordingly, g(x+h)=1+tan(x+h). <

27 Qs Q
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By first principle,

) . g(x+h)—g(x)
x)=1
g'(x)=lim .

[I+tan(.r+h)—l—tanx}
h

1[ sin(x+h) _sin .\']

=lim

h—

= lim—
=0 | cos(x+h) cosx

=lim—
b fp cos(x+/1)cosx

1 [ sin(x+ /) cos.x—sin xcos(x + h)}

[ sin (x+h- \) i

- |
= lim—
10 | cos(x+h)cosx

sinf

sl
=lim—
w0 Jo| cos(x+h)cosx

. sinh A |
=| lim——|.| lim
h=0 >0 cos(x+ h)cosx

2
=8€C X

Di(Htanx):sec2 x ... (i)
dx

From (i) and (ii), we obtain

5
B |+tanx —xsec™ x

(1+tanx)’ .
P &

&
- &2 %

/(%)

~Q
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Question 29:

Find the derivative of the following functions (it is to be understood that

Remove Watermark

ab,c,dpq,r

and s are fixed non-zero constants and m and n are integers): (x + sec x) (x - tan x)

Answer 29:

Let f(x)=(x+secx)(x—tanx)

By product rule,

I'(x)=(x+sec x)%(x—tan X)+(x—tan .r)%(ﬁsecx)
ax X

i(.\‘)—i tan x]+(x— tan x)[di(\) +1scc.\']
1 . .

=(x+secx
| dx dx dx

~—

=(x+secx) l-—d—tan x]+(x—tan x)[l +iscc x]
dx dx

Let f, (x)=tanx, f,(x)=secx
Accordingly. f,(x+h)=tan(x+h) and f, (x+h)=sec(x+h)

(1)

————
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f(x)= lim

1enl)

=hm
Si—0

=lim
h—0

=lim-

=0 ,}

(_f.(-\'”')-f. (x)

h

[ tan(x+h)—tan x

A

\ h

[ tan(x+h)-tanx |

h

[

/

]

sin(x+h) _sinx
| cos(x+h) cosx

[ singx+h—.\") )

1 sinh

. sinh
=| him
11}

'—J lim '
h =0 cos(x+ h)cos x

=1x

| cos(x+h)cosy |

—

cos(x+h)cosx |

I 2
=sec” X

COS™ X

d 2
=>—tanx =sec” x

X

30

I [ sin(x+#)cos x —sin xcos(x+4)
cos{x+h)cosx

~ (1)
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£(x)= lim[ fo(x+n)— f. (-v)J

Ji—a0 /l
. [ sec(x+h)—secx
= hm
Ti—1y h

P | 1 1
=lm— -
w0 fi| cos(x+h) cosx

. 1| cosx—cos(x+h)
=lhm-—
o i cos(x+h)cosx
[ . (x+x+h : (.\'—.\'—h]
—2sin| —— " |-sin| —
1 - | 2 2
= Jdim—
cosx 0y cos(x+/)
[ (2.\'+h] ) (—h)
—2sin -sin| —
| . | 2 2
= Jim—
cosx 0y cos(x+/h)

-

sin(’ij |

3 [ 2x+h ) 2

sin
> i

= him

cosx #u cos(x+/)

L

ﬂn[g]l
Pxo
J lim sin[ 2l J} lim — A2 /4
2 e A
2 }

fe—n0

=secx. -
limcos (x+/1)
Ji—1)
sinx. 1
=secx.
COs X
o
= —-secx=secxtanx ; .. (i)
s
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From (i), (ii), and (iii), we obtain
£'(x) = (x+secx)(1-sec” x)+(x—tanx)(]+secxtan x)
Question 30:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers):
Answer 30:

sin” x

X

Let f(x)=—
( ) sin” x
By quotient rule,

gy d d
sin” x—x—x—sin" x

-/.'(’r) = (I.‘-Sin:" :Lr

. & s s _n=l g
It can be easily shown that Zsm X=nsIn  XCOSX

Therefore,

son d d s f
S x—x—x—Ssin° X

/(%)= —

sin®” x

sin” x.1— x(nsin" : .rcosx)

sin®” x
sin”! x(sinx —nxcos x)

2n

sin™" x
B SiN X — 12X COS X

it

Sin. X

32 Q&
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Evaluate the following limits, if exist.

Question 1:

Answer 1:

Question 2:

Answer 2:

Question 3:

Answer 3:

Exercise 13.2 (Supplementary)

et*-1

lim
x-0 X

et*—1

lim
x-0 X

et*-1

=lim
x—0 4x

e¥-1

= lim
y-0 Y

=1x4

e¥ —e5

lim
x-5 X—5

e¥ —eb

lim
x-5 X—5

Putx =5 + h,thenasx -5 = h — 0.Therefore -«

>[5 ]<

X 4

X 4

(Class — XI)

[Wherey = 4x]

Using lim
y—)

[Using Jlcim

Mathematics

(Chapter — 13) (Limits and Derivatives)

eV-1

0oy

e*—1

0 X

=1]

~Q

. §\ %
S
N

L8
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X _ eS 5+h_ .5
lim = lim
x—-5 Xx=5 h—0 h
5( h_ )
e’(e"—1
= lim
h—0 h
h
. . eh-1
=e’x1 [Usmg lim— = 1]
h-0 h
= es
. . esinx_l
Question 4: lim
x—-0 X
. esinx_l
Answer 4: lim
x—-0 X
- lim eSinx_q sinx
- x—0 x sinx
- lim eSinx_q sinx
x—0 Sinx X
. ev-1 . sinx .
=lim —— X lim—= [Where y = sinx]
y—->0 Y x-0 X
. . eY-1 . sinx
=1 x1 Using lim—— = 1and lim =1
y-0 Y x-0 X
=1

~Q

O
Question 5: lim &=< b
x—3 Xx—3 @

_ .3
Answer 5: lim &2 @ Q
x-3 x-3 @
Putx = 3 + h,thenasx -3 = h — 0.Therefore 6\' %'
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. e*-3 . e3th_g3
lim = lim
x—3 x—3 h—0 h
e3(eh—1)
= lim———=
h—0 h
h
. . el-1
=e3x1 [Usmg lim— = 1]
h-0 h
=e3
. . x(e*-1
Question 6: lim ( )
x—0 1—cosx
. x(e*-1
Answer 6: lim ( )
x—0 1—cosx
. x(e*-1)  1+cosx _ x
= lim =
x—0 1—cosx 1+cosx x
. (e*-1) _ 1+cosx x2
=lim X
x—0 X 1 1- cos2x
. e*-1 . 14cosx . 2
=lim ( )Xllm X lim =
x—0 X x—0 x—0 sin2x
. e*—1 . 1+cosx .
=11m( )Xllm X lim ———
x>0 X x—0 x—0 ( Smx)
X
1 . . e*—1 . sinx
=1 x(1+1)x= [Usmg lim—— = 1and lim = 1]
1 x>0 X x>0 X
=2
. . lo 1+2x
Question 7: lim loge (1+2)
x-0 X
Answer 7: Jim 229 (1+21) (1+2x) @
’ x-0 X \Q
. lo 1+2x 6
= lim loge (1+2%) X 2

x-0 2x
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= lim 29U 5

y-0 y
=1x2
=2
. . log (1+x3
Question 8: lim %
x—0 Sin3x
. log (1+4x3
Answer 8: lim %
x—0 Sin3x

log (14x3) _ x°
Cosindx x3

= lim

x—0 sin3x

log (1+x3) % x3
sin3x

lim

x—0

x3

[Where y = 2x]

lo.ge (1+J7) — 1

Using lim
y—-0 y

[Wherey = x3]

. log (1+ .
= lim g( y)th -
y—0 y x—>0(51“x
X
1
=1XE
=1

)3

[Using lin(l) log U+y) (yHy) =
y—)

1 and lim
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1
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