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Chapter 5 Continuity and Differentiability

EXERCISE 5.1

Question 1:

Prove that the function / (¥)=5%=3 is continuous at x =0 ,x=—3 and at x=5.

Solution:

The given function is / (¥)=5x—3
Atx=0,1(0)=5(0)-3=-3

im f (+) = lim (5-3) = 5(0) =3 = =3
4L E1E) = T110)

Therefore, / is continous at x =0.

A= -3,7(-3)=5(3)-
Iimf( )—hrn(Sx 3)=5

s lim f(x)= f(-3)

x=-3

Therefore, ./ is continous at x =-3.

3=
()3‘—

Atx=5,1(5)=5(5)-3=22

lim £ (x) = lim(5x—3) = 5(5)~3 =22
..Llﬂf(x)zf(S)

Therefore, / is continous at x=5.
Question 2:

. . : _ 942
Examine the continuity of the function S(x)=2x" =1 g5 =3,

Solution:
The given function is f(x)=2x"-1 Q)

2 O O
Atx=3,f(3)=2(3) -1=17 6 AN
lim £ (x) = lim(2x* ~1)=2(3*)-1=17 < {bo
i £ (¥)= £ 3) 2 R
Therefore, ./ is continous at x =3. 6’\‘ %‘

NS

Question 3: ‘\ (b
Examine the following functions for continuity. ‘& Q)
G S(x)=x-3 N\
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1
iy =TS
x2 =25
diy 7"
(iv) f(x)=|x—5,x;t5

Solution:
(i)  The given function is / (x)=x-5

It is evident that / is defined at every real number & and its value at & is k5.
It is also observed that
lim / (x) =lim(x~5) =k -5 = / (k)

< lim f(x) = 1 (k)

Hence, / is continuous at every real number and therefore, it is a continuous function.

1
. : .. f(x)= X#S
(i1)) The given function is /() =5
For any real number k& =5, we obtain

; : 1 1
Also,
k)=t (Ask#5)

< lim f(x) = £ (k)

Hence, / is continuous at every point in the domain of /* and therefore, it is a continuous
function.

x* =25
= X FE =3
(ii1)) The given function is /(%) x+5 *

For any real number ¢ # -5, we obtain

Y
tim 7 ()=t =22 e F N9 sy (ems) 60 c’)\\o

X x> x 48 xoe x+5 xe @
Also, K% Q&(b
x0

7)== (o ke
~lim £ (x) = £ (c) O° A
D o
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Hence, ./ is continuous at every point in the domain of / and therefore, it is a
continuous function.

OR

This function / is defined at all points of the real line. Let ¢ be a point on a real line.
Then, ¢<5, c=5or c¢>5

5-x, ifx{S}

(iv)  The given function is x—5, ifx>5

Casel: ¢<5
Then, fle)=5-c
limf(x)zl_im(S—x]=5—c

lxl_rorrlf(x)=f(c)

Therefore, ./ is continuous at all real numbers less than 5.

Casell: ¢=5

Then, f(e)=r(5)=(5-5)=0
lim £ (x) =lim(5-x) =(5-5)=0
lim 7 (x) =lim(x~5)=0

o lim f(x) N P_{P f(x) =4 f(c)

L T

Therefore, Jis continuous at x =5

Case IIl: ¢>5
Then, f(e)=r(5)=c-5
limf(x)=l_im(x—5)=c—5

~lim f(x) = f(c)

X—=c

Therefore, / is continuous at all real numbers greater than 5.

Hence, / is continuous at every real number and therefore, it is a continuous funetions

Question 4:

Prove that the function /(¥) =" is continuous at x = n , where n is a positive.nteger:
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ILLIONST ¢

Solution:

The given function is / (x)=x"

It is observed that / is defined at all positive integers, n, and its value at n is »" .
Then,
lim f(n)= 1im(x")= ;o

ll_I;nf(.x) = f(n)

Therefore, /* is continuous at n, where 7 is a positive integer.

Question 5:

X ifx<1

Is the function / defined by B {S,ifx >1 continuous at x=0? At x=12 At x=279
Solution:

ES if x<1
The given function is ) {S,ifx >1
At x=0,
It is evident that ./ is defined at 0 and its value at 0 is 0.
Then,

lim £ (x) = E}_l;r‘}(x) =0

x—=0

~lim /(x) =/ (0)

Therefore, / is continuous atx = 0.

At x=1,

It is evident that / is defined at land its value at 1 is 1.
The left hand limit of / at x =1 is,

im / (x) = lim (x) =1

The right hand limit of / at x =1 is,
limf(x) = lim(S) =5

1 x=1"

l_irr_l f(x) # lirr__l f(x)

Therefore, / is not continuous atx =1.

At x=2,

It is evident that / is defined at 2 and its value at 2 is 5.
lim f(x)=1lim(5)=5

x—2 x—=2

i f(x) = £(2)

x—l

Therefore, f is continuous atx = 2.
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Question 6:

2x+3,ifx<2

o | ON i
Find all points of discontinuity of f, where f is defined by 2x-3, ifx>2,

Solution:

{2x +3, ifx<2
The given function is 2x-3, f x>2

It is evident that the given function / is defined at all the points of the real line.
Let c be a point on the real line. Then, three cases arise.

c<?2
c>2
c=2

Casel: c<2

f(c):26+3

Then,

l_imf(x) =lim (2x+ 3) =2c+3
< lim £ (x) =/ (¢)

Therefore, / is continuous at all points x, such that x < 2.

Casell: ¢>2
Then,

f(e)=2¢-3
lim f(x)=1im(2x-3)=2¢-3

L]_I}'Llf(x) =f(c)

Therefore, ./ is continuous at all points x, such that x > 2

CaseIll: c=2

Then, the left hand limit of /" at x=2 is,
lim f(x)=lim (2x+3)=2(2)+3=7

The right hand limit of /* at x = 21is,

lim f(x)=1lim(2x-3)=2(2)-3=1
It is observed that the left and right hand limit of / at x =2 do not coincide.

Therefore, ./ is not continuous atx = 2.
Hence, x = 2 is the only point of discontinuity of ./ .
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Question 7:
|x|+3, ifx<=3
f(x)=1-2x, if -3<x<3

Find all points of discontinuity of /', where / is defined by Sy

Solution:
|x|+3, ifx<-3
f(x)= —2x, if —3<x<3
The given function is 6x+2, 1fx23

The given function / is defined at all the points of the real line.
Let ¢ be a point on the real line.

CaseI:
If ¢ < -3, then f(e)=—-c+3
li_!}‘lf(x) = liwr)n(—x+3) =—c+3

Ll_lgf(x) = f(c)

Therefore, / is continuous at all points x, such that x < -3 .
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ase II:

If ¢ =-3, then F(-3)=—(-3)+3=6
lim. f(x)= lim (-x+3)=—(-3)+3=6
lim. f(x) = lil:l;l‘ (—2x) = —2(—3) =6

o lim £ (x) = £(-3)

Therefore, / is continuous at x = -3.

Case III:

If -3<c<3, then fe)=-2¢
lim £ (x) = lim(—2x) = 2¢
Li_lgf(x) = f(¢c)

Therefore, ./ is continuous in (33).

Case IV:
If ¢ =3, then the left hand limit of /" at x =3 is,

lim f(x) = lim (—2x) =-2(3)=-6
The right hand limit of / at x =3 is,

lim f(x) = lim (6x+2)=6(3)+2=20
It is observed that the left and right hand limit of / at x =3 do not coincide.
Therefore, ./ is not continuous at x =3.

Case V:

If ¢ >3, then f(c)=6c+2

lim f'(x) = lim(6x +2) = 6¢ +2

Ll_t};lf(x) = f(c)

Therefore, ./ is continuous at all points x, such that x >3.
Hence, x =3 is the only point of discontinuity of ./ .

Question 8: Q .\O
O &

Find all points of discontinuity of /> where f is defined by 0, ifx= Ofb %.
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f(x) Afx#0

The given function is 0, Ifx =0

It is known that, x<0:|x\=—x and x>0:‘x|=x

Therefore, the given function can be rewritten as

=

P -1, ifx<0
X X
f(x)=40, ifx=0
B %,
L X X

The given function /* is defined at all the points of the real line.
Let ¢ be a point on the real line.
Case I:

If ¢ <0, then fle)=-

lim £ (x) =lim(~1) =1

X=d0 X=»C

~im f(x) = f(c)

X—=C

Therefore, f is continuous at all points x < 0.

Case II:

If ¢ =0, then the left hand limit of / at x =0 is,

lim f(x)=lim(-1)=—

=0 x—0

The right hand limit of / at x =0 is,

lim £ (x)=lim (1) =1 @

x>0 x—0*

It is observed that the left and right hand limit of / at x =0 do not coin é Q

Therefore, / is not continuous atx = 0.
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If ¢ >0, then f(e)=1

i #{w) = lim(1)=1
lxi_ISf(x) =f(c)

Therefore, / is continuous at all points x, such that x > 0.

Hence, x =0 is the only point of discontinuity of /.

Question 9:
ifx<0
S(x)= \x\

Find all points of discontinuity of /> where f is defined by -], ifx20
Solution:

ifx<0

f(x)= \x\

The given function is ~1, if x>0

It is known that X <0 =[x/ =—
Therefore, the given function can be rewritten as

X x
)=k -
-1, ifx=0
if(x)=—leeR
Let ¢ be any real number.
Then, Ij_l;::f(x) =lim(-1)=-1

X

Also, f(¢)=-1=lim f(x)
Therefore, the given function is a continuous function.
Hence, the given function has no point of discontinuity. Q)

S
{x+] 1fx>1&6 Q&(b

+l®'
\ ‘b
@ \{‘s
,QQ

-1, ifx<0

Question 10:

Find all points of discontinuity of /> where f is defined by
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Solution:
{x +1, if x>1
The given function is x*+1, ifx<1
The given function f is defined at all the points of the real line.

Let ¢ be a point on the real line.
Case I:

If ¢ <1, then f(e)=c*+1
lim f(x) = lim(,\c2 +1) =c’ +1
lri_r}]_f(x)z_f(c)

Therefore, / is continuous at all points x, such that x <1.
Case II:

If c=1,then /(c)=/(1)=1+1=2
The left hand limit of / at x =1 is,
lim f (x)=lim (x* +1)=1" +1=2

The right hand limit of / at x =1 is,

limf(x)z lim(x+l)=1+l=2

x—=lt x>l

~lim f(x) = £ (1)

Therefore, / is continuous at x =1.
Case I1I:

If ¢>1, then fle)=c+l
li_mf(x)=li_m(x+l)=c+1

}lli‘l;lf(x) =f(e)

Therefore, / is continuous at all points x, such that x > 1.
Hence, the given function / has no point of discontinuity.

Question 11:
{xﬂ -3, ifx<2

XI=
/() X’ +1, if x> 2

Find all points of discontinuity of /', where f is defined by

Solution:
_{f -3, ifx<2

The given function is X +1,ifx>2

The given function / is defined at all the points of the real line.
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ey
Eet ¢ be a point on the real line.

Case I:
If ¢ <2, then fle)=c'-3
lim /(x)= lirn(x3 —3) =c’ -3

lrimf(x) = f(c)
Therefore, / is continuous at all points x, such that x <2.
Case II:

If c=2,then f(c)=/(2)=2"-3=5
lim /(x)=im (+* -3) =2 ~3=5

lim 7 (x) = lim (+* +1) =2* +1=5

x—2"

lim £ (x) = £(2)

Therefore, / is continuous atx = 2.
Case III:

If ¢>2,then /(¢)=¢+1
lim f(x) =1irn(x2 +1)=|:-2 +1

prres e
lrimf(x) =f(e)

Therefore, / is continuous at all points x, such that x> 2.

Thus, the given function / is continuous at every point on the real line.
Hence, / has no point of discontinuity.

Question 12:
x%=], iFx<l

x)=
Find all points of discontinuity of /', where f is defined by {xz’ if x>1

Solution:

{x'“—], ifx<1
x)=1, .

The given function is x, ifx>1

The given function /* is defined at all the points of the real line.

Let ¢ be a point on the real line. 60 C’)\'\

Case I: 6 Q
If ¢ <1, then fe)=c"-1 @

. . Aoy
ng}f(x)=£1$(xw —I)=cm -1 %

~lim f (x)= 1 (c) \\\O o)
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Therefore, / is continuous at all points x, such that x <1.

Case 1II:

If ¢ =1, then the left hand limit of /' at x =1 is,
; o 10 1) 110 11—
lLr]r}f(x)—lﬂ](x l) 1" -1=1-1=0

The right hand limit of / at x =1 is,

lim £ (x) = lim (x* ) =1* =1
It is observed that the left and right hand limit of / at x =1 do not coincide.
Therefore, / is not continuous atx =1.

Case III:

If ¢>1, then f(e)=¢

lim / (x) = lim () = ¢*

- lim f(x)=f(c)

Therefore, / is continuous at all points x, such that x>1.

Thus from the above observation, it can be concluded that x=1 is the only point of

Il

discontinuity of f .

Question 13:
x+5, if x<1

)= _
Is the function defined by {x =5, if x>1 3 continous function?
Solution:

B x+5, if x<1
B x=5 ifx>1

The given function is
The given function / is defined at all the points of the real line.

Let ¢ be a point on the real line.

Case I:

If ¢ <1, then flc)=c+5

lim f(x)=lim(x+5)=c+5

11_1;13)“()6) = f(c)

Therefore, / is continuous at all points x, such that x <1.

Case II:
If ¢c=1, then f(1)=1+5=6
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The left hand limit of / at x=1 is,
lim f(x)=lim(x+5)=1+5=6

vl r—l”

The right hand limit of /* at x =1is,

11_1)]".1f(x) = ll_br}}(x-—S) =1-5=—4
It is observed that the left and right hand limit of / at x =1 do not coincide.
Therefore, ./ is not continuous atx =1.

Case III:
If ¢>1, then fle)=c-5
lim f(x) =lim(x—5)=c—5

Li_l;l}f(x) = f(¢)

Therefore, / is continuous at all points x, such that x >1.
From the above observation it can be concluded that, x =1 is the only point of discontinuity of

I

Question 14:

3,if0<x<1
f(x)=14, if1<x<3
Discuss the continuity of the function /*, where / is defined by 5,if3<x<10
Solution:
3,if0<x<1
f(x)=14, ifl<x<3
The given function is 5, if3<x<10
The given function / is defined at all the points of the interval [0.10]
Let ¢ be a point in the interval [0,10] Q)


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
http://cbs.wondershare.com/go.php?pid=5239&m=db

Wondershare

Remove Watermark

https://millionstar.godaddysites.com/ PDFelement

|

—
i@
ase [:

If0<e<l, then /(¢) =
llmf( )—llm[ }=3
sim f(x) = f(c)

X

Therefore, / is continuous in the interval [0.1)

Case II:

If ¢ =1, then r(3)=3

The left hand limit of / at x =1 is,
i ()= lim(3) =3

The right hand limit of / at x =1 is,

T (o) =l ) =2
It is observed that the left and right hand limit of / at x =1 do not coincide.
Therefore, ./ is not continuous atx =1.

Case III:

If 1<c<3, then f(c)=4
lim £ (x) = lim(4) = 4
wlim £ (x)= £(c)

Therefore, / is continuous at in the interval (13).

Case IV:

If ¢ =3, then f(c)=5

The left hand limit of / at x =3 is,
By =)=

The right hand limit of / at x =3 is,

liIBf(x)=1iI{I‘l_(5)=5 Q)

It is observed that the left and right hand limit of /* at x =3 do not coincide. 0 ‘\O
o

Therefore, / is discontinuous atx = 3. < K(b

Case V: \(& Q

If 3<c <10, then /(¢) =5 %) Y
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lim £ (x) = lim(5) = 5

“lim £ (x) = £ (e)
Therefore, / is continuous at all points of the interval (3.10],
Hence, / is discontinuous at x=1 and x=3 .

Question 15:

2x,1fx <0
_f(x)z 0, if0<x<1

Discuss the continuity of the function /*, where / is defined by 4x, ifx>1
Solution:

2x, if x<0

f(x)= 0,if0<x<l1

The given function is 4x, if x>1
The given function / is defined at all the points of the real line.
Let ¢ be a point on the real line.
Case I:
If ¢ <0, then f(e)=2c
limf(x) = lim(Qx) =2¢
~lim f (x) = f(c)
Therefore, / is continuous at all points x, such that x < 0.
Case 1I:
If ¢ =0, then f(e)=r(0)=0
The left hand limit of / at x =0 is,
i /(<) = lim (24) =2(0) =0
The right hand limit of / at x =0 is, <

lim £ (x) = lim (0) = 0 Go c,;\\O
< lim f (x) = £(0) "o@
Therefore, ./ is continuous at x =0 \(& Q

Case III: %

If0<c<1,then /(x)=0 O Qo)
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lim £ (x) = lim (0) = 0
Ei_l}}f(x) = f(¢)
Therefore, / is continuous in the interval (0:1).

Case IV:

If ¢ =1, then fle)=/(1)=0

The left hand limit of / at x=1 is,
i (x) - i (0) -0

The right hand limit of / at x =1 is,

lin}f(x) = lim(4x) = 4(1)=4
It is observed that the left and right hand limit of / at x =1 do not coincide.
Therefore, / is not continuous atx =1.

Case V:

If ¢ <1, then f(e)=4c

lim f(x)= £1£rcl(4x) =4c

~lim £ (x) = f(c)

Tﬁerefore, Jf is continuous at all points x, such thatx>1.
Hence, / is not continuous only at x=1 .

Question 16:

=2, ifx<-1
S(x)=42x, if-1<x<1
Discuss the continuity of the function /', where ./ is defined by 2, ifx>1

Solution:
=2, if x < -1
f(x)=42x, if-1<x<1 Q )
The given function is 2, ifx>1 6 c’)\'\

The given function / is defined at all the points. @
Let ¢ be a point on the real line. &% Q

Case I: %\(b %'
If ¢ <-1, then f(e)=-2 OQ &Q
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lim £ (x) = lim(-2) = -2
slimf(x) =/ (e)

Therefore, / is continuous at all points x, such that x < -1.

Case II:

If ¢ =-1, then fle)=r(-1)=-2

The left hand limit of / at x =—1 is,
LR

The right hand limit of / at x=-1 is,
lim f(x) = lim (Zx) = 2(—1) =-2

=" x——1"

s im f(x) = £(-1)

x—=—1

Therefore, / is continuous at x = -1

Case I1I:

If -1<c<1,then fe)=2c
Llrfclf(x) = le(zx) =2c
~lim £ (x) = f(c)

Therefore, / is continuous in the interval (=L1).

Case IV:

If ¢ =1, then fle)=r(1)=2(1)=2
The left hand limit of / at x=1 is,
fim 7 (x) = lim (25) = 2(1) =2

The right hand limit of / at x =1 is,

i /()= lim(2) = .
lim £ (x)= £ (c) O oL
Therefore, / is continuous atx = 2. @6 c’)\'\
Case V: &% Q
If.c>1,the:nf(‘7)=2 %\(b
()=l 2 O
“lim £ (x)= £ (c) N, @
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Therefore, / is continuous at all points x, such thatx >1.

Thus, from the above observations, it can be concluded that / is continuous at all points of the
real line.

Question 17:

B {ax +1, ifx<3
Find the relationship between @ and 4 so that the function /* defined by bx+3, ifx>3
is continous at x =3.
Solution:
B {ax +1, ifx<3
The given function is bx+3, ifx>3
For / to be continuous at x =3, then
Eglf(x)— Ilmf( )=r(3) aall)
Also,
llm_ f(x) =}1g1 (ax+1)=3a+1
Jl_)mf( )—lg(bx+3)=3b+3
f(3)=3a+l
Therefore, from (1), we obtain
3a+1=3b+3=3a+1
= 3a+1=3b+3
=3a=3bh+2
=a=h+ E
3
2
: : o a=b+—
Therefore, the required relationship is given by, 3.
Question 18: Q)
2 g
e 2{1(;: —.Zx), ifx<0 GQ \\'
For what value of 4 is the function defined by 4x+1, ifx>0 is con
x = 0? What about continuity at x =1? Q

Q)

O Q
%\\0\/@(&
8
,QQ\

>
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/l(xz—2x), ifx<0

x)=

The given function is / {43‘ +1, ifx>0

If / is continuous at x =0, then

lim £ (x) = lim £ (x)= 1(0)

= lim 2.(x* - 2x) = lim (4x+1) = (0% ~2x0)

= A(0°-2x0)=4(0)+1=0

=0 =1=0 [which is not possible]

Therefore, there is no value of A for which f is continuous at x = 0.

At x=1
f(l)=4x+1=4(1)+1=5
lj_r;rl\(4x+1)=4(l)+l =§

lxi_rf]if(x) = f(])
Therefore, for any values of 4, S is continuous at x =1.

Question 19:

Show that the function defined by & (x) =x~[x] is discontinuous at all integral point. Here [x]
denotes the greatest integer less than or equal to x.

Solution:

The given function is € (x)=x~[x]
It is evident that g is defined at all integral points.
Let n be an integer.


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
http://cbs.wondershare.com/go.php?pid=5239&m=db

mm Wondershare

https://millionstar.godaddysites.com/ Remove Watermark g~ ppFelement

!

I !en,

g(n)=n—[n]=n-n=0
The left hand limit of & at x=n is,

lim () = lim (x~[+]) = lim (x) - im [x] =n —(n 1) =1

rsm

The right hand limit of & at x =n is,
lim g(x) = lirq(xf[x]) = lim (x)ﬁ lim [x] =n—-n=0

It is observed that the left and right hand limit of & at x =#» do not coincide.
Therefore, £ is not continuous atx =n.
Hence, £ is discontinuous at all integral points.

Question 20:

Is the function defined by /' (x)=x"=sinx+5 continuous at x =7 ?

Solution:
The given function is f(x)=x"—sinx+5
It is evident that / is defined at x =z .
At x=1, f(x)=f(n)=n’—sinr+5=n>-0+5=n"+5
Consider M/ (¥)= }cifnl(xz —sinx+5)
Put x =7 +h, it is evident that if X 2> 7, then 7 —> 0
< lim £ (x) = lim(x* =sin x)+5
= lim| (z + )" —sin(z+h)+ 5]
% 2 " @ "
= L1_r3;|(rr +h) —lklmsm(yr +h)+ l}g}gs
=(m+ 0)2 —lim[sinz cosh + cos sinh]+5
01
=x° —limsinz cosh—limcoswsinh+5
h—0 h—0
=x’ —sinzwcosO—cosmsin0+5 o
=1 -0(1)-(-1)0+5 O '\C)
=4 +5 @6 C}'
:f(n') &% Q
Therefore, the given function ./ is continuous at x =7 . 6\'@ %‘
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uestion 21:
Discuss the continuity of the following functions.

(i) f(x)=sinx+cosx
(ii) f(x)=sinx-cosx

(ii1) f(x) =s8inXXCOSX

Solution:

It is known that if & and % are two continuous functions, then £ +%.& —hand &2 are also
continuous.

Let &(x)=sinx and /(x)=cosxare continuous functions.

It is evident that &(¥)=SinXis defined for every real number.

Let ¢ be a real number. Put x=c+#
If x—>c,then h—>0

g (c) =sinc

lim g (x) = lim sin x

= limsin (c + /)

=lim[sin ¢ cos /2 + coscsin h]
h—0
= Ll_l;l;! (sinccosh)+ LI_I;I{'I' (coscsinh)

=sinccos0+coscsin(
=sinc(1)+cosc(0)
=sine

lxi_lgzg(x) =g(c)

Therefore, & (x)=sinx i 4 continuous function.
Let (x)=cosx

It is evident that /() =c0sXis defined for every real number.

Let ¢ be a real number. Put x=c+#A

If x—>c,then h—>0 GQ '()

h(c)=cosc
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lim h(x) =limcosx

X—=rc s

= %‘i_r}f}cos(ﬁh)

=lim[cos ccos h—sincsin A

= !li_lg(coscoos h)- Ll_l;[{'! (sincsinh)
=cosccos0—sinesin0

= cosc(1)—sinc(0)

=cosc

limh(x) = h(c)

K=

Therefore, h(x)=cosx is a continuous function.
Therefore, it can be concluded that,

(i) S (x)=g(x)+h(x)=sinx+cosx i 4 continuous function.
(i) f(x) = g(x) *h(x) =sinx —COSX {g 3 continuous function.

(iii) f(x)=g(x)xh(x)=sinxxcosx jsa continuous function.
Question 22:
Discuss the continuity of the cosine, cosecant, secant, and cotangent functions.

Solution:
It is known that if & and % are two continuous functions, then

h
ﬂ,g (x)#0
o & (x) 1S continuous.
1

(i) 8'(x
1

g (x) #0
) 1S continuous.

——.h (x) 0
(iif) k(x) 1s continuous.

Let& (x ) =sinx gpd h(“‘) = €05 X are continuous functions.

It is evident that &(X)=sinX{s defined for every real number.
Let ¢ be a real number. Put x=c+# Q)

If x>c,then h >0 Q '\O
e
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LIONST R
g(c)=sinc
lim g (x)=limsinx
X=C X=¥c
= limsin(c +h)
70

= lim[sinccos A+ coscsin k]
=0
= 1;!1_1"1{1] (sinccosh)+ L@o (cosesinh)
=sinccos0+cosesin0
=sinc(1)+cosc(0)
=sinc
lxi_lgg(x) =g(c)
Therefore, & (x)=sinx is a continuous function.
Let h(x)=cosx

It is evident that /() =cosXig defined for every real number.
Let ¢ be a real number. Put x=c+#
If x—>c,then h—>0

h(c)=cosc

limA(x) = lim cos x

= X

= !’1_1;]3 cos(c + h)

=lim[cosccosh - sincsin 4]
h—)

= !‘1_1;1;1] (cosccosh)— Li_i;tg (sincsin /)

=cosccos0—sinesin0
=cosc(1)-sinc(0)
=C0sc

El}}:lh(x) = k(c)

Therefore, h(x)=cosx is a continuous function.
Therefore, it can be concluded that,

cosecx =——,sinx #0 | .
sin x 1s continuous.

=> COSeCcX,X # HT (” €eZ ) 1S continuous. GQ ’\O

Therefore, cosecant is continuous except at * = "7 (neZ) %4)

SECX =

1
cosx#0 | . (b
COS X is continuous. 6\' %-

T
5 2n+1)=(neZ
:>S€C’f=~"¢( sk )2(”6 )is continuous. . O (b
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. . x=(2n+1)£(neZ)
Therefore, secant is continuous except at 2

cosx .
cotx=——,sinx#0 . .
sin x 1S continuous.

= cotx,x # nm (” €Z) is continuous.

Therefore, cotangent is continuous except at * = "7 (neZ),

Question 23:

sinx .
,ifx<0
f (x ) =3 X
Find the points of discontinuity of /*, where x+1, ifx>0
Solution:
sinx .
,ifx<0
f(x)= X
The given function is x+1, ifx>0

The given function / is defined at all the points of the real line.
Let ¢ be a point on the real line.

Case I:

If ¢ <0, then 4 c

i 1)t )21

~lim f(x) =/ (c)

Therefore, ./ is continuous at all points x, such that x < 0.

Case II:
If ¢ >0, then f(e)=c+1
lim f(x) =lim(x+1)=c+1
~lim f(x) = f(c)

/s 3 1S
Therefore, / is continuous at all points x, such that x > 0. @ O
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If c=0,then /(c)=/(0)=0+1=1
The left hand limit of /* at x =0 is,

lim /' (x)= lim [Si“x) -1

x>0 =0 X

The right hand limit of / at x =0 is,

7~ =1
- lim flx)= lim f(x)=£(0)
Therefore, / is continuous at x =0

From the above observations, it can be concluded that ./ is continuous at all points of the real
line.

Thus, / has no point of discontinuity.

Question 24:

o1
x’sin—, ifx=0

A (x ) = X
Determine if / defined by 0,ifx=0 is a continuous function?
Solution:
T\
x sin—, ifx#0
f(x)= B
The given function is 0, ifx=0

The given function / is defined at all the points of the real line.

Let ¢ be a point on the real line.

Case I:
;1
e st
If ¢ #0, then S(e)=c Smc
lim f(x)= lim[x2 sin lj = (lim xz)[lim sinlj =g s.inl <
X—=c X X X = X *

c O O
“lim f(x)= £ (¢) O c’)\\'

Therefore, ./ is continuous at all points x, such that x = 0. &% Q
N

Case 1I: %
If ¢= 0. then /(0)=0 ,\‘\\0 P
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lim f(x) = lim (12 sin l} = lim[,)f:2 sin lJ
x>0 x—0" X x—0 X

. —ISSinlél,x;&O
It is known that, X

5 1
= —x*<x'sin—<x
X

: ] 1 :
= lim (—x2 ) <lim [xz sin— | < limx’
x—0 x—0 X x—0

x—+(0

=0< lim(x2 sinl] <0

X
= lim [xz sin l] =0
x—0 X
wlim f(x)=0
Similarly,
lim f(x)= lim [xz siné) = lim [):2 sin %J =0

- lim f(x) = f({)) = lim f(x)
Therefore, ./ is continuous at x =0.

From the above observations, it can be concluded that /* is continuous at every point of the
real line.

Thus, [ is a continuous function.

Question 25:
B sinx—cosx, ifx#0
-1, ifx=0

Examine the continuity of /*, where / is defined by

Solution:

{sinx—cosx, ifx=0
The given function is -1, ifx=0

The given function / is defined at all the points of the real line.

Let ¢ be a point on the real line. GQ ,'\\'C)
< L
Case I:

If ¢ 0, then /(¢)=sinc—cosc (&% Q
£i__r3f(x) = lxiircl(sin x—cosx)=sinc—cosc %\
i ()= £ (e NS

Therefore, / is continuous at all points x, such that x = 0. § @
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Case II:
If ¢=0, then f(0)=-
Iim_ f(x)= lim(sinx—cosx) =sin0—cos0=0-1=—1
hm f(x)=1 G(smx cosx)=sin0—cos0=0—-1=—1
lim f(x) = lim £ (x) = (0)
Therefore, ./ is continuous at x = 0.

From the above observations, it can be concluded that / is continuous at every point of the
real line.

Thus, ./ is a continuous function.

Question 26:
Find the values of k so that the function / is continuous at the indicated point

kcosx . T
p— ifx= 5
f)=1"""
3, ifx=— x=Z
2 at 2
Solution:
kcosx T
5 fx=—
. . 3, ifx=—
The given function is
x== ==
The given function ./ is continuous at 2, if fis defined at 2 and if the value of

77,'
the £ at” 2 equals the limit of ./ at’ 2.

T
It is evident that /* is defined at 2 and [ 2 ) N

kcosx
hmf(x)—ln;lx_ = @
2 ) GQ c,;\'\o
Putx=5+h @

x—>£::>h—>0
Then 2 \(b
S b
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:Ez?,
2

=k=6

Therefore, the value of £ =6.

Question 27:
Find the values of k so that the function / is continuous at the indicated point.

k?, ifx<2
f(x)=1,".
3,ifx>2 gt x=2

Solution:
Flx z{kxz., ifx<2
The given function is 3, ifx>2
The given function / is continuous at x=2, if fis defined at x =2and if the value of
the / at x=2 equals the limit of fatx=2.

It is evident that / is defined at x =2 and ./ (2) = k(2)2 =4k
lim 7 (x) = lim 7 (x) = /(2)
) 2\ _ 1 B
=l = B )=
= kx2* =3=4k
=4k =3 0 O@
3 N
=*3 @6 C}'
po> (%)
Therefore, the value of = 4. & Q
x0
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uestion 28:
Find the values of k so that the function / is continuous at the indicated point

kx+1, ifx<n
f(x)={ .

cosx, ifx>m at x=7
Solution:

{kxﬂ, ifx<nm
x —

The given function is cosx, ifx>7

The given function / is continuous at x=r, if / is defined at x=7 and if the value of
the / at x=n equals the limit of / at x=7 .

It is evident that / is defined at x=x and / (m)=kr+1
lim f(x)=lim f(x)=f(7)

X

= lim (kx+1)= lim (cosx) = kx +1

=kn+l=cosm=kr +1
= kr+l=-1=kr +1
2

—viki=——
T

k
Therefore, the value of T

Question 29:
Find the values of k so that the function / is continuous at the indicated point

kx+1, ifx<5
f(x)= .
3x-5,ifx>5 3t x=5
Solution:

~ {kx-l-l, ifx<5
The given function is 3x-5,ifx>5
The given function / is continuous at x =35, if / is defined at x=5 and if the value of

the / at x =5 equals the limit of /* at x=35.

O O
It is evident that / is defined at x =5 and J(5) = kv +1=5k+1 6 c’)\'\
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Iin;f(x)z lim f(x)= f(5)
= Iim(bc+1)=lirq(3x—5)=5k+1

=5 x5

= 5k+1=3(5)-5=5k +1
= 5k+1=15-5=5k+1
=5k +1=10=5k+1

=5k+1=10
=5 =9

:k=2
5

9
k=2
Therefore, the value of 5.

Question 30:
5 ifx<?2
f(x)z ax+b, if2<x<10
Find the values of a & » such that the function defined by 21, ifx>10 ,1s a

continuous function.

Solution:
5, ifx<2
f(x): ax+b, if 2<x<10

The given function is 21, ifx>10

It is evident that / is defined at all points of the real line.
If / is a continuous function, then / is continuous at all real numbers.
In particular, ./ is continuous at x=2 and x=10

Since / is continuous at x = 2, we obtain
lim f(x)zj‘j? f(x)=71(2)
= lip(5)=lig (ar+b) =5

=5=2a+b=5 @

=52a4+b=5 (1) 60 (3;\30

Since ./ is continuous at x =10, we obtain &(o Q
lim f(x)= lim f(x)=£(10) x0 Y
= lim (ax+b)= lim (21)=21 Q% Qo

=10 x—10 &

=10a+b=21=21 .O @

—10a+b=21 ..(2) @\ \/Q
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On subtracting equation (1) from equation (2), we obtain
8a=16
=3

By putting a =2 in equation (1), we obtain

2(2)+b=5
=4+b=5
=b=1

Therefore, the values of @ and b for which /* is a continuous function are 2 and ! respectively.

Question 31:

Show that the function defined by (x)=cos(x*) i a continuous function.

Solution:

The given function is / (x) =cos(x)

This function / is defined for every real number and /* can be written as the composition of
two functions as,

S =goh where g(x)=cosx gpg h(x)=x*
[ (goh)(x)= g(h(x)) = g(xz) =cos(x2) = f(x)]

It has to be proved first that & (x) =cosx and f1(x) =X are continuous functions.
It is evident that £ is defined for every real number.

Let ¢be a real number.

Let &(c)=cosc pyt x=c+4h

If x—>c,then h—>0

lll_l;l;l g(x) = 113)1;1 COS X

= limcos(c + /)

=0
= lim[cos ¢ cos /2~ sincsin 4]
=lim (cosccosh)— lim (sincsinh)
=cosccos0—sincsin0
= cosc(1)—sinc(0)
= cose

~limg(x)=g(c)

X=¥e

Therefore, & (x) = cosx g a continuous function.
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Let h(x) =x’

It is evident that 4 is defined for every real number.

Let k£ be a real number, then h(k)=k*

limh(x) = I_in;l 2=k

x—k

11_{1;1}1(\’) = h(k)

Therefore, # is a continuous function.
It is known that for real valued functions & and /4, such that (g0h) is defined at c,if & is

continuous at cand if / is continuous at & (C), then (/2€)is continuous at .

Therefore, / (%) =(goh)(x) = cos(xz ) is a continuous function.

Question 32:

Show that the function defined by / (%) =|cos 1| is a continuous function.

Solution:

The given function is / () = |cos]

This function / is defined for every real number and /* can be written as the composition of
two functions as,

f = goh  where &(x)= |x| and /(x) = cosx

[+ (goh)(x) = g(h(x))=g(cosx) =|cosx| = £ ()]

It has to be proved first that & (x)=lx| and #(x)=cosx are continuous functions.
{—x, ifx<0

g(x)= |x‘ can be written as x; ifx=0

It is evident that £ is defined for every real number.

Let ¢be a real number.

Case I:

If ¢ <0, then &(¢)=—¢

llm g(x) = li_l_‘n_(~x) =—Cc

s limg(x)=g(c)

Therefore, & is continuous at all points x, such that x <0.
Case II:

If ¢ >0, then g(e)=c
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li_mg(x) = li_m(x) =c

- limg(x)=g(c)

Therefore, £ is continuous at all points x, such that x > 0.
Case III:

If ¢ =0, then g(c)=g(0)=0

()= lim(-x)=0

lim g(x)= IiT. (x)=0

x—0"

s lim g(x) = 32}}1 (x)=g(0)

vl

Therefore, & is continuous at all x =0.
From the above three observations, it can be concluded that & is continuous at all points.

Let h(x) =cosXx

It is evident that #(X)=c0sx ig defined for every real number.
Let ¢ be a real number. Put x=c+h
If x—>c,then h—>0

h(c)=cosc
lim&(x) = lim cos x
= 1;11_1)13 cos(c+h)
=lim[cosccosh—sinesin Al
h—l
= E‘m(cosccosh) - thmO(smcsm h)
=cosccos0—sinesin0
=cosc(1)-sinc(0)
=CoSc
limh(x) =h(c)
Therefore, h(x)=cosx is a continuous function.
It is known that for real valued functions & and %, such that (goh) is defined at ¢ , if & is

continuous at cand if / is continuous at & (C), then (/08)is continuous at c.

Therefore, f(x)=(goh)(x)=¢ (h(x)) =g(cosx) = ‘COS x| 1s a continuous function.

Question 33:

Show that the function defined by J/ (x)=[sinx] is a continuous function,
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Solution:
The given function is f(x)=|sinx|

This function ./ is deﬁned for every real number and / can be written as the composition of
two functions as,

f = goh where &(x)=|x| and /1 (x)=sinx

' (g0k) () = & (h(x)) = ¢ (sinx) = sin+| = £ (+)]

It has to be proved first that g(x)=[x| and h(x) =sinxare continuous functions.
== ifx<0

£(x) =|| can be written as B {x, ifx>0

It is evident that £ is defined for every real number.

Let ¢ be a real number.

Case I:

If ¢ <0, then g(e)=—c

limels)=lml)=e

~limg(x)=g(c)

Tﬁz:r;fore, g 1is continuous at all points x, such that x <0.

Case II:

If ¢ >0, then &(¢)=¢

llmg(x)—llm( Y=

~limg(x)=g(c)

X—3C

Therefore, & is continuous at all points x, such that x > 0.

Case I1I:

If ¢ =0, then &(¢)=2(0)=0

lip g(x) = lip () =0
ima(x)=lig(x)=0

- lim g(x) = lim (x) = g(0)

Therefore, & is continuous at all x =0.

From the above three observations, it can be concluded that £ is continuous at all points.
Let 7 (x) =sinx

It is evident that /(X) =SinX ig defined for every real number.
Let ¢ be a real number. Put x=c+k
If x—>c,then £k >0
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s
h(c)=sinc
limhA(x)=limsin x

= J11123 sin(c+k)
=lim[sinccosk +coscsink|
k—0
= lim(sinccosk)+lim(coscsink)
k=0 k=0
=sinccosO+coscsin0
=sin¢(l)+cosc(0)
=sinc
ljmh(x) =h(c)
Therefore, " (x) =sinx s 4 continuous function.
It is known that for real valued functions & and #, such that (goh) is defined at ¢ ,1f & is

continuous at cand if / is continuous at & (C), then (/2€)is continuous at .

Therefore, S (x)=(goh)(x)= g(h(x)) =g(sinx) = ‘Sin % is a continuous function.

Question 34:
Find all the points of discontinuity of / defined by / (¥) = o —x+1],

Solution:

The given function is / () =Pl —|x+1],

The two functions, & and / are defined as g(x) :|x‘ and #(¥)= ‘x+1|.
Then, f=g-h

The continuity of & and # are examined first.

B {—x, ifx<0

2(x) =|*|can be written as % af x>0
It is evident that & is defined for every real number.
Let cbe a real number.

Case I:

If ¢ <0, then gle)=—c
lim g(x) = lim(~x) =—c

:limeg (x) = g(c)
Therefore, & is continuous at all points x, such that x <0.

Case 1I:
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b= |
If ¢>0,then & c)=c
limg(x) = lim(x) =g

- limeg (x) = g(c)
Therefore, & is continuous at all points x, such that x > 0.

Case III:

If ¢ =0, then g(c)=g(0)=0
i el =in(=)=0

lim g(x)=lim(x)=0

x—0" 10
- lim g(x) = lim (x) = £(0)

Therefore, & is continuous at all x =0.

From the above three observations, it can be concluded that & is continuous at all points.

- _{—(x+l), ifx <1

h(x)=|x+1| can be written as x+1, ifx>-1

It is evident that % is defined for every real number.
Let ¢ be a real number.

Case I:

If ¢ < -1, then h(c)=—(c+1)
limp (x) = lim[ ~(x+1) |= ~(c +1)
llf;lk(x) =h(c)

Therefore, # is continuous at all points x, such that x < —1.

Case 1I:
If ¢> -1, then h(c)=c+1
limh(x) = lim(x+1) =c+1

I T

~limh(x)=h(c)

X—be

Therefore, / is continuous at all points x, such that x > —1.

Case III:
<&

If ¢ = -1, then /1(¢) =h(-1)=-1+1=0 S
lim A(x)= lim [-(x+1)]=—(-1+1)=0 ,\(& Q

=1

xlﬁiT;h(x)leﬁiT__(erl):(—1+1)=0 Q@ g
«. lim h(x) = lim h(x)=h(-1) \‘\\O Q)(b
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Therefore, / is continuous at x =—1.
From the above three observations, it can be concluded that / is continuous at all points.
It concludes thatg and 4 are continuous functions. Therefore, /' =& — % is also a continuous

function.

Therefore, /* has no point of discontinuity.
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EXERCISE 5.2
Question 1:
Differentiate the function with respect to x.
sin(x* +5)
Solution:

Let f(x)zsin(x2+5), u(x)=x2+5 and v(t)=sint
Then, (vou)(x)=v(u(x))= V(xz +5) = taﬂ(xz +5) = f(x)

Thus, / is a composite of two functions.

Put =u(x)=x>+5

Then, we get

% = %(sint) =cost = cos(f +5)

(2 45)=L(x)+L(5)=2x+0=2x
dx  dx dx dx

By chain rule of derivative,

i:ﬂi = COS(IZ +5)x2x = Zxr:os()c2 +5)
dx dt dx

Alternate method:

%[sin (x2 + 5)] = c:cns(;c2 + 5).%():2 + 5)

= cos(x + 5).[%(5"%%(5)]
= cos(x” +5).[2x+0]

= zxcos(x2 + 5)

Question 2:
Differentiate the function with respect to x

cos(sin x) @
Solution: @
Let f(x)=cos(sinx),u(x)=sinx 4nq v(r)=cost %

Then, (vou)(x)= v(u(x)) =v(sin x) = cos(sinx) = f(x) \(& %-Q
Here, / is a composite function of two functions. Q%

Putt:u(x)zsinx . O é
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£=£ cost|=—sin¢ =—sin(sinx
dr dt

P
—=—(sinx)=cosx
dx dx

By chain rule,

i = ﬁﬁ = —sin(sinx).cosx = —cosxsin(sinx)
dx dt dx
Alternate method:

%[cos(sin ,r)J =—sin(sin x).%(sin x)
=—sin (sin x) X COS X

=—cos xsin(sinx)

Question 3:
Differentiate the function with respect to x

sin(aerb)

Solution:

Let /(x)=sin(ax+5b),u(x)=ax+b 4,4 v(t)=sint

Then, (v0u)(x) = v(u(x)) = v(ax +5) = sin(ax +b)= 1 (x)
Here, / is a composite function of two functions u and v.

Put, t=u(x)=ax+b

Thus,

%:%(sin!)=cost=cos(ax+b)

d d d d

E—E(ax+b)—a(ax)+zx-(b)—a+0—a

Hence, by chain rule, we get

df dv dt <&
E:g.azcos(ax+b).a=acos(ax+b) GQ (’;\'\Cj
Alternate method: %Q &(b
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%[sin (ax+ b)] = cos(ax +b),%(ax +b)
d

=cos(ax+b).[%(ax)+a(b)]
=cos(ax+b).(a+0)

=acos(ax+b)

Question 4:
Differentiate the function with respect to x

ool )
Solution:

Let / (x)=see(tan (VX)) u(x) =Ve,v(t)=tant 4 s(s) =secs

Then, (wovou)(x)=w[v(u(x))]=w| v(¥x) | = w(tan V) =see(tan V) = 1 (x)

Here, / is a composite function of three functions u, v and w.

Put, § =v(f)=tant 4pq ‘:”(x)z\/;

Then,

@=i(secs)

ds ds
=secstans

=sec(tans).tan(tans)  [s=tant]

=sec(tan«./;).tan(tan\/;) [1:«.@]

Now,

ﬁ_i o P 2

dt_dt(tam) sec’t =sec’ x

dt d _d(3). 1 3 1

E*a(";)*dx[xl"z'x ol

Hence, by chain rule, we get . Q®
GO O
QS L
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d dw ds
E[sec(tallx/;)]=g,?:.%

= sec(tan \/}) tan (tan \/E).sec2 \/;ZI/-_;

=$sec2 X sec(tan\/;)tan(tanﬁ)

) sec’ vVx sec(tan \/;)tan(tan \f;)
B 24/x

Alternate method:

=sec(tan\/;) tan(tan\/;).sec?(\/;).%(ﬁ)
=sec(tan \/;) tan(tan \E].secz(\/;) %
%
sec(tan\/;).tan(tan\/;).secz(\/;)
- 2Jx
Question 5:
Differentiate the function with respect to x
sin(ax+b)
cos(cx+d)
Solution:
Sin(ax+b)
X)=——>—~
Given, cos(cx+d), where &(x)=sin(ax+b) 5pnq h(x)=cos(cx+d)
lh_ hl
nfeBERER hzg
Consider &(x)=sin(ax+b)
Let u(x)zax+b, v(t)zsint @

Then (vou)(x)= v(u(.x)) =v(ax+b)=sin(ax+b)=g(x) 60 c,;\'\c}

-+ & is a composite function of two functions, « and v. &6 Q

Put, t=u(x)=ax+b %\(b %-
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sin!) =cost = cos(ax + b)

{ax+b) =L (@) + < (b) =a+0=a

Thus, by chain rule, we get

'=d_g:ﬁ_£=cos(ax+b).a = acos(ax+b)
dx dit dx

Consider /1(x)=cos(cx+d)
Let p(x)=cx+d, q(y) =cosy
Then, (900)(x)=4(p(x))=q(cx+d)=cos(cx+d)=h(x)

. h 1s a composite function of two functions, p and q.
Put, V= p(x)=cx+d

.d_q:-i(cosy) =—siny =-sin(cx+d)

dy dy
%=%(cx+d) =%(cx)+%(d)=c
Using chain rule, we get

gl B

dx dy dx
=—sin(c.x+d)xc
=—csin(cx+d)

Therefore,

,_ @cos (ax+ b).cos(ex +d)—sin(ax + b){—csin (cx+a')}

[cos(cx + af)]z

_ acos(ax+b)+csin(ax+b)'sm(cx+d) 1
cos(cx+d) cos(cx+d) cos(ex+d)

= acos(ax+b)sec(cx+d)+csin(ax+b)tan(cx+d)sec(cx+d)

Question 6: @
Differentiate the function with respect to x % Q&(b

cosx”.sin’ (x° \
(x') @ g

Solution: ) Q &Q

Given, cosxs.sinz(xs ) ‘\\\O @@
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=
%I:cosxg. sin’ (x5 )] =sin’ (xs)x % (cos x3] +cosx’ x %[Sin2 (x5 )]
=sin® (xs)x (—sin xs) X %(f) +cosx® x2sin (x5 ),%[sin xq
=—sinx’ sin® (f)xBx2 +2sinx’ cosx’.cosx’ x%(f)
=-3x"sinx’.sin’ (x5)+ 2sin x° cos x° cos x° x 5x*

=10x" sin x° cos x° cos ¥’ —3x? sin x° sin’ (x“)

Question 7:
Differentiate the function with respect to x

2, (cot(xz)
Solution:

%[24 /cot(xz)} =2 m x%[cot(fﬂ

sin

( 2
n|x*
sExz]) " sin’ (xz)

—2x

sin x>/cos x° sin x°
_ —Zﬁx
* sinx*v2sin x* cos x°
_ —Zﬁx
* sinx*\sin 2x?

8
w

—
EN
e | —

x—cosecz(xz)x%(xz)

wn

«(2x)

8

Question 8: @

Differentiate the function with respect to x

COS(\/;) @

Solution: \(&6 Q
Lot / (¥)=cos(+) @)
Also, let ()= Vx and, V()= cos? \'\\O Qo)
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(vou)(x) = v(u(x))
()
= CDS\/;
/(%)

Since, / is a composite function of u and v.

t=u(x)=\/;

1
N
dv d y
— =—(cost)=—sin?
dt dt

And, _Sin(&)

Using chain rule, we get
dt _dv dt

dx  dt dx

Alternate method:

2 cos(V)]=-sin(V). (%)
=_sin(&)x%[x%J S

I 5

=—sinVxx-x & Q

:—sin«/; %\(b %'
2Jx ) OQ
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uestion 9:
Prove that the function /* given by

f(x) = |x_1‘>x €R is not differentiable at x=1.

Solution:
Given, S(x)=|x-1|,xeR
It is known that a function / is differentiable at a point x = ¢ in its domain if both

i S0 lerh)=7(e)

h>0" h and 40" h are finite and equal.

To check the differentiability of the given function at x =1,

Consider LHD at x=1
( f(l h] f|1 I| |l—h 1|

lim
hi—0 Jr—>0
il 0—_|h|
=) h
=lim—= (h<0=|h=—h)

Consider RHD at x=1
f(l+h) £y i ft+h—1—[1-1]
h

h—)U h—0"

= lim A
=0k

~lim 2 (h>0=|h=h)

h—=0" h

=1

Since LHD and RHD at x=1 are not equal,

.9
Therefore, / is not differentiable at x =1. GQ ,\\'C)

’b
Question 10: &% Q&

Prove that the greatest integer function defined by f(x)=[x],0<x<3 jg @dl &{b-able at

x=1and x=2.
@
N
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olution:
Given, f(x)=[x].0<x<3

It is known that a function / is differentiable at a point x = ¢ in its domain if both

o S-S flerh)-sle)
0" h and #-0° h are finite and equal.
At x=1,

Consider the LHD at x=1
i 7001 _ g 11114

h—0" h h—0

Consider RHD at x=1
o Q)= F (1) [l+hj-[l]

hoo? h h—0"

. 1-1
=lim —
0t h

=1lim0
50"

=0

Since LHD and RHD at x=1 are not equal,

Hence, / is not differentiable at x=1.

To check the differentiability of the given function at x =2,
Consider LHD at x=2

f@-rC-h) . [l[-4]

lim
h—0" h h—0" h @
- 2_1 * O
s > &
= fim 1 ('o
| & Q
=00 @
S B

Now, consider RHD at x=2 Q
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—
24+h)-f(2 2+h|—|2
i LGN =1 @) [2+h)-[2]
h—>0" h hs0 h
. 2-2
= [im ——
h—0"
=1lim0

h=—»0"

=0
Since, LHD and RHD at x =2 are not equal.

Hence, / is not differentiable at x=2.
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EXERCISE 5.3
Question 1:
) d—y:2x+3y=sinx
Find dx
Solution:

Given, 2x+ 3)1 =ginx
Differentiating with respect to x, we get

diy(Zx +3y)= %(sin x)
= zx(Zx) + ;(Sy) =COsX

d
::>2+3—y=cosx
dx

dy

=3—=cosx-2

,dx _cosx—2
Cdy 3

Question 2:
@
Find dx: 2x+3y=siny

Solution:
Given, 2x+ 3y =sin y
Differentiating with respect to x, we get
d d d, .
a(2x) | a(?:y) = a(sm ¥)
53432 ~0s yﬂ [ By using chain rule]
dx dx

=52 =(cosy—3)%

B2 O
; P &8

dx cosy—3 @

Question 3:
dy

Find dv: av+ by’ =cosy N
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Solution:

Given, ax+by” =cosy
Differentiating with respect to x, we get

%(ax)+%(by2) =%(cosy)

:>a+b%(y2)=%(cosy) (1)
LIS AT SN iy ?
dx(y )—Zydxand dx(cosy)— siny— (2)

From (1) and (2), we obtain

dy . dy
a+bx2y—=—siny—
ydx y

dx
— (2by+siny) D = -
y+smy)dx- a

LAy —a
Tdx  2by+siny
Question 4:

dy
Find dx: xy+y’ =tanx+y

Solution:

Given, xy+y’ =tanx+y

Differentiating with respect to x, we get
d , d

—(xy+y°)=—(tanx +

4 (1+57) =2 (1 +3)

dy

:%(xy)+%(y2} =%(tanx)+ o~

d ly A ) ly
=S| yv—(x)+x— [+2y—=8ec" x+—
{ydx( ) } g

dy dy , dy
= yl+x—+2y—=sec'x+—=(x+2y-1
AT e % = (Fr2=)

X
dy_

&

sec’ x—y
(x+2y-1)

e

=sec’x—y

mm Wondershare
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Remove Watermark g
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uestion 5:
dy
Find dx  x° +xy+y2 =100

Solution:
Given, x> +xy+y* =100
Differentiating with respect to x, we get

%(x2 +xy+y2)=%(100)

d d d
:>—(x2)+—[xy)+—(y2)=0
:>2x+[y.%(x)+x.—t}+2y—f=0

dy ., dy

2 d+x—+2y—=0
=S2x+y.1+x—+2y

dy
=>2x+y+(x+2y)—=0

X+y (x+y)
LAy _

“dx

_2xty
x+2y

Question 6:
dy
Find dx X’ +x’y+xp°+y =81

Solution:

Given, X +x’y+xp’ +y° =8l
Differentiating with respect to x, we get
d d

a(f +XPy+ a8 +y3) =a(81)

:>%(xs)%(fy)%(xyz)%(ys):o

Remove Watermark

mm Wondershare

®  PDFelement

=3x° +{y%(x2)+x2 %]+I:y2%(x)+x%(yz)}+3y2%:0

dy d
=352 +| p2x+x° = |[+| Y1+ x2y.—=
* {yxxdx] [y S

:>(x2+2xy+3y2]%+(3x2+2xy+y2):O

dy —(3}:2 +2xy+y2)
T (x? +2xy+3)?)
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Question 7:
dx

Find dv sin’ y+cosxy=rn
Solution:

Given, sin’ y+cosxy =7
Differentiating with respect to x, we get

i(sin2 y+cosxy) = i(:rr)
dx dx
v A d
:E(smzy)+z(cosxy)=0 wed 1)

Using chain rule, we obtain

d oy - ; dy
—{sin” y)=2sin y—(sin y)=2sin y cos y— A
dx( 1 y] 1 ydx(l ,V) my ydx ( )
d : d ; d dy
—(cosxy)=-—sinxy— =—sin —(x)+x—
4 (cosa)=-sinsy - (9) = -sinay| y-o (x) 42

. dy} ; . dy
=-—sIn d+x— |=—ps —Xsinxy— a3

i xy[y x— ysiny —xsinzy— (3)
From (1), (2) and (3), we obtain

: dy ; 4 dy)

2sin ycos y—+| —ysinxy —xsinxy— |=0

¥y ydx [ ysmxy —x de
= (2sin —xsi L W

ycosy—xsinxy) S Ysiny

: ; dx 2
:>(sm2y—xsmxy)5:ysmxy
) @: ysinxy
T dy  sin2y—xsinxy
Question 8: @

s QS

Find dj;:sinzx+coszy=1 60 (’)\\
ion: 9

Solution: N N Q

Given, sin’x+cos’ y =1 %
Differentiating with respect to x, we get Q KQ
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" d
E(sz X +cos’ y) = E(l)

= %(sin2 x) -t-%(cos2 y) =0
= 2sin x,i(sin x)+2cos yAi(cosy) =0
dx dx

. . d
= 251nxcos,r+2cosy(—smy).ay= 0

ﬁsin2x—sin2y@=0
dx

_dy sin2x

“dx  sin2y

Question 9:
. d_y;yzsin'l[ zsz
Find dx I+x

Solution:
Given,

y=sin“( szJ
1+ x

=siny=

2

1+ x

Differentiating with respect to x, we get

d d{ 2x
4N d sl
2 BIy) dx(1+x2] (1)
Ve de\1+2
2x u

The function 1+ x*, is of the form of v

By quotient rule, we get

https://millionstar.godaddysites.com/
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d{ 2x (1+12)%(2.r)—2x.j—x(1+x2)
_[ 21: (1+2)
(1+5%).2-2x[0+2x]
(1+3c2)2
2+2x% -4x°
T (e
_2(-#)

(142

siny =
Also, Y 145

2
cosy=+/1-sin’y = ’1—[13';2]

(1+)4:2)2 —sz
(]+x2)
=)

(1+x2)2

2

1-x

Tig™

From (1), (2) and (3), we get

1-x* W 2(1—x2)
1+ x2 &_U+ff
I &

dx 1+x°

Question 10:

T
d_y_ y:tan_l [33&:—)7?]!_]_<x<]_
Find dx 1-3x \/g 3

mm Wondershare
https://millionstar.godaddysites.com/ Remove Watermark
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3x-x°
=tany= 1
Since, we know that
3tanz—tan3 d
Stany=|—3 3 (2)
l—3tan3§

Comparing (1) and (2) we get,

xztanZ
3

Differentiating with respect to x, we get

Question 11:

il
d_y-yzcos"( al
Find dx’ I+x7 ), 0<x<1 (74)

Solution: @

= | (]_’xzj
y=cos” | —
Given, 1+x
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2y
N —tn 2 1-x
1+tan® 2 I+x°
2
Comparing LHS and RHS, we get
tanl=x
2

Differentiating with respect to x, we get

seczz.i[zj—i(x)
2 dx\ 2 dx

Solution:
. ( I=a2? ]

y=sin -

Given, I+x

y=sin"' L-x"
1+ x°
|

1+ x2 @

Differentiating with respect to x, we get «% Q
" &

4 (siny)=“[1=* () @)

dx de\1+x°

Using chain rule, we get O Qo)
N2

=siny=
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L cin ) —con
dx(smy)—cosy.dx

2 2
cosy =4/1-sin’*y = l—(] x]

1+x*
_J(sz)Z_(l_xg)z_ 4 2x
. (l+x2)2 B (1er2)2“1+x2
Therefore,
%(Sin y)= lf'; ix—y (2)
%(Lij]_(“f)-;(lxZ)(lxz)-‘;i(HxZ) [using quotient rule]

(]+x2)2
(1+2)(=2x) - (1-5*)(2x)
(1+ch’)2
_ —2x—-2x" = 2x+2x°

(1+ch)2

e HE_ (3
(1+x2) ()

From equation (1), (2) and (3), we get
2x dy _ —4x
e de (14x7)

dy -2
S ——
dx 1+x

Question 13:

_ d—y:y:cos‘l[ * ],—1<x<1

Find dx 1+ x* 2

Solution: 6 (}'
y=cos"‘( o ] < @

Given, 1+x? K

y=cos" (Zl;r_x)z] | Q% &Q

1+x°

cosy=[
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Differentiating with respect to x, we get

i(cos;;)=i( 2x ]
dx de\ 14 x?

d d
dy_(1+x2).£(2x)—2x.£(1+x2)

:—siny.g— (1+x2)2

1+x*)x2—-2xx2
g e

@ _ 2(1-—x2)]
it

e de (1)
@_ -2
de 14+x7

Question 14:

d—y:yzsin_’ (2xv1—x2),—L<x<

1
Find dx N
Solution: @
O
o y=sin'1(2x\/]—x2) <&

y=sin" (2):@) \(b
=siny= (Zxﬁ) OQ% %.
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g

Differentiating with respect to x, we get

cosy.% = Z[x%(\fl_xz)+\/1—x2 %}

1-x°
2
= 1—2x2)@=2[1 2{}
dx 1—x*
Y. -
ax  \1-x*

Question 15:
dy _1[ 1 ) 1
Zy= —— R —
Find dx ~ o \2e-1)"

Solution:

y=sec'1[ 21 ]
2x" -1

Given,
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1
= y=sec”
¢ (2x2—1J

1
= secy = ['2—xz-_—lj

= cos y =2x° -1
= 2x* =1+cos y

= 2x* =2cos’ %

:Jvc:cm;—Ji
2

Differentiating with respect to x, we get

-1 _1ay
sin? 2
2
Q_ -2
dx SinZ
::»;iz =
A l—coszz
dx  \1-x
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EXERCISE 5.4

Question 1:

X

e
Differentiating the following wrt x: sin x

Solution:
PR e-‘-
Let Y sin x

By using the quotient rule, we get

gy S x%(e’ )-e' %(sin x)

dx sin? x

sin x.(e" ) —e*.(cosx)

sin’ x
e (sinx—cosx)

sin® x

Question 2:
Differentiating the following e

Solution:

sin”! x

Let y=e¢

By using the quotient rule, we get
dif st

dy _d ( o )

dx dx

Question 3: %

Differentiating the following wrt x:e¢* Q KQ
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olution:

Let y=¢
By using the quotient rule, we get

wal”)

—e’ L ()

3
2
=¢" 3x

2 3
=3x"e"

Question 4:

- -1 _-x
Differentiate the following wrt * ,sm(tan ¢ )

Solution:
Let V=sin(tan™ e™)
By using the chain rule, we get

-i—':: = % [sin (tarl'1 e )]

= cos( tan™ e"‘)‘i[tan“ ™)

= cos(tan‘1 e"‘). 1 +(:_x )ﬂ .%(e‘x)
cos(tan™e™)
T

e cos(tm‘I e"‘)

- <)

1+

—e™* oS (tan'1 e )

O

Question 5:

Differentiate the following wrt * log(cos ex)

Solution: &% Q
Let y:log(COSe‘) %\(b

By using the chain rule, we get Q &Q
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% = %[log(cos e ]]

1 d .
" cose’ 'g(cosg )
1

o d .
T cose’ .(—sme )'E(B )

_ —sine” o
cose”

=—¢"tane’,e” ¢(2n+1)%,ne N

Question 6:

Differentiate the following wrt x:e* +e" +...+e"

Solution:
%(e’ +e" +...+e" )

Differentiating wrt x, we get

mm Wondershare
PDFelement

Remove Watermark g

%(efr +et +..,+e*;)=%(ex)+%(exl)+%(e’3)+%(eﬂ )+%(e"j)

=e'+ {e“'z X%(xz)]-i- {ef x %(xa')] +{

o x( )Hef e )]

=e 1}~(eAj ><2x)+(e‘3 x3x2)+(ef x4x3)+(e*; xSx“)

3 4
= &" +2xe" +3x%" +4x°e" +5x%e”

Question 7:

Differentiating the following wrt X:V e’ x>0

Solution:

Let}’=\f~*?j

Then, y' = eV

Differentiating wrt x, we get

y2=e‘/;
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Question 8:

Differentiating the following wrt ** log(logx),x > 1

Solution:

Let ¥ =1log(logx)
By using the chain rule, we get

% = %[log (log x)]
1 d
= —(L
logx dx ( o8 x)
RN
B logx x
= : L, x>1
xlog x
Question 9:
. .. . X.: cosx X > 0 @
Differentiating the following wrt ~ logx 60 .\O
N
Solution: @ (00
_cosx (&6 Q&
Let log x
By using the quotient rule, we get 6\' %'
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d d
i ) E(oosx).logx—cosx.z(logx)

dx (log J«t)2

—sinxlogx— -::os.m:.l
X
(log x)2

xlog x.sinx +cosx
:_[ g }x>0

x(logx)’

Question 10:

Differentiate the following wrt * cos(logx * er)’x =0

Solution:

Let V= cos(logx+e‘*)
By using the chain rule, we get

% =—sin [logxﬂ-er}%(lﬂgx"‘ex)
= —s'm(logx+ e”).[%(logx) + %(ex)]
= —sin (Iogx+ e”).[l + e"J
x

=—[l+e’]sin(logx+e“],x >0
X
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Question 1:
Differentiate the function with respect to x: cosx.cos2x.cos3x

EXERCISE 5.5

Solution:
Let ¥ =cosx.cos2x.cos3x

Taking logarithm on both the sides, we obtain
log y = log(cos x.cos 2.x.cos 3x)

= log y = log(cos x) +log(cos 2x) + log(cos3x)

Differentiating both sides with respect to x, we obtain

lop 1 .i(COSX)-F .i(cos2x)+

ydx cosx dx cos2x dx cos3x

=>Q=y{— sinx sm2x.i(2x)_ sm3xl£(3x)]
dx cosx cos2x dx cos3x dx

.%{cosBx}

% = — 08 .08 2x.c0s 3x[ tan x + 2 tan 2x + 3 tan 3x|
Question 2:

(-D(-2)

Differentiate the function with respect to x: \j(x -3)(x-4)(x-5)

Solution:
y=\/ (x=1)(x-2)
Let  V(x=3)(x-4)(x-53)

Taking logarithm on both the sides, we obtain

)
’°gy“°gJ(x—3)(x—4)(x—s) 2

N (x-1)(x-2) O
:>logy—Elog{(x_ﬂ(x_ét)(x_s)] G c’)\\

¢
= logy= 1E[log{(x—l)(x—.’l)} —log{(x—3)(x—4)(x—5)}} (&% Q&
::>logy:%[log(x—1)+log(x—2)—10g(x—3)—10g(x—4)-—log(x—5)] Q%’\'&Q%'
. O @
N
L&
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:sz 1+1_I_1_1
dc 2|x-1 x-2 x-3 x—-4 x-5

_._f_b_/zi\/( (x-1)(x-2) Ll NS 1]

dc 2\ (x-3)(x-4)(x-5)lx—1 x-2 x-3 x-4 x-5

Question 3:

Differentiate the function with respect to x: (logx)
Solution:

cos T

Let V= (log x)

Taking logarithm on both the sides, we obtain

log y = cos x.log (log x)

Differentiating both sides with respect to x, we obtain

i.%zdix(cosx).log(logx)+cosx.%[log(logx)]
= %% = —sin xlog(logx)+ cosx. lgx.c%(logx)
e o —sinxlog(logx)+ el
dx g logx x
-fji_ wsx| COSX . N @
5 dx—(logx) |:xlogx smxlog(logx)] 60 c’)\'\C)

Question 4: \(&% Q

Differentiate the function with respect to x: x* —2""* Q
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olution:
Let y — xx _2sin.\‘
Also, let x* =u and 2" =v

LY=U—v
dy du dv
dx  dx dx
u=x"

Taking logarithm on both the sides, we obtain

logu =xlogx

Differentiating both sides with respect to x, we obtain
1 du

T I:%(x)x log x + x x %(logx)}

du 1
= —=u|lxlogx+xx—
dx X

du

—=x"(l 1
== (logx+1)
j%z}:’(l-ﬂogx)
v=2sinx

Taking logarithm on both the sides, we obtain
logv =sinx.log2

Differentiating both sides with respect to x, we obtain
1 dv

e log 2.%(Sin x)

dv
= —=vlog2cosx
dx

v _ psins cos xlog 2

.‘.%:x"(lﬂogx)—fi“ cos xlog2 60 ’.\30
O

Question 5: \(&6 Q

Differentiate the function with respect to x: (x+ 3)2 (x+ 4)3 (x+ 5)4 %
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Let V =(x+3)2 .(x-c—4)3 .(x+5)4

Taking logarithm on both the sides, we obtain
log y = log(x + 3)2 +log(x+ 4)3 +log(x+ S)4
= logy =2log(x +3)+3log(x+4)+4log(x+5)

Differentiating both sides with respect to x, we obtain
1% 5 1
y dx x+3
dy 2 3 4 ]
=>-—=—=y 0 Bt
dx x+3 x+4 x+5

d 1 d d
E(x+3)+3ma(:{+4)+4 E(Iﬂ-S)

x+5

=

dy 2 3 o] 2 3 4
= 3 4 3) .
dx (x+ } (x+ )(x+ ) _x+3+x+4+x+5]

2(x+4)(x+5)+3(x+3)(x+5)
+4(x+3)(x+4)
(x+3)(x+4)(x+5)

=D (xr3) (x ) (x+5)"

;(x2 +9x+20) +3(x? +8x+15)]

dy _ x+3)(x+4) (x+5).
== =(x+3)(x+4) (x+5) [+4(x2+7x+12)

% = (x+3)(x+4) (x+5) (9x” + 70x +133)

Question 6:

Hi}’ﬂ(“ﬂ

Differentiate the function with respect to x: [ X

Solution:
* s
J’=(x+l] +x[ "]
Let X

u=[x+ ] ()
Also, let x) and v=x* *

SY=utv Q Q
I 8O 2
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— '
2
bocd

u=[x+l]
Then, X

Taking logarithm on both the sides, we obtain
l x

= logu = log[x+—]
X

1
= logu = xlog(x +—]
x

Differentiating both sides with respect to x, we obtain

1 du d | d 1
_‘_z—(x)xlog[x+~]+x><— log[x+—]
u dx dx x dx x

1 du [ 1] 1 d( 1)
= —.—=1xlog| x+— [+xx —| x+—
u’ dx X [ 1] ax\” x

X+~
X

Céx L
du 1) x* -1 1
ﬁg‘(“; = +10g(x+;J] (2)
1
Now, v=x[| "] GQ ,&)6
Taking logarithm on both the sides, we obtain @ Q

= logv =log [x[%}]
3logv=[l+%)logx . OQ &Q
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ifferentiating both sides with respect to x, we obtain

1 dv d 1 1Y\ d
——=|—|1l+—||xlogx+|1+— | —logx
v dx dx X x ) dx

U

U
R A
&%

1l

|
o =
L

E =)

a5

=

.+.
By

+

=
L SN

= |

“dx 2 x x
X

=V[—logx: +1J
x

_ ['+H{—logx+x+lJ -3

U
B8 &|&

U

X
2
X

Therefore, from (1), (2) and (3);

* 2. +l —
Q:[Hl) Pﬂ ‘+1og(x+lﬂ+x[' ][W}
dx %X x +1 X X

Question 7:

. . . . o log x
Differentiate the function with respect to x: (logx)" +x

Solution:

log x

Let ¥=(logx)" +x

Also, let = (logx)" and v = x*&

Ly=utv
d_y = di + ﬁ e (l)
dy dx dx
Then, ¥ = (logx) @
Taking logarithm on both the sides, we obtain 6 R\
< L

= logu = log [(log x)x] &(b
= logu = xlog(logx) (&(o Q
» B

Differentiating both sides with respect to x, we obtain Q% &Q
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da
dx

(x)xlog(logx)+ x.%[log (log x)]

= % =u [] xlog(log x) + x. (lo; 5 ,%(log x)]

du ::- X 1
= —=(logx) | log(l —

du x_ 1
&t log(1
== (logx) og(ogx)+(logx)}

:@:(log it log(logx).log x +1
dx | logx

dﬂ' x-1
= _—=={] 1+1 Jlog(1 (2
5 (log x) [ +logx.log( ogx):l (2)

log x

v=Xx

Taking logarithm on both the sides, we obtain
= logv = log(x"’*”")

= logv = log xlogx = (log x)’

Differentiating both sides with respect to x, we obtain

L

=1 %% = 2(Iogx).%(logx)
= % = 2v(logx).é

L B _ 5 e l0B%

dx X
= @ =2x""" log x (3)

Therefore, from (1), (2) and (3);

dy x= o
Ez(logx) 1|:I+lc::gx.log(logx):l+ 2x"2* log x %)

Question 8: %

Differentiate the function with respect to x: (sinx)” +sin ! Jx OQ KQ
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Let ¥ =(sinx)" +sin"' Jx

Also, let =(sinx)" and v=sin"' Vx

Ly=u+v
d_y:ﬁ_kﬁ ...(I)
dx dx dx

Then, ¥ = (sinx )Jr

Taking logarithm on both the sides, we obtain
= logu = log(sinx)"

= logu = xlog(sin x)

Differentiating both sides with respect to x, we obtain

1 du_ d

; d :
= E(x) x log (sin x)+x.-d—x|:]0g(sm x]]

= % = u|:1 xlog(sinx)+x. (Si; = ,%(sin x):|

=5 % =(sinx)" [log(sin x)+ [si;x) .C0S x}

:?z(sin x)" [xcot x +logsin x| Y
X

v=sin" Vx
Differentiating both sides with respect to x, we obtain

d___1_dip)
dx ’1_(\/;)2 dx
dv 1 1

=
dx  ~1-x 2\/;

e () &
dx  2\x-x’ 60 ,’\30
Therefore, from (1), (2) and (3); @ O

% = (sinx)" [xcotx + logsin x]+

1
2dx—x"


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
http://cbs.wondershare.com/go.php?pid=5239&m=db

mm Wondershare

Remove Watermark g PDFelement

https://millionstar.godaddysites.com/

uestion 9:

sin x COS X

Differentiate the function with respectto x: *  + (sinx)

Solution:

sinx Sasx

Let ¥ =x""+(sinx)

Also, let u=x""* and V= (sinx)™"

SLy=u+v

d_y:du dv (l)
dx dx dx

sinx

Then, u=x

Taking logarithm on both the sides, we obtain

= logu = log(x*‘i“")

= logu =sinxlog x

Differentiating both sides with respect to x, we obtain
. i(s‘mx].logx+sinx.i(logx)

u dx dx dx

du [ 2 ]]
= —=u| cosxlogx+sinx.—
dx x

z%:x““[cosxlogx+$] il 2)
v =(sinx)™"
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aking logarithm on both the sides, we obtain

= logv =log(sinx)"”

= logv = cosxlog(sin x)
Differentiating both sides with respect to x, we obtain

1 dv

d . d g
e -d—x(cosx) x log(sinx) + cosx x E[log(sm x)]

:>ﬁ:v[—sinx.log(sinx]Jrcosx. ] .i(sinx]]
dx sinx dx

= v _ (sinx)™" {—sinxlog(sinx) i S cosx}
dx sinx
=5 % =(sin x)cm [— sinx log(sin x) + cot x cos x]

dv . COos X . -
:>E=(smx) [cotxcosx—smxlog(smx)] vl 3)
Therefore, from (1), (2) and (3);

_di — xsinx ’V

cosxlogx + m_‘ +(sinx)™" [ cot xcosx —sin xlog(sinx) |
X

Question 10:

I < |
Differentiate the function with respect to x: -1
Solution:
ooy . X2 +1
Let rer ! -1
- x*+1
Also, let u=x"*""and  x* -1
Yy=u +v

dy du dv
:—=—+—x (l) Q '\()
dx  dx d 6 (}
Then, u = x***" %
YN

Taking logarithm on both the sides, we obtain %

= logu = log(x”"“) OQ &
= logu = xcos xlogx ,\\\ ®®
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ifferentiating both sides with respect to x, we obtain

i.d—d:=%(x).cosx.logx+x.%(cosx).logx+xcosx.%(logx)
= s _ u[l .cosx.log x +x.(—sin x)log x + xcosx.l}

dx X

du XCOSX c
= [cosxlog x - x.sinxlogx + cos x|

dy XCOSX s
:E=x [cosx(l+logx)fx.smxlogx] (2]

_ x*+1

-1
Taking logarithm on both the sides, we obtain

= logv =1log(x* +1)-log(x* -1)

Differentiating both sides with respect to x, we obtain

_dv_ v[zx(f ~1)-2x(* +1)]

(x2 +])(x2 —1)

- @_ﬁ xt+1 y —4x
dv & =1 (x2+l)(x2—l)
dv  —4x

v (3
A (x-1) 2

Therefore, from (1), (2) and (3);

4x

(1)

e gTIRE ]:cosx(l +logx)— x.sin xlogx] -

dx

Question 11: @

1

Differentiate the function with respect to x: (xcosx)” +(xsinx)s 60 (s;QO

Solution: %
: N
Let ¥ =(xcosx) +(xsinx)s %\(b Q

1
Also, let ¥ = (XCOS X)I and V= (x sin x).r OQ &Q
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Then, %= (xcosx)’

Taking logarithm on both the sides, we obtain
= logu = (xcosx)’

= logu = xlog(xcosx)

= logu = x[logx + log cos x]

= logu = xlog x + xlogcos x

Differentiating both sides with respect to x, we obtain
i.%‘ = i(xlogx)+%(xlogcosx)
du d d d d
= —=u|qlogx.—(x)+x.—(lo + 4 logcos x.—(x) + x.—(logcos
% uH gxdx(x) xdx( gx)} { g xdx(x) xdx( g x)H

d. o 1 1 d
= dz; =(xcosx) _[log M1 +E ;]Jr{log cosx.1+x. — .dx(cosx)H

Cos X

=5 % =(xcosx)" | (logx+1)+ {log COS X + — (—sin x)H
du x -

P (xcosx) [(1 +logx)+ (logcos x — x tan x)]

= % =(xcosx)’ [(1 —xtan x)+ (log x +log cos x)]

3%:(xcosx)x[1—xtanx+log(xcosx):| .(2)

v =(xsinx)x .
> &

Taking logarithm on both the sides, we obtain @
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1
= logv = log(xsinx):

= logv = l]og(xsin x)
i

= logv = l(log,vc~|—logs.inx)
x

1 1 .
= logv =—logx+—logsinx
W i &

Differentiating both sides with respect to x, we obtain

l@— d [llo x]+i[llo (sinx)]
g R g

vdx_a

x
1 dv d{1 1 d . d (1 1 d .
:>;a:[logx.a(;]+;.£(logx)}+[log(smx).£(;)+;.£{log(smx)}J
:l@— log x b +ll +| log(sin x) L +l L i(sinx)
vde g% ) x x g %) xsinx dx

ldv 1 log(sinx 1
:>;azy(l—logx)+[— (x2 )+xsinx.cosx}

dv .U
:E:(xsmx)x > >

1[1-log x . —log(sin x)+xcot x
X X

R

2
X

N dv :(xsinx)% 1—log(xsm2x)+xcotx}
dx x

Therefore, from (1), (2) and (3);

i 1 tx+1-1 i
%:(xcosx) [l—xtanx+log(xcosx)]+(xsinx)x |'xco i zog(xsmx)“
X

Question 12:

dy
Find dx of the function ** +y" =1

The given function is X" + " =1
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Let, x’ =u and V' =V
sutv=l1

Then, u=x"

Taking logarithm on both the sides, we obtain

= logu = log(x-")

= logu = ylogx

Differentiating both sides with respect to x, we obtain

1 du dy d
—.—=logx—+y.—(lo
mrvil St
:Q—u lo xd_y+ 1
B L Py
:>d—u=x”|:]ogxd—y+i} we(2)
dx dx x

Now, v=)"
Taking logarithm on both the sides, we obtain

:logv:log(y")

= logv=xlogy

Differentiating both sides with respect to x, we obtain

——— 1— o I
e log y.—(x)+x.—(log )

dv 1 dy
=>—=v|logy.l4+x.——
dx y dx

dv . x dy
—=y"1 ——= el 3
s y{ogwy QJ (3)

Therefore, from (1), (2) and (3);
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|

¥ dy yi| x X dy
x| logx—+= |+ logy+—.—|=0
{ j24 = y[ gy 7 dx}

= (x* logx +xy"" )% ==+ )" logy)

cdy (o + 5 logy)
T (x"’ logx+xy"')

Question 13:
dy
Find dx of the function ¥' =x"

Solution:

The given function is »" =x"

Taking logarithm on both the sides, we obtain

xlogy=vylogx

Differentiating both sides with respect to x, we obtain

logy,%(x) + x.%(logy) = logx.%(y) + y.%(log x)
1 dy dy

1
=logyl+x— —=—=logx.—+ y —
gy S <] )’x

dx
:>logy+£.ﬁzlogx.(—iy—+Z
v dx dx x

X dy y

=5 —=—1] —==-1

vt

_ [x=ylogx \dy _y—xlogy
y dx X

Eai=1 > &
S
Question 14: \(& %.Q

d N\
Find a’_i of the function (c0sx)” =(cosy)’ \‘\\OQ @K
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Solution:

The given function is (cosx)" =(cosy)’
Taking logarithm on both the sides, we obtain

¥V log Cosx = XIOQ Cosy

Differentiating both sides with respect to x, we obtain

log cos x.% + y.%[logcosx) =log cosy.%(x) + x‘%(logcosy)

dy 1

= logcosx.—+ cosx)=logcosy.1+x. —(cos
5 dx Ji‘::os.vc dx( ) BRI cosy d x( y)
dvy ; X ; dy
:\»logoosx,-—+-—~.(*smx)=logcosy+—.(*smy).-
dx cosx cos

= logcosx.%—ytanxz logcosy—xtanyd—y
x

= (logcosx+xtany)% = ytan x + log cos y

. dy _ ytanx+logcosy
“de xtan y+logcos x

Question 15:
&
Find dx of the function Xy = ¢

x-y)

Solution:

The given function is XV = i

Taking logarithm on both the sides, we obtain

log(xy) = log(ex'y) 60 (’;\30

= logx+logy=(x—y)loge %Q &(b
= logx+logy=(x—y)x1 (& Q
= logx+logy=(x—y) %\ %’

Differentiating both sides with respect to x, we obtain * ()Q @
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d da _d b
dx(logx)+dx(logy) dx(x) .

cdy y(x-1)
Tk x(y+l)

Question 16:

Find the derivative of the function given by / (¥)=(1+x )(1+27)(1+x*)(1+x") 4nd hence find
7).

Solution:
The given function is S (x)= () (L2 ) (12" ) (14 5°)
Taking logarithm on both the sides, we obtain

log f(x) = log(1+x]+log(1+xz)+ log(l+x“)+log(1+xs)
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o)

Differentiating both sides with respect to x, we obtain

f(x) dx[f ]z%log(l+x}+%log(1+xz)

+%10g(1+x4)+%10g(1+x8)

:>f(lx).f'(x)zﬁ.%(l+x)+l+lxz.%(1+x2)
e ) )
Fix)=rlx )[l+x Lix? 2x-i-1+x“'4363-i-l-l-xs‘{';x}
f'(x):(l+x)(1+x2)(l+x“)(l+xg)[l:erlf’:xxz+lix;+1ix;8}
Hence,

1+12 N1 1+1“

f’(l)=(1+l)(l+12)(1+14)(1+13)L+1 201) , 4()° (ﬂ

=2x2x2x2{1+3+i+§]
22 2 2
_16(15]

2
=120

Question 17:

2 3
Differentiate (** =5 +8)(x" +7x+9) i1 three ways mentioned below.

(i) By using product rule
(i) By expanding the product to obtain a single polynomial.

(i11)) By logarithmic differentiation. Q ’\C)
| > &
Do they all give the same answer? %
>
Solution: \ %_
Let y=(x2—5x+8)(x3+?x+9) Q%

O Q
(1) By using product rule .\\\ Q)®
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and v=x'+7x+9

v=uv
=~ .4 @.v +u.@ (product rule)
d  dx dx
= % = %(x2 —5x+8)‘(x3 +7x+9)+(x2 w5x+8).%(x3 +7‘x+9)
:% =(2x~—5)(x3 +7x+9)+(x2~5x+8)(3x2 +7)
:% = 2x(x3 +7x+9)—5(x3 +7x+9)+x2 (3x2 +7)
—5x(3x* +7)+8(3x" +7)
o (2x“ +14x? +18x)—5x3 —35x—45+(3x"1 +?x2)
dx
s ¥ o 155 B AP %R
dx
Q =5x"-20x +45x" - 52x +11
dx

(i1)) By expanding the product to obtain a single polynomial.
y= (x2 —5,7c+3)(x3 +7x+9)
=x*(x*+7x+9) - 5x(x’ + Tx+9) + 8(x’ +7x+9)
=x"+7x" +9x* —5x" —35x* —45x +8x’ +56x+72

=x'—5x" +15x* - 262 +11x+ 72
Therefore,

Y _ 4 (3 _5x* 4155 ~26x +11x+72)
dr v

=%(x“)—S%(x"]+15%(x3)—26%(x2)+11%(x)+%(72)
=5x" —5(4x")+15(3x%) -26(2x)+11(1)+0

=5x* —20x° +45x* —52x+11

(iii) By logarithmic differentiation.
y= (x2 ~Ex4 8)(173 T4 9)

Taking logarithm on both the sides, we obtain
log y =log(x* —5x+8) +log(x’ + 7x+9)
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Differentiating both sides with respect to x, we obtain

i.%=%log(xz—5x+8)+%10g(x3+7x+9)
31.ﬂ=2;.i(x2—5x+8)+3;.i(x3+7x+9)
y dx x"—5x+8 dx X +7x+9 dx
d_ | 1
ja_y[x2—5x+8'(2x 5)-'-)cS+7)c+9'(3x2+7)}
[ 2x-5 3x°+7
:>%=(x2—5x+8)(x3+7x+9)_x2_x5x+8+x3_):7;+9}
B _ 3 2 2
3@2()62_5“8)()(3”“9) (2x 5)(x +7x+9)+(3x +7)(x 5x+8)
dx (x2—5x+8)(x3+7x+9)
D%sz(xs+7x+9)—5(x3+7x+9)+3x2(x2—5x+8)+7(x2—5x+8)
::>%=2x4+14x2+18x—5x3—35x—45+3x5—15x3+24x2+7x2—35x+56
:@=5x4—20x3+45x2—52x+11
dx

dy
From the above three observations, it can be concluded that all the results of dx are same.

Question 18:
If u, v and w are functions of x, then show that

d

du dv W
—(u.v.w) =Wt —WHUV—
dx dx dx dx

in two ways - first by repeated application of product rule, second by logarithmic
differentiation.

Let ¥ =uvw=u.(v.w)
By applying product rule, we get

Y _ B ) eul(vw)
dx dx dx

= % = %.(v.w) + z{%.w + v%] (Again applying product rule)

dy du dv dw
D=—=—VyWtuU—WwWt+uv.—
dx dx dx dx
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PDFelement



https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
http://cbs.wondershare.com/go.php?pid=5239&m=db

[ e

g

LIONS

https://millionstar.godaddysites.com/

Remove Watermark

mm Wondershare

®  PDFelement

Taking logarithm on both the sides of the equation V = #.V.W | we obtain

logy=logu+logv+logw

Differentiating both sides with respect to x, we obtain

1 dv d d d
—m (] +—(1 +—(1
S a0 1)+ 5 (logv) + 2(logw)
1a&_ldu ldav 14dw

vdx wudc vdce wdx

dy ldu 1dv 1dw
:}—:y B e E e

dx wdx vdx wdx

dy [ldu 1 dv ldw]
= =yvw| —+——+ ——

dx wdx vdx wdx

d du dv dw
L—(uvw)=—vwru—wt+uv—

dx dx dx
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EXERCISE 5.6

Question 1:
If x and ¥ are connected parametrically by the equations X = 2at’,y =at"  without eliminating

&
the parameter, find dx

Solution:
Given, x =2at’,y =at’
Then,
ax :i(zaf‘*) = 2a_i(tz)= 2a.2t =4at
dt dt dt
. i(at‘* ) = a.i(t‘* ) = a4t =dat’
dt dt dt
&
dy _\dt)_ 4at’
t (dx } dat
dt
Question 2:
If x and ¥ are connected parametrically by the equations x=acosf,y=bcos6  without

dy
eliminating the parameter, find dx

Solution:

Given, X =acos6,y=>bcosf

Then,

% = %(acosﬂ) =a(-sinf)=-asind
j—ﬁ: ;—B(bcosﬂ) =b(—sin@) = -bsin0

L dy [%] ~bsing b @)
"£=[de=—aSin9=E 60 (’)\\

do
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If x and » are connected parametrically by the equations X=Ssinz,y=cos27 without
dy
eliminating the parameter, find dx

Solution:
Given, X =sint,y=cos2t

4 —(sin¢) = cost
Then, dt di

e i(cos 2t)=—sin 2:.£(2t) =-2sin2¢
dt dt di

dy
I7) dr -2sin2¢t -2.2sintcost

So——= = = =—4sint
dx ( @] cos? cos?
dt
Question 4:
x=4t,y= 4
If x and ¥ are connected parametrically by the equations = , without eliminating
dy

the parameter, find dx

Solution:

4
x=4t,y=—

?J %GF (77
G

Given
f dt (

t

’%E

L
dx
@

b° ¥

S8
h S

Question 5

If x and ¥ are connected parametrically by the equations X =cos6 —cos 29@“%_Q
dy

without eliminating the parameter, find dx Q &Q

N
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Solution:
Given, X =cosf —co0s 20, y =sin@ —sin 20
Then,
L —(cosﬁ —c0s20) = —(cos@) ——(cos29)
de do
=—sinf —(—2sin20) =2sin 26 —sinO
dy
ot E(smﬂ —sin20) = —(sm@)-——(sm 20)

=cosf —2cos 20

dy
Ly _ [E
dx
do

]_ cos —2cos 20
} 2sin20 —sin 6

2

Question 6:

If x and ¥ are connected parametrically by the equations x=a(6—sin6

dy
without eliminating the parameter, find dx

Solution:

Given, x:a(G—sinﬁ),y:a(l+cosﬂ)

dx d d .
DL a] L(0)-L(sin0) | =a(1-cos0
Then, d0 a[a’ﬁ'( i )] g %)
%_1a-%(1).,.%(0059)]=a[0+(—sin9)]=—asin9
KQJ —ZS'HQCOSQ —cosg
-@: do o —asin - : 2 2 2 __cot—
Cde (dx) a(l-cosB) ZSinzg sing 2
do 2 2
Question 7:

X
If x and ¥ are connected parametrically by the equations

dy
eliminating the parameter, find dx

Wondershare

Remove Watermark PDFelement

),y:a(l+cos€)

b

<

O O
“3«%"

cos’ ¢
\/cos 2t

sin’ ¢
— ,y
\/cos 2t
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%)

Solution:

G sin’ ¢ . cos’ t
Given,  +eos2t = <Jcos2t
Then,

dx_d{ sin’ ¢ }

dr dr Veos 2f
«/n:osZzhi(sin3 r) —gin® r,i\/cosb
dt dr
cos 21

Jeos 2t 3sin® t.i sint)—sin’ 7 x
dt

1 i(cos 21)
2Jcos2t dr

cos 2t

.3
3Jcos2t.sin’ f.cost — T (—2sin 2r)
_ 2~/cos 2t

cos 2/
_ 3c0s2s.sin’ £cost +sin’ 1.5in 2¢

cos 21+/cos 2¢
dy d { cos’ 1 ]
dt  dt| Jcos2t

dp . .. d
Jeos2t. E(cos‘ I) —cos’ t.a (\}cos 21')
cos 2t
Jeos21.3¢cos’ 1. % (cosr)—cos’ 1.

i(cos 21)

1
2Jcos 2t " dt

cos 2t

3Vcos2z.cos” 1(—sint)—cos’ 1.

(—2sin2r)

1
\Jeos 2t

cos 2t
_ —3c0s2t.cos’ 1.sint +cos’ £.sin 21

cos ZI.Jcos 2t
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dy —3cos2t.cos’ t.sint +cos’ £sin 2¢
Ly _

E cos 2f~fcos 2t

Cdx [dx] ~ 3¢os2t.sin’t.cost+sin’ £sin 2t

E CcoS8 2fA/cOos 2t

_ —3cos2t. cos’ f.sint +cos’ fsin 2¢

 3cos2rsin’f.cosf4sin’ £sin2e

—3cos2f.cos’ t.sint +cos’ ¢ (2 sinfcos t)

" 3cos2fsin’f.cost+sin’ ¢ (2 sinfcos t)

sintcost [—3 cos2f.cost +2cos’ t]

sintcost [3 cos2fsinf+2sin’ t}

[—3(20052t—l)cost+2cos3t} cos2t:(2ooszt—1)
[3(1 —2sin® .t)sint+2sin3 t] cos2f = (1—2 sin’ t)
_—4cos3t+3cost cos3t =4cos’ r—3cost
3sint—4sin’ ¢t sin3¢t =3sint —4sin’ ¢
—cos 3t
=(_:O—S =—cot3f
gin 3¢

Question 8:

t A
] ) x=a[cosr+l0gtan—],y=asmt
If x and ¥ are connected parametrically by the equations 2

dy
without eliminating the parameter, find dx

t 2
) x=a[coswlogtan—],yzasmt
Given, 2
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| &

=a i(cosr)+i logitan -
dr | dt 71 i)

=a —sinr+%.£(tan£]

A\ 2

. Y d(r)
=¢a|—-smf+col—.sec” —.—| —
2 2 dit\2

=a|—sinf+

dnlt potl 2
=qa|—sinf+
o d
281N —CoS —
. 1
=a|-smi+——
sinf
_ ([=sin’t+1
sint

v _ ai(sinr) = acost
dt di
Therefore,

(4
dy _\dt)__acost _sint

= = =tanft
dx ( de cos’t) cost
“ g 2Bl
dt sint

Question 9: .
If x and ¥ are connected parametrically by the equations x=asect,y=>btan6 v@é!t L\
dy %) O
eliminating the parameter, find dx &(O Q
x0

Solution: %
Given, x=asecl,y =btan0 OQ KQ

Then, ,\\\ ®®
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5 |
dx d
— =a.—(secO) =asech tanO
do 4o

L. bi(tan 0)=bhsec’ 0
de de

Therefore,

» i)

® &
d6
bsec’ 6

 asecOtanf

= ésectﬁi cotf
a

bcosO

B acosfsinf
b 1

a sin0

b
=—cosecl
a

Question 10:
If X and y are connected parametrically by the equations

dy
x=a(cosf+0sin6),y=a(sin0 -0 cosO) , without eliminating the parameter, find dx

Solution:

Given, x=a(cosO+0sinf),y=a(sinf -0 cosh)

Then,
ﬁ = a{icosﬁ +i(9 sinﬁ)}
do de do

= a[—sine +9i(sin9)+sin9i(8)]
do do

O
=a[-sin6 +6 cosO +sinb] @60 (’}3

= af cosf
E&:{%(sine)—%(o cose)J - a{cos@ —{9 ;—g(cosﬂ)JrcosG.%(G)H \fé&%%?

=a[cosO +0sin0 —cosO] Q Q
=af sin@ .\\\O @é
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b

~ afsinf

) cos@
=tan#é

Question 11:

\/ sin”!s \/ cos Q=_Z
If x=Na~ ,y=va , show that dx  x

Solution:
. in~! 1
leen’ x= /asm 1 and y= facos i
Hence,
[ty : i ! (74
x= asin 'y =(asin'1;)5 =a‘2'-‘m by and y= cos™ ¢ =(ac{}s'|r)? =aEWS 'y

Liz =
—sin 't

Consider x =a?

Taking log on both sides, we get

logx= %sin" tloga

Therefore,

1 dx 1 d.
:>—.—:—loga.—(sm r)
xd 2 dt

dx x
= —==loga.
dr 2 1—7¢7

dx xloga

——=
dr 21—
Loosls @

—C0s
Now, y=a’

Taking log on both sides, we get %

logx = %ccus‘1 tloga Q KQ
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l.ﬁzlloga —(cos ‘t)

yd 2 t

y ) —
=>-—-—==loga.

2 .

jﬁz—yloga

dt - 21—
Hence,

%) (Z)
dy \ dt 241-1 _
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EXERCISE 5.7

Question 1:
Find the second order derivative of the function x* +3x+2

Solution:
Consider, ¥ =x" +3x+2
Then,

d d

%:%(fﬁz(smz(z)

=2x+3+0
=2x+3

Therefore,

d’y d
F=a(2x+3)

=L (20)+2(3)

=2+0
=2

Question 2:
Find the second order derivative of the function x*

Solution:

Consider, ¥ = x*
Then,
b _ 4 (yn)
dx dx
=20x"

Therefore,
dz}’ d 19
—5=—(20x") O O
dx”  dx
LN
=20%(x'9) %Qb O
=20.19.x" \
=380x" %\Q} Q
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Find the second order derivative of the function xcosx

Solution:
Consider, ¥ = xcosx

Then,
& i(x cosx)
dx dx

=cosx.%(x)+x%(cosx)

=cosx.l+ x(—sin x)

=cosx—xsinx

Therefore,
2z

% = %[cosx~xsin x]

= %(cosx)— % (xsinx)

=—sinx-— {sinx.%(x‘)wL x.%(sinx)}
= —sinx—(sinx+xcosx)

=—(xcosx +2sinx)

Question 4:

Find the second order derivative of the function logx

Solution:
Let y=logx
Then,

dy d
o S _(

= log x)

Therefore,

2209
dx*  dx\x

|
x?
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Question 5:

Find the second order derivative of the function x’ logx

Solution:

Let y=x"logx

Then,

% = %[ﬁ logx]

d d
=log x.—(x’ )+ x’.—(log x
gx—(x’)+x".—-(logx)
= log x.3x’ - log x.3x% + x°
x

=x"(1+3logx)
Therefore,

%:%[f(Hﬂogx)]
din, 2d
=(1+310gx).£(x )+x a(1+31.agx)

=(1+3lc»,c:§x).2x+xz.z
x

=2x+6logx+3x
=5x+6xlogx
=x(5+6!0gx)

Question 6:
Find the second order derivative of the function e sin 5x

Solution:

Let ¥ =e"sin5x
Then,
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L2
dx

%(e" sin Sx)

=sin Sxx%(er)+e”%(sin 5x)
=sinSx.e’ +e'.cos 5.x.i(5x)
=e¢"sin5x+e" cossx.5

=e¢" (sin5x+5cos5x)

Therefore,

dy_

2 % [e‘ (sin5x+5cos Sx)]

=(sin5x+5 cosSx).%(e" ] +ex.%(sin 5x+5cos5x)

=(sin5x+5cos5x)e” + e {cos Sx,%(Sx) +5(-sin Sx).%(Sx)}

=e*(sin5x +5cos5x)+e" (5cos5x —25sin 5x)
=e*(10cos5x—24sin 5x)
=2¢" (5cos5x—12sin 5x)

Question 7:

Find the second order derivative of the function e** cos3x

Solution:

Let ¥ =e" cos3x
Then,

% = %(e“ cos 3x) = cos 3x.-§—x(e"‘) +e(’".%(cos 3x)

=cos 3x.e"".%(6x)+e6x.(—sin3x).%(3x)

= 6¢" cos3x —3e® sin3x (1)

Therefore, 60 ‘\C)
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d’ d : d d :
';: = (6e6"’ cos3x—3e® sin 3x) = 6.—(eﬁx cos 3x) =3 .—(e(m sin 3x)
dx”  dx dx dx

= 6_[686" cos3x—3e** sin 3x} -3 .[sin 3x. %(e“ ) + 96".% (sin 3x)} [using (1)]

=36¢% cos3x—18¢% sin3x —3 [sin 3x.e% 6+ .cos 3x.3]

=36¢° cos 3x—18¢% sin 3x — 18¢% sin 3x —9¢® cos 3x
=27e* cos3x—36e° sin3x
= 9gb* (3 cos3x—4sin 3x)

Question 8:
Find the second order derivative of the function tan™' x

Solution:

Let y=tan"' x
Then,
%:%(tan'f x)
1
Tt

Therefore,

2
d_3;=i( ! 2]:i(lﬂcz)—]
dx®  dx\l+x dx

— (-0 (1+27) " (14x7) =

—2x

(l+x2)2

Question 9:

Find the second order derivative of the function 10g(logx) C)®

O
Solution: @6 C’)\\
Consider, ¥ = log(log x) %
RPN

Then,
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Therefore,

i%z%[(xlogx)_']

= (1) (xlog )" < (xog)
-1
- (xlog x)2

-1 1
= 2‘|:logx.1+x.—]
(xlogx) X

_ —(I+logx)
" (xlogx)’

.[Iog x.%(x)+x.%(logx)}

Question 10:

Find the second order derivative of the function S (108 2 )

Solution:
Let ¥ =sin(logx)
Then,
% = %[sin x(iogx)]
= cos(logx).%(logx)

N cos(logx)

3

Therefore,

d’y _ d | cos(logx)
e

x.%[cos(logx)] - cos(logx).% (x)

x2
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; d
B x[—sm (logx).a(logx)J— cos(logx).1

dx* x

—xsin (log x). L cos(log x)
X

x2

—[sin (log x)+cos(log x)]

Iz

Question 11:

i2—}—)+ =0
If ¥ =5cosx—3sinx, prove that d® >
Solution:
Given, ¥ =5cosx—3sinx
Then,
Q=£(Scosx)—i(35inx)
dx  dx dx

= S%(cosx)—?u%(sin x)
=5(-sinx)-3cosx

= f(SSin x+3cosx)

Therefore,

2
Zx—{ = %[—(5 sinx+3 cosx):l

d , . d
= —[S.E(smx) + S.E(cosx)}
=—[5cosx+3(-sinx)]
=—[5cosx—3sinx]
=¥

2

dy

—+y=0
Thus, de® °

Hence proved.
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d’y
If y=cos' x_ find dx’ interms of ¥ alone.

Solution:

. -1
Given, y =€0s ' x

Then,

%:%(cos"x)

d’y
But we need to calculate dx* in terms of V

= y=cos” x
= X =C0S y

Putting x =cosy in equation (1), we get
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d’y  —cosy

d’ (l—cos2 y)3
—cos y
(sin2 y)3
_—Ccosy

- 3
sin” y

—cos y 1
L N
siny sin’y

=—cot y.cosec’ y

Question 13:
= 3cos(logx)+4sin(logx), show that X'V, +xy,+y =0

Solution:

Given, ¥ =3 cos(log x) +4sin (log x)

Then,

W= 3.i[cos(log x)]+ 4.i[sin (log x)]
1 ij Cix.

=3.[—sin(logx).%[logx)]+4.|:cos(logx).%(logx)}

_ —3sin(logx) . 4cos(logx)

% i
_ 4cos(log x)—3sin(logx)

X

Therefore,
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4cos(log x)—3sin(log x)]
x

_x {4cos(log x) —3sin (log x)}'~ {4 cos(log x) -3sin (log x)} {x}'

2

_x [4 {cos (log x)} '— {3 sin (log x)} '] - {4cos (log x)—3sin(log x)} 1
_ x.[—4sin([ogx) .(Iog x)'—3cos(log x).(logx)'] —4cos (log x) +3sin (log x)

2
X

x_{—d sin(log x) . Aeos (log x) l] —4cos(log x) +3sin(log x)
_ i x

2
X

_ —4sin(log x) —3cos(log x) - 4cos(log x) +3sin (log x)

2
X

_ —sin(logx)—7cos(log x)

x2

Thus,

_xz[—sin (logx)—7cos(logx)}rx[czcos(logx)-3sin(1ogx)]

Xy, +xy, +y= x x

+3cos(logx)+4sin(log x)

~ [ —sin(log x)—7cos(log x)+4 cos(log x) - 3sin (log x)
- +3cos (logx)+4sin (log x)

Hence proved.

Question 14:

d’y dy
e nx - =0
If y= Ae™ +Be"™ show that gz " T g T =0

Solution: Q)

Given, y = Ae™ + Be" 60 c,}\()

Then
’ S
D 4L () B () \@K <

de dx dx %
i u O
=Ae .?d—-(mx)—kB.e —d—(nx) OQ &Q

X X .
= Ame™ + Bne™ ‘\\\ ®®
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Therefore,
dy_d
a*  dx

d mx d nx
= Am.;(e )+Bn.a(e )

(Ame”’” + Bne™ )

= Am.e“”".%(mx) +Bn.e"".§(nx)

= Am*e™ + Bnle™

Thus,
dzy dy 2 mx 2 mx mx nx mx ny
Ex?—(m+n)a+mny=z4me + Bn’e™ —(m+n).( Ame™ + Bne™ )+ mn( Ae™ + Be™ )

= Am*e™ + Bn’e™ — Am*e™ — Bmne™ — Amne™ — Bn’e™ + Amne™ + Bmne™
=0
Hence proved.

Question 15:
d*y
Tx -7x <z - 49
If y=500e™" +600e "  show that dx’

Solution:

Given, » =500¢" +600e ™

Then,

& _500L () +600.L(e7)

dx dx dx
=500e" i(u)moef‘ i(—7:4:)

“dx “dx

=3500e™ — 42007

Therefore,

dy

- :35005-'.%(9“)-4200.%(5“)

:3500.5-‘.%(7;;)—4200‘9““.%(—%)

=7x3500.™ +7x 42007 <
=49x500.6™ +49x600e™* 60 \§)
=49(500e™ +600e7) O
¢
=49y % &
Pl
Hence proved. 6\‘ %'
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Question 16:

‘L’J’{i}’f
1f € (x+1) =1 show that dx* \dx

Solution:
Given, ¢ (x+1)=1
= ¢ (x + I) =1

=gt =L
x+1

Taking log on both sides, we get

=3
Y= G

Differentiating with respect to x, we get

w5
(x+1)f \x+l
{2
dx
Hence proved.
Question 17:

2 2

If yz(tanhl x) , show that (xz +]) Vs +2x(x2+1)y1 =2

Solution:

Given, ¥ = (tan“ x)2
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Then,

=3 =2tan" x%(tan‘] x)

1
1+ x?

=>(1+Jc2)yI =2tan"' x

=y =2tan> x.(

Again, differentiating with respect to x, we get

=>(1+Jc;l)y2+2xyl =2(1 ! 2)

+Xx

=>(1+;\c2)2 y2+2x(1+xz)yI =2

Hence proved.
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Question 1:

Verify Rolle’s Theorem for the function / (x)=x"+2x-8,xe[-4,2]

EXERCISE 5.8

Solution:
Given, / (x)=x"+2x ~8  being polynomial function is continuous in [4.2] and also

differentiable in (42).
f(-4)=(-4) +2.(-4)-8
~16-8-8
=0

f(2)=(2) +2x2-8
=4+4-8
=0

Therefore, / (—4)=/(2)=0

The value of / (x) at —4 and 2 coincides.

Rolle’s Theorem states that there is a point ¢ € (=4.2) such that /"(¢)=0
S(x)=x*+2x-8

Therefore, J/ "(x)=2x+2

Hence,
['(e)=0
2c+2=0

c=-1

Thus, ¢~ ~1e(—4,2)

Hence, Rolle’s Theorem is verified. 60 C’)\'
Question 2: (&6 Q

Examine if Rolle’s Theorem is applicable to any of the following fun@s-. Ca u say
something about the converse of Rolle’s Theorem from these examples"Q Q

i _f(x):[x] forxe[5,9] N O
! B ¢°
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f(x)z[x] forxe[—Z,Z]
_f(x)z x'=] forxe[l,2]

(ii)
(iif)
Solution:

By Rolle’s Theorem, [ :[a.b]— R

If
(a) f is continuous on [a.b]

(b) /f is continuous on (a.b)

(c) /(a)=1(b)

Then, there exists some €€ (a:0) such that /"(c)=0

Thus, Rolle’s Theorem is not applicable to those functions that do not satisfy any of three
conditions of the hypothesis.

(0) _f(x)=[x] forxe[S,‘)]
Since, the given function / (%) is not continuous at every integral point.
In general, /(%) is not continuous at x =5 and x=9

Therefore, J (“" ) is not continuous in [5 9]

Also, f(5)= [5] 5 and 19 [9]
Thus, /(5)#/(9)

The differentiability of / in (5.9) is checked as follows.
Let n be an integer such that " € (5.9)

The LHD of / at x=n is
- f(n+h)—f(n) [n+h] [n] n_ln_ - -1

B0 h h—»ﬁ ;;-»0 h =0 h

TheRHDoff at x=n is

= lim
h—)(} »;-»0' h h—0" | 0"

Since LHD and RHD of /* at x=n are not equal, f is not differentiable at x ='»
Therefore, / is not differentiable in (5=9).
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It is observed that / does not satisfy all the conditions of the hypothesis of Rolle’s
Theorem.

Thus, Rolle’s Theorem is not applicable for ./ (x)=[x] forxe[5,9]

f(x)=[x] forxe[-2,2]
Since, the given function /(%) is not continuous at every integral point.
In general, /(%) is not continuous at x=-2 and x =2

Therefore, ! (“") is not continuous in [_2 2]

Also, f(_z) [ 2]— -2 and f(2 [2] 2
Thus, /(=2)# /(2)

The differentiability of / in (=2:2) is checked as follows.
Let n be an integer such that /7 € (-2.2)

The LHD of f at x=n is
) ptn) g o] 1o

lim =lim—=w
h—0" h h—»ﬁ ;;-»0 h h—0" h

The RHD of f at x=n is

g AL [’”h] L R e el TR
h—0" h h—m" h—0' h h—>0"

Since LHD and RHD of /* at x=n are not equal, fis not differentiable at x=n
Therefore, / is not differentiable in (-2.2).

It is observed that f does not satisfy all the conditions of the hypothesis of Rolle’s
Theorem.

Thus, Rolle’s Theorem is not applicable for J/ (x)=[x] forxe[-2,2]

f(,vc)=:fc2 -1 forxe[l,2]

Since, / being a polynomial function is continuous in [1.2] and is differentiable in (1'2)

Thus,
F(M)=(y-1=0
7(2)=(2)-1=3
Therefore, / (1)=7(2)

Wondershare
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Since, /* does not satisfy a condition of the hypothesis of Rolle’s Theorem.

Hence, Rolle’s Theorem is not applicable for ./ (x)=x*-1forxe[l,2]

Question 3:

If/: [_5 >5] — R 5 a differentiable function and if /' (¥) does not vanish anywhere, then prove

that /' (=5)# 1 (5).

Solution:

Given, It [_5’5] — R s a differentiable function.
Since every differentiable function is a continuous function, we obtain

(i) / is continuous on [-5.5]

(i1) f is continuous on (-5.5)

Thus, by the Mean Value Theorem, there exists €€ (=5.5) such that

RN C) et A ),
=5f (L)_W

=101"(c)=f(5)-f(-5)

It is also given that J"(*) does not vanish anywhere.

Therefore, / '(c)=0
Thus,

=10/"(c)#0
= f(5)-f(-5)=0
= f(5)= f(-5)

Hence proved.

Question 4:

Verify Mean Value Theorem, if f(x)=x"-4x-3 j the integral [a.b] , where a=1 and)b = 4;
g

Solution:
Given, S (x)= o g

/", being a polynomial function, is continuous in [1.4] and is differcdatiablesin (1>4), whose
derivative is 2x—4.
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Thus,
f(1)=1"-4x1-3=-6
f(4)=4"-4x4-3=-3

Therefore,
f(®)-f(a)_f(4)-£()
b-a 4=1
-3-(-6)
3

= W w

Mean Value Theorem states that there is a point ¢ € (1.4) such that /"(¢)=1
Hence,

=f"(e)=

=2c—-4=1

:>c=E [wherec:ée(l,@]
2 2

Thus, mean value theorem is verified for the given function.

Question 5:
Verify Mean Value Theorem, if ./ (x)=x"=5x* =3x i the interval [4-8] where a=1 andb =3.
Find all ¢€(L3) for which /(€)=

Solution:
5 2
Given, fis f(x)=x-5x"-3x

/", being a polynomial function, is continuous in [1.3] and is differentiable in (1’3), whose
derivative is 3x* —10x-3

Thus, Q ;\30
F(1)=F =5x1=3x1=-7 (066 O

£(3)=3 -5x3 -3x3=-27 \(& <
Therefore, %
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10)-1(e) _1G)=1()
b

—d
()
o8
=—10

Mean Value Theorem states that there exists a point ¢ (1.3) such that /'(¢)=-10
Hence,

= f'(c)=-10

=3¢’ -10c-3=-10
=3c*-10c+7=0
=3c*-3c-Tc+7=0
:30(0—1)—7(C—l)= 0
= (c-1)(3¢-7)=0

:c:l,% {whercc:%e(l,f&)]

c=%e(1,3)

Thus, Mean Value Theorem is verified for the given function and

for which fr(c) =0

is the only point

Question 6:
Examine the applicability of Mean Value Theorem for all three functions given

(i f(x):[x] forxe[S,Q]
(i) f(),) = [x] forxe [—2, 2]
(i) _f(x)=x2+l forxe[l,2]

Solution:
Mean Value Theorem states that for a function ./ : [“>b] —R , if
(a) / is continuous on [a.b] Q)

(b) / is continuous on (@:?) 60 s\'\
£(0)= f(b) f(a)
Then there exists some ¢ €(%?) such that
Thus, Mean Value Theorem is not applicable to those functlons that do not sas{'ﬁbg n %ree
conditions of the hypothesis. @ %‘
(i f(x):[x] forxe[5,9] . \\O (&
NI
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Since, the given function /(%) is not continuous at every integral point.

In general, /(%) is not continuous at x=5 and x=9

Therefore, J (“" ) 1S not continuous in [579]

The differentiability of / in (3:9) is checked as follows.
Let n be an integer such that " € (5.9)

The LHD of f at x=nis
wthlln]_ nten_ -

el PR U T
h—0 h h—0 h h—0 h =0 h

The RHD of / at x=n is
f(n+h)=f(n)
h

Y ) L V. S SR <
h—0" h 0" h h—0

lim =
=07

Since LHD and RHD of / at x=n are not equal, / is not differentiable at x=n

Therefore, / is not differentiable in (5, 9).

It is observed that /* does not satisfy all the conditions of the hypothesis of Mean Value
Theorem.

Thus, Mean Value Theorem is not applicable for /' (x)=[x] forxe[5,9]

f(x)=[x] forxe[-2,2]
Since, the given function /(%) is not continuous at every integral point.

In general, /() is not continuous at x=-2 and x =2

Therefore, S ("") 1S not continuous in [_2’2]

The differentiability of / in (=2.2) is checked as follows.
Let n be an integer such that 77 € (-2.2)

The LHD of f at x=nis
wehlln]_ nton_ -

A kil nd i B niw J o
B0 h h—0 h h—0 h RN

Remove Watermark g PDFelement
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The RHD of f at x=n is
i f(“hz_f("): Y L) ol L Y T ST

=07

x>0 h—0"  h h—0"

Since LHD and RHD of f at x=n are not equal, / is not differentiable at x =n
Therefore, / is not differentiable in (-2.2) .

It is observed that /* does not satisfy all the conditions of the hypothesis of Mean Value
Theorem.

Thus, Mean Value Theorem is not applicable for J/ (x)=[x] forxe[-2,2]

f(,vc)=x2 -1 forxe[l,2]

Since, / being a polynomial function is continuous in [1.2] and is differentiable in (1-2)

It is observed that / satisfies all the conditions of the hypothesis of Mean Value
Theorem.

Hence, Mean Value Theorem is applicable for / (x)=x"-1forxe[l,2]

It can be proved as follows.

We have, f(x)= x -1
Then,

(=01 -1=0,
f(2)=(2) -1=3

Therefore,
f(b)=1(a) 7 (-7 (1)_3-0
b—a 2-1 1

=3

Hence, f'(x)=2x

Thus,
= F'{c)=3

=>2¢=3

=.o=1=5 [where I.SE[1,2]]
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MISCELLANEOUS EXERCISE

Question 1:

5 9
Differentiate with respect to x the function (3x -9x+5)

Solution:

Let ¥=(3x2~9x+5)’

Using chain rule, we get
dy d 9

(3x -Ox+ 5)
dx  dx

8 d

3 —9x+5) (3x2—9x+5)

&

=8

=9(3x* ~9x+5) .(6x-9)
=9(3x*~9x+5) 3(2x-3)
= 27(3x* —9x+5) (2x-3)

Question 2:
Differentiate with respect to x the function sin’ x+cos® x.

Solution:

Let y =sin’ x+cos’ x

Using chain rule, we get

% = %(sin3 x)+%(cos(‘ x)

=3sin® x.i(sinx)+6c055 x.i(cosx)
dx dx
= 3sin® x.cos x + 6 cos’ x.(—sinx)

= 3sin x cos x(sinx—20034 x)

Question 3: %

Differentiate with respect to x the function (Sx)lmzx. . ()Q @&Q
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olution:

Let ¥ =(5%)
Taking logarithm on both the sides, we obtain

3cos2x
log y =3cos2xlog5x
Differentiating both sides with respect to x, we get

5 = 3|:log Sx.%(cos 2x)+cos ZX.%(log Sx):|

& B|&

=3y |:10g 5x.(—sin 2x).—ad§(2x) +cos 2x.~51—.—j;(5x)i|
X

= 3y|:—2 sin2x.log5x + ops 2 ]
X

= y[3ms 2 —6sin 2xlog5x:|

= (Sx)amh [3 COS2X._gsindx log Sx}
i

Question 4:

sin”' (x\/;), 0<x<l .

Differentiate with respect to x the function

Solution:
Let ¥=sin" (x‘/;)

Using chain rule, we get
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Question 5:

Differentiate with respect to x the function v2x+7

Solution:

Using quotient rule, we get
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2x+7 T Jeos' T (Vax+ T
& X (cos 2] (cos jdx( X )
- 2
dx (vV2x+7)
-1 d(x 1 d
2x+7 (j (cos lj —(2x+7
(= 2 dx\ 2 2N 2x+7 dx( )
ClEe
2x+7
- 2
V2x+7. —(cos1 x).
_ 4+ 2) 22x+7
2x+7
X
R o8y
(«/4_x2)_(2x+7) (V2x+7)(2x+7)
cosflf
Vit (2 +7)
Question 6:
t_[\/l+sinx+\/1—sinx 0<x<£
Differentiate with respect to x the function VI+sinx —J1-sinx 2,
Solution:
=0t J1+sinx ++/1-sinx (l)
Let J1+sinx —+/1—sinx
Then,
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\/l+sinx+\/1—sinx_ (\/l+sinx+\/1—sinx)'
Jl+sinx —+/1—sin x (Jl+sin x —+/1—sin x)(\/l+sinx +J1—sinx)
(1+sinx)+(1-sinx)+ 2\/(I+sinx)(1—sin x)
- (1+sinx)—(1-sinx)

_2+24/1-sin’x 1+cosx

2sinx sin x

1+2c0s? X1 2cos? >
2 2

2sin EcosE 2sin£cosE
2 2 2 2

Therefore, equation (1) becomes,

y=cot” (cot i]
2

I
Y=3
Thus,
dy 1d
=55
dx 2dx
_1
2
Question 7:

logx

Differentiate with respect to x the function (logx)™ ,x>1

Solution: 60 C}'

Let ¥ =(logx)™' %Q)

. | | S %
Taking logarithm on both the sides, we obtain \(b %_
log y =log x.log(log x) OQ KQ
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= i% = log(log x).%(log x)+log x.%[log (log x):l

.-;;[logx)}

dy 1 1
= —=y| log(l —+logx.
= y[ og(logx) —+logx =

dy 1 1
= —=y|—.log(log x)+—
— yL g(logx) J

2 (opn] L el
dx X X

Question 8:

Differentiate with respect to x the function cos(acosx+bsinx) , for some constant ¢ and 5.

Solution:

Let Y= cos(acosx+bsinx)

Using chain rule, we get

@ iccus({;rccus.vc+bsir1Jc)
dx dx

= —sin(acosx + bsin x).%(acosx+bsinx)

= —sin(acosx+bsin x).[a(—sinx)+b005x]

= (asinx—bcosx).sin(acosx +bsin x)
Question 9:

. _ (sinx—cosx) E 3_?T
Differentiate with respect to x the function (sin x—cos ) "4 sre 4 0 . ()®
QY X

Solution: < O

Let J= (Sin X —COS x)(Siﬁ.r—cus,} &% Q

Taking log on both the sides, we obtain Q Q
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logy= log[(sin X —CO0s x)(sm_msx)jl

= (sin x —cos x)log(sinx —cos x)

Differentiating both sides with respect to x, we obtain

L s .
;EzE[(smx—cosx)log(smx—cosx)]
L e oonet  (ein e cone) s (sinecosr) % log(eine.
:ydx-log(smx cosx).dx(smx cosx )+ (sin x cosx).dxlog(smx cos x)
:>l@=log(sinx—cosx).(cosx+sinx)+(sinx—cosx).;.i(siﬂx—cosx)
y dx (sinx—cosx) dx

= % = (sin x—cos x) = [ (cos x+sinx).log (sin x—cos x) + (cos x +sin x) |

d_V i (sinx—cosx
= —=(sinx—cosx)

e ](cosx+sinx)[1+log(sinx—cosx):|

Question 10:
Differentiate with respect to x the function x* +x* +a* +a“, for some fixed a>0 and x>0.

Solution:

Let y=x"+x“+a" +a"

Also, let X" =u, x"=v, a"=w and " =

Therefore,
:>y=IJ+V+W+S
dy_du dv dw ds )

Taking logarithm on both the sides, we obtain

= logu =logx”

= logu=xlogx GQ c’;QO

Differentiating both sides with respect to x, we obtain &(O Q
4
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0g x.i(x] +x.%(logx)

dx

du [ l}
—=u|logx.1+x.—
dx

X

=x"[logx+1]=x"(1+logx) -(2)

Now, v=x"
Hence,
dv d g,
- al)
=ax™”! (3)

Now, w=a"

Taking logarithm on both the sides, we obtain
= logw=1loga"

= logw=xloga

Differentiating both sides with respect to x, we obtain

1 dw
———=loga.—(x
w dx B d ( )

dw

—=wloga

=a"loga (4)

Now, s=a“
Since a is constant, a“ is also a constant.
Hence,
ds

Z=0 .(5)

From (1), (2), (3), (4) and (5), we obtain

%:x-*(l+logx)+ax”"+a"loga+0 <

=x"(I+logx)+ax"" +a"loga 60 c’)\\

Question 11: \(&6 Q

. . . . -3 « %
Differentiate with respect to x the function * +(x-3) , for x>3. Q &Q
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Let ¥=x""+(x=3)

Also, let u =x" and ":(x_g’)x
Therefore,
y=u+vy
:>d—y=@+£ i)
dx dx dx

Now, u=x""
Taking logarithm on both the sides, we obtain
logu = log(x"z's)

= (xz —3)logx

Differentiating both sides with respect to x, we obtain

1 du d d
;Ezlogx.a(xz——3)+(x2—~3).a(10gX)
| du 1
:b;azlogx.2x+(x2—3).;
2
:f—dxu:x"z'{:—_3+2xlogxw n 3
Now, "’:(x_3)x

Taking logarithm on both the sides, we obtain
logv =log(x- 3)12
=x’log(x-3)

Differentiating both sides with respect to x, we obtain

S =log(3-3).4(+) +(+). < [log(x-3)]

1dv .1 d
1 ety e
Bl e ankes b

:%:v[leog(x—fS]-ﬁ- ;i3 J:|

-(3)

:%z(x-g‘z [xx—;:;+2x]0g(x—3)}

From (1), (2), and (3), we obtain
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2

ﬂ: X3 I:x?' =2
X

+2xlog x]+(x~3)"2 [ o

X—

- +2xlog(x—3)]

Question 12:
dy

. =T T
Find g, if J’—12(1—cost),x—10(z—smt),7<t<5

Solution:

The given function is » =12(1—cos?),x=10(z—sint)
Hence,
d d
dr dt

[10(z—sin) ]
d .
=1 O.E(t —sint)
=10(1—-cosz)
d
e 5[12(1 -—cost)]
= 12.%(] —cost)

=12.[0—(-sin?)]

=12sinf¢
Therefore,
&y
dy g 12sint
de  dx _10(l—cost)
dt

12.25in£.cosi
2 2

10.2sin2
2

6 !
=—COot—
5 2

Question 13:
dy
Find dx,if y=sin" x+sin”' J1-x’,~1<x <1,

Solution:

1 2

. . . P | ae
The given function is ¥ =sin" x+sin" vl—x
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Question 14:

2
If /14y +V1+x=0 for ~1<x<I, prove that &  (1+x)",

&y ¢

Solution:
The given function is Xv1+y + yvl1+x=0
3x\||1+y :—y\”_-|-x

Squaring both sides, we obtain
X(1+y)=y"(1+x)

>y +x’y=y"+x’

:)xz_yz =x:])2_x2y

=x’ -y =xy(y-x)

= (x+y)(x-y)=x(y-x)

= Xxty=-xy

= (1+x)y=—x

L (I:—xx) @

Differentiating both sides with respect to x, we obtain %
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(1+x)

&~

& | 07056
dx (1+x)2

:_(I+x)—x
(]+x)2

_ 1

"~ (1+x)

Hence proved.

Question 15:

2 2 2
If (x=a) +(y=b) =¢ for ¢ >0, prove that dx* is a constant independent of a and
b.

Solution:

The given function is (2= a)z +(y —b)2 =¢
Differentiating both sides with respect to x, we obtain
d d d
=y [+ 2 =0) [ ()
=>2(x-a). 2 (x-a)+2(y-b) L (v-b) =0

= 2(x—a).1+2(y—b).%=(}

dy _—(x—a)
& 35 1) » ;\\OQ
Therefore, @ Q
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—c is a constant and is independent of @ and b.

Hence proved.

Question 16:
dy _cos’(a+y)

If cosy=xcos(a+y) with cosa # £l, prove that dx sina
Solution:

The given function is €08 =xcos(a+y)

Therefore,

d d
= E[cosy] = a[xcos(aJr 2]

= —sin yj—yz cos(a+y).%(x)+x‘%[cos(a+y)]
X

. d
:>—smydy

y_ . i 4
A 7cos(a+y)+x.[ sm(a+y)]dx

:[xsin(a+y)—siny]%=Cos(a+y) (1)

.. .\
Since, 0S¥ = xcos(a+y) cos(a+y)

Then, equation (1) becomes,

[%.sin(aﬂky)—sin y]%z cos(a+y)

= [cos y.sin(a+ y)—sin y.cos(a +y)].% =cos’ (a+y)
dy

:>sin(a+y—y)fd;=cosz(a+y)

oy dy _cos® ‘(a+y)
dx sina

Hence proved. GQ C’;\\O

Question 17: (&% Q
(st tsin) gng y=asint—tcon) o 57 2
If x=a(cost+isint) 504 y=a(sint—tcost ,find di® . Q Q
\
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|

—
i ,@\‘
Eolution:

The given function is X =@(Cost +sint) 4pq ¥ =a(sinz—tcost)
Therefore,

dx d )
—= a.—(oost+ts1nt)
dt dt
= a[—sinr+sin I.%(t)+ t.%(sin I)}
= a[—sint+sinf+roos 1‘]

=alcost

@ _

d ., .
a.—(smt—foos 1‘)
dt dt

= a|:00s f— {Gos t.%(f)+ f-%(cos f)H

= al:cos t—{cost—tsint}]

=atsint

)
@: dt _atsmtztant

dx (dx]  atcost

dar
2
d i}=i & =i(tant)=seczl‘.ﬁ
dx dx\ dx dx dx
2 |:dx dt 1 :|
=seC¢ 1. —=qatcosi—=>—=
atcost dt atcos t
3
=SGG l‘,0<f<£
at 2

Question 18:

. 3 "
1t f(x)=|x] , show that /' (%) exists for all real x, and find it.

Solution:
{x, ifx>0 60 \\p
. A= G
It is known that —x, ifx <0 @

Therefore, when * 20, f(x) = b = (&6 Q
W

In this case, J'(x)=3x" and hence, S"(x)=6x Q KQ
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When * <0, f(x) = =(-x)" ==’
In this case, /' (*) =3 and hence, /" (¥)=—6x

: 3 "
Thus, for J (*") = ‘x‘ , S (x) exists for all real x and is given by,

f"(x):{ﬁx, ifx>0

—6x, ifx<0

Question 19:

d (. i
Using mathematical induction prove that E(x ) - for all positive integers .
Solution:
P(n):i(x”)=nx"" L.
To prove: dx for all positive integers n .
For n=1,
d

P(1) :E(x)z 1=1-x""

Therefore, P(n) is true for n=1.

Let P(k) is true for some positive integer k.
P(k): (¢ ) = k™

That is, dx

It has to be proved that P(k+1) s also true.
Consider

=x %(x] + x.% (x" ) [By applying product rule] 60 '\()®

=(fc+1)-xk %
:(k + 1)_x(k+l)—l
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!

Thus, P(k+1) is true whenever () is true.

Therefore, by the principle of mathematical induction, the statement P(n) is true for every
positive integer 7.

Hence, proved.

Question 20:

Using the fact that S (A4+B)=sinAcos B+cos Asin B g the differentiation, obtain the sum
formula for cosines.

Solution:

Given. Sin(4+ B)=sin Acos B+cos Asin B

Differentiating both sides with respect to x, we obtain

d o d ., . d ;
E[sm(/{ +B):| :E(smAcosBﬁd—(cosAsmB)

X

= cos(A +B).%(A + B) = cosB.%(sinA)+sinA.%(cosB)+sin B.%(cosA)+cos A.%(sin B)

= cos(4 Jr,!i»').i(A+B)=cosBcosAﬁﬂinA(-—smlis’)@+sinB(—sinA).fE+cosAoos}_’i'-CE
dx dx dx dx dx

= cos(A+B).[%+%} =(cos A cos B—sin Asin B){%-f—j—B]
e

= cos( A4+ B)=cos Acos B—sin Asin B

Question 21:
Does there exist a function which is continuous everywhere but not differentiable at exactly
two points? Justify your answer?

Solution:

3 ‘x‘ —w<x<]
Consider, y_{z_x I<x<w 60 ,\\C)Q)
O
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P
Fe

v =[x

It can be seen from the above graph that the given function is continuous everywhere but not
differentiable at exactly two points which are 0 and 1.

Question 22:
f(x) g(x) h(x) f(x) g'(x) H(x)

y=| I m n —=| m n
If 4 b ¢ |, prove that

Solution:
f(x) g(x) h(x)
y=| 1 m n

Given, a b e

=5 =(mc—nb)f(x)—(!c—na)g(x)+(1!;—ma)h(x)

Then,

D _ L[ (me—nb) £ (x)]---[(1c~na)g (x)]+= [ (1p-ma)h(x)]

=(mc—nb) f'(x)-(lc—na)g'(x)+(Ib—ma)H (x)
/'(x) &'(x) H(x)

=| 1 m

a b c @
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uestion 23:

acos ' x - ’
If y=e*" rlﬁx‘él,showthat( x)dxz dx

Solution:

The given function is ¥ = oo™

Taking logarithm on both the sides, we obtain
= logy = acOS—] xlOge

=>logy=acos™' x

Differentiating both sides with respect to x, we obtain

1 d -1
- ="

v dx 1=
:dy: —ay

& Ji-x
By squaring both the sides, we obtain
:[ﬁ]z _ay
dx 1-x?
dy 3
=(1-x? [—) =a’y?
(1-2) 5] =

Again, differentiating both sides with respect to x, we obtain
dyYdo WAICA YA
i‘(z} D (1) (12 L (L) | L 2)

2 2
:{%} (—2.1c)+(1—x2)><2%.ﬂ=a2 ZyQ

e dx? T dx
dy Ndy _ dy
D——+(1-x"}—5=a. —#0
xd.x ( X )dx2 a.y o

2
:(1—x2)ix—{—x%—a2y=0

Hence proved. .
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