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EJ Chapter 6 Applications of Derivatives

EXERCISE 6.1

Question 1:

Find the rate of change of the area of a circle with respect to its radius # when

(@) r=3cm
(b) r=4cm
Solution:

We know that the area of a circle, 4=n7’

Therefore, the rate of change of the area with respect to its radius is given by

dd d
s
=2rF

(a) When r=3cm
Then,

Thus, the area is changing at the rate of 6r .

(b) When r=4cm

Then,
dAd

o 27 (4)

=8

Thus, the area is changing at the rate of 8 .

Question 2:

The volume of a cube is increasing at the rate of 8cm’/s. How fast is the surface area
increasing when the length of its edge is 12¢m ?

Solution:

Let the side length, volume and surface area respectively be equal tovx, ¥ @nd’S .
Hence, ¥ =x’ and S =6x"
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2
L
We have,
d—V=8cm3;’s
dt
Therefore,
v _d
dat dt (')
3’=i(x3)ﬁ
dx dt
8=3x2%
dx 8
i 1)
Now,
das d
—=—(6x)
=4 6\ B
- (6x)a’r
—IZx%
=12x[3i2] [ from (1)]
X
32

So, when x =12cm

Then,

s _32 .,

@t 12

8 cm® /s
3 O o
Q} \\

Question 3: g@
The radius of a circle is increasing uniformly at the rate of 3¢m /s . Find the r@%‘q@th
area of the circle is increasing when the radius is 10cm /s . %

Q
Solution: O &
We know that 4 =7nr’ ‘\\\ ®®
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Now,
o i(m,z)
dt dr
= 2m‘£
dt
We have,
ﬁ =3em/ s
dt
Hence,
dA
—=2zr(3
= (3)
=6rr
So, when r =10cm
Then,
dA
—=6x(10
— =6r{10)
=60mrem? / s
Question 4:
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An edge of a variable cube is increasing at the rate of 3c¢m /s . How fast is the volume of the
cube increasing when the edge is 10e¢m long?

Solution:

Let the length and the volume of the cube respectively be x and V.

Hence, V =x’

Now,
av_d;
2 =@
_d ()
dx(x)a‘t
—gp 2t
dt
We have,
£=3cmfs
dt
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So, when x =10ecm

Then,
dv 2
—=9(10
=910}
=900cm’> / s

Question 5:
A stone is dropped into a quiet lake and waves move in circles at the speed of 5cm/s. At the
instant when the radius of the circular wave is 8cm , how fast is the encoding area is increasing?

Solution:
We know that 4 = 7#?

Now,
dA d "
di  di (=)
= 2::1'!‘£
dt
We have,
ﬁ =Sem/s
di
Hence,
da
—=27r(5
= (5)
=10xr

So, when 7 =8em

Then, Q)
% =107 (8) (&% Q
=80mem? /s %\
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uestion 6:

The radius of a circle is increasing at the rate of 0.7cm/s. What is the rate of increase of its
circumference?

Solution:
We know that C =2xr

Now,
C = i(Zfrr)
dt dt
= i(Zn’r)ﬁ
dr dt
=21 ﬁ
dt
We have,
e =0.7rcm/ s
dt
Hence,
dc
— =2r(0.7
- =2(0.7)
=1ldmem/ s
Question 7:

The length x of a rectangle is decreasing at the rate of Scm/minute and the width ¥ is

increasing at the rate of 4cm/minute. When 8cm and ¥ =6cm | find the rate of change of (a)
the perimeter and (b) the area of the rectangle.

Solution:
. dx S
. — =—5cm | minute — =4cm / minute
It is given that dt , dt , x=8cm and ¥ =6cm
(a) The perimeter of a rectangle is given by £ = 2(x+y)
Therefore, @

dP . (dr dy O WO
— =2 —+—= \
dt dt dt < @)

=2(-5+4) &y
=—2cm [ minufe & Q
2em / %\fb %_
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£=2(£+@]
a \ar a

=2(-5+4)

=2em [ minute

(b) The area of a rectangle is given by 4=xy

Therefore,

dd dx  dy
_z_y+x_
dt dt dt

=-5y+4x
dAd dx  dy
_z_y+x_
dt dt dt

=—S5y+4x

When x =8cm and ¥ =6¢m
Then,

d_‘f:(—S>=c6+4><8]cm2 | minute

2 i
= 2em” [ minute

Question 8:

A balloon, which always remains spherical on inflation, is being inflated by pumping in 900
cubic centimeters of gas per second. Find the rate at which the radius of the balloon increases
when the radius is 15¢m.

Solution:

V nr
We know that 3

Hence,
av a'V[4 3J
—=—|—nF
da dt\3

Therefore, ‘\‘\\O ®®
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4wr’ — =900
dt
dr 900
dt 4nr’
_ 225
Ty

When radius, » =15cm

Then,
dr _ 225
dt z(15)
= lm*f /s
i
Question 9:

A balloon, which always remains spherical has a variable radius. Find the rate at which its
volume is increasing with the radius when the latter is 10cm .

Solution:

V Tr
We know that 3
Therefore,
v d [ 4 2]
—=—| =
dt  dr\3

4 >
=§Tf(3?"")

=4xr’
When radius, » =10cm

Then,
dv

—=4m (10)° %
= 4007 O ‘\O
O &

Thus, the volume of the balloon is increasing at the rate of 400zem’ /s . &% Q&(b
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uestion 10:

A ladder is 5m long is leaning against the wall. The bottom of the ladder is pulled along the
ground, away from the wall, at the rate of 2cm /s . How fast is its height on the wall decreasing
when the foot of the ladder is 4m away from the wall?

Solution:
Let the height of the wall at which the ladder is touching it be 7 and the distance of its foot
from the wall on the ground be xm .

Hence,
xz +y2 _ 52
=y =25-%
25—x
Therefore,
dy_d( [ 3
25—
i~
d ( \/—2) dx
=—|(V25—-x" |—
dx dt
N —X dx
(\/25 e ) dt
We have,
ﬁ =2cm/s
dt
Thus,
dy __—2x
dt  25-x
When x =4cm
Then,

dy  -2x4 Q)
TRNET: 60 N

0T

’b
Question 11: %\

A particle is moving along the curve 6y =x"+2_ Find the points o {@:Qrv which the y-
coordinate is changing 8 times as fast as the x-coordinate. m\
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Solution:

The equation of the curve is 6 = x*+2

Differentiating with respect to time, we have

= 6@ L33 L
dt dt
= ZQ =x* ix-
dt dt
[d_y = gﬁ)
According to the question, \ d¢  dt
Hence,
= Z(Sﬁ) =x’ ﬁ
dt dt
16 B 3 be
d dt
2 dx
= -16)—=0
(x ) dt
=x'=16
=x=14
When x=4
Then,
4 +2
6
_66
6
=11
When x=-4
Then,

—31]' o) &

: 4,11 [‘4’—
Thus, the points on the curve are (4.11) and 3
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Question 12:

1 v
The radius of an air bubble is increasing at the rate of 2" At which rate is the volume of
the bubble increasing when the radius is lem ?

Solution:
S
. . . V=—nr

Assuming that the air bubble is a sphere, 3
Therefore,

dv d{(4 \dr

—_— = —7r 2

dar  dt\ 3 dt

= 47r? ﬁ
dt

We have,

dr 1

—=—cm/s

d 2
When r =1cm
Then,

av 2 1

—=4r(l) | =

i 03)

=2rem’ I's

Question 13:
| . | o Za)
A balloon, which always remains spherical, has a variable diameter 2 . Find the rate of

change of its volume with respect to x.
Solution:
4
V= .
We know that 3" 60 ,\\(J
d = %(Zx +1) <& O

It is given that diameter,

3
Hence, r:Z(ZXH) %
Therefore, .\\\O @@
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Thus,

Question 14:

Sand is pouring from a pipe at the rate of 12¢m’ / s. The falling sand forms a cone on the ground
in such a way that the height of the cone is always one-sixth of the radius of the base. How fast
is the height of the sand cone increasing when height is 4cm ?

Solution:

V=—nr‘h
We know that 3

It is given that, 6

Hence, » =6h
Therefore,
V= %n: (6h)" h
=12nh’
Thus,
‘;—V =127 i(!f )@
t dt dt @

=127r(3F:2§—? @60 (}\O
dr \(&% Q
We have, Q% Q
dv "
E-lZcm I ‘\.\\O @é

=367h’
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When £ =4cm
Then,

12 =367 (4)’ L

dt
ﬁ 12
di 367(16)
= Lcm /s
8

Question 15:
The total cost € (%) in Rupees associated with the production of x units of an item is given by

C(x)=0.007x" - 0.003x +15x+4000  Find the marginal cost when 17 units are produced.

Solution:
Marginal cost (MC) is the rate of change of the total cost with respect to the output.

Therefore,
dC

MC ====0.007(3x*)-0.003(2x)+15
dx

=0.021x>=0.006x+15

When x=17
Then,

MC =0.021(17)" —0.006(17) +15
=0.021(289) - 0.006(17) +15
=6.069-0.102+15
=20.967

So, when 17 units are produced, the marginal cost is X 20.967.

Question 16:
The total revenue in Rupees received from the sale of x units of a product given by Q)

SRS
&>

R(x)=13x"+26x+15 Find the marginal revenue when x=7. @6

Solution: &(b

Marginal revenue (MR) is the rate of change of the total revenue with respg@ﬂ%l.glber

of units sold.
Therefore, Q%
Q)
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MR AR _ 13(2x)+26
dx
=26x+26
When, x=7
Then,
MR =26(7)+26
=182+26
=208

Thus, the marginal revenue is X 208.

Question 17:
The rate of change of the area of a circle with respect to its radius 7 at » = 6¢cm is
(A) 107 (B) 127 (C) 8z (D) Lz

Solution:
We know that 4 =nr*

Therefore,
. i(ﬂrz )
dr dr
=2y
When r = 6cm
Then,
d—A =2nx6
=
=12rem’ /s

Thus, the rate of change of the area of the circle is 12zem’ /.

Hence, the correct option is B. . @
> &
%) ’OO
Question 18: & 2§

The total revenue is Rupees received from the sale of x units of a pro ufb&s Eiv by

2
R(x)=3x"+36x+5 The marginal revenue, when x =15 is

(A) 116 (B) 96 (C) 90 (D) 126 O QQ
W &P
D, Vv
&
,QQ\\
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Marginal revenue (MR) is the rate of change of the total revenue with respect to the number
of units sold.

Therefore,
MR="R _3(2x)+36
dx
=6hxr+136
When, x =15
Then,
MR =6(15)+36
=90+36
=126

Thus, the marginal revenue is X 126.

Hence, the correct option is D.
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o)

EXERCISE 6.2

Question 1:

Show that the function given by J(x)=3x+17 j strictly increasing on R.

Solution:

Let % and *> be any two numbers in R.
Then,
X, <x, =3x5+17<3x, +17=f (%) < f(x,)
Thus, f is strictly increasing on R.
Question 2:

Show that the function given by / (x)=e" i strictly increasing on R.

Solution:
Let % and *2 be any two numbers in R.
Then,
X, <%, = 2x < 28 < ) M (x,)< f(x)
Thus, f is strictly increasing on R.
Question 3:
Show that the function given by ./ (x)=sinx i

03]
(a) Strictly increasing in g

T
—,
(b)  Strictly decreasing in ( 2 }

()  Neither increasing nor decreasing in (Oa’r) @

o o0
Solution: (& Q
It is given that J(x)=sinx 6\' %'

Hence, J'(x)=cosx . Q KQ
nj .\\\O @@

X€E (0,—
(a) Here, 2
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=cosx>0
:>f’(x)> 0

n
0,—
Thus, f is strictly increasing in [ 2).

3]
xe|=,m
(b) Here, 2

= cosx<0
:f’(x)<0

T
—, T
Thus, f is strictly decreasing in [2 ]

(¢ Here, *€ (0’”)
The results obtained in (a) and (b) are sufficient to state that /* is neither increasing nor

decreasing in (0.7)

Question 4:
Find the intervals in which the function / given by / () =2x"-3x jg
(a) Strictly increasing (b) Strictly decreasing
Solution:
The given function is / (x)=2x"-3x
Hence,
S'(x)=4x-3
Therefore,
/'(x)=0
3
= =
4

ot
%

Cx.
/}O

3
n —0, — . ’ x)=4x-3< &%
I [ 4J,f() 4x-3<0 _OOQEJ :a@ Q

Hence, / is strictly decreasing in [ 4).
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3
(87, r9-se550

3
_’{x)
Hence, / is strictly increasing in [4 ]

Question 5:

Find the intervals in which the function / given /(¥)=2x"=3x* =36x+7 jg
(a) Strictly increasing (b) Strictly decreasing

Solution:

The given function is S(x)=2x"-3x*-36x+7

Hence,
S'(x)=6x*—6x-36
= 6(352 -x— 6)
=6(x+2)(x-3)
Therefore,
f'(x)=0
=x=-2,3
—n o
- ; ' -

In (—2-2) and (3:%)./"(x)>0
In (-2.3),f"(x)<0

Hence, / is strictly increasing in (‘ws_z),(lw) and strictly decreasing in (-2.3).

Question 6:
Find the intervals in which the following functions are strictly increasing or decreasing. C)®

(a) x> +2x-5 (b) 10— 6x—2x" 60 ;\\
(¢) —2x° —9x* —12x+1 (d) 6-9x-9x7 @ (b()
2N

w1 (x=3)° 9
(e) (x+1) (x-3) \’& Q

Solution:
; Q7 &
@ S()=x 2 &° @r&
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Hence,
S(x)=2x+2
Therefore,
= f'(x)=0
=S x=-—1

x=-1 divides the number line into intervals (_00)1) and (_lam)

In (—0,1), f"(x)=2x+2<0

Thus, / is strictly decreasing in (—e0.1)

In (L), f"(x)=2x+2>0

Thus, / is strictly increasing in (—1%)

f(x) =10~6x—2x"

Hence,
S'(x)=-6—4x
Therefore,
= f'(x)=0
3
=S x=—=
2

: ) 3)
= —— —00,—— -,
* 2 , divides the number line into two intervals [ 2)and \ 2
(—oo,—z}f’(x) =—6-4x<0
In 2

. . x <
Hence, / is strictly increasing for 2 <

. [—i,w],f’(x)=—6—4x>0 <

2

. . x>
Hence, / is strictly increasing for 2 %

_f(x)=—2x3—9x2—12x+1 ‘\’\\O @é
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Hence,
f'(x)=—6x*-18x-12
=—6(x"+3x+2)
= 76(x+1)(x+2)
Therefore,
= f'(x)=0
= x=-12

x=-1 and x=-2 divide the number line into intervals (—* _2), (-2.-1) and (-L).

In (—-2) and (_lam), J'(x)=-6(x+1)(x+2)<0
Hence, / is strictly decreasing for x<-2 and x> -1

In (72,71),f'(x)=ﬂ5(x+1)(x+2)> 0

Hence, / is strictly increasing in —2 < x < -1

(d) f(x)= 6-9x—x°

Hence,
f'(x)=-9-2x
Therefore,
= f'(x)=0
9
= x=——
2

9 ;
In (_E’mj’f <0

x> —2 <
Hence, / is strictly decreasing for 2
[—oo,—%] ,f'(x) >0

o x> %
Hence, / is strictly decreasing in 2 Q

O° A
@ F@=(xs1) (3-3) N4
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Hence,
£(x)=3(x+1)" (x-3) +3(x-3)" (x+1)’
=3(x+1)2(x 3) [x-3+x+1]
=3(x+1)" (x-3)" (2x-2)
=6(x+1)"(x=3)"(x-1)
Therefore,
f'(x)=0
=x=~13,1

x=-1,3,1 divides the number line into four intervals (~%=1),(=L1),(1,3) and (3,%)

In (=°-=1) and (-1.1), /(%) =6(x+1)" (x=3)" (x~1)<0
Hence, / is strictly decreasing in (=0.-1) and (=L1)

In (13) and (3:), /'(x)=6(x+1)"(x=3)"(x~1)>0
Hence, / s strictly increasing in (1-3) and (3:%)

Question 7:

y= log(l+x)—22—_:cx,x>—l

Show that , 1s an increasing function of x throughout its domain.

Solution:

y=log(1+x)-

It is given that 2+x

Therefore,

ﬂ: 1 _(2+x)(2)—2x(l)
dx l+x (2+x)2

1 4 O ’\O
Tlex (24x) (0@6 C}'

I \
(1+2)(2+ %) %\’b \

Now, dx =0 .\\\O ®®
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Since, *>—1,x=0 divides domain (=L.) in two intervals —1<x<0 and x>0

When, -1<x<0

Then,

Hence,

When, x>0
Then,

Hence,

Thus, / is increasing throughout the domain.

x<0=>x>>0

x>-1=(2+x)>0

=(24x) >0

2
X

=——>0
d (2+;vc)2

x>0=>x*>0

=(2+x)'>0
x2 O
== _>
d (2+;vc)2
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uestion 8:

2
Find the values of x for which ¥ =[¥(*=2)] is an increasing function.

Solution:
We have,
y= [x(x = 2)]2
= [xz - 2Jc—|2
Therefore,
dy d 2
a = E[xz = 2x:|
= 2(x2 —2x)(2x - 2]
:4x(x—2)(x—1]
d_y —
Now, dx
Hence,

= 4x(x - 2)(x - 1)

—x=0,x=2,x=1
x=0, x=1 and x=2 divide the number line intervals (=20,0).(0,1),(1,2) apnd (2.)

dy
In (—,0) and (152) , dx <0

Hence, ¥ is strictly decreasing in intervals (=0.0) and (1,2)

dy
In (0.1) and (2,00)’ dx >0

Hence, ¥ is strictly increasing in intervals (0.1) and (2.) o

Question 9: <
s 4sin 0 9 [O E} &(O Q&®
Prove that (2 + COSQ) is an increment function of  in | 2 \(b %_
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olution:
4s5in@

gy SO
We have, (2+cos0)

Therefore,
dy _ (2+cosO)(4cos6)-4sinB (—sinh) »
do (2+cosf)’
_ 80056’+400526+45in28_]
(2+cos0)’
_ 8cosO+4
B (2+cosB)’ )
L.
Now, 46
Hence,
8cos
(2+c:os6’)2 -

= 8c0s0 +4 =4 +cos’ O +4cosH
= c0s’0 —4cosf =0

= cosO(cosO—4)=0

=cosf =0 or cosf =4

Since, cosf = 4

Therefore,
cosf =0

=>6'=£
2

Now,
dy 80059+4—(4+c0529+40039)
E_ 2+cos@)
( ) %)

_ 4cos6 —cos’ @

@
(2+cos.6‘)2 \(& Q

_ cos(4—cosf) %
(2+cosB)’ OQ &Q
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o |

T

In interval [ ’ 2} , we have cos6 >0
Also,

4> cos@
=4—cos0 >0

Hence, €050 (4-c0s6)>0 414 also (2+cos0) >0

Therefore,
0(4—cos0
cos O ( cos2 ) B
(2+cosB)
ﬂ >0
Hence, 40

T T

o . o "y : I : x=
So, ¥ is strictly increasing in [ 2) and the given function is continuous at x=0 and 2

T
Thus, ¥ is increasing in interval [ ’ 2]

Question 10:

Prove that the logarithmic function is strictly increasing on (0,) .
Solution:
The given function is / (¥) =logx

f'(x)=~

Therefore, - X

(x) =L
For, x>0,f(x)—x>0

(Q
60 .\\

Thus, the logarithmic function is strictly increasing in interval (0,e) @ (b(')

Question 11: 6\'&' %_

Prove that the function / given by / (x)=x"=x+1 i neither strictl easi{&or strictly
-1,1 RN
). Q& \/®
R
. \Q

L&

decreasing on (
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Solution:

The given function is /' (x)="—x+1

Therefore,
f(x)=2x-1
Now,
f'(x)=0
1
=Sps—
2

1 3 a3
=— _19_ s
* 2 divides the interval v into 2) and \2

1 ;
=1L (x)=2x-1>0
In interval [2 ) 1)

)
~1,—
Hence, / is strictly decreasing in [ 2

1

=1,/ (x)=2x-1>0
In interval (2 ) ()

2
=1
Hence, f is strictly increasing in (2

Thus, f is strictly increasing nor strictly decreasing in interval (-L1)

Question 12:

T
Which of the following principles are strictly decreasing on [ "2 J ?
(A) cosx (B) cos2x (C) cos3x (D) tanx 60 -

Solution: @

@ Let fi(x)=cosx \@@ "%
Therefore, i (x)=-sinx Q &Q
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%)

[0,%J,f;'(x)=—sinx<0

In interval
[°)
Thus, cosx is strictly decreasing in \ 2 /.

®) Let 5 (x) =cos2x

Therefore, f; (x) =-2sin2x

Now,
:>0<x<£
2

=0<2x<m
=sin2x>0
= =28in2x < ()

T
: : s
Hence, /> (¥)=-2sin2x <0 j [ 2]
Thus, cos2x is strictly decreasing in \2

© Let Ja (x) =cos3x

Therefore, £y (x)=-3sin3x

Now,

£ (1)=0

=sin3x=0

weoe ool

e <
3 0 ’\C)
O~ &

<
The point 73 , divides [ 2)into\ 3/and\3 2 @ Q&

[0,%J,fg(x):-3sin3x<o [0<x<%] OQ QQ

In interval
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o)

T
0,—
Hence, /3 is strictly decreasing in [ 3J

[z z
In interval \ 32

J,ﬁ(x)=—3sin3x>0 |:£<x<E<7r<3x<§£:|
3 2 2
Hence, / is strictly increasing in \ 3 2

Thus, cos3x is neither increasing nor decreasing in interval \ 2

o) Let fa(x)=tanx

Therefore, £ (x)=sec’x

i 5 ' 2
0,—|.f, [x)=sec x>0
In interval[ ZJ «(x)

T
o,]
Thus, tanx is strictly increasing in [ 2
Thus, the correct options are A and B.

Question 13:

0 4 sinx—1;

On which of the following intervals is the function /* is given by S(x)=x is strictly
decreasing?
T T
o) G) ol
@A) (0, B) \ 2 ©)\ 2 (D) None of these
Solution:
We have,

f(x)=x'"+sinx-1

Therefore, Q N C)
_f'(x):lOOxw+cosx @6 c’)\'\

PR
In interval (0:1):€08%>0 and 100x” >0 \(b
Hence, f'(x)>0 %

Thus, / is strictly increasing in (0-1) \’\\O Qo)
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i
) (—,n‘],cosx<0
In interval \ 2

Hence, f'(x)>0

and 100x”° >0

T
—, 7T
Thus, / is strictly increasing in interval (2 ]

o [0,—J,cosx>0
Now, in interval \ 2 and 100x” >0
Hence, f'(x)>0

T
0,—
Thus, f is strictly increasing in interval [ 2]

Hence, / is strictly decreasing in none of the intervals.

Thus, the correct option is D.

Question 14:

=x’+ax+1 ;

For what values of a the function / given f(x) is increasing on [1.2]9

Solution:
We have
f(x)=x2 +ax+1
Therefore,
f(x)=2x+a
Now, the function / is strictly increasing on [1.2]
Therefore,
= f'(x)>0
=2x+a>0
= 2x>-a @

_a O WO

=5 B s 6 c’)\\
Here, we have 1<x<2 \(&% Q
Thus, OQ &Q
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.@\‘

IONS
—>1
a>=2

Question 15:

1
Let I be any interval disjoint from [-1.1]. Prove that the function / given by S (x)=x +; is
increasing on 1.

Solution:
We have
1
f(l") =X +;
Therefore,
1
’ =1__
f(x)=1-=
Now,
f'(x)=0
1
=1-—=0
x2
= x’ =1
= x=+1

The points x =1 and x=-1 divide the real line intervals (=0,1).(=1.1) ang (L)

In interval (-1.1) , —l<x<l1
= x? <1

1

:>1<—;1 x#0
X

:1—%<0 x#0 @
O ‘\Q
Therefore, risl= 1—x]—2<0 on (—L1) ~{0} @G (’)\'

Hence, / is strictly decreasing on (-1.1) ~{o} &(0 Q
x0
Now, in interval (===1) and (law), x<-lorl<x Q &Q
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1
! =]l-—>0
Therefore, 7(x) x g on (=®.-1) and (1L,»)

Hence, / is strictly increasing on (=0,=1) and (L.=)

Thus, f is strictly increasing in I in [-1.1]

Question 16:
T

Prove that the function / given by /' (x)=logsinx jg increasing on [ ’ ZJ and decreasing on

5)

Solution:
We have

f(x) =logsin x
Therefore,

, 1
x)= COS X
4 ( ) sin x
=cotx

b3
0,— |,/ (x)=cotx>0
In interval[ 2] (%)

T
0,—
Hence, / is strictly increasing in [ 2)

T
—.rl|,f'(x)=cotx<0
In interval [2 jf( )

n
_,7:
Hence, / is strictly decreasing in [2 ]
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T

Prove that the function / given by / (x)=log|cosx] i decreasing on [ ’ 2J and increasing on

(5 )

Solution:
We have J (x)zlog}cc’”‘
Therefore,
T
f'(x)= cosx( sin x)

=—tan x

) [O,Ej,tanx>0:>—tanx<0
In interval 2
Hence, f'(x)<0

T
0,—]
Thus, / is strictly decreasing on [ 2).

E,Zn],tanx<0:>—tanx>0

In interval [ 2
Hence, f'(x)>0

i
Thus, / is strictly increasing on \ 2~ .

Question 18:

3 2
Prove that the function given by / (x)=x"=3x"+3x—-100 jg increasing in R.

Solution:
We have @

£ (x)=x*=3x+3x-100 GQ (’;\\O

Therefore
’ 9
f'(x)=3x"-6x+3 & Q
:3(x2—2x+l) %\(b %.
=3(x-1Y OQ <&
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For xeR, (x—I)ZZO

So, / (%) is always positive in R.

Thus, the function is increasing in R.

Question 19:
The interval in which ¥ =x"¢ ™" is increasing is

(A) (—==) @) (-2.0) (©) (2=) ) (0:2)

Solution:

We have y=x"¢”"

Therefore,
Ay =2xe™™ =5t
dx
=xe* (2-x)
ay
Now, dx

Hence, x=0 and x=2

The points x=0 and x =2 divide the real line into three disjoint intervals i.e., (—00,0)) (0,2)

and (Zaw).

In intervals (—-0) and (2v°°), F'(x)<0 a5 o is always positive.

Hence, / is decreasing on (—:0) and (2:%)

In interval (0:2), /"(x)>0 <
Hence, / s strictly increasing in (0-2) 60 .\O
, (’)\,

Thus, the correct option is D. (b
&@ Q&
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EXERCISE 6.3

Question 1:

Find the slope of the tangent to the curve ¥ =3x" —4x at x=4.

Solution:

The given curve is ¥ =3x" —4x

Then, the slope of the tangent to the given curve at x =4 is given by,

dy d

al@‘ = 5(33:4 —4x]:|x=4
=124 —41:4
=12(4) -4
=12(64)-4
=764

Question 2:
_x-—1
Find the slope of the tangent to the curve r x=2 - at x=10.
Solution:
o ox—1

The given curve is r= x=2
Therefore,

dy dx-1

dx E[E}

_(x=2)(0)-(x-1)()
(x-2)

:x—2—x+l &
(x-2) X0
! Q% Q
(x-2) O

N
Now, the slope of the tangent to the given curve at x =10 is g@\,@/
ﬂ
&
¢
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Question 3:

Find the slope of the tangent to curve ¥ =X’ —x+1 at the point whose x-coordinate is 2.

Solution:

The given curve is V = X —x+1
Therefore,

Now, the slope of the tangent at the point where the x-coordinate is 2 is given by,

@} =3x"-1]
dx 1 x=2

=3(2)" -1
=121
=11

Question 4:

Find the slope of the tangent to curve ¥ = X’ =3x+2 at the point whose x-coordinate is 3.

Solution:

The given curve is ¥ = X =3x+2

Therefore, Q ) O@
Bl i) RO
dx dx

= 3){‘2 -3 &% Q&®

Now, the slope of the tangent at the point where the x-coordinate is 3 is g]@‘by, %-
S

N4
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=
2
=
@] =3x" - 3]
dx I x=3
=3(3)" -3
=27-3
=24
Question 5:

EN

Find the slope of the normal to the curve X =acos’ 6,y =asin’ 0 at

Solution:

. . i
The given curve is x=acos’@ and ¥ =asin 0

Therefore,
L i(a cos’ 6)
do do
=-3acos’ Osinf
z . i(a sin’ 9)
do do
=3gsin’ 0 (cos 9)
Hence,
(&)
dy _\d6 ) _ 3asin”6cos6
dx [ﬁ) —3acos’0sin0
do
__sinf
~ cosO
=—tanf
0="
Now, the slope of the tangent to a curve at 4 1is given by,
ﬂ] =—tan 9]9_1
g & <L
o
P ol
XN
= I
Hence, the slope of the normal at 4 is given by, Q KQ

mm Wondershare
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-1 ~1

slope of the tangent at 6 = %

Question 6:

0=
Find the slope of the normal to the curve x=1-asin® and ¥ =bcos’ 0 at 2.

Solution:

It is given that x=1-asin® and ¥ =bcos 0

Therefore,
E :i(l—asinﬂ)
do doé
=—qcosO
L. (b cos’ 0 )
do do
=-2hsinfAcosA
Hence,

dy
@ _\do —2bsin B cos@

dx (ﬁ] —acosf
do
=@sin8
4}

T

Now, the slope of the tangent at 2 is given by,

ﬂ] =&sin9}
dx .= a oo

|
(S

2b . =@
=—sin—
a

_2

a

p==2
2

Hence, the slope of normal at is given by,

Remove Watermark
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-1 s T

slope of the tangent at 0 = % (2!’) 2b

a

Question 7:

Find the points at which tangent to the curve ¥ =x"=3x" =9x+7 is parallel to the x-axis.

Solution:
The given curve is ¥ =x" =3x" =9x+7
Therefore,

ﬂzi(f —3x* —9x+?)
dx dx

=3x* —6x-9

Since tangent is parallel to the x-axis if the slope of the tangent is zero.

Hence,
3x"—6x-9=0
=x"-2x-3=0
:>(x—3)(x+l):0
=x=3orx=-1
When, x=3
Then,
y=(3) -3(3)" -9(3)+7
=27-27-27+7
=-20
When, x=-1
Then,

=(-1)" =3(=1)" -9(~1)+7
W GQ \\Q

=12

Thus, the points at which the tangent is parallel to the x-axis are (3.-20) and’{'fgfa Q

Q @
.\\\ @fb
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uestion 8:

2
Find a point on the curve Y= (*=2)" at which the tangent is parallel to the chord joining the
points (2,0) and (4:4),

Solution:

If a tangent is parallel to the chord joining the points (2.0) and (4.4)
Then, the slope of the tangent = the slope of the chord.

4-0_4_,

Hence, the slope of chordis 4-2 2

Now, the slope of the tangent to the given curve is,

ix—y=2(x—2)

Since, the slope of the tangent = the slope of the chord.

Hence,
2(x—2)=2
=x-2=1
=ar=3
When, x=3
Then,
y=(3-2)
=1

Hence, the point on the curve is (3.1).

Question 9:

Find the point on the curve ¥ =x" =11x+5 at which the tangent is ¥ =x—11, 0 . OQ)
OV X

Solution: <

The given curve is ¥ =X’ —11x+5 &% Q
x0

The equation of the tangent to the given curve is y =x—11 %

: - O
Therefore, slope of the tangent is 1. ‘\\\ Q)(b
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Now, the slope of the tangent to the given curve is,

%zi(f—uﬁs)
=3x*-11
Hence,
3x°-11=1
=3x* =12
=x'=4
= =t
When, x=2
Then,
y=(2) -11(2)+5
=8-22+5
=-9
When, x=-2
Then,
y=(-2) -11(-2)+5
=-8+422+5
=19

Thus, the points are (2,-9) and (-2.19),

Question 10:
N x#1
Find the equation of all lines having slope —1 that are tangents to the curve YT .

Solution:
1

. . y=——7x#1 0 . O
The given curveis =~ x-1 b LA
@)
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e slope of the tangents to the given curve is given by,

@_i(L)
dx  dx\ x—1

.
(x-1)’

The slope of the tangent is —1
So, we have:

-1 —
(x-1)
= (x—l)2 =

= x—1==l1

1

== 2,0
When, x=0,=y=-1 and when x=2,= y=1

Thus, there are two tangents to the given curve having slope —1 and passing through the points
(0.1) ang (2.1).

Hence, the equation of the tangent through (0.-1) i given by,
y=(-1)=-1(x~0)
= y+l=—x
= y+x+1=0

The equation of the tangent through (2»1) is given by,
y-1=-1(x-2)
= y—l=x+2
= y+x-3=0

Thus, the equations of the required lines are ¥+x+1=0 and y+x-3=0,

Question 11: Q <O
LS

- QL3
Find the equations of all lines having slope 2 which are tangent to the curve 4 {@ Qﬁfb

Solution: \(b %-
y=— Q% QQ

The given curve is ~  x—3 ¢ O
The slope of the tangents to the given curve is given by, ‘\\\ Q)(b
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(x-3)

The slope of the tangent is 2
So, we have:

-4
(x-3)
= 2(x-3) =-1

3()(—3)2 =%1

=2

It is not possible since the LHS is positive and RHS is negative

Thus, there is no tangent to the curve of the slope 2.

Question 12:
B 1
Find the equations of all lines having slope 0 which are tangent to the curve YT oxt3.

Solution:
1

The given curve is Yo F k13

The slope of the tangents to the given curve is given by,

ﬁ_i(;]
dx  de\x’=2x+3

)
- (,1:2 —2x¥ 3)2
o Rl
X’ —2x+3 2
( ) Q}Q ,‘\\OQ
The slope of the tangent is 0 @ Q
So, we have: % «(b

2(x-1) S %
(x2—2x+3)2_0 %\(b Moy
=-2(x-1)=0 ‘OQ (&Q

= x=1 .\\\ @
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1

Hence, the equation of the tangent through [ ’2] is given by,

y—%z()(x—l)
]
— )
=Yy 7
Ll
773

Thus, the equation of the line is 'y

Question 13:

x2 y2
. . = :
Find the points on the curve 9 16  at which the tangents are
(i) parallel to x-axis (ii) parallel to y-axis
Solution:
2 2
.y s

The equation of the given curve is 9 16

On differentiating both sides with respect to x, we have:

2 yd
9 16 dx
dy -l6x

dx 9y 60 (’;\\OQ
—16x (Sb

<
() The tangent is parallel to the x-axis if the slope of the tangent is 9y & WQP&
possible if x=0 \(b %_
Thus, OQ% &Q
\ (o
N @
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2

2
. P
9 16 for x=0

Therefore,
2

:>y—=l
16
$y2=16

=y=14
Hence, the points are (0,4) and (0:4).

(ii) The tangent is parallel to the y-axis if the slope of the normal is 0, which gives

Thus,
x—z +—=1
9 16 fory=0
Therefore,
2

=% =]
9

=x'=9

=13

Hence, the points are (3.0) and (-3.0).

Question 14: <
O

Find the equation of the tangents and normal to the given curves at the indicated points 60 ,‘\3
i) y=x'—6x+13x —10x+5 4 (0.5) o @O
@) y=x'—6x"+13x> =10x+5 g (1.3) {O Q&
iy »=x"at(L1) %\(b B

w =¥ at(0.0) Q &Q
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LIONST R
T
(v) Xx=cost,y=sint at 4
Solution:

(i)

(i)

The equation of the curve is ¥ =x" —6x" +13x* —10x+5

On differentiating with respect to x, we get:

B _ 45 ~18¢ + 26110
dx

ﬂ] =-10

dx (0.5)

Thus, the slope of the tangent at (0,5) is —10.

The equation of the tangent is given as:
y—5=—10(x—0)
= y-5=-10x
=10x+yv=5

Slope of normal at (0.5) s
-1 -1 1

slope of the tangent at (0,5) 10 “10

Therefore, the equation of the normal at (0.5) is given as:
|
~5=—(x-0
s T

=10y-50=x
= x-10y+50=0

The equation of the curve is ¥ =x"' —6x’ +13x” ~10x+5 at (1.3)

On differentiating with respect to x, we get: GQ ,&)
%=4x3—18x2+26x—10 < ¢

d—y] =4-18+26-10=2
(13)

Thus, the slope of the tangent at (1.3) is 2. ,\‘\\O ®®
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The equation of the tangent is given as:
y-3=2(x-1)
= y—3=25~-2
=>y=2x+1

Slope of normal at (1.3) is
-1 -1

slope of the tangent at (1,3) 2

Therefore, the equation of the normal at (1.3) is given as:

1
i P
y=3=—(x-1)
=2y-6=x+1
=>x+2y-7=0

The equation of the curve is » =X’ at (L.1)

On differentiating with respect to x, we get:

Y3y
dx

dy} 2
=1 =3y =2
dx |y )

Thus, the slope of the tangent at (L1) is 3,

The equation of the tangent is given as:
y—1=3(x-1)
= y=3x-2

Slope of normal at (L1) is
-1 -l
slope of the tangent at (1,1) 3

Therefore, the equation of the normal at (L1) is given as:

y—lz?(x—l)

=y —-F=—+]
=>x+3y—-4=0
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|@|

(iv) The equation of the curve is ¥ = x* at (0,0)

On differentiating with respect to x, we get:

é’- =2x
dx

ﬁ] 0
dx |.0)

Thus, the slope of the tangent at (0,0) js 0.

The equation of the tangent is given as:
y—0=0 (x - 0)
=y=0

an) is
-1 -1

Slope of normal at (

slope of the tangent at (0,0) 0 . which is not defined.

0,0)

Therefore, the equation of the normal at ( is given as x =0

T
. . 4 t
The equation of the curve is x=cost and Yy =sinf at 4

On differentiating with respect to ¢, we get:

dx ; dy
— =—sint¢ —— =Cost
dt

dt and
Therefore,
6
dy _\dt)_cost bt
dx

T
t==—
Thus, the slope of the tangent at 4

Hence, o ‘\’\\O ®®
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1 1
X=— =

V2 and y_ﬁ

The equation of the tangent is given as:
P S [ . L]
"2 V2

1 1
:>x+y—$—ﬁ=0
=x+y—2=0

Y3
t==
Slope of normal at 4 is

-l :__1:1
-1

slope of the tangent at ¢ = %

T

. t i, @
Therefore, the equation of the normal at 4 is given as:

53

> x=y

Question 15:

Find the equation of the tangent line to the curve » =" —2x+7 which is
(a) parallel to the line 2x—y+9=0
(b) perpendicular to the line Sy—15x=13

Solution:

The equation of the curve is ¥ = x'=2x+7
On differentiating with respect to x , we get:

Q = 2x— 2 * O
dx 60 ca)\\
(a) The equation of the line is 2x—y+9=0 % &(b
= y=2x+9 (& Q
This is of the form ¥ =mx+c %\ s

Hence, the slope of line is 2 . OQ @
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If a tangent is parallel to the line 2x—y+9=0_ then the slope of the tangent is equal to
the slope of the line.

Therefore, we have:
2=2x-2
=2x=4
=x=2

Now, x=2

Then,
=>y=4-4+7
=>y=7

Thus, the equation of tangent passing through (2.7) is given by,
y—T7=2 (x - 2)
= y—-2x-3=0

(b) perpendicular to the line 5y —15x=13
13
= y= 3X+?
This is of the form y=mx+c

Hence, the slope of line is 3

If a tangent is perpendicular to the line Sy —15x=13 | then the slope of the tangent is,
-1 #1

slope of the line . 3
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Therefore, we have:

2x—2=7—1
3

:>2x=_—1+2
3

:>2x:§
3

5
S x==
6

5
xX==
Now, 6

Then,
LB, 10
36 6
25-60+252
36

7

_a
T 36

Y 217
Thus, the equation of tangent passing through (6 ' 36 ] is given by,

217 1[ 5)
e e B x_g
36 3 6
Weomcly ¥
36 18

=36y -217=-2(6x-5)
=36y-217=-12x+10
=36y +12x-227=0

Question 16:

Show that the tangents to the curve »=7x"+11 at the points where x=2 and x=-2 are <O
parallel. 60 &)
. S oL
Solution: % &(b
The equation of the given curve is ¥ =7x" +11, (& Q
Therefore, W
" S b

Z:le2 OQ &Q
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\E

Thus, the slope of the tangent at the point where x =2 is given by,

dy 2
— =21(2) =84
dxj|r=2 ( )

Also, the slope of the tangent at the point where x =-2 is given by,

It is observed clearly that the slopes of the tangents at the points where x=2 and x=-2 are
equal.

Hence, the two tangents are parallel.

Question 17:

3
Find the points on the curve ¥ =% at which the slope of the tangent is equal to the y-coordinates
of the point.

Solution:

3
The equation of the given curve is V=X
Therefore,

D g
dx

When the slope of the tangent is equal to the y-coordinate of the point, then According to the

2
question, V= 3x

Also, we have V= ¥

Therefore,

3xt=x°

:bxz(x—3)=0 0 ‘\C)
> >

=x=0,x=3 @

9
When, x=0,= y=3 and *=3.=y=3(3) =27 \(& Q
Thus, the points are (0’0) and (3=27). . OQ QQ
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Question 18:

3 A5
For the curve ¥ =4x —2x , find all the points at which the tangent passes through the origin.

Solution:

3 5
The equation of the given curve is V= 4x" -2x
Therefore,

ﬂzll}:2 —10x*
dx

Hence, the slope of the tangent at the point (%.7) is 1252 104"

Thus, the equation of the tangent at (%) is given by,
Y-y =(12x*-10x*) (X -x)

When the tangent passes through the origin (0’0) , X=Y=0.
Therefore,

-y= (123c2 —10x4)(—x)
y=12x" -10x’

3 5
Also, we have V= 4x" ~2x
Hence,

5120 =105 =42’ <2%°
— 8x° —8x’ =0
=x-x'=0
:>x3(x2—1)=0

=Sx=0,%1

When, *=0,=y= 4(0)' -2(0)° =0

When, x=l,:>y=4(l)3—2(1)5=2 60 O

When, x=—l,:>y=4(—l)3—2(—1)5 =—2 <

9
Thus, the points are (0’0), (132) and (—1,—2) \(& %_Q
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uestion 19:

2, 2
Find the points on the curve ¥ *J — 2x-3=0 4t which the tangents are parallel to the x-axis.

Solution:

2, .2
The equation of the given curve is ¥ TV — 2x-3=0

On differentiating with respect to ¥, we have:

2x+2y%—2=0

Now, the tangents are parallel to the x-axis if the slope of the tangent is 0.
Therefore,

=1-x=0

=x=1

2, 2
But we have X Y —2x-3=0 gor x =1
Hence,

=y =4
= y=12

Thus, the points are (132) and (1’_2).

Question 20:

2 3 2.3
Find the equation of the normal at the point (am®,am’) for the curve @* =%,

Solution: 0 . O
\
O~ &

2_ 3
The equation of the given curve is @ =X %4)

On differentiating with respect toX, we have: &% Q
x0
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2 3
The slope of a tangent to the curve at (am®.am’) ;o

dy _ 3(am?)’
dx l“"‘ 2 an) 2a(am3)
_ 3a’m?
C2aPm’
3m

2

2 3
Therefore, the slope of normal at (am®,am’)
-1 _ A1
slope of the tangent at (amz,ams) [?ﬂj 3m
2

2 3
Hence, the equation of the normal at (am it ) is given by,

y—am’ =;—(x—am2)
m

= 3my —3am® =—2x+2am’

= 2x+3my—am3(2+3m2)=0

Question 21:

3
Find the equation of the normal to the curve V=X +2x+6 which are parallel to the line

x+14y+4=0,

Solution: @
3

The equation of the given curve is Y =% +2x+6 60 3\\

The slope of the tangent to the given curve at any point (x y ) is given by, &G) Q«

zﬁBx +2 %\

Therefore, slope of the normal to the given curve is, \\\
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@ !

-1 -1
slope of the tangent  3x2 +2

The equation of the given line is x+14y+4=0
1 4

Sy=——x-— ..
Y 14x 14 , which is the form of y=mx+c¢

Hence,
e
3x*+2 _E
=3x’+2=14

=3x* =12

=it =4
s 0 s A

When, x=2,= y=8+4+6=18
When, x=-2,=y=-8-4+6=-6

-1
Therefore, there are two normal to the given curve with slope 14 and passing through the points

(2’18) and (_29_6).

Thus, the equation of the normal through (2,18) is

=
182" (1 N
& Tithe

=14y-252=x+2
=x+14y-254=0

And the equation of the normal through (-2.-6) is

y=(-6)=1;(x~(-2))
=14y+84=—x-2

= x+14y+86=0 GQ ’\\'

Hence, the equations of the normal to the given curve are x +14y—254=0 and x &@ Q
h

<&
Find the equation of the tangent and normal to the parabola Y : ‘1‘)\&“ e @@ at Zar
@ Q\{‘s
N\
¢

©

Question 22:
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i@ |
Solution:

2
The equation of the given parabola is V = dax .

On differentiating both sides with respect to X, we have:

dy
2y—=4q
Y&
& _2a

dx vy

2
Therefore, the slope of the tangent at (ar* 2at)

Q] wlE, 1
ax (o 2cr) T 2at ¢

2
Hence, the equation of the tangent at (ar*.2a1) g

1
_v—2ar=?(x—a1‘2)

= ty-2at* =x—at’

::’tyzx—km*2

Now, the slope of the normal at (ar* 2at)

-1 !

slope of the tangent at (arZ,Zat) [1
t

=t

Thus, the equation of the normal at (ar*.2a1) g
y—2at= -»t(x—af)
= y—2at=—tx+at’
= y=—tx+2at +at’

OQ)

Question 23: GQ ;\'\
2
Prove that the curves ¥ =V and xy =4 cut at right angles if 8k> =1. (74) O
[Hint: Two curves intersect at right angle if the tangents to the curve at the point o{@ers ﬁg@
are perpendicular to each other.] (b
S B

Solution: ‘ OQ &Q

2
The equations of the given curves are ¥ =) and xy =k ,\\\ Q)(b
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a9

2
Putting * =V in xy =%

Yy =k
1
=p=Fk?
2
= x=k3

ed | b

==

La| =
—

k
Thus, the point of intersection of the given curves is [

2
Differentiating ¥ = with respect to X, we have:

dy
1=2y—
X dx
B 1
dx 2y
2 1
(9]
Therefore, the slope of the tangent to the curve ¥ =V at is
#] 1
@ lid) e

On differentiating x» = & with respect to ¥, we have:

dy
x—+y=0
T y
oy BY )
dc x

k3. k3
Now, slope of the tangent to the curve xy =k at [ J is

ﬁ} - :z] B
dx [ﬁ,ki] % ks,ﬁ]
o B %

. 60 {\30
1 @
i &(O Q&

We know that two curves intersect at right angles if the tangents to the c S a%%z-omt of

\
@\&‘\

,QQ\

intersection i.e., at [ J are perpendicular to each other.
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This implies that we should have the product of the tangents as —1.
Thus, the given two curves cut at right angles if the product of the slopes of their respective

2 1
tangents at is —l.ie.,

=2k’ =1

SN3
:[215] =(1)
= 8k’ =1

Hence, the given curves cut at right angle if 8k =1.

Question 24:

22
x Y

Find the equation of the tangent and normal to the hyperbola a® b’ at the point (xu,y 0 )

Solution:
2 2

x X

Differentiating a’ b’ with respect to ¥, we have:

Therefore, the slope of the tangent at (¥0:30) is
dy } b’x,
(50.30)

dx e 60 c’;\\o

Hence, the equation of tangent at (x,),y 0) is &% Q
x0
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a2 bZ 2 bz
XX, W
e Sl
XX, WY
= B A R
a b

Now, the slope of normal at (x,),y 0) is

~1 _—a’y,

slope of the tangent at (x,,,) - b’x,

Hence, the equation of normal at (%0:70) is

_
Y=Yo = ;xyu (x—x(,)
0

— Y—=Vo _ _(x_xo)

a’y, bx,

- X=X
:yzyo_( : o) _y

ay, b x,

Question 25:

Find the equation of the tangent to the curve V =V3x=2 which is parallel to the line
4x-2y+5=0,

Solution:

The equation of the given curve is V= N3x~2d

The slope of the tangent to the given curve at any point (x,y ) is given by, 0 o\QQ
dy 3 6 C}'

& 2Bx-2 @ o
&
The equation of the given line is 4x -2y +5=0. 6\@ %_

5
:>y=2x+5,whichisthe form of y=mx+c OQ &Q
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ence, the slope of line is 2.

Now, the tangent to the given curve is parallel to the line 4x-2y+5=0 if the slope of the
tangent is equal to the slope of the line.

Therefore,

3 5
2V3x-2
=J3x-2= a5

4
=3¢ —-2=—
=>3x= i+ 2= il
16 16
41
= x=—
48
41
X =—
When, 48
Then,
41
= 3| =|-2
g ( 8]
_ [
16
_ [a1-32
16
- 2
16
=7
4
(&%)
Thus, equation of the tangent passing through the point \ 48 "4) s N C)®
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3 41
W 0
Y% [x 48)

_ 4y-3 22(48x—4IJ
4 48

48x—41]

:>4y—3=[

—24y—-18=48x—-41
= 48x—24y =23

Question 26:

The slope of the normal to the curve V= 2" +38inX g x=0 is
1 1
(A)3 (B) 3 ©) -3 D) 3

Solution:

2 .
The equation of the given curve is V= 2x" +3smx,

Slope of the tangent to the given curve at x =0 is given by,

&] =4x+3cosx] _,
dx x=0 -
=0+3cos0
=3

Hence, the slope of the normal to the given curve at x=0 is
-1 -1

slope of the tangent at (x=0) 3

Thus, the correct option is D.

. <
Question 27: O o <O
oy

2
The line ¥ =x+1 is a tangent to the curve ¥~ =4X at the point (74) (b

@) (12) @) (2.1) «© (L-2) @) (-1.2) .(O Q

Solution:

2
The equation of the given curve is ¥ = 4X O
\\\ (o)


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
http://cbs.wondershare.com/go.php?pid=5239&m=db

mm Wondershare

Remove Watermark g PDFelement

https://millionstar.godaddysites.com/

dy
2p==4
Y

dy _2

dx y

The given line is ¥ = x+1 which is of the form y=mx+c,

Hence, slope of the line is 1

The line ¥ =x+1 is a tangent to the given curve if the slope of the line is equal to the slope of
the tangent.

Also, the line must intersect the curve.

Thus, we must have:

Therefore,

=x=1

Hence, the line ¥ =x+1 is a tangent to the given curve at the point (12) :

Thus, the correct answer is A.
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EXERCISE 6.4

Question 1:

Using differentials, find the approximate value of each of the following up to 3 places of

decimals.
(i) V25.3 (if) V49.5 (iif) v0.6
(v) (0009): (v (0.999)1 (viy (1)
(vii) (26) (vii) (255): (ix) (52)+
0 (401): (xiy (0.0037): iy (2657)
(xiii) (81.5) (xiv) (3.968): (xv) (3215
Solution:

i) 253

Consider V= \/;

Let x=25 and Ax=0.3

Then,
Ay = Jx+Ax —x
=+25.3-4/25
=4/253-5
Ay+5= V253
Now, 4V is approximately equal to Av and is given by, GQ ;\\OQ
(2 &
- 2N

9
o] Do

- 709 &
= ﬁ({):ﬁ) OQ &Q

=0.03 ,\\\ @(b

Hence, Q\ \.,/
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v25.3=0.03+5

=503

Thus, the approximate value of v25.3=5.03.

v49.5
Consider V= \/;

Let x=49 and Ax=0.5

Then,
Ay =[x+ Ax —+x
=4/49.5 - /49
=49.5-7
Ay+7=~/495
Now, @ is approximately equal to Av and is given by,
)
= 2 |Ax
a2
2((05) [y =+x]
:— 0.5
2449 (0
1
=—(0.5
14( )
=0.035
Hence,
V49.5 =7+0.035
=7035
Thus, the approximate value of v49.5 =7.035. <
O o
QY X
< L
Consider ¥=x . (& Q
» B

_ _ @)
Let x=1 and Ax=-0.4 Q Q
O o\
Then, .\\\ @b
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Ay = Jx+Ax—x
=v0.6 -1
Ay+1=+0.6

Now, 4V is approximately equal to Av and is given by,

ans

=ﬁ(-0.4) [ =]

- %(-0.4)

=-0.2
Hence,

J0.6=1+(-02)
=1-0.2
=08

Thus, the approximate value of v0.6 =0.8.

1
(0.009)
1

Consider V= ("‘ )5

Let x=0.008 and Ax =0.001

Then,
Ay = (x+Ax)§ —(x)%
~ (0.009)5 — (0.008)3
1
= (0.009): —0.2 %
. > &
Ay+0.2=(0.009)s @
%) {0
Now, v is approximately equal to Av and is given by, (&% Q
S B
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Hence,

(0.009)¢ =0.2-+0.008
=0.208

4
Thus, the approximate value of (0.009)5 =0.208
1
(0.999)10
i
Consider » = ()1
Let x=1 and Ax=-0.001

Then,
1 1
Ay = (x+ Ax)10 —(x)i0
1
= (0.999)10 1

1
Ay +1=(0.999)i0

Now, v is approximately equal to Av and is given by,

dy=(jx—y]Ax
- = )T
) = ]
(x) o
1
=—(~0.001) O WO
=1?).0001 @b (}'

Hence,

|
(0.999)10 =1+(~0.0001)

=0.9999 Q &Q
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1
Thus, the approximate value of (0-999)© =0.9999

(vi) (15):

1
Consider ¥ =(¥)?
Let x=16 and Ax=—

Then,

by =+ b)i (o)
(15)¢ —(16)¢

~(15)i -2

1
Ay+2=(15)

Now, 4 is approximately equal to AV and is given by,

dyz[%)m
i 4(l)3 (%) [ - :(xﬂ
1
) 4(16)i
_ -l
4x8
ol
32
==0 03125

Hence,

(15)F =2+(~0.03125) O WO
=1.96875 @6 C}}

| 9
: 15)4 =1.96875 & Q
Thus, the approximate value of (15) . \(b %_

(vii) (26) ‘\‘\\O Q(O
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1
Consider ¥ =(%).
Let x=27 and Ax=-1

Then,

Ay

(26)s

1
Ay+3=(26)3
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(s axp ()

(26): - (27)

3
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Now, 4v is approximately equal to Av and is given by,

dy_(g]M
- (av)
3(x)3

1

[ y=(v¥)‘%]

= 2 (1)

3(27)
-
27

=-0.0370
Hence,

(26)5 = 3+(~0.0370)

=2.9629

1
Thus, the approximate value of (26)3 =2.9629

|
(viii) (255)*
1
Consider ¥ =(%)?
Let x=256 and Ax=-1

Then,
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Hence,

1
(255)% =4 +(~0.0039)
=3.9961

1
Thus, the approximate value of (255)* =3.9961
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&

1
(ix) (82)4
1
Consider ¥ =()*
Let x=81 and Ax=1

Then,

) sG]

Hence, @
(82)¢ =3+ 0,009 60 (’)\\O
=3.009 <&

1
Thus, the approximate value of (82)* =3.009 Q% KQ
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o |

LIONS
1
(x) (401)
1
Consider ¥ =(x)?
Let x=400 and Ax=1

Then,
1 1
Ay =(x+Ax)2 —(x)2

SR

~ (401)2 — (400)
~ (401)2 20

1
Ay +20=(401)

Now, 4V is approximately equal to Av and is given by,

[ i (x)i}

s

-7 ()
—_ L

2(20)
_.L

40
=0.025

Hence,

(401)2 =20+0.025
=20.025

Thus, the approximate value of (401)2 =20.025

1

(xi) ((].0037")E
1
Consider ¥ =(x)?

Let x=0.0036 and Ax =0.0001

mm Wondershare
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Then,
1

Ay =(x+ Ax)l? —(x)2
= (0.0037)2 —(0.0036)2
~(0.0037): ~0.06

1
Ay+0.06 = (0.0037):

Now, 4y is approximately equal to Av and is given by,
i
dy=|— |Ax
y=(2

1
) [y
o
2(0.06)
00001
012
=0.0008325

(0.0001)

Hence,

|
(0.0037)2 =0.06+0.00083
= 0.06083

1
Thus, the approximate value of (0.0037)z =0.06083

(xii) (26-57)F

1
Consider ¥ =(X)?

Let x=27 and Ax=-0.43

<
Then, 0 X
Ay = x+Ax%—x% 6 C’)\}
(r+axp () 2.3
- (26.57) —(27) S
(26.57)% ~(27) 3 %‘Q

~ (26.57)5 -3 %)
Ay +3 =(26.57]% ‘\‘\\0 @@
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Now, v is approximately equal to A¥ and is given by,

(2]

) [0

3y

~0.43)

1
)
043

27
==0.015

Hence,

1
(26.57)5 =3+(-0.015)
=2.984

1
Thus, the approximate value of (26.57)F =2.984.

1

(xiii) (81-5)*
!
Consider ¥ =(*)*

Let x=81 and Ax=0.5

Then,
Ay =(x+ Ax)% —(x)*
= (81.5)5 —(81);
~(81.5) -3
Ay+3=(81.5)§
Now, v is approximately equal to Av and is given by, 0 R O®
QY X
< L
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Hence,

(81.5)7 =3+0.0046
=3.0046

1

Thus, the approximate value of (81.5)+ =3.0046

3
(xiv) (3.968)2

3
Consider ¥ =(x)?

Let x=4 and Ax=-0.032

Then,
e &
Ay = (x+Ax)2 —(x)2
- (3.968): —(4):
3
= (3.968)> -8
3
Ay+8=(3.968): <
6\3 N
Now, 4y is approximately equal to Av and is given by, %) Q
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‘ @ '
o2
%(x)% (Ax) [ yz(xﬁ]

=%(2)(—0.032)=
—-0.096
Hence,

(3.968)2 =8+(~0.096)
=7.904

&
Thus, the approximate value of (3.968)2 =7.904

(xv) (32. 15)g

Consider ¥ =(x)?

Let x=32 and Ax=0.15

Then,

Now, v is approximately equal to Av and is given by,

Remove Watermark g
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= 3 (AX‘) y:(x)E
5(36)5 { }
a 1
5(2)°
015
80
=0.00187

(0.15)

Hence,

1

(32.15)s =2+0.00187
=2.00187

1
Thus, the approximate value of (32.15) =2.00187

Question 2:

mm Wondershare
PDFelement

Remove Watermark g

Find the approximate value of ./ (2.01) , where /()= 4x" +5x+2

Solution:

Let x=2 and Ax=0.01

Then,
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%)

f£(2.01)= 1 (x+Ax)
=4(x+!§x)2+5(x+mc)+2
Ayzf(x+Ax)—f(x)
f(x+Ax)=f(x)+Ay
S A (demay)

f(201)~ (4% +5x+2) (8x—5)Ax

[4(2) +5(2)+2]+[8(2)+5](0.01) [ x=2,Ax=001]
(6+10+2) (16+5)(0.01)
=28+21(0.01)

=28+0.2]
=28.21

Il

Hence, the approximate value of f(2.01)=2821

Question 3:

Find the approximate value of / (5.001) , where / () =x"-7x" +15

Solution:
Let x=5 and Ax=0.001

Then,
S(5.001) = f(x+Ax)
=(x+Ax) =7 (x+Ax) +15
/_\.y:f(x+Ax)—f(x)
f(x+Ax):f(x)+Ay

mf(x)+f'(x)-Ax ( dx:Ax)
<

£(5.001) % (¢ ~7° +15) (35> ~14x) Ax GQ "\\O

=[(5) =7(5)" +15 ]+ 3(5)" ~14(5) |(0.001) [ x=5, o.oé"

—(125- 175+15) (75-70)(0.001) (&% <2K

=(-33)+(3)(0.001) S b

— 3540005 ‘OQ .&Q

— 34995 \\\ Q)(b
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|@!

Hence, the approximate value of f (5 '001) =-34.995

Question 4:
Find the approximate change in the volume ¥ of a cube of side x meters caused by increasing
the side by 1% .

Solution:

The volume of a cube ¥ of side x is given by V' =x’

Therefore,

=(3x7)(0.01x) [ 1% of x is 0.01x]
3

Hence, the approximate change in the volume of the cube is 0.03x°m’.

Question 5:
Find the approximate change in the surface area of a cube of side x meters caused by

decreasing the side by 1% .

Solution:

The surface area of a cube (S ) of side x is given by S=6x".

Therefore,
ds
TN
= (12x)Ax
:(12x)(0.01x) [ 1% of x is 0.01x] Q . OQ)
= 0.12x2 @6 (}\'

Hence, the approximate change in the surface area of the cube is 0.12x*m’. &% Q
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L |

—
=
uestion 6:

If the radius of a sphere is measured as 7m with an error of 0.02m , then find the approximate
error in calculating its volume.

Solution:
Let 7 be the radius of the sphere and A be the error in measuring the radius.

Then, r=7m and Ar=0.02m

Now, the volume ¥ of the sphere is given by,

V=ix?
3
Therefore,
L =47y
dr
Hence,
dVv = (dl)Ar
dr
=(47r7)(0.02)
=47(7)(0.02)
=3.92n

Thus, the approximate error in calculating its volume is 3.92zm”.

Question 7:

If the radius of a sphere is measured as 9m with an error of 0.03m, then find the approximate
error in calculating its surface area.

Solution:
Let 7 be the radius of the sphere and Ar be the error in measuring the radius.

Th = =1.
en, »=9m and Ar=0.03m 60 .\O

Now, the surface area S of the sphere is given by, @ (b
S =4nr K% QQ
0 g

Therefore,
< @)
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das = (ﬁj Ar
dr

=(8nr)Ar
=87 (9)(0.03)
=2.167

Thus, the approximate error in calculating its surface area is 2.16zm’.

Question 8:

1f S (x) =32 +15x +35 then the approximate value of / (3.02) i

(A) 47.66 (B) 57.66 (C) 67.66 (D) 77.66
Solution:

Let x=3 and Ax=0.02

Then,
£(3.02)= f(x+Ax)=3(x+Ax) +15(x+Ax)
=/ (v ax)- £ (3)
S(x+Ax)= f(x)+Ay
~ f(x)+/'(x)-Ax (" de=Ax)
£(3.02) % (3" +15x+5) +(0x +15) Ax
=[33) +15(3)+3 | +[6(3) +15](0.02) [ x=3,Ax=002]
=(27+45+5)+(18+15)(0.02)
=77+(33)(0.02)
=77+0.66
=177.66
Hence, the approximate value of [(3.02)=77.66 @

RO
{b
R
Question 9: “@\(b %‘

The approximate change in the volume of a cube of side x metres ca y {Qeasmg the

side by is.
\
@ \{‘ﬂ
,QQ\

Thus, the correct option is D.
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(A) 0.06x’m’ (B) 0.6x’m’ (C) 0.09x°m’ (D) 0.9x’m’

Solution:

The volume of a cube (V) of side x is given by V =x".

Therefore,
dv = [@] Ax

dx
= (sz)(0.03x) [ 3% of x is 0.03x]
=0.09x"

Hence, the approximate change in the volume of the cube 0.09x'm’.

Thus, the correct option is C.
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\E

EXERCISE 6.5

Question 1:
Find the maximum and minimum values, if any, of the following functions given by

(i) f(x)=(2x—1)2+3
(ii) f(x)=9x"+12x+2

(i) S (x)==(x=1)"+10
(v) &(x)=(x) +I
Solution:
(i) The given function is f(x)=(2x ‘1)2 +3
It can be observed that (2x=1)" 20 for every xeR.

2
Therefore, f(x)=(2x-1)"+323 g5, every xeR.

The minimum value of / is attained when 2x—1=0
2x—1=0

1
=S x=—
2

Hence, minimum value of

)

=3

Thus, the function /* does not have a maximum value.

(ii) The given function is J/ (¥)=9x" +12x+2 60 \\Q
It can be observed that (3¥+2) 20 for every xeR. @ (OC)
S 2
Therefore, f(x)=(3x+2) =222 g every xeR. &6 QK
The minimum value of / is attained when 3x+2=0 6’\(0 %.

3x+2=0
=x=2 ’\OQ ‘&Q
3 & \/Q)
Therefore, Minimum value of @ 4
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:@[-%J”] -

Hence, the function ./ does not have a maximum value.

2
(iii) The given function is / (¥)=—(x=1) +10
2
It can be observed that (*=1) =0 for every xeR.
2
Therefore, / (¥)=—(x=1) +10<10 f5r every xeR.

The maximum value of f'is attained when (x—1)=0
(x-1)=0
Sa=1

Therefore, Maximum value of
r=r()
=—(1-1) +10
=10

Hence, the function ./ does not have a minimum value.

. N . o p 1
(iv) The given function is € (x)=(x) +
Hence, function £ neither has a maximum value nor a minimum value.

Question 2:
Find the maximum and minimum values, if any, of the following functions given by:

i JS()=p+2-1 OQ)
iy &(x)=—|x+1[+3 O sl
(iii) h(x)=sin(2x)+5 @6 c’)\'
(iv) f(x) = |sin 4x+3‘ %

(v) h(x)=x+1xe(-11) \(& %.Q

Solution: Q &
(i) The given function is ./ (¥)=x+2[-1 o§\\o Q,@
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It can be observed that [¥+2/20 for every xeR.

Therefore, /() =[x +2|=1=~1 for every xeR .

The minimum value of f'is attained when [x+2[=0
|x+2|=0
=x=-2

Therefore, Minimum value of
r=r(-2)
=|-2+1-1
=-1
Hence, the function ./ does not have a maximum value.
The given function is & (%)= —|x+1]+3

It can be observed that ~1¥ +1<0 for every xeR.

Therefore, /() =[x +1[+3<3 for every xeR.

The maximum value of g is attained when x+1]=0
|x+1]=0

=x=-1

Therefore, maximum value of
g=g(-1)
=—|-1+1]43
=3

Hence, the function £ does not have a minimum value.

The given function is (x)=sin(2x)+5
We know that —1<sin2x <1
Therefore,
= —-1+5<sin2x<1+5
=4<sin2x+5<6

Hence, the maximum and minimum values of % are 6 and 4, respectively.

The given function is / (x) =|sin4x+3|
We know that —1 <sin4x <1
Therefore,

Wondershare
PDFelement
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= 2<sind4x+3<4

= 2<|sin4x+3|<4

Hence, the maximum and minimum values of /* are 4 and 2, respectively.

(v) The given function is #(¥)=x+Lxe(-Ll)

o b1 % +1
Here, if a point %o is closest to —1 , then we find 2 ° forall %o €(=1L1).
wal<d
Also, if % is closest to 1, then find " 2 forall % €(-L1),

Hence, function h(x) has neither maximum nor minimum value in (_L 1) .

Question 3:
Find the local maxima and minima, if any, of the following functions. Find also the local
maximum and the local minimum values, as the case may be:

i JSx)=x
(ii)
(iii)
(iv) f x)—smx cosx,0<x <2

(
(v) f(x)=x-6x+9x+15
g(

x) x—

g(
h( =sinx+cosXx, 0<x<%

(i x)~"—+— x>0
1

ii) € (x)=>

(viii) /(%)= I—m0<x<l

Solution:
G JS(x)=x
Therefore,
f'(x)=
Now,
f'(x)=0
= x=0

Thus, x =0 is the only critical point which could possibly be the point ofilecal maxima
or local minima of /.
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We have /"(0)=2 , which is positive.

Therefore, by second derivative test, x =0 is a point of local minima and local minimum

value of / at x=0 is /(0)=0

g(x)=x"-3x
Therefore,
g'(x)=3x"-3
Now,
g'(x)=0
=3x'-3=0
==l
Also,
g"(x)=6x
g"(1)=6>0
g"(-1)=-6<0

By second derivative test, x =1 is a point of local minima and local minimum value of &
at x=11s
g (1) =1°-3
=1-3
—

However, x =—1 is a point of local maxima and local maximum value of & at x=-1 is

g(-1)=(-1) -3(-1)
=—143
=2

h(x)=sinx+cosx,0<x<% 60 c’;\\o
Therefore, %
XN

h’(x) =08 X —Sinx

Now, OQ &Q
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h'(x)z()
= cosx—sinx=0
= S8INX =COoSX
—tanx=1
:>x=£e[0,£]
4 2
Also,
h"(x)=-sinx-cosx
= —(sinx+cosx)
Hence,
T 1 1
B| B | mom| it
[4] [2 ﬁ)
_2
2
=—J2<0
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T

Therefore, by second derivative test, T4 isa point of local maxima and the local

T
. X=—.
maximum value of / at 4 is

T .7 i3
h| — |=sin—+cos—
(4} 4 4

1 1
= + —

N
=2
(iv) f(x)zsinx—cosx,0<x<2ﬂ:

Therefore,
f'(x)=cosx+sinx

Now,
f'(x)=0
= cosx+sinx=0
= sinx=-cosx
= tanx=-1

:>x=3—ﬁ,7—ﬁe(0,27r)
4 4
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Also,

f"(x)=-sinx+cosx

Hence,

R4

xX=
Therefore, by second derivative test, ( 4 } 1s a point of local maxima and the local

In
maximum value of ./ at x_( 4 } 1S
3T . (37 3T
13 J=onF o)
Z(L+LJ
NG
=i/

’hrj
x=|—
However, ( 4 ) is a point of local minima and the local minimum value of f

<3,
[

f(x)=x"-6x" +9x+15 %
Therefore, ,\\\O ®®
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f'(x)=3x"-12x+9

Now,
f'(x)=0
—=3x*-12x+9=0
=3(x-1)(x-3)=0
=i=1,3

Also,
f"(x)=6x-12

=6(x-2)

Hence,

~

=

—_—

—_
Il

6(1-2)=-6<0
/"(3)=6(3-2)=6>0

Therefore, by second derivative test, x =1 is a point of local maxima and the local
maximum value of /" at x=1 is

f(1)=1-6+9+15
=19

However, x =3 is a point of local minima and the local minimum value of /" at x=3 is
f(3)=27-54+27+15
=15

g(x):%+£,x>0
x

Therefore,
=5
Now, @
g'(x)=0 .
:>l-£=0 60 (}\'O
2 < (b
L2_1 & Q8
W 2 \(b %_
=x'=4 %
B e ) . Q &Q
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Since, x>0, we take x=2

Hence,
e 4
&g (x)_xs
= 4 1
g (2)=?=E>0

Therefore, by second derivative test, x=2 is a point of local minima and the local
minimum value of & at x=2 is

2 2
2)=2+2
8(2)=5+3
=1+1
=72
_ 1
i) =73
Therefore,
, —(2x)
g\X)=
) (x2+2)2
Now,
g'(x)=0
L) 4
(x2+2)
=x=0

Now, for values close to x =0 and to the left of 0, & r(": ) >0

Also, for values close to x=0 and to the right of 0, & '(x) <0

Therefore, by first derivative test, x =0 is a point of local maxima and the local maximum
value of <

(viii) £ (x)=x1-x,0<x<1 Q%
Xe) (b\
Therefore, '\\\ <
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f (x)=m+x[2\/ll_x](—l)
a2 l—x—zJi_x
_2(l—x)—x
T 2J1-x
. 2—8%
odl—x
Now,
f’(x)=0
N 2-3% _
2/1-x
=2-3x=0
2
:x:;
Also,
J=x(=3)-(2-3)| 08
fn(x)_;[ — (2 l—x]
ﬂ(—3)+(2*3x)[5\}::}
) 2(1-x)
B —6(1—x]+(2 —3x)
- 4(1-x)(V1-x)
_ 3x—4
4(1-x)
Hence,
<
O ‘\O
S
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2
Therefore, by second derivative test, T3isa point of local maxima and the local
2
maximum value of / at * 3 is
21 2 2
! [ 3 ] "3\ 3
20
3V3
o 3
33
2B
9
Question 4:
Prove that the following functions do not have maxima or minima:
W Jlx)=¢
(i) g(x)=logx

(iii) h(x)=x3+x2+x+1
Solution: 0 N O
a Jl(x)=e Q)b (}'\

Therefore, &%
r'(x)=e q)\’b \
Now, . O é
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S'(x)=0

=e =0
But the exponential function can never assume 0 for any value of ¥ .
Therefore, there does not exist ¢ € R such that f'(c)=0
Hence, function ./ does not have maxima or minima.
g(x)=logx
Therefore,

g(9)=7

!
Since logx is defined for a positive number *»& (x)>0 for any X.

Therefore, there does not exist ¢ € R such that & '(¢)=0,

Hence, function & does not have maxima or minima.
h(x) =+ +x+1

Therefore,
h'(x) =3x% +2x %1

Now,
A (x)=0
= 3x2+2x+1=0
—2+22i
e AN ek
6
axz_li;@a:ll 'C)Q)
» &
Therefore, there does not exist ¢ € R such that h’(c) =0 &%QQ&(O
Hence, function & does not have maxima or minima. %’\,fb %.
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uestion 5:
Find the absolute maximum value and the absolute minimum value of the following functions
in the given intervals:

(i) f(x)=x',xe[-2,2]

i [(x)=

( )=4x——x xe{—Z 2}
)=

sinx+cosx,x€[0,7]

2
(x—l) +3,xe[-3,1]

(iii)
(iv) f(x
Solution:

() The given function is /(%)=

Therefore,
f(x)=3+
Now,
f'(x)=0
=3x*=0

Then, we evaluate the value of /* at critical point x =0 and at end points of the interval

[-2.2].
Therefore,
f((}) =0
f(-2)=(-2)
=-8
7(2)=(2y
=&

Hence, we can conclude that the absolute maximum value of /* on [_2’2] is 8 occurring
at x=2.

©

Also, the absolute minimum value of /* on [_292] i1s -8 occurring at x =-2 60 Q

(i) The given function is f(x)=sinx+cosx &% Q&(b

Therefore, %\(b %'
/'(x)=cosx—sinx OQ &Q
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f'(x)=0
=cosx—sinx=0
= SIN X =CO0SX

=tanx=1

T
S Xm—
4

_T
4

Then, we evaluate the value of /* at critical point ¥ and at the end points of the

interval [0= T ] )
Therefore,

(omtint)

1. 1_2
2 N2 2
=3

/(0)=sin0+cos0
=0+1
=1
f(x)=sinz+cosm
=0-1

=-1

Hence, we can conclude that the absolute maximum value of / on [0=” ] is 2
x T
occurring at = 4.

Also, the absolute minimum value of f* on [0=” ] is —I occurring at X=7 .

1 5
(iii) The given function is ¥ ()= 27

Therefore, 60 (’;\\O

g S
S (x)=4 2(2) &@ Q

=4—x \(b %-
Now, OQ% &Q
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S'(x)=0
= 4=x=0
=x=4

Then, we evaluate the value of ./ at critical point x =4 and at end points of the interval

Therefore,
f‘(4):16—%(16)
=16-8
=8
F(2)=-8-3(4)

=-8-2
=-10

OB

st
b

=18-10.125
=7.R75

52

Hence, we can conclude that the absolute maximum value of /" on { ,2} is 8 occurring
at x=4.

2
Also, the absolute minimum value of ./ on [ 2] is —10 occurring at x =-2.

2
(iv) The given function is f(x)=(x-1)"+3
Therefore, <

7= P &V

Now, | %
£(x)=0 \@* <

=2(x-1)=0
:>.x(=1 | OQ% &Q
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\@
Then, we evaluate the value of /* at critical point x =1 and at end points of the interval
[=31].
F(0)=(1-1)"+3
=3
F(-3)=(-3-1)+3
=16+3
=19
Hence, we can conclude that the absolute maximum value of /* on [_3=1] is 19 occurring
at x=-3.
Also, the absolute minimum value of /* on [_3=1] is 3 occurring at x =1.
Question 6:

Find the absolute maximum profit that a company can make, if the profit function is given by:
p(x) =41-24x-18x"

Solution:
The profit function is given as 7 (x)=41-24x-18x"
Therefore,
p'(x)=-24-36x
Now,
p'(x)=
= 24-36x=0
24
= x=——
36
~2
= x=—
3

Also, ) 60 ’\\ Q)

X

2
. . X=-
By second derivative test, 3 is the point of local maxima of 2 . %

Q

fz}
S

Theref i fit Q
€reiore, maximum proi1i @%\ \/
N
/\v\\\
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2
A3l 3
3 3 3
=41+16-8
—49

Hence, the maximum profit that the company can make is 49 units.

Question 7:
Find both the maximum value and the minimum value of 3x* —8x® +12x> —48x+25 on the

interval [0’ 3 ] .

Solution:
Let f(x)=3x"-8x> +12x* —48x +25

Therefore,
f'(x)=12x" —24x" + 24x - 48
=12(x’ - 24" +2x-4)
=12[ " (x-2)+2(¥=2)]
=12(x-2)(x* +2)
Now,
J'(%)=0
=x=2=0
=x=2

Now, we evaluate the value of ./ at critical point x =2 and at the end points of the interval

[0.3],
Therefore,
£(2)=3(2)" -8(2) +12(2)* -48(2)+25 D
=48-64+48-96+25 GQ \\O
=-39 < (b()
7(0)=3(0)' ~8(0)’ +12(0)* ~48(0) + 25 & Qﬂ
=25 %\(b %_
7(3)=3(3)" -8(3) +12(3)" -48(3)+25 ‘ OQ &Q
=243-216+108 144 + 25 \\\ @(b

S
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Hence, we can conclude that the absolute maximum value of /* on [0’3] is 25 occurring

at x =0 and the absolute minimum value of / at [053] is =39 occurring at x=2.

Question 8:

At what points in the interval [0,27] does the function sin2x attain its maximum value?

Solution:

Let f(x) =sin2x

Therefore,
S'(x)=2cos2x

Now,
f'(x)=0
= 2cos2x=0

n 3 St In
:>2x:_9_9_5_
2" 2 2 2

3% sx 7
4’ 4’ 4 and at the end points of

T

.. . X=—,
Now, we evaluate the value of / at critical point 4
the interval [0:27]

Therefore,
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T

: . . x=—

Hence, we can conclude that the absolute maximum value of /* on [0.27] i occurring at 4
and 4 .
Question 9:

What is the maximum value of the function sinx+cosx ?

Solution:
Let f(x) =sinx+cosx
Therefore,

S'(x)=cosx—sinx
Now,

f’(x):{)
= cosx—sinx=0
= 8Iin X =COSX
=tanx=1

T S

g .
4’ 4
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S"(x)=-sinx-cosx

=—(sinx+cosx)

Now, / "(%) will be negative when (sinx+cosx) jg positive i.e., when sinx and cosx are both
positive.

Also, we know that sinx and cosx both are positive in the first quadrant.

" Xe (Oa ]
Then, / (%) will be negative when 2).

sugfTre

T

o : . x . .
By second derivative test, /* will be the maximum at 4 and the maximum value of / is
f[£]= sin£+cosz
4 4 4
1

W —

2

L &TN ®|_

Question 10:

Find the maximum value of 2x° —24x+107 in the interval [3]. Find the maximum V@ﬁ: Of(’)\.\

the same function in [_3=_1] ) &% Q&(b

Solution: %\(b %.
Let f(x)=2x —24x+107 ‘\’\\O @(b
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Therefore,

Now,

=x'=4
= x=4

We first consider the interval [1’3] .
Then, we evaluate the value of / at the critical point * = 2€[1.3] and at the end points of the

interval [L 3] .

Hence,

f(2)=2(2)" -24(2)+107
=16-48+107
=75

F(1)=2(1)" -24(1)+107
=2-24+107
=85

f(3)=2(3)"=24(3)+107
=54-72+107
=89

Thus, the absolute maximum value of / (%) in the interval [1:3] is 89 occurring at x =3.

Next, we first consider the interval [_3’ _1] .

Then, we evaluate the value of / at the critical point ¥ =-2¢€ [_3’_1] and at the end po@f ,&)
the interval [_3 ’ _1] . @

Hence, \(&% Q
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£(-3)=2(-3)" -24(-3)+107
=-54+72+107
=125

f(=1)=2(-1) -24(-1)+107
=-2+24+107
=129

f(=2)=2(-2)" -24(-2)+107
=-16+48+107
=139

Hence, the absolute maximum value of / (*) in the interval [_3’ _1] is 139 occurring at x = -2

Question 11:
It is given that at x=1, the function x*—62x*+ax+9 attains its maximum value, on the
[0.2]

interval . Find the value of a.

Solution:
Let J(x)=x"-62x" +ax+9

Therefore,
S'(x)=4x'-124x+a

It is given that function / attains its maximum value on the interval [0.2] at x=1.
Hence,

f'(1)=0

=4x’ —124x+a=0
=4-124+a=0
=-120+a=0
=a=120

Thus, the value of a=120. @

Question 12: %

Find the maximum and minimum values of x+sin2x on [%27%], Q &Q
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Let J(x)=x+sin2x

Therefore,

Now,

the interval

Hence,

S'(x)=1+2cos2x
£(x)=0
=14+2c0s2x=0

-1 T [ ?r) 2r
= C0S2X=—=—-C0S—=COS| T —— |=COS—
2 3 3 3

:>2x=2mrizTﬂ- [neZ]
D x=nrt— [neZ]
=x=1 2—”,4—?[,5—”6[0,23]
3’3 33
CE
Then, we evaluate the value of / at critical points 3’
[0,271'].
T T ’
=1 | 2|
5)-G5)(5)
_z B
3 2
f[%“):[i_ +sin2[—]
2 3
3 2
4r 4x .
—_—l=] —— | 2 —
f[S) [3) Sm[ J
_4r 3
3 2
Sr 5
55 )l
BELAE]
ETE
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f(0)=0+sin0
=0
f(27) =27 +sin4n
=27+0

=27

Hence, we can conclude that the absolute maximum value of / (x) in the interval [0’2”] is

27 occurring at x =27 and the absolute minimum value of /(%) in the interval [0.27] is 0
occurring at x=0.

Question 13:
Find two numbers whose sum is 24 and whose product is as large as possible.

Solution:
Let one number be x.

Then, the other number be (24-x) .

Let P(¥) denote the product of the two numbers.
Thus, we have:

P(x)=x(24-x)

=24x—x°
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erefore,
P'(x)=24-2x
P{x)=-2
Now,
P(x)=0
=24-2x=0
=24=2x

=x=12

Also,
P'(12)=-2<0

By second derivative test, x =12 is the point of local maxima of £ .

Thus, the numbers are 12 and (24_12) =12

Hence, the product of the numbers is the maximum when the numbers are 12 each.

Question 14:

Find two positive numbers x and ¥ such that X+ » =60 and ¥ is maximum.

Solution:
The two numbers are x and ¥ such that x+ y =60
Therefore,
=y=60—x
Let, f(x)=
f(x)=x(60-x)’
Therefore,

/(%) =(60-x)" ~3x(60-x)’ )
= (60-x)"[60-x-3x] 60 c’)\\g
=(60-x)" (60 -4x) q)@

S"(x) = -2(60-x)(60-4x)-4(60-x)’ \(& Q
=-2(60-x)[60-4x+2(60-x)] % Y
_—2(60 x)(180 - 6x) . OQ (&Q
= -12(60-x)(30-2) N ¢
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S'(x)=0

= xy=600rx=15
When, x =60
Then,

S'(x)=0

When, x=15
Then,

S"(x)=-12(60-15)(30-15)
=—12x45x15<0

By second derivative test, x =15 is a point of local maxima of ./ .

Thus, function ¥’ is maximum when x =15 and ¥ =60-15=45

Hence, the required numbers are 15 and 45.

Question 15:

Find two positive numbers x and » such that their sum is 35 and the product *'»" is a
maximum.

Solution:
Let one number be x.

Then, the other number is V= (35-x).
Let P(x)=x’

Then we have, P(x)=x"(35 ‘x)s

Therefore,
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P'(x) = 2x(35— x)s —5x (35 - x)l1
=x(35-x)'[2(35-x)-5x]
=x(35-x)" (70-7x)
=7x(35-x)" (10~x)
P*(x)=7(35-x)' (10-x)+ 7x| ~(35-x)' ~4(35-x)" (10-x)
=7(35-x)" (10~ x)-7x(35-x)" - 28x(35-x) (10~ x)
=7(35-x) [(35-x)(10-x)~x(35-x)—4x(10-x) |
=7(35—x)'[350 - 45x + x* = 35x+ x* — 40x + 4|
=7(35-x)’ (6x* ~120x+350)
Now,
P(x)=
=x=0,x=35.x=10
When, x=35
Then,
P(x)=P(z)=0
= y=35-35=0

This will make the product X'y’ equal to 0.
When, x=0
Then,
= y=35-0=35
This will make the product X*¥" equal to 0.

Hence, x=0 and x=35 cannot be the possible values of x.

When, x=10 @

Then, Q N O
P"(x)=7(35-10)’ (6x100-120x10 +350) 6 \\
=7(25) (-250) <0 &Q) Q{b

By second derivative test, P(x) will be the maximum when x =10 and }’% &%

™

Hence, the required numbers are 10 and 25. @\\\\ @
/\“
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Question 16:
Find two positive numbers whose sum is 16 and the sum of whose cubes is minimum.

Solution:
Let one number be x.

Then, the other number be (16—x) .

Let the sum of the cubes of these numbers be denoted by S(x).

Then,

S(x)=x"+(16-x)’
Therefore,

8'(x)=3x*-3(16-x)°

S"(x)=6x+6(16—x)
Now,

S'(x)=0

=322 -3(16-x) =0
=x’—(16-x) =0

= x’-256—x"+32x=0

256
=S x=—

32
=x=8

Also, @

S"(8)=6(8)+6(16—8)
=48 +48
~96>0 &"O Q
By second derivative test, x =8 is the point of local minima of §'. Q Q

“O
Thus, the numbers are 8 and (16-8)=8 ‘\\\ ®®
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Hence, the sum of the cubes of the numbers is the minimum when the numbers are 8 each.

Question 17:

A square piece of tin of side 18cm is to be made into a box without top, by cutting a square
from each corner and folding up the flaps to form the box. What should be the side of the
square to be cut off so that the volume of the box is the maximum possible?

Solution:

Let the side of the square to be cut off be x cm.

Then, the length and the breadth of the box will be (18—=2x)cm each and the height of the box

be x cm.

Therefore, the volume ” (%) of the box is given by,

Hence,

Now,

If, x=9 then the length and the breadth will become 0.

Hence, x#9

V(x)=x(18-2x)’

V'(x)=(18-2x)" —4x(18-2x)
= (18- 2x)[18 - 2x—4x]
= (18-2x)(18-6x)
=i 2(9-x)(3—x)
=12(9-x)(3-x)

V'(x)=12(-9-x)(3-x)
=-12(9-x+3-x)
=—12(12-2x)
=-24(6-x)

V'(x)=0

=Sx=9%%=3
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V'(3)=-24(6-3)
=-T72<0

By second derivative test, x =3 is the point of local maxima of V.

Hence, if we remove a square of side 3cm from each corner of the square tin and make a box
from the remaining sheet, then the volume of the box obtained is the largest possible.

Question 18:

A rectangular sheet of tin 45¢m by 24cm is to be made into a box without top, by cutting off
square from each corner and folding up the flaps. What should be the side of the square to be
cut off so that the volume of the box is the maximum possible?

Let the side of the square to be cut off be x cm.
Then, the height of the box is x c¢m, the length is (45=2x)cm and the breadth is (24—2x)cm

Therefore, the volume 7 (x) of the box is given by,

V(x) = x(45 —2x)(24— Zx)
= x (1080 —90x —48x + 4x" )
=4x’ —138x” +1080x

Hence,

V'(x)=12x" —276x+1080
=12(x* = 23x+90)
=12(x-18)(x-5)

V'(x)=24x-276
=12(2x-23)

Now,
V'(x)=0

S =18 =5

It is not possible to cut off a square of side 18cm from each corner of the rectangular'sheet.
Thus, x cannot be equal to 18.
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=1
When, x=35
Then,
V'(5)=12(2(5)-23)

=12(10-23)

=12(-13)

=—156<0

By second derivative test, x =5 is the point of local maxima.

Hence, the side of the square to be cut off to make the volume of the box maximum possible
is Scm.
Question 19:

Show that of all the rectangles inscribed in a given fixed circle, the square has the maximum
area.

Solution:
Let a rectangle of length / and breadth 5 be inscribed in the given circle of radius a.

Then, the diagonal passes through the centre and is of length 2a cm .

Now, by applying the Pythagoras theorem, we have: %
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(%)

(2a)’ =1 +5?

= b’ =4a" -

=b=+4a’ -1’
Area of triangle, A=1\4a* -1
Therefore,
Y e Fa— ()
d Waa? - P
iz P -—L
da’ -I*
_ 4a* =20
da’ -I*
Vaa® -7 (-41) - (4a° —212)7(_2‘()
d’A Waa 12
dr da* -
(4a% ~12)(-41) +1(4a’ ~1*)
= 3
(4&?2 = )5
_—12a%1+ 28
-3
(4a2 - )5
~21(6a* 1)
= K 3,
(4a* =)
Now,
W,
dl
Hence,
= 4q® =21 _o
Vda’> -I*
= 4 =21
= 1=+2a
Thus,
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b=~4a’-2d*
=+/2a"
=2a
When, 1=2a

Then,
a'4_—2(Y2a)(6a’ -2a%)
dr 224°
_ —S\ch
Z\Ea3

=—4 <0

By the second derivative test, when /= J2a, then the area of the rectangle is the maximum.

Since, ! =b=+/2a the rectangle is a square.

Hence, it has been proved that of all the rectangles inscribed in the given fixed circle, the
square has the maximum area.

Question 20:
Show that the right circular cylinder of given surface and maximum volume is such that is
heights is equal to the diameter of the base.

Solution:
Let 7 and & be the radius and height of the cylinder respectively.

Then, the surface area (S) of the cylinder is given by,

S=2nr’+2nrh

Therefore,
_8-2xr’

2rr Q <O
S(l]_r 6 C’)\\

:a—

h

I

Let ¥ be the volume of the cylinder.

Then, Q &Q
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V=nrh
s [i[l)_,}
2r\r
= Ef:-w’3
2
P 3nr’
dr 2
2
i I: =-6nr
dr
Now,
@ _,
dr
= 3 —37r’ =0
2
= g =3z’
2
=B
6
P
When, 67
Then
2
d—i’ =-6r B <0
dr 61
e
By second derivative test, the volume is the maximum when 67 .

S
Now, when 67 ,

Then,
()
ol 6\5 N i

Hence, the volume is the maximum when the height is twice the radius i.e. When l(@
equal to the diameter. é
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Question 21:
Of all the closed cylindrical cans (right circular), of a given volume of 100 cubic centimeters,
find the dimensions of the can which has the minimum surface area?

Solution:
Let 7 and / be the radius and height of the cylinder respectively.

Then, volume (V) of the cylinder is given by,

V=rrh=100
:hz%
Tr

Surface area (5) is given by:
S=2nr*+2nrh
=Bt
r
Hence,
ds 200
T

Now,
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By second derivative test, the surface area is the minimum when the radius of the cylinder is

1
[50]3
— cm
T .

{3

Hence, the required dimensions of the can which has the minimum surface area is given by

1 1
[50]3 [50]3
— | cm 2| — | em
radius \ 7 and height \ 7 ¢

Question 22:

A wire of length 28m is to be cut into two pieces. One of the pieces is to be made into a square
and the other into a circle. What should be the length of the two pieces so that the combined
area of the square and the circle is minimum?

Solution:

Let a piece of length / be cut from the given wire to make a square.
Then, the other piece of wire to be made into a circle is of length (28-1)m.
[

Now, side of square is 4

Let 7 be the radius of the circle.
Then,
2rr=28-1

[
ﬁf—g(zs—l)

The combined areas of the square and the circle, (4) is given by,


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
http://cbs.wondershare.com/go.php?pid=5239&m=db

Wondershare

Remove Watermark PDFelement

https://millionstar.godaddysites.com/

A= (side of the .su:;vma;f'e)2 +r’
5 I '
—_ 281
16”[27:( )}
ro
=E+_(28 f)

Hence,

Lz 2! 2
281
dl 16 4r s )=1)

Now,

I
———(28-1)=
=>8 21"1'( )
:>1rl~4(28—-l)
87
:>(f:+4)1'—112=0
112

[

T+4

=0

112
When, 44
Then,
d’4
dr?

>0

112
By second derivative test, the area (4) is the minimum when ' T+4

Hence, the combined area is the minimum when the length of the wire in making the sq

\\
112 [28 112 J 28:r
aa i ire i i i i T+4 ;'r+4 &(b

w+4  while the length of the wire in making the circle is Q
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uestion 23:
8

Prove that the volume of the largest cone that can be inscribed in a sphere of radius R is 27 of
the volume of the sphere.

Solution:
Let 7 and % be the radius and height of the cone respectively inscribed in a sphere of radius R.

Let V' be the volume of the cone.

Height of the cone is given by,

h=R+ AB
=R+R*—1? [ABC is aright triangle]
Hence,
V=%:rrr2(R+\/R2—r2)
—-%nrzR+%:rr2\fR2~r2
Therefore,
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—
a9
il . (-2
dI— =g:rrR +£}rr\fR2 - —lfrr“, ( r)
dr 3 3 3 R —r?
3
=g?rrR+2?rr\)R2—r2 —13'. "
3 3 ) R? _ ;2
) ?JW(R2 —r )—:rrr3
=—gxrR+ —
3R -7
P _ A 3
:3 R4 2zrR* —3nr

3VR: 12 (Z?IRZ —97{:‘2)—(2%;'1{2 —3?:}'3].—&

T 2 2
dlzzszJ, — 6NR: —r
dr* 3 9(R —r?)

9(R2 -1*)(2zR® —9m3)+2m2R2 +374
=—xR+ 3
27(R*-r*)?
Now,
v _,

dr

:EErR+27f"R2‘3”"3 i
3WVRE—p?
2 s 3nr’ —2nrk’
INRE -2
2_ 2
R = 3rr=2R

N

= 2RVR* - % =3r* ~ 2R

= 4R (R*~-r*) =(3r* -2R%)’

= 4R —4R* = 9F* +4R* —121° R
= 9r* =8R**

Sp=Sp
9

dVO @

Then, dar* =
&

By second derivative test, the volume of the cone is the maximum when é‘ﬂ,
. 8 R> Q
When, 9 .\\() é
Then, .
D
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2 8 2
h= R+"R ——R
9
_R+ LR
9
=R+=
_4n
3
Therefore,

3o
319 3
=£(ERR3]
27\3

= % x (Volume of sphere)
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8

Hence, the volume of the largest cone that can be inscribed in the sphere is 27 the volume of

the sphere.

Question 24:

Show that the right circular cone of least curved surface and given volume has an altitude equal

to \/5 time the radius of the base.

Solution:

Let 7 and / be the radius and height of the cone, respectively.

Then, the volume (V) of the cone is given by,

V=1n#k
3
:h:ﬁé

nr

The surface area (5) of the cone is given by,
S =nrl, where [ is the slant height

Hence,
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_ TNt + 917

3z
nr

= lxmzrﬁ +9p?

r

Therefore,
6 e 2
t————r "+
as _ oymlrt49r?
dr r
_3a’rt - -9y?
P + 912
B 2n*r® —9p?
N +91?
Now,
d.
L
dr
27°r¢ -9V
= ————==0
PN+ 917
= 277 =9F*
s W
=1 =
2r
2 2
| . =2 »2250
Thus, it can be easily verified that when 2z dr
By second derivative test, the surface area of the cone is the least when 27
g PR
Po=—
When, 2n
Then,
K14 @

h:? 60 (,;\\O
25 SR

N &
nrt 3 OQ KQ
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|@!

Hence, for a given volume, the right circular cone of the least curved surface has an altitude

equal to V2 times the radius of the base.

Question 25:
Show that the semi-vertical angle of the cone of the maximum volume and of given slant height

js tan "2

Solution:
Let 0 be the semi-vertical angle of the cone.

) 0e [0, E]
It is clear that 2.

Let 7" and ! be the radius, height, and the slant height of the cone respectively.

The slant height of the cone is given as constant.

Now, 7=Isin0 and h=Icos0

The volume () of the cone is given by,
1,

V==mr
3

:%:rz'(f2 sinzﬁ’)(f cos0) 60 X@)

=%?ﬁ3 sin’ @ cosB @

Therefore, %
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3
% - %[sinz 6 (—sin@)+cos6 (2sin O cos&)]
?T!S . 3 . 3
=T[—sm 0 + 2sin0 cos 8]
2 3
%:%[—35in29m58+200539—4sin290059]

E[Zcoﬁ&‘ —7sin’0 cos&']
3

Il
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a_,
df

3

= L I:—s;in3 6 +2sind cos391 =0
3

= sin’ 6 = 2sinf cos 0
=tan’ 0 =2

= tanf =~/2

=0 =tan"'\/2

When, 0 =tan"'/2
Then, tan’0 =2 or sin’@ =2cos’0 .

Hence, we have:
d’ V T
do*

r [Zcos 0 —14cos’ 9]
=%[-12c0539}

=47l cos’0 <0 V 0 e[o.ﬂ

By second derivative test, the volume (V) is the maximum when 6 = tan V2.

Hence, for a given slant height, the semi-vertical angle of the cone of the maximum volume

is tan '\/2.

Question 26:
Show that semi-vertical angle of right circular cone of given surface area and maximum

~ sin”’ [1J
volume is 3.

Solution:

Let 7 be the radius, / be the slant height and # be the height of the cone of given surface @
s. 6

Also, let @ be the semi-vertical angle of the cone. &% Q&(b
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— ‘
LIONS
[
0L
!
h
F
R —— —
Then,
S=nrl+mr
S —nr’
== w1
nr ( ]
Let V' be the volume of the cone.
Then
V =17rr2h
3
VZ :_1_7r2r4h‘.
9
1 2_.4 2 2 . 2 2
=—mr (I —F I"=r+h
7 () i ]

2.2
Tr

= érg (S2 — 2S7rr2)

V?= éSr2 (S:2 = 271:;‘2)

Differentiating (2) with respect to 7, we get
o lS(zsr ~87r?)
9

dr

dav
For maximum or minimum, put dr

mm Wondershare
PDFelement

Remove Watermark g
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LIONS

= ls(zsr—8xr3) =0

9

= 25 -8 =0 [+ S=0]

= S =4xnr’ [ r=0]

=rt=—

47

Differentiating again with respect to », we get

2 2
wiV oY) _Lls(25-2420%)
dr dr 9

-
:>2Vdi:=15[28—247r><ij '-'£=0'cmd;r‘2=i
9 4 d

dr 4 g 4
2
:21/0r I:zllS‘(ZS—&S')
dr 9
2
::>2Vd d =—ES"' <0
dr 9

Thus, ¥ is maximum when S =477".

Therefore,
S=nrl+nr’
— 4r® = vl + i’

= 3nrt =7l

=[=3r

Now, in ACOB,

. B
smo =—
C

53
=it [4
(3) 60 \\@
Question 27: Q’{b

The point on the curve x” =2y which is nearest to the point (0.5) is

@ (224 @ @20 (g 00) ®) (2 2)0% N
\\\ (o)

@
,(0
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olution:
. . 2
The given curve is X” =2y,
X

xl
For each value of x, the position of the point will be ( 2 J

Z
X

%)
Let 2 ) and 4(0,5) are the given points.

Now distance between the points P and A is given by,

:»PA:J(x-o)%{x_;-sT

3 2
= P4 :@:-0)%[%—5}

4
= P4 =x2+x:+25—5x2

4

:>PA?=%-4xl+25

= PA =y -8y+25 (xi=2y)
Let us denote P4* by Z

Then, Z =y’ —8y+25

Differentiating both sides with respect to ¥, we get
dz
L -2y-8
dy #

For maxima or minima, we have
dZ

0
dy
=2y-8=0

_ <
=y =R .
:>yy=4 Q)GQ (’)\\'O

Also, %
d*Z \(& Q

Now, ) \’\\O @@
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2
[d ﬂ =2>0
dy i

—SxF =2y
= xt=2x4
=x' =8

= x=122

(2v2,4) ) (-242,4)

So, Z is minimum at

(2v2,4) ) (-242.4)

2 . P
Or, PA" is minimum at

2J§,4) or (—2\/5,4).

Or, PA is minimum at (

Z
X

Pl x,—
So, distance between the points [ 2 ] and 4(0-5) is minimum at (2‘/5’4) or (_2\5’4).

Thus, the correct option is A.

Question 28:
|
For all real values of x, the minimum value of 1+ x+x” is

1
(A) 0 (B) | (©) 3 D) 3
Solution:
I-x+x°
Let £z} 1+ x+x°

Therefore, 60 C,;\}C)
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(1+x+x2)(—1+2x)—(l—x+x2)(1+2x)

r()-

(1+x+x2)2
=14 2x—x 42X = x4+ 2x° —1-2x+x+2x% —x* - 2x%°
B (1+x+x2)2
2x* -2
_(I+x+x2)2
2(x*-1)
P(1+x+x2)2
f'(x)=0
=S
=yepe=d]
) 2[(l+x+x2)2(2x)—(x2—1)(2)(1+x+x3)(l+2xﬂ
e (1+x+r3)4
_4(1+x+x3)[(1+x+x2)x—(x2—1)(1+2x):|
(l+x+;vc2)4
A x+0 4’ 20 +1+2x |
(]+x+x3)3
C4(143x )
[l+x+34:2)3
o 4(1+3-1
4 (U‘W

_40) O
B} X &
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_4(1-3-1)
C(-1+1)

~4(-1)

=—4<0

(=1

By second derivative test, / is the minimum at x =1 and the minimum value is given by,

f(1)=1—1+1

1+1+1

Thus, the correct option is D.

Question 29:

1
The maximum value of [x(x_l)"' 1]3 O0<x <t o

1y !
(A) [3] (B) 2 (©)1 (D) 0
Solution:

Lot £ () =[x(x=1)+1T

Therefore,
; 2x-1
f'(x)= 2
3[x(x—1)+1]s
Now,
f'(x)=0
1
=S x=—
2

1
Then, we evaluate the value of / at critical point ¥ and at the end points of the i@valc’}\

[0’1] i.e.,at x=0 and x=1 (b
’ | . Q&


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
http://cbs.wondershare.com/go.php?pid=5239&m=db

mm Wondershare
PDFelement

Remove Watermark g

https://millionstar.godaddysites.com/

f(0)=[0(0—1)+1:|%
=1

f(1)=[1(1—1)+1]§

ey
"

Hence, we can conclude that the maximum value of / in the interval [0:1] s 1.

Thus, the correct option is C.
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MISCELLANEOUS EXERCISE

Question 1:
Using differentials, find the approximate value of each of the following.

2]
Qo s
i) (33)

Solution:

!
(&)
(i) \81
1
Consider ¥=(*)*

IR

xX=— =
Let 81 and 81

Then,

Ay=(x+ Ax)%r —(x)};

1 1
_(17)_(16Y:
81 81

1
{28

81 3
1
2 17 )
ZrAv=|—
3+ 4 81) 0 - O®
O &
Now, dv is approximately equal to Av and is given by, @
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Hence,

1
[ET ~2.,0010
81) 3

=0.667+0.010
=0.677

L
. [ET = 0.677
Thus, the approximate value of \ 81 )

|
i) (33)°
1
Consider ¥ =(x)3
Let x=32 and Ax=1

Then,
= ) S O .(,@
1 1 \
(33 - (32’ S
:(33)‘5-%

S+ay=(33) @)

Now, v is approximately equal to Av and is given by, §’§\\ @

I
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Hence,
1
(33)_5 = ]E+(—0.003)

=0.5-0.003
=0.497

A
Thus, the approximate value of (33) 5 =0497

Question 2:
(x) _logx
Show that the function given by ° x has maximum at x=e.
Solution:
. L f()= log x
The given function is %
Therefore,

Now, N O

f'(x)=0 60 (’}\
¢ 0

= 1-logx=0 6 &
=logx=1 (& Q
= logx =loge Q%\ Q%'
= XxX—e . K

Also, .\\\O ®®
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v |
xz(—l]—(l—logx)(bc)
; X
Pl =2
_ —x-2x(l-logx)
= "
_ —3+2logx
=—
Now,
i —3+2loge
flle)=—5—
_ —-3+2
e3
-1
—?<O

Therefore, by second derivative test, / is the maximum at x=e.

Question 3:

The two equal sides of an isosceles triangle with fixed base » are decreasing at the rate of 3
cm per second. How fast is the area decreasing when the two equal sides are equal to the base?

Solution:
Let A4BC be isosceles where BC is the base of fixed length &.

Also, let the length of the two equal sides of A4BC be a.
Draw 4D L BC.

Now, in AADC , by applying the Pythagoras theorem, we have: &@ Q
x0

/3 b’
AD = a—? %

Area of triangle, ‘\'\\O ®®
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B
LIONST /R
1 b’
A=—b,la’ ——
2 4

The rate of change of the area with respect to time (#) is given by,

d_A_lb _2a  da
dt 2 2 dt
2 az—b—
\ 4
ab da

g dr

It is given that the two equal sides of the triangle are decreasing at the rate of 3cm per second.

Therefore,
da

—=-3em/s
dt

Hence,
dA —3ab

RFTINN v

When, a =b we have:

4 -3
& Jaz v
3
3
=—/3b

Hence, if the two equal sides are equal to the base, then the area of the triangle is decreasing
at the rate of —/3bem’ /s .

Question 4:

Find the equation of the normal to curve y' =4x at the point (1, 2).

Solution: GQ &O

The equation of the given curve is V' =4x @

Differentiating with respect to x, we have: (&% Q
X\
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dy
2y—==4
Yo

dy _ 4

dx 2y
_d_2

dx y

& oz 2

Now, the slope of the normal at point (1.2) js
-1 -1
=—= —]

Q] 1
dx | 5)

Equation of the normal at (1.2) i
=%y =2==k+]

=x+y-3=0

Question 5:

Show that the normal at any point 0 to the curve x =acos@ +afsin0, ¥y =asin0—ab cos0 is at
a constant distance from the origin.

Solution:

We have x =acos@+abf sin0@
Therefore,

ﬁ =—gsin@+asinf +af cosd
do
=af cosd
Also, y=asinf —af coso
Hence,

dy
——=gcosO —acosO+al cos
: S &

=af cosh

Thus,
& 4 é8 \(&% Q

“ ~ ig sif.xe Q% \Q

" abcosh ‘\’\\O ®®

=tanf @\ y
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i@‘
-1

Slope of the normal at any point 0 is tan0 .

The equation of the normal at a given point (x.5) is given by,
-1

tan@

= ysin0 —asin® 0+ al sin0 cos @ = —x cos +acos’ O +ab sinO cos O

y—asinf +ab cosh = (x—acosf —absin6)

::>xcos@+ysin9—a(sin29+00528)= 0

= xcosf +ysinfB—a=0

Now, the perpendicular distance of the normal from the origin is

[l [-al

(74
Jeos’@+sin’ V1 ‘, which is independent of 0

Hence, the perpendicular distance of the normal from the origin is constant.

Question 6:
( )_4sinx—2x—xcosx
2+cosx is

Find the intervals in which the function /* given by -
(i)  Increasing
(i) Decreasing

Solution:
48inx—2x—XCOSX
f(x)=
We have 2+cosx
Hence,

(2+cosx)(4cosx—2—cosx+xsinx)—(4smx—2x—xcosx)(—sinx)

(2 +COoS x)2

/()=

- 2 - - 2 - -
6cosx—4+2xsinx+3cos  x—2cosx+xsinxcosx+4sin” x—2xsinx— xsin Xcosx

(2+cosx)2

dcosx—4+3cos” x+4sin’ x
- (2 +cosx)2 60 c’)QO
:4cosx—4+30032x+4—40032x @

(2~|~r:,osx)2 &% Q
x0

_4cosx—cos’x
- (2 +cosx)2 Q% &Q



https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
http://cbs.wondershare.com/go.php?pid=5239&m=db

https://millionstar.godaddysites.com/ Remove Watermark

COS X (4 — oS x)

1=

mm Wondershare

®  PDFelement

(2+r.:ossvc)2
Now,
S(x)=0
=cosx=0o0r cosx=4
But cosx # 4
Hence,
cosx=0
T 37
=S X=—
22
T 3 [ Jr'?.'] [?r 3?@:}
X=—= X=— .. . . e . s i a
Now, 2 and 2 divide (0:27)into three disjoint intervals i.e., 2),\2 2 ) and

(%) s 527)
Inintervals, \ 2/ and \ 2’ ’f'(x)>0

0<x<X 3—x<x<2?r
Thus, / (%) is increasing for 2 and 2 .
5%)
In the interval \ 2~ 2 J, f'(x)<0

T 3n
Thus, / (x) is decreasing for 2 <3

Question 7:

f(x)=x3+i3,x;t0 .
X

Find the intervals in which the function / given by 1s

(i)  Increasing

(i) Decreasing

Solution: (&fo
f()=2 45 S

We have x Q Q

Therefore, . &
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' o Z_i
f'(x)=3x x“

_3x°-3

x4

Now,
f'(x)=0
=3x*-3=0
=x* =1
=i =11

Now, the points x=1 and x=-1 divide the real line into three disjoint intervals i.e., (_C’Ds_l),
(-1.1) and (L®).

In intervals (—%-=1) and (1) i.e., when x<-1 and x>1, f'(x)>0

Thus, when x<-1and x>1, / is increasing.

In interval (~11) i.e., when —1<x<l1, f'(x)<0,

Thus, when —1<x<1, / is decreasing.

Question 8:

2
X
: . . : o . . i SRR
Find the maximum area of an isosceles triangle inscribed in the ellipse a* 5° with its

vertex at one end of the major axis.

Solution:
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@ !

2

2
X

=

A
The given ellipse is >  b*
Let the major axis be along the x-axis.

Let ABC be the triangle inscribed in the ellipse where vertex C is at (a,0),

Since the ellipse is symmetrical with respect to the x-axis and y-axis, we can assume the

coordinates of A to be (—x. 1) and the coordinates of B to be (=, ,—y.)

b 2 2
=i— T —
Now, we have N=ENE T
—J:,,E\/a2 —x,z)

Coordinates of A are [ a
the coordinates of B are [ a

As the point (%1:31) lies on the ellipse, the area of triangle ABC (4) is given by,

e

2

:b\{az—x12+xt—,a'az—x12 ..(1)
a

Therefore,
a4 -2xbp b (71 ~2bx?
dx,  2\a’ -x] 2aJa’ - x’
a\fazb— X! [_x]a+ 2)—36;2]
B b(—2xl -xa+a )
- a‘jaz -x
dA
—=0
Now, dx, Q)

Hence, @
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Also, when,

Then,

https://millionstar.godaddysites.com/

=-2x—xa+a =0

B ai,)a2—4(—2)(a2)

T ()
a++9’
=% = %
azt3a
:>xl= 1
a
:>x1——a,5
a
X;=E
b 2
e Ly
ba
=—-~/3
2a\/_
G
2
5 ——2x)
1Harz—:s:2 Ax —a)—(-2x*—xa+a* ( :
&4 _b) P ma) 2 )2\/a2—x,
dxlz—a az—xl2
_b] (c::2 —xf)(—cix] —a)+x, (—23:,2 —xla+a2)
= 3
“ -
_b|2x'-3a’x-a’
S
@ w)

o2

Remove Watermark g
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B

%)

2 a’ ~8a 4 -
d*4 b 8 s
—_ -
el a N
s fa
a_ PR
&6l
a 3 5
_bla " Y
3
()
4
9 5
a
Y A O
“(3a2 )
4

a

: : X =
Thus, the area is the maximum when ~' 2 .
Hence, Maximum area of the triangle is given by,

A=b,ﬂa‘2—a—2 +(£]é a AL
4 2)a 4

NG [ajb a3
=ab—+| — |[—x——
2la 2
_ab\/§+ab\/§
2 4
=§ab
4

Question 9:
A tank with rectangular base and rectangular sides, open at the top is to be constructed so that

its depth is 2m and volume is 8=’ . If building of tank costs T 70 per sq. meters for the base Q)
and X 45 per square metres for sides. What is the cost of least expensive tank? Q
Q} \\

Solution: Qﬁrb

Let /, b and & represent the length, breadth, and height of the tank respectivel é

Then, we have height, #=2m and volume of the tank, ¥ =8n’

Volume of the tank \\ Q)(&
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V =1Ibh
= 8=Ixbx2
=1h=4

4

=b=—
I

Now, area of the base, /b =4

Area of the 4 walls,
A=2h(1+b)

gt

Hence,
ﬁ_4(;_i]
dl I’
Now,
M _o
dl
ﬁ(!—%) =0
=[*=4
=il=42

However, the length cannot be negative.

Therefore, we have /=4

Hence,
p=2
[
_4
2
=2
Now,
d’4_32
da* P
When, /=2
Then,
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!

d’*4 _2
dr’ 8
=4>0

Thus, by second derivative test, the area is the minimum when /=2
Wehave I=b=h=2
Therefore,

Cost of building the base in X is
70x(1b) =70(4)
=280

Cost of building the walls in X is
2h(1+b)x45=2%x2(2+2)x45
=720

Required total cost is X is
280+720 =1000

Thus, the total cost of the tank will be X 1000.

Question 10:

The sum of the perimeter of a circle and square is k£ , where k£ is some constant. Prove that the
sum of their areas is least when the side of square is double the radius of the circle.

Solution:
Let 7 be the radius of the circle and a be the side of the square.

Then, we have:
2ar+4a=k
k—2mr
4

= da=

The sum of the areas of the circle and the square (4) is given by, 60 c’;\\c}
A=nr’+a* %6
=Hr3+(k—2m*)“ \(& Q

16
Hence, OQ6 &Q
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a_, . 2(k-2zr)(-27)
dr 16
g (k—2nr)
4
Now,
a_,
dr
= an——ﬂ(k_ZEr) =0
gy Tk=2mr)

=8r=k-2nr

= (8+27)r=k

—
)

(8+2n

k
= o)

k
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ence, it has been proved that the sum of their areas is least when the side of the square is
double the radius of the circle.

Question 11:
A window is in the form of rectangle surmounted by a semicircular opening. The total

perimeter of the window is 10m. Find the dimensions of the window to admit maximum light
through the whole opening.

Solution:
Let x and ¥ be the length and breadth of the rectangular window.

X
Radius of the semicircular opening be 2

It is given that the perimeter of the window is 10m.

Therefore,

x+2y+%=10

:x[]+£]+2y210
2
:>2y=10-x(1+%J

1 x
3y=5—x[5+z]

Area of the window (4) is given by,
Tl X e . @
=53 > &

s Len)eme (oQ’Q{b

O
Therefore, ,\\\ Q)(O
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dx’ 2) 4
==
4
Now,
dA
i Y
dx
:5—x[1+%]+£x:0
=5-x-—x=0
4
:x(HEJ:S
4
5
ol
s
1+~
%)
20
= X=
T+4
20
x=—-
When, T+4
d*4
0
Then, dx’ ©

mm Wondershare
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20

Therefore, by second derivative test, the area is the maximum when length is 7 +4

Now,

20 [2+rr
T+4\ 4

5(2+7)
T+4

10
T+4

l
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ence, the required dimensions of the window to admit maximum light is given by length
20 10

m m
7+4 andbreadth 7+4 .

Question 12:
A point on the hypotenuse of a triangle is at distance a and b from the sides of the triangle.

)
[as v J
Show that the minimum length of the hypotenuse is .

Solution:
Let A4BC be right-angled at B, AB=x, BC=y and ZC=6.

Also, let P be a point on the hypotenuse of the triangle such that P is at a distance of @ and &
from the sides AB and BC respectively.

A
(aNy
i
Il
#
B C
We have, 4C =+/x"+»’
Now,
PC =boosect
AP = asecf
Hence,
AC=AP+ PC
AC =b cosecO +asecl (1) %)

Q - O
Therefore, G Q
4(4C) S~ oL

g =—b cosech cotO +asecO tand &% Q
Now, \(b
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do
= —b cosecO cotO + asecOtan@ =0

= asecOtanf =b cosecOcotl
a sin@ b cosO

cosO cos® sin@ sin0
= gsin’ 6 = bcos’ 0

| 1
= (a)3sinB = (b)3 cosd

1
= tanf = [ET
a

Thus,

d*(A4C) _( ]
—= 220 tanf =| —
It can be clearly shown that ~ d6* , when aj .

1

b
tanf =| —
By second derivative test the length of the hypotenuse is the maximum when [a]
1

)3
tanf = [—]
When, a) , we have:

\/ 2 2 \f 2 2

3 3 3 3

A(Z’=b a -:-b +a a -:-b
(6)> a)?

2 20 2 2
=\a?+b3 (b3+a3J

2 2
=[a3+b3]

Thus, the maximum length of the hypotenuses is [

[ Using (1) and (2)]

[RRFY}

dor| @
proved. \(& Q

Question 13: . QQ &Q

Find the points at which the function / given by J/ (x)=(x- 2)° ‘@ haé”)
N2
N
)
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(i) local maxima

(i) local minima
(i)  point of inflexion

Solution:
The given function is ./ (x)=(x=2)"(x +1)
Thereofore,
f(x)=4(x-2)" (x+1) +3(x+1)’ (x-2)'
=(x-2)" (x+1)"[4(x+1)+3(x-2)]
=(x=2) (x+1)"(7x-2)
Now,

2.1 (x)>0

For values of x close to 7 and to the left of ?

2 E,f’(x)<0

Also, for values of x close to 7 and to the right of 7

2

Thus, 77 is the point of local maxima.
Now, for values of x close to 2 and to the left of 2./ ,(x) <0

Also, for values of x close to 2 and to the right of 2,/"(x)>0

Thus, x =2 is the point of local minima.

Now, as the value of x varies through 1, / (%) does not change its sign.

Thus, x=-1 is the point of inflexion. 60 ’\'\
{b
Question 14: \(b Q

&

Find the absolute maximum and minimum values of the .fgg}on(b‘p given by
S
N\

¢

f(x)=cos’ x+sinx,xe[0,7]

Wondershare

PDFelement

©
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9 |

LIONS
Solution:

We have J (¥)=cos’ x+sinx

Therefore,
f'(x)=2cosx(—sinx)+cosx

=-28Inxcos x+cosx

Now,
f(x)=0
= -2sinxcosx+cosx =0
= CosX=2sinXcosx

= cosx(2sinx—1)=0

; 1
:>smx=§ or cosx=0

s5=T gl v xel0,7]
6 2

r
2

T
. .. . X=—, . .
Now, evaluating the value of / at critical points 6 2 and at the end points of the interval

[0,7] i.e.,at x=0 and x=7, we have:

(=)l

£(0)=cos?(0)+sin(0)
=1+0
= %5
f(7)=cos®(m)+sin(x) 0 ‘\O
=(-1)°+0 @6 (}'

- &
n'l b4 \(& Q
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5 T
. .= . x=— ..
Hence, the absolute maximum value of / is 4 occurring at 6 and the absolute minimum
x=0 z T
value of / is 1 occurring at ‘2’

Question 15:
Show that the altitude of the right circular cone of maximum volume that can be inscribed in

4r
a sphere of radius 7 is 3 .

Solution:

A sphere of fixed radius (r) is given.
Let R and % be the radius and the height of the cone respectively.

The volume (V) of the cone is given by

V=lnR%
3

Now, from the right ABCD, we have:
BC=+r*-F*
= h=r+VJr’—R’
Hence,

V=%nR%r+dﬁ—R2)

z-l—ﬂ:Rz,»‘+—J'rR2 r* — R?
3 3 O \SD
S

Therefore, @
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ﬂ 2 Rr+2:rR\/7 i (ZR)

dR 3 3 3 2Jr

:éﬂ:Rr+2rzR\(r - R -

W —R2
2rR(r¥ - R*)-7R’

2?rRr+ il (r ) &

3 Wr-R

2 27 Rr* =37 R’

Wr—-R?

TRy +
3

Now,
dv

dR?
= z:ﬁ:Rr+—2;TR’"2 L =0
3 Wri-R?
. 2z Rr _ 3aR’ -2 R’
3 Wr-R
= 2rvr? =R? =3R* =217
= 4r* (r - R*) = (3R -2’
= 4r' —4r*R* =9R* + 47" —12R**
=9R*-8r’R* =0
=9R* =82
8
9

=R=

Also,
i 3Wr? =R (217’ -97R*) - (27 Rr* — 37 R*)(—6R)

a3 o(r* - R?)

f 2 Rz

_29'rr+
C 3 9(}‘ Rz)

Jri-R?

3Vr? - R? (2177 —97R?) + (272 Rr* - 37 R*) (3R) 1
2

= = <0
When, 9, dR ) @

R = 8’ dv 60 &Q

ey @
Thus, the volume is the maximum when 9 . \(b %_
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en, height of the cone

2
h=r+1#r2 S5
9

Hence, it can be seen that the altitude of the right circular cone of maximum volume that can
4
be inscribed in a sphere of radius 3 .

Question 16:
Let / be a function defined on [4:8] such that /'(x)> 0, for all *€ (@) Then prove that f

is an increasing function on (a.b),

Solution:

Let %i»%:€(@.b) such that % >,

Consider the sub-interval [¥:%:]

Since /(%) is differentiable on (@-2) and [¥-x.]<(a.b)

Therefore, / (%) is continuous on [%-%:] and differentiable on (*i+%2).

By the Lagrange's mean value theorem, there exists € € (%1>%) such that
PG RAC G T

X - X

Since, f'(x)>0 for ap x€(a.b) , SO in particular,
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= f(%)-f(x)>0
= f(%)> f(x)
= f(x)<f(x,)

Since, %i>¥> are arbitrary points in (a.b).
Therefore, X1 <% = f(x)< /(%) forall X%, €(ab),

Hence, /' (%) is increasing on (a.b).

Question 17:

Show that the height of the cylinder of maximum volume that can be inscribed in a sphere of
2R

radius R is V3 . Also find the maximum volume.

Solution:

A sphere of fixed radius (R) is given.

Let 7 and % be the radius and the height of the cylinder respectively.

S

9 Q
From the given figure, we have 4 =2VR* - (&
\

The volume (V) of the cylinder is given by, Q
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= |
L IONS
V=nr’h
=271r’\R*-1?
Therefore,
V=nr*h=2rr’NR*—r*
dv — 25 (-2r)
E ctarlR -+ 2
- T P+ T
- S 2rr
=4nrvR —-r" - PO
_ Axr R =1’ =27p’
\/RZ i
_ 4xrR* — 671
VR —r?
Now,
v _o
dr
47rR? — 6707 _0
RZ _rl
= 47rR* = 671>
, 2R
=g =
3
Also,
-2r)
R = (47 R <1872\ = (47rR: =670+ ) ( A
d2V=.J r ( T m‘) ( TF m‘)z rome
dar? (Rz —P‘z)
(R2 —r’z)(‘fl:rrR2 —187n‘2)+r[47m‘€2 —677::"‘)
(k2 -r)
_(47R*-227PR* +1277* +47r°R?)
(=)

5 2R° d’v
. re= = <
Now, it can be observed that at 3, dr®

Thus, the volume is the maximum when =~ 3
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i @!
2=2.J'v?2

When, g 3

Then, the height of the cylinder is

2 2
21‘R2—2R =21#R—
3 3

2R

~«B

2R

Hence, the volume of the cylinder is the maximum when the height of the cylinder is V3.

Question 18:
Show that height of the cylinder of greatest volume which can be inscribed in a right circular

cone of height # and semi vertical angle o is one-third that of the cone and the greatest volume

i hﬂ 2
. . —mh tan” ¢
of cylinder is 27

Solution:
The given right circular cone of fixed height # and semi-vertical angle o can be drawn as:
A
ir
RS - S

Here, a cylinder of radius R and height # is inscribed in the cone.

Then, £GAO=a, OG=r, OA=h, OE=R and CE =H .

We have, r=htana 60 c’;\'\o

Now, since AAOG i1s similar to ACEG , we have: @
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40 _CE
oG EG
L. ¥ [ EG=0G-OE]|
r r—R
h
:.‘>H=——(r—R)
r
h
> H= (htano —R)
htano
=H= ! (htana — R)
tan oy

Now, the volume (V) of the cylinder is given by,

Therefore,

V=nRH
s
tan o

(htano—R)

R’
tan o

=aR*h—

2
T
dR

tan o
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s
dR
3z R’
tana
37 R’
tana
= 2htana =3R

iR:%tana

= 27 Rh— =0

= 2xRh=

Also

2
d IZ —orh— 6T R
dR tan o

R= % tan
For 3 , we have:

2y 2

d s =2mh— SR [—htana)

dR tanor \ 3
=2nh-4nh
=2xh<0

2h
o , . R=—tana
By second derivative test, the volume of the cylinder is the greatest when 3
R= & tana
When, 3

Then,

H =L(htanoc —%tana]
tano 3

_ (htanoc]
anao 3

t
#
3

Thus, the height of the cylinder is one-third the height of the cone when the volume of the O@
cylinder is the greatest. 6 ,\\

Thus, the maximum volume of the cylinder can be obtained as: «(b

(Y e ()] 5 N
:Qi_;:rh-* tan’ a QQ
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—
ey
Eence, the given result is proved.

Question 19:
A cylindrical tank of radius 10 m is being filled with wheat at the rate of 314 cubic metre per
hour. Then the depth of the wheat is increasing at the rate of

(A) lm/h (B) 0.1m/h (C) LIm/h (D) 0.5m/h

Solution:
Let 7 be the radius of the cylinder.

Then, volume (V) of the cylinder is given by,
V=nr’h
= (10)" &
=100xh

Differentiating with respect to time (£) , we have:

LT
dt dt

The tank is being filled with wheat at the rate of 314m’ / &

d—V=314m3f'h
dt

Thus, we have:
1007 ﬁ =314
dt

dh _ 314
dt 100(3.14)
=il

Hence, the depth of wheat is increasing at the rate of lm/h.

Thus, the correct option is A. Q)
60 \\
Question 20:

The slope of the tangent to the curve x=1>+3t—8, ¥ =2t"=2¢-5 at the point %% ISQ
2 6 7 -5
(A) 7 (B) 7 (SN D) 7
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olution:

The given curve is x=¢+3¢—8 and y=2t" -2t -5,

Therefore,
ﬁ =2f+3
dt
Y _y-2
dt
Hence,
dy
d_y _df _ 41 -2
de dx 2t+3
dt

The given point is (2.-1)

At x=2, we have:
2 +3t-8=2
= +3t-10=0
=(1—2)(¢+5)=0
=t=2ort=-5

At ¥y=-1 we have:
26" =2t -5 =

=21 -2t-4=0
=2(r -1-2)=0
=(t-2)(t+1)=0
=t=2ort=-1

The common value is t =2

Hence, the slope of the tangent to the given curve at point (2.-1) is (74)
2] _sa)-2 > &
e, 2(2)+3 < L

8-2
+3

--JI||O\ .r:~|

%5
&
VS

O
Thus, the correct option is B. .\\\ ®®
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Question 21:

The line ¥ =mx+1 is a tangent to the curve ¥* =4x if the value of m is
1
(A) ! (B) 2 ©)3 (D) 2

Solution:
The equation of the tangent to the given curve is ¥ =mx+1

Now, substituting ¥ =mx+1 in ¥’ =4x_ we get:

(mx + 1)2 =4x

= m’x +1+2mx—4x=0

= m*x* +(2m-4)x+1=0 wva (1)
Since a tangent touches the curve at one point, the roots of equation (1) must be equal.
Therefore, we have:

Discriminant =0

= (2m-4)’ -4(m*)(1)=0

= 4m’ +16-16m—4m> =0

=16-16m=0

=Supi=1
Hence, the required value of m is 1.

Thus, the correct option is A.

Question 22:

The normal at the point (1.1) on the curve 2y+x*=3 is
(A) x+y=0 (B) x—y=0 (C) x+y+1=0 D) x-y=

Solution: GQ c,;&\C)
The equation of the given curve is 2y +x” =3 <

Differentiating with respect to x, we have: \(& %_Q
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The slope of the normal to the given curve at point (L1) is
-1

=
dx Jo

Hence, the equation of the normal to the given curve at (L1) i given as:

=1

= y-1=1(x-1)
=y-1l=x-1
=x—y=0

Thus, the correct option is B.

Question 23:

The normal to the curve X° =4y passing (1.2) js
(A) x+y=3 (B) x—y=3 (C) x+y=1 D) x—-y=1

Solution:

The equation of the given curve is x* =4y

Differentiating with respect to x, we have:
2x=4. Q
dx
dy «x . ()
===
dx 2 60 (’)\3
The slope of the normal to the given curve at point (h.k) is &(O Q

d - :_% \(b 12
aylh.fc} OQ% &Q
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Hence, the equation of the normal to the given curve at (h.k) is given as:

y—kz—%(x—h)

Now, it is given that the normal passes through the point (L, 2)

Therefore, we have:

2
2 -k=—{1-H
2(1-n)

:k=2+%(l—k) (1)

Since (%) lies on the curve x* = 4y, we have h* =4k
2
= k=—
4

From equation (1), we have:

h* 2
—=2+—(1-h
4 h( )
k3
—=—=2h+2-2h
4
3
:&h—=2
4
=K’ =8
=h=2
Therefore,
2
gl
4
= k=1

Hence, the equation of the normal is given as:

:by~1=;§(x—2)

O
= yp—l=—x+2 \
:>j:+y=3 66 O

@ Q
Thus, the correct option is A. \(b
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uestion 24:

The points on the curve 9¥° =x", where the normal to the curve makes equal intercepts with
the axes are

[4,¢§] 48 [4,4_3] [14,3]
(A) 3 (B) 3 © 8 (D) 8

Solution:

The equation of the given curve is 9¥° = x’

Differentiating with respect to x, we have:

9(2y)% 3%

The slope of the normal to the given curve at point (x:01) is

-1 __6yI

@] xt2
dx (%1.11)

The equation of the normal to the curve at (x:0) is

= x’y—x’y, =-6xy, +6xy,

= 6xy, + x]zy =6x,y, + xlzyl @
o 3 &S
— =
6x,y, + %"y, @ ()

6xy, x’y < Q
= + =1
6xy + X'y, 6xy XY, %’\é
X y
=1
= x (6+x,) ¥ ¥, (6+x,) Q &Q

& N
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%)

It is given that the normal makes equal intercepts with the axes.

Therefore, we have:
X (6+x) _h (6+x,)

6 X,
AN
6 x
= =6y, (1)

Also, the point (%1231) lies on the curve, so we have
9y =x’ ...(2)

From (1) and (2), we have:

From (2), we have:

:9}),2:43
= w04
M 9

8

=N =iE

[+
Hence, the required points are T3

Thus, the correct option is A.
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