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The arching effect and critical height in column-supported embankments were studied using the Material Point
Method (MPM). First, the method was validated using model and field test results. Based on these validations,
additional scenarios covering various embankment heights and column spacings were analyzed using MPM.
The results showed that the shear pattern evolves from a punching shear pattern for embankments lower than

0.7(s-a) to an inverted general bearing pattern for embankments higher than 1.3(s-a). These observations were
further validated through numerous 3D analyses based on the soil profile of a real project. Lastly, additional
case studies from China, the 3D MPM analysis results, and previously available data, were compared with
existing criteria, leading to the proposal of a modified formula for the critical height of embankment to
consistently reduce differential settlement to under 0.1%.

1. Introduction

Column-supported embankments are among the most effective
methods for reducing settlement in roads and railways constructed over
thick soft clay (Zhang et al., 2022; Pan et al.,, 2022). Unlike other
ground improvement techniques, such as compaction and preload-
ing, this approach does not directly enhance the soil itself. Instead,
it reinforces the ground by creating a composite system where the
applied loads are shared between the soil and columns (i.e. inclusions).
While lower embankments generally result in reduced overall settle-
ment, there is a significant risk of differential settlements between the
columns and the center of the installed grid, as shown in Fig. 1. This risk
becomes critically high when the embankment height falls below the
so-called ’critical height’ (Naughton, 2007), potentially compromising
road serviceability. For instance, the “egg box” deformation pattern
observed on pavements, as documented in the ASIRI national project
report, exemplifies this problem (Simon, 2013).

The soil arching effect, which involves the transfer of pressure
from a yielding mass of soil onto adjoining stationary parts (Terza-
ghi, 1943), plays a crucial role in investigating the critical height
of column-supported embankments. This phenomenon was first stud-
ied by Terzaghi through a trapdoor experiment, which revealed that
at elevations greater than approximately 2.5 times the clear spac-
ing of the yielding strip, the state of stress in the sand remained
unaffected. Although Terzaghi’s research did not specifically target
column-supported embankments, it provided foundational insights, as
differential settlement was not measured.
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With the increasing prevalence of column-supported embankments,
numerous scholars have proposed various minimum heights required
to achieve even settlement within embankments, referred to as the
‘critical height H,,,’, as summarized in Table 1. These tabulated critical
heights have been derived from field tests (Chen et al., 2010), model
experiments (Terzaghi, 1943; McGuire, 2011; Hewlett and Randolph,
1988; Horgan and Sarsby, 2002), and numerical analysis (Rui et al.,
2022; Pham and Dias, 2021), ranging from 0.7 to 2.5 times the clear
spacing between columns. Engineers face the challenge of balancing
risk and cost when determining the appropriate critical height. To
refine or rationalize this wide range, further studies are necessary to
investigate soil arching within column-supported embankments.

Advancements in testing and numerical techniques have made it
possible to study the kinematics of soil arching. King (King et al.,
2019b) utilized synchrotron X-ray CT to obtain 3D full-field displace-
ments within a physical model, 142 mm in diameter, comprising silica
sand. Based on further studies (King et al., 2020), King recommended
adopting the critical height proposed by McGuire (2011), as it was
justified by both case studies and numerical analysis.

The allowable minimum embankment heights of 0.7(s-a) (BS8006,
2010), the minimum H for static load conditions 0.8(\/55 — a)(EBGEO,
2012), and the minimum H in CUR226(CUR226, 2010) of 0.66(\/55 -
a) may pose a higher risk of differential settlement compared to ge-
ometries closer to the McGuire line. This issue can be demonstrated
through advanced numerical methods. For instance, Rui’s analysis (Rui
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Fig. 1. Differential settlement in column-supported embankments.

Table 1
Selected proposed critical heights for column-supported embankments.
No. Nominated critical height Reference
1 2.5(s — a) Terzaghi (1943)
2 1.87(s — a) Carlsson (1987)
3 1.4(s — a) Hewlett and Randolph (1988)
4 == tan75° Rogbeck et al. (2003)
5 1.-545 ~1.92(s —a) Horgan and Sarsby (2002)
6 0.5(s — @)™ @) Naughton (2007)
7 1.6(s — a) Chen et al. (2008)
8 1.0 ~ 1.5(s — a) Chen et al. (2010)
9 0.7(s — a) BS8006 (2010)
10 1.15s" + 1.44d McGuire (2011)
11 OAS(\/ES —a) EBGEO (2012)
12 0A66(\/§s —a) CUR226 (2010)
13 1.75(s — a) Rui et al. (2016)
14 0.8(s —a) +3.0a Lai et al. (2018)
15 V2(s - a) Pham and Dias (2021)
16 1.5(s —a) Rui et al. (2022)

Note: s represents the center-to-center spacing of columns (i.e. piles); a denotes the
(equivalent) width of the pile caps; s’ is a half of diagonal center-to-center spacing of
columns (i.e. piles).

et al., 2016) using the discrete element method (DEM) indicated that a
punching shear mechanism occurred in embankments with heights of
0.7 to 0.8(s-a). Therefore, using the term “soil arching” to describe a
punching shear mechanism may be misleading.

To further verify this finding, it is necessary to investigate the
progressive development of load transfer in column-supported em-
bankments. As a well known large strain problem, the development
of soil arching in column-supported embankment includes singularity
points at the corners of the columns and the propagation of shear
bands through the embankment. The main disadvantages of FEM -
when formulated in Lagrangian format - are related to the problem
of mesh distortion. An extremely strong displacement discontinuity
occurs at the edges, and tends to reduce the accuracy of finite element
solutions. Even a fine mesh is constrained too much, resulting in high
stress concentrations at the edges (Van Langen and Vermeer, 1991).
The calculation process can even be impossible to continue when the
Jacobian determinants become negative at some points of numerical
integration. As a remedy, a mesh-rezoning technique can be employed
in order to restore proper shapes of elements. The use of such a
technique means that the fields of state variables have to be mapped
from the distorted mesh to the newly generated one. This mapping
is not a straight-forward task and introduces additional errors. On
the other hand, the finite element method formulated in the Eulerian
frame is not suitable for problems with free surfaces (Wieckowski,
2004). Smith (Smith et al., 2022a) improved the finite element method
by incorporating a strain-softening constitutive model, non-local inte-
gral type regularization, and the Arbitrary Lagrangian-Eulerian (ALE)
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method. These enhancements enable the capture of the progressive
evolution of soil arching in column-supported embankments. However,
in the numerical models, downwards movement of the subsoil was
simulated by displacing the column upwards. This avoids numerical
instability, but compromise the accuracy.

Typically, advanced methods such as material point method (MPM)
or discrete element method (DEM) are required to describe the soil
arching problem in column-supported embankments (King et al., 2020).
DEM has been adopted by a number of researchers (Rui et al., 2022;
Pham and Dias, 2021; Lai et al., 2018) to simulate soil arching behavior
in column supported embankments. The notable shortcomings of DEM
include: (1) due to high computational cost, analysis with real size
of soil particles is nearly impossible; (2) it is challenging to simulate
complex soil behaviors with contact and shear in a microscopic scale.
Compared to DEM, MPM adopts the principle of continuum mechanics,
which can introduce advanced constitutive models to capture nonlinear
characteristics of soil, making it more suitable for analyzing soil arching
within column-supported embankments.

The objective of this paper is to investigate the kinematics of soil
arching using the MPM method and to revisit the critical height of
column-supported embankment. Before the analysis, the MPM method
is verified using existing experimental results. Based on this verifica-
tion, the evolution of soil arching is studied for various embankment
heights, ranging from 0.5(s-a) to 1.8(s-a). Finally, by combining data
from 55 reported cases with the MPM simulation results, a formula for
determining the critical height of column-supported embankments is
proposed.

2. Material point method (MPM) and verification
2.1. Introduction of MPM

The MPM method is a hybrid Euler-Lagrange method that dis-
cretizes continuous material into a set of moving material points (La-
grange description), which depend on a background computational
mesh (Euler description) (Sulsky et al., 1995; Ceccato et al., 2015).
The Material Points (MPs) possess all the physical properties of contin-
uous materials, such as velocities, stresses, strains, density, momentum,
material parameters, and other state parameters. Unlike the traditional
finite element method, the material points in MPM can move freely
without being constrained by the mesh. The computational mesh is
only used to solve the equilibrium equations and does not deform, as
it does in the finite element method. Therefore, MPM is more effective
for solving problems involving large deformations.

The computational process of MPM in each iteration cycle can be
divided into four essential steps:

(1) Physical properties of the material points, such as mass, velocity,
and volume, are projected onto the background mesh. This step maps
the MPs’ information onto the mesh for subsequent calculations (as
shown in Fig. 2(a)).

(2) Equilibrium equations are solved at the nodes of the background
mesh. Deformation, velocity, and acceleration fields are obtained in this
step (as shown in Fig. 2(b)).

(3) The acceleration and velocity fields obtained at the background
nodes are mapped to material points. The strain and strain rate at the
material points are calculated using a continuum constitutive model to
update stress and history variables (as shown in Fig. 2(c)).

(4) Finally, the positions of the material points are updated, and the
background mesh is reset to prevent error accumulation (as shown in
Fig. 2(d)).

It should also be noted that, despite the above-mentioned advan-
tages, MPM also has some limitations. These include low mapping
efficiency between material points and the background mesh, long cal-
culation time, and difficulty in simulating complex material boundaries.
Additionally, when material points move beyond the background mesh
boundary, numerical oscillation problems may occur (Fern and Soga,
2016).
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Fig. 2. Computational Framework of the Material Point Method:(a) Mapping MPs to
Nodes, (b) Solving Balance Equations, (¢) Mapping Velocity Field to MPs, and (d)
Updating the Position of MPs.

2.2. Verification 1: Model tests

To demonstrate the capability of MPM for column-supported em-
bankment analysis, a model is established to simulate a test reported
in the literature (King et al., 2019b). This paper discussed a fabricated
small-scale device designed to simulate column-supported embank-
ments. The device simulated soil deformation by lowering a
displacement-controlled plate, through which immobile cylindrical
columns penetrate as rigid inclusions. Surrounding the columns and
settlement plate is a shell made from polycarbonate, which provides
confinement to fine-grained sands. The geometry of the model is
summarized as below:

» Height of the model embankment = 100 mm
o Width of the column = 12.6 mm, and
« Column spacing s = 40 mm

The test was conducted with the settlement plate descending at a
rate of 0.1 mm/min. The lowering of the settlement plate was paused at
increments of 0.5 mm to allow for Synchrotron X-ray CT scans, ensuring
that the sample was not disturbed or removed from the stages. Further
details of the experimental setup and imaging technique can be found
in King’s paper (King et al., 2019b).

An MPM model, as shown in Fig. 3, was established using the
Anura3D software (Anura3D-MPM-Research-Community, 2022) in ac-
cordance with the model test. A strain-softening constitutive model
based on the Mohr-Coulomb failure criterion was adopted to simulate
the embankment fill material. The soil parameters reported in the liter-
ature (Smith et al., 2022b) were used in the analysis, as summarized in
Table 2. A triangular mesh with a size of 0.5 mm was introduced as the
background mesh, and 3 material points were allocated to each mesh,
resulting in a total of 110,792 material points. A predictive-corrective
contact algorithm was employed to handle the interaction between
the column and the surrounding soil. This algorithm utilizes a set of
governing equations to predict the nodal velocities. Which are then
corrected at the contact nodes according to the velocities and contact
laws of the combined system (Bardenhagen, 2001; Ceccato et al., 2017).

The MPM analysis results, with soil settlement between columns
reaching 1.0 mm, are illustrated in Fig. 4 and compared with the model
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Fig. 3. MPM computational model.

Table 2

Parameters of fine sand for MPM simulation.
Parameter Unit Sand
Density, p kN/m® 17.56
Young’s modulus, E, MPa 40
Poison’s ratio, v / 0.2
Peak friction angle, ¢, ° 46
Residual friction angle, ¢, ° 31.9
Peak dilatancy angle, v, ° 14

test. It can be observed that the vertical displacement and maximum
shear strain calculated by the MPM reasonably agree with those mea-
sured in the model test. Both sets of results indicate a constrained
triangular zone between two columns where vertical displacement
rapidly decreases from 1.0 mm to 0.5 mm. Outside this zone, a more
evenly distributed settlement is observed, indicating less differential
settlement at the road surface level. The comparison demonstrates an
insignificant discrepancy between the calculated and measured settle-
ment. On the other hand, the maximum shear strains are localized at
the column-soil junctions, forming a distinct shear zone that extends
upwards by approximately 13 mm, which is nearly identical to the
model test results. These comparisons demonstrate the successful appli-
cation of the MPM method in column-supported embankments, making
it a reliable methodology for further analysis.

In addition to the 1.0 mm soil settlement achieved in the model
test, the MPM analysis was extended to cover scenarios with larger
soil settlement. The results demonstrate that soil arching fully develops
with 1.0 mm of soil settlement. When the embankment is of sufficient
height, larger soil settlement between columns does not trigger dif-
ferential settlement at the top of the embankment, although it does
induce minor total settlement. Therefore, the 1.0 mm soil settlement is
reasonable to adopt in the numerical analysis to study the kinematics
of soil arching for the geometry of the model test.

2.3. Verification 2: Field tests

MPM was further validated by modeling a field test using 3D cell
models. The field tests were conducted on a 126 m-long trial embank-
ment on the TJ highway, China (Chen et al., 2010). The embankment
was 6.0 m high with a road width of 26 m. The ground profile at the
site consists of an approximately 3 m-thick crust (clay), a 16 to 17 m-
thick soft soil layer, and a 15 to 17 m-thick pebble layer, underlain by
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Fig. 4. Comparison between the model test and MPM analysis:(a) vertical displacements, (b) maximum shear strains.
Table 3 The soil parameters provided in the original paper were adopted for
Summary of three testing scenarios in TJ Highway. the analysis
Scenario H d L s a The calculated earth pressure and settlement were quantitatively
(m) (m) (m) (m) (m) . A
compared to the measured values, as illustrated in Fig. 6(a) and (b),
G1 6.0 0.4 20 2.5 1.3 . .
Go 60 0.4 2 30 16 respectively. In general, the results demonstrated good agreement in
G3 6.0 0.4 20 2.0 1.0 both earth pressure and settlement, with minor discrepancies at certain

Note: H = embankment height; d = pile diameter; L = pile length; s = pile center to
center spacing; and a = pile cap width.

tuff. Prestressed pipe piles, 0.4 m in diameter, were driven through the
soft soil to the dense pebble layer. The pipe piles were installed in a
square pattern with center-to-center spacing of 2.0 m, 2.5 m or 3.0 m.
To mitigate potential differential settlement, pile caps measuring 1.0
mx1.0 m, 1.3 mx1.3 m, or 1.6 mx1.6 m were placed on top of the pipe
piles. The embankment and pile arrangement are illustrated in Fig. 5.
Three scenarios were tested in the field, combining various pile
spacings and pile cap sizes. The details of these three test scenarios
are summarized in Table 3. For each scenario, two settlement plates
and nine earth pressure cells were installed after the pile caps were
constructed to measure settlement and vertical earth pressure at the
pile cap level. The locations of these settlement plates (S1-S2) and
earth pressure cells (E1-E9) are shown in Fig. 5(b). The average earth
pressure and settlement on the pile caps and subsoil reported in the
paper have been extracted and modeled herein for 3D verification.
The three scenarios were simulated using 3D unit cell models with
MPM. The typical geometry of the models is illustrated in Fig. 5(c).

stages. Overall, the MPM analysis captured the main trend in the
development of settlement and earth pressure, indicating the successful
application of the MPM method to 3D problems. The 3D verification
further confirmed that MPM is a reliable methodology for column
supported embankments.

3. Kinematics of soil arching in column-supported embankments

Shear patterns for various embankment heights and interactions
with adjacent columns of different sizes and spacings are investigated
using MPM, as follows.

3.1. Shear patterns

MPM models with various embankment heights are analyzed in this
section. Using the same column size (a = 12.6 mm) and spacing (s-
a = 27.4 mm), embankment heights ranging from 19.2 mm (i.e. H =
0.7(s-a)) to 38.4 mm (i.e. H = 1.4(s-a)) were modeled in Anura3D. Only
the results for embankment with heights from 0.7(s-a) to 1.2(s-a) are
plotted in Fig. 7, since non-significant changes in vertical displacement
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Fig. 5. The field test arrangement and the corresponding MPM model: (a) cross-section; (b) pile and cap arrangement; (c) MPM model.

and shear stress were observed when the embankment height exceeded
1.2(s-a).

As illustrated in Fig. 7, the bearing mechanism of a low embank-
ment with a height of 0.7(s-a) is predominately characterized by a
punching shear pattern, which includes two inclined shearing zones
develop from the edges of the columns to the embankment surface.
Significant differential settlement can be observed at the top of the
embankment. As the embankment height increases, a localized shear
zone emerges above the columns starting at an embankment height of
0.8(s-a) and gradually develops into an invert general bearing failure
pattern. When the embankment height exceeds 1.2(s-a), the punching
shear pattern is barely observable in the shear strain field. At the same
time, the differential settlement at the top of the embankment is in-
significantly reduced, as shown in Figure fig7: various height results(e).
In summary, punching shear failure dominates in low embankments
(height no greater than 0.7(s-a)), and the inverted general bearing
pattern governs in high embankments (height greater than 1.2(s-a)).
Embankments with heights between 0.8(s-a) and 1.1(s-a) represent the
transition from a punching shear to an inverted general bearing pattern.

3.2. Interaction with adjacent columns

The spacing between columns is another factor that can alter
the shearing pattern within an embankment, even with sufficient
embankment height to avoid the punching shear pattern. Recent re-
search (Smith et al., 2022b) indicates the existence of a critical column
spacing, s;,;, beyond which the Prandtl radial shear zone between
adjacent columns no longer interacts. King (King et al., 2019a) dis-
tinguished four cases based on s;,, and the column spacing, s. These
cases can be illustrated using MPM, although they may not be easily
simulated by FEM. Some extreme cases, such as s = 21a, were modeled
herein to illustrate the interaction of adjacent shear zones, as shown in
Fig. 8. The embankment height adopted in the models is consistently H

= 1.2(s-a), and the graphical outputs of those larger models (i.e. with
high embankment) were trimmed to 100 mm to facilitate comparison.

As observed in Fig. 8, increasing the column spacing reduces the
interaction between adjacent shear zones. The shear bands in embank-
ments with smaller column spacing (e.g. s = 3.2a) exhibit an inverted
general bearing pattern, with the maximum shear strain developing
along the boundary of each zone. As the column spacing increases, the
shear strain intensifies at the top of the columns and decreases between
the two columns. It appears that the difference in shear strain becomes
significant when s> 5a. Nonetheless, the interaction with adjacent
columns can still be observed until it becomes completely independent
at a column spacing s = 21a. Simultaneously, the analysis shows that
a larger spacing does not cause differential settlement but results in
greater total settlement at the top of the embankment. It is anticipated
that the columns can be effectively ignored with adequate spacing.

On the other hand, the clearance between columns can be reduced
by introducing pile caps, which is an efficient way to mitigate the risk
of differential settlement at the top of low embankments. To investigate
this effect, with the same clearance of 27.4 mm, column sizes ranging
from 12.6 mm to 50.4 mm are modeled in MPM, and the graphical
outputs are shown in Fig. 9. The results indicate that column size
can alter the shear pattern within embankments. With larger column
sizes, the inverted general bearing pattern is still visible, but the shear
strain primarily develops along the shear bands from the edges of the
columns, inclining up to the central line, and decreases in the rest of
zone. This suggests that soil between two columns is spaced sufficiently
close to each other.

The observation above is generally consistent with that reported in
the literature (King et al., 2019a). Nonetheless, the transitional case
is observed over a wider range of column spacing rather than only at
.- Therefore, the four cases of interaction may be modified as
shown below and illustrated in Fig. 10.

(1) Case A: s < s,,,,- When columns are spaced sufficiently close

to each other, the maximum shear strain localizes in a triangular zone

s =S
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between the columns(as shown in Fig. 10(a), and the system behaves as
a single foundation. The spacing at which this case occurs is observed

to be s,,;, = 2a, in accordance with the MPM results.

min

(2) Case B: s
observed. The active zone (zone I), Prandtl radial shear zone (zone II),

min < 8 < S... A clear inverted bearing mechanism is
and Rankine passive zone (zone III) are segregated by the shear bands,
as illustrated in Fig. 10(b). The maximum shear strain appears in all
the shear bands, indicating continuous involvement of the soil between
columns in the soil arching effect when the spacing is below a critical
value, s... The MPM analysis demonstrated that the critical value is
between 5a and 8a, beyond which the columns may start punching into
the embankment.

(3) Case C: 5., < s < s;,- The inverted bearing mechanism can
still be observed; however, the maximum shear strain is predominantly
localized in a triangular zone above the columns, and the shear strain
becomes less significant farther from the columns. The vaguely de-
fined Rankine passive zone and the Prandtl radial shear zone interact
between adjacent columns.

(4) Case D: s > s
columns are separated, and no interaction can be observed, although

- When s-a > 21a, the shear zones of adjacent
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such a large pile spacing is rarely adopted in ground improvement
design.

Differentiating the interaction cases helps engineers choose a rea-
sonable column spacing in design based on the bearing mechanism
of column-soil system. For an economic design, the column spacing
is recommended to be limited between s,,;, and s, (i.e. 2a to 5a
according to this research). The same rule applies when pile caps are
used. Adopting a smaller spacing may be unnecessarily costly, while
using a larger spacing makes it difficult to form a composite system.

4. 3D MPM analysis of a column-supported embankment

A series of 3D cell models was established in alignment with a real
project (He et al., 2023) to study effects such as underlying soft ground
and 3D geometry.

4.1. Model and soil parameters

The project involves upgrading an existing motorway in Southeast
Queensland, Australia. The typical soil profile at the site consists mainly
of three strata: approximately 3 meters of very loose to loose sand,
followed by up to 10 meters of soft to firm clay or silty clay, overlying
residual soil or weathered rock. The paper indicates that the existing
embankment was treated in the 1980s using preloading/surcharge with
wick drains. For this road widening project, one effective treatment
method is the use of rigid inclusions. Controlled Modulus Columns
(CMCs), 450 mm in diameter and extending approximately 0.5 m into
the residual soil or weathered rock, are assumed to be used as ground
treatment beneath the embankment. Column spacings ranging from
2D to 8D, with embankment heights from 0.5(s-a) to 1.8(s-a), were
analyzed in this study. A typical MPM model based on the ground
profile is illustrated in Fig. 11.

In light of several previous studies (Han et al., 2007; Yu et al., 2016;
Wijerathna and Liyanapathirana, 2020; Pham and Dias, 2021), the
Mohr-Coulomb and a linear elastic model were employed to simulate
the soils and columns, respectively. A load of 20 kPa is adopted in the
analysis to simulate vehicle loads on pavements, consistent with the
literature (Smith et al., 2022b). The parameters used in the analysis
are listed in Table 4.

Displacement contours of the column-supported embankment were
derived from the analysis results. Fig. 12(a) and (b) show the side
and top views of the displacement contours for a column-supported
embankment with a column spacing of s=5d and varying embankment
heights. For smaller embankment heights, the tops of the embankments
exhibit more significant differential settlement, as indicated by the
non-uniform colors in Fig. 12(a) and (b). In these figures, blue repre-
sents low settlement, while red represents high settlement. Settlement
becomes reasonably uniform when the embankment height exceeds
1.3(s-a). Consequently, the critical height for the column-supported
embankment in this case is considered to be 1.3(s-a), warranting further
investigation.

The settlement at the top of the embankment for each embankment
height was extracted and plotted in Fig. 12(c). This provides a quanti-
tative representation of differential settlement, showing that settlement
gradually stabilizes as the embankment height increases from 0.5(s-a)
to 1.8(s-a). Meanwhile, the differential settlement decreases from 1.5%
to nearly 0%. The embankment heights corresponding to differential
settlements of 0.5% and 0.1% are 0.9(s-a) and 1.2(s-a), respectively.
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Fig. 7. Vertical displacement and maximum shear strain within embankment of heights H = 0.7 to 1.2(s-a).

Table 4

Soil and rock parameters.
Materials 7 (kN/m?) ¢ (kPa) o () v (°) E (MPa) v
Embankment FILL 20 5 30 0 21 0.3
Stiff CLAY 20 3 28 0 20 0.3
Loose SAND 17 0 30 0 10 0.3
Soft CLAY 16 1 24 0 10 0.3
Very loose SAND 16 0 28 0 8 0.3
Extremely weathered ROCK 23 100 35 5 100 0.2
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Fig. 8. The Maximum Shear Strain Contours illustrating the Interaction with Adjacent
Columns at various Spacings.

With column spacings of 2d to 4d or 6d to 8d, the settlement at the
top of the embankment and within the embankment exhibit a similar
trend; therefore, these results are not replicated here.

4.2. Strain and stress within the embankments

The soil arching effect in column-supported embankments can be
characterized by the shear strain and principal stresses patterns within
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the embankment (King et al., 2019b; Smith et al., 2022a). Accordingly,
the contours of maximum shear strain and vertical stress for an em-
bankment with a column spacing of 5d and varying heights are plotted
in Fig. 13.

The strain and stress contours indicated in Fig. 13 are generally
consistent with those in Fig. 7 predominately showing three types of
morphology:

(1) Punching shear (0.5(s-a) to 0.7(s-a)): In low embankment
heights, a shearing band extending from the edge of the columns
to the surface of the embankment is clearly observed, exhibiting a
morphology similar to that of a punching shear failure. The vertical
stress at shallow depths between two columns is significantly increased.
This observation is consistent with the experimental results reported
by Brzezifiski and Michalowski (2021).

(2) Transition from punching shear to soil arching (0.7(s-a) to 1.2(s-
a)): As the embankment height increases, the shearing band no longer
penetrates through the embankment but bifurcates towards adjacent
columns. The bifurcation can be observed in the cases of 0.9(s-a) and
1.0(s-a); however, the higher vertical stress can still be observed at
shallow depths between the columns, indicating load redistribution due
to shearing.

(3) Soil arching (> 1.2(s-a)): When the embankment height exceeds
1.2(s-a), the shearing band develops only towards adjacent columns,
forming an arch-like shape. No stress redistribution can be observed
at shallow depths within the embankment, with negligible differential
settlement at the top of the embankment.

For column spacing between 2d and 4d, or 6d and 8d, similar strain
and stress contours are observed; therefore, they are not replicated
here.

4.3. Critical height of embankments

The critical height of embankments, above which no significant
differential settlement is observed, as proposed by various researchers,
is further discussed in this paper based on MPM analysis and reported
testing results, including model test and real cases. The differential
settlement at a certain level within embankments can be quantified

Dimemsion (mm)

al2 27.4mm
(c) a/2=12.6mm

Shear strain

concentrates between 0.10
two columns, locking the

soil in a triangular zone 0.08
(within the dash line).

—0.06

0.04

0.02

0.00

27.4mm
(e) a/l2=25.2mm

Fig. 9. The Maximum Shear Strain Field illustrating the Interaction with Adjacent Columns of Various Sizes.
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by the ratio of the settlement difference to the distance between two
points.

The maximum differential settlement typically occurs between the
top of the columns and the midpoint between the columns. Taking the
grid pattern as an example (Fig. 14), the differential settlement, &, is
defined as the difference between the settlement S, at the center of
the column (point A) and the settlement S, at the midpoint between
columns (point B), divided by the distance between point A and point

B: Lap=y'+d/2-
6= (Ss_sp) /LAB (1)

A total of 85 MPM models with column spacings ranging from 2d
to 8d were analyzed, and the differential settlement § at the top of the
embankments are illustrated in Fig. 15.

Fig. 15 shows that the differential settlement at the top of the
embankment decreases linearly with increasing embankment height
in the initial stage. Subsequently, the relationship becomes nonlinear,
with the differential settlement dropping below 0.3% and gradually
approaching zero. Generally, larger column spacing requires a higher
embankment to achieve the same level of differential settlement.

The normalized embankment heights required to achieve differen-
tial settlements of 0.1% to 0.5% are tabulated in Fig. 15, assuming a
typical column size of a = 0.45 m. It is observed that the differential
settlement of column-supported embankments with column spacings
of 2d to 8d is typically less than 0.1% when the embankment height
exceeds 1.2(s-a). If the criteria is relaxed to 0.3% or 0.5%, the re-
quired embankment height decreases to 0.7(s-a) to 1.0(s-a), depending
on the column spacing. These embankment heights slightly exceeds
the 0.7(s-a) recommended in the British Standard (BS8006, 2010),
which may warrant further review. Conversely, the 1.4(s-a) recom-
mended by Hewlett and Randolph (1988), adopted in the Chinese
Standard (JTG-T-D31-02-2013, 2013), is considered conservative and
on the safe side.

In addition to the 1.4(s-a) criterion in the Chinese codes,
McGuire (2011) proposed a dimensionless critical height of embank-
ments (H; ), as expressed in Eq. (2).

Hcrit s/
— =1.15= + 144 2
q 3 2

Refer to Fig. 14 for the definitions of s’ and d.

This critical height was validated by McGuire (2011) through nu-
merous experimental results, and the McGuire line for critical height
has been widely accepted by engineers (King et al., 2020). However,
there is a notable drawback when applying McGuire line to design:
Eq. (2) suggests that critical height monotonically increases with col-
umn diameter. This can lead to unreasonable results, particularly when
pile caps are used to reduce differential settlement.

For example, consider an embankment with a minimum height of
2.13 m (i.e. H = 2.13 m), supported by columns with a diameter of
0.45 m and a spacing of 2.25 m (i.e. d = 0.45 m and s = 2.25 m).
The dimensionless height and spacing are calculated as s’/d = 3.04 and
H /d = 4.73, which is plotted as a hollow circle (i.e. Scenario 1) in Fig.
16. Comparing this to the McGuire line and the equation H = 1.4(s—a)
adopted in the Chinese Standard (JTG-T-D31-02-2013), Scenario 1 falls
below both criteria, indicating a high risk of differential settlement.

A typical solution in this case is to introduce a larger pile cap(say,
1mx1 m) at the top of the columns to reduce the spacing between
them. The new dimensionless height and spacing are then calculated as
s'/d =0.91 and H/d = 1.88, plotted as a hollow triangle (i.e. Scenario
2) in Fig. 16. Contrary to expectations, Scenario 2 moves further away
from the McGuire line compared to Scenario 1, implying a higher risk
when pile caps are used. The issue arises due to the monotonically
increasing relationship between critical height and column diameter in
the McGuire equation (i.e. (2)).

On the other hand, the criterion H = 1.4(s — a) demonstrates
reasonable results. Converting this equation to a relationship between
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Fig. 12. Settlement Deformation Diagram with Column Spacing of 5d : Schematic representation of embankment settlement for fill heights H = 0.5 to 1.8 (s-a): (a) Front view,

(b) Top cloud view, (c) Settlement curve of soil at the top of the embankment.

s'/d and H /d yields H,; = 1.98s' —0.25d, which shows a monotonically
decreasing relationship between critical height and column diameter.
As a best-fitted line, the McGuire line may be appropriate for higher
value of s’/d, where variations in column diameter have a negligible
impact. However, for smaller values of s’ /d, particularly when pile caps
are used, applying the McGuire line in engineering practice may be
misleading.

To further investigate the critical height of embankments, the
testing results employed by McGuire (Cases 1 to 46, as shown in Fig.
17) were plotted alongside nine additional field tests reported by re-
searchers in China (Cases 47 to 55, as shown Fig. 17 and summarized in
Table 5). The additional field tests include: a field monitoring in Jinan,
Shandong Province (the Case 47) (Zhang et al., 2021), the Wuhan-
Guangzhou highspeed railway (the Case 48) (Zhang et al., 2010), the
Shen-Su-Zhe-Wan Highway (Shanghai-Jiangsu-Zhejiang-Anhui)
(the Case 49) (Xu et al., 2009), the Tai-jin Highway (Taizhou-Jinyun,
Zhejiang Province) (the Case 50) (Xu et al., 2008), the Zhe-Bei highway
in Zhejiang Province (the Case 51) (Zuo et al., 2013), a highway in
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a Northern Suburb of Shanghai (the Case 52) (Fei and Liu, 2009),
the Xing-Shan Highway in Guangdong Province (the Case 53) (Ye
et al., 2021), the highspeed railway from Kunming, Yunnan Province
to Nanning, Guangxi Province (Case 54) (Pan et al., 2022), and the
Xiong’an New Area Highway in Hebei Province (the Case 55) (Yang
et al.,, 2022). These case studies supplement field observations for
s’/d values between 0.44 and 3.74, with the majority falling below 2
(i.e. s’/d <2). A summary of each case is provided in Table 5.

All the available data have been converted into a relationship of H/d
versus s’/d and plotted in Fig. 17. Cases where differential settlement
occurred are represented as solid squares, which are expected to lie
below the proposed critical line. In contrast, cases where no differential
settlement was observed are located above the proposed critical line.

The MPM analysis results are also included in Fig. 17 and are
divided into two groups based on a differential settlement threshold of
0.1%. The red crosses in Fig. 17 represent cases where critical heights
have been interpreted by researchers, predominately based on stress
changes measured within the embankments.
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Table 5
Summary of additional field testing results: Case 47 to 55.
Case s (m) d (m) H (m) H,,;(m) s'/d H,,,/d
o 1.8 1.36 5.6 1.47 0.44 2.00
2.0 1.00 3.5 0.90 0.91 0.90
48 2.0 0.50 3.5 3.80 2.33 1.90
3.0 0.50 3.5 5.20 3.74 2.60
49 2.0 1.02 4.0 1.19 0.89 1.21
2.5 1.13 4.0 1.53 1.06 1.725
2.5 1.47 45 0.98 0.70 1.44
50 3.0 1.81 45 1.08 0.67 1.96
2.0 1.13 45 0.88 0.75 1.00
51 1.35 0.57 4.15 1.89 1.19 1.07
52 3.0 1.00 5.6 / 1.62 /
s3 2.6 1.36 7.4 / 0.86 /
2.6 1.36 8.6 / 0.86 /
54 1.8 1.00 10.53 1.12 0.77 1.12
1.8 1.00 9.82 2.40 0.77 2.40
2.0 1.13 7.2 1.50 0.75 1.33
55 2.2 1.13 7.3 1.50 0.88 1.33
2.0 1.13 5.3 / 0.75 /
2.2 1.13 5.1 / 0.88 /
1.8% with the lower bound at H = 0.7(s-a) in BS8006. Since a number of
b 5 o o " cases above this line have reported differential settlement (i.e. failed
1.6% s-a =01% | =03% | =0.5% cases), and numerical analysis by King (King et al., 2020) indicated
t 1 2d 1.1(s-a) / / : :
w 14% - \ » 34 [12(s.0) | 1052) | 08(sa) thiat stress developfnent %argely f(?llosz a punchmg shear me?cham‘sm,
. | \ \ 4d | 1.2(s-a) | 1.0(s-a) | 0.9(s-a) using H = 0.7(s-a) in design practice is both confusing and misleading.
S 129 - |\ gg 1-?25-61; g)-gés—a; 8-325-35 The criteria proposed in CUR226(CUR226, 2010) and EBGEO (EBGEO,
E < J(s-a J(s-a .6(s-a . ..
b5 7d [ 10(sa) | 0.9(s-a) | 0.8(s-a) 2012) cover more failed cases, but they can be further optimized based
g 1.0% 8d | 1.0(s-a) | 0.8(s-a) | =0.7(s-a) on numerical analysis and field testing results. Although the drawback
3 L . P
S 0.8% P I R—— of the MFQulre line (McGuire, 2011) for the lower range of s /.d is
f= & 6d -4—7d-—»—8d notable, it is based on a large database of experimental observations
L 0.6% and aligns well with numerical analysis results for higher values of s’ /d
5 0.
E (s'/d > 2).
0.4% As shown in Fig. 17, at the lower end of s’/d, several cases without
0.2% differential settlement fall below the McGuire line, suggesting that its
o applicability in this range should be revisited. Consistent with the case
studies, MPM analysis results for s'/d < 2 also indicate a smaller

0.0%

Embankment fill height, H(m)

Fig. 15. Differential settlement at top of embankment with various heights and column
spacings.

8
ol H=1.4(s-a) e
(JTG-T-D31-02-2013)
- H=1.15s"+1.44d
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s=2.25m in square pattern

2 \Scenario 2: 1mx1m pile cap
Pid H=2.13m; a=1m
- - s=2.25m in square pattern
0 Z 1 1 1
0 1 2 3 4
s'/d

Fig. 16. Differential settlement at top of embankment with various heights and column
spacings.

Five criteria proposed by different researchers or adopted in codes
from various countries are plotted in Fig. 17. All five criteria are linear,
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critical height than that suggested by the McGuire line. Among the
proposed criteria, the H = 1.4(s-a) criterion adopted in the Chinese
Standard (JTG-T-D31-02-2013, 2013) appears more suitable for s’ /d <
2, as shown in Fig. 17.

Based on the above observations, the authors believe that the actual
critical height line in the H/d - s’/d axis should be nonlinear and,
therefore, cannot be described by a single linear equation. Deriving an
analytical solution for this nonlinear criterion is challenging; however,
it can be approximated using a polyline. Consequently, a combination
of the McGuire line for s’/d>2 and H = 1.4(s-a) for s’/d < 2 may be
more appropriate. Since H = 1.4(s-a) can be rewritten as H = 1.98s’-
0.25d, the formula can be modified accordingly, as shown in Eq. (3):

v S
Hey _ [1985 2025 (5 <2) -
d 1.15%+1.44 (%>2)
Eq. (3) shows good agreement with test results, though further
verification through field studies is required.

5. Conclusions

The column-supported embankments were analyzed using the MPM
method to study the soil arching effect within the embankments and
to determine the critical height above which the risk of differential
settlement can be eliminated. Based on the numerical analysis and
experimental results from other studies, the following conclusions can
be drawn:

(1) The Material Point Method (MPM) demonstrates a natural capa-
bility for analyzing large-strain problems in geotechnical engineering.
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Fig. 17. Normalized embankment height versus spanning ratio for 3D unit cells.

It effectively captures the soil arching effect within column supported
embankments. This has been validated by comparing the numerical
analysis with model test results.

(2) The shearing pattern within the embankment varies with em-
bankment height. A punching shear pattern dominates when the em-
bankment height H < 0.7(s — a), transitioning to an inverted general
bearing pattern when H > 1.2(s — a). The inverted general bearing
pattern interacts with adjacent columns unless the columns spacing
s > 21a. Four interaction cases were identified and summarized in the
paper.

(3) The analysis results indicates that differential settlement at the
top of the embankments decreases linearly with increasing embank-
ment height during the initial stage and becomes nonlinear as the
height reaches 0.8(s-a) to 1.0(s-a). It then gradually approaches zero.
Differential settlement falls below 0.1% when the embankment height
reaches 1.2(s-a) and stabilizes thereafter. The authors support the view
that the minimum requirement of H = 0.7(s-a) specified in the British
Standard BS8006 may be overly optimistic for engineering practice.

(4) Case studies demonstrated that the McGuire equation can lead to
unreasonable results, particularly when pile caps are used to reduce dif-
ferential settlement (typically with smaller s’/d). The issue arises due to
the monotonically increasing relationship between critical height and
column diameter in the McGuire equation. To address this, additional
case studies from China and numerical results from MPM were analyzed
alongside previously available data from McGuire’s phD thesis. The
analysis suggested that the actual critical height line is likely nonlinear
in nature. Based on the findings, the McGuire line is appropriate for
s'/d > 2, while H,,;, = 1.4(s — a), rewritten as H,,;, = 1.98s'/d — 0.25,
may be more suitable for s’/d< 2. Therefore, a polyline is proposed to
approximate the actual critical height line in the H/d - s’/d axis.

(5) The proposed critical height line should be further verified
through field studies. Additionally, developing and theoretically sup-
porting its potential nonlinear form would be beneficial for design
practice.
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