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Abstract

Most complex systems measure output variables. Few measure remaining correction capacity. We
formalize structural irreversibility within bounded dynamical systems using Lyapunov framing and
functional analysis. A system evolving in a Banach space with finite correction rate admits a critical
threshold beyond which restoration to equilibrium becomes asymptotically impossible. The result is
independent of domain semantics and follows directly from bounded control constraints under
cumulative deviation growth.

We then construct a diagnostic framework that operationalizes this theorem through measurable
guantities: risk ratio R*, stability margin M, and uncertainty penalty U. The framework reveals that
opacity directly accelerates irreversibility through structural mechanisms, not moral arguments.



Part I: Mathematical Foundation

1. Framework Setup

Let (X, ||/|]]) be a Banach space—a complete normed vector space where sequences that should
converge do converge. This provides the minimal mathematical structure needed to discuss distance,
convergence, and stability.

Let S(t) O X evolve under:
ds/dt = F(S, t) + U(t)
where F(S,t) represents system dynamics and U(t) is corrective control with constraint:

U] = ¢

max
This constraint captures finite correction capacity—the fundamental limitation of any real system.

Define equilibrium S* such that F(S*t) = 0. Define deviation D(t) = S(t) - S*. We employ a Lyapunov
functional, an energy-like function that measures system distance from equilibrium:

V(S) = |ID(t)]]?

Assume disturbance accumulation dV/dt >= g(t) where g(t) >= 0. This means the system naturally drifts
from equilibrium unless actively corrected. Define cumulative deviation energy:

E (T) =lIntegral[0 to T] g(t) dt

cum

This integral captures the total accumulated deviation over time—the energy budget required for
correction.

2. Main Theorem

Theorem (Finite Control Irreversibility). If there exists T such that:

2 .

E,(D>C % T

cum

then no admissible control U(t) satisfying ||U|| < Cmax can drive S(t) - S* in finite time. Thus equilibrium
restoration is asymptotically unreachable.

3. Proof

From Lyapunov structure: dV/dt = 2<D, F + U>. The control contribution is bounded by
Cauchy-Schwarz inequality:

|2<D, W <=2[|D|-|IU]| <=2[|D|-C_,
Maximum decay rate of V is therefore bounded by quadratic term in Cmax. Integrating over time T:
Integral [0 to 1] dV/dt dt >= E_(T) - C_ %1
cum max

If Ecum(T) > Cmasz for all finite T, then V cannot converge to zero in finite time. Hence convergence
time 1 - «. Q.E.D.



4. Structural Corollaries

Corollary 1 (Hidden Drift). Systems with small instantaneous deviation may still exceed cumulative
energy thresholds. Current state is an insufficient stability indicator.

Corollary 2 (Shock Nonlinearity). Rapid correction attempts induce transient instability if ||D|| is
already large. Delayed correction compounds difficulty nonlinearly.

Corollary 3 (Distributed Fragmentation). If total correction capacity is partitioned among independent
agents, effective Cmax decreases, accelerating irreversibility onset.



Part II: Diagnostic Framework

5. Risk Ratio and Stability Margin

Let & denote deviation magnitude, C(d) the minimal cost to restore equilibrium, and E the available
correction capacity. Define the risk ratio:

R = C(d)/E + U
where U = 0 is an uncertainty penalty factor reflecting measurement error or information opacity.
A system is internally correctable if and only if R* < 1. Define stability margin:
M=1- R

If dM/dt < 0, the system is approaching structural irreversibility. If M < 0, internal correction is no longer
achievable within bounded capacity.

6. Transparency Principle

Reducing uncertainty directly reduces effective risk ratio:
OR*/0oU > 0

Thus transparency expands stability margin. This is not a moral claim. It is a structural derivative.
Opacity increases R*, which decreases M, which accelerates approach to irreversibility threshold.

If a system does not measure ECum and Cmax, it operates blind to structural threshold proximity.
7. Measurement Protocol

To apply this framework to any bounded system:

1. Measure deviation accumulation: Compute Integral ||D(t)||dt over relevant time window.
2. Estimate correction capacity: Quantify available energy, resources, or control authority.
3. Compute R* ratio: If R* approaches 1, system is approaching threshold.

4. Track dM/dt: If stability margin is decaying, irreversibility risk is increasing.

Systems that do not measure these quantities cannot determine their distance from irreversibility
threshold. This is not negligence. This is blindness.



Part Ill: Structural Implications

8. Core Statement

Stability is not current equilibrium. Stability is remaining correction capacity.

A system with strong output but depleted correction capacity is closer to irreversibility than a system
with weak output but abundant correction capacity.

Define stability not as current state, but as the ratio between deviation correction cost and available
correction energy.

9. Structural Consequences

The theorem applies to any bounded dynamical system: financial, ecological, organizational, technical.
It requires only:

« Deviation accumulates under drift (dV/dt >= g(t) > 0)
» Correction capacity is finite and bounded (||U|| <= C

)

» Correction cost grows with cumulative deviation (Ecum(T) increases)

max

These conditions hold for every finite system. Thus every finite system admits an irreversibility
threshold.

Irreversibility is not collapse. It is the mathematical consequence of bounded correction under
cumulative deviation growth.

The framework provides a structural lens. It does not prescribe action. It identifies what must be
measured.

10. Relation to Known Theory

This theorem aligns with control theory under bounded input constraints, energy dissipation models in
thermodynamics, stability loss in nonlinear dynamical systems, and path dependence in economic
state-space models.

The contribution is the explicit threshold inequality connecting cumulative deviation to bounded
correction, and the formalization of opacity as a structural accelerant through the uncertainty term U.

If you do not measure deviation accumulation, correction capacity, and uncertainty penalty, you cannot
determine proximity to irreversibility threshold.

This is not advisory. This is structural.



