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Chapter 9:  
HJM interest rate modeling with three risk factors 
 
This chapter incorporates some important revisions in previously published work by 
Robert A. Jarrow (Jarrow, 2002, Chapter 15).  We would like to add a special thanks to 
Professor Jarrow for his contributions to this revision. 
 
In Chapters 6 through 8, we provided worked examples of how to use the yield curve 
simulation framework of Heath, Jarrow and Morton using two different assumptions 
about the volatility of forward rates and one or two independent risk factors. The first 
volatility assumption was that volatility was dependent on the maturity of the forward 
rate and nothing else.  The second volatility assumption was that the volatility of 
forward rates was dependent on both the level of rates and the maturity of the forward 
rates being modeled.  The first two models were one factor models, implying that 
random rate shifts are either all positive, all negative, or zero.  Our third example 
postulated that the change in 1 year spot rates, along with an unspecified second risk 
factor, was in fact driving interest rate movements. In this chapter, we generalize the 
model to include three risk factors in order to increase further the realism of the 
simulated yield curve.  Consistent with the research of Dickler, Jarrow and van 
Deventer, we explain why even three risk factors understate the number of risk factors 
driving the U.S. Treasury yield curve. 
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Probability of Yield Curve Twists in the U.S. Treasury Market 
 
In Chapter 8, we explained that one factor models imply no twists in the yield curve.  
Random yield shocks drive yields either all up or all down together.  Yield curve twists, 
where some rates rise and others fall, are assumed never to occur. Yet during 12,386 
days of movements in U.S. Treasury forward rates, yield curve twists occurred on 
94.3% of the observations (see Dickler, Jarrow and van Deventer, 2011).  We now ask 
a simple question. To what extent did the two factor model of Chapter 8 succeed in 
explaining the correlations between changes in forward rates?  We answer that 
question by analyzing the correlation between the residuals of the regression we used 
to determine the impact of our first risk factor, the annual change in the one year spot 
U.S. Treasury rate, on changes in forward rates at various maturities: 
 

ሾ݄݁݃݊ܽܥ	݅݊	 ௞݂ሺ݅ሻሿ ൌ ܽ ൅ ܾሾ݄݁݃݊ܽܥ	݊݅	1	ݎܽ݁ݕ	ܷ. ܵ. ሺ݅ሻሿ	݁ݐܽݎ	ݐ݋݌ݏ	ݕݎݑݏܽ݁ݎܶ ൅ ݁௞ሺ݅ሻ 
 
If the two factor model is correct, all forward rate movements would be explained by our 
two factors: the 1 year change in the one year spot rate and the unnamed second 
factor.  What would the correlations remaining after use of the first risk factor show if 
our hypothesis was correct? The correlation of the residuals at any two maturities 
would show a 100% correlation, with all residuals either moving up (+100% correlation) 
together or down (-100% correlation) together after eliminating the common impact of 
changes in the 1 year spot rate.  Unfortunately the correlation of the residuals shows 
that the 2 factor model is not rich enough to achieve that objective: 
 

Figure 1 
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The correlations are positive and far from 100%, which leads to an immediate 
conclusion.  We need at least one more risk factor to realistically mimic real yield curve 
movements.  We incorporate a third factor in this chapter for that reason. 
 
Objectives of the Example and Key Input Data 
 
Following Jarrow (2002), we make the same modeling assumptions for our worked 
example as in Chapters 6 through 8: 
 

 Zero coupon bond prices for the U.S. Treasury curve on March 31, 2011 are the basic 
inputs. 

 Interest rate volatility assumptions are based on the Dickler, Jarrow and van Deventer 
papers on daily U.S. Treasury yields and forward rates from 1962 to 2011. In this 
chapter, we again retain the volatility assumptions used in Chapter 8 but expand the 
number of random risk factors driving interest rates to three factors 

 The modeling period is 4 equal length periods of one year each. 
 The HJM implementation is that of a “bushy tree” which we describe below 

 
With two factors, the bushy tree has “up shifts,” “mid shifts,” and “down shifts” at each 
node in the tree. With three risk factors, there are 4 branches at each node of the tree.  
For simplicity and consistency with an n-factor HJM implementation, we abandon the 
terms up and down and instead label the shifts “shift 1,” “shift 2,” “shift 3” and “shift 4.”  
The bushy tree starts with 1 branch at time zero and moves to 4 at time 1, 16 at time 2, 
and 64 at time 3.  We split the tree into its upper and lower halves for better visibility: 
 

Figure 2 
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Figure 3 
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At each of the points in time on the lattice (time 0, 1, 2, 3 and 4) there are sets of zero 
coupon bond prices and forward rates.  At time 0, there is one set of data.  At time one, 
there are four sets of data, the “shift 1 set,” the “shift 2 set, ” the “shift 3 set” and the 
“shift 4 set.”  At time two, there are sixteen sets of data, and at time three there are 
64=43 sets of data. 
 
As shown in Chapters 6 through 8, volatilities of the U.S. Treasury one year spot rate 
and 1 year forward rates with maturities in years 2, 3, …, 10 depend dramatically on 
the starting level of the one year U.S. Treasury spot rate. As before, we use the same 
volatility table as in Chapter 8 to measure total volatility, measured as the standard 
deviation of 1 year changes in continuously compounded spot and forward rates from 
1963 to 2011.  We use this table later to divide total volatility between three 
uncorrelated risk factors. 
 
We will again use the zero coupon bond prices prevailing on March 31, 2011 as our 
other inputs, as we have done beginning in Chapter 6.  We now partition total interest 
rate volatility among the three risk factors.  
 
Risk Factor 1:  
Annual Changes in the 1 Year U.S. Treasury Spot Rate 
 
In the Chapters 6 and 7, the nature of the single factor shocking 1 year spot and 
forward rates was not specified.  Chapter 8, we postulate that the first of the three 
factors driving changes in forward rates is the change in the 1 year spot rate of interest.  
For each of the 1 year U.S. Treasury forward rates fk(t), we run the regression 
 

ሾ݄݁݃݊ܽܥ	݅݊	 ௞݂ሺ݅ሻሿ ൌ ܽ ൅ ܾሾ݄݁݃݊ܽܥ	݊݅	1	ݎܽ݁ݕ	ܷ. ܵ. ሺ݅ሻሿ	݁ݐܽݎ	ݐ݋݌ݏ	ݕݎݑݏܽ݁ݎܶ ൅ ݁௞ሺ݅ሻ 
 
where the change in continuously compounded yields is measured over annual 
intervals from 1963 to 2011.  We add an additional assumption that the second risk 
factor is the 1 year change in the 1 year forward rate maturing in year 10.  To be 
consistent with the HJM assumptions that the individual risk factors are uncorrelated, 
we estimate the incremental explanatory power of this factor by adding the 1 year 
change in the 1 year forward rate maturing in year 10 as an explanatory variable in a 
regression where the dependent variable is the appropriate series of residuals from the 
first set of regressions, which we label the “Regression 1” set. 
 
 

݁௞ሺ݅ሻ ൌ ܽ ൅ ܾሾ݄ܿܽ݊݃݁	݅݊	1	ݎܽ݁ݕ	݀ݎܽݓݎ݋݂	݃݊݅ݎݑݐܽ݉	݊݅	ݎܽ݁ݕ	10	ሺ݅ሻሿ ൅ ݁ଶ௞ሺ݅ሻ 
 
Because of the nature of the linear regression of changes in 1 year forward rates on the 
first risk factor (changes in the 1 year spot U.S. Treasury rate), we know that risk factor 
1 and the residuals ek(i) are uncorrelated.  The regression above will pick up the 
residual influence of the 1 year changes in the 1 year forward rate maturing in year 10. 
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There are many econometric approaches to this process that are more elegant, but we 
use this simple approach for clarity of exposition. 
 
Our hypothesis that the 1 year change in the 1 year forward rate maturing in year 10 
was important was right on the mark.  The coefficients, shown below, are very 
statistically significant with t statistics ranging from 68 to 175.  This graph shows that 
the impact of the change of the 1 year forward rate maturing in year 10 generally 
increases for rates maturing closest to year 10, as one would expect: 
 

Figure 4 

 
The third risk factor is “everything else” not explained by the changes in the 1 year spot 
rate or the changes in the 1 year forward rate maturing in year 10. Because of the 
sequential nature of the regression 1 set and the regression 2 set (which means 
correlation among the risk factors is zero), total volatility for the forward rate maturing in 
T-t=k years can be divided as follows between the three risk factors: 
 

௞,௧௢௧௔௟ߪ
ଶ ൌ ௞,ଵߪ

ଶ ൅ ௞,ଶߪ
ଶ ൅ ௞,ଷߪ

ଶ  

 
We also know that the risk contribution of the first risk factor, the change in the spot 1 
year U.S. treasury rate, is proportional to the regression coefficient αk of changes in 
forward rate maturing in year k on changes in the 1 year spot rate.  Because regression 
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set 2 is done on the residuals of regression set 1, the risk contribution of risk factor 2 
(the change in the 1 year forward rate maturing in year 10) is also proportional to the 
relevant regression coefficient. Note again that, by construction, risk factor 2 is not 
correlated with risk factor 1.  We denote the total volatility of the 1 year U.S. Treasury 
spot rate by the subscript “1,total” and the total volatility of the 1 year forward rate 
maturing in year 10 by “10, total.”  Then the contribution of risk factors 1 and 2 to the 
volatility of the 1 year forward rate maturing in year k is 
 

௞,ଵߪ
ଶ ൌ ଵ௞ߙ

ଶ ଵ,௧௢௧௔௟ߪ
ଶ

 

 

௞,ଶߪ
ଶ ൌ ଵ଴௞ߙ

ଶ ଵ଴,௧௢௧௔௟ߪ
ଶ

 

 
 
This allows us to solve for the volatility of risk factor 3 using this equation: 

௞,ଷߪ ൌ ௞,௧௢௧௔௟ߪൣ
ଶ െ ଵ௞ߙ

ଶ ଵ,௧௢௧௔௟ߪ
ଶ െ ଵ଴௞ߙ

ଶ ଵ଴,௧௢௧௔௟ߪ
ଶ ൧

ଵ/ଶ
 

 
If ever the quantity in brackets is negative, σk,3 is set to zero and σk,2 is set to the value 
which makes the quantity in brackets exactly zero. Because the total volatility for each 
forward rate varies by the level of the 1 year spot U.S. Treasury spot rate, so will the 
values of σk,1, σk,2, and σk,3 .  The regression coefficients used in this process are 
summarized in this table: 
 

Figure 5 
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Using the equations above, the look up table for risk factor 1 (changes in the 1 year 
spot rate) volatility is given here: 
 

Figure 6 

 
The look up table for risk factor 2 (changes in the 1 year forward rate maturing in year 
10) is given in this table: 
 

Figure 7 
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The look up table for the general “all other” risk factor 3 is as follows: 
 

Figure 8 

 
When we graph the relative contributions of each risk factor to the volatility of the 
forward rate maturing in year 2, we see an interesting pattern as the level of the 1 year 
spot Treasury rate rises: 
 

Figure 9 
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The contribution of risk factor 1 rises steadily as the level of interest rates rises.  The 
impact of risk factor 2 rises more gradually as the level interest rates rises.  The “all 
other risk factor,” risk factor 3, is volatile and spikes a number of times, due in part to 
the spike in total volatility when the 1 year spot U.S. Treasury rate is between 75 and 
100 basis points.  We will see below that this has an impact on our simulations and that 
this is a value for total volatility that one may want to override as a matter of 
professional judgment. 
 
Alternative Specifications of the Interest Rate Volatility Surface 
 
In Chapters 6 through 9, we have used a look-up table to specify the relevant levels of 
interest rate volatility.  A common practice, sometimes used wisely and sometimes not, 
is to use the multi-variate equivalent of Chapter 5’s yield curve smoothing techniques to 
create a smooth “interest rate volatility surface” for each of the three risk factors.  Risk 
factor values would be chosen from this smoothed surface instead of the look-up table.  
This is a modest extension of the approach taken in these examples and we leave 
such an extension to the reader. 
 
Key Implications and Notation of the HJM Approach 
 
As in prior chapters, we confirm in this example that the zero coupon bond valuations 
are 100% consistent with the zero coupon bond price inputs, confirming that there are 
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no arbitrage opportunities.  We now introduce the same notation first used in Chapter 6 
with slight modifications: 
 
∆  Length of time period, which is 1 in this example 
r(t,st)  The simple 1 period risk free interest rate as of current time t in state st 
R(t,st) 1+r(t,st), the total return, the value of $1 dollar invested at the risk free 

rate for 1 period 
f(t,T,st) The simple 1 period forward rate maturing at time T in state st as of time 

t. This rate is not adjusted for compounding or day count in any way. 
F(t,T,st) 1+f(t,T,st), the return on $1 invested at the forward rate for one period. 
σ1 (t,T,st) Forward rate volatility due to risk factor 1, the change in the spot 1 year 

U.S. Treasury rate, at time t for the one period forward rate maturing at T 
in state st (a sequence of ups and downs).  Because σ1 is dependent on 
the spot 1 year U.S. Treasury rate, the state st is very important in 
determining its level. 

σ2 (t,T,st) Forward rate volatility due to risk factor 2, the change in the 1 year 
forward rate maturing in 10 years, at time t for the one period forward rate 
maturing at T in state st (a sequence of ups and downs).  Because σ2 is 
dependent on the spot 1 year U.S. Treasury rate and its volatility, the 
state st is very important in determining its level. 

σ3 (t,T,st) Forward rate volatility due to risk factor 3, all volatility remaining after the 
impacts of risk factors 1 and 2.  Because σ3 is dependent on the spot 1 
year U.S. Treasury rate and its volatility, the state st is very important in 
determining its level. 

P(t,T,st) Zero coupon bond price at time t maturing at time T in state st (i.e. up or 
down) 

Index(1) An indicator of the state for risk factor 1, defined below. 
Index(2) An indicator of the state for risk factor 2, defined below. 
Index(3) An indicator of the state for risk factor 3, defined below. 
K(i,t,T,st) is the weighted sum of the forward volatilities for risk factor i (either 1, 2 

or 3) as of time t for the 1 period forward rates from t+∆ to T, as shown 
here for i=1: 

 

,ሺ1ܭ ,ݐ ܶ, ௧ሻݏ ൌ ∆ ෍ ,ݐଵሺߪ ݆, ∆√௧ሻݏ

்ି௧

௝ୀ௧ା∆

 

 
 For i=2 or 3, this expression has a negative sign: 

,ሺ݅ܭ ,ݐ ܶ, ௧ሻݏ ൌ െ∆ ෍ ,ݐ௜ሺߪ ݆, ∆√௧ሻݏ

்ି௧

௝ୀ௧ା∆

 

 
Note that this is a slightly different definition of K than we used in Chapters 6 through 8. 
Note also that in Chapter 8, for i=2, we could have added a negative sign without 
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changing the results of our analysis.  For more than three factors, the positive sign on K 
for the first factor and negative signs for subsequent factors can be confirmed using the 
formulas that we discuss in Chapter 10, where we use the HJM framework for Monte 
Carlo simulation. As in Chapters 6 through 8, we again use the cosh(x) expression: 

ሻݔሺ݄ݏ݋ܥ ൌ
1
2
ሾ݁௫ ൅ ݁ି௫ሿ 

 
In the interests of saving space, we’ll again arrange the bushy tree to look like a table 
by stretching the bushy tree as follows.   Note that S-1 means “shift 1,” S-2 means “shift 
2,” and so on. The “stretched” bushy tree is rearranged from the graph above as shown 
below: 
 

Figure 10 
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A completely populated zero coupon bond price tree would then be summarized like 
this; prices shown are for the zero coupon bond price maturing at time T=4 at times 0, 
1, 2, and 3: 
 

Figure 11 
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In order to populate the trees with zero coupon bond prices and forward rates, we 
again need to select the pseudo probabilities. 
 
Pseudo Probabilities 
 
We set the pseudo probabilities in a manner consistent with Jarrow (2002), Chapter 7. 
Without loss of generality, we set the probability of shift 1 to 1/8, the probability of shift 2 
to 1/8, the probability of shift 3 to ¼, and the probability of shift 4 to ½.  The no arbitrage 
restrictions that stem from this set of pseudo probabilities are given below. We now 
demonstrate how to construct the bushy tree and use it for risk-neutral valuation. 
 
The Formula for Zero Coupon Bond Price Shifts with Three Risk Factors 
 
Like the two risk factor case, with three risk factors it is convenient to calculate the 
forward rates first and then derive zero coupon bond prices from them.  We do this 
using slightly modified versions (developed with Prof. Jarrow) of equations 15.40 and 
15.42 in Jarrow (2002, page 297). We use this equation for the shift in forward rates:
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(1) 
 

ݐሺܨ ൅ ∆, ܶ, ௧ା∆ሻݏ

ൌ ,ݐሺܨ ܶ, ௧ሻ݁ݏ
ሾఓሺ௧,்,௦೟ሻሿ∆మ݁∆ൣூ௡ௗ௘௫ሺଵሻఙభሺ௧,்,௦೟ሻ√∆ାூ௡ௗ௘௫ሺଶሻ√ଶఙమሺ௧,்,௦೟ሻ√∆ାூ௡ௗ௘௫ሺଷሻଶఙయሺ௧,்,௦೟ሻ√∆൧ 

 
where when T=t+∆, the expression μ becomes 
 
 

,ݐሺߤ ܶሻ ൌ
1
∆ଶ
݃݋݈ ൤

1
2
݁ሾ௄ሺଵ,௧,௧ା∆ሻሿ 〈

1
2
݁ሾ௄ሺଶ,௧,௧ା∆ሻ√ଶሿ cosh൫2ܭሺ3, ,ݐ ݐ ൅ ∆ሻ൯ ൅

1
2
݁ିሾ௄ሺଶ,௧,௧ା∆ሻ√ଶሿ〉

൅
1
2
݁ିሾ௄ሺଵ,௧,௧ା∆ሻሿ൨ 

 
We use this expression to evaluate formula (1) when T>t+∆: 
 

,ݐሺߤ ܶሻ ൌ
1
∆ଶ
݃݋݈ ൤

1
2
݁ሾ௄ሺଵ,௧,௧ା∆ሻሿ 〈

1
2
݁ൣ௄ሺଶ,௧,௧ା∆ሻ√ଶ൧ cosh൫2ܭሺ3, ,ݐ ݐ ൅ ∆ሻ൯ ൅

1
2
݁ିൣ௄ሺଶ,௧,௧ା∆ሻ√ଶ൧〉

൅
1
2
݁ିሾ௄ሺଵ,௧,௧ା∆ሻሿ൨ െ ෍ ,ݐሺߤ ݆ሻ

்ି∆

௝ୀ௧ା∆

 

 
 
The values for the pseudo probabilities plus Index (1), Index (2), and Index (3) are set 
as follows: 

 
 
 
Building the Bushy Tree for Zero Coupon Bonds Maturing at Time T=2 
 
We now populate the bushy tree for the 2 year zero coupon bond.  We calculate each 
element of equation (1). Note that, even as the bushy tree grows more complex, 
accuracy of valuation to 10 decimal places in common spreadsheet software is 
maintained.  When t=0 and T=2, we know ∆=1 and 
 
P(0,2,st) = 0.9841101497 
 
The one period risk free rate is again 
 
R(0,st)=1/P(0,1,st)=1/0.997005786=1.003003206 
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The 1 period spot rate for U.S. Treasuries is r(0, st) =R(0,st)-1=0.3003206%. At this 
level of the spot rate for U.S. Treasuries, volatilities for risk factors 1, 2 and 3 are 
selected from data group 3 in the look up table above.  The volatilities for risk factor 1 
for the 1 year forward rates maturing in years 2, 3 and 4 are 0.000492746, 
0.000313424 , and 0.00016918.  The volatilities for risk factor 2 for the 1 year forward 
rates maturing in years 2, 3 and 4 are 0.001146096, 0.001545761, and 0.00185028. 
Finally, the volatilities for risk factor 3 are also taken from the appropriate risk factor 
table for data group 3: 0.003633719, 0.00651351, and 0.008436331. 
 
The scaled sum of sigmas K(1,t,T,st) for t=0 and T=2 becomes 
 

,ሺ1ܭ ,ݐ ܶ, ௧ሻݏ ൌ ∆ ෍ ,ݐଵሺߪ ݆, ௧ሻ√∆ൌݏ

்ି∆

௝ୀ௧ା∆

∆෍ߪଵሺ0, ݆, ∆√௧ሻݏ

ଵ

௝ୀଵ

 

 
 
and therefore K(1,0,T,st) =(1)(√1)( 0.000492746) = 0.000492746. Similarly, 
remembering the minus sign, K(2,0,T,st)= -0.001146096 and K(3,0,T, st) = -
0.003633719 .  We also can calculate that μ(t,t+∆) = 0.0000073730. 
 
Using formula 1 with these inputs and the fact that the variable Index(1)=-1, 
Index(2)=1, and Index(3)=1 for shift 1 gives us the forward returns for shift 1 of 
1.021652722. For shifts 2, 3, and 4, the values of the three index variables change.  
Using these new index values, the forward returns in shifts 2, 3, and 4 are 
1.006910523, 1.010972304, and 1.013610654. Note that the forward rates (as 
opposed to forward returns) are equal to these values minus 1.  From the forward 
returns, we calculate the zero coupon bond prices: 
 
P(1,2,st = shift 1) = 0.9788061814 =1/F(1,2,st = shift 1) 
P(1,2,st = shift 2) = 0.9931369048 =1/F(1,2,st = shift 2) 
P(1,2,st = shift 3) = 0.9891467808 =1/F(1,2,st = shift 3) 
P(1,2,st = shift 4) = 0.9865721079 =1/F(1,2,st = shift 4) 
 
We have fully populated the bushy tree for the zero coupon bond maturing at T=2), 
since all of the 4 shifts at time t=2 result in a riskless pay-off of the zero coupon bond 
at its face value of 1.   
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Building the Bushy Tree for Zero Coupon Bonds Maturing at Time T=3 
 
For the zero coupon bonds and 1 period forward returns ( which equal 1 plus the 
forward rate) maturing at time T=3, we use the same volatilities listed above for risk 
factors 1, 2 and 3 to calculate 
 
K(1,0,3,st) = 0.000806170 
 
Remembering the minus sign for risk factors 2 and 3 gives us 
 
K(2,0,3,st) = -0.002691857 
K(3,0,3,st) = -0.010147229 
 
μ(t,T) = 0.0000479070 
 
The resulting forward returns for shifts 1, 2, 3, and 4 are 1.038505795, 1.011797959, 
1.020593023, and 1.023467874.  Zero coupon bond prices are calculated from the 1 
period forward returns, so 
 
P(1,3,st = Shift 1 Shift 1) =1/[F(1,2,st = Shift 1)F(1,3,st = Shift 1)] 
 
The zero coupon bond prices for maturity in time T=3 for the four shifts are 
0.9425139335, 0.9815565410, 0.9691882649, and 0.9639502449.  We have now 
populated the second column of the zero coupon bond price table for the zero coupon 
bond maturing at T=3. 
 

Figure 12 
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Building the Bushy Tree for Zero Coupon Bonds Maturing at Time T = 4 
 
We now populate the bushy tree for the zero coupon bond maturing at T=4. Using the 
same volatilities as before, we find that 
K(1,0,4,st) = 0.000975351 
Again, remembering the minus sign, we calculate 
K(2,0,4,st) = -0.004542136 
K(3,0,4,st) = -0.018583560 
 
μ(t,T) = 0.0001272605 
 
Using formula (1) with the correct values for Index (1), Index (2) and Index (3) leads to 
the following forward returns for Shifts 1, 2, 3, and 4: 1.0536351507, 1.0186731103, 
1.0305990034, and 1.0336489801. The zero coupon bond price for Shift 1 is calculated 
as follows: 
 
P(1,4,st = Shift 1) =1/[F(1,2,st = Shift 1)F(1,3,st = Shift 1) F(1,4,st = Shift 1)] 
 
A similar calculation gives us the zero coupon bond prices for all 4 shifts 1, 2, 3, and 4: 
0.8945353929, 0.9635638078, 0.9404125772, and 0.9325702085. 
 
We have now populated the column labeled 1 for T=1 for the zero coupon bond price 
maturing at time T=4: 
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Figure 13 
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Now we move to the third column, which displays the outcome of the T=4 zero 
coupon bond price after 16 scenarios: Shift 1 followed by Shifts 1, 2, 3, or 4; Shift 2 
followed by Shifts 1, 2, 3 or 4 and so on.  We calculate P(2,4,st = shift 1), 
P(2,4,st=shift 2),  P(2,4,st=shift 3) and P(2,4,st = shift 4) after the initial state of “shift 
2” as follows. After a shift = shift 2, the prevailing 1 period zero coupon bond price at 
time t=1 is 0.9931369048, which implies a 1 period (1 year) U.S. Treasury spot rate 
of 0.0069105228 (i.e. 69 basis points).  This is data group 4. When t=1, T=4, and ∆=1 
then the volatilities for the two remaining 1 period forward rates that are relevant are 
taken from the lookup table for data group 4 for risk factor 1: 0.0006425743, and 
0.0004087264.  For risk factor 2, the volatilities for the two remaining 1 period 
forward rates are also chosen from data group 4: 0.0021277322, and 0.0028697122.  
Finally, the volatilities for risk factor 3 are also taken from data group 4: 
0.0040702120 and 0.0054595415.  
 
At time 1 in the shift 2 state, the zero coupon bond prices for maturities at T=2, 3 and 4 
are 0.9931369048, 0.9815565410, and 0.9635638078.  We make the intermediate 
calculations as above for the zero coupon bond maturing at T=4: 
 
K(1,1,4,st) = 0.0010513007 
As before, remembering the minus sign, 
K(2,1,4,st) = -0.0049974444 
K(3,1,4,st) = -0.0095297535 
μ(t,T) = 0.0000474532 
 
We can calculate the values of the 1 period forward return maturing at time T=4 in 
shifts 1, 2, 3, and 4 as follows: 1.0336715790, 1.0113427849, 1.0141808568, and 
1.0191379141.  Similarly, using the appropriate intermediate calculations, we can 
calculate the forward returns for maturity at T=3: 1.0224958583, 1.0059835405, 
1.0081207950, and 1.0124591923.  Since  
 
P(2,4,st = Shift 2 Shift 1) =1/[F(1,3,st = Shift 2 Shift 1) F(1,4,st = Shift 2 Shift 1)] 
 
the zero coupon bond prices for maturity at T=4 after an initial shift 2 for subsequent 
shifts 1, 2, 3, and 4 are as follows: 
 
0.9461410097 
0.9829031898 
0.9780746840 
0.9691466829 
 
We have correctly populated the fifth, sixth, seventh, and eighth rows of column 3 
(t=2) of the bushy tree above for the zero coupon bond maturing at T=4 (note values 
have been rounded for display only).  The remaining calculations are left to the 
reader. 
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If we combine all of these tables, we can create a consolidated table of the term 
structure of zero coupon bond prices in each scenario as in examples one, two and 
three.  

Figure 14 
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At any point in time t, the continuously compounded yield to maturity at time T can 
be calculated as y(T-t)=-ln[P(t,T)]/(T-t).  Note that we have one incidence of negative 
rates (in state 46, shaded) on this bushy tree.  This can be corrected by overriding 
the spike in volatility we discussed above in the data group for the 1 year spot U.S. 
Treasury rate levels between 0.75% and 1.00%. Note that yield curve curve shifts 
are much more complex than in the three prior examples using one and two risk 
factors: 
 

Figure 15 
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We can graph yield curve movements as shown below at time t=1.  We plot the 
original spot Treasury yield curve and then shifted yield curves for shifts 1, 2, 3, and 
4.  These shifts are relative to the 1 period forward rates prevailing at time zero for 
maturity at times T=2, 3 and 4.  Because these 1 period forward rates were much 
higher than yields as of time t=0, all four shifts produce yields higher than time zero 
yields with the exception of one yield for maturity at T=4. 
 

Figure 16 

 
When we add 16 yield curves prevailing at time t=3 and 64 “single point” yield curves 
prevailing at time t=4, two things are very clear.  First, yield curve movements in a 
three factor model are much more complex and much more realistic than what we 
saw in the one-factor and two-factor examples.  Second, in the low yield environment 
prevailing as of March 31, 2011, no arbitrage yield curve simulation shows “there is 
nowhere to go but up” from a yield curve perspective, with just a few exceptions. 
 

Figure 17 
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Finally, we can display the 1 year U.S. Treasury spot rates and the associated term 
structure of 1 year forward rates in each scenario. 

Figure 18 [Chapter09-Figure18.tif] 
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Valuation in the Heath Jarrow and Morton Framework 
 
Prof. Jarrow, quoted in Chapter 6, described valuation as the expected value of cash 
flows using the risk neutral probabilities. Note that column 1 denotes the riskless 1 
period interest rate in each scenario.  For the state number 84 (three consecutive shift 
4’s), cash flows at time T=4 would be discounted by the one year spot rates at time t=0, 
by the one year spot rate at time t=1 in state 4 (“shift 4”), by the one year spot rate in 
state 20 (“shift 4 shift 4”) at time t=2, and by the one year spot rate at time t=3 in state 
84 (“shift 4 shift 4 shift 4”).  The discount factor is 
 
Discount Factor (0,4, Shift 4-Shift 4-Shift 4)  
=1/(1.003003)(1.013519)(1.031104)(1.049009) 
 
These discount factors are displayed here for each potential cash flow date: 

Figure 19 
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When taking expected values, we can calculate the probability of each scenario 
coming about since the probabilities of shifts 1, 2, 3, and 4 are 1/8, 1/8, ¼ and 1/2: 
 

Figure 20 
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It is again convenient to calculate the “probability weighted discount factors” for use in 
calculating the expected present value of cash flows. The values shown are simply the 
probability of occurrence of that scenario times the corresponding discount factor: 
 

Figure 21 
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We now use the HJM bushy trees we have generated to value representative 
securities. 
 
Valuation of a Zero Coupon Bond Maturing at Time T=4 
 
A riskless zero coupon bond pays $1 in each of the 64 nodes of the bushy tree that 
prevail at time T=4.  Its present value is simply the sum of the probability weighted 
discount factors in the last column on the right hand side.  Their sum is 0.9308550992, 
which is the value we should get in a no-arbitrage economy, the value observable in 
the market and used as an input to create the tree. 
 
Valuation of a Coupon-Bearing Bond Paying Annual Interest 
 
Next we value a bond with no credit risk that pays $3 in interest at every scenario at 
times T=1, 2, 3, and 4 plus principal of 100 at time T=4.  The valuation is calculated by 
multiplying each cash flow by the matching probability weighted discount factor, to get 
a value of 104.7070997370 . It will surprise a few (primarily those readers who skipped 
Chapters 6 through 8) that this is the same value that we arrived at in Chapters 6 
through 8, even though the volatilities used and number of risk factors used are 
different.  The values are the same because, by construction, our valuations for the 
zero coupon bond prices at time zero for maturities at T = 1, 2, 3, and 4 continue to 
match the inputs. Multiplying these zero coupon bond prices times 3, 3, 3, and 103 also 
leads to a value of 104.7070997370 as it should. 
 

Figure 22 
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Valuation of a Digital Option on the 1 Year U.S. Treasury Rate 
 
Now we value a digital option that pays $1 at time T=3 if (at that time) the one year U.S. 
Treasury rate (for maturity at T=4) is over 8%.  If we look at the table of the term 
structure of one year spot rates over time, this happens in only one scenario, in row 4.  
Note also that we have a slightly negative spot rate in row 26.  This can be easily over-
ridden by changing the relevant interest rate volatility assumptions: 

Figure 23 
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The evolution of the spot rate can be displayed graphically as follows:  
 

Figure 24  

 
 
The cash flow payoff in the one relevant scenario can be input in the table above and 
multiplied by the appropriate probability weighted discount factor to find that this option 
has a value of only $ 0.0072860393.  That is because the probability of row 4 occurring 
is only 0.7813% and the payoff is discounted by the simulated spot rates prior to time 
T=3. 

Conclusion 
 
This chapter, the fourth example of HJM interest rate simulation, shows how to 
simulate zero coupon bond prices, forward rates and zero coupon bond yields in an 
HJM framework with three risk factors and rate-dependent and maturity-dependent 
interest rate volatility. The results show a rich twist in simulated yield curves and a pull 
of rates upward from a very low rate environment. Monte Carlo simulation, an 
alternative to the bushy tree framework, can be done in a fully consistent way.  The 
technique can be generalized to any user-specified number of risk factors, a long-
standing feature of the Kamakura Risk Manager enterprise risk management system.  
We explain how to do this in Chapter 10. Also in Chapter 10, we discuss the 
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implications of this type of analysis for the Basel-specified Internal Capital Adequacy 
Assessment Process (“ICAAP”) for interest rate risk. 
 


