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Chapter 23  
 
European Options on Forward and Futures Contracts 
 
This chapter continues our analysis of standard instruments found on the balance 
sheet of large financial institutions as we continue with our objective of establishing a 
unified measure of interest rate risk, market risk, liquidity risk and credit risk. In order 
to value the Jarrow-Merton put option proposed in Chapter 1 as the best measure of 
total risk, we need a methodology for valuation and for simulation of cash flows and 
values at many future dates. As in Chapter 22, we need this capability for European 
options on forward and futures contracts for three reasons: 

 To understand correct hedging amounts from a shareholder value-added 
perspective, as discussed in the early chapters of this book; 

 To meet the requirements of constantly evolving accounting standards for 
hedging 

 To meet the requirements of regulatory capital calculations like Basel II, Basel III 
and Solvency II. 

 

This chapter combines the valuation formulas for futures and forwards from Chapter 
22 and the options approach from Chapter 21. As in Chapters 21 and 21, we use 3 
factor Heath Jarrow and Morton framework to value options on forwards and futures.  



We remind the reader that Chapter 3 illustrated the need for an interest rate model 
with 5 to 10 driving risk factors.  We use the 3 factor HJM model from Chapter 9 for 
expositional purposes.  In the first edition of this book, we showed in detail how the 1 
factor Vasicek model can be used to derive closed form valuation formulas for this 
important class of instruments. While this approach provides many useful insights, 
we don’t believe that a one factor model is sufficiently accurate to emphasize in this 
volume. Similarly, the $450 million settlement announced by Barclays PLC on June 
27, 2012 for manipulation of the Libor market calls into question the pervasive use of 
the “Libor market model” for money market instruments. A more general approach 
like the HJM approach provides the most reliable and accurate framework for 
analysis. 

Valuing Options on Forwards and Futures: Notations and Useful Formulas 

Valuing options on forward and futures contracts can be done in using one of two 
methods. First, we can employ the HJM framework using a bushy tree or Monte 
Carlo simulation, properly parameterized, to obtain accurate values and hedges 
using a term structure model with a realistic number of risk factors (5 to 10).  We use 
the Chapter 9 HJM 3 factor example for exposition purposes in this chapter. A 
second approach, which the authors admire but now judge insufficiently accurate, is 
to take a simple term structure model with 1 or 2 factors and derive analytical 
valuation and hedging formulas.  For example, we can take advantage of the 
Jamshidian general solution for security pricing under the Vasicek model from 
Chapter 21 to obtain analytical solutions.  

Market participants have historically preferred analytical solutions over numerical 
solutions because of a desire for total control over the calculation on the part of the 
trader/analyst. In the modern era, with 64-bit operating systems and powerful 
enterprise risk systems, this relentless urge by Felix Salmon’s “F9 Model Monkeys” 
is not in the best interest of most financial services firms.  For that reason we 
emphasize the HJM numerical solutions in this chapter. 

Figure 1 summarizes the current list of interest rate futures and options contracts on 
interest rates available at www.cmegroup.com: 

 

Figure 1 



 
Because of the wide array of interest rate options currently available, this chapter will 
emphasize options on stylized types of instruments.  Space does not permit a 
detailed analysis of each contract, and, because contract specifications are rapidly 
evolving, such a product-specific focus would soon be rendered obsolete.  We start 
with options on forward contracts on zero coupon bonds, as in Chapter 22. 

 

European Options on Forward Contracts on Zero-coupon Bonds 

In this section, we return to our example from Chapter 22 of a three year forward 
contract on a zero coupon bond maturing in year 4. The forward contract had an 
exercise price of 0.97. The cash flows on such a contract, using the HJM 3 factor 
model of Chapter 9, were shown in Figures 2 and 3 of Chapter 22. We reproduce the 
cash flow table for the forward contract as Figure 2, along with the forward contract’s 
value of -0.0022: 

Figure 2 



 



Now consider the simplest possible call option on this forward contract.  Let the 
option be a European call option with an exercise period of three years, exactly the 
maturity of the forward contract.  Let the exercise price of the option on the forward 
contract be zero.  In this case, since the forward contract will converge to the zero 
coupon bond price minus 0.97 at maturity, the call option will be exercised only when 
there are gains at the maturity of the futures contract.  To value the call option, we 
modify the cash flow table above so that it registers only values equal to Maximum 
(0, cash flow).  When we make this modification, we see the cash flows for the three 
year European call option on this forward contract in Figure 3: 

Figure 3 



 



We drop these cash flows into the cash flow table and multiply times the 
corresponding probability-weighted discount factors from Chapter 9. When we do 
this, we see that the value of the 3 year call option on this forward contract is 0.0048 
in Figure 4: 

Figure 4 



 



What if the option contract were a put option with the same three year term?  Then 
the cash flows that would be relevant would be Minimum (0, cash flow).  If we 
calculate these cash flows, drop them in the cash flow table, and multiply times the 
relevant probability weighted discount factors, we see in Figure 5 that the value of 
this European put option is -0.0070: 

Figure 5 



 



We now check to make sure that these valuations are consistent with no arbitrage.  
A forward contract with a 3 year maturity and a strike price of 0.97 has a value of  

-0.0022.  We can replicate this forward contract by (a) buying a 3 year call option on 
the forward contract at a strike price of zero and (b) selling a 3 year put option on the 
forward contract at a strike price of zero.  The cash flow from this replication strategy 
would be -0.0048 + 0.0070 = 0.0022, exactly the amount of cash a rational investor 
would need to receive before the investor would take on a forward contract with a 
current value of -0.0022. 

 

European Option on Forward Rate Agreements 

We now examine the valuation of a European call option on a forward rate 
agreement with the same terms and cash flows as in Figures 4 and 5 in Chapter 22. 
Recall that the FRA from Chapter 22 paid $25 per basis point for every basis point 
over the exercise price of 4.00%. Time zero value of this FRA was -15.4927, as 
shown in Figure 5 of Chapter 22.  What would be the value of a European call option 
to buy this FRA contract with a strike price of zero and an exercise period of 3 
years?  The call option would earn the holder the FRA cash flows such that the cash 
flows were Maximum (0, FRA Cash Flow), i.e. only the positive cash flows from the 
ownership of the FRA. These cash flows are shown in Figure 6: 

Figure 6 



 



The value of the call option on the FRA is the value of these cash flows.  We drop 
them into the cash flow table and multiply times the probability-weighted discount 
factors to get a call option value of 9.0716: 

 

Figure 7 



 



If instead we valued a put option on the FRA, the cash flows would be Minimum (0, 
FRA Cash Flow). The value of the put option is shown in Figure 8 as -24.5643: 

Figure 8 



 



We can again confirm the absence of arbitrage by noting that the total of the cash 
flows from a replication strategy (buy the call option and sell the put option, -9.0716 
+ 24.5643) equals the cash flow that an investor would receive for taking on an 
existing FRA position (15.4927) currently valued at a loss of 15.4927. 

 

European Options on a Eurodollar Futures-type Forward Contract 

In Figure 6 in Chapter 22, we dealt with a forward contract which pays like the 
standard money market futures contracts, i.e. at the expiration of the futures contract 
or forward contract instead of on the interest payment date of the underlying 
instrument.  Options on this type of forward contract are exactly the same as the 
analysis in Figures 7 and 8 except for the timing of the cash flows.  These valuations 
are left as an exercise for the interested reader. 

European Options on Futures on Coupon-Bearing Bonds 

In Chapter 22, we argued that the valuation of futures contracts on coupon-bearing 
bonds is best accomplished using numerical methods like the HJM 3 factor bushy 
tree or related Monte Carlo simulation.  There were three reasons for this conclusion: 
first, as we saw in Chapter 3, 5-10 risk factors drive interest rates and there is, in 
general, no “closed form” solution for futures in this case; second, daily mark to 
market cash flows compound the complexity of the futures contract beyond the 
complexity of the cash flows on the underlying instrument; third, the “cheapest to 
deliver” option embedded in most bond futures contracts requires numerical methods 
for an accurate valuation.  We saw in Chapter 21 that the Jamshidian bond option 
formula makes use of the critical short rate level that triggers the “moneyness” of the 
bond option.  A similar technique can be used in a one factor term structure model to 
identify the transition points at which the bond which is cheapest to deliver changes 
from bond J to bond J+1.  In a term structure model where many factors drive 
interest rates, an option on a bond future that has an embedded “cheapest to deliver” 
option is a compound option.  In general, this kind of compound option is best 
analyzed using the HJM framework rather than via closed form approximations. 

 

European Options on Money Market Futures Contracts 

For similar reasons, the HJM framework is the best approach to value and hedge 
positions that involve money market futures contracts as well.  This challenging task 
has been further complicated by the Libor manipulation scandal in two dimensions.  
First, the manipulation of Libor that Barclays admitted on June 27, 2012 “pollutes” 
any historical data set that one would use for Libor-based interest rate modeling.  
Second, until there is a dramatic reform of setting short term interest rates for pricing 
caps, floors, and swaps, the potential for future manipulation remains.  To ignore this 
in modeling options on futures would be naïve at best and suicidal at worst.  The 



best modeling strategy will be dependent on further revelations that emerge from on-
going investigations into Libor manipulation.   

Defaultable Options on Forward and Futures Contracts 

As we noted in Chapter 22, Jarrow and Turnbull [1995] show that, in special 
circumstances, the adjustment made to the price of a defaultable instrument is a 
simple ratio times the value of the same instrument if it was not defaultable. Can we 
analyze the possibility of a default on the options in this chapter in the same way? 

As we noted in Chapter 22, the answer is no. Since the macro factors impact options 
prices, forward prices, futures prices and the default probabilities of the counterparties 
dealing in the forwards and futures, the neat separation of the credit-adjusted value of 
futures and forwards that Jarrow and Turnbull found for simpler instruments will not 
generally apply. This doesn’t mean that this approach can’t be used as a first 
approximation, but it will significantly understate risk. As J.P. Morgan found out in 
1998 in a well-known incident with S.K. Securities of Korea, the default probability of 
the counterparty can be dangerous correlated with the amount of money they owe 
you.1 This is because the same macro factor drives both the legally required payoff 
on the security at hand and it drives the default probability of the counterparty. A true 
credit-adjusted valuation requires the kind of ‘scenario specific’ default probabilities 
that are embedded in the rich flexibility of the reduced form models discussed in detail 
in Chapter 16. 

                                                            
1See van Deventer and Imai [2003] for a detailed discussion of this incident. 
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How do we simulate future values and cash flows on options on futures and forwards 
in a true default-adjusted fashion? Again, a careful Monte Carlo simulation like that 
specified in Chapters 19 and 20 is essential to recognizing the slim, but real 
possibility of the default of the futures Exchanges in times of crisis. Similarly, the 
default of our counterparty on an over-the-counter option on futures and forwards 
could be analyzed analytically or numerically. As suggested in the previous chapter, 
rather than doing this mathematical derivation, a carefully structured Monte Carlo 
simulation can capture the same effects. This is the principal topic in Chapters 36 to 
41.   

 

 

 


