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A Introduction

This appendix presents the theory for minimum mean-squared-error selection of the trimming fractile
krp in the special case where y,4;—, has a symmetric distribution for A # 0 (Section B). It also
contains details on the robust Whittle estimator (Section C), the omitted proofs of Theorems 2.3 and
3.3 (Section D), and omitted tables (Section E).

Let 47, be the quantity used in practice for centering:

T
1
A = Tt_%lytyt_h if P (yige—n > 0) < 1, else G7 =0,

and define its probability limit:
A = E lyye—n] if P (yrye—pn > 0) < 1, else 4, = 0.

Usable lags are
h=4{0,1,...,br}

for a sequence of bandwidths {br}.
Define Q% := o(y, : s < 7 < t) and mixing coefficients oy, := sup gcgt B, |[P(ANB) —

P(A)P(B)|. Let Lo(F) := L2(Q2, F,P) be the space of F-measurable Ly-bounded random variables,
define p(A, B) 1= supscr,(a),geco(s) lcorr(f, g)| and let &, and T be non-empty subsets of N with
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infses, tex, {|s — t[} > h. Define the interlaced maximal correlation coefficient p}; := supg, =, P(o (vt
it € 6p), o(ys : s € Tp)) where the supremum is taken over all & and Tj,.

We use the following assumptions.
Assumption A (data generating process).

1. {ytyr—n} is a stationary, Ly-bounded process, p > 1, with an absolutely continuous non-degenerate
distribution with unbounded support. Further, y: has absolutely summable covariances, and is -
mizing oy, = O(h~P/P=2)) with p} < 1.

2. y; has spectrum f(X,00) for unique 0y in the interior of compact © C R* with properties:

(i) if B0 # 6 then f(X68) £ F(60);

(1) 0 < f(N,0) < K < oo for each A € [—m, 7] and 0 € O;

(iii) f(\,0) is twice continuously differentiable in 0, with derivatives (8/00)' f(\,0) for i = 1,2
uniformly bounded on [—m, ] X ©;

(iv) h(\, 0) € {f(\,0),(0/00)f(\,0)} are uniformly Hélder continuous of degree o € (1/2,1] in
Az supgeg ||R(A, 0) — h(w,0)|| < K|\ — w|* for all \,w € [—m, 1] and some K > 0.
3. infpee ||H(0)]| > 0.
Assumption B (regularly varying tails). P(ysyr—n — A < —¢) = Lp1(e)e "1 and P(ysyi—n
— An > ¢) = Lp2(c)c "2 where Ly i(c) are slowly varying, and kp,; > 1.

Assumption B’ (second order power law and fractile rates). Plywyi—p, — An < —c) =
dpc "1 (1 + O(r1(c)) and P(yeye—n — An > ¢) = dp2c "m2(1 + O(r2(c))), where dp; > 0, kp; > 1,
and r; are measurable functions. Let ep; > 0, ep o = min{ey, 1, ep2} and £y = min{kp 1, kp2}. Then
mrp € {1,....,T — h} and mrp;, — oo, and either ri(c) = ¢~ and mpy = o((T — h)2€h*0/(26hv0+“h’0)),

or 7;(c) = In(c)=® and mrp = o(In(T — h)?n0). Finally, mr p/krp — 0.
Assumption C (trimming and bandwidth rates).

L. In general kr.j, — o0, krp/(T — h) — 0, and kr, ~ K, jkp; for some K, ; > 0 and each h, h
€ {0, ...,br}. If mean-centering at lag h is used then krj — oo at most at a slowly varying rate.

2. Let by < T — 1, by — 0o, and T — by — oo. Further bp/TV (%) — oo where o € (1/2,1] is the

Hélder continuity degree in Assumption A.2.1v.

B Mean-Squared-Error Minimization

Write the bias and scale as Br = [B; 7|, and Vp = [Vi,j,T]f,j:y By Theorem 2.2 T1/2VT_1/2(<§} -

6o + Br) LS N(0,I1), hence the first order mean-squared-error [fmse] M; r of é;‘T is
M@T = BzQ,T + Vz‘,i,T/T.
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The bias of é} is complicated unless 195 is symmetrically distributed for A > 1, since then By =
Q7 t2m) Lo { Ey?I(y}? < cro)] — E[y?]} only depends on E[y2I(y? < cr)]- In this case, the fmse
minimizing krj, satisfies krj, — [0,00), a constant that depends on k = argsup{a > 0 : E|y|* <
oo} > 2.

Theorem B.1 Let Assumptions A-C hold, and assume yuy;—p for h # 0 have symmetric distribu-
tions. The fmse minimizing krp ~ K > 0 if k € (2,4) U (4,00), and krp = 0 if K = 4.

Proof. By distribution symmetry of yy;_p for h # 0, Theorem 2.2 and Karamata’s Theorem
Bir = K{E[y}I1(y} < cr0)] — E[y?]} ~ K(kr/T)cro ~ K(T/kr)?/%1 hence squared bias is BzT ~
K(T/kp)*5=2,

Next, by Theorem 2.2 V; ;1 ~ KE[yt1(y? < cro)]. If K > 4 then V;; 7 ~ K{E[y}] — E[yt1(y?
> cr0)]}, while by Karamata’s Theorem E[yt1(y? > cr,0)] ~ K(kT/T)C%O =K ((kT/T))l%/“. Now
use Theorem 2.2 to deduce by case that if k > 4 then V; ;7 ~ K{E[y}] — K(kr/T)' %%}, if k = 4
then V; ;7 ~ L (T) — oo for some slowly varying £ (T), and if & < 4 then V; ;1 ~ K(T/kr)**1.
Therefore M; p ~ M@T(kT), where by case:

k>4: Mip(a) = K (%H/” Iy {E[y;* K (a)H/”}

T T T
- 2—-4/k 1 1
k=4: Mip(a) = K (%) + KL(T) = K% + KL (T)

N 2-4/k 1 /T\¥r1

Now let a € [0, 00) be real valued and differentiate M, 1(a) to deduce @ = arg ming>o M; r(a) satisfies:

o - R 4 &174/1{ 4 a74/n ~
/{>4.(%Mi’T(a):K<2—/€>W—K<1—H>W:OforsomeaNK
PRy (a) KX>0n i=0
R = I ‘ a) = — ence a =
da” T T

o - ~ 4 &1—4/5 4 T4/H—2 ~
H<4&LM17T(Q):K<2—KI> W—K<R—1>W:Of0r80meaNK.

This completes the proof. QED.



C Robust Whittle Estimator
Now suppose the spectral density has the form

—iA
o2 |B(e aﬁ)|2 _ 072 x w(A, B) where 6 = [,3170'2]/7 (C.1)

T = 5 " AP ~ 2n

where A and B are continuously differentiable functions of (A, 8) € [—m, 7] x B and B is a compact
subset of R¥. Autoregressions and squared GARCH processes, for example, satisfy (C.1). Notice
Assumption A.2 imposes smoothness and boundedness properties on f(\,#) which instantly apply to
w(A, B) under obvious restrictions on A and B.

Define:
yl(l(,)t) = |Ytyt—n — r,n| and yf(f()n > y}(z(,)()Q) = “'y}(L(,)()T*h)'

The negligibly transformed optimal bias-corrected Whittle estimator solves

~(obc
59— rgmin 3 2 ()

- = argmin
pes % w(Aj, B)

where

(obc)

=(obc 1 (obe)
I:(r )()\) =5 (’Y (y(()o()kw) )+ ZZ'yTh yh (ko )) X cos()\h))

See Section 3 in the main paper for details on %? Z;LC (yi(lo()k"j‘ h)) and the bandwidth by.
Define f)T = Q_lgTQ_l where

Q. 1 [T Ohw()dnw()
o). 00 oo’

s | (e L2075 (e L0055

The following theorem can be proved by exploiting our proof of Theorems 2.2 and 3.1 and following

dX

Hannan (1973)’s proof of his Theorem 2. We therefore omit the proof.
Theorem C.1 Under Assumptions A, B’ and C we have T2V, 1/2(ﬁ§?bc) — fo) A N (0, 1) .

The asymptotic variance has a classic structure if y; is linear with a finite fourth moment. Consider

ye =Y & (00) er—; where » & () < 00, & (60) = 1 (C.2)

=0 =0

02 (0y) := E[e}] < 0o and Elese]] = 0 Vs # t,



where € is a homoscedastic martingale difference. Define the o-field 8¢ := o(y, : 7 < t). Theorem
C.1, negligibility, dominated convergence, and arguments in Dunsmuir (1979, proof of Theorem 2.1)

imply the next result. Define the o-field Sy := o(y, : 7 < ).

Corollary C.2 In addition to Assumption A, let y¢ satisfy (C.2), and assume E[e|Si—1] = 0 a.s.,
E[e|S—1] = 0% a.s., E[€}|Si—1] = s a.s., and Ele}] = K < oo. Let kry, — oo and krp/(T —
h) = o(1). Then TY2(3Y") — gy) % N(0,Q°1).

D Omitted Proofs

D.1 Proof of Theorem 2.3 (FD-QML Bias)

Theorem 2.3. Under Assumptions A-D:

i. Tl/QV;l/Q(é} — 0o) LN N(0,I) if either & > 4; or k =4, kpp, = o(In(T)) and P(|ysys—n — Yn| >
c) = dpoc "0(1 + o(1)) where koo = 2 < Kpp;

ii. T2V (05, — 00 + Br) % N(0, 1) if w € (2,4), where TV?||Vy Byl ~ Kkyly = 00 if yeyin
has a symmetric distribution, else imp_, TI/QHVT_l/QBTH/k%i € [0,00).

Proof.. We first characterize limy_,oo (T/||Vr|)V2{E[y?1(y} < c10)] — E[y?]}. By negligibility
and Theorem 2.2, | V7| ~ K[E(y}I(y? < cro)], and trivially

ElyiI(y} < cro) — Elil = E[(v} — E [y}]) I (v} > cro)],
hence
i TPE [yt (v > erp)]
(E [y (42 < ero)])

Recall the tail components Ly o(c) = Lp,1(c) + Lp2(c) and kp o = max{rp 1, kn2}, where koo =
k/2 > 1. By Karamata’s Theorem (Resnick, 1987, Theorem 0.6):

1/2
( d ) (BWRIGE < cro)) — E [52]} ~ — (D3)

Vrll

2 krp
k—2 T

E[yiI(y; > cro)] ~ T

The remaining E[(y}I(y? < crp)] in (D.3) is O(1) if k > 4, and is evaluated for k € (2,4] by

Karamata’s Theorem: for some slowly varying L4(c):

4—p T IO

k€ (2,4) : E[y/I (v <cro)] ~ (D.4)

k=4: F [y?] (yt2 < cT70)] = L4(T).

We now deduce conditions for asymptotic bias limr_.o (T/||[Vr|)Y*{ E[y? 1 (v} < cr0)] — E[y]}
# 0. Use crg ~ Loo(T)¥*(T/kr0)?* to deduce if k > 4 then (T/||Vr|)'*{E[y?1(y} < cr0)] —



E[y?]} — 0 only if TV2Loo(T)?*(kro/T)*~** — 0. The latter holds by slow variation for Lo o(T),
and slow variation for k7 by Assumption D.
If Kk = 4 then cro ~ ﬁo}o(T)l/Q(T/kTp)l/Q hence (T/HVTH)l/Q{E[thI(th < CT70)} — E[y?]} — 0
only if
1/2 27 (22 1/2 k20 (T)1/2
T'2|E [yi1 (yi > cro)]] NKT (kro/T)cryp o 0,0(T)
(E [yt (42 < ero)])™? Ly(T)1/? L4(T)1/?
If P(|lytye—n — Elyeyi—n]| > ¢) = dpoc (1 + o(1)) with dpo > 0, then Loo(T) ~ d, and by direct

integration £4(T) = dooIn(T), hence kr;, — oo and kz, = o(In(T)) ensure (D.5).
If k € (2,4) then we need:

— 0. (D.5)

TY2E [y? (yi > cro)] i T2 (kro/T) cro
(B GE <o) ((bra/m) )"

— Kkjl2 — 0,

which is ruled out by kr; — oo.

A similar set of derivations applies to any fy}’h(cT,h) =(T —h)(T — h—kr_p) *Elywye—nI(|yeyen
— An| < erp)] with h # 0, although there are two differences. First, when yy;—; has a symmet-
ric distribution then 77, (crn) = E[yeyr—n] for h # 0. Second, if y; is independent then y;y;—p for
h # 0 has tail index x > 2 and therefore T1/2V;1/2\’y§}7h(cﬂh) — Elyyi—n]| = o(1) if krp/In(T)
— 0 by repeating the above arguments. Otherwise since we trim symmetrically there is poten-
tial bias with each 7, (crn): T1/2V51/2|fy}7h(cT,h) — Elyyi—pn]| = O(k;/z) when k € (2,4), and
TI/QV;1/2|’Y%’h(CT7h) — Elyiyi—n]| = o(1) when k > 4 as long as k7,/In(T") — 0. Hence by covari-
ance summability Assumption B.1 >~p7 T1/2V;1/2|’7:1k—v’h(CT,h) — Elyye—p]| = O(k:;/i) when k € (2,4)
and Y ;7 T1/2V;1/2|fy}’h(CT7h) — Elywyi—n)| = o(1) when xk > 4 if k7, /In(T) — 0. The claim now
follows from the bias form Br = Q7 t(2m)~1Y 02 wp{vrplern) — Elyyi—nl} by Theorem 2.2.
QED.

D.2 Proof of Theorem 3.3 (Bias-Correction: Thin Tails)

Recall for Theorem 3.3 we assume tails decay exponentially fast for the sake of discussion:

P(lyye—n — 0| > ¢) =0 exp{—(hcéh} where ¥, (i, 0, > 0. (D.6)
Recall ( 4) ) )
1 [T 9ln f(X\;00) Oln f(A;6) K —30%) 9o2(6y) 0o*(6p)
Q= — I = . D.
o) . 00 gor N and S0,) 00 o0 (D-7)

Theorem 3.3. Let Assumption A hold, assume (D.6) applies for each h, and let krp — oo,
krp/In(T) — 0, mqyp — oo, and mpy/T — 0. Then T1/27A2T,h 20 hence T1/2VT_1/2(9§?I)C) — )
4N (0,Ix). Further, if the conditions of Corollary 2.5 hold then Tl/Q(égﬁ)bc) — ) 4 N(0,V) where
V=07120+M0! and Q and 1T are defined in (D.7).



Proof. We will only show T/ 27@730 20, the remaining 7/ 27A€T7h 20 being similar. Drop the
lag O subscript everywhere, e.g. cr = cro, mr = mro, Amy = Ko,0,mp, €tc. In order to ease the

notational burden, we assume 7 = 0. Write
Vei=y}

and define order statistics Y1) > Y2y = -+ = V7).

For any tiny ¢ > 0,

1 kr cr Yr)
~ X — X ——=.
Ry — 1 TY2=¢ T cr

T1/27€T,0 =

We will show ¢7/T* — 0, Yy /cr > 1, and 1/&p, > 0 in three steps. In view of kp /T2~ — 0

by the supposition k7 /In(7) — 0 the proof is then complete.
Step 1 (cr). By (D.6), and the definition of c¢7:

1 1. T\ 1

Step 2 (V). We will prove kj/*(In Vig,y — Iner) = Op(1) hence Vg /er = 1 + Op(1/k%).
Define, Zr(u) == (T/kr)I(|ysyi—n| > cre®) for any u € R, and Tr(u) := 1/T Y}, Trs(u). By
construction k;/Z(ln Vi) —Incer) < u for u € R if and only if IT(u/k:;/z) < 1, if and only if

P (yt > CTeu/le/2)
P (yt > CT) '

T
Tr(u/ky™) = B [Zr(u/kyl)] <1 P (V> ere/7) =1 -

Now expand P(|);| > cTe“/k;/Z) around u = 0. Use cp ~ ¢~Y9(In (7)Y and (8/0¢c)P(|Vs] >
¢) = =96 Lexp{—C(c®}, and the mean-value-theorem, to deduce k;ﬂ(ln Vikyy — Incr) < u if and

only if for some |u*| < |ul:
kil (Zo(u/hsl®) — B [Zr(u/ls))

1 0 ”
P (|V| > er) 801 (Ve > o) wekl/2 X CTe

c=cre T
T /2\ 0 /2y 0—1 /
= 5'{94‘]{/‘7 exp {—C (CTGU*/]{:;2> } (CT@U*/]C;2> « CTe’LL*/k,‘;_‘Zu
T

— oo« (14 0(1)).
kr

Therefore kj/*(InY g,y — ner) and (k3°/(69I(T))) x (Tr(u/ky'*) — E[Zr(u/k}/*)]) have the

same limit distribution. But in view of the Assumption A mixing properties and the zero mean



Lo-boundedness of (T/ky)/?{I(V; > cpe®) — E[I(Y: > cre®)]} we have by Theorem 1.6 and Lemma,
2.1 in McLeish (1975):

k2 (IT(u/k;;/?) _E [IT(u/k;/z)])

- ﬁ ET: (;3;)1/2 {I (yt > CTeu/k;/z) - FE [I (;vt > cTe“/k;m)” =0,(1).
t=1

By the supposition k7 = O(In(T")) it therefore follows

h’i/;) (Zrtu/ilf?) ~ B [Ztu/iy™)]) = (2L (Ertupidf) - B [Br(uiilf*)]) = 0,(0).

Therefore k%,,m(ln Viky) — Incr) = Op(1).

Step 3 (Rmy)- In view of distribution continuity we can define a sequence of positive numbers
{ér} that satisfies

P (|y7] > er) = =

We have

1 &
-1 _ L A
/‘imT - mr ; In (y(])/y(mT+1)) (D9)
1 X
- miT Zln (yi/y(mTH)) x I (yi > y(mTH))
i=1
1 X
= Zln (YVifer) x I (Vi > Vinpt1)) + 0p (1)
i=1

= —Zln Vi/er) x I (Vs > ér) +op (1 Z@Tﬁ%

say. The third equality follows from YV, 41)/ér = 1 + Op(1/ mlT/ 2) by an application of Step 2 since
1 1
. Y i/ Vnri) X I (Vi > Vimprn) — . Y Wi/ /er) < I (Vi > Vinrsn)
i=1 i=1
I
= (I YVong ) =10 @r)) X == D 1 (5> Vomr 1))
i=1

T
1 1
=0Op <1/2 o D 1> y(mTH))) = (1/ 1/2) :
mqp i=1
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Notice this exploits the construction of Y, 1) and distribution continuity: 1 /mr Z;szl Iy, >
Vimr+1)) = 1 a.s. The fourth equality in (D.9) can be verified under very general conditions in view
of the stationary mixing property and the fact that V. +1)/ér = 1 + Op(1/ mlT/ 2). The method of
proof is identical to Lemmas A.2 and A.3 in Hill (2012).

20 it remains to verify 1/T 2?21 Dri 2 0. The variable 97,; =

(T'/mp)In(Y;/ér)I(Y; > ér) has a positive finite mean that decays to zero. This follows by invoking

£—1
In order to prove A,

exponential tail bound (D.6) and P(y? > ér) = mr/T to obtain

EQr] = —L /0 TP (I (Vs/er) > u) du =

mT—l

T
mT—l

/Oo P (yz > ETeu) du
0

T o
= P(y¢>5T)/
0

mT—l

]D(yZ > ETe“)
P (yl > 5T)

= m?il/oooexp{—C@T (66"—1)}du>0.

Seeing that ¢ > 0, and (D.8) implies ér — oo, it follows by dominated convergence E[Q)7;] \, 0.
Hence the Cesaro sum 1/T 3.1 E[97,] N\ 0. Now use Markov’s inequality and 1/T Y.~ | E[Q7;]
N 0 to deduce 1/T L Drs 2 0. QED.

du




E Omitted Tables

This section contains omitted simulation results for AR models with ¢g € {0,.75}, and for GARCH
models with 7" = 2000.
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Table E.3 : FD-QML for GARCH(1,1)%, T = 2000

(o, Bo] = [.3,.6] : Kk~ 2.05
ag = .3 Bo = .6
Bias Med® RMSE KS%s Bias Med RMSE | KS g5
no trim? | .0367 .2929  .1988 | 2.593 no trim 0028 .6201 .1791 | 2.307
trim-obc | .0041 .2912 .2195 | 1.687 trim-obc | .0014 .6372 .2092 | 1.671
(o, Bo] = [.2,.7] : Kk~ 3.02
ag = .2 By =.7
Bias Med RMSE | KS 5 Bias Med RMSE | KS g5
no trim | .05617 .2077 .1687 | 3.318 no trim 0078 7105  .1282 | 2.498
trim-obc | .0309 .2101 .1678 | 1.917 trim-obc | .0019 .7100 .1401 | 1.674
[, Bo] = [.05,.9] : Kk~ 4.05
ag = .05 Bo=.9
Bias Med RMSE | KS 5 Bias Med RMSE | KS g5
no trim | .0345 .0570 .0850 | 4.657 no trim | -.0171 .8979 .0889 | 3.837
trim-obc | .0196 .0564  .0458 | 1.363 trim-obc | .0115 .9198  .0470 | 1.266
2.2

a. The model is y; = z7

normal.

= 0p¢&

b. “Med” is the median, and “RMSE” is the root-mean-squared-error.

where 07 = 1+ aox%_l + ﬂoaf_Q where ¢; is iid standard

c. “KS,p5” is the ratio of Kolmogorov-Smirnov statistic divided by its 5% critical value.

Values greater than one suggest non-normality at the 5% level.

d. “no-trim” is standard FD-QML. “trim-obc” is the optimal bias corrected tail-trimmed
FD-QML.
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