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This Supplemental Appendix contains proofs and additional results for the paper
“Inference After Estimation of Breaks.” Section A collects proofs of the formal uniform
asymptotic validity statements made in Section 4.2 of the main text. Section B contains
a description of and theoretical results for confidence intervals based upon uniformly most
accurate unbiased confidence intervals in the conditional norm-maximization problem.
Finally, Section C presents additional Monte Carlo simulation results for the confidence

intervals discussed both in the main text and in Section B of this Supplemental Appendix.

A Proofs of Uniform Asymptotic Validity Results

To prove uniformity in norm-maximization settings, we rely on some of the lemmas in

AKM, along with a few additional results.

Lemma 1
Under Assumptions 2 and 4, for any sequence of confidence sets C'S,,, any sequence of sets
Cn(P) indexed by P, Cn(P)zl{ (Xn,Yn,in> ECn(P)}, and any constant o, to show that

limsup sup Prp{uy,n (9n;P) €CS,|C,(P)= 1} —a‘Prp{Cn(P) =1}=0

n—oc PEP,
it suffices to show that for all subsequences {ns} C{n}, {P,.} €P>=x> P, with:
1 2(P,) =S € {Z: /A< i (Bx) S Anax(Ex) SAL/ALS Sy (0) <A}
2. (pxn, (Py) sy, (Pn,)) = (W15 ) for (W) finite
we have

lim Prp, {[Lyné <@n5 ;Pns> €CS,.|Ch.(Po)= 1} =q.

5—00

40



Proof: Follows by the same argument as in the proof of Lemma 5 in AKM. [J
To state the next lemma, for Z; , ;(6) the jth element of Z; (6), let us define

9 4x

10(00) =S50 (5) "X [Brrns(8) v (09) |

j=1
B2 () =250 (0) "3 B0 ()10 0) S0 (99 0)
j=1

Can(39) =320y (0) 2007

J=1

Dy (é,e) — By, (é,e) “_aa, (é,e) Cn (é,e) ,

o (é,9> . By, (é,e) /Dy (é,e) o (é,e> . ~ By, (é,e) +/Dyn (é,e)

24, (é,e) 24, (é,e)

and

Cun (9,9)

By (é,e) '

Hy, (?),9) __

Based on these objects, let us further define

Cza (é> - ma,x{ eeezAn(é,é)?i%,XDz,n (é,e)goGZ’" (é’9> '0co:A,, (é,agi%,ézm (979)>0HZ’" (@)9) }

EQZ’" (970> B max{eee):An (é,eﬁgﬁ) Zom (é,e)zoGZ’n <é’0) ‘9co:A, (é,eﬁ%ﬁ% Zm (é,e)>oHZ’n <é’0) Gz (éﬁ) }

uz o (9,0) :min{eee;An(é,e)IE%){lD Z,n(é,e)zoKZ’” (é,@) ’9ee:An(é,9)n:1%)I,lBZ,n (é,e)<0HZ’n <é’0) K7 (é’0> }

uzz n <é> =min min Ky, <é ,9) , min Hyz, <é ,9) .
’ 0€0:A,,(6,0)<0,Dz,5,(0,0)>0 0€0: A (0,0)=0,Bz,,(0,0)<0

Lemma 2
Under Assumptions 3 and 1, for any {ns} and {P,,} satisfying conditions (1) and (2) of
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Lemma 1,

(Yns Sl (9) . (é,e) al (é,e) W (9))
iy (Y*,z*,é,e;‘ (9) e (é,e) s (é,e) iz (9)) :

where the objects on the right hand side are calculated based on (X*Y*,3*) for

X* * *
( o )NN(,u 2.

Proof: Note that Assumption 1 along with condition (2) of Lemma 1 imply that

Xn, — X N(u*,2")
Y:ns d y* 22 ;

while Assumption 3 implies that f]ns —p 2"

If we define

<A* (é,e) B (é,e) C (9,9) D%, (é,e) e (é,e) K (é,e) 3, (?),0))

as the analog of

(An (é,e) By, (9,9) Com (9,9) Dy (é,e) Gz (é,e) K (é,e) Hy (é,e) )

based on (X*,Y* ¥*), the continuous mapping theorem implies that

(40 (8.0) Bz, (8.0).C0. (0.0) ) —a (A* (00) B (8.0).C5(0.0) )

where this convergence holds jointly over all (9,@) cO? If A* <§,8> #0, another application

of the continuous mapping theorem implies that'”

(Dz,ns (é,e) ferm (é,e) Ko, (9,9) ) Ny (D*Z (é,e) e (é,e) K (9,9) ) .

"Note that we allow the possibility that (Dz,n (éﬂ) D7 (é,@)) may be negative, so
(Gz,n (9,9) Kzn (é,(‘))) and (G*Z (9,0) K (9,0)) may be complex-valued.
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If instead A* (éﬁ) =0, note that

el GO () =x;0-— 0),. (9)

YT

Hence, in this setting

) dx

B (9,9) —9%y (é) 3 [X; (9) —X;(e)]

J=1

and condition (1) of Lemma 1 implies that Pr{ B, (é,@) :O} =0 for all ##6. Hence,
PT{D*Z (@,6’) >0} =1. Moreover, note that for b0 and all ¢

hmb\/624ac{§ if b<0

0 2 —oo ifb>0

while

I —b+vb—4dac oo ifb<0
11 = .
=0 2a —¢ ifb>0

b
Hence, if A* (6,@) =0,
By, (é,e) —+/Dz. (9,9)

24, (é,e)

—q—o01{B;(00) >0} +H; (6.0)
and
By, (é,e) +1/Dzn (é,e)
24, (é,e)

with the convention that co-0=0. Finally, another application of the continuous mapping
theorem shows that when A* (é,@) =0,

—>doo'1{B} (é,e) <0}+H} (é,e),

Hy.. (9,9) Sl (é,e) .
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Since all of these convergence results hold jointly over (9,@) € 6?2, another application

of the continuous mapping theorem implies that

(2, (0) 2., (0.9) ik, (0.0) 2, (9)) —a (05 (0).2: (0.0) it (90) 2 (9) ).

Moreover, 6 is almost everywhere continuous in X*, so that (Yn,fln,én) —q (Y*,Z*,é),
where this convergence occurs jointly with that above. Thus, we have established the
desired result. [J

To state our next two lemmas, we consider sets that can be written as finite unions

of disjoint intervals, Y =U[_ [¢* u*].

Lemma 3
For FTN(-;M,EY(Q),)/K ) the distribution function for ¢ with

(~EEeVR £~ NSy (0)),
Fry (Y(@);N,EY(G),J)K) is continuous on the set

{ (Y (0),1,5y () ER3 01 € [—00,00),

_ 2y (6) >0, ‘ukfﬁk‘>0,uk25k2uk_l or all k 7.
{ék}kKZQERK_I,{uk}lelG]RK_l,uKE(—oo,oo] v() zk: J

Proof: Note that we can write

S Y (0) > 04} <FN (%) —FN( ﬁzi&)))
2k (FN (u;—;’fg)> _FN< ékz?é@)))

Hence, we trivially obtain continuity for Xy (6) >0,Y () ER,u€R, 0< >, |uf —¢*| < cc.

Frn (Y (0);.3y (0), V") =

Moreover, as in the proof of Lemma 9 of AKM we retain continuity as we allow ¢! — —o0

and/or u® — oo, in the sense that for a sequence of sets Y& with

{Evkmus@}kl(ﬂ — {éﬁo’ulgo }5:1

with ¢}, =—o0 and/or uX =00 and the other elements finite,

Ern (Y (0);,2v(0),Y5) = Fra (Y (0):.5v(0),Y%). O
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Lemma 4
Under Assumptions 1-4, for either C,, = 1{@n = é} or

Cn = 1{én = g.7,uY,n (émpn) € CS]ﬁDm }7
there exists € >0 such that

liminf inf Prp{C,=1}>¢.

n—o0 pEPn,

Hence, for any sequence of variables V,,,

limsup sup |Ep[V,|C,=1]|Prp{C,=1}=0

n—oo PeP,

if and only if
limsup sup |Ep[V,|C,=1]|=0.

n—oo PeP,

Proof of Lemma 4 By the same argument as in the proof of Lemma 5 in AKM, it

suffices to consider sequences as in Lemma 1, where by Assumption 4,

x4l | < C.

Note, next, that for (X*,Y*) ~ N ((u%45),%), Sy full-rank, and 6* =argmax ;.|| X*(8)]],
6" has full support. Moreover, 6" is almost everywhere continuous in X*, so by the contin-

uous mapping theorem, 6, —46* under {n,}, {P,.}. Moreover, Pr{@* :é} is continuous
in u% and X x, and the set of p%, Xx values we consider is compact. Hence, Pr{é* :é} is

bounded away from zero, from which the bound for C,, = 1{9n:9} follows. The claim for

Cp= 1{9n:é,wn (@n,Pn) ecsﬁ,n},

follows by the same argument, using almost everywhere continuity of C’SJBD in the limit

problem. The final claim is then immediate. [

Proof of Proposition 3 As in the proof of Proposition 9 of AKM, note that

ﬂa,nZMY,n (énap) < My m (émp) GC'SU,—,n
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for C'Sy — = (—00,flan|. Hence, by Lemmas 1 and 4, to prove that (11) holds it suffices
to show that for all {n,} and {P,,} such that conditions (1) and (2) of Lemma 1 hold
with C,,= 1{@n:é}, we have

lim Prp, {[Lyms <ém ;Pm,) €CSy_n, 9ns zé} =q. (16)

§—00

To this end, note that for Fry (Y (6);1,5y(6),Y%) as defined in the statement of Lemma

3, the estimator fi,,,, solves

Fry (Y;L (én) %ixn (én> 7yn> =l-a,
e N () )]0 0) @)

0€©:A4,,(0,0)>0,D 7.5, (0,0)>0

for

(see Proposition 1). The set ), can be written as a finite union of disjoint intervals by
DeMorgan’s Laws.
The cdf Fry (Y;L <9n> ; ,u,iym (én> ,yn> is strictly decreasing in p as argued in the proof

of Proposition 8 of AKM, and is increasing in Y, (@) . Hence, fiqn > vy <§n;P) if and only if
FTN <Y:n (én> My n <émp> 7§Y,n (én> ayn> Z I—a.

Lemma 2 shows that <Yn (9n> Sy, <@n> ,yns,éns) converges in distribution as s— 00,
so since Fry is continuous by Lemma 3 while argmaxy||X*(0)| is almost everywhere

continuous for X*, the continuous mapping theorem implies that

Al il

where Y* is the analog of ), calculated based on (X*Y*3*).

Since we can write

Prp, {FTN (Yns (9n> iy, (é;Pm) Sy, (t%) ,yns) >1—alf,, :é}

18Since ), can be represented as a finite union of intervals, we use Y, —q)* to denote joint convergence
in distribution of (i) the number of intervals and (ii) the endpoints of the intervals.
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B [P (i (B v (8:2..) S, (80 ) 0.) 21 -0 J1{0, =0}
i{a =] |

and by construction
Frx (Y (8)itva (852 ) 55 (0) ¥70) lo=0~U0,1),
and Pr{@z@} =p* >0 by Assumption 4, we thus have that
Pro, {Brx (Y. (00 )iy, (0:Pn.) Sy (B0 ) D) 2 1-ald, =0}

— PT{FTN <Y* (é) Sy <6’> 2y (9) ,y*) >1 —oz|9: é} =q,
which verifies (16).
Since this argument holds for all 6O, and Assumptions 1 and 2 imply that for all
0,0 €O with 040,
lim sup Prp{ | X,(6)] = HXn (o) H }=0,
n—oopep,

Lemma 6 of AKM implies (12). O

Proof of Corollary 2 Follows from Proposition 3 by the same argument used to prove
Corollary 1 of AKM. [J

Proof of Proposition 4 Follows by the same argument as in the proof of Proposition
11 of AKM. OJ

Proof of Proposition 5 Follows by an argument along the same lines as in the proof of
Proposition 12 of AKM, using Lemmas 1, 2, 3, and 4 in place of Lemmas 5, 8, and 9 in AKM,
and using the conditioning event {Y,,(6,) € Y2} ={Y,(0,) €V, }N { Uy (9,“13") € CS]’Bjyn}.
OJ

Proof of Corollary 3 Follows by the same argument as in the proof of Corollary 2 in
AKM. O

B Uniformly Most Accurate Unbiased Confidence Intervals

This section provides uniform asymptotic results for the uniformly most accurate unbiased
confidence sets of AKM, and related procedures, in the norm-maximization setting.

In the inference problem that conditions on 0 and 4, rather than considering equal-tailed

47



intervals, we can alternatively consider confidence intervals that are unbiased, in the sense
that the probability of covering any given false parameter value is bounded above by 1—a.
AKM develop a confidence interval, C'Sy, that is uniformly most accurate unbiased in the
conditional problem, in the sense that it has a weakly lower probability of covering any
given incorrect parameter value than does any other unbiased confidence set while still

maintaing correct conditional coverage 1—a:

Pr“{uy(é)EC'SUW:éﬁ:i}zl—a for all p, 0, 3.

See AKM for the construction of these confidence sets.
The feasible versions of these intervals C'Sy,, are defined identically to C'Sy after
replacing 0 by @n, Y by Y, ¥ by 3., and Zy by Zj,,. Here we establish that these feasible

intervals have correct coverage both conditionally and unconditionally.

Proposition 6

Under Assumptions 1-/,

lim sup P?”P{My’n<én;P> GC'SU,n|én=é}—(1—a)‘:0, (18)

n—oopep,

for all 0€©, and

lim sup Prp{uxn@n;P) ECSU,n}—(l—a)‘:O. (19)

n—copep,

Proof: Note that by the definition of C'Sy,,

Hyn <9n;P> €eCSun
e 0 oo (3P) S0 )22 o ) 5,0)7)

where ), is as defined in (17) while (¢;(1t,2y(0),Vn),cu(1t,2yv(0),V5)) are as defined imme-
diately before Lemma 5 below, after replacing VX with )),.

By Lemmas 1 and 4, to prove that (18) holds it suffices to show that for all {ns} and
{P,.} satisfying conditions (1) and (2) of Lemma 1,

lim Prp,_ {,qus <ém> € CSun, |@n5 :é} =1—a.

5—00
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Thus, it suffices to show that

i Pro 4 Y., ((Z)n> . [cz (MYns (9 ) iYns (9 s)vyns>’ b, =0\ =1«

=
NENENENNES)

To this end, note that by Lemma 2,

5§—00

(ns,yns,in$,1{éns :?)}) 5 (Y*,y*,z* {é 0})
and thus, by Lemma 5 and the continuous mapping theorem,
( ( > ) (MYns (é ns) »23Y e ( ) yns) "Cu (MYns (0 Pns) 23 %) yns) 71{§ns :é}>
= (v (0) (- (0) 2 (6).97) i 8) =5 (0) ) {0 =0} ).

By construction,

pr{v*(0) efa(m (6)3°55 (9) ) cu (1 (0). 3755 (9) ) [10=0} =1-0

and Y* (é) |9:§,Y* (é) € Y* follows a truncated normal distribution, so

() =65 0)550)7) )1 0) =6 05 0) 7)) =

Hence,

o) [ 250D |,
Pas n( ) C(u ( )Eyng’“)y")l s

_ B [{Yns (O JE[er(ivins (0:Prs ) Sving 9ns)[yns>6u(ﬁm 0,Pn: ) S¥ing (Ons ) Vo )| }1{0ns=0}]
B[{y (0)ele (s (5)55 (0)."). cﬁuile) s @)=l
B[1{0=0}| ’

as we wanted to show, so (18) follows by Lemma 5 of AKM.

Since this result again holds for all § € ©, (19) follows immediately by the same

argument as in the proof of Proposition 3. [J

9Note that when 6 =6, Y* is either equal to the real line or contains at least one interval with a
continuously distributed endpoint. Hence, the almost-everywhere continuity established in Lemma 5 is
sufficient for us to apply the continuous mapping theorem.
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AKM also introduces the analogous 1—a level hybrid confidence interval, C'S#, that
modifies the conditioning set in its construction to condition on both 6 and the event that
ﬂy(é) € C’Sg for some 0 <[ <a. Again, the feasible versions of these intervals C’S{{n are
defined identically to C'Sy after replacing 6 by 0,, Y by Y,, X by 3, and Zy by Zj .

These intervals again have asymptotically correct unconditional coverage.

Proposition 7

Under Assumptions 1-/,

R P . 1—
lim sup Prp{ . <9n;P) eCSH (0, =011y (Gn;P> ecsf,n} 9y,
n—oopcp, ’ ) 1_B
for all Oc O,
. . . A . H > _
lggloréfplgnPrp{uxn <9n,P> S C’SUm} >1—a,
and

. 1—
limsup sup Prp{,uym <9n;P> € C’S{]{n} < @ <l—a+p.
n—oo PeP, ’ 1_ﬁ

Proof: Follows by the same argument as the proof of Proposition 5, using Lemma 5
rather than Lemma 3. [

To state the following lemma, let

(Cl (H’?EY (9) ,yK) Cu ([L,Ey (9) ’yK)> (20)

solve
Pr{C€la,cl)}=1-a

ElCH{C e a,c}]=(1—a) E[(]
for ¢ as in Lemma 3.

Lemma 5
The function (20) is continuous in (p,Xy (0), V) for Lebesque almost-every {fk,uk}le
on the set

{ (1.Sy (8)) €R2 0 € [—00,00),

_ Yy (0)>0, kb >0uF >0 >yF1 k.
{E’“}fZQERK_l,{u’“};{:llERK‘17uKe(—oo,oo] v (0)> ;]u |>0u" >0">uF! for a }

Moreover, if we fix any (1,2y(0)) in this set, and fix all but one element of {Kk,uk}le,

(20) is almost-everywhere continuous in the remaining element.
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Proof: Note that

icemey Sz (5 (V) () )
= () ()

ElC{¢ela,cl = ECIC€lac]lPr{Cea,cu}

while

where

S {ur >0, > 00 (fN (kaCz—u) —fx (u’mcu—u)
BICICE e =t/ To () — 0 o))
> Huk>cpe, > 00} (FN (“k/\cu—“> —_Fy (i’“vw—u))

Thus,

E[C1{C€lened}] = MZkl{UkZCZ’CUZEk} (FN (UAEY_(;;) i (Zkvzciwl;))
= () ()

and

Using analogous reasoning to that in the proof of Lemma 10 in AKM, we can write

(20) as the solution to
9/ (0.9 ) =0 (21)

for

g(cw,\/ Ey(e),yK) =

o1



uPAc,— Fve — ub— ok —
Ekl{ukzcl,cuzék}<FN(M)—FN< ng(g‘;)—(1—a)<FN(\/zTZQ)>—FN<\/ZT‘(;)>)>
5V u“ANeg—p ok — ut—pu
St >ae, >0 }(f ( /7\;}/(9”) fN< /—gy((;)(la)(fN( Ty%)fzv( Tv@)))
Note that by construction

(cu\/fy) (c 1:0,7/y (0), VK — )

which implies that

(a (/L,Ey(&),yK) Cu (u,zy(e),yf‘)) = (p+a (O,Ey(ﬁ),yK—,u) e, 0,2y (H)Q)K—u))

so to prove continuity it suffices to consider the case with p=0.
Next, note that g(c;O,\ /Yy (0),VE > is almost everywhere differentiable with respect

to (¢,c.), with derivative

Zkl{u’“>cl>€’“}\/ (\/Z’ ) Zkl{uk>cu>£k}\/ (\/2 )
S>>t fw(\/ﬁ) YHut > o>} st fN<\/2&;(0))

though it is non-differentiable if ¢, € {uk ,ﬁk} or ¢ € {uk ,fk} for some k.

Note, however, that if we fix all but one element of {Kk,uk}kil and change the remaining
element, there exists a solution ¢ to (21) with ¢, € (¢,w’) and ¢ € (¢*,u*) for some j,k
Lebesgue almost-everywhere by arguments along the same lines as in the proof of Lemma
10 of AKM. Likewise, the set of values such that there exists a solution ¢ to (21) with
c=c¢, has Lebesgue measure zero. The implicit function theorem thus implies that (20)
is almost-everywhere continuously differentiable in the element we have selected. Since we
can repeat this argument for each element of {Ek,uk}le, we obtain that (20) is elementwise
continuously differentiable in {Kk,uk}klil Lebesgue almost everywhere. Moreover, as in the
proof of Lemma 10 of AKM, the form of (20) implies that the same remains true if we
take /! — —o0 or uff —o0. O

C Additional Results for Tipping Point Simulations

We begin by presenting results analogous to those presented in Tables 1 and 2 of the main
text for the conditional and hybrid confidence intervals based upon the uniformly most accu-

rate unbiased approach. More specifically, Table 5 reports the unconditional coverage proba-
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bility for the confidence intervals C'Syy and C'S# while Table 6 compares the lengths of C'Syy
and C'SH to C'S%. The values in these two tables can be seen to be quite similar to the values

corresponding to the confidence intervals C'S and C'S¥ in Tables 1 and 2 of the main text.

Table 5: Unconditional Coverage Probability

DGP CSy CSH
Chicago Data Calibration
(i) 0.95 0.949
(ii) 0.95 0.955
(iii) 0.946 0.951
Los Angeles Data Calibration

(i) 0948  0.948
(ii) 0952  0.956
(i) 0951  0.954

This table reports the unconditional coverage probability of py (9) for the conditionally valid uniformly
most accurate unbiased confidence interval (C'Sy) and the hybrid confidence interval based upon the
uniformly most accurate unbiased conditional confidence interval (C'S{), both evaluated at the nominal
coverage level of 95%. In the Chicago (Los Angeles) data calibrations, the covariance matrix ¥ is set
equal to a consistent estimate from the Chicago (Los Angeles) Card et al. (2008) data. The column
“DGP” refers to the specification of the nuisance function ¥¢4(-), which along with other parameters,
determines the value of the mean vector 1 (see Appendix A.1 of the main text for details). The function
Ycg(+) is set equal to the value it takes when there is no coefficient change in DGP (i), the value it takes
when there is a single large coefficient change in DGP (ii) and its data-calibrated value in DGP (iii).
For DGP (ii) the true threshold location is set to equal the estimate from the Card et al. (2008) data. All
other parameters that determine u are set equal to consistent estimates from the Card et al. (2008) data.

Tables 7 and 8 provide the ratios of the 5, 25", 50 75" and 95" quantiles of the
lengths of C'S, CSy, CS* and CSH relative to the corresponding length quantiles of
CS$ for the tipping point data-calibrated designs described in Section 6 of the main text.
Looking at the upper quantiles in Table 7, we can see that the conditional confidence
intervals C'S' and C'Syy can become very wide in the absence of a clear break. Conversely,
as seen in Table 8, the hybrid intervals C'S* and C'SH dominate C'S% across all quantiles
and simulation designs we examined.

Table 9 reports the same quantiles of the studentized absolute errors of ,LAL%, ff and
2

Y(é) The main features of this table are similar to those of Table 7: the unconditional
estimator ,u1 can exhibit very large absolute errors while the hybrid estimator ,LL1 does
not exhibit such extreme values. In addition, note that the hybrid estimator ,u1 not only
exhibits minimal bias, in contrast to the standard estimator Y(Q), but also exhlblts lower

studentized absolute errors across most quantiles and designs considered.
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Table 6: Length of Confidence Sets Relative to C'SE in Tipping Point Simulations

Median Length Relative to C'S%  Probability Longer than C'S%

DGP C'Sy CSH CSy CSH
Chicago Data Calibration
(i) 1.38 0.94 0.89 0
(ii) 0.72 0.74 0 0
(iii) 0.93 0.87 0.44 0
Los Angeles Data Calibration
(i) 1.29 0.85 0.62 0
(i1) 0.68 0.69 0 0
(iii) 0.70 0.72 0.19 0

This table reports the median length of the conditionally valid uniformly most accurate unbiased
confidence interval (C'Syy) and the hybrid confidence interval based upon the uniformly most accurate
unbiased conditional confidence interval (CS{}I ), divided by the median length of the projection confidence
interval (C'S%), as well as the frequency with which C'Syy and C'S# is longer than C'S%. In the Chicago
(Los Angeles) data calibrations, the covariance matrix ¥ is set equal to a consistent estimate from the
Chicago (Los Angeles) Card et al. (2008) data. The column “DGP” refers to the specification of the
nuisance function ¢ (-), which along with other parameters, determines the value of the mean vector
1 (see Appendix A.1 of the main text for details). The function X¢4(-) is set equal to the value it takes
when there is no coefficient change in DGP (i), the value it takes when there is a single large coefficient
change in DGP (ii) and its data-calibrated value in DGP (iii). For DGP (ii) the true threshold location
is set to equal the estimate from the Card et al. (2008) data. All other parameters that determine p
are set equal to consistent estimates from the Card et al. (2008) data.
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Table 7: Ratios of Length Quantiles Relative to C'S%

C'S Quantile CSy Quantile
DGP 5th 25t 5oth 75th g5t gth o 95th 50t 75t g5th
Chicago Data Calibration
(i) 088 1.13 133 154 187 092 120 1.38 1.58 1.89
(ii) 0.72 0.72 072 0.72 0.72 0.72 0.72 072 0.72 0.74
(iii) 074 0.74 082 122 330 0.74 0.76 093 1.45 3.65
Los Angeles Data Calibration

(i) 092 127 126 099 076 094 131 1.29 1.00 0.77
(ii) 0.68 0.68 0.68 0.68 0.68 0.67 0.68 0.68 0.68 0.69
(iii) 0.68 0.68 0.68 0.79 212 0.68 0.68 0.70 0.89 2.32

This table reports the 5%, 25", 50", 75" and 95" quantiles of the length of the conditionally valid
equal-tailed confidence interval (C'S) and conditionally valid uniformly most accurate unbiased confidence
interval (C'Sy), divided by the corresponding length quantiles of the projection confidence interval (C'S%).
In the Chicago (Los Angeles) data calibrations, the covariance matrix ¥ is set equal to a consistent
estimate from the Chicago (Los Angeles) Card et al. (2008) data. The column “DGP” refers to the
specification of the nuisance function Xc,(-), which along with other parameters, determines the value
of the mean vector p (see Appendix A.1 of the main text for details). The function X¢c,(-) is set equal
to the value it takes when there is no coefficient change in DGP (i), the value it takes when there is
a single large coefficient change in DGP (ii) and its data-calibrated value in DGP (iii). For DGP (ii) the
true threshold location is set to equal the estimate from the Card et al. (2008) data. All other parameters
that determine 1 are set equal to consistent estimates from the Card et al. (2008) data.
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Table 8: Ratios of Length Quantiles Relative to C'S%

C'S™ Quantile CS{ Quantile
DGP 5™ 25t 50% 75t g5th o 5th g5th 50th 75th - g5th
Chicago Data Calibration

(i) 069 091 094 093 096 0.60 090 094 093 0.96

(ii) 0.74 074 074 074 074 0.74 074 074 0.74 0.75

(iii) 0.75 0.75 082 093 097 0.76 0.78 087 0.94 0.97

Los Angeles Data Calibration

(i) 0.73 091 086 0.82 0.76 0.65 091 0.85 0.82 0.76

(i1) 0.69 069 0.69 0.69 0.69 0.69 069 0.69 0.69 0.70

(iii) 0.69 0.69 070 0.79 091 0.68 0.69 0.72 0.84 0.92
This table reports the 5, 25t" 50", 75t and 95" quantiles of the length of the hybrid confidence interval
based upon the equal-tailed conditional confidence interval (C'S) and the hybrid confidence interval based
upon the uniformly most accurate unbiased conditional confidence interval (CS{]{ ), divided by the corre-
sponding length quantiles of the projection confidence interval (C'S%). In the Chicago (Los Angeles) data cal-
ibrations, the covariance matrix ¥ is set equal to a consistent estimate from the Chicago (Los Angeles) Card
et al. (2008) data. The column “DGP” refers to the specification of the nuisance function X¢(-), which along
with other parameters, determines the value of the mean vector p (see Appendix A.1 of the main text for de-
tails). The function .4 (-) is set equal to the value it takes when there is no coefficient change in DGP (i), the
value it takes when there is a single large coefficient change in DGP (ii) and its data-calibrated value in DGP
(iii). For DGP (ii) the true threshold location is set to equal the estimate from the Card et al. (2008) data.
All other parameters that determine p are set equal to consistent estimates from the Card et al. (2008) data.
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Table 9: Quantiles of )ﬂ—,uy(@)‘/\/zy(é)

ji Quantile iH Quantile Y (6) Quantile
DGP 5th 92 5th 50th 75th 9 5th 5th 2 5th2 50th 7 5th 9 5th 5th 9 5th 5oth 7 5th 9 5th
Chicago Data Calibration

(i) 0.15 0.74 151 265 638 0.15 0.71 138 202 263 081 116 152 1.95 2.70

(ii) 006 032 066 114 195 0.06 032 066 1.14 195 0.06 032 066 1.14 1.95

(iii) 0.08 0.38 0.83 150 4.81 0.08 038 083 148 294 007 034 0.71 1.19 205
Los Angeles Data Calibration

(i) 0.13 067 138 232 525 0.13 0.64 129 193 260 1.07 145 180 220 2.89

(ii) 007 032 0.67 114 193 0.07 032 067 114 193 0.07 032 067 1.14 1.93

(iii) 0.07 035 074 131 256 0.07 035 074 130 246 0.06 033 0.68 1.17 2.00

This table reports the the 57, 25" 50", 75" and 95" quantiles of the studentized absolute estimation error for the conditionally median-unbiased
estimator (fi1), the hybrid estimator (f1f1) and the conventional estimator (Y (6)). In the Chicago (Los Angeles) data calibrations, the covariance
2

matrix X is set equal to a consistent estimate from the Chicago (Los Angeles) Card et al. (2008) data. The column “DGP” refers to the specification
of the nuisance function X¢4(-), which along with other parameters, determines the value of the mean vector p (see Appendix A.1 of the main text for
details). The function X¢y(+) is set equal to the value it takes when there is no coefficient change in DGP (i), the value it takes when there is a single
large coefficient change in DGP (ii) and its data-calibrated value in DGP (iii). For DGP (ii) the true threshold location is set to equal the estimate
from the Card et al. (2008) data. All other parameters that determine p are set equal to consistent estimates from the Card et al. (2008) data.



C.1 Additional Results for Split-Sample Approaches
Table 10 provides the ratios of the 5%, 25t 50t", 75" and 95" quantiles of the length

of our newly proposed equal-tailed split-sample confidence interval C'S4s relative to the
corresponding length quantiles of the conventional split-sample confidence interval C'Sgsg
for each of the tipping point data-calibrated designs described in Section 6 of the main
text. Since every entry in this table is less than one, we can see that the dominance result
illustrated in Table 4 of the main text is further reinforced: the length quantiles of C'S4q are
shorter than those of C'Sgg across all quantiles and simulation designs considered. Table
11 reports the same quantiles of the studentized absolute errors of our newly proposed

split-sample estimator ﬂg‘s , and those of the conventional split-sample estimator Y2 (91)
2

Though both of these estimators are median-unbiased for 1z (6"), jigs 1 dominates Y (6") in
'3

terms of studentized absolute errors across all quantiles and simulation designs considered.
Table 10: Ratios of Length Quantiles of C’S‘S“S Relative to C'Sgg

Quantile
DGP 5th o5th - 50th 7Hth g5t
Chicago Data Calibration

(i) 0.69 0.79 0.83 0.84 0.87

(ii) 0.57 0.58 0.58 0.58 0.58

(iii) 0.59 059 064 0.73 0.86

Los Angeles Data Calibration

(i) 0.74 0.85 0.78 0.68 0.57

(ii) 0.57 0.58 0.58 0.58 0.58

(iii) 0.57 0.58 0.59 0.66 0.81
This table reports the the 5%, 25" 50" 75" and 95" quantiles of the length of the alternative
split-sample confidence interval (C'S ‘545), divided by the corresponding length quantiles of the conventional
split-sample confidence interval (C'Ssg). In the Chicago (Los Angeles) data calibrations, the covariance
matrix X is set equal to a consistent estimate from the Chicago (Los Angeles) Card et al. (2008) data.
The column “DGP” refers to the specification of the nuisance function X¢g4(-), which along with other
parameters, determines the value of the mean vector p (see Appendix A.1 of the main text for details). The
function X4 (+) is set equal to the value it takes when there is no coefficient change in DGP (i), the value it
takes when there is a single large coefficient change in DGP (ii) and its data-calibrated value in DGP (iii).

For DGP (ii) the true threshold location is set to equal the estimate from the Card et al. (2008) data. All
other parameters that determine p are set equal to consistent estimates from the Card et al. (2008) data.
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Table 11: Quantiles of ‘ﬂ—ﬂy(él)‘/\/zy(é)l

jid; . Quantile Y2(6') Quantile
DGP  5th  o5th 50t Ttk gsth Bth o5th 5oth 7hth  gsth
Chicago Data Calibration

(i) 0.05 0.27 057 095 161 0.06 0.31 067 1.15 197

(i1) 0.04 0.18 0.38 0.65 1.13 0.06 0.31 066 1.14 1.96

(iii) 004 021 044 077 138 0.07 0.32 067 1.15 2.00
Los Angeles Data Calibration

(i) 0.05 025 055 093 156 0.07 032 069 1.16 1.96

(ii) 0.04 0.18 0.39 066 1.13 0.06 0.31 067 1.15 1.96

(iii) 004 020 042 071 125 0.06 032 068 1.16 1.98

This table reports the the 5%, 25" 50t" 75" and 95" quantiles of the studentized absolute estimation
error of the median-unbiased alternative split-sample estimator (f4 gg) and of the conventional
3

split-sample estimator (Y2(9")). In the Chicago (Los Angeles) data calibrations, the covariance matrix X
is set equal to a consistent estimate from the Chicago (Los Angeles) Card et al. (2008) data. The column
“DGP” refers to the specification of the nuisance function ¥¢4(-), which along with other parameters,
determines the value of the mean vector p (see Appendix A.1 of the main text for details). The function
Yg(+) is set equal to the value it takes when there is no coefficient change in DGP (i), the value it takes
when there is a single large coefficient change in DGP (ii) and its data-calibrated value in DGP (iii).
For DGP (ii) the true threshold location is set to equal the estimate from the Card et al. (2008) data. All
other parameters that determine u are set equal to consistent estimates from the Card et al. (2008) data.
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