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INTRODUCTION

The identification of airborne asbestos minerals 
by the AHERA protocol is based on three proper-
ties: morphology by transmission electronic micros-
copy (TEM) imaging, elemental composition analysis 
by energy-dispersive X-ray spectroscopy (EDS), and 
crystal structure by the zone-axis selected area elec-
tron diffraction (SAED) pattern analysis. The purpose 
of zone-axis SAED pattern analysis is to further con-
firm the mineral’s identity, which is initially estab-
lished through TEM imaging and EDS analysis, by 
demonstrating that the characteristics of its diffraction 
pattern conforms to that mineral’s crystal structure. 
The SAED analysis is consisted of two steps: index-
ing, which is to determine the Miller index (1) of the 
diffraction spots in the pattern as well as that of the re-
sulting zone axis, and interpretation, which is to draw 
conclusion whether the indexed SAED pattern con-
forms to the crystal structure of the identified mineral.

The most effective methodology of indexing and 
interpretation is through the comparison of the mea-
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ABSTRACT

The analysis of asbestos minerals below optical 
resolution is conducted by the analytical transmis-
sion electron microscopy (TEM). The Asbestos Hazard 
Emergency Response Act (AHERA) protocol mandates 
the measurement of three properties: the morphology 
by the TEM imaging, the elemental composition by the 
energy-dispersive X-ray spectroscopy (EDS), and the 
crystal structure by the zone-axis selected area electron 
diffraction (SAED). After the acquisition of a zone-axis 
SAED pattern with EDS-derived mineral identity, the 
practical and effective methodology of its indexing 
and interpretation is the comparison of the measured 
(observed) values of the d-spacings of two intersecting 
direct lattice planes and their interplanal angle against 
the reference values in pre-calculated d-spacing and in-
terplanal angle look-up tables (d-θ table) based on the 
mineral’s unit cell parameters and symmetry. This pa-
per presents a suite of hitherto most comprehensive d-θ 
look-up tables (more than 800 pages and 36,000 zone 
axes) for five regulated amphiboles (anthophyllite, 
grunerite, riebeckite, tremolite, and actinolite), three 
non-regulated ones (winchite, richterite, and cum-
mingtonite), and talc, which could be confused with 
the regulated anthophyllite to facilitate the analysis of 
zone-axis SAED patterns. The procedure of using the 
d-θ look-up table is illustrated by two examples. Issues 
relevant to applications of d-θ table are also discussed.
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sured (observed) values of the d-spacing of two sets 
of intersecting lattice planes and their interplanal 
angle θ against the respective reference values in pre-
calculated d-θ tables based on the mineral’s unit cell 
parameters and symmetry.

Whereas the intensity of diffraction spots is de-
termined primarily by the crystal’s chemical compo-
sition, the geometry or the spatial distribution of dif-
fraction spots is entirely governed by cell parameters 
and symmetry of the direct lattice, i.e., the lengths a, 
b, c of the three crystallographic axes x, y, z, the inter-
axial angles between them α (y^z), b (x^z), γ (x^y), and 
its space group (2). This paper presents a suite of d-θ 
look-up tables for nine minerals: the five regulated am-
phiboles (3), three non-regulated ones (winchite, rich-
terite, and cummingtonite), and talc, which could be 
confused with the regulated anthophyllite because of 
similarities in composition and structure. Their crystal-
lographic properties are summarized in Table 1.

The space group determines the condition of the 
systematic extinction or absence, i.e., diffraction spots 
that are not to appear in the patterns. For SP = C2/m, 
C2/c and C-1, only (h+k) = 2n diffractions are permit-
ted. Any diffraction spots with (h+k) ≠ 2n are extinct or 
absent in the pattern. For SP = Pnma, only h = 2n dif-
fractions for (hk0) and (k+l) = 2n for (0kl) are allowed. 
Any h ≠ 2n diffraction for (hk0) and (k+l) ≠ 2n diffrac-
tion for (0kl) are extinct or absent in the pattern.

PRE-CALCULATED d-θ LOOK-UP TABLES

In theory, it is possible to solve a zone-axis SAED 
pattern by a dedicated computer program, e.g., Single-
Crystal (4). However, it is inefficient and difficult to do 

so. In practice, after the initial establishment of the min-
eral’s identity by morphology and chemistry, the only 
practical way to solve an unknown pattern is to com-
pare its measured (observed) values of the d-spacings 
of two intersecting lattice planes and their interplanal 
angle against the corresponding reference values in 
pre-calculated d-spacing and interplanal angle refer-
ence tables or d-θ look-up tables for that particular min-
eral. As shown in Table 2, a comprehensive suite of d-θ 
tables for the amphiboles and talc listed in Table 1 can 
be generated using the algorithms described below.

1) The algorithms of d-θ table generation (14, 1).
The calculations of all three parameters, d, θ, and the  

angle between the zone axis or the electron beam to  
[0 0 1] or c-axis, can be accomplished by using the second- 
order Metric Tensor [MT] from the direct lattice param-
eters a, b, c, α, β, γ, and its inverse [MT]–1 or [MT]* from 
the reciprocal lattice parameters a*, b*, c*, α*, β*, γ*.

and

where 	 Vol = (det[MT])1/2

	 a* = bcsinα /Vol
	 b* = acsinβ /Vol
	 c* = absinγ /Vol
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	 cosα* = (cosβ cosγ – cosα) /(sinβ sinγ)
	 cosβ* = (cosα cosγ – cosβ)/(sinα sinγ)
	 cosγ* = (cosα cosβ – cosγ)/(sinα sinβ)

The d-spacing d of a crystallographic plane (h k l) 
is calculated by

1/d2 = [h k l] [MT]* [h k l]t.		  Equation 1

The angle between two crystallographic planes  
(h1 k1 l1) and (h2 k2 l2) is calculated by 

angle = cos–1 ([h1 k1 l1] [MT]* [h2 k2 l2]t/|h1 k1 l1|  
|h2 k2 l2|),				    Equation 2

where [h1 k1 l1], [h2 k2 l2] = the numerical values of Miller  
indices for the two planes, and |h1 k1 l1|, |h2 k2 l2| = 
the magnitude of each plane perpendicular. The mag-
nitude of the plane’s perpendicular is calculated by  
|h k l|2 = [h k l] [MT]* [h k l]t.

The angle between two crystallographic axes  

[u1 v1 w1] and [u2 v2 w2] is calculated by

angle = cos–1 ([u1 v1 w1] [MT] [u2 v2 w2]t/|u1 v1 w1| 
|u2 v2 w2|), 			   Equation 3

where [u1 v1 w1], [u2 v2 w2] = the numerical val-
ues of zone axes for the two axes, and |u1 v1 w1|,  
|u2 v2 w2| = the magnitude of each axis. The magnitude 
of the axes is calculated by |u v w|2 = [u v w] [MT]  
[u v w]t.

All d-θ look-up tables in this paper were gener-
ated by Equations 1, 2, and 3.

The direct and reciprocal lattice cell parameters as 
well as the corresponding Metric Tensor [MT] and its 
inverse [MT]* of the nine minerals are summarized in 
Table 2. 

2) The d-spacings of possible (hk0) of the nine 
minerals. 

All asbestiform amphiboles elongate along c-axis, 
which is in most majority cases at a small angle to the 
specimen membrane’s surface in TEM analysis. There-
fore, there is always a (hk0) reciprocal diffraction spot 
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row that represents a group of direct lattice planes, 
which are parallel to c-axis regardless of the zone-axis 
orientation. The possible (hk0)s are summarized in 
Table 3, which were generated by Equation 1 with cut-
off values set at 2 Å for amphibole and 1 Å for talc. All 
d-θ look-up tables are organized according to (hk0).

3) An example of d-θ look-up table (Table 4).
4) The structure of d-θ look-up tables (Table 5).

HOW TO USE THE d-θ LOOK-UP TABLE

The stepwise procedure of using the d-θ look-up 
table for indexing and interpreting a zone-axis SAED 
pattern can be illustrated by the following example 
(15) in Figure 1.

1) Establish the mineral’s identity: The mineral was 
identified to be riebeckite (crocidolite) by TEM imag-
ing and EDS analysis.

2) Measure two d-spacings: Measure the d-spacings 
of two intersecting diffraction spot rows, i.e., images 
of direct lattice planes:

• preferably, but not necessarily, two shortest  
d-spacings, e.g., the two lines in Figure 1;

• at this point we don’t know which is the (hk0) 
row except in the case that the fiber orientation relative 
to the pattern is known, and therefore the diffraction 
spot row parallel to the fiber elongation, i.e., c-axis, is 
the (hk0) row. Nor can we assume that the diffraction 
spot row with smaller geometric spacing or greater  
d-spacing must be the (hk0) row because that is not al-
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ways the case. For example, as shown in Figure 2, the 
[0 1 0] zone axis pattern formed by (2 0 0) and (0 0 1) 
has a (hk0) with smaller d-spacing than that of (hkl);

• with a 0.5 mm-division fine ruler and read the 
distance between two adjacent spots to the first deci-
mal place in millimeters, spanning to as many as pos-
sible spots across the pattern to improve accuracy;

• the 6.60 mm and 3.81 mm distances were 
converted through the diffraction camera constant  
31.94 mm∙Å into d-spacings of 31.94/6.60 = 4.89 Å and 
31.94/3.81 = 8.38 Å, respectively;

3) Measure the interplanar angle: Measure the an-
gle between the two measured intersecting diffraction 
spot rows, i.e., two intersecting direct lattice planes:  
θ = 82.5°.

4) Search Table 2 for possible (hk0)s: 

• look up in riebeckite row;
• find the d-spacings close to the observed (hk0) 

values 4.89 Å and 8.38 Å, i.e., (2 0 0) – 4.75 Å and (1 1 0) 
8.40 Å, respectively;

• calculate the R values for (2 0 0) R = 4.89/8.38 
= 0.58 and for (1 1 0) R = 8.38/4.89 = 1.73. Remember 
that the d-spacing is inversely proportional to the geo-
metrical distance between diffraction spots, i.e., the 
reciprocal lattice points.

5) Search the first (hk0) table: Compare the ob-
served d(hk0)-d(hkl)-R-θ combination (4.89-8.38-0.58-
82.5) against the first possibility riebeckite (2 0 0) d-θ 
look-up table (Figure 2). Obviously, no match could 
be found. For (2 0 0), the greatest d(hkl) is only 5.186, 
far less than the observed 8.38. There is no match ei-
ther for R-θ in the whole (2 0 0) table.
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6) Search the second (hk0) table: Compare the ob-
served d(hk0)-d(hkl)-R-θ combination (8.38-4.89-1.73- 
82.5) against the second possibility riebeckite (1 1 
0) look-up table (Figure 3). An exclusive match for  
d-spacing is found to be (hk0) = (1 1 0) –8.40 Å and 
(hkl) = (–1 1 1) – 4.89 Å, whereas both R and θ are also 
very close. Therefore, the zone axis of this pattern is 
[1 –1 2]. 

7) Confirm the mineral’s identity: The identity of 
riebeckite is now confirmed by the conformance of the 
analyzed zone-axis SAED pattern to riebeckite’s crys-
tal structure.

WHAT IF THE DIFFRACTION CAMERA  
CONSTANT IS NOT AVAILABLE?

Sometimes, the diffraction camera constant associ-
ated with a zone-axis SAED pattern may be missing or 
the orientation of the fiber may also be missing. In this 
case, it is still possible to index and solve the pattern 
by only θ and R data (15). Figure 4 is a well-oriented 
zone-axis SAED pattern of grunerite (amosite) as iden-
tified by its TEM image and EDS spectrum, published 
by Japan Electron Optics Laboratory (16) without the 
information of the associated diffraction camera con-
stant and the identification of its zone axis. 

The pattern was enlarged on a computer screen, 
and two diffraction spot rows were selected and mea-
sured as red = 5.8 mm and blue = 10.2 mm (Figure 5). 
The angle θ between them was measured to be 90.0°. 
Not knowing which one is (hk0), the entire 12 d-θ 
look-up tables of grunerite in Table 2 were searched by 

two possibilities: R = 5.8/10.2 = 0.57 and R = 10.2/5.8 = 
1.76. While the first R-θ combination (0.57–90.0) yield-
ed no match at all, the second combination (1.76–90.0) 
produced a unique match: (hk0) = (0 2 0) – 9.197 Å,  
(hkl) = (0 0 1) – 5.224 Å, R = 1.76, and θ = 90.0° in the 
grunerite (0 2 0) d-θ look-up table (Figure 6), and 
the corresponding zone axis is therefore indexed as  
[1 0 0], which indicates that the pattern conforms to 
the grunerite crystal structure.

R-θ can be used to solve a zone-axis SAED pattern 
without the associated diffraction camera constant 
because R and θ are independent of the diffraction 
camera constant and much less susceptible than the 
absolute d(hk0) and d(hkl) values to the compositional 
differences between the tested specimen and the refer-
ence material used to generate the d-θ look-up tables 
(15). Therefore, even in the normal case that d-spacing 
data are available, a greater weight should be placed 
on R and θ values than the absolute d-spacing values 
in the search of d-θ look-up tables.

THE CALCULATION OF ZONE AXIS AND  
THE APPEARANCE OF NONCONFORMANCE 
TO WEISS ZONE LAW

After a positive match is found in the d-θ look-up 
tables, the corresponding zone axis is listed on the 
same line, which can also be calculated by hand as fol-
lows (Figure 7):

The mathematical relationship between the Mill-
er index of lattice plane (hk0) or (hkl) and that of the 
corresponding zone axis, which is the intersection of 
(hk0) and (hkl), is governed by Weiss zone law (17): 

u × h + v × k + w × l = 0.

For example, the riebeckite in Figure 3: 

(1 × 1 + –1 × 1 + 2 × 0) = 0; (1 × –1 + –1 × 1 + 2 × 1) = 0.

However, sometimes it is possible that a zone ax-
is’s Miller index will not conform to the Weiss zone 
law. For example, a tremolite’s pattern is indexed as 
(hk0) = (2 0 0) and (hkl) = (1 1 1), whose corresponding 
zone axis is then calculated to be u = (0 × 1 – 0 × 1) = 
0; v = (0 × 1 – 2 × 1) = –2; w = (2 × 1 – 0 × 1) = 2. There-
fore, [u v w] should be [0 –2 2] or [0 –1 1]. One may 
find that the zone axis is actually written as [0 1 1],  
which does not follow the Weiss zone law because  
(0 × 1 + 1 × 1 + 1 × 1) ≠ 0. This is not a nonconformance 
of Weiss zone law because tremolite is monoclinic and 
has a symmetric plane (0 1 0). Because it is impossible 

Figure 1. The [1 –1 2] zone-axis SAED pattern of the riebeckite from the 
collection of NIST Standard Reference Material, 1866 (15).
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to distinguish the crystallographic axis bs positive end 
from its negative end, [0 –1 1] is equal to [0 1 1]. 

Based on the crystal’s symmetry, the zone-axis 
equivalency rules are summarized in Table 6. For 
monoclinic amphibole asbestos, i.e., grunerite, rie-
beckite, tremolite, and actinolite, (0 1 0) is a symmetric 
plane. One can change the sign of v, whose direction 
is perpendicular to (0 1 0), in any u/v/w combination 
without changing the zone axis’s actual orientation in 
the crystal. For orthorhombic amphibole asbestos, i.e., 
anthophyllite, there is a symmetric center. One can 
change every negative sign in any u/v/w combination 
without changing the zone axis’s actual orientation 
in the crystal. Therefore, if a zone axis appears to not 
conform to Weiss zone law, check whether it is a true 
error or an equivalent zone axis due to symmetry.

EVALUATING THE POSITIVE MATCH BETWEEN 
THE OBSERVED AND REFERENCE d-θ VALUES

Although the above-mentioned, two randomly 
selected examples show a positive match more or less 
than 1% between the observed and reference d-θ-R 
values, it does not imply that the acceptable tolerance 

must be that strict. Then, what will be a reasonable 
and objective tolerance for evaluating the positive 
match between the observed and reference d-θ values? 

Let’s take a look at an extreme case: the d-θ varia-
tions as a result of isomorphic iron substitution from 
tremolite to actinolite (Table 7). When half of Mg2+ 
(radius 0.072 nm) in tremolite is replaced by the larger 
Fe2+ (radius 0.077 nm) to form actinolite, the crystal’s 
cell dimension is accordingly expanded, resulting in 
the increase of the length of crystallographic axes a, b, 
and c plus the change of the angle β between a and c. 
We know that the d-θ values are entirely determined 
by the cell dimension or six cell parameters, the ex-
pansion of the cell dimension will propagate to the 
variations of all d-spacings and θ. Even though it is a 
big jump in terms of compositional change from one 
end-member tremolite to the other end-member actin-
olite in this isomorphic series, none of the net changes 
of d-θ values is more than 1.09%. In the real world, the 
chemical composition change among the same species 
from different geological environments will likely be 
less than that of the tremolite-actinolite case, i.e., max-
imum change from one end member to the other in an 
isomorphic series. 

Figure 2. The partial (2 0 0) d-θ look up table of riebeckite.

Figure 3. The partial (1 1 0) d-θ look-up table of riebeckite.
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However, we must distinguish the two types of 
parameters: one that is independent of the diffraction 
camera constant, i.e., R = d(hk0)/d(hkl) and θ, and the other 
that is dependent on the accuracy of diffraction cam-
era constant, i.e., d(hk0) and d(hkl).

Based on Table 7 and many real-world examples, 
it can be concluded that a 2% tolerance will be a scien-
tifically objective criterium for evaluating the positive 
match between the observed and reference d-θ values 
for parameters independent of diffraction camera con-
stant, i.e., R = d(hk0)/d(hkl) and θ, whereas up to 5% toler-
ance maybe acceptable for absolute d-spacing values 
that are dependent on the measurement errors of dif-
fraction camera constant. 

COMPARISON WITH A HISTORICAL VERSION 
OF d-θ TABLES

The first set of five regulated amphibole asbestos 
tables was created yet never formally published by 
Dr. Robert J. Stevenson, McCrone Associates, in the 
1980s. Because its limited number of zone axes was 
insufficient to cover patterns encountered by asbestos 
analysts in their daily work, this author created a new 
set of d-θ tables for the five regulated amphibole as-
bestos minerals with much wider ranges of zone axis 

in 1993 and later two Libby (Montana) amphiboles in 
2001, which were also never formally published but 
have been widely used by the asbestos analysis com-
munity ever since. During the author’s career of as-
sessing hundreds of National Voluntary Laboratory 
Accreditation Program’s (NVLAP) TEM laboratories 
over the past three decades in the U.S., Canada, and 
Asia, many unsolvable zone-axis SAED patterns were 
encountered. Obviously, the 1993/2001 tables are not 
comprehensive enough to solve some SAED patterns 
seen by asbestos analysts in their routine work be-
cause not all possible (hk0) and (hkl) were covered in 
those tables. 

As shown in Table 8, this new set of tables is much 
more comprehensive (more than 800 pages and 36,000 
zone axes) and, in theory, covers all possible (hk0) and 
(hkl) planes, containing thousands of zone axes for 
each of the nine minerals. For the first time, this pub-
lication marks the creation of talc and cummingtonite 
tables, which were previously unavailable. 

SUMMARY

1) The practical and effective way to solve am-
phibole zone-axis SAED patterns in TEM asbestos 
analysis is to first establish the identity of mineral fi-
ber by morphological and chemical information and 
then compare the measured d-θ data against the corre-
sponding pre-calculated d-θ look-up tables organized 
by d(hk0) values.

2) When comparing, give priority to θ and R, 
which are independent of the measurement errors of 

Figure 4. The JEOL grunerite (16).

Figure 5. The indexed grunerite SAED pattern in Figure 4.
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diffraction camera constant and less susceptible to the 
compositional difference between the tested specimen 
and the reference material.

3) It is possible to solve a zone-axis SAED pattern 
without the knowledge of the associated diffraction 
camera constant by using R-θ.

4) When the Miller index of a zone axis doesn’t 
conform to Weiss zone law, it may still be correct be-
cause of the equivalency rules governed by the crys-
tal’s symmetry.

5) Pre-calculated d-θ look-up tables can be readily 
generated by algorithms based on the Metric Tensor 
[MT] and its inverse [MT]*.

6) The objective and practical tolerances for eval-
uating the positive match between the observed and 
reference d-θ values are 2% for parameters indepen-

dent of diffraction camera constant, i.e., d(hk0)/d(hkl) and 
θ, and 5% for parameters dependent on diffraction 
camera constant, i.e., d(hk0) and d(hkl).

7) This publication presents not only the hitherto 
most comprehensive set of d-θ tables for amphiboles 
(29,000-plus zone axes) but also the first set of talc 
(3,000-plus zone axes) and cummingtonite (3,000-plus 
zone axes) tables ever created. 

8) Not only this methodology is applicable to the 
traditional airborne asbestos analysis, it is equally ap-
plicable to all asbestos analysis by TEM, such as asbes-
tos in water, dust, bulk, human tissue, etc.
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