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Abstract: The undesired distribution of irregular surface astigmatism (SA) on the freeform
surface has been the major concern of progressive addition lens (PAL) design. Herein, we
proposed a segmented freeform surface (SFS) construction method, which relies on the lines of
curvature to rule the surface segmentation and then eliminates the difference between principal
curvatures to correct the SA. Based on ray tracing and numerical simulation results, the SFS-PAL
design has superior performance in image quality within a dynamic field of view over the
conventional freeform PAL. To verify the feasibility and the real performance of the new design,
we used the diamond turning method with a fast tool servo to realize the rapid prototyping, and
then used injection molding for the mass production of the high-quality SFS-PALs.

© 2022 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Progressive addition lenses (PAL) are multifocal ophthalmic lenses and are widely accepted
among consumers to remedy presbyopia [1]. The functional areas of PAL include a distance zone
for distance vision, a near zone with addition power for near vision, and an intermediate corridor
providing a variable focus. The functional areas are flanked to either side by blending zones
with gradient curvatures which induce irregular surface astigmatism (SA) or unwanted cylinder
oriented at an oblique axis, leading to the blurred image and geometrical distortion which are the
primary drawback of PAL and the major concern of lens designers for decades.

Either side or both sides of PAL can be multifocally functionalized. Several design methods
including the direct analytical method [2,3] and the indirect numerical method [4—6] have been
proposed for the freeform surface construction to provide the desired surface power distribution
in the functional areas. However, as a trade-off, the undesired SA with a magnitude close to the
addition power remains in the blending zones, a fact first pointed out by Minkwitz [7]. This
limitation imposes on PAL design a functional minimization problem combined with optimal
weight functions for the target surface power (or mean curvature) and SA [8,9].

For SA-free correction, an unexplored option is using segmented freeform surface (SFS)
in the blending zones. This option will challenge the lens design from at least three aspects.
First, the desired distribution of spherical addition power should be best unchanged after surface
segmentation. Second, SA should be suppressed or eliminated in the blending zone without
inducing additional imaging defect that is visually intolerable. Third, the proposed SFS should
be best compatible with the existing high-precision surface processing technology. In this work,
we will address all the issues and explore the approach to the fabrication of high-performance
SFS-PALs.
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2. Design concept

The conventional PAL design uses a smooth freeform surface described as a function z = Z(x, y)
with its continuous derivatives everywhere. Zernike basis functions expressed in terms of powers
of x and y can be used to represent the surfaces [10], so the first-order and second-order derivatives
can be algebraically calculated. At each point on the surface, the orthogonal principal curvatures
k1 and k3 [11], representing the maximum and the minimum plane curvatures respectively in the

normal planes, are given by
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where, H and K are mean curvature and Gaussian curvature, respectively. The directions of
normal planes containing principal curvatures are determined by

M — K;F
; = arctan | — K , 1=1,2 3)
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The principal curvatures contribute to the surface spherical powers called high power P (x, y)
and low power P>(x, y), respectively, and measured in diopters as

Pi(x7y) = (I’l - 1)Ki(x’y) > i= 17 2 (4)

where n is the refractive index of lens material. The difference between high power and low
power is defined as SA

SA(x’y) = |P1(-x’y) - PZ(x’y)l (5)

Here, a conventional freeform PAL was first designed for myopia of —1.50 diopters suffering
from presbyopia. The lens was composed of a front base curve of 4.00 diopters and a back
prescription curve of —5.50 diopters with the required addition power. The refractive index
of 1.60 and lens central thickness of 3.5 mm are used in all the designs. The far reference
point at which PAL provides distance vision prescription is located 8 mm above the geometrical
center. The near reference point providing a near vision prescription is located 11 mm below the
geometrical center and 2 mm displaced toward the nasal side.

2.1. Axial orientation of SA

The variational-difference numerical method [8] combined with the weight functions and the
target distribution of surface power suggested in Ref. [9] was utilized to solve the posterior
freeform surfaces of the conventional PALs as shown in Fig. 1. The distributions of spherical
power and SA were calculated based on the surface geometry by using Eq. (1)-(5). The arrows
displayed with SA represent the axial orientation of SA (AOSA), and also indicate the direction
of the normal plane of high power.

In the blending zone occupied by the high-level SA, the AOSA features a pattern of gradual tilt
toward the central area of the lens. By setting a starting point at the circular aperture of 50 mm in
diameter and following the local direction of AOSA to find the next sampling point at a constant
spacing of 0.02 mm, a curved trajectory recording the variation of AOSA can be obtained.
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Fig. 1. Power maps and sag profiles of the posterior freeform surfaces of conventional
PALs design. The arrows displayed in SA maps represent the AOSA. The lines of curvature
for SP = 3.5 mm are depicted in the sag profiles. (a)-(c) Addition power of 1.50 D; (d)-(f)
addition power of 2.00 D; (g)-(i) addition power of 2.50 D.

In differential geometry, a standard expression of the trajectories of AOSA is the line of
curvature which is a curve embedded in the surface tangent to a principal direction. Hereinafter,
we refer to the trajectories of AOSA as the line of curvature.

Figure 1 shows the lines of curvature attached to the sag profiles. All the lines of curvature
were calculated within the area of SA higher than 0.75 diopters to avoid any umbilical line or
points at which the solutions will become indeterminate [12]. These umbilical points are already
known in PAL design and are normally distributed along the principle line that connects the far
reference point and the near reference point.

The lines of curvature will be used to define the central lines of segmented surfaces discussed
in the next section. The lines of curvature can hardly intersect each other as long as the starting
points are lateral displaced. The distance between two adjacent lines of curvature can be a
measure of segment pitch (SP) which is not a constant, so an average value is used for the
approximate expression of SP in the following discussion. The higher the required addition
power in design, the more area will be occupied by blending zones with an increased level of SA,
which results in more lines of curvature as well as segmented surfaces to be constructed.
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2.2. Segmentation and reconfiguration of freeform surface

The original surface in the blending zones was divided up into several segments by considering
the line of curvature as the central line of each segmented part, so that the SA can be treated
independently for each segment. A straightforward method is to force the two principal curvatures
to be equal for SA-free correction according to Eq. (5). This method has been illustrated in
Fig. 2(a). A point P on the freeform surface is chosen at a line of curvature. At this point, the
surface has a normal direction N. The normal plane is orthogonal to the lines of curvature, thus
cutting the surface to give the original plane curve SS’ possessing the curvature of «, and the
curvature center of Cs. The plane curve SS’ is going to be replaced by a new curve TT’ which is
tangent at point P with curve SS’ in the normal plane. To correct the local SA, the new curve TT’
should have the same curvature as «; and the curvature center of Ct. In this way, the SA in the
surrounding area close to point P can be suppressed.
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Fig. 2. Construction of the segmented freeform surface. (a) At point P on the original
freeform surface, a new plane curve TT’ with the curvature of | is generated to replace
the original plane curve SS’ of curvature «; in the normal plane. The normal plane has the
normal direction N and is orthogonal to the line of curvature; (b) a segmented freeform
surface was constructed with SP = 3.5 mm for SA correction. The line of curvature starting
at point (—11, —25) was used as the central line; (c) sag profiles of plane curves as well as
the sag difference in the case of point P chosen in Fig. 2(b).

The difference between plane curve SS’ and TT’ in the z-direction, referred to as the sag
difference, can be calculated as follows. Supposing the curvature center Cg is located on the
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coordinate origin, we can have

. YpK2 XpK2
COS ¢ = Zpky, Sin@ = —=, COS @ = —
sin sin ¢

(6)

where, ¢ is the angle of normal direction concerning the z-coordinate. The coordinate of the
curvature center Ct can be represented by

— i 1_1

xr = —singcosa | -
— i i 1_1

yr=-singsine |- -~ @)
—_cosp|Lt -1

T = Pla "

where, « is the azimuthal angle. For any point with coordinates (x;, y;) in the normal plane, the
sag difference between plane curves SS’ and TT’ can be estimated as

1
7|5 X -vi? ®)
K2

1
Az(x;, yi) = I\/m = (= x1) = i —yr)* + 21

So, the sag profile of the new plane curve TT* within the segment can be obtained by adding
the calculated sag difference to the original plane curve SS’. This operation is repeated for each
point along the lines of curvature. Finally, the collection of the newly constructed plane curves
constitutes the desired segmented surface as shown in Fig. 2(b). The scale of sag difference is a
few microns largely determined by the value of SP and the SA to be corrected.

Following the same approach to the sag profile optimization in each segment, the whole profile
of the calculated sag difference within the blending zone was obtained and shown in Fig. 3(a).
To avoid any abrupt change in the geometric topography, a smooth transition was applied to the
junction region between adjacent segments, so that the following surface finishing process such
as high-precision diamond machining [13,14] can be performed.
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Fig. 3. Profile of sag difference Az(x;, y;) obtained (a) before smooth transition operation
and (b) after smooth transition operation for SFS-PAL design with addition power of 2.00 D
and SP=3.5 mm. The calculated sag difference outside of the region where SA is lower
than 1.00 D is out of consideration.

To perform the smooth transition, only the calculated sag difference with an absolute magnitude
less than 2.5 pum in Fig. 3(a) was preserved, leading to the gaps between adjacent segments. Then
a built-in fillmissing function in MATLAB (R2018a, MathWorks) was utilized to fill these gaps
using spline interpolation, so that the adjacent segments can be joined smoothly with continuous
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boundary transition to give the final result as shown in Fig. 3(b). At last, the combination of the
original freeform surface Z(x, y) and the smoothed calculated sag difference Az(x;, y;) gave rise
to the configuration of SFS Zg(x, y).

Zernike polynomials are not suitable to represent the SFS anymore, so the method of point cloud
data with a high-density sampling of surface topography is employed. The partial derivatives
of SFS in two dimensions were estimated by using a numerical gradient algorithm such as
the built-in gradient function in MATLAB. The sampling point spacing was 0.05 mm in a
Cartesian mesh for the high accuracy of numerical calculation. The same Cartesian mesh has
been employed for the calculation of power profiles and sag profiles from Fig. 1 to Fig. 3. Surface
powers of SFS were calculated by using Eq. (1)-(5) and shown in Fig. 4. By comparing to
Fig. 1, the high-power distributions almost remain unchanged after the generation of SFS, while
the low-power distributions of SFS in the blending zones become similar to the high-power
distributions, therefore realizing the correction of SA. The only defect is the remaining high-level
SA in the junction regions between adjacent segmented parts which is mainly caused by surface
smoothing operation.
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Fig. 4. Calculated power maps of SFS-PAL with SP =3.5 mm and (a)-(c) addition power of
1.50 D; (d)-(f) addition power of 2.00 D; (g)-(i) addition power of 2.50 D.

3. Simulation and discussion

The image performance was simulated in a lens-eye system [15,16] composed of PAL, aperture
stop, and the rotation center of the eyeball. There is an object point with a definite location in
the lens-eye system for each gaze direction within the dynamic field of view which is defined as
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the volume formed by the conjugate points of fovea for all possible gaze directions, so the ray
tracing from the object point to the image space of PAL can give the emergent wavefront for
image quality evaluation.

3.1.  Reverse ray tracing for the determination of object point

In the lens-eye system, the origin of coordinates is set at the vertex of the anterior lens surface
whose radius curvature is 150 mm. The posterior lens surface can be a conventional freeform
surface or the SFS described in Section 2. For each gaze direction, the light path of the chief
ray in the image space of PAL can be easily determined by drawing the line from the rotation
center of the eye to the point of interest on the posterior lens surface. Then, reverse ray tracing in
three dimensions is performed for the chief ray from the posterior lens surface back to the object
space of PAL. The object distance is quantified by the reciprocal of the working addition power
taking effect at the intersection between the chief ray and SFS. The combination of the object
distance and the direction of the chief ray in object space gives the coordinate of the object point.
In Fig. 5, there are 18 gaze directions were chosen for simulation. The positions of chief rays on
SFS marked as red stars in Fig. 5(a) are evenly arranged with a horizontal spacing of 6 mm and a
vertical spacing of 8 mm within the blending zones.

30 (a)

y (mm)

511 i
a0 =
15
-20 -

-25 l—
Fig. 5. Three-dimensional ray tracing of PAL. (a) Selected positions of chief rays on the
posterior lens surface for the determination of gaze directions; (b) light path of the chief
rays traced from the rotation center of eyeball back to object space; (c) high-density ray
tracing from object point to image space within the working aperture of 8 mm for each gaze
direction.

3.2. Emergent wavefront of PAL for image quality evaluation

For each gaze direction, a large number of rays were traced from the object point through the lens
and terminate at the vertex sphere defined by a radius curvature of 24 mm. The center of the
vertex sphere coincides with the rotation center of the eyeball. The rays filled in an aperture of 8
mm in diameter to cover the general size of the eye pupil.
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An iteration algorithm was utilized for the ray tracing of the posterior lens surface to determine
the incident points on the surface with high accuracy. First, the intersection Sq of the incident ray
with the original freeform surface Z(x, y) was calculated. The point S; with the same x and y
coordinates as Sp was estimated by interpolation of the point cloud data of SFS. Then a tangent
plane through S; was constructed to find the intersection S, with the ray, which was generally
closer to the SFS than the point Sg. The derivatives of the surface, required for the tangent
plane construction, were calculated by the same numerical gradient algorithm for the power map
simulation in Fig. 4. This step was repeated until the intersection found on the ray was close
enough to the SFS. For practical purposes, the iterative process is terminated when the change in
point coordinates between successive approximations is less than 1.0 x 1071 mm.

The optical path length was calculated for each ray and compared to that of the chief ray
to give the emergent wavefront at the vertex sphere as shown in Fig. 6 where the results of
simulations are arranged in a rectangular array pattern according to the chief ray locations defined
in Fig. 5(a). Both the SFS-PAL and the conventional freeform PAL are employed in lens-eye
system simulations for comparison.
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Fig. 6. Image quality evaluation based on the calculated emergent wavefront for PAL design
with addition power of 2.00 D. (a) Emergent wavefront, (b) PSF, and (c) image of an extended
object simulated for conventional PAL; (d) emergent wavefront, (e) PSF, and (f) image of an
extended object simulated for SFS-PAL with SP of 3.5 mm.

The point spread functions (PSFs) shown in Fig. 6, representing the simulation of Fresnel
diffraction pattern, were obtained by Fourier transform of the generalized pupil function containing
the calculated emergent wavefront within a pupil aperture of 6 mm in diameter. The observation
plane was set at the focus of equivalent spheric power of the emergent wavefront. In the case
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of conventional PAL design, the wavefront aberrations especially dominant astigmatism force
the intensity distributions of PSFs to be expanded in particular directions, leading to the blurred
images of an extended object as shown in Fig. 6(c) which were generated by convolving the PSF
with the extended object.

In contrast, SFS-PAL provides segmented emergent wavefronts as long as the SP is smaller than
the eye pupil, so the Fresnel diffraction pattern features a series of bright spots with non-uniform
intensity distribution. As a consequence, multiple images can be observed simultaneously as
shown in Fig. 6(f), while only one dominant image with a quality much better than that of
conventional PAL can be expected for each gaze direction. One of the segmented parts of the
emergent wavefront, which occupies the largest area of the pupil aperture, contributes to the
dominant image. Furthermore, SFS-PALs have superior performance in modulation transfer
function as shown in Fig. 7.
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Fig. 7. Calculated MTF of PALs for 6 different gaze directions featured by chief ray
positions defined in Fig. 5. (a) conventional PAL; (b) SFS-PAL with SP of 3.5 mm.

3.3. Consideration of segment pitch

Except the dominant image provided by SFS-PAL when gazing through the blending zone, the
rest accompanying images behaving like ghost images [17], as shown in Fig. 8, may impair
the contrast perceived especially when a small SP is employed. It is suggested to use a large
SP comparable to the regular pupil diameter so that MTF and image quality can be improved.
However, the shortcoming of a larger SP is that it brings visible changes in geometrical topography
between adjacent segments, therefore requiring robust dynamic response capacity with high
accuracy in the following surface processing.

3.4. Wavering phenomenon of the dominant image

Within the dynamic field of view, the line-of-sight is controlled by eye rotation to go through any
point on SFS. During the scanning of line-of-sight, the intensity distribution of PSF featured by
the aligned bright spots varies continuously as the change of the working area of SFS determined
by the chief ray. As shown in Fig. 9, when the scanning of line-of-sight was performed in the x
direction by a lateral step of 0.5 mm for the chief ray position on SFS, the dominant image and the
background ghost image switched their positions regularly, leading to the wavering phenomenon
of image.

In practice, in the case of a dynamic field of view without head rotation, the eye is tracking an
unfixed or dynamic target. The wavering phenomenon may be unnoticeable or tolerable as the
change or the movement of the target itself. The wavering phenomenon will be most noticeable
only in the case of tracking a fixed static target during the head rotation and eye rotation, which is
not a common case for PAL wearers.
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Fig. 8. Impact of SP on the performance of SFS-PAL with addition power of 2.00 D.
(a) PSF and image of an extended object simulated for gaze direction determined by chief
ray position at (5, -4) (left column) and (11, -4) (right column) on the posterior lens surface;
(b) calculated MTF for the two gaze directions.
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Fig. 9. PSFs and simulated images of SFS-PAL designed with an addition power of 2.00 D
and SP =3.5 mm as the line-of-sight scans in the x direction. The coordinates indicate the
chief ray positions on the SFS.

4. Manufacture and measurement

As a proof-of-concept, the SFS-PALs were fabricated by using diamond turning based on a
self-developed computer-numerically controlled (CNC) freeform generator [18] with up to 3 axes
of positioning capability (2 linear and 1 angular). As a deterministic fabrication method, diamond
turning directly reproduces the programmed geometric tool paths, which makes it suitable for the
fast prototyping of PALs.

We have developed proprietary software using MATLAB programming to transfer the 3D
point cloud of SFS with high-frequency freeform features into a standard format of CNC data
for surface machining. The SFS Zg(x, y), represented by a point cloud with a regular grid pitch
of 0.05 mm as introduced in Section 2, is interpolated over a new polar mesh grid within an
aperture of 60 mm in diameter. The grid point elements are equally spaced along the radial
direction with an incremental size of 10 um and are circumferentially spaced with a fixed angular
increment of 0.15°. Therefore, the whole surface is well described with up to 7.2 x 10° supporting
points utilized for tool path construction. Any control node in the tool path is calculated by
linear interpolation with four adjacent supporting points. The tool path calculation costs the
computation time of 2 minutes based on a desktop computer equipped with an Intel i7 processor
of 1.8 GHz clock frequency.

The freeform generator used a polycrystalline diamond tool for rough cutting with a depth of
0.3 mm and a natural diamond tool for the surface finishing with a cutting depth of 0.1 mm to
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fabricate SFS on the back side of a lens blank made of CR-39. The two-tool configuration is
mounted on a fast tool servo (FTS) unit which provides the required stroke of 0.5 mm for lens
surfacing. Limited by the working bandwidth and the tracking error of tool motion, the FTS
operated under a constant spindle speed of 80 rpm and a feed rate of 0.8 mm/min.

The polishing process, required for the fabrication of conventional PALs, will remove not
only the tool marks but also the intended micro-structure, so it is harmful to the topography
maintenance of SFS and should be skipped. Therefore, after surface finishing, the unpolished
SFS-PALs were directly subject to hard coating to reduce the surface scattering caused by tool
marks and to improve the lens transparency for the following power measurement.

A lens inspection system (Rotlex, Contest Plus) operating on the Moiré deflectometer, was
used to measure the power profiles of SFS-PALs within a sub-aperture of 8 mm in diameter.
The measured multiple sub-apertures were arranged in a hexapolar pattern, as shown in Fig. 10,
and combined for power map demonstration. During the measurement, a three-axis linear
translation stage was used to support the precision motion of the lens mount and the positioning
of sub-apertures. Due to the limited physical space provided by the inspection system for
the translation of the lens mount, only the lower half part of the lens, including the region of
segmented surfaces, can be covered in measurement.

In the experiment, four SFS-PALs with different SPs were fabricated. The measured addition
power at the near reference point is very close to 2.00 D in all the cases. The SA has been
suppressed obviously in the blending zones especially for SFS design with larger SP, except
the residual SA distributed in the junction regions of segments due to the surface smoothing
operation as predicted in Fig. 4. The hard layers which were not conformally coated may partly
contribute to the residual SA. It should be noted that the defect caused by tool marks left on the
SESs, even covered by the hard coating, are still visible and disturb the measured results of power
profiles. The inertia and the limited bandwidth of FTS may also account for the deviation of the
measurement from the theoretical design.

To improve the form accuracy and eliminate the defect caused by tool marks, injection molding
as a formative manufacturing process was used for the mass production of SFS-PALs. The mold
insert with high-quality surface finishing within a clear aperture of 75 mm, as shown in Fig. 11(a),
was straightforwardly generated using ultra-precision diamond turning machining. The material
used for the lens was polycarbonate. The process conditions including molten temperature, mold
temperature, injection pressure, and cooling time were optimized during the preliminary runs on
an electric injection molding machine (FANUC ROBOSHOT Models, a-S150iA). The surface
segmentations, which are almost invisible on the appearance of the lens produced by injection
molding, can generate a unique intensity distribution on the background, as shown in Fig. 11(b),
under the illumination of a point source. The measured power profile shows consistency with the
simulation results.
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Fig. 10. Measured power profiles of the unpolished and hard layer coated SFS-PALSs using
sub-aperture stitching method. The size of the sub-aperture is 8 mm in diameter. ADD
profile was obtained by subtracting the spheric component of prescription from the measured
high-power map. (a)~(c) SP=2.5 mm; (d)~(f) SP =3.5 mm; (g)~(i) SP=4.5 mm; (j)~(1)
SP =6.0 mm.
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Fig. 11. Injection molding of SFS-PALs designed with addition power of 2.00 D and
SP=3.5 mm. (a) Mold insert fabricated by single-point diamond turning; (b) molded
SFS-PALs; the measured distribution of (c) addition power and (d) SA.

5. Conclusion

The design, simulation, and fabrication of SFS-PALs were addressed in this paper. The lines of
curvature, as a new property of conventional PAL, were utilized to guide the segmentation process
of freeform surfaces in the blending zones. The surface segmentation offers the opportunity for
the re-optimization of the sag profile within each segment to correct the SA without altering the
distribution of progressive addition power. The simulations of the lens-eye system demonstrated
the superior performance of SFS-PAL in imaging quality over the conventional PAL except for
the wavering phenomenon of the dominant image.

The SFS-PALs were manufactured by direct diamond turning based on a self-developed
hardware platform. The freeform generator enables fast prototyping however with limited
forming accuracy and a major issue of tool marks. Sub-aperture measurement and stitching
method of power profiles were utilized to verify the feasibility of the manufacturing process. As
a promising solution to high-volume manufacturing, injection molding was proposed to produce
high-quality SFS-PALs with the help of ultra-precision mold fabrication.
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