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QL. (a) WM AT % Ff mn F1 7 W @g G R, F& m 3N n, (m > n) FHH
&I & | 95T fof G &1 Sife m 1 31fies-3-31fire T ITEE 2 |

Let G be a finite group of order mn, where m and n are prime numbers

with m > n. Show that G has at most one subgroup of order m. 10

(b) TS Toh U e THE 1 IS THERN Sidfors sTaeh 2, ARRT 3qe
faudia oTravTs w9 3 o & 2 |

Show that every homomorphic image of an abelian group is abelian, but

~ the converse is not necessarily true. 15
vt



(a)

quifehl & ao1d Z W FgIe 99 Z[x] F1 foam fifse | 7w fifse x gra sta

7[x] ) T A S 8 | 5 TF S, z[x] Y uw vy oremae & e
3fass TuSTTEE T R

Consider the polynomial ring Z[x] over the ring Z of integers. Let S be an
ideal of Z[x] generated by x. Show that S is prime(?ut not a maximal

ideg. of ZIx] 5

15
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1. (@) ¥F AT HR 10 F F T G- a0 FIe 6 1 T 99 G’ | v Hifsie f6 71 ¢ 4 G
W T ATeSTEh GHIHINGT 1 i Bl

Let G be a group of order 10 and G’ be a group of order 6. Examine whether
there exists a homomorphism of G onto G”. 10

(b) TUSTEA 4Z +62Z ! QU Wid Z § T J&A UNTac! & 9 § I hifg |
Express the ideal 4Z +6Z as a principal ideal in the integral domain Z. 10

2. (a) Tag Hife fs 2p FIR & & rwufafme wg, sEl p & fowm svsw @& 7, 9 p =R &
T IYEYR EHT 3EYEH ¢ |

Prove that a non-commutative group of order 2p, where p is an odd prime,
must have a subgroup of order p. 15



3. (o) @B x2 +1, Z4[x] §  srdsha agw 1 9w A <wiy B R e 23]

(x2 +1)

O 37994l F TH &7 2|

Prove that x2 +1 is an irreducible polynomial in Z 3[x]. Further show that
Z3[x]

(x2+1)

the quotient ring is a field of 9 elements. 15
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1. (@) =R % ATRs ¥ G={1, -1, i, —i}, 5@l i=,/(-1) &, ®FE G’'=({0, 1, 2, 3}, +4)

% IR 2
Show that the multiplicative group G={1, -1, i, —i}, where i=.(-1), is
isomorphic to the group G’ = ({0, 1, 2, 3}, +4). 10

(b) e HA % & wR G = A% wurt vfafer, G F et fasm g 3 geameid R)

Prove that every homomorphic image of a group G is isomorphic to some
quotient group of G. 15




4. (a) TH A f% R arafas gensti &1 & &3 § a9 S, 37 @t gl f(x) € R[], T o3
fO)=0=f(1) %, # &3 2| g FIA % S, R[x] o T et B =01 @9y o ao@
R[x] /S T QUIiehid Wd 87 Y4 IW I TE0 i |

Let R be a field of real numbers and S, the field of all those poly-
nomials f(x) € R[x] such that f(0) =0 = f(1). Prove that S is an ideal of R|[x].

Is the residue class ring R[x]/S an integral domain? Give justification for
your answer. 15
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1. (@) #H < & my, m,, -, m, "ATH® QUIfE & a0 d>0, my, m,, ---, my 6 HEwH
ATYE & | TUET foh T QU xp, Xy, -, X; S § & dIfh

d=x3my +XoMy + -+ + XMy

Let my, m,, ---, m;. be positive integers and d > 0 the greatest common divisor of
my, m,, -+, M. Show that there exist integers x;, x,, -, X, such that
d=Xx1my +XoMy + -+ + X} My 10

(c) IR TH%er f, =W [a, b] § THiAE B, a9 g FNT F f, [q, b] & ToH wwrehera B

If a function f is monotonic in the interval [a, b], then prove that f is Riemann
integrable in [a, D). 10



(b) WA AT i F &% &3 % 991 f(x) e Flx], 81 F % IR °91d >0 F1 T 95938 2| 35 %
T §F F/ 91 T AWM q: F — F’ 39 TR ¥ fcdcd 7 2 76 9§ 9 € F/[x] o1 T
qdA F/ R, 5@l f9, f % 9% o a h g(a) TR Nfoeniid S | 9 a1 2|
Let F be a field and f(x)e€ F[x] a polynomial of degree >0 over F. Show

that there is a field F’ and an imbedding q: F - F’ s.t. the polynomial
f% e F’[x] has a root in F’, where f9 is obtained by replacing each coefficient a

of f by q(a). 15

4. (a) <wisY f qfor GEnl % 999 Gg Q & uRfia ¥ & oFs Suae £

Show that there are infinitely many subgroups of the additive group Q of
rational numbers. 15



2020 - - DAUNL A AV A

1.(a)

‘/jb)

. R R

A ST 365, 7 2, g 3 SRl 1 ST i U9 wiedel 3 e T % TG ¢ |
“ﬁm%&wzﬁwmﬁm%m&mﬁmmﬁ@ TP
Let S; and Z3 be permutation group on 3 symbols and group of residue classes

m.odule 3 Iespectively. Show that there is no homomorphism of S3 in Z; except the
trivial homomorphism, | ' - 10

'WWRQ@WW%WWQ%R%W-WﬁmW,

E@W%WR/P,R%HWWR%%QWTWW%I



3.(a) L

- Let G be a finite cyclic group of order n. Then

R R
‘Let R be a finite field of characteristic p(>0). Show that the mapping f: R—

& (el | ¢ sfaer ¢-Fe R) |

prove that G has ¢(n) generators

(where ¢ is Euler’s ¢-function). - 15

WFﬁﬁrQRp(>0)3TﬁlﬂHUTEFTQ?ﬁWﬁﬁH %ﬂ%la&ﬁmﬁ:ﬂa)—ap VaeR TRT
aiefiya wfafseror f: RoR T FAR © |

15
defined by f(a) = a?, YaeR is an isomorphism.
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1(2) WM g i G o aRfa g @ Rk Haw K, G % S9-wg &, Y1 5 KcH |
QMY (G:K)=(G:H)H:K) |

Let G be a finite group, H and K subgroups of G such that KC H. Show that
(G:K)=(G: H)(H:K). 10

2.(2) R GIR 1 uRf wg ¥ Rrd Sfar aie: s €, @ Rg W5 G Haw
¥ TS B gHrERar s & it fh =9 ®© |

If G and H are finite groups whose orders are relatively prime, then prove that there
1is only one homomorphism from G to H, the trivial one. ' 10

2.(b) W Z,% an fawmr g fafe |
Write down all quotient groups of the group Z,,. 10



3.d) WY fF o, gfFIER a5 R 1 U @A age § a9 Rig i & R/(0) w85 ® |

Let a be an irreducible element of the Euclidean ring R, then prove that R/(a) is a
field. ' ' 10
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A i R T saud wfea s Qe v ® | gl fE R # @ i o

1.(a)

2.(a)

R A UF UE @ |

Let R be an integral domain with unit element. Show that any unit in R[x] is a unit

in K.

gutzy (R, +) Figgel z @ fmm aq, @f@m ae # v g w Ay e

& THIHE §F § qER B R | 78l W R, Tatas genEl &

<99 & a4l

Z quitehl &1 =aq © |

Show that the quotient group of (IR, +) modulo Z is isomorphic to the multiplicative
group of complex numbers on the unit circle in the complex plane. Here IR is the

set of real numbers and Z is the set of integers.

15

10



3.(a)

& (Zy3, 413 Xp3)y B U+, T x,, FAW AAT HWIZGA 13 F 0 HiSgar 13
frefa =1 €, ¥ o wE F o sfa e 1w fiftg |

Find all the proper subgroups of the multiplicative group of the field (£,,, +,, %,3),

where +; and x,, represent addition modulo 13 and multiplication modulo 13
respectively. 20
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(b) HM W fo G i n 1 T T 8 | GWRT f6 G F7=@ T8 S, & Th
UG o HEU B |

Let G be a group of order n. Show that G is isomorphic to a subgroup of
the permutation group S_. 10

(c0 WM T fF F & &F 8 3R F[X] &) sigug, St F H Tohal =X X | &, &I
Fo wifad &t 8 | f(X), gX) e FIX] 9d g(X) = 0 % forw, gwiise s W@
qX), r(X) e F(X) & feh TTT (r(X)) =T &M@ (g(X)) % =T1d ¥ BleT § 3R

fX) = ¢X) . gX) + rX).

Let F be a field and F[X] denote the ring of polynomials over F in a
single variable X. For f(X), g(X) € F[X] with g(X) # 0, show that there
exist q(X), r(X) e F[X] such that degree (r(X)) < degree (g(X)) and

fiX) = q(X) . g(X) + r(X). 20
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(a)

aH e K T & 8 991 K[X], K T T Tohed =X X U 95Ul <l 9 3 |
T sgie f e K[X] % {1 a1 i (f), £ gR1 SfHa K[X] # Torsieel s

i tar 8 | guisy & (f), K[X] ¥ T 3fas ormaet § afe ot Saw afe
f, K W @S 959 2 |

Let K be a field and K[X] be the ring of polynomials over K in a single
variable X. For a polynomial f € K[X], let (f) denote the ideal in K[X]

generated by f. Show that (f) is a maximal ideal in K[X] if and only if f is
an irreducible polynomial over K.

10



(b)

Q3.

AT TN p Th ANTST AT @ A1 Z qUITsh HIgTe! p o Aa wigg i Ffde
Al 8 | quIsy fh Z Wﬂ?ﬁ?ﬁ?@ﬂt&?ﬂaz ST ST LT B |

Let p be a prime number and zp denote the additive group of integers
modulo p. Show that every non-zero element of Zp generates Zp. 15

(a) HH ST K, & F 1 T faxr 2 | fag hifve fo K& sewe, S fs Fw
SIS §, KT SUST s & | 1M, Afe F c K c L 8% 8, L, KW et ®
aul K, F R ¥ 8, a9 fig Hife f L, F o o 2 |

Let K be an extension of a field F. Prove that the elements of K, which
are algebraic over F, form a subfield of K. Further, if F ¢ K c L are
fields, L is algebraic over K and K is algebraic over F, then prove that L

is algebraic over F. 20
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1. (@) () ¥R 8% T 948 G & o 5o T &7 TEA1 I

How many generators are there of the cyclic group G of order 8? Explain.

(i) M 4FTHEE {e, a, b, ¢} F T 7T, &l e vrwwe (IMRERR) R, FAA Afvml sRY
a7 Tuia g¢ % v =i ¢ wafs geh 7 B

Taking a group {e, a, b, ¢} of order 4, where e is the identity, construct
composition tables showing that one is cyclic while the other is not.
5+5=10

(b) TOF F T @1 e <o, Rraw awms R utg e & Itaea w1 Y a@me Rl

Give an example of a ring having identity but a subring of this having a
different identity. 10



2. (a) IR R & a=@ R, Fue aom® @9 1 R W R 3=@©® R’ (R onto R’) & &
T ¢ 8, 9 g S R &1 acaws® awd ¢(1) B

If R is a ring with unit element 1 and ¢ is a homomorphism of R onto R’,
prove that ¢(l) is the unit element of R". 15

4. (o) w0 F=iRyd vg=a |uRE A 9w A F ArG PIHE Iid 9T 87 9f 3@ ], @) S0
%w%&ﬁ%:

Do the following sets form integral domains with respect to ordinary addition
and multiplication? If so, state if they are fields : 5+6+4=15

) bJ2 % w9 gemel 1 ay=a, FEl b o gen ¥

The set of numbers of the form bJv2 with b rational
(ii) @ QUIHI H GYHY

The set of even integers
(i) GATCHS QU] H1 T=

The set of positive integers
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1. () nﬂ?ﬁﬁqemﬁzxz%mwﬁmma@[g g]mugaa%,aﬁﬁsmo.wmﬁsc

ww%m@w%lméﬁmNWHé T}:aek}@fﬂ?ﬁam%

T N Gg G & G (Aid) Iuog 87 W IW H db T&A R

Let G be the set of all real 2 x 2 matrices [ g z }, wheré xz # 0. Show that G is a

| 1 a
group under matrix multiplication. Let N denote the subset {[ 0 1 }: ae IR}.

. Is N a normal subgroup of G ? Justify your answer, 10



2.

(a) zwige 6 Z, @& &3 31 a@& Z, A (5] +[6)”) @ (- [4)7" 3 AR
Show that Z- is a field. Then find ([5] +[6])” and (-4))"! in Z,.

15



20
3. (a) WiFY % ¥g= {a+ bw:w® =1}, T a a0 b TReF Tt ¥, W A aw R ¥

Irid T & R |
Show that the set {a + bw:w° = 1}, where a and 'b are real numbers, is a field
with respect to usual addition and multiplication. 15

4. (q) firg Hifbm 6 ag==m Q (V5)={a+ bV5:q be Q) Tam® Wigd & wHlAMHT Fo4 B!
Prove that the set Q(V5)={a+bJ/5:q be Q} is a commutative ring with

identity. 15



(2)

2013

b a

under the usual binary operations of matrix addition and matrix
multiplication. What are the additive and multiplicative identities and

1 -1
what is the inverse of {

a -b) :
Show that the set of matrices S:{ J a,beR; is a field

} ? Consider the map f: C — S defined
A
a —b

by fla + ib) = ( J Show that f is an isomorphism. (Here R is the

b a
set of real numbers and C is the set of complex numbers.)

10



(b)  Give an example of an infinite group in which every element has finite

order. 10



(a) What are the orders of the following permutations in S 107

1 2 345 67 8 9 10
and (12345)(67). 10
1 8 7 8 105 4 2 6 9

(b) What is the maximal possible order of an element in 8,4 ? Why ? Give an

example of such an element. How many elements will there be in Sy, of
that order ? 13

(a) Letd={a+bila,b e Z}bethe rihg of Gaussian integers (subring of C).
Which of the following is J : Euclidean domain, principal ideal domain,

unique factorization domain ? Justify your answer. 15



(b)

Let RC = ring of all real valued continuous functions on [0, 1], under the
operations

(f+g) x = f(x) + g(x)

(fg) x = f(x) g(x).

Let M = {feRle@-J s o}.

Is M a maximal ideal of R ? Justify your answer.

15



(d)

Let [x] denote the integer part of the real number x,ie,ifn<x<n+1
where n is an integer, then [x] = n. Is the function {(x) = x]* + 3

Riemann integrable in [-1, 2] ? If not, explain why. If it is integrable,
2

compute j ([x]? + 3) dx.

10
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1. (a) How many elements of order 2 are there in the

group of order 16 generated by a and b such

that the order of a is 8, the order of b is 2 and

bab =a'. 12



2. (a) How many conjugacy classes does the per-
mutation group s of permutations 5 numbers
have ? Write down one element in each class
(preferably in terms of cycles). 15

3. (a) 1s the ideal generated by 2 and X in the poly-
nomial ring Z[X] of polynomials in a single
variable X with coefficients in the rning of inte-

gers Z, a principal ideal ? Justify your answer.
15



4. (a) Describe the maximal ideals in the ring of
Gaussian integers Z [i]={a+bi|a, be Z}.
20)



2011

.

(2) Show that the set
= {f]!' 2?2 3: f f-b fﬁ'}

of six transformations on the set of Complex
numbers defined by

fl(z)=z,f(z)=l~—z

Z ; B _]_
(z-1)° (2) = Z

fi(2) =

and f (z) = (z21)

fs(z) = -2 § .

1S a non-abelian group of order 6 w.r.t. composition
of ‘mappings. 12



1 i

(e) (1) Prove thata group of Prime order is abelian.
6

(1) How many generators are there of the cyclic
group (G, ) of order § ? 6



3. (a) Let F be the set of all real valued. continuous
functions defined on the closed interval [0, 1].
Prove that (F, +, -) 1s a Commutative Ring with
unity with respect to addition and multiplication

of functions defined pointwise as below :
(f+g) (x) = (x) + g(x)

} x € [0, 1]
and (f. g) (x) = f(x) . g(x)
where f, g € F. 15



4. (a) Letaandb be elements of a group, with a’ =e,
b® = ¢ and ab = ba.

Find the order of ab, and express its inverse

in each of the forms a"b" and b™a". 20



2010

1. Attempt 'any Jive of the following :

* (a) Let G=IR —{-1} be the set of all real numbers

 (b)

omitting —1. Define the binary relation * on G
by axb=a+ b+ ab. Show (G, %) is a group
and it is abehan 12

Show that a cyclic group of order 6 is -
isomorphic to the product of a cyclic group of
order 2 and a cyclic group of order 3. Can you

generalize <this 7 Justify. 12



2. '(a)

(b)

Let (IITh , ) be the multiplicative group of non-
zero reals and (GL (n, IR), X) be the multi-
plicative group of nxn non-singular real

matrices. Show that the quotient group

GL (n, IR})/SL (n, IR) and (IR#., ) are 1so-
morphic where

SL (n, IR) = {AceGL (n, IR)/det A = 1}
What is the centre of GL (n, IR) ? 15

Let C={f:1=][0, 1]— IR|f is continuous}.

Show C 1s a commutative ring with 1 under
pointwise addition and multiplication.

Determine whether - C is an integral domain.
Explain. | ‘ 15



3. (a) Consider the polynomial ring Qlx]. Show
p (%) = x3 ~ 2 is irreducible over Q. Let I be the
ideal in Q[x] generated by p(x). Then show
that O [x]/7 is a field and that each element of

it is of the form @, + a,t + ayt* with a,, a,, a,
in O and f=x+ 1. - 15

(b) Show that the quotient ring 2Z [{]/(1 + 31) is
isomorphic to the ring Z/10Z where Z [i]
denotes the ring of Gaussian integers. - 15
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