The Zeta Function and Integral Transforms

The theory of integral transform representations of the Riemann zeta function is
well established. What follows is a brief outline of the application of Mellin,
Laplace, and Fourier sine and cosine transforms to the the Riemann zeta function.

Let fy(x) be a real-valued function defined on the positive axis 0 <x <. The
Mellin transform of fy(x) is the mapping of function fy(x) into the complex-valued

function Fy(s) by

[o0]

Fu(s) = f X571 fy () dx

0
The function Fy(s) is the Mellin transform of function fy (x). For most applications
of the transform, but not including the Riemann zeta function, the Mellin
transform Fy(s) converges if the function fy(x) is continuous or piecewise
continuous, and only in what is known as the fundamental strip, a < Re(s) <8,

where a and g are constants.

Mellin transforms exhibit the property of linearity

o)

0 Fy1(s) + @ Fya(s) = j X510 firn (O + @ fua (O]dx
0

where 6 and ¢ are constants.

An example of a Mellin transform is the gamma function, where the complex-

valued gamma function is the Mellin transform of e=*.

I'(s) = f x5l e X dx
0

where s = o +i-t, and ¢ and t are real. The gamma function has no zeros in the
complex plane and has simple poles at s = —1,s = =3,s = -5, ...

The Riemann zeta function is another example of a Mellin transform. The infinite

series representation of the Riemann zeta function is

()= Y
n=1
It will be shown in this work that, with the exceptions of its roots, the series
representation of the Riemann zeta function diverges everywhere in the critical
strip.



Changing the variable of integration from x to (n-x) in the Mellin transform for
I'(s) above gives

o

I'(s) = f (n-x)s"1-e™™* .ndx = ns-f xS (e7* )t dx
0 0
Rearranging gives
1 (o]
n—S — _,f xS—l_ e—x ndx
OGN (e™)

Summing both sides over all positive integers, exchanging the order of summation
and integration, and substituting the geometric series

i(e‘x)" = ! x>0

ex —1

n=1
gives the Mellin transform representation of the Riemann zeta function

[0¢]

(=) = iy lom 2

n=1

which diverges everywhere in the critical strip, except at the roots of the function.

The conventional approach to the analysis of the singularity and the roots of the
Riemann zeta function is as follows. Since the only source of singularity in the
integral is at x = 0, the integral can be decomposed as

1 oo xs—l 1 1 xs—l 0 xs—l
S) = : dx = : dx + d
¢(s) I'(s) fo e 1% lF(s) fo e 1" _l; e* —1 xl

Since T'(s) has no zeros in the complex plane, 1/I'(s) has no singularities in the

complex plane and is an entire function. The integral
[ee} x s—1
li o 1dx

has no singularities in the complex plane is also entire. Therefore, any singularities

in the Riemann zeta function must be contained in the first integral,
1 xS—l
J; pra— dx

The Laurent expansion of the integrancl is
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Since
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it follows that
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This series representation of the integral has simple poles at s=1,s=0, and s =

-1,s=-3,s=-5, ... Furthermore, since the gamma function has simple poles at
all negative integers, or s = —1,s = =2, s = =3, ..., and the integral is multiplied by
1/T(s), it follows that the Riemann zeta function has a simple pole at s =1 with
residue (1) = 1, and is holomorphic everywhere else in the complex plane. Also,
since the roots of 1/T(s) are not cancelled by the poles of the integral of the Laurent
expansion, the Riemann zeta function has roots at all negative even integers.

Similarly, let £, (x) be a real-valued function defined on the positive axis -co < x <
. The bi-lateral Laplace transform of f; (x) is defined by the mapping of function
fi.(x) to the complex-valued function F, (s) by

Fi(s) = f =% - f, (x) dx

The function F,(s) is the bi-lateral Laplace transform of function £, (x). Generally,
the bi-lateral Laplace transform F, (s) converges absolutely if f; (x) is continuous or
piecewise continuous in the strip a < Re(s) < b, and possibly including the lines
Re(s) = a and Re(s) = b, where a and b are constants. Bi-lateral Laplace transforms
exhibit the property of linearity

oo

0 Fiu(s) + ¢ Fiapls) = f X0 f2 (0 + @+ fia(O)]dx
0

where 6 and ¢ are constants.

Let frs(x) be a real-valued function defined on the positive axis -co < x <. The
Fourier sine transform of fs(x) is defined by the mapping of function fzs5(x) to the
real-valued function Fgs(o,t) by

Frs(o,t) = f°° sin(t - x) - e™7% - frs(x) dx



The function Fy(o,t) is the Fourier sine transform of function frg(x).

Similarly, let frc(x) be a real-valued function defined on the positive axis -0 < x <
. The Fourier cosine transform of fic(x) is defined by the mapping of function
fre(®) into the real-valued function Fy¢ (o, t) by

Fre(o,t) = f"" cos(t-x) - e™7% - frc(x) dx

Likewise, the function Fr.(o,t) is the Fourier cosine transform of function frc(x).

The Fourier sine and cosine transforms in this work are derived directly from bi-
lateral Laplace transforms, and therefore converge under the same conditions as
the bi-lateral Laplace transforms.

Fourier sine and cosine transforms also exhibit the property of linearity:

0+ Frs1(S) + @ * Frsp(s) = j_ X571 [0+ frs1(X) + @ * frs2 (x)]dx

and
0 Fren(s) + ¢ - Frea(s) = f X5 [0 frer (0) + 0 frea (O] dx

where 6 and ¢ are constants.

Every real-valued function f(x) can be represented as the sum of an odd function
and an even function:

f() = foaa(®) + feven ()

where

foaa ) = (3) /G0 = (=]

foven() = (5) 170 + f-0)]
and
foaa(=x%) = = foaa(x)
Jeven(=%) = feven ()
The sum of two odd functions is an odd function and the sum of two even functions

is an even function.

The product of an odd function and an even function is an odd function. Also, the
product of two odd functions is an even function and the product of two even

functions is an even function.

The integral of an odd function f,44(x) over the domain — e < x < e is zero:



| foaawax =0

and the integral of an even function f,,.,(x) over the domain — e < x < oo is:

f_iﬁven (0 dx = 2- fo " foven (@) dx

Therefore, the Fourier sine integral of an even function f,, (x) is zero:

[oe]

f Sin(0) * foven(x) dxt = 0

and the Fourier cosine integral of an odd function f,44(x) is also zero:

j " 0s() - fraa(¥)dx = 0

If the variable of integration of the Mellin transform representation of the Riemann
zeta function

[ee]

() = Zn_s - r(ls)'fooo;s__1dx

n=1

is changed from x to y = —log (x), where x = e, and dx = — edy, then the zeta
function can be represented by the bi-lateral Laplace transform

0]

(@ =y w7 = [ e

n=1

Furthermore, if the bilateral Laplace transform is separated into its real and
complex components, then the real and complex components of the Riemann zeta
function are given by:

Re(((s)} = Re in} - [ O;Re{;(s)} (o) ax

n=1
and
® o —sx 1
Im{¢(s)} = Im*zn_s} :f ’m{i(s)}'(ee"f— 1) dx
n=1 e
Note that
e Sx 1 —ox _ . of . LT OX
Re{F(S)} - [ReF(s)Z +Iml"(s)2] “[ReT'(s) - cos(t-x)-e ImI(s) - sin(t - x) - e”7*]
and
e 5% 1 —ox . Qi . e TOX
Im{l“(s)}: [Rel“(s)2+lml"(s)2]'[—Iml“(S)'COS(t'JC)'e ~ Rel'(s) - sin(t - x) - e™*]



Therefore,

Re{{(s)} = Re {i "_S} = [Rer(s)z -Il—lmF(S)z]

n=1

-{Rel"(s) . foo cos(t-x)- <eee_;—djl> dx — ImI'(s)

s —0'X
f sin(t-x)-e 7% e_x— dx
o e¢ " —1

Im{{(s)} = Re {Z "_S} - [ReF(S)ZiImF(S)Z]

n=1

and

-{— ImI(s) - foo cos(t-x) - <%> dx — Rel'(s)

oo ] . e—a-x
-f_oosm(t cx) e . (ﬁ) dx}

Note again that changing the variable of integration from x to (n-x) in the Mellin
transform for I'(s) above gives

I'(s) = f (n-x)S"t-e™™* .ndx = ns-f xS (e )t dx
0 0
and
n=s = 1 ) fooxs—1 - (e * " dx
rs) J,

Summing both sides over the positive integers from 1 to N, exchanging the order
of summation and integration, and substituting

—Nx

Z(e‘x)" = — x>0

gives the Mellin transform representation of the partial sums of the Riemann zeta

N _ 1—e N¥x
:1n :I‘(s)j ( P >dx

which converges everywhere in the critical strip, including at the roots of the zeta

function

function.
If the variable of integration is changed from x to y = — log (x), where x = e™, and
dx = — e Ydy, then partial sums of the zeta function are given by the bi-lateral

Laplace transform as



N - f e (1200
" - F(s) e 1 |
n=1
which converges everywhere in the critical strip, including at the roots of the zeta

function.

Furthermore, if the bilateral Laplace transform is separated into its real and
complex components, then the real and complex components of the partial sums

of the Riemann zeta function are given by:

redoo] = [ eelig) (5o

n=1
and
I N e OOI e | 1 et )
" ;n - f_w il (=)@
Note again that
e_S.x - 1 —0'X . —0'X
Re{[‘(s)} = |Rer(»)2 + ImF(s)Z] ‘[Rel'(s) - cos(t-x)-e — ImI'(s)-sin(t-x)-e ]
and
— = : Iml’ —ox Rel i -ox
m{r(s)}_ Rer(s)2+lmr(s)2]'[‘ mI(s) - cos(t-x)-e — Rel'(s) - sin(t - x) - e”7*]

and therefore,

e {Z n_sl ) [ReF(S)2 i Imr(s)z]

n=1

-{Rel‘(s) : foo cos(t x)-e9%. <1ee__f—e_1) dx — ImI'(s)

. f:; sin(t-x)-e 9% (%) dx}
4 1
fm {Z n_s} - [Rel"(s)2 + Iml"(s)z]

n=1

and

e—N-x

-{— ImI'(s) - foo cos(t-x)-e 9%- (L) dx — Rel(s)

ee™ -1
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