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The 4-momentum of the incident photon and electron are: 

𝑝𝛾
𝜇

= (𝐸𝛾 , 𝑐𝒑𝛾) = (
ℎ𝑐

𝜆
, 𝑐𝒑𝛾) 

𝑝𝑒
𝜇

= (𝑚𝑒𝑐2 , 𝟎) 

Since the photon is massless |𝑐𝒑𝛾| = 𝐸𝛾 =
ℎ𝑐

𝜆
. The 4-momentum of the outgoing photon and electron 

are: 

𝑝′𝛾
𝜇

= (𝐸′𝛾 , 𝑐𝒑′𝛾) = (
ℎ𝑐

𝜆′
, 𝑐𝒑′𝛾) 

𝑝′𝑒
𝜇

= (𝑚, 𝑐𝒑𝒆′) 

As before, |𝑐𝒑′𝛾| = 𝐸′𝛾 =
ℎ𝑐

𝜆′
. By 4-momentum conservation: 

𝑝𝛾
𝜇

+ 𝑝𝑒
𝜇

=  𝑝′𝛾
𝜇

+  𝑝′𝑒
𝜇

 

𝑝𝛾
𝜇

− 𝑝′
𝛾
𝜇

 =   𝑝′
𝑒
𝜇

− 𝑝𝑒
𝜇

 (1) 

Square both sides of Eq. (1): 

𝑝𝛾
2 − 2𝑝𝛾 ⋅ 𝑝𝛾

′ + 𝑝𝛾
′ 2

= 𝑝𝑒
2 − 2𝑝𝑒 ⋅ 𝑝𝑒

′ + 𝑝𝑒
′ 2 

(𝑈𝑠𝑒 𝑜𝑛 𝑚𝑎𝑠𝑠 𝑠ℎ𝑒𝑙𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛) 

0 − 2𝑝𝛾 ⋅ 𝑝𝛾
′ + 0 = 𝑚𝑒

2𝑐4 − 2𝑝𝛾 ⋅ 𝑝𝛾
′ + 𝑚𝑒

2𝑐4     

−2 (𝐸𝛾𝐸𝛾
′ − 𝑐𝒑𝛾 ⋅ 𝑐𝒑′

𝛾
 ) = 2𝑚𝑒

2𝑐4 − 2(𝐸𝑒𝐸𝑒
′ − 𝑐𝒑𝑒 ⋅ 𝑐𝒑′

𝑒)     



−2(𝐸𝛾𝐸𝛾
′ − 𝐸𝛾𝐸𝛾

′ cos 𝜃 ) = 2𝑚𝑒
2𝑐4 − 2(𝐸𝑒𝐸𝑒

′ − 0)   

Here we used  𝑐𝒑𝛾 ⋅ 𝑐𝒑′
𝛾

= |𝑐𝒑𝛾| |𝑐𝒑′
𝛾| cos 𝜃 = 𝐸𝛾𝐸′

𝛾 cos 𝜃  

−2𝐸𝛾𝐸𝛾
′ (1 − cos 𝜃 ) = 2𝑚𝑒

2𝑐4 − 2(𝑚𝑒𝑐2𝐸𝑒
′ − 0)     

(÷ −2 𝑎𝑛𝑑 𝑢𝑠𝑒 𝐸 =
ℎ𝑐

𝜆
 𝑓𝑜𝑟 𝛾′𝑠) 

ℎ𝑐

𝜆

ℎ𝑐

𝜆′
(1 − cos 𝜃 ) = −𝑚𝑒

2𝑐4 + 𝑚𝑒𝑐2𝐸𝑒
′    

(ℎ𝑐)2

𝜆𝜆′
(1 − cos 𝜃 ) = −𝑚𝑒

2𝑐4 + 𝑚𝑒𝑐2𝐸𝑒
′   (2) 

Now, from conservation of energy: 

𝑚𝑒𝑐2 + 𝐸𝛾 = 𝐸𝑒
′ + 𝐸𝛾

′  

𝐸𝑒
′ =  𝑚𝑒𝑐2 + 𝐸𝛾 − 𝐸𝛾

′  

→ 𝐸𝑒
′ =  𝑚𝑒𝑐2 +

ℎ𝑐

𝜆
−

ℎ𝑐

𝜆′
 (3) 

Insert Eq. (3) into (2): 

(ℎ𝑐)2

𝜆𝜆′
(1 − cos 𝜃 ) = −𝑚𝑒

2𝑐4 + 𝑚𝑒𝑐2 (𝑚𝑒𝑐2 +
ℎ𝑐

𝜆
−

ℎ𝑐

𝜆′
 )   

(ℎ𝑐)2

𝜆𝜆′
(1 − cos 𝜃 ) = −𝑚𝑒

2𝑐4 +  𝑚𝑒
2𝑐4 + 𝑚𝑒𝑐2 (

ℎ𝑐

𝜆
−

ℎ𝑐

𝜆′
 ) 

(ℎ𝑐)2

𝜆𝜆′
(1 − cos 𝜃 ) = 𝑚𝑒𝑐2 (

ℎ𝑐

𝜆
−

ℎ𝑐

𝜆′
 )     

(ℎ𝑐)2

𝜆𝜆′
(1 − cos 𝜃 ) = 𝑚𝑒𝑐3ℎ (

1

𝜆
−

1

𝜆′
 ) 

(ℎ𝑐)2

𝜆𝜆′
(1 − cos 𝜃 ) = 𝑚𝑒𝑐3ℎ (

𝜆′ − 𝜆 

𝜆𝜆′ ) 

ℎ(1 − cos 𝜃 ) = 𝑚𝑒𝑐(𝜆′ − 𝜆) 

 

→    Δ𝜆 =
ℎ

𝑚𝑒𝑐
(1 − cos 𝜃 )  

 

Since (1 − cos 𝜃 ) ≥ 0  the photon always increases its wavelength, hence always loses energy. The 

maximum energy loss occurs at cos 𝜃 = −1, backward scattering. Finally, Δ𝜆 ~
1

𝑚𝑒
  and thus in general 

the more massive the object the less change in wavelength you’ll see in Compton scattering.    

The Compton effect shows light cannot be purely explained  by waves. 


