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For simplicity let 𝑐 = 1.  We have 4-momentum conservation: 

𝑝𝐴 + 𝑝𝐵 = 𝑝𝐶 + 𝑝𝐷  

And the on-mass shell condition: 

𝑝𝑖
2 = 𝐸𝑖

2 − |𝒑𝑖|2 = 𝑚𝑖
2         (𝑖 = 𝐴, 𝐵, 𝐶, 𝐷) 

This is all we need to solve everything here. 

a)  

𝑠 + 𝑡 + 𝑢 = (𝑝𝐴 + 𝑝𝐵)2 + (𝑝𝐴 − 𝑝𝑐)2 + (𝑝𝐴 − 𝑝𝐷)2 

= 𝑝𝐴
2 + 2𝑝𝐴 ⋅ 𝑝𝐵 + 𝑝𝐵

2 + 𝑝𝐴
2 − 2𝑝𝐴 ⋅ 𝑝𝐶 + 𝑝𝐶

2 + 𝑝𝐴
2 − 2𝑝𝐴 ⋅ 𝑝𝐷 + 𝑝𝐷

2  

= 𝑚𝐴
2 + 2𝑝𝐴 ⋅ 𝑝𝐵 + 𝑚𝐵

2 + 𝑚𝐴
2 − 2𝑝𝐴 ⋅ 𝑝𝐶 + 𝑚𝐶

2 + 𝑚𝐴
2 − 2𝑝𝐴 ⋅ 𝑝𝐷

+ 𝑚𝐷
2         (𝑓𝑟𝑜𝑚 𝑜𝑛 − 𝑚𝑎𝑠𝑠 𝑠ℎ𝑒𝑙𝑙) 

= 3𝑚𝐴
2 + +𝑚𝐵

2 + 𝑚𝐶
2 + 𝑚𝐷

2 +  2𝑝𝐴 ⋅ 𝑝𝐵 − 2𝑝𝐴 ⋅ 𝑝𝐶 − 2𝑝𝐴 ⋅ 𝑝𝐷   

= 3𝑚𝐴
2 + +𝑚𝐵

2 + 𝑚𝐶
2 + 𝑚𝐷

2 +  2𝑝𝐴 ⋅ (𝑝𝐵 − 𝑝𝐶 − 𝑝𝐷)      

= 3𝑚𝐴
2 + +𝑚𝐵

2 + 𝑚𝐶
2  + 𝑚𝐷

2 +  2𝑝𝐴 ⋅ (−𝑝𝐴)  

⋅   (𝑓𝑟𝑜𝑚  4 − 𝑚𝑜𝑚𝑒𝑛𝑢𝑡𝑚 𝑐𝑜𝑛𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛)  

= 3𝑚𝐴
2 + +𝑚𝐵

2 + 𝑚𝐶
2 + 𝑚𝐷

2 −  2𝑚𝐴
2                                    (𝑓𝑟𝑜𝑚 𝑜𝑛 − 𝑚𝑎𝑠𝑠 𝑠ℎ𝑒𝑙𝑙) 



= 𝑚𝐴
2 + +𝑚𝐵

2 + 𝑚𝐶
2   + 𝑚𝐷

2    

 

b) In the CM frame,  

𝑝𝐴
𝜇

= (𝐸𝐴, 𝒑) 

𝑝𝐵
𝜇

= (𝐸𝐵, − 𝒑) 

Thus, 

𝑝𝐴 + 𝑝𝐵 = (𝐸𝐴 + 𝐸𝐵 , 𝟎) 

and,  

𝑠 = (𝑝𝐴 + 𝑝𝐵) = (𝐸𝐴 + 𝐸𝐵)2 

→  𝐸𝐴 + 𝐸𝐵 = √𝑠 (1) 

 

From the on-mass shell condition: 

𝐸𝐴
2 − |𝒑|2 = 𝑚𝐴

2 (2) 

𝐸𝐵
2 − |𝒑|2 = 𝑚𝐵

2  (3) 

 

Subtract Eq. (2) and (3) to get rid of |𝒑|2 : 

𝐸𝐴
2 − 𝐸𝐵

2 = 𝑚𝐴
2 − 𝑚𝐵

2                                              (𝑛𝑜𝑤, 𝑓𝑎𝑐𝑡𝑜𝑟𝑖𝑧𝑒 𝐿𝐻𝑆) 

(𝐸𝐴 − 𝐸𝐵)(𝐸𝐴 + 𝐸𝐵) = 𝑚𝐴
2 −  𝑚𝐵

2                     (𝑢𝑠𝑒  𝐸𝑞. (1))                          

(𝐸𝐴 − 𝐸𝐵)√𝑠  =   𝑚𝐴
2 − 𝑚𝐵

2    

𝐸𝐴 − 𝐸𝐵  =  
𝑚𝐴

2 −  𝑚𝐵
2   

√𝑠 
  (4)   

Now, get rid of 𝐸𝐵 by adding Eq. (2) and (4): 

2𝐸𝐴 = √𝑠 +
𝑚𝐴

2 − 𝑚𝐵
2   

√𝑠 
 

2𝐸𝐴 =
𝑠 +  𝑚𝐴

2 − 𝑚𝐵
2   

√𝑠 
 

𝐸𝐴 =
𝑠 +  𝑚𝐴

2 − 𝑚𝐵
2   

2√𝑠 
 

c) In the rest frame of B: 

𝑝𝐴
𝜇

= (𝐸𝐴, 𝒑𝑨) 



𝑝𝐵
𝜇

= (𝑚𝐵, 𝟎) 

Now, 

𝑠 = (𝑝𝐴 + 𝑝𝐵)2 

𝑠 = 𝑝𝐴
2 + 2𝑝𝐴 ⋅ 𝑝𝐵 + 𝑝𝐵

2   

𝑠 = 𝑚𝐴
2 + 2(𝐸𝐴𝐸𝐵 − 𝒑𝑨 ⋅ 𝟎 ) + 𝑚𝐵

2   

𝑠 = 𝑚𝐴
2 + 2𝐸𝐴𝑚𝐵 + 𝑚𝐵

2  

𝑠 − 𝑚𝐴
2 − 𝑚𝐵

2 = 2𝐸𝐴𝑚𝐵 

Therefore, 

𝐸𝐴 =
𝑠 − 𝑚𝐴

2 − 𝑚𝐵
2

2𝑚𝐵
 

d) Basically, done in a): 

𝑠 = (𝑝𝐴 + 𝑝𝐵) = (𝐸𝐴 + 𝐸𝐵)2 = 𝐸𝐶𝑀
2  

→  𝐸𝐶𝑀 = √𝑠 

 

 


