Problem Al Ina two-body scattering event, A+ B — C + D, it is convenient to
introduce Mandelstam variables

_ (pa —PB)Q‘ . (PA—PCJQ‘ w— (pA_PD:'z‘
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where p,, pg, pc and pp are the four momenta of A, B, €, and D respectively.
The squares in the numerators are the relativistically invariant dot product. Let

my, mp, mg and mp denote the rest masses of A, B, C and D respectively.

a) Show that s +t + u=m% + m% + m& + m%.

2 2 2
b) Show that the center of mass energy of A is %ﬂlﬂ-&

¢) Show that the lab energy of A (B at rest) is (somj —mp)c”

2mpg

d) Show that the total Center of Mass energy is /sc”.

For simplicity let c = 1. We have 4-momentum conservation:

Pat+ P =Dc+Pp
And the on-mass shell condition:
pf =Ef —Ipl*=m}  (i=ABCD)
This is all we need to solve everything here.
a)

s+ttu=pat+ps)’+@a—p)*+ {®a—0p)?
= p4 + 204 P + D5 + P4 — 2Pa Dc + ¢+ Pi — 2Pa - Pp + D
=mj + 2p, - pp + Mg+ mf — 2py - pc + Mé +mg — 2py - pp
+m3  (fromon — mass shell)
= 3mZ ++mj + m¢ + mp + 2ps - Pp — 2P4 - Pc — 2Pa " Pp
=3mj + +mg + m¢ + mj + 2p,- (05 — Pc — Pp)
=3m; ++mi + mé +mj + 2p, - (—pa)
- (from 4 — momenutm conservation)

= 3mj5 + +m% + m& + m3 — 2mj5 (from on — mass shell)



=mi + +mi + mé +mj}

b) In the CM frame,

ph = (Es, D)
py = (Ez,— p)
Thus,
pa+pp = (E4 + Eg, 0)
and,

s = (pa+pg) = (Ea + Ep)?
- E,+Eg=+/s (1)

From the on-mass shell condition:

EZ — |p|> = m; (2)
EZ — |pl>* =m} (3)

Subtract Eq. (2) and (3) to get rid of |p|? :

EZ —EZ =mZ% —mi (now, factorize LHS)
(E4 — Ep)(Eq + Eg) = mj — mg (use Eq.(1))
(Ey —Ep)Vs = mj — m§
2 2
my — Mmpg
E,—Ep = ——— 4
A B \/E ( )
Now, get rid of E5 by adding Eq. (2) and (4):
2 2
my — Mp
2E, =5+ TA_ M5
4 Vs
s+ m?2 — m?
2E, = A B
Vs
g S + m; — m3
A — 2\/;

c) Inthe rest frame of B:
pilt = (EA; pA)



pg = (mB' O)

Now,
s = (pa + pp)?
S =Ppi+ 2pa - Pp + Di
s =m3 + 2(EsEg — pa-0) +m3
s =m3 + 2E,;mp + m3
s —m5 —mi =2E,mp
Therefore,

s —m5 —m3
EA=

2mg

d) Basically, donein a):

s = (pa+pp) = (Ex+ Ep)* = Ely
— Ecy =+s



