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Solving for 𝒙(𝒕), 𝒚(𝒕), 𝒛(𝒕) 

From the Lorentz force: 

𝑭 = 𝑞(𝑬 + 𝒗 × 𝑩) 

For 𝑬 = 𝐸 𝒛̂ and 𝑩 = 𝐵 𝒛̂: 

𝑚
𝑑2𝑥

𝑑𝑡2
= 𝑞 𝐵𝑣𝑦 (1) 

𝑚
𝑑2𝑦

𝑑𝑡2
= −𝑞 𝐵𝑣𝑥  (2) 

𝑚
𝑑2𝑧

𝑑𝑡2
= 𝑞𝐸 (3) 

With boundary conditions: 

𝑥(0) = 𝑦(0) = 𝑧(0) = 0 
𝑣𝑦(0) = 𝑣𝑧(0) = 0 

𝑣𝑥(0) = 𝑣 

For the z direction the solution to Eq. (3) with boundary conditions is 

𝑧(𝑡) =
𝑞𝐸

2𝑚
 𝑡2  (4) 

x and y direction 

Rewriting Eq. (1) and (2): 

𝑑𝑣𝑥

𝑑𝑡
=

𝑞 𝐵

𝑚
𝑣𝑦 (5) 

𝑑𝑣𝑦

𝑑𝑡
= −

𝑞 𝐵

𝑚
𝑣𝑥 (6) 

Let 𝜔 =
𝑞𝐵

𝑚
. Then:  



(

𝑑𝑣𝑥

𝑑𝑡
𝑑𝑣𝑦

𝑑𝑡

) = (
0 𝜔

−𝜔 0
) (

𝑣𝑥

𝑣𝑦
) (7) 

 

Let 𝐴 be the matrix in Eq. (7). We can solve Eq. (7) by finding the eigenvalues and eigenvectors of 𝐴. 

|𝐴 − 𝜆𝐼| = 0 
𝜆2 + 𝜔2 = 0 → 𝜆 = ±𝑖𝜔 

The eigenvectors are: 

(
0 𝜔

−𝜔 0
) (

𝑣1

𝑣2
) = ±𝑖𝜔 (

𝑣1

𝑣2
) 

Looking at the first row: 

𝑣2 = ±𝑖 𝑣1 

Let 𝑣1 = 𝑣 since that’s a 

Thus, the two eigenvectors are: 

𝑣+ = (
1
𝑖

) , 𝑣− = (
1

−𝑖
)   

And  

𝑣(𝑡) =  𝑐1𝑒+𝑖 𝜔𝑡 (
1
𝑖

) +  𝑐2𝑒−𝑖𝜔𝑡 (
1

−𝑖
)   

Using 𝑣(0) =  (
𝑣
0

) 

𝑣 = 𝑐1 + 𝑐2 
0 = 𝑖𝑐1 − 𝑖𝑐2 

Therefore: 

𝑐1 = 𝑐2 =
𝑣

2
 

and  

𝑣(𝑡) =  
𝑣

2
𝑒𝑖 𝜔𝑡 (

1
𝑖

) +  
𝑣

2
𝑒−𝑖𝜔𝑡 (

1
−𝑖

) 

 

𝑣(𝑡) =  
𝑣

2
𝑒𝑖 𝜔𝑡 (

1
𝑖

) +  
𝑣

2
𝑒−𝑖𝜔𝑡 (

1
−𝑖

) 

 

→     𝑣𝑥(𝑡)  = 𝑣 cos 𝜔𝑡 (8) 
        𝑣𝑥(𝑡)  = 𝑣 sin 𝜔𝑡 (9) 



Integrating Eq. (8) and using 𝑥(0) = 0: 

𝑥(𝑡) =
𝑣

𝜔
sin 𝜔𝑡 (10) 

Similarly for Eq. (9) we get: 

𝑦(𝑡) =
𝑣

𝜔
(1 − cos 𝜔𝑡) (11) 

 

Again, 𝜔 =
𝑞𝐵

𝑚
. 

Locus of points 

From Eq. (8) and (9): 

𝑥2 + (𝑦 −
𝑣

𝜔
)

2

=
𝑣2

𝜔2
 

→   (𝑦 −
𝑣

𝜔
)2 =

𝑣2

𝜔2
− 𝑎2 (12) 

Now, plugging in 𝑥(𝑡) = 𝑎 into Eq. (10):  

𝑎 =  
𝑣

𝜔
sin 𝜔𝑡 

𝜔𝑎 

𝑣
= sin 𝜔𝑡 (13) 

We’re given  

𝑎 ≪
𝑚𝑣

|𝑞|𝐵
=

𝑣

𝜔
→    

𝜔𝑎 

𝑣
≪   1        

Hence, we can take sin−1() of both sides of Eq. (13). 

sin−1 (
𝜔𝑎 

𝑣
) = 𝜔𝑡 

→  𝑡 =
1

𝜔
sin−1 (

𝜔𝑎 

𝑣
) (14) 

By 
𝜔𝑎 

𝑣
≪   1 then to second order approximation: 

                                                               𝑡 ≈
𝑎

𝑣
      (𝑓𝑟𝑜𝑚 sin−1(𝜖) ≈ 𝜖   𝑓𝑜𝑟 |𝜖| ≪ 1  

From Eq. (4) 

 
2𝑚

𝑞𝐸
𝑧(𝑡) = 𝑡2 ≈

𝑎2

𝑣2
 

 



→  𝑎2 ≈
2𝑚𝑣2 

𝑞𝐸
𝑧 (15) 

Inserting Eq. (15) into (12): 

(𝑦 −
𝑣

𝜔
)2 ≈

𝑣2

𝜔2
−

2𝑚𝑣2 

𝑞𝐸
𝑧 

Then: 

𝑧 ≈  −
𝑞𝐸

2𝑚𝑣2
(𝑦 −

𝑣

𝜔
)2 +

𝑞𝐸

2𝑚𝜔2
 

Inserting 𝜔2 =
𝑞𝐵

𝑚
: 

𝑧 ≈  −
𝑞𝐸

2𝑚𝑣2
(𝑦 − 𝑣√

𝑚

𝑞𝐵
)

2

+
𝐸

2𝐵
=    −

𝑞𝐸

2𝑚𝑣2
(𝑦2 − 2𝑣√

𝑚

𝑞𝐵
  𝑦 +

𝑚𝑣2

𝑞𝐵
) +

𝐸

2𝐵
 

 

𝑧 ≈  −
𝑞𝐸

2𝑚𝑣2
𝑦2 +

𝐸

𝑣
√

𝑞

𝑚𝐵
  𝑦  

 


