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First lines of first chapter of "States of Matter", by D.L. Goodstein: 

 



 

a) For 𝑁 particles we need: 

𝑛1 + 𝑛2 + ⋯ 𝑛𝑁 = 𝑞 

 

where each 𝑛𝑖 is a non-negative integer.  

 

Let’s take 𝑞 dots, 𝑁 − 1 vertical lines and place them into 𝑞 + 𝑁 − 1 slots 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

We can view the 𝑛𝑖’s as represented by the number of dots between vertical dividers.  Two 

back-to-back dividers represents  𝑛𝑖 = 0. Thus, the number of ways to sum up the 𝑁 − 1  non-

negative integers to 𝑞 is equivalent the number of ways to place the dots into 𝑞 + 𝑁 − 1 bins. 

That is, choosing 𝑞 bins from  𝑞 + 𝑁 − 1. From combinatorics we know:  

 

Ω(𝑁, 𝑞) = (
𝑞 + 𝑁 − 1

𝑞
) =

(𝑞 + 𝑁 − 1)!

(𝑁 − 1)!  𝑞!
 (1) 

 

See: Schroeder Thermal Physics Section 2.2.  

 

 

b) Taking the 𝑙𝑛 of Eq. (1) 

 

ln(Ω(𝑁, 𝑞)) = ln(𝑞 + 𝑁 − 1)! − ln(𝑁 − 1)! − ln 𝑞! 

 

Now use Stirling’s approximation, ln 𝑛! ≈ 𝑛 ln 𝑛 − 𝑛: 



 

ln(Ω(𝑁, 𝑞)) ≈ (𝑞 + 𝑁 − 1) ln(𝑞 + 𝑁 − 1) − (𝑞 + 𝑁 − 1) − (𝑁 − 1) ln(𝑁 − 1) + (𝑁 − 1)

− 𝑞 ln 𝑞 + 𝑞 

ln(Ω(𝑁, 𝑞)) ≈  (𝑞 + 𝑁 − 1) ln(𝑞 + 𝑁 − 1) − (𝑁 − 1) ln(𝑁 − 1) − 𝑞 ln 𝑞 

 

Since 𝑁 is large we’ll use 𝑁 − 1 ≈ 𝑁 

ln(Ω(𝑁, 𝑞)) ≈  (𝑞 + 𝑁) ln(𝑞 + 𝑁) − 𝑁 ln 𝑁 − 𝑞 ln 𝑞   (𝐺𝑟𝑜𝑢𝑝 𝑞 𝑎𝑛𝑑 𝑁 𝑡𝑒𝑟𝑚𝑠) 

=   𝑞(ln(𝑞 + 𝑁) − ln 𝑞 ) + 𝑁 (ln(𝑞 + 𝑁) − ln 𝑁) 

=   𝑞 ln (
𝑞 + 𝑁

𝑞
) + 𝑁 ln (

𝑞 + 𝑁

𝑁
) 

=   ln (
𝑞 + 𝑁

𝑞
)

𝑞

 + ln (
𝑞 + 𝑁

𝑁
)

𝑁

 

Therefore,  

ln(Ω(𝑁, 𝑞)) ≈ ln (
𝑞 + 𝑁

𝑞
)

𝑞

 + ln (
𝑞 + 𝑁

𝑁
)

𝑁

 

→  Ω(𝑁, 𝑞) ≈  (
𝑞 + 𝑁

𝑞
)

𝑞

(
𝑞 + 𝑁

𝑁
)

𝑁

 

 

c) The partition function for a single particle is 

𝑧 =  ∑ 𝑒
−

𝐸𝑛
𝑘𝐵𝑇

∞

𝑛=0

 

=  ∑ 𝑒
−

 𝜖𝑛
𝑘𝐵𝑇

∞

𝑛=0

 

=  
1

1 −  𝑒
−

 𝜖
𝑘𝐵𝑇

 

 

Let 𝛽 =
1

𝑘𝐵𝑇
. For the 𝑁 independent particles the partition function is then: 

𝑍 =  ∏ 𝑧𝑖

𝑁

𝑛=1

 

𝑍 = [
1

1 − 𝑒−𝜖𝛽
]

𝑁

 

 

Now, 

𝑈 =  −
𝜕 ln 𝑍

𝜕𝛽
 

= −
𝜕

𝜕𝛽
ln(1 −  𝑒−𝜖𝛽)

−𝑁
 

= 𝑁
𝜕

𝜕𝛽
ln(1 − 𝑒−𝜖𝛽)  

= 𝑁 (
−(−𝜖)𝑒−𝜖𝛽

1 − 𝑒−𝜖𝛽
) 



= 𝑁𝜖
𝑒−𝜖𝛽

1 −  𝑒−𝜖𝛽
             

𝑒𝜖𝛽

𝑒𝜖𝛽
  

 

Thus,  

𝑈 =
𝑁𝜖

𝑒𝜖𝛽 − 1
 

 

d)  

𝐶 =
𝑑𝑈

𝑑𝑇
 

=
𝑑𝛽

𝑑𝑇

𝑑𝑈

𝑑𝛽
 

= 𝑁𝜖 (
−1

𝑘𝐵𝑇2 
) [− 

𝜖 𝑒𝜖𝛽

(𝑒𝜖𝛽 − 1)2
] 

 

𝐶 =
𝑁𝜖2

𝑘𝐵𝑇2 
 

1

(𝑒𝜖𝛽 − 1)2
  (2) 

Rewriting Eq. (2) in terms of 𝛽 

𝐶 = 𝑘𝐵𝑁𝜖2  
𝛽2

(𝑒𝜖𝛽 − 1)2
 

 

Therefore,  

lim
𝑇→∞

𝐶 = lim
𝛽→0

𝐶 

= 𝑘𝐵𝑁𝜖2  lim
𝛽→0

𝛽2

(1 −  𝑒−𝜖𝛽)2
 

 

1 −  𝑒−𝜖𝛽 = 1 − (1 − 𝜖𝛽) + 𝒪((𝜖𝛽)2) 

=  𝜖𝛽 + 𝒪((𝜖𝛽)2) 

Therefore: 

lim
𝑇→∞

𝐶 = 𝑘𝐵𝑁𝜖2  lim
𝛽→0

𝛽2

 ( 𝜖𝛽)2
 

 

→   lim
𝑇→∞

𝐶 = 𝑘𝐵𝑁  


