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We’re in the rest frame of the of the muon, thus its 4-momentum is: 

𝑝𝑚
𝜇

= (𝑚𝑚, 𝟎) 

The electron’s 4-momentum is:  

𝑝𝑒
𝜇

= (𝐸𝑒 , 𝒑) 

Let the 4-momentum of the two-neutrino system be: 

𝑝2𝑛
𝜇

= 𝑝 𝑒.𝑛.
𝜇

+  𝑝𝜇
𝑚.𝑛. = (𝐸2𝑛, −𝒑) 

By conservation of 3-momentum the two-neutrino system needs momentum equal in magnitude and 

opposite of direction of the electron. 

By conservation of energy: 

𝑚𝑚 = 𝐸𝑒 + 𝐸𝑒.𝑛. + 𝐸𝑚.𝑛  

𝑚𝑚 = 𝐸𝑒 + 𝐸2𝑛 (1)  

 



Thus, if we can show that the least energy the two-neutrino system can have is that of the electron, 

𝐸𝑒 ≤ 𝐸2𝑛 then from Eq. (1) we would show 𝐸𝑒 ≤
𝑚𝑚

2
, as required. 

First, due to the on-mass shell condition on the electron: 

𝐸𝑒
2 − |𝒑|2 = 0 

→ 𝐸𝑖 = |𝒑| (2) 

Now, the invariant mass squared of the two-neutrino system is: 

𝑝2𝑛
2 = (𝑝 𝑒.𝑛.

𝜇
+  𝑝𝜇

𝑚.𝑛.)
2

 

= 𝑝𝑒.𝑛.
2 + 2𝑝𝑒.𝑛. ⋅ 𝑝𝑚.𝑛. + 𝑝𝑚.𝑛.

2                 (𝑢𝑠𝑒 𝑜𝑛 𝑚𝑎𝑠𝑠 𝑠ℎ𝑒𝑙𝑙 𝑎𝑛𝑑 4 − 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑑𝑒𝑓. ) 
= 0 + 2(𝐸𝑒.𝑛.𝐸𝑚.𝑛. − |𝒑𝑒.𝑛||𝒑𝑚.𝑛 | cos 𝜃2𝑛) + 0            (𝑢𝑠𝑒 𝐸 = |𝒑| 𝑓𝑜𝑟 𝑛𝑒𝑢𝑡𝑟𝑖𝑛𝑜𝑠) 
= 2(𝐸𝑒.𝑛.𝐸𝑚.𝑛. − 𝐸𝑒.𝑛.𝐸𝑚.𝑛. cos 𝜃2𝑛)                  
  

𝑝2𝑛
2 = 2𝐸𝑒.𝑛.𝐸𝑚.𝑛.(1 − cos 𝜃2𝑛) (3) 

Since energy is positive and cos 𝜃2𝑛 ≤ 1 

𝑝2𝑛
2 ≥ 0 (4) 

We can also express the invariant mass of the two-neutrino system as: 

𝑝2𝑛
2 = 𝐸2𝑛

2 − |𝒑|2   

𝐸2𝑛
2 = |𝒑|2 + 2𝐸𝑒.𝑛.𝐸𝑚.𝑛.(1 − cos 𝜃2𝑛) ≥   |𝒑|2         (𝑓𝑟𝑜𝑚 (4))   

𝐸2𝑛
2 ≥   |𝒑|2         (𝑢𝑠𝑒 𝐸𝑞. (2)   

𝐸2𝑛
2 ≥   𝐸𝑒

2 

𝐸2𝑛 ≥   𝐸𝑒  (5) 

Therefore, using (5) in Eq. (1) 

𝑚𝑚 = 𝐸𝑒 + 𝐸2𝑛 ≥ 𝐸𝑒 + 𝐸𝑒 = 2𝐸2 
 

→  𝐸𝑒 ≤  
𝑚𝑚

2
= 53 𝑀𝑒𝑉  

 

 

 

 

 


