
 

CL: Sign error in the expressions for ⟨𝑢⟩  𝑎𝑛𝑑
𝐶𝑉

𝑁
. It’s correct if you make the change 𝛼 →  −𝛼  

BONUS: Show why the expression for ⟨𝑢⟩  as given gives the wrong answer when 𝑇 → 0. 

___________ 

a) The partition function for a single particle: 

𝑧𝑗 =  ∑ 𝑒−𝜖𝑖𝛽

𝑖

= 𝑒−𝜖0𝛽 + 𝑒−𝜖1𝛽   

 

where 𝛽 =
1

𝑘𝑇
.  Now the partition function is: 

𝑍 =  ∏ 𝑧𝑗

𝑁

𝑗=1

 

𝑍 = (𝑒−𝜖0𝛽 + 𝑒−𝜖1𝛽 )
𝑁

 (1) 

Now, 

 

𝑈 = −
𝜕 log 𝑍

𝜕𝛽
(2) 

 

This follows from the fact that the average energy is: 

𝑈 = ∑ 𝜖𝑖𝑝𝑖

𝑖

 

Since 𝑝𝑖 =
𝑒−𝜖𝑖𝛽

𝑍
 (from your statistical mechanics class) then: 

𝑈 = ∑ 𝜖𝑖

𝑒−𝜖𝑖𝛽

𝑍
𝑖

 

=
1

𝑍
∑ 𝜖𝑖𝑒−𝜖𝑖𝛽  

𝑖

              (𝑢𝑠𝑒 
𝜕𝑒−𝜖𝑖𝛽

𝜕𝛽
= −𝜖𝑖𝑒−𝜖𝑖𝛽) 

= −
1

𝑍
∑

𝜕𝑒−𝜖𝑖𝛽

𝜕𝛽
𝑖

 



= −
1

𝑍

𝜕

𝜕𝛽
∑ 𝑒−𝜖𝑖𝛽

𝑖

 

= −
1

𝑍

𝜕

𝜕𝛽
𝑍 

= −
𝜕 log 𝑍

𝜕𝛽
 

 

So, by Eq. (1) and (2): 

𝑈 = −
𝜕 log 𝑍

𝜕𝛽
 

= − 
𝜕 log(𝑒−𝜖0𝛽 + 𝑒−𝜖1𝛽 )

𝑁

𝜕𝛽
 

= −𝑁 
𝜕 log(𝑒−𝜖0𝛽 + 𝑒−𝜖1𝛽)

𝜕𝛽
  

= −
𝑁

𝑒−𝜖0𝛽 + 𝑒−𝜖1𝛽
 

𝜕

𝜕𝛽
(𝑒−𝜖0𝛽 + 𝑒−𝜖1𝛽) 

= −
𝑁

𝑒−𝜖0𝛽 + 𝑒−𝜖1𝛽
 (−𝜖0𝑒−𝜖0𝛽 − 𝜖1𝑒−𝜖1𝛽) 

 

𝑈 = 𝑁
𝜖0𝑒−𝜖0𝛽 + 𝜖1𝑒−𝜖1𝛽

𝑒−𝜖0𝛽 + 𝑒−𝜖1𝛽
 (3)  

Now, divide both sides of (3) by 𝑁: 

𝑈

𝑁
=

𝜖0𝑒−𝜖0𝛽 + 𝜖1𝑒−𝜖1𝛽

𝑒−𝜖0𝛽 + 𝑒−𝜖1𝛽
    (𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦 𝑏𝑦 

𝑒𝜖0𝛽

𝑒𝜖0𝛽
 ) 

𝑢 =  
𝜖0𝑒−𝜖0𝛽 + 𝜖1𝑒−𝜖1𝛽

𝑒−𝜖0𝛽 + 𝑒−𝜖1𝛽

𝑒𝜖0𝛽

𝑒𝜖0𝛽
 

𝑢 =  
𝜖0 + 𝜖1𝑒𝜖0𝛽−𝜖1𝛽

1 + 𝑒𝜖0𝛽−𝜖1𝛽
      (𝑢𝑠𝑒 𝑑𝑒𝑓. 𝑜𝑓 𝛼 =

𝜖0 − 𝜖1

𝑘𝑇
= (𝜖0 − 𝜖1)𝛽  ) 

 

→  𝑢 =  
𝜖0 + 𝜖1𝑒𝛼

1 + 𝑒𝛼
 

 

b)  Heat capacity per particle is defined as: 

𝐶𝑉

𝑁
=

1

𝑁

𝜕𝑈

𝜕𝑇
 

=
𝜕𝑢

𝜕𝑇
 

=
𝜕𝛼

𝜕𝑇

𝜕𝑢

𝜕𝛼
 

 
𝐶𝑉

𝑁
=

𝜕

𝜕𝑇
(

(𝜖0 − 𝜖1)

𝑘𝐵𝑇
)

𝜕

𝜕𝛼
(

𝜖0 + 𝜖1𝑒𝛼

1 + 𝑒𝛼 ) (4) 



 

Let’s do them separately: 

 

𝜕

𝜕𝑇
(

(𝜖0 − 𝜖1)

𝑘𝐵𝑇
) =

(𝜖0 − 𝜖1)

𝑘𝐵
 

𝜕

𝜕𝑇

1

𝑇
 

= −
(𝜖0 − 𝜖1)

𝑘𝐵

1

𝑇2
 

 
𝜕

𝜕𝑇
(

(𝜖0 − 𝜖1)

𝑘𝐵𝑇
) = −

𝛼

𝑇
   (5) 

As for the other partial derivative in Eq. (4): 

 

𝜕

𝜕𝛼
(

𝜖0 + 𝜖1𝑒𝛼

1 + 𝑒𝛼 ) =
(1 + 𝑒𝛼)

𝜕
𝜕𝛼

(𝜖0 + 𝜖1𝑒𝛼) − (𝜖0 + 𝜖1𝑒𝛼)
𝜕

𝜕𝛼
(1 + 𝑒𝛼)

(1 + 𝑒𝛼)2
 

=
(1 + 𝑒𝛼)𝜖1𝑒𝛼 − (𝜖0 + 𝜖1𝑒𝛼)𝑒𝛼

(1 + 𝑒𝛼)2
 

=
𝜖1𝑒𝛼 +  𝜖1𝑒2𝛼 − 𝜖0𝑒𝛼 − 𝜖1𝑒2𝛼

(1 + 𝑒𝛼)2
 

=
𝜖1𝑒𝛼 − 𝜖0𝑒𝛼

(1 + 𝑒𝛼)2
 

𝜕

𝜕𝛼
(

𝜖0 + 𝜖1𝑒𝛼

1 + 𝑒𝛼 ) =
(𝜖1 − 𝜖0)𝑒𝛼

(1 + 𝑒𝛼)2
 (6) 

 

𝐶𝑉

𝑁
= −

𝛼

𝑇

(𝜖1 − 𝜖0)𝑒𝛼

(1 + 𝑒𝛼)2
  

=
𝛼

𝑇

(𝜖0 − 𝜖1)𝑒𝛼

(1 + 𝑒𝛼)2
 

 

→  
𝐶𝑉

𝑁
= 𝑘𝐵

𝛼2𝑒𝛼

(1 + 𝑒𝛼)2
(7) 

 

 

c) As 𝑇 → 0 we have 𝛼 →  −∞. Looking at the numerator and denominator in the RHS of Eq. (7), 

𝛼2𝑒𝛼 → 0 

(1 + 𝑒𝛼)2 → 1  

The first asymptotic follows from the fact that an exponential dominates over the polynomial term 𝛼2 

(you can use l’Hopital’s rule, formally). Thus, 



𝐶𝑉

𝑁
→ 0   𝑎𝑠  𝑇 → 0 

As 𝑇 → ∞  we have 𝛼 → 0. Since: 
𝑒𝛼

(1 + 𝑒𝛼)2
→

1

4
   𝑎𝑠 𝛼 → 0  

 

Then, 

𝐶𝑉

𝑁
→

𝑘𝐵𝛼2

4
 

 

 

 

 


