
 

 

a) We need: 

∫ 𝑑𝑥 |Ψ(𝑥, 0)|2 = 1
∞

−∞

 

|𝐴|2 ∫ 𝑑𝑥 𝑥2(𝑎 − 𝑥)2 = 1
𝑎

0

 

|𝐴|2  ∫ 𝑑𝑥 (𝑎2𝑥2 − 2𝑎𝑥3 + 𝑥4) = 1
𝑎

0

 

|𝐴|2  (
𝑎2𝑥3

3
−

2𝑎𝑥4

4
+

𝑥5

5
) |0

𝑎 = 1 

|𝐴|2  (
𝑎5

3
−

𝑎5

2
+

𝑎5

5
) = 1 

|𝐴|2𝑎5  (
10 − 15 + 6

30
) = 1 

Therefore: 

𝐴 =   √
30

𝑎5
 

b) 

⟨𝑥⟩ = ∫ 𝑑𝑥Ψ∗(𝑥, 0)𝑥Ψ(𝑥, 0)
∞

−∞

 

= |𝐴|2 ∫ 𝑑𝑥 𝑥(𝑎 − 𝑥)𝑥 𝑥(𝑎 − 𝑥)
𝑎

0

 

=
30

𝑎5
∫ 𝑑𝑥 𝑥3(𝑎 − 𝑥)2

𝑎

0

 

=
30

𝑎5
∫ 𝑑𝑥 𝑥3(𝑎2 − 2𝑎𝑥 + 𝑥2)

𝑎

0

 

=
30

𝑎5
∫ 𝑑𝑥 (𝑎2𝑥3 − 2𝑎𝑥4 + 𝑥5)

𝑎

0

 



=
30

𝑎5 (
𝑎6

4
−

2𝑎6

5
+

𝑎6

6
) 

= 30 𝑎 (
15 − 24 + 10

60
) 

And we get: 

⟨𝑥⟩ =
𝑎

2
 

c) Similar to the above: 

⟨𝑥2⟩ = ∫ 𝑑𝑥Ψ∗(𝑥, 0)𝑥2Ψ(𝑥, 0)
∞

−∞

 

= |𝐴|2 ∫ 𝑑𝑥 𝑥(𝑎 − 𝑥)𝑥2 𝑥(𝑎 − 𝑥)
𝑎

0

 

=
30

𝑎5
∫ 𝑑𝑥 𝑥4(𝑎 − 𝑥)2

𝑎

0

 

=
30

𝑎5
∫ 𝑑𝑥 𝑥4(𝑎2 − 2𝑎𝑥 + 𝑥2)

𝑎

0

 

=
30

𝑎5
∫ 𝑑𝑥 (𝑎2𝑥4 − 2𝑎𝑥5 + 𝑥6)

𝑎

0

 

=
30

𝑎5 (
𝑎7

5
−

2𝑎7

6
+

𝑎7

7
) 

= 30 𝑎2 (
1

5
−

1

3
+

1

7
) 

= 30 𝑎2 (
21 − 35 + 15

105
) 

Thus, 

⟨𝑥2⟩ =
2

7
𝑎2  

Note: One can show, 

∫ 𝑑𝑥 𝑥𝑚(𝑎 − 𝑥)2
𝑎

0

=  
2

(𝑚 + 1)(𝑚 + 2)(𝑚 + 3)
𝑎𝑚+2 

So that in general: 

 

⟨𝑥𝑛⟩ =
60

(𝑛 + 3)(𝑛 + 4)(𝑛 + 5)
𝑎𝑛 

 

d)  

𝜎𝑥
2 = ⟨𝑥2⟩ − ⟨𝑥⟩2 

= (
2

7
−

1

4
) 𝑎2 



= (
8 − 7

28
) 𝑎2  

𝜎𝑥 =
𝑎

√28
 

e) The uncertainty principle states: 

𝜎𝑥𝜎𝑥 ≥
ℏ

2
 

So, 

 

𝜎𝑥𝜎𝑝 = ℏ √
10

28
 

= ℏ √
5

14
 

 

Now 

√
5

14
>

1

2
 

since 
5

14
>

1

4
   (alternatively, just plug into calculator and verify). Therefore, yes, it is satisfied. 

 


