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a) The moment of inertia is given by: 

𝐼 = ∫ 𝑑𝑚 𝑟2 

Assuming uniform distribution: 

𝑑𝑚 = 𝜌 𝑑𝐴 

=
𝑚

√3𝑎  
2

𝑎
2

 𝑑𝐴 

→  𝑑𝑚 =
4𝑚

√3𝑎2
 𝑑𝐴 

Thus,  

𝐼 =  
4𝑚

√3𝑎2
∫ 𝑑𝐴 𝑟2  (1) 

 

Let’s evaluate the integral in Eq. (1): 

 

 



∫ 𝑑𝐴 𝑟2

𝐶1+𝐶2 

= ∫ 𝑑𝐴 𝑟2

𝐶1 

+ ∫ 𝑑𝐴 𝑟2

𝐶2 

 

= 2 ∫ 𝑑𝐴 𝑟2

𝐶1 

    (𝐹𝑟𝑜𝑚 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑦) 

At a given x we integrate from the line to the top. That is from the line that goes through the origin and 

has the point (
1

2
𝑎,

√3

2
𝑎):  𝑦 = √3𝑥. The top is 𝑦 =

√3

2
𝑎 . Therefore: 

= 2 ∫ 𝑑𝑥

𝑎
2

0

∫ 𝑑𝑦

√3𝑎
2

√3𝑎𝑥

    𝑟2  

= 2 ∫ 𝑑𝑥

𝑎
2

0

∫ 𝑑𝑦

√3𝑎
2

√3𝑥

 (𝑥2 + 𝑦2) 

= 2 ∫ 𝑑𝑥

𝑎
2

0

( 𝑦𝑥2 +
𝑦3

3
) |

√3𝑎
2

√3𝑥  

= 2 ∫ 𝑑𝑥

𝑎
2

0

(
√3𝑎

2
𝑥2 +

1

3

√3𝑎

2
 (

3𝑎2

4
) − √3𝑥3  −

1

3
√3𝑥(3𝑥2)) 

= 2√3 ∫ 𝑑𝑥

𝑎
2

0

(
1

2
𝑎𝑥2 +

𝑎3

8
− 𝑥3  − 𝑥3) 

= 2√3 ∫ 𝑑𝑥

𝑎
2

0

(−2𝑥3 +
1

2
𝑎𝑥2 +

𝑎3

8
 ) 

= 2√3 (−2
1

4

𝑎4

16
+

𝑎

2

1

3

𝑎3

8
 +

𝑎3

8
 
𝑎

2
) 

= 2√3𝑎4 (−
1

32
+

1

48
 +

1

16
) 

= 2√3𝑎4 (
5

96
) 

=
5

48
√3 𝑎4 

Therefore: 

𝐼 =  
4𝑚

√3𝑎2

7

48
√3 𝑎 

𝐼 =  
5

12
𝑚𝑎2  

 

b) We have: 

𝐼
𝑑2𝜃

𝑑𝑡2
= −𝑚𝑔 𝑟𝑐𝑚 sin 𝜃 

 



𝑑2𝜃

𝑑𝑡2
=  −

𝑚𝑔 𝑟𝑐𝑚

𝐼
sin 𝜃 

Using the small angle approximation: 

𝑑2𝜃

𝑑𝑡2
≈  −

𝑚𝑔 𝑟𝑐𝑚

𝐼
𝜃 

 

 

𝜔2 =
𝑚𝑔 𝑟𝑐𝑚

𝐼
 

 

 

Using the result from (a) and 𝑟𝑐𝑚 =
𝑎√3

3
  (see diagram in c) then 

 

𝜔2 =
𝑚𝑔 

𝑎√3
3

5
12

𝑚𝑎2
 

=
12 𝑔√3

5𝑎(3)
 

 

→  𝜔2 =
4√3

5
 
𝑔

𝑎
 

 

c) From the parallel axis theorem: 

𝐼 = 𝐼𝑐𝑚 + 𝑚𝑑2 → 𝐼𝑐𝑚 = 𝐼 − 𝑚𝑑2 = 𝐼𝑐𝑚 

 

If we let 𝐼1 and 𝐼2 be the moment of inertia for the a and c confirmation, respectively. Also, let  

𝑑1 𝑎𝑛𝑑 𝑑2 be the distances of the CM from the pivot point, respectively, we get: 

𝐼1 − 𝑚𝑑1
2 = 𝐼2 − 𝑚𝑑2

2 

 

𝐼2 =  𝐼1 − 𝑚𝑑1
2 + 𝑚𝑑2

2 

 

 

 

 

 

 



Solving: 

 

 

 

 

 

 

 

 

 

 

 

 

 

Therefore, 

𝐼2 =  
5

12
𝑚𝑎2 − 𝑚 (

1

3
) 𝑎2 + 𝑚

3

36
𝑎2 

= (
5

12
−

1

3
+

1

12
) 𝑚𝑎2 

= (
5 − 4 + 1

12
) 𝑚𝑎2 

And: 

𝐼2 =
1

6
𝑚𝑎2  

 

 

Alternatively:  

 

 

 

 

𝐼2 =  
4𝑚

√3𝑎2
∫ 𝑑𝐴 𝑟2  (2) 

Then the integral is: 



 

∫ 𝑑𝐴 𝑟2 = 2 ∫ 𝑑𝑥

𝑎
2

0

∫ 𝑑𝑦
√3(

𝑎
2

−𝑥)

0

    𝑟2 

= 2 ∫ 𝑑𝑥

𝑎
2

0

∫ 𝑑𝑦
√3(

𝑎
2

−𝑥)

0

  (𝑥2 + 𝑦2) 

= 2 ∫ 𝑑𝑥

𝑎
2

0

(𝑥2𝑦 +
𝑦3

3
) |

0

√3(
𝑎
2

−𝑥)
 

= 2 ∫ 𝑑𝑥

𝑎
2

0

(𝑥2√3 (
𝑎

2
− 𝑥) +

1

3
√3 (3) (

𝑎

2
− 𝑥)

3

) 

 = 2√3 ∫ 𝑑𝑥

𝑎
2

0

(𝑥2 (
𝑎

2
− 𝑥) + (

𝑎

2
− 𝑥)

3

) 

= 2√3 ∫ 𝑑𝑥

𝑎
2

0

(
𝑎

2
𝑥2 − 𝑥3 − 𝑥3 + 3𝑥2

𝑎

2
− 3𝑥

𝑎2

4
+

𝑎3

8
 ) 

= 2√3 ∫ 𝑑𝑥

𝑎
2

0

(
𝑎

2
𝑥2 − 𝑥3 − 𝑥3 + 3𝑥2

𝑎

2
− 3𝑥

𝑎2

4
+

𝑎3

8
 ) 

= 2√3 ∫ 𝑑𝑥

𝑎
2

0

(−2𝑥3 + 2𝑎𝑥2 − 3
𝑎2

4
𝑥 +

𝑎3

8
 ) 

= 2√3 (−2
1

4
𝑥4  + 2𝑎

1

3
𝑥3 − 3

𝑎2

8
𝑥2   +

𝑎3

8
 𝑥) |0

𝑎
2  

= 2√3 (−
1

2

𝑎4

16
  +

2𝑎

3
 
𝑎3

8
 − 3

𝑎2

8

𝑎

4
  +

𝑎3

8
  

𝑎

2
)  

= 2√3𝑎4 (−
1

32
  +

1

12
 −

3

32 
  +

1

16
)  

= 2√3𝑎4
1

48
 

=
√3

24
𝑎4 

Inserting the result into Eq. (2): 

𝐼2 =  
4𝑚

√3𝑎2

√3

24
𝑎4 

=
𝑚

6
𝑎2 

As before. 

 
  

 

 



 


