
Bonus (CL): what’s wrong with H? 

__________ 

a) To find the eigenvalues solve: 

det(𝐻 − 𝜆 𝐼) = 0 

|
5𝐸0 − 𝜆 −2𝐸0

𝐸0 2𝐸0 − 𝜆
| = 0 

(5𝐸0 − 𝜆)(2𝐸0 − 𝜆) + 2𝐸0
2 = 0 

10𝐸0
2 − 5𝐸0𝜆 − 2𝐸0𝜆 + 𝜆2 + 2𝐸0

2 = 0 

𝜆2 − 7𝐸0𝜆 + 12𝐸0
2 = 0 

(𝜆 − 3𝐸0)(𝜆 − 4𝐸0) = 0 

Therefore, 

𝜆 = 3𝐸0, 4𝐸0  

b) We need to solve for: 

𝐻𝜓 = 𝐸𝜓 

For both eigenvalues 

 

2𝐸0 

 

𝐸0 (
5 −2
1 2

) (
𝜓1

𝜓2
) =  3𝐸0 (

𝜓1

𝜓2
) 

 

(
5 −2
1 2

)(
𝜓1

𝜓2
) =  3 (

𝜓1

𝜓2
) 

From first row: 

5𝜓1 − 2𝜓2 = 3𝜓1 

𝜓1 = 𝜓2 →   
𝜓2 

𝜓1
= 1 

One can easily verify that 𝐻 (
1
1
) = 3 (

1
1
).  Now, 



𝜓𝑙 = 𝐴𝑙  (
1
1
) 

where 𝐴𝑙  is a normalizing constant. Its value is: 

 

|𝜓𝑙|
2 = 1 

|𝐴|2 (12 + 12) = 1 

|𝐴|2 2 = 1 → 𝐴 =
1

√2
 

𝜓𝑙 =
1

√2
 (

1
1
)  

4𝐸0 

 

𝐸0 (
5 −2
1 2

) (
𝜓1

𝜓2
) =  4𝐸0 (

𝜓1

𝜓2
) 

 

(
5 −2
1 2

)(
𝜓1

𝜓2
) =  4 (

𝜓1

𝜓2
) 

From first row: 

5𝜓1 − 2𝜓2 = 4𝜓1 

𝜓1 − 2𝜓2 = 0 →→   
𝜓2 

𝜓1
=

1

2
 

 

Again, you can see 𝐻 (
2
1
) = 4 (

2
1
) . So, 

𝜓𝑢 = 𝐴𝑢  (
2
1
) 

Normalizing: 

|𝐴𝑢|2(22 + 12) = 1 

→ 𝐴𝑢 =
1

√5
 

𝜓𝑙 =
1

√5
 (

2
1
)  

c) The expectation value is given by: 

⟨𝜓|𝐻|𝜓⟩ = 𝜓⃗ †𝐸0 (
5 −2
1 2

) 𝜓⃗  

=
𝐸0

10
(3 1) (

5 −2
1 2

)(
3
1
) 

=
𝐸0

10
(3 1) (

13
5

) 

=
𝐸0

10
(3(13) + 5) 

 



⟨𝜓|𝐻|𝜓⟩ = 4.4𝐸0  

 

Bonus: As we see, the eigenvectors are NOT orthogonal despite the eigenvalues being different. This is 

due to the fact that H is not Hermitian. Thus, this Hamiltonian is non-physical.  

The Hamiltonian needs to Hermitian for the evolution operator: 

𝑈(𝑡) = 𝑒−𝑖𝐻𝑡/ℏ 

to be unitarian. This is needed for the probabilities to sum up to 1. 

 

 

 

 

 

 

 

 

 

 


