2020 Modern QM2

Problem QM2:

1. Consider an electron (a spin % particle) in the spin state [1) = J%GH) + 4]-)),

where |+) and |—) are the spin up and spin down state, respectively, in the z-
direction. The electron passes through an x-direction Stern-Gerlach analyzer, what
is the probability that it will be measured in the |—),, state?

2. After the electron passes through the Stern-Gerlach analyzer, at time t = 0 the
particle is measured to be in the the |-}, state (i.e. for the following problem, the
initial state is [1(t = 0)) = [-) ), also at this moment (t = 0), the electron enters a

uniform magnetic field in the z direction: B = B,Z. What is the state |Y(t)) at some
time t later (in the S, basis)?

Hint: the Hamiltonian can be written as H = hay (1 0 )

2 \0 -1
3. What is the probability of measuring the particle in state |¢) = %(H) +i]-)) at

some time t later?

1. The eigen state |— ), inthe S, basis is given by:
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By the Born rule the probability of being the in the, |— ), state is:
P=[(—l9) I?
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2. The Schrodinger equation is given:
0 —
th— [ (®©) = Hlp©) €Y)
where:
A=-i-B ()

Since this doesn’t depend on time the solution is:

() = e~ [Y(0)) @3)



You can easily very it satisfies Eq. (1) and meets the boundary condition. Now, looking at Eq. (2), we
note:

. h .
u= ]/E g (4)
Wherey = —g % and g is the gyromagnetic constant. We’ll use g = 2, which is correct to leading
order (we’ll ignore higher order corrections to this) and y = — % Thus,
~ le -
H=-—B-¢ (5)
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Inserting Eq. (5) into (3):

e|B|

PO = e 57 ()
We used B = |B| B. Lettingw = %|§| be the classical cyclotron frequency then:

t

Y(o) = _T Y (0)
We now use that fact that if we have a vector A = a A then:
el @47 = [ cos(a) + i(/i . 5) sin(a)

Therefore, the general solution to Eq. (1) is:

Y(t) = (I cos (a;t) —i(B-0) sm( )) Y (0)

Now we insert B = By 2 and (0) = % (_11)5

Y(t) = (I cos —ig, sin (a;t)) (_11)
~ cos 0 —isin (%t) 0 1
v = cos (w_t> * 0 i sin (%t) (_1)
cos % lsm 0
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Note: alternatively, you can solve the eigenvalues and eigenvectors of Eq. (5), use [((t)) =

_iEnt
Yncne 1t |n)and use the boundary condition to find the coefficients.

3. By the Born rule the probability is given by:
P(t) = I(<l>|l/)(t))|2
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