Classical Physics — Fall 2018

Section B: Electricity and Magnetism

4) Consider the long cylindrical shell centered on the z-axis with inner radius a and outer radius b. The
cylindrical shell caries a “frozen-in” magnetization, parallel to the xy-plane M = k52q§ where k is a constant
and s is the distance from the axis.

a. Determine all bound current j, and K.
b. Using the bound currents determined in part (a), determine the magnetic field B and the auxiliar field
H for theregionss < a,a <s < b,ands > b.

Solution)

a)
Let’s find the magnetization currents. The volume current is:
Jp() =V X M(r)

Where the curl in cylindrical coordinate is:
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Since M = ks?¢:

VxM = <%>§+1<M>2=1<6(k53)>2=3ksz

0z s ds s\ 0s
jp(r) = 3ksz
The surface currents are:
K,(rs) = M(rs) X A(rs)
K,(r¢ =a) = M(rg = a) X i(rs = a) = ka®’¢p x (=§) = ka?z
K,(rs =b) = M(rs = b) X i(rs = b) = kb?} X (8) = —kb?2
b)

The integral form of Ampere’s law V X B = p,j is:

é dl: B = polenc
Cc

The first integral is
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%dl-B=¢Bdl=j Bsd¢ = 2nsB

c c 0
where dl = dl$ = sdp.
Let’s use cylindrical coordinates x = s cos ¢, x = ssin¢, z = z. Then dS = sdsd¢2z:
e s<a
Ione = 0
B(s<a)=0
e a<s<b

Lone de ]b+cjadl Kb(rs—a)xn(rs—a)—3kj d¢j s'?ds'z- 2 + ka® jdqb(p ¢

= 2mks® — 2nka® + 2nka® = 2mwks3

Then:
2nsB = 2mugks® > B = pgks?
e s>bh
Lonc j as-j, + % dl-K,(rs =a) Xfi(rs =a) + % dl-K,(rs = b) X fi(rg = b) =
Cs a C:s=
=3kj dqﬁjs’zds’ 2+ ka® jdqb(p ¢ — kb3j dpd-¢p =
= 27ka3 — 27Tka + 2mka® — 27rkb3 =0
Then:
2nsB=0 - B=0
Thus:
0, s<a
B(s) = {uokszqg, a<s<b
0, s>b

Using the fundamental relation of magnetic matter:

B(r) = uo[M(r) + H(r)]

1
H=—B-M
Ho

0, s<a
H=1{0 a<s<b
0, s>b



