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1. Five men and nine women stand equally spaced around a circle in ran-
dom order. The probability that every man stands diametrically opposite
a woman is — , where m and n are relatively prime positive integers. Find

n

m—+n.
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Answer | %%

2. Positive real numbers b # 1 and n satisfy the equations

\/log,n =log,v/n and b-log,n =log,(bn).

The value of n1 is %,

j+k

where j and k are relatively prime positive integers. Find

EEHbAT 50 HEFA

\/log,n =log,/n #= b-log,n =log,(bn).
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Answer | Z%:
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3. A plane contains 40 lines, no 2 of which are parallel. Suppose that there
are 3 points where exactly 3 lines intersect, 4 points where exactly 4 lines
intersect, 5 points where exactly 5 lines intersect, 6 points where exactly 6
lines intersect, and no points where more than 6 lines intersect. Find the

number of points where exactly 2 lines intersect.
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Answer | Z%:
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4. The sum of all positive integers m such that oy is a perfect square can be
written as 293°5¢7911¢13f, where a, b, ¢, d, e, and f are positive integers. Find
a+b+c+d+e+f.

13! .
B A 1243 o R T AT T B B m 49 % AT LB R, 2038567911013 49
X, HEda, b,c,d, e, fREEHK. Ra+tb+tc+dte+f.

Answer | %%

5. Let P be a point on the circle circumscribing square ABCD that satisfies PA -
PC =56 and PB - PD = 90. Find the area of ABCD.

# P AEFHH ABCD 69503 R L&y — &, i#H % PA-PC =56, PB-PD = 90.
K ABCD #@#5.

Answer | &%

6. Alice knows that 3 red cards and 3 black cards will be revealed to her one
at a time in random order. Before each card is revealed, Alice must guess its
color. If Alice plays optimally, the expected number of cards she will guess
correctly is % , where m and n are relatively prime positive integers. Find

m—+n.
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Answer | & %:

7. Call a positive integer n extra-distinct if the remainders when n is divided
by 2, 3, 4, 5, and 6 are distinct. Find the number of extra-distinct positive

integers less than 1000.

de B nhA2, 3, 4,5, 6 9AKETAR, NAREEMn AN KRR,
FosF 1000 &9 455 7] 7 F) 69 5 BG4S

Answer | &%
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Rhombus ABCD has ZBAD < 90°. There is a point P on the incircle of the
rhombus such that the distances from P to the lines DA, AB, and BC are 9,
5, and 16, respectively. Find the perimeter of ABCD.

E%H ABCD ¥, /BAD <90°. A B AWE LA —E P, 1£/FMAP 3
H4% DA, AB, BC#EBEH A9, 5, 16. K ABCD #9FKk.

Answer | & %:

. Find the number of cubic polynomials p(x) = x> + ax? + bx + ¢, where

a,b, and c are integers in {—20, —19, —18,...,18,19,20}, such that there is a
unique integer m # 2 with p(m) = p(2).

#E=k$FXp(x)=x3+ax® +bx+c, £¥a, b, c 2 {-20,-19,-18,
...,18,19,20} & 49 H 5, A AL E—EEm A2HLp(m) =p2). K
XHA) 5 K e

Answer | &%

There exists a unique positive integer a such that the sum

2023 Vz _ WJ

U= Z z
n=1

is an integer strictly between —1000 and 1000. For that unique 4, find a + U.

Here | x| is the greatest integer less than or equal to x.

Chn L2 — 89 B B a AT e
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Answer | &%

Find the number of subsets of {1, 2,3, ...,10} that contain exactly one pair of

consecutive integers. Examples of such subsets are {1,2,5} and {1, 3,6,7,10}.

Kby b — bk s B4y {1,2,3,...,10) ¢ F K. IHTFTEGHTA
{1,2,5} 4= {1,3,6,7,10} .

Answer | &%
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12. Let AABC be an equilateral triangle with side length 55. Points D, E, and F

13.

lie on BC, CA, and AB, respectively, with BD = 7, CE = 30, and AF = 40.
Point P inside AABC has the property that

LAEP = /ZBFP = ZCDP.

Find tan?(ZAEP).
% NABC =¥ 455 9% =a%. & D, E, F4 5% #&£i# BC, CA, AB
L, 443 BD =7, CE=30, AF=40. ANABC Wt % P AAHMHR

/AEP = /BFP = /CDP.

X tan?(LAEP).

Answer | &%

Each face of two noncongruent parallelepipeds is a rhombus whose diago-
nals have lengths v/21 and v/31. The ratio of the volume of the larger of the
two polyhedra to the volume of the smaller is ™ where m and n are rela-
tively prime positive integers. Find m +n. A pari'allelepiped is a solid with

six parallelogram faces such as the one shown below.
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14. The following analog clock has two hands that can move independently of

15.

each other. Initially, both hands point to the number 12. The clock performs
a sequence of hand movements so that on each movement, one of the two
hands moves clockwise to the next number on the clock face while the other

hand does not move.

Let N be the number of sequences of 144 hand movements such that during
the sequence, every possible positioning of the hands appears exactly once,
and at the end of the 144 movements, the hands have returned to their initial

position. Find the remainder when N is divided by 1000.

T @ 69D A AT AR R SRS AT . Rdn, FANIEATI S A
12, 4B IR A — RSB, BABAN, BAEA T
8 — ANIIR B4 3h 24P L6 T —ANKS, @A —ANNEREFERF.
R4 144 KRB ORABH G, AESTRF, HAEAGENTR
12 RASAF I — K, LA 144 KA RA, SAHSHFE D B At
E. RN ZRZHGIRABFFIEANE. KN L 1000 #9424

Answer | &%

Find the greatest prime number p < 1000 such that there exists a complex

number z satisfying

e the real part of z and the imaginary part of z are both integers,

* |z| = /p, and
o there exists a triangle whose three side lengths are p, the real part of 3,

and the imaginary part of z°.
RFE Ry p <1000, #4744 58 z i~

o z By IR Ae z 09 B SRAR L R,
° |Z| = \/ﬁ)
o AE—NZAW, RZkAp, 2295, B HEHR.

Answer | &%



