2021Fall AMC12B

2021Fall AMC12B

Problem 1
What is the value of 1234 + 2341 + 3412 + 41237

&K X, 1234 + 2341 + 3412 + 4123 #9442 % ' ?
(A) 10,000  (B)10,010 (C)10,110 (D) 11,000 (E) 11,110

Problem 2

What is the area of the shaded figure shown below?

TATRAZ R ERRES ?

0 1 2 3 4 5 6
(A)4 (B)6 (C)8 (D)10 (E)12
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Problem 3

At noon on a certain day, Minneapolis is N degrees warmer than St. Louis. At 4:00 the temperature
in Minneapolis has fallen by 5 degrees while the temperature in St. Louis has risen by 3 degrees, at
which time the temperatures in the two cities differ by 2 degrees. What is the product of all possible
values of N7

¥ — X4+, Minneapolis 4 % i& tb St. Louis & N B{o 4:00 &, Min-
neapolis 4 AR TFTH 7T 5 &, M St. Louis 9 &R EF T 3 &, SLBF& 4N
mAg AR E 2 B, B N @A THRAAGERZ S V2

(A)1I0 (B)30 (C)60 (D)100 (E)120

Problem 4

n
=7
Let n = 8%°2 Which of the following is equal to 4

i n
ﬁn—WMOMMTWﬂ%%%E?

(A) 41010 (B) 22022 (C) 82018 (D) 43031 (E) 43032

Problem 5
a

Call a fraction b, not necessarily in the simplest form, special if @ and b are positive integers whose
sum is 15. How many distinct integers can be written as the sum of two, not necessarily different,
special fractions?

R adb REEK, BAA15, LI, ARABARAHX, &

A4k, I S VAT R 6 EHT RS A ANFR S b Fe, L EHH
NFBH AR I F?
(A)9 (B)10 (C)ll (D)12 (E)13

CS"‘
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Problem 6

The largest prime factor of 16384 is 2 because 16384 = 2. What is the sum of the digits of the
greatest prime number that is a divisor of 16383?

16,384 9 K TP 9 H K EH R 2, B A 16,384 =214, 516,383 84 24 % ¥ 44
RRXEHKV R FZFoX S )?

(A)3 (B)7 (C)10 (D)16 (E)22

Problem 7
Which of the following conditions is sufficient to guarantee that integers x, ¥, and z satisfy the

equationx(gj —y)+yly—2) tz2z—2)=17

ATIRAFAF T AHRER x. y Foz #h LT A2
x(x—y)+yly—2z)+z(z—x) =12

(A)z>Yapdy =2

B)z=y—lggy==2-1

(C)x=z2+1 4y=x4+1

MDz=zggqy—1=2

(E)zx+y+z=1
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Problem 8

The product of the lengths of the two congruent sides of an obtuse isosceles triangle is equal to the
product of the base and twice the triangle's height to the base. What is the measure, in degrees, of the
vertex angle of this triangle?

AAFTRABEFRFHNARORBRFTRAS =AY LRA SO HE
B RAR. FIXANZABOTRARZS S R?

(A)105 (B)120 (C)135 (D)150 (E) 165

Problem 9

Triangle ABC' is equilateral with side length 6. Suppose that O is the center of the inscribed circle
of this triangle. What is the area of the circle passing through A, O, and C?

=A% ABC RAKA 6 MFRA=ZFAFH. BRXORXIN=ZAHBGALER
G, WZE A OfF CHEGBRZES )?

(A) 97 (B) 127 (C) 18w (D) 247 (E) 27n

Problem 10

What is the sum of all possible values of £ between 0 and 360 such that the triangle in the coordinate

plane whose vertices are(€0s 40°, 5in 40°), (cos 60°, sin 60°), and (cos t°, sin ¢°)ig jsosceles?

AT 042360 2 1), 5 BAE 43 2 45-F & P TR ,5 4 (cos40°,sin40°) , (cos 60°,sin 60°)
A= (cost°,sint®) #9 = A X SRR PTA THE t ARG S AR 5 17

(A)100 (B)150 (C)330 (D)360 (E) 380
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Problem 11

Una rolls 6 standard 6-sided dice simultaneously and calculates the product of the 6 numbers
obtained. What is the probability that the product is divisible by 47

Una F) B35t 6 ANMREME 6 ANEGRT, Fit B35 696 38 k. M
FARAEAR 4 bR R S b2

3 Y 59 187 63
(A) 1 (B) 61 (©C) 61 (D) 192 (E) 61

Problem 12

For n a positive integer, let f (n) be the quotient obtained when the sum of all positive divisors

12
14)=(14+24+74+14) - 14 = —
of n is divided by n. For example,f( )=(1+24+7+14) 7 What

i J(T68) — f(384)7

MFERH, 4 f(n) A n QA EHRZ AR 0 FARGT. Hld,
F(14) = (14247 +14) + 14 = 172 11 £(768) — £(384) 2 % 4>

4 8
A) — B) — C)1 D) - E) -
Az B ©L D3 ®3
Problem 13
B 21 sin 3¢ - sin 6¢ - sin 9¢ - sin 12¢ - sin 1507

c= —.
Let 11 What is the value of sin ¢ - sin 2¢ - sin 3¢ - sin 4e¢ - sin be
. 27 .
'}iC: ﬁo ilii

sin3c - sin6c - sin9c¢ - sin12¢ - sin 15¢
sinc -sin2c -sin3c - sin4c - sin 5¢

g{ER % e

@w-1 ®-1 oY ol @
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Problem 14

Suppose that P(2),Q(z ), and 12(2) are polynomials with real coefficients, having degrees 2, 3,

and 6, respectively, and constant terms 1, 2, and 3, respectively. Let /N be the number of distinct

complex numbers z that satisfy the equation P(z)-Q(z) = R(Z) What is the minimum possible

value of N?

Bk P(z). Q(z) # R(z) REAKSAX, k#HHH2. 346, ¥H7
23 AL 2423, AN ZHAFFP(z)-Q(z) = R(z) 9 FRRB L é z 894
Bo BN 8RN THRAER 302

(A)0 (B)1 (©)2 (D)3 (B)5

Problem 15

Three identical square sheets of paper each with side length 6 are stacked on top of each other. The
middle sheet is rotated clockwise 30° about its center and the top sheet is rotated
clockwise 60° about its center, resulting in the 24-sided polygon shown in the figure below. The

area of this polygon can be expressed in the form @ — b\/E, where a, b, and ¢ are positive integers,

and ¢ is not divisible by the square of any prime. What is @ + b 4 ¢?

ZRMEAGARAOHEFTHARERE R, REPRGHKRAEL PO
IR B4t ae 4k 30°, R E@ A9 4R R S P LR B4t aedt 60°, B RAe T B BT
0924 W IANASAHEERTAR a—b/c B XE&T, £Fa. bic
AEEL, FHc FRRREMEKXRGTFZESR. Flat+b+c2%)?

(A)75 (B)93 (C)96 (D)129  (E)147
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Problem 16
Suppose a, b, ¢ are positive integers such
thata + b + ¢ = 23andgcd(a, b) + ged(b, ¢) + ged(c, @) = 9.what is the sum of all possible

distinct values of a* + b + ¢*?

Bix a. bFfec REEH, HLEMHa+b+c = 23, AK ged(a,b) +
gcd(b,c) + ged(c,a) = 9. Fl a® + b% + ¢* B9 P H T B 84 T 4645 69 % Ao 2
% e

(A)259 (B)438 (C)516 (D)625 (E)687

Problem 17

A bug starts at a vertex of a grid made of equilateral triangles of side length 1. At each step the bug
moves in one of the 6 possible directions along the grid lines randomly and independently with equal
probability. What is the probability that after 5 moves the bug never will have been more than 1 unit
away from the starting position?

—REFMAGHAKAIGFDA=ZABARGRNEGENRE L L, F—F,
EFRAEIR ST H ML A6 ANTTH 69 7 @ X — 45 3) 3| 48 4K 69 TR 5.
MAED ¥ HHE, RFEERBIZBEAREIARLT I HHEEZ S V?

4 1

13 7 29
(A) 103 (B) 51 (©) 216 (D) o7 (E) I



2021Fall AMC12B

Problem 18
1

Up = : = Quy, — 2u?
Set 4 and for K > 0 et Yk+1 be determined by the recurrence¥s+1 = 2Us U

: . : : |ur, — L| < ?
This sequence tends to a limit; call it L. What is the least value of k such that 21000
Sy 1 2@ e % 2 = g %
#up= 7, TF k>0, upyp MBHEX wp = 2up — 2up HE XA
#2F %"‘ﬁl‘?& it A Lo #H &

1
| — L < 00

0k AR AMER S )2
(A)10 (B)87 (C)123 (D)329  (E)401

Problem 19

Regular polygons with 5, 6, 7, and 8 sides are inscribed in the same circle. No two of the polygons
share a vertex, and no three of their sides intersect at a common point. At how many points inside the
circle do two of their sides intersect?

HS5.6.7F8 FANELZAHBRNIELAR —ANEF. EEBHANZAHEA
AERE, FRLLUXAZFSAHGAALT— 5. HXE S F
AR AT R ER VP

(A)52  (B)56 (C)60 (D)64 (E)68

Problem 20

A cube is constructed from 4 white unit cubes and 4 blue unit cubes. How many different ways are
there to construct the 2 X 2 X 2 cube using these smaller cubes? (Two constructions are considered
the same if one can be rotated to match the other.)

—AZFRWY 4B E BT T ke 4 AT RS 5 AR . T R
BN 2 A RRMBZ2X2X 2K, AAH S IHTRGFTE? (3o
R—AMET LRI RA F —F WA, MAA R R AR 4. )
(A)7 (B)8 (C)9 (D)10 (B)1l

8
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Problem 21

For real numbers x,

et (x) = 14-cos(x)+i sin(x)—cos(2x)—i sin(2x)+cos (32 )+ sin(32 )ywhere i = vV—1 .
For how many values of  with 0 < & < 27 doesE’ (z) = 07
TR, &

P(x) =1+ cos(x) +isin(x) — cos(2x) — isin(2x) + cos(3x) + isin(3x),

EFi=v-1. £0<x<2n ¥, A% VA x{ai#H 2 P(x)=0?
Ao B)LI (©)2 D)3 (E)4

Problem 22
Right triangle A BC has side lengths BC' = 6, AC' = 8,and AB = 10.

A circle centered at O is tangent to line BC' at B and passes through A. A circle centered at P is
tangent to line AC' at A and passes through B. What is O P?

HA=ZAK ABC#i k4 BC=6, AC=8, AB=10, A0 AR <HH
L5484 BCAawT B, #2135 A, AP ARSHBE S5A% ACHAT
A, F#A%2i: 5 B, FJOPHKERSV?

) 7
Wr ®L ©L O ®3


https://artofproblemsolving.com/wiki/index.php/2021_Fall_AMC_12B_Problems/Problem_22
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Problem 23

What is the average number of pairs of consecutive integers in a randomly selected subset

of 5 distinct integers chosen from the set {1,2,3,...,30} ? (For example the

set {1,17,18,19,30} has 2 pairs of consecutive integers.)

ZFEANES{1,2,3,...,30} PRAIEZES AREEHERGTE, LT
G RYTH B EHERS Y (e, £4 {1,17,18,19,30} v/ 2 st &
2 .)

5)
@W; ® ©: M ®I

Problem 24

Triangle ABC has side lengths AB =11, BC =24 34 C A = 20. The bisector

of ZBAC intersects BC in point D, and intersects the circumcircle of A ABC in point & # A
The circumcircle of A B E'D intersects the line AB in points B and F # B Whatis CF?

Z % ABC #9i1 %5 AB=11, BC=24, CA=20. /BAC 45 4% 5
BCHWRXF&D, #8085 AABC #9543 B X F 5 E # A. ABED #9M3
H5% ABHXTEBMF#B, FICFHKERS)?

(A)28 (B)20v2 (C)30 (D)32 (E)20V3

10
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Problem 25

For n a positive integer, let R(n) pe the sum of the remainders when n is divided
by 2,3,4,5,6,7,8,9, and 10. For
example, R(15) =140+3+0+3+1+7+6+5=26 4, many two-digit positive

integers 7 satisfy R(n) =R(n+1)7

stFE%¥n, 4R(n) Ankik2, 3. 4.5, 6.7, 8, 910 894 %2
Foo Bldw, R(15) =14+04+3+04+3+14+7+6+5=26, MH % VA%
L ¥ ni#H X R(n)=R(n+1)?

Ao ®1 (©2 @M3 (E)4

11
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2021Fall AMC12B Answer Key

1 2 3 4 5 6 7 8 9 10 11 12 13
E B C E C C D D B E C B E
14 15 16 17 18 19 20 21 22 23 24 25
B E B A A E A A C A C C

2021Fall AMC12B Solution
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