
© 2023 – Jessica Chipera, MBA, Doctoral Candidate   CreaƟve Commons / Not for Profit 

Do Iterated and Lebesgue Integration  
with Highlighters! 

Lots of people do Calculus 3 without understanding what iterated integraƟon actually means. 
Don’t do that! Math without applicaƟon is super boring. 

 

ோ

 

 

∆𝐴 = ∆𝑥∆𝑦 ≡  ∆𝐴 = ∆𝑦∆𝑥 

𝑑𝐴 = 𝑑𝑥𝑑𝑦 ≡  𝑑𝐴 = 𝑑𝑦𝑑𝑥 

 

If you’re like me, you might appreciate an explanaƟon of what in tarnaƟon we’re calculaƟng 
with these funcƟons. 

 

The thing What the thing could mean 

න 𝑓(𝑥) 𝑑𝑥 
1) Area under 𝑓(𝑥) (two dimensions) 
2) Mass of a one-dimensional wire 

ඵ 𝑓(𝑥, 𝑦) 𝑑𝐴 

1) Volume under/inside 𝑓(𝑥, 𝑦) (three dimensions) 
2) Mass of a two-dimensional plate iff the funcƟon is a 

mass density funcƟon 
3) Charge densiƟes 

ම 𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑉 

1) Some measurement of a region under region 𝑓(𝑥, 𝑦, 𝑧) 
(four dimensions) 

2) Mass of a three-dimensional surface iff the funcƟon is a 
mass density funcƟon 

න 𝑓(𝑥) 𝑑𝑥
ℒ

൝

 𝑆𝑜𝑚𝑒 𝑐𝑟𝑎𝑝
 𝑀𝑜𝑟𝑒 𝑐𝑟𝑎𝑝
 𝑂𝑡ℎ𝑒𝑟 𝑐𝑟𝑎𝑝

 
1) Area under a disconƟnuous or semiconƟnuous funcƟon 
2) Only the area of a specific secƟon of a funcƟon (like, 

only the secƟon with posiƟve values) 
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Honestly, this secƟon will not be about integraƟon as much as it is about showing some steps to 
solve these problems, the setup being the hardest and most important part. Keep in mind that 
some of them are impossible to solve. 

I encourage students to bring colored pencils or highlighters when doing these problems, so 
that all the x and y terms match up. This will save you headaches later! 

This is an example, provided you’re good at coloring: 

 

For rectangular regions 𝑅: ൜
(𝑥, 𝑦)| 𝑎 ≤ 𝑥 ≤ 𝑏
           | 𝑐 ≤ 𝑦 ≤ 𝑑

 } you could write this integraƟon two ways: 

න න 𝑓(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦
௕

௔

ௗ

௖

 න න 𝑓(𝑦, 𝑥) 𝑑𝑦 𝑑𝑥
ௗ

௖

௕

௔

 

You may noƟce this is a matching game. 
 
Staԫ with your first f and solve from the inside out, bԦtom up. Then 
match each f with the d.  ఁంఃఄ 

 

These two expressions are equivalent. If you’re going to solve the equaƟon, choose the integral 
that is the easiest to solve.  

Always solve the inside term first, so that variable GOES AWAY. Then and only then can you 
solve the second one. 

𝐺𝑖𝑣𝑒𝑛: ඵ 𝑥 + 𝑦ଶ

ோ

𝑑𝐴  ,     𝑅: {(𝑥, 𝑦)|0 ≤ 𝑥 ≤ 1, −1 ≤ 𝑦 ≤ 2} 

න න 𝑥 + 𝑦ଶ 𝑑𝑥 𝑑𝑦
ଵ

଴

ଶ

ିଵ

    ⇒     න ൤
1

2
𝑥ଶ + 𝑥𝑦ଶ൨

௫ୀ௢

௫ୀଵ

𝑑𝑦
ଶ

ିଵ

    ⇒     න (
1

2
+ 𝑦ଶ)𝑑𝑦

ଶ

ିଵ

 

⇒     ൤
1

2
𝑦 +

1

3
𝑦ଷ൨

௬ୀିଵ

௬ୀଶ

     ⇒      
9

2
 

 

VerƟcally Simple Region (x-simple): Has constant terms on the x-axis, so start with the y-axis. 

𝐺𝑖𝑣𝑒𝑛: ඵ 𝑓(𝑥𝑦)
ோ

𝑑𝐴,    𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑙𝑙𝑦 𝑆𝑖𝑚𝑝𝑙𝑒 𝑖𝑓𝑓: න න 𝑓(𝑥, 𝑦) 𝑑𝑦 𝑑𝑥
௬ୀ௚మ(௫)

௬ୀ௚భ(௫)

௕

௔

 

 

Horizontally Simple Region (y-simple): Has constant terms on the y-axis, so start with the x-axis. 
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𝐺𝑖𝑣𝑒𝑛: ඵ 𝑓(𝑥𝑦)
ோ

𝑑𝐴,    𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙𝑙𝑦 𝑆𝑖𝑚𝑝𝑙𝑒 𝑖𝑓𝑓: න න 𝑓(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦
௬ୀ௛మ(௫)

௬ୀ௛భ(௫)

ௗ

௖

 

 

Double Integrals in Polar Coordinates 

Always start from the origin and go in the radius direcƟon first. Or you can think about it as, 
always do your funcƟon part first and the constant part last. Since polar funcƟons are in terms 
of theta, always do the funcƟon part first. 

𝐺𝑖𝑣𝑒𝑛: න න 𝑓(𝑟𝑐𝑜𝑠𝜃, 𝑟𝑠𝑖𝑛𝜃)
௥ୀ௕

௥ୀ௔

     ⇒      𝑑𝐴 = 𝒓𝑑𝑟𝑑𝜃
ఏୀఉ

ఏୀఈ

 

 

WTF? Where did the extra r come from??! We are taking the area of a pie wedge (dr), which is 
the arc length. Arc length = 𝑟𝜃. 

்

 

∆𝑉 = ∆𝑥∆𝑦∆𝑧 ≡  ∆𝑉 = ∆𝑦∆𝑥∆𝑧 ≡ ⋯ (6 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠), 𝑐𝑎𝑛 𝑏𝑒 𝑖𝑛 𝑎𝑛𝑦 𝑜𝑟𝑑𝑒𝑟 

𝑑𝑉 = 𝑑𝑥𝑑𝑦𝑑𝑧 ≡  𝑑𝑉 = 𝑑𝑦𝑑𝑥𝑑𝑧 ≡ ⋯ (6 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠), 𝑐𝑎𝑛 𝑏𝑒 𝑖𝑛 𝑎𝑛𝑦 𝑜𝑟𝑑𝑒𝑟 

 

Z-Simple: Define the region between two "𝑧 = 𝑓(𝑥, 𝑦)" funcƟons. It’s much easier to deal with 
a funcƟon on the (x,y) plane. 

Y-Simple: Define the region between two "𝑦 = 𝑓(𝑥, 𝑧)" funcƟons. 

X-Simple: Define the region between two "𝑥 = 𝑓(𝑦, 𝑧)" funcƟons. 

 

Example: 

𝑓(𝑥, 𝑦, 𝑧) = 𝑥       𝑎𝑛𝑑     𝑇: 𝑇ℎ𝑒 𝑟𝑒𝑔𝑖𝑜𝑛 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑏𝑦 𝑥 = 0, 𝑦 = 0, 𝑧 = 0  

                                                                                         𝑎𝑛𝑑 𝑥 + 𝑦 + 𝑧 = 1 

Try Z-simple first: 0 ≤ 𝑧 ≤ 1 − 𝑥 − 𝑦.     ⇒     Region R is on the (x,y) plane. 

Choose a direcƟon: 0 ≤ 𝑦 ≤ 1 − 𝑥 

Now the last one (must be between constants): 0 ≤ 𝑥 ≤ 1 

 

Write out and highlight the integraƟon: 



© 2023 – Jessica Chipera, MBA, Doctoral Candidate   CreaƟve Commons / Not for Profit 

න න න 𝑥 𝑑𝑧 𝑑𝑦 𝑑𝑥
௭ୀଵି௫ି௬

௭ୀ଴

௬ୀଵି௫

௬ୀ଴

௫ୀଵ

௫ୀ଴

 

 

You should get an answer of: ଵ

ଶସ
  

 

 

FOR A CYLINDER-ISH OBJECT  
(Doesn’t have to be a perfect cylinder) 

By integraƟon, you’ll be defining a mass of an object that has a height and two circular(ish) tops. 

Well, poop. You’re going to have to change everything into polar coordinates. 

To convert from polar to cartesian: (𝑟, 𝜃) → (𝑥, 𝑦) ൜
𝑥 = 𝑟 𝑐𝑜𝑠 𝜃
𝑦 = 𝑟 𝑠𝑖𝑛 𝜃

 

 

Secret: Everything that is Z-simple with polar (x,y) is a cylinder. 

With cylinders, the thing must be done in a specific order. You can’t change it around.  

 

න න න 𝑓(𝑟𝑐𝑜𝑠𝜃, 𝑟𝑠𝑖𝑛𝜃, 𝑧)
ிమ(௥௖௢௦ఏ,௥௦௜௡ఏ)ୀ

ிభ(௥௖௢௦ఏ,௥௦௜௡ఏ)ୀ

௛మ(ఏ)

௛భ(ఏ)

ఉ

ఈ

 𝒓 𝑑𝑧 𝑑𝑟 𝑑𝜃 
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OŌen, we will be looking for specific points, (0,0,0), which is on the boƩom of the cylinder, 
along the (x,y) plane. We will also care about “P”, which is defined as (𝑟, 𝜃, 𝑧) and will give the 
height of the cylinder.  

You can see that the shape will carve out a cylinder when rotated around the plane containing P, 
parallel to the (x,y) plane centered on the origin on the chart. This is a LEVEL CURVE. 

 

FOR A SPHERE-ISH OBJECT  
(Doesn’t have to be a perfect sphere) 

When your 3D regions are defined by cones and/or spheres, use spherical coordinates. 

HOT TIPS: When you are seƫng up your equaƟon, always set x=0 and z=0! 

 

 

𝑊ℎ𝑒𝑟𝑒:    𝑟 =  𝑡ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 𝑡𝑜 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛 

                  𝛷 = 𝑎𝑛𝑔𝑙𝑒 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑧 

                   𝜌 = 𝑡ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑜𝑓 𝑃 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛 

                       = ඥ𝑥ଶ + 𝑦ଶ + 𝑧ଶ    𝑎𝑛𝑑    

                  𝜌(𝑠𝑖𝑛𝜃) = 𝑟 

 

Like with cylinders, there is a specific order for working with spheres: 

න න න 𝑓(𝑥, 𝑦, 𝑧) 𝜌ଶ𝑠𝑖𝑛𝛷 𝑑𝑝 𝑑𝛷 𝑑𝜃
ఘୀ

ఘୀ

ఃୀௗ

ఃୀ௖

ఏୀఉ

ఏୀఈ
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Spherical Wedge formula mini-proof: 

𝑉 = 𝐴𝑟𝑐 𝑙𝑒𝑛𝑔𝑡ℎ 𝑎𝑙𝑜𝑛𝑔 𝜃 ∙ 𝑎𝑟𝑐 𝑙𝑒𝑛𝑔𝑡ℎ 𝑎𝑙𝑜𝑛𝑔 𝛷 ∙ 𝑑𝑒𝑝𝑡ℎ 

∆𝑉 = 𝜌 sin 𝛷 ∙ ∆𝜃 ∙ 𝜌 ∙ ∆𝛷 ∙ ∆𝜌  =   𝜌ଶ sin 𝛷∆𝜌∆𝛷∆𝜃 

𝑑𝑉 = 𝜌ଶ𝑠𝑖𝑛𝛷 𝑑𝜌 𝑑𝛷 𝑑𝜃 

 

Jacobian Magic Trick 
Want to make your impossible or really really really hard funcƟon disappear? You can reshape 
your axis to make an ellipse into a circle or a parallelogram into a square. Here’s how: 

For a double integral, the thing we integrate over is a region. So, for a “double subsƟtuƟon” we 
must change the region “R”. By a transformaƟon from ℝ ∈ (𝑥, 𝑦) to ℍ ∈ (𝑢, 𝑣) where the 
transformaƟon is a 1-to-1 relaƟonship between ℝ and ℍ and defines how (𝑥, 𝑦) and (𝑢, 𝑣) 
work together. 

 

න න 𝑓(𝑥, 𝑦) 𝑑𝐴   ⇒    න න 𝑓(𝑔(𝑢, 𝑣), ℎ(𝑢, 𝑣))
ோ

 𝐽 𝑑𝑢𝑑𝑣 

 

J stands for Jacobian. Sir Jacobian was a magician that died doing math in the 1400s. Just 
kidding, but can you imagine? Anyway, here’s what a Jacobian does: 

 

𝐽𝑎𝑐𝑜𝑏𝑖𝑎𝑛 =
𝜕(𝑥, 𝑦)

𝜕(𝑢, 𝑣)
= ൦

𝜕𝑥

𝜕𝑢

𝜕𝑥

𝜕𝑣
𝜕𝑦

𝜕𝑢

𝜕𝑦

𝜕𝑣

൪ = ቂ
2 1

2𝑢 −1
ቃ =  −2 − 2𝑢 = −2(1 + 𝑢) 

                                (Find the determinant) 

 

Example: 

𝑥 = 2𝑢 + 𝑤, 𝑦 = 𝑢ଶ − 𝑣ଶ, 𝑧 = 𝑢 + 𝑣ଶ − 2𝑤ଶ 

 

𝐽𝑎𝑐𝑜𝑏𝑖𝑎𝑛 =

⎣
⎢
⎢
⎢
⎡

డ௫

డ௨

డ௫

డ௩

డ௫

డ௪
డ௬

డ௨

డ௬

డ௩

డ௬

డ௪
డ௭

డ௨

డ௭

డ௩

డ௭

డ௪⎦
⎥
⎥
⎥
⎤

= ൥
2 0 1

2𝑢 −2𝑣 0
1 2𝑣 −4𝑤

൩     
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𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑛𝑡 = 2(8𝑣𝑤 − 0) − 0(𝑗𝑢𝑛𝑘) + 1(4𝑢𝑣 + 2𝑣) 

∴ 𝐽𝑎𝑐𝑜𝑏𝑖𝑎𝑛 = 16𝑣𝑤 + 4𝑢𝑣 + 2𝑣 

 

Now, what is that Jacobian thingy? It’s the back office of a triple integral: 

ම(𝐽𝑎𝑐𝑜𝑏𝑖𝑎𝑛) 𝑑𝑢 𝑑𝑣 𝑑𝑤 =  ම(16𝑣𝑤 + 4𝑢𝑣 + 2𝑣) 𝑑𝑢 𝑑𝑣 𝑑𝑤 

 

 

Lebesgue (Horizontal) Integration 
Ordinarily, this concept is introduced in topology courses. Once I learned it in topology, I was 
like, “Why didn’t I learn this in Calc 3? It could have been super useful in understanding all that 
shit!” So, I will introduce it here. 

All the integrals we have done so far have been Reimann integrals, which are hard to expand 
into higher dimensions without a crap-ton of work, and are dependent on conƟnuity. 

 

I have to pay a ceԫain sum, which I have collected in my pocket. I can take 
the bills and coins out Ե my pocket and give them to the creditor in the 
order I find them until I have reached the tԦal sum. This is the Reimann 
integral . But I can proceed diՑerently. A԰er I have taken all the money out Ե 
my pocket, I order the bills and coins according to identical values and then I 
pay the several heaps one a԰er the Ԧher to the creditor. This is my integral .  

  --Henri Lebesgue 

 

WHY DO WE NEED THIS INTEGRAL? 

In our daily lives, we don’t deal with pure polynomials. Like for example, these things are not 
pure polynomials and someƟmes cannot be integrated with Reimann techniques: 

 Expected values 
 Electrical currents 
 Probability distribuƟons 
 Events that only take on certain and specific values 
 Bayesian probability events 
 Music (this would be a discrete funcƟon, since there are not infinite notes) 



© 2023 – Jessica Chipera, MBA, Doctoral Candidate   CreaƟve Commons / Not for Profit 

Consider how you would integrate this funcƟon horizontally: 

 

 

We only need to consider a range of outputs here if we are doing a Lebesgue integral: 

𝑓(𝑥), 𝑥 ∈ [−1, 0, 1, 2, 3, 4, 5] 

 

So, as another example, you could assign 𝐴଴ 𝑤ℎ𝑒𝑛 𝑓(𝑥) = 0 if x is a raƟonal number and 
𝐴ଵ 𝑤ℎ𝑒𝑛 𝑓(𝑥) = 1 if x is an irraƟonal number. 

 

The horizontal integral would be wriƩen as: 

න 𝑓(𝑥)𝑑𝜇 = 0 ∙ 𝜇(𝐴଴)
ଵ

଴

+ 1 ∙ 𝜇(𝐴ଵ) 

(Whenever we see 𝑑𝜇 we know it’s a Lebesgue integral). 

 

Lebesgue Integral of a Simple FuncƟon: 

න 𝑓(𝑥)𝑑𝜇 = ෍ 𝑦௜ ∙ 𝜇(𝐴௬௜)

௡

௜ୀଵ

௕

௔

 

 

Lebesgue Integral of a ConƟnuous FuncƟon: 

න 𝑓(𝑥)𝑑𝜇 = lim
௡→ஶ

න 𝑓௡(𝑥)𝑑𝜇
௕

௔

௕

௔

 

 

 


