Chapter

(DIFFERENTIAL EQUATIONS)

+» He who seeks for methods without having a definite problem in mind
seeks for the most part in vain. — D. HILBERT <

9.1 Introduction

In Class X| and in Chapter 5 of the present book, we Ak Uit i,
discussed how to differentiate agiven function f with respect gt

to anindependent variable, i.e., how to find f’(x) for agiven
function f at each x in its domain of definition. Further, in
the chapter on Integral Calculus, we discussed how to find
afunction f whose derivative isthe function g, which may
also beformulated asfollows:

For agiven function g, find afunction f such that

dy _ _
i g(x), wherey = f(x) - (D RE
An equation of the form (1) is known as a differential Henri Poincare

equation. A formal definition will be given later. (1854-1912)

These equationsarisein avariety of applications, may it bein Physics, Chemistry,
Biology, Anthropol ogy, Geology, Economicsetc. Hence, anindepth study of differential
equations has assumed primeimportancein al modern scientific investigations.

In this chapter, we will study some basic conceptsrelated to differential equation,
general and particular solutions of a differential equation, formation of differential
equations, some methods to solve afirst order - first degree differential equation and
some applications of differential equationsin different areas.

9.2 Basic Concepts
We are already familiar with the equations of the type:
X*-3x+3=0 - (D)
snx+cosx=0 - (2
X+y=7 .. (3)
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Let us consider the equation:

Xﬂ.g. y = 0 (4)

dx
We seethat equations (1), (2) and (3) involveindependent and/or dependent variable
(variables) only but equation (4) involvesvariablesaswell asderivative of the dependent
variable y with respect to the independent variable x. Such an equation is called a

differential equation.

Ingeneral, an equationinvolving derivative (derivatives) of the dependent variable
with respect to independent variable (variables) is called adifferential equation.
A differential equation involving derivatives of the dependent variablewith respect
to only oneindependent variableiscalled an ordinary differential equation, e.g.,
d%y (dy) _ .. . . . .
2—5+ (—j =0 isanordinary differential equation .. (5)
dx dx
Of course, there are differential equations involving derivatives with respect to
more than one independent variables, called partial differential equations but at this
stage we shall confine ourselves to the study of ordinary differential equations only.
Now onward, we will use the term *differential equation’ for ‘ordinary differential
equation’.

1. Weshall prefer to use the following notations for derivatives:

ﬂ_ ! d_zy_yﬂ dsy_yﬂ/
dx " dx? ’

e
2. For derivativesof higher order, it will beinconvenient to use so many dashes
n
assupersuffix therefore, we usethe notationy for nth order derivative Cél 3/ :
X

9.2.1. Order of a differential equation

Order of adifferential equationisdefined asthe order of the highest order derivative of
the dependent variable with respect to the independent variable involved in the given
differential equation.

Consider thefollowing differential equations:

dy
Pl e ... (6)
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d2
d7¥+ y =0 - (7)
3
d3y dZy
(EJ—'— X2 (? =0 (8)

The equations (6), (7) and (8) involve the highest derivative of first, second and
third order respectively. Therefore, theorder of theseequationsare 1, 2 and 3 respectively.

9.2.2 Degree of a differential equation

To study the degree of a differential equation, the key point is that the differential
equation must be apolynomial equationinderivatives,i.e.,y,y”,y” etc. Consider the
following differential equations:

2
d’y _(d’y) dy
— 42— == = ... (9
o [dxz w0 ®
(ﬂjz{ﬂj—sinzy =0 (10)
dx)  Ldx
dy . (dy
—Z4d8in| 2| =
o ( dxj 0 . (1)

We observethat equation (9) isapolynomia equationiny”, y” andy’, equation (10)
isapolynomia equationiny” (not apolynomial iny though). Degree of such differential
equations can be defined. But equation (11) is not a polynomia equation in y" and
degree of such adifferential equation can not be defined.

By the degree of a differential eguation, when it is a polynomial equation in
derivatives, we mean the highest power (positive integral index) of the highest order
derivativeinvolvedinthegiven differential equation.

Inview of the above definition, onemay observethat differential equations(6), (7),
(8) and (9) each are of degree one, equation (10) is of degree two while the degree of
differential equation (11) isnot defined.

Order and degree (if defined) of a differential equation are always
positiveintegers.
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Example 1 Find the order and degree, if defined, of each of the following differential
equations:

0)
(i)

dy . d%y (dyj2 dy
——cosx=0 —+X|=| —y==0
dx ) Xydx2 Max)

y'+y*+e’ =0

Solution

@)

(i)

(i)

d
The highest order derivative present in the differential equation is &y S0 its

d
order isone. Itisapolynomial equationiny” and the highest power raised to &y

isone, so its degreeisone.
2

Thehighest order derivative present in the given differential equationis de , S0

d? d
its order is two. It is a polynomial equation in dTZ and &y and the highest

2

d
power raised to dTi’ isone, so itsdegreeis one.

The highest order derivative present in the differential equation is y”, so its

order isthree. Thegiven differential equation isnot apolynomial equationinits
derivatives and so its degree is not defined.

|[EXERCISE 9.1
Determine order and degree (if defined) of differential equations given in Exercises
1to 10.
dty . (dsj4 d%s

. —+d9n(y")=0 , = 3. | —=| +33—=0

L5 (y") 2. y+5y=0 & e

4 (d—zyjicos(ﬂj—o 5 d—Zy—cos3x+sin3x

NS dx) odx®

6. (Y +(Y)P+ ) +y¥=0 7oy 2 +y =0
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8. y+y=¢ 9. YV+(Y)?+2y=0 10. y+2y' +siny=0
11. Thedegree of the differential equation

2.\ 2
2] o)
X X X

(A) 3 B) 2 © 1 (D) not defined
12. Theorder of the differential equation
2x2d—2¥—3y+ y=0is
dx dx
(A) 2 B) 1 (© o (D) not defined
9.3. General and Particular Solutionsof a Differential Equation
In earlier Classes, we have solved the equations of the type:
x*+1=0 - (1)
s x—cosx=0 - (2
Solution of equations (1) and (2) are numbers, real or complex, that will satisfy the

given equation i.e., when that number is substituted for the unknown x in the given
equation, L.H.S. becomes equal to the R.H.S..
2

d
Now consider the differential equation dTZ +y=0 )]

In contrast to the first two equations, the solution of this differential equationisa
function ¢ that will satisfy iti.e., when the function ¢ is substituted for the unknowny
(dependent variable) inthe given differential equation, L.H.S. becomesequal toR.H.S..

The curvey = ¢ (x) is called the solution curve (integral curve) of the given
differential equation. Consider the function given by

y=¢ (X) =asin(x +hb), o (4
where a, b € R. When this function and its derivative are substituted in equation (3),
L.H.S.=R.H.S.. Soit isasolution of the differential equation (3).

Let a and b be given some particular values say a = 2 and bzg , then we get a

function y=60,(x = Zsin(x+%) .. (5

When this function and its derivative are substituted in equation (3) again
L.H.S. = RH.S.. Therefore ¢, is also a solution of equation (3).
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Function ¢ consists of two arbitrary constants (parameters) a, b and it is called
general solution of the given differential equation. Whereas function ¢, contains no
arbitrary constants but only the particular values of the parameters a and b and hence
is caled aparticular solution of the given differentia equation.

The solution which contains arbitrary constants is called the general solution
(primitive) of the differential equation.

Thesolution freefrom arbitrary constantsi.e., the solution obtained from the general
solution by giving particular values to the arbitrary constants is called a particular
solution of the differential equation.

Example 2 Verify that the function y = e* is a solution of the differential equation
d’y  dy

—+—-6y=0

o dx Y

Solution Givenfunctionis y = e *. Differentiating both sides of equation with respect
to x , we get

dy —3X
— =-3e (L
” D
Now, differentiating (1) with respect to x, we have

2

d_Z = Qe X

dx

d’y dy

Substituting the val ues of and y in the given differential equation, we get

¢
LHS =9e¥+ (3e¥*) -6.e*=9e*-9e*=0=RH.S.
Therefore, the given function isasolution of the given differential equation.

Example 3 Verify that the functiony = acosx + b sinx, where, a, be R isasolution

2
of the differential equation % +y=0
X

Solution Thegivenfunctionis
y=acosx+bsnx - Q)

Differentiating both sides of equation (1) with respect to x, successively, we get

dy .
— = —asinx + b cosx

— =—acosx—bsnx

dx
d?y
dx?
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2

d
Substituting the val ues of dTﬁ’ and y in the given differential equation, we get

LHS =(—acosx—bsinx)+(acosx+bsnx)=0=RH.S.
Therefore, the given function isasolution of the given differential equation.

| EXERCISE 9.2|

In each of the Exercises 1 to 10 verify that the given functions (explicit or implicit) isa
solution of the corresponding differential equation:

1.
2.
3.

10.
11.

12.

y=e+1 Dy’ -y =0
y=x+2x+C Dy =-2x-2=0
y=cosx+C Yy +snx=0
Xy
= ./ 2 : =
y = AX oxy =y (x=0)
y=xsinx DXy =Y+ X P —y? (x#0andx>yorx<-y)
2
xy=logy+C LY E Ty WD
y —COSY = X : (ysiny+cosy+xy =y
X+ y= tanrly Y'Y 4ty +1=0

y=4Ja?_x2xe (-4 a): x+y% =0(y=0)

The number of arbitrary constantsin the general solution of adifferential equation
of fourth order are:

(A) O (B) 2 ©) 3 (D) 4

Thenumber of arbitrary constantsinthe particular solution of adifferentia equation
of third order are:

(A) 3 (B) 2 © 1 (D) O
9.4 Formation of a Differential Equation whose General Solutionisgiven
We know that the equation
X¥+yY+2X—4y+4=0 - ()

represents a circle having centre at (—1, 2) and radius 1 unit.
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Differentiating equation (1) with respect to x, we get

dy X+1

o ZTy (y=2) .. (2

whichisadifferential equation. You will find later on [See (example 9 section 9.5.1.)]
that this equation represents the family of circles and one member of the family isthe
circlegiveninequation (1).
Let us consider the equation

X2+ y2=r2 - (3
By giving different values to r, we get different members of the family e.g.
X+y?=1 x+y* =4, x*+y*=9etc. (seeFig 9.1).

Thus, equation (3) represents afamily of concentric X
circlescentered at the origin and having different radii.

Weareinterested infinding adifferential equation
that is satisfied by each member of the family. The f

different for different members of the family. This
equationisobtained by differentiating equation (3) with
respect to x, i.e.,

differential equation must befreefromr becauseris X< g

2x+2y%:0 or x+y%:0 .. (4 Fig9.1

which represents the family of concentric circles given by equation (3).
Again, let us consider the equation
y=mx+c .. (5
By giving different valuesto the parameters m and c, we get different members of
thefamily, e.g.,

y=X (m=1, c=0)

y = V3x (m= 3, c=0)

y=x+1 (m=1, c=1

y=-X (m=-1, c=0)

y=-x-1 (m=-1, c=-1) etc. (seeFig 9.2).

Thus, equation (5) represents the family of straight lines, where m, ¢ are parameters.

We are now interested in finding a differential equation that is satisfied by each
member of the family. Further, the equation must be free from mand ¢ because mand
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c are different for different members of the family.
Thisis obtained by differentiating equation (5) with
respect to X, successively we get
2
dy _ dy_,

m _
dx and dx?

The equation (6) representsthe family of straight
lines given by equation (5).

Note that equations (3) and (5) are the genera \
solutions of equations (4) and (6) respectively.

Fig9.2

9.4.1 Procedure to form a differential equation that will represent a given
family of curves

(@) If the given family F, of curves depends on only one parameter then it is
represented by an equation of the form

F,(xy,a=0 - (D
For example, the family of parabolasy? = ax can be represented by an equation
of theform f(x,y, @) : y* = ax.
Differentiating equation (1) with respect to x, we get an equation involving

Y.V, x,and a, i.e,

gxyy,a=0 (2
Therequired differential equation isthen obtained by eliminating afrom equations
(D) and (2) as

Fx,y,y)=0 .. (3
(b) If the given family F, of curves depends on the parameters a, b (say) thenitis
represented by an equation of the from

F,(x,y,ab)=0 .. (4

Differentiating equation (4) with respect to x, we get an equation involving
Y, XY, ab,i.e,

gxyy,ab=0 .. (5)

But itisnot possibleto eliminate two parametersa and b from the two equations
and so, we need a third equation. This equation is obtained by differentiating
equation (5), with respect to x, to obtain arelation of the form

hx,y,Y,y’ ab) =0 ... (6)
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The required differential equation isthen obtained by eliminating a and b from
equations (4), (5) and (6) as

Fxy,Y,y)=0 .. (1)

|@— Note | The order of adifferential equation representing a family of curves is

same as the number of arbitrary constants present in the equation corresponding to
the family of curves.

Example 4 Form the differential equation representing the family of curvesy = mx,
where, mis arbitrary constant.

Solution We have

y = mx . (D

Differentiating both sides of equation (1) with respect to x, we get

d

2o

d
Substituting the value of min equation (1) weget y = d—i X
dy
X— —-y=0

or o y

which isfreefrom the parameter mand hencethisistherequired differential equation.

Example 5 Form the differential equation representing the family of curves
y =asin (x + b), where a, b are arbitrary constants.

Solution We have

y=asn(x+b) - (D)
Differentiating both sides of equation (1) with respect to x, successively we get
& acos(x+hb 2
i S( )
d2
dTZ = _asin(x+b) e
Eliminating a and b from equations (1), (2) and (3), we get
d2
Yiy-o ()

dx?
whichisfreefromthearbitrary constantsa and b and hencethistherequired differential
equation.
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Example 6 Form the differential equation Y
representing the family of ellipses having foci on

x-axis and centre at the origin.
@$ :
N

Solution Weknow that the equation of said family X'€
of ellipses(seeFig 9.3) is

X2 y2 ( ) Y,I
—t+t= =1 (1
a’ b? Fig9.3
. i . . 2x 2y dy
Differentiating equation (1) with respect to x, we get — + B i =0
a X
y ﬂj_ -
or x(dx =7 .. (2
Differentiating both sides of equation (2) with respect to x, we get
(dy )
D) -
x/ \ dx? X2 Jdx
d?y (dyjz dy _
or Xy e + X ix ydx =0 - (3

whichistherequired differential equation.

Example 7 Formthedifferentia equation of thefamily
of circlestouching the x-axis at origin.

o)
rdad

Solution Let C denote the family of circles touching
x-axis at origin. Let (0, @) be the coordinates of the
centre of any member of the family (see Fig 9.4).
Therefore, equation of family Cis

X2+ (y—a) = a2 orx* +y>* = 2ay - () X
where, aisan arbitrary constant. Differentiating both
sides of equation (1) with respect to x,we get

dy . dy Y
2x+2y& = Za& Fig9.4
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X+ y@
by T Tk
or X+ydx—adxora- dy
dx
Substituting the value of a from equation (2) in equation (1), we get
{x+ygly}
X
X2 + y2 = ZyT
dx
or ﬂ(x2+ y?) = 2xy+2y2ﬂ
dx dx
dy 2y
or X oy

Thisistherequired differential equation of the given family of circles.

- (2

Example 8 Form the differential equation representing the family of parabolas having

vertex at origin and axis along positive direction of x-axis.

Solution Let Pdenote thefamily of above said parabolas (see Fig 9.5) and let (a, 0) bethe
focus of amember of thegiven family, whereaisan arbitrary constant. Therefore, equation

of family Pis
y? = 4ax
Differentiating both sides of equation (1) with respect to x, we get

>

Substituting the value of 4a from equation (2) 1
in equation (1), we get

- (D

- (2

dyj
2= | 2y =2 ,
y ( Y ) X'

d
or v -2y _g
dx
whichisthedifferentia equation of thegivenfamily Y’

of parabolas. Fig9.5
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| EXERCISE 9.3|

In each of the Exercises 1 to 5, form a differential equation representing the given
family of curves by eliminating arbitrary constants a and b.

1.

4.
6.

10.

11.

12.

§+X=1
a b

y = €* (a+ bx) 5. y=e(acosx+bsinx)

Form the differential equation of the family of circles touching the y-axis at
origin.

Form the differential equation of thefamily of parabolas having vertex at origin
and axisalong positive y-axis.

Formthedifferential equation of the family of ellipseshaving foci on y-axisand
centreat origin.

Form the differential equation of thefamily of hyperbolashaving foci on x-axis
and centre at origin.

Form the differential equation of the family of circles having centre on y-axis
and radius 3 units.

Which of the following differential equationshasy = c, e + ¢, e*asthe general
solution?

d?y d?y d?y d?y

A) —+y=0 (B) —-y=0 —+1=0 (D) —-1=0
Which of the following differential equations hasy = x as one of its particular
solution?

2. y¥=a(k*-x? 3.y=—ae*+be*

d? d d? d

(A) —Z—xz—y+xy=x (B) —¥+x—y+xy=x
dx dx dx dx
d’y ,dy d’y _dy

(C) W_XZ&'FXy:O (D) W'FX&'FXy:O

9.5. Methodsof Solving First Order, First DegreeDifferential Equations

In thissection we shall discussthree methods of solving first order first degreedifferential
equations.

9.5.1 Differential equations with variables separable
A first order-first degree differential equation isof the form

dy _
i F(X,y) . (D
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If F(X, y) can be expressed as a product g (xX) h(y), where, g(x) is a function of x
and h(y) isafunction of y, then the differential equation (1) is said to be of variable
separable type. The differential equation (1) then has the form

dy

vl h(y) . g(x) - (2
If h(y) # O, separating the variables, (2) can be rewritten as
1
hy) dy = g(x) dx .. (3
Integrating both sides of (3), we get
1
I@dyz [ 909 dx .. (4

Thus, (4) providesthe solutions of given differential equationintheform
H(y) =G(x) +C
1
Here, H (y) and G (x) are the anti derivatives of h(y) and g(x) respectively and

C isthe arbitrary constant.

Example 9 Find the general solution of the differential equation % - ;‘—” (y#2)
X 2-y

Solution We have

dy x+1
i = Ty . (D
Separating the variablesin equation (1), we get
(2-y)dy=(x+1)dx - (2

Integrating both sides of equation (2), we get
[@-y)dy= [(x+1)dx

2 2

y X
o 2y —— = —+ X+
r y-5 =7 C
or X+y +2x—4y+2C =0
or X*+y?+2x—4y + C=0, where C = 2C,

which isthe general solution of equation (1).
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dy 1+y
1+ x2

Example 10 Find the general solution of the differential equation —

Solution Since 1 + y? # 0, therefore separating the variables, the given differential
equation can be written as

dy  dx
1+y*  1+x°
Integrating both sides of equation (1), we get

- (D

J.1+ y J.1+ NG
or tanty=tanx + C
which isthe general solution of equation (1).

Example 11 Find the particular solution of the differential equation % = —4xy? given
X

thaty =1, when x = 0.

Solution If y # 0, the given differential equation can be written as
dy
_2 -

= —4x dx - ()
Integrating both sides of equation (1), we get
Id—z = —4dex
y
or 1o 2>+ C
or - 2
Y22 ¢ )

Substitutingy = 1 and x = 0 in equation (2), we get, C=—1.
Now substituting the value of Cin equation (2), we get the particular solution of the

1
22 +1

givendifferential equationas y =

Example 12 Find the equation of the curve passing through the point (1, 1) whose
differential equation isx dy = (2x* + 1) dx (x # 0).
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Solution The given differential equation can be expressed as

2
oy = (2x +1jdxk

X

1
or dy = (ZX+;jdx . (1)

Integrating both sides of equation (1), we get

Idy = I(2x+%jdx

or y=x*+log|x|+C - (2
Equation (2) representsthefamily of solution curvesof thegiven differential equation
but we areinterested in finding the equation of aparticular member of the family which
passes through the point (1, 1). Therefore substituting x =1, y = 1 in equation (2), we
getC=0.
Now substituting the value of C in equation (2) we get the equation of therequired
curveasy = x* +log | x|.

Example 13 Find the equation of a curve passing through the point (-2, 3), given that

the slope of the tangent to the curve at any point (x, y) is 2_)2( :
y

Solution We know that the slope of the tangent to a curve is given by ;ﬂ :
X

o X o
Separating the variables, equation (1) can be written as
y? dy = 2x dx .. (2)
Integrating both sides of equation (2), we get
I y’dy = I 2x dx
3
or y? =x¢+C - (3

dy . .
*  The notation— due to Leibnitz is extremely flexible and useful in many calculation and formal
X
transformations, where, we can deal with symbolsdy and dx exactly asif they were ordinary numbers. By
treating dx and dy like separate entities, we can give neater expressions to many calculations.

Refer: Introduction to Calculus and Analysis, volume-I page 172, By Richard Courant,
Fritz John Spinger —Verlog New York.
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Substituting x = -2, y = 3in equation (3), weget C = 5.
Substituting the value of Cin equation (3), we get the equation of therequired curve as

3 1

y?:x2+5 or y=(3x*+15)3

Example 14 In abank, principal increases continuously at the rate of 5% per year. In
how many years Rs 1000 doubleitself?

Solution Let P bethe principal at any timet. According to the given problem,

% = (ij x P
dt 100

®.~ @
or G - 20
separating the variables in equation (1), we get
dp dt
P~ 20 - (2
Integrating both sides of equation (2), we get
t
= —+
logP 0 C,
or p= e®.e&
t
or P= Ce?® (where e~ =C) .. (3
Now P=1000, whent=0

Substituting the values of Pandt in (3), we get C = 1000. Therefore, equation (3),
gives
1
P=1000 €®
Let t years be the time required to double the principal. Then

t
2000=1000e® = t=20l0g?2

EXERCISE 94|
For each of the differential equationsin Exercises 1 to 10, find the general solution:
dy 1-cosx dy >
=~ _ — =,/4- -2<y<?2
dx 1+ cosx 2 dx y y<2)
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d
d—i+Y=1(Y¢1) 4. se®xtanydx +sec?ytanxdy =0
_ dy 2 2
(e+e)dy—(ec—e)dx=0 6. &—(1+x)(1+y)
5 dy 5
— = X — ==
ylogydx—xdy=0 8. X y
dy . 4 _
&_sm X 10. etanydx+(1—e)sec’ydy=0

For each of the differential equations in Exercises 11 to 14, find a particular solution
satisfying the given condition:

11.

12.

13.

14.

15.

16.

17.

18.

19.

d
(X3+X2+X+l)d_§/( =2¢+x y=1whenx=0
d
x(xz—l)&y=l;y:0whenx:2

cos(%j:a (ae R);y=1whenx=0
X

ﬂ:ytanx;yzlwhenxzo

dx
Find the equation of acurve passing through the point (O, 0) and whose differential
equationisy’ = e<sin x.

For the differential equation xy%: (x+2) (y+2), find the solution curve
X

passing through the point (1, —1).

Find the equation of a curve passing through the point (0, —2) given that at any
point (X, y) on the curve, the product of the slope of its tangent and y coordinate
of the point isequal to the x coordinate of the point.

At any point (X, y) of acurve, the slope of the tangent is twice the slope of the
line segment joining the point of contact to the point (— 4, —3). Find the equation
of the curve given that it passes through (-2, 1).

The volume of spherical balloon being inflated changes at a constant rate. If
initially itsradiusis 3 units and after 3 secondsiit is 6 units. Find the radius of
balloon after t seconds.
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20. Inabank, principal increases continuously at the rate of r% per year. Find the
value of r if Rs 100 doubleitself in 10 years (log 2 = 0.6931).

21. Inabank, principal increases continuously at the rate of 5% per year. An amount
of Rs 1000 is deposited with this bank, how much will it worth after 10 years
(e"5=1.648).

22. Inaculture, the bacteriacount is 1,00,000. The number isincreased by 10%in 2
hours. In how many hourswill the count reach 2,00,000, if the rate of growth of
bacteriais proportiona to the number present?

23. Thegeneral solution of the differential equation % =V is
X

(A) ee+ey=C (B) e+e=C
C) ex+e&=C (D) ex+e¥=C
9.5.2 Homogeneous differential equations
Consider thefollowing functionsin x and y

F (% y) =y + 2y, F, (X, y) = 2x— 3y,
_ y .
F,(xy) = COS(;) , F, (X, y) =sinx+ cosy

If wereplace x andy by Ax and Ay respectively in the above functions, for any nonzero
constant A, we get

F, (A Ay) =22 (Y + 2xy) = A2 F (X, )
F, A, Ay) = A (2x=3y) = A F, (X, y)

AX

F, (A%, Ay) =sin Ax+ cos Ay # A" F, (x, y), foranyne N

Here, we observe that the functions F,, F,, F, can be written in the form
F(Ax, Ay) = A" F(x, y) but F, can not be writtenin thisform. Thisleadsto thefollowing
definition:

A function F(x, y) is said to be homogeneous function of degree n if

F(Ax, Ay) = A" F(x, y) for any nonzero constant A.

We note that in the above examples, F,, F,, F, are homogeneous functions of
degree 2, 1, O respectively but F, is not ahomogeneous function.

F, O, Ay) = cos(xyj = cos(%) =10 F(xy)
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We also observe that
F(xy = Xz(y_z_,_z_j: in(zj
1\ Z < .
’ Fvy) =Y (1+ 2—;] =y’h, (3]
=<5
Ao
* FZ(X, y) yl( y yl v
Fxy) =X COSG) =0 h{%)
Fx ) # X he(%j forayne N
n X
or Fxy) =Y hy(;j,foranyne N

Therefore, afunction F (X, y) is ahomogeneous function of degreen if

F(x, y):Xng(§j or y”h(%)

d
A differential equation of the form Y- F (x, y) issaid to be homogenous if

dx
F(x, y) isahomogenous function of degree zero.

To solve a homogeneous differential equation of the type

Y _E(xy) = g(yj

dx X

We make the substitution y=V.X
Differentiating equation (2) with respect to x, we get
Y = V+ xﬂ
ax dx

d
Substituting the value of &y from equation (3) in equation (1), we get

- (D
e

. (3
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V+ Xﬂ =g (V)
dx
or Xﬂ =g((v) —v o (4
dx
Separating the variablesin equation (4), we get
v = L .. (5)
gv)—v X
Integrating both sides of equation (5), we get
dv 1
jg(v)_v = I;dX+C .. (6)
Equation (6) givesgeneral solution (primitive) of the differential equation (1) when

we replace v by X.
X

If the homogeneous differential equation is in the form ? =F(x,y)
y
where, F (X, y) is homogenous function of degree zero, then we make substitution

X_y i.e., X = vy and we proceed further to find the general solution as discussed
y

above by writing & = F(x.y) = h(fj.
dy y

d
Example 15 Show that the differential equation (X—Y) &y =X+ 2y ishomogeneous

and solveit.
Solution The given differential equation can be expressed as
% _ %2;’ (D)
Let F(x,y) = %
Now F(AX, Ay) = Mﬂ»o'f(x, y)

AL(X=y)
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Therefore, F(x, y) isahomogenousfunction of degreezero. So, the given differential
equation isahomogenousdifferential equation.

Alternatively,

a1 x | (zj
dx —y [T X -2
R.H.S. of differential equation (2) isof theform g[%) and soitisahomogeneous

function of degree zero. Therefore, equation (1) isahomogeneousdifferential equation.
To solve it we make the substitution

y = VX - (3
Differentiating equation (3) with respect to, x we get
ﬂ = v+xﬂ 4
v ix . (4
- dy . .
Substituting the value of y and i in equation (1) we get
dv 1+2v
V+X— =
dx 1-v
or xﬂ = 1+2v_v
dx  1-v

dv  vP+v+1l

or =
dx 1-v
v-1 —dx
dv =
or VZ+v+1l X

Integrating both sides of equation (5), we get

v-1 dx
[t v [
vVe+v+1 X
2v+1- 3 Y log |x| + C
or I =—log |x]| + C,

VZrv+l
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10 2v+1 3 1
= v 2 [ —av=-1
o Zj.v2+v+1 2Iv2+v+1dv og) x|+ &,
1 3 1
or EIOg|V2+V+1|—EI 1 5 (\/é\de=—|Og|X|+C1
(v+2) +L—)
2
L1oglv? 32 1[2V_+1]__
or 2Iog|v +v+1| 2.\/étan B log| x|+ C,
1 > 1 2 1[2v+1] 5
or 2Iog|v +v+1|+2Iogx =/3tan 73 +C, (Why?)
y

Replacing v by N we get

1, |y* vy 1., 1[2y+xj
—log|—~+=+1|+=1lo =+/3tan

or 2 gX2+X+ +2 gXx \/_ \/éX +C1
LY Y. . L 2y+x
—log|| == +Z+1|x°|=+/3tan

or 2 g(xz"'x"'j \/7 \/éx +C1

or Iog|(y2 XY+ x2)| = Zﬁtanl[zgxxj+201

or Iog|(x2 + XY+ y2)| = 2\/§tan1[ Xjéiyj+c

which isthe general solution of the differential equation (1)

Example 16 Show that the differential equation xcos(%j%: ycos(%)+ X is
homogeneous and solveit.

Solution The given differential equation can be written as

% _ ycos(i)yax o

X COS(
X
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It isadifferential equation of the form %z F(x, ) -

X
yoo{ ¥ +x
Here F(x,y) = — X
X cos(y)
X
Replacing x by Ax and y by Ay, we get
Al ycos(yj+ X]
F(Ax, Ay) = =\ [F(xy)]
x(xcosij

Thus, F(x, y) is ahomogeneous function of degree zero.

Therefore, the given differential equation isahomogeneous differential equation.
To solve it we make the substitution

y = VX .. (2
Differentiating equation (2) with respect to x, we get

dy dv
— = V+ X—
dx dx )
. dy . .
Substituting the value of y and i in equation (1), we get
dv  vcosv+1
VFX— = — =
dx cosv
dv  vcosv+1
or X— = ————V
dx CcosV
v _ 1
o dx ~ cosv
or cosv dv = —
X
1
Therefore f cosvdv = I —dx
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or snv=1log|x|+log|C]|
or sinv=log |Cx|

Replacing v by % we get

LY
Sin| = | =
(xj log | Cx|

which isthe general solution of the differential equation (1).

X X
Example 17 Show that the differential equation 2yeYdx+ (y— 2X ey)dy =0is
homogeneous and find its particular solution, given that, x=0wheny = 1.
Solution The given differential equation can be written as

X

dx  2xe’ -
& = ()
2y e’
2xeY — y
Let F(x, y) = <
2ye’
A 2xey—yJ
Then F(x, Ay) = ———<2=A°[F(x,Y)]
X[ZyeyJ

Thus, F(x, y) is a homogeneous function of degree zero. Therefore, the given
differential equationisahomogeneousdifferential equation.

To solveit, we make the substitution

X =Vy .. (2
Differentiating equation (2) with respect to y, we get
dx dv

_= V+y—
dy dy
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Substituting the value of x and (% in equation (1), we get

dv  2ve'-1
V+y— =
d 2¢e’
or dv _ 2ve"—1_V
ydy -2
@ L 1
o dy  2¢'
or 2¢e' dv = —¥
y
dy
or 2¢’-dv = —-|—
fosov = -]
or 2e'=—logly|+C
X
and replacing v by ; , we get
2e +logly|=C - Q)

Substituting x =0and y = 1 in equation (3), we get
2é+log|l|=C=C=2
Substituting the value of Cin equation (3), we get
x
2e’ +log|y|=2
which isthe particular solution of the given differential equation.

Example 18 Show that the family of curvesfor which the slope of the tangent at any

2 2
point (x, y) onitis X Y isgivenby x2—y?=cx.

d
Solution We know that the slope of the tangent at any point on acurveis &y :

dy xX2+y?
Therefore, — = —
dx 2xy
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2
or % = X - (D

Clearly, (1) isahomogenous differential equation. To solve it we make substitution

y = VX
Differentiating y = vx with respect to x, we get
& = V+ xﬂ
dx dx
or v+ xﬂ _ v
dx  2v
or &V 1oV
dx  2v
2v2 dv = dx
1-v X
2 dx
or 2V av = —
vo -1 X
2 1
Therefore [ v = ~[=dx
vo -1 X
or log [v*—1|=~log|x|+log|C,|
or log [(v*—1) (x)| =log|C]
or (V-1 x=xC

Replacing v by % , we get

2
y -
(7-1} X == Cl

or (y*=x) =+ C xorx*—y*=Cx
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EXERCISE 9.5

In each of the Exercises 1 to 10, show that the given differential equationishomogeneous
and solve each of them.

Xty
1. (@ +xy)dy=(c+y?) dx 2. Y= »
3. X=y)dy—(x+y)dx=0 4. —-y)dx+2xydy=0
d
5. xzd—i=x2—2y2+xy 6. xdy—ydx=/x%+y? dx
7. {xcos(zj +ysi n(zj} ydx= {ysi n(lj - xcos(zj} x dy
X X X X
8. xﬂ—y+xsin(zj=0 9. ydx+ xlog(ljdy—ZXdyzo
dx X X
(X X
10. L1+ eyJ dx+eY (1—3} dy=0

For each of the differential equations in Exercises from 11 to 15, find the particular
solution satisfying the given condition:

11. x+y)dy+(x—-y)dx=0;y=1whenx=1

12 x®dy+(xy+y)dx=0;y=1whenx=1

[xsinz[%j —y}dx+ xdy=0; y:% when x = 1

13.
d
14. —y—l+cosec(lj=0; y=0whenx=1
dx x X
2 » dy
15. 2xy+y —2X &=0; y=2whenx=1

dx X
16. A homogeneous differential equation of the from d_y = h(;] can be solved by

making the substitution.
(A) y=wx (B) v=yx (C) x=vy (D) x=v
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17. Whichof thefollowing isahomogeneousdifferential equation?
(A) Ax+6y+5) dy—(By+2x+4)dx=0
(B) (xy) dx— (¢ +y’)dy=0
C) (+2y)dx+2xydy=0
(D) y?dx + (x*—xy —y?) dy =0
9.5.3 Linear differential equations
A differentia equation of the from

Y py -
ST =Q

where, P and Q are constants or functions of x only, is known as afirst order linear
differential equation. Some examples of the first order linear differential equation are

dy . _
dx+y =snx

2.(2) e
dx \x)~ ~

dy (_y (_1
dx | xlogx ) x

Another form of first order linear differential equationis

1

%+Plx =Q
dy

where, P, and Q, are constants or functions of y only. Some examples of this type of
differential equation are

%+ X= c0oS
dy y

%J,.__ZX e y2e—y
dy vy
To solvethefirst order linear differential equation of the type
dy _
I +Py =Q - (1)

Multiply both sides of the equation by afunction of x say g (x) to get

g(x) % +P.(g(¥)y=Q.9(x) - (2



408 MATHEMATICS

Choose g(x) in such away that R.H.S. becomes a derivative of y . g (X).

| dy d
e 9 g T P9R Y =5 V.9 (]
d
or 909 2 + P00y =009 2 +y (9
= P.g(¥) =g (x)
_ 9K
o T,

Integrating both sides with respect to x, we get

Ide = dex

9(x)
or [P-dx = log (g ()
or g(x) = e[de

On multiplying the equation (1) by g(x) = e[ P , theL.H.S. becomesthederivative

of some function of x and y. This function g(x) = e[ P& iscalled Integrating Factor
(I.F.) of the given differential equation.

Substituting the value of g (X) in equation (2), we get

ejpdx erPejdey _ Q‘eJ.de
dx
d dex
—lvye - J'de
or dx(y ) Qe

Integrating both sides with respect to x, we get
X _ Pdx
y-el7 = [[Qel™) ox

or y= efIPdX-I(Q-eIPdX)dx+C

which isthe general solution of the differential equation.
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Seps involved to solve first order linear differential equation:

d

(i) Write the given differential equation in the form i

+Py=Q where P, Q are
constants or functions of x only.

(i) Find the Integrating Factor (I.F) = o/P%*.

(i) Writethe solution of the given differential equation as

y (I.LF) = [(QxI.F)dx+C
dx
In case, the first order linear differential equation isin the form d_y+ Px=Qy,

where, P, and Q, are constants or functions of y only. Then I.F = ef RY and the
solution of thedifferential equationisgiven by

x. (1.F) = [(Qx1.F)dy+C
Example 19 Find the general solution of the differential equation %_ Yy = COSX -
X

Solution Given differential equation isof theform
dy

P +Py=Q,whereP=-1and Q = cosx
I—ldx X
Therefore I.F=¢€ =€
Multiplying both sides of equation by I.F, we get
xdy o x
e —-—e’y =e*cosx
dx
-
or —(ye™)=e>cosx
5 e

On integrating both sides with respect to x, we get
yex = Ie’xcosxdx+C - (D)

Let | = Ie’x cosx dx

— X

= cosx(e 1) - f(—sin X) (—e7) dx
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—cosxe* —Isinxe’X dx

—cosx e —[si nx(-e ) - jcosx (-€7) dx]

—cosxe* +s‘inxe’x—j.cosxe’x dx

or |=—e*cosx+sinxe*—|
or 2l = (sinx—cosx) e*
_ (dnx-—cosx)e*
2
Substituting the value of | in equation (1), we get

SINX—COSX | _
yerxz(Tje +C

or |

SN X —CoSX
or = | —

2
whichisthe general solution of the given differential equation.

j+C€

d
Example 20 Find thegeneral solution of the differential equation xd—i+ 2y =x* (x0).
Solution Thegiven differential equationis

dy

X—+2y =x?

i y =x - (D
Dividing both sides of equation (1) by x, we get

dy 2

— 4+ — =

dx xy X

d 2
whichisalinear differential equation of thetype d_2/<+ Py=Q, where P=; andQ=x.

So |.F= effdxzezlogu d9% = x2[as €91 = f (x)]
Therefore, solution of the given equation isgiven by
y.x2= I(x) (®)dx+C = [x3dx+c

2
or y= XZ+CX’2

whichisthe general solution of the given differential equation.
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Example 21 Find the genera solution of the differential equationy dx— (X + 2y?) dy = 0.
Solution The given differential equation can be written as
dx X

—_——— =2
dy vy Y

1
Thisisalinear differential equation of thetype %+ Px=Q,,where P =—§ and
y

1
—Zdy .
Q, = 2y. Therefore I.F= eI v _gtoay oot 1
y

Hence, the solution of the given differential equationis

xX = [@y) dow c

y
or 5:[(2dy)+C
y
X 2y+C
or —=2y+
y y
or X=2y?+ Cy

which isagenera solution of the given differential equation.

Example 22 Find the particular solution of the differential equation

%+ ycot X = 2x + x? cot x (x # 0)
dy
given that y = 0 when x=g.

d
Solution The given equation isalinear differential equation of the type d_2/<+ Py=Q,

where P = cot x and Q = 2x + x2 cot x. Therefore

eICOtX dX= logsinx__

I.F= e =9nx

Hence, the solution of the differential equation isgiven by
y.sinx=[(2x+x2cot x) sin xdx + C
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or ysinx=/2xsinxdx + [x2 cosx dx + C
2 2
or ysinx= sinx[zij—jcosx(zij dx+jx2cosxdx+C
2 2
or ysinx= xzsinx—Ixzcosxdx+jx2cosxdx+C
or ysnx=x*sinx+C - ()

Substituting y = 0 and x=g in equation (1), we get

2
0= (_j sn 2+ c
2 2
2
—T
4
Substituting the value of Cin equation (1), we get

or C=

2
. . T
ysinx= xzsmx—T

2
T

4sinx
which isthe particular solution of the given differential equation.

or y= X - (sinx=0)

Example 23 Find the equation of a curve passing through the point (0, 1). If the slope
of the tangent to the curve at any point (X, y) is equal to the sum of the x coordinate
(abscissa) and the product of the x coordinate and y coordinate (ordinate) of that point.

d
Solution We know that the slope of the tangent to the curveis &y :
Therefore, — =X+Xxy

or — =Xy =X . (D

Therefore, | F=d *®-e2
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Hence, the solution of equation isgiven by

— XZ

ye2 = [(x) (e;f)dx+C .. (2)

Let 1= [(e2 dx

2
Let %:t,then—xdxzdtorxdxz—dt.

-X
Therefore, | =—[ddt=—€' =—¢ 2

Substituting the value of | in equation (2), we get

—x? 2

ye2 = _e7+C

XZ

or y=-1+Ce? .. (3
Now (3) represents the equation of family of curves. But we are interested in
finding a particular member of the family passing through (0, 1). Substituting x=0and
y = 1in equation (3) we get
1=—1+C.€" or C=2
Substituting the value of Cin equation (3), we get

XZ

y=-1+2e2
which isthe equation of the required curve.

EXERCISE 9.6

For each of the differential equationsgivenin Exercises 1to 12, find the general solution:
1. ﬂ+2y=sinx 2. ﬂ+3y=e’2" 3. Y, Y_p

dx dx dx x

dy T , dy T
4. —+secxy=tanx| 0< x<—= 5. cos"X—+y=tanx [ 0<x<—

dx 2 dx 2
6. xﬂ+2y=leogx 7. xlogxﬂ+yzglogx

dx dx X

8. (1+x3dy+ 2xy dx = cot x dx (x # 0)
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0. xﬂ+y—x+xycotx=0(x¢0) 10. (x+y)ﬂ=1
dx dx
2 dy
11. ydx+ (x—y) dy=0 12. (x+3y )&=y(y>0).

For each of the differential equations given in Exercises 13 to 15, find a particular
solution satisfying the given condition:

13. ﬂ+2ytanx=sinx; y=0 when x="1
dx 3

14, @+ xz)ﬂ+ 2xy=i2; y=0 when x=1
ax 1+x

15. ﬂ—3ycotx=sin2x; y =2 when x="1
dx 2

16. Findtheequation of acurve passing through the origin given that the slope of the
tangent to the curve at any point (x, y) is equal to the sum of the coordinates of
thepoint.

17. Findtheequation of acurve passing through the point (0, 2) given that the sum of
the coordinates of any point on the curve exceeds the magnitude of the slope of
the tangent to the curve at that point by 5.

d
18. The Integrating Factor of the differential equation Xd—i— y=2%is
1

(A) e (B) e © % (D) x
19. TheIntegrating Factor of the differential equation

a- yz)%+ yx = ay(-1<y<1) is

dy
1

1 1 1
(A) V-1 (B) /—yz_1 © 1-y? (D) /—1—y2

Miscellaneous Examples

Example 24 Verify that the functiony = ¢, €* cosbx + ¢, e sinbx, wherec , ¢, are
arbitrary constantsisasolution of the differential equation

d’y __dy (2. .2
2 2a2 i (a%+p?)y=0
dx? dx y
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Solution Thegivenfunctionis
y =¥ [c, cosbx + ¢, sinbx] - Q)
Differentiating both sides of equation (1) with respect to x, we get

vl e™[—bc, sinbx + bc, cosbx| + [, cosbx + ¢, sinbx|e™ - a

or % = e®[(bc, + ac,) cosbx+ (ac, —bg ) sinbx] - (2)

Differentiating both sides of equation (2) with respect to x, we get

2
% = e*[(bc, + ac,) (~bsinbx) + (ac, —bc,) (bcosbx)]

+ [(bc, + ac,) cosbx+ (ac, —bc) sinbx] €*.a
= e™[(a®c, - 2abc, —b%c,) sinbx + (a® ¢, + 2abc, —b?c;) cosbx]
2

dy dy : - . _
and y in the given differential equation, we get

Substituting the val ues of B dx

L.H.S. = e*[a’c,—2abc, —b?c,) sinbx+ (a’c, + 2abc, —b?c;) cosbx]
—2ae™[(bc, + ac;) cosbx+ (ac, —bc; ) sinbx]

+(a? +b%)e™[c, cosbx+ ¢, Sinbx]

o (azc2 —2abc, —b’c, —2a’c, + 2abc, +a’c, +b’c, )si nbx

+(a’c + 2abc, —b’c, — 2abc, — 2a°c, + a’c, + b®c, ) cosbx

= e*[0xsinbx+0coshx] =e*x0=0 =RH.S.
Hence, the given function isasolution of the given differential equation.

Example 25 Form the differential equation of the family of circles in the second
quadrant and touching the coordinate axes.

Solution Let C denote the family of circles in the second quadrant and touching the
coordinate axes. Let (—a, a) be the coordinate of the centre of any member of
thisfamily (see Fig 9.6).
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Equation representing thefamily Cis

(x+a)2+(y—ay@?=2a? - (1) X
o x*+y +2ax—2ay+a’=0 - (2
Differentiating equation (2) with respect to x, we get (-a, a)
o+ 2y ¥ i 2a-2a¥ _ g X' ) >X
dx dx
o= o
— =-al—-1
o X ydx dx J
! Y'
or a= X+yy Fig9.6
y-1

Substituting the value of a in equation (1), we get

12 92 12
[X+X+yy} +[y_><+yy} =[X+yy}
y -1 y' -1 y -1

or XY =X+ X+yYP+[yy —y—-x-yyP=[x+yyT]
or X+y)Py?+[x+yPP=[x+yy]
or x+y?[yy+1 =[x+yy]?

whichisthe differential equation representing the given family of circles.

Example 26 Find the particular solution of the differential equation Iog(%j =3x+4y
X

given that y = 0 when x = 0.

Solution The given differential equation can be written as

dy

— = e(3x + 4y)

dy
— =X, & . (2
or o (D)

Separating the variables, we get

ﬂ=e3x dx

eV

Therefore I e Ydy= I e¥*dx
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e e3x
or = +C
3

-4
or 4e*+3e¥+12C=0
Substitutingx =0andy =0in (2), we get

4+3+12C=00rC=E

Substituting the value of Cin equation (2), we get
4e*+3e¥-7=0,
which isaparticular solution of the given differential equation.

Example 27 Solve the differential equation

(xdy—ydx)ysn (%) = (y dx + x dy) x cos (%)

Solution The given differential equation can be written as
[x ysin (lj —x? cos(lﬂ dy = [xycos(lJ +y?sin (lﬂ dx
X X X X
dy xycos(i) +y?si n(i)

or & =
xysin(y) - X cos(y)
X X

Dividing numerator and denominator on RHS by X2, we get
2
y y Y lanlY
2cos|  |+| %5 |sin| =
dy _ x (x) [xzj (x)
dx ysin(y) - cos(y)
X X X

dy

Clearly, equation (1) isahomogeneous differential equation of theform —==9

dx

To solveit, we make the substitution
y = VX

or — = V4+ X—
dx dx

417

- (2

- (D

)

- (2
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dv  veosv+visiny ,
or Vb X— = —— (using (1) and (2))
dx VSinv— cosv

dv 2V Cosv
or X— = —/———
dx vsinv—cosv

(vsinv—cosvj 2dx
or = = > ldv=——

VCOSV X
vsinv — cosv 1
Therefore I(—jdv = Zj—dx
VCOSV X
1 1
tanvdv—| =dv = 2| —dx
or I v dv Iv \Y Ix
or loglsecv—log|v| = 2log| x|+log|C, |
log secv ~loglC
or VX2 - Ogl 1|
Secv
or > =t C - (3
V X

Replacing v by % in equation (3), we get

=)
T

or sec(lj =Cxy

=Cwhere, C=+C,

X
whichisthe general solution of the given differential equation.

Example 28 Solve the differential equation
(tanly —x) dy = (1 +y?) dx.
Solution The given differential equation can be written as

dx X tanty
dy 1+y 1+y

- (D
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Now (1) isalinear differential equation of the form %+ R x=Q,

dy
_ tan"'y
where, P, = 1+ y? and Q, = ey :
Therefore,  |.F= ej g _ gty

Thus, the solution of the given differential equationis

tan'y o
xS I(WJ e

-1
Let | = f(ti—y);j eV dy

1
Substituting tan™ y = t so that (1+ ¥ jdy =dt, we get

|=[tedt=te-[1.ed=te—e=¢ (-1

or | = gy (tanly —1)
Substituting the value of | in equation (2), we get

x. €™V =™ V(tanly-1)+ C

or X = (tany-1)+Ce™

whichisthe general solution of the given differential equation.

Miscellaneous Exercise on Chapter 9

419

- (2

1. For each of the differential equations given below, indicateits order and degree

(if defined).

() d—w+5><(ﬂj2—6y=logx (ii) (%)3_4(ﬂj2+7y: sinx

dx dx

4 3
(i) M—sin(ﬂ}o
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2. For each of the exercises given below, verify that the given function (implicit or
explicit) isasolution of the corresponding differential equation.

() y=ae+be*+x? : x3—3+2%—xy+x2_2=0
(i) y=e(acosx+bsnx) : ay_ Q+ZY=0
T dx
. d’y
(i) y=xsin3x : W+9y—6c053x=0
(V) % =2 logy ()Y wy=0

3. Form the differential equation representing the family of curves given by
(x—a)? + 2y? = &, where ais an arbitrary constant.

4. Provethat x2—y? = c (X% + y?)? is the general solution of differential equation
(@ = 3x y?) dx = (y® — 3x%) dy, where c is a parameter.

5. Formthedifferential equation of thefamily of circlesinthefirst quadrant which
touch the coordinate axes.

: : : : . dy [1-y
6. Findthegeneral solution of the differential equation &+ 152 =0,

. . . _dy | yi+y+l
7. Show that the general solution of thedifferential equation —+-~————=0is
dx x“+x+1

givenby (x+y+ 1) =A (1 -x-y—2xy), where A is parameter.

8. Findtheequation of the curve passing through the point (0, gj whose differential

equationissin x cosy dx + cosx siny dy = 0.
9. Findthe particular solution of the differential equation
1+e*)dy+(1+y?)edx=0,gventhay=1whenx=0.

10. Solvethedifferential equation yeydxz(xey + yz)dy(y;tO) }

11. Find aparticular solution of the differential equation (x—y) (dx + dy) = dx—dy,
giventhat y = -1, when x = 0. (Hint: put x —y =t)



12.

13.

14.

15.

16.

17.

18.
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_2./x
Solvethe differential equation {e——i}%zl(x;t 0).

Jxo Wxdy

d
Find a particular solution of the differential equation d_2/<+ YCOt X = 4x cosec x

(x# 0), given that y = 0 when ng.

d
Find aparticular solution of thedifferential equation (x+ 1) &y =2eY-1, given

that y = 0 when x = 0.

The population of avillageincreases continuously at therate proportional to the
number of itsinhabitants present at any time. If the population of thevillagewas
20, 000 in 1999 and 25000 in the year 2004, what will be the population of the
villagein 20097

The general solution of the differential equation Y= XY _o is
y
(A) xy=C (B) x=Cy? (C) y=Cx (D) y=0Cx

The general solution of adifferential equation of thetype g—; +Bx=Q is
@A) yel* = [(Qel*®)ay+c
® y.d"*-[(Qe**)ax+c
© xéady:j(Ql ") dy+C

(0) xd"* = [(Qd"*)ax+c

The genera solution of the differential equation e*dy + (y e+ 2x) dx=0iis
(A) xeg+x*=C (B) xe&+y*=C

C) ye+xe=C (D) ye+xt=C
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Summary
An equation involving derivatives of the dependent variable with respect to
independent variable (variables) isknown as adifferential equation.

Order of adifferential equation is the order of the highest order derivative
occurringin thedifferential equation.

Degree of adifferential equation isdefined if itisapolynomial equationinits
derivatives.

Degree (when defined) of adifferential equation isthe highest power (positive
integer only) of the highest order derivativeinit.

A function which satisfiesthe given differential equationiscalled itssolution.
The solution which contains as many arbitrary constants as the order of the
differential equation is called a general solution and the solution free from
arbitrary constantsis called particular solution.

To form a differential equation from a given function we differentiate the
function successively as many times as the number of arbitrary constantsin
the given function and then eliminate the arbitrary constants.

Variable separable method i s used to solve such an equation in which variables
can be separated completely i.e. terms containing y should remain with dy
and terms containing x should remain with dx.

A differential equation which can be expressed in the form

% =f(xy) or 3—; = g(x,y) where, f (x, y) and g(x, y) are homogenous

functions of degree zero is called ahomogeneous differential equation.
A differential equation of theform % +Py=Q,wherePand Q are constants

or functionsof x only iscalled afirst order linear differential equation.

Historical Note
One of the principal languages of Science is that of differential equations.

Interestingly, the date of birth of differential equationsis taken to be November,
11,1675, when Gottfried Wilthelm Freiherr Leibnitz (1646 - 1716) first put in black

and whitetheidentity I ydy= % y? , thereby introducing both thesymbols] and dy.
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L eibnitz was actually interested in the problem of finding acurve whose tangents
were prescribed. Thisled him to discover the * method of separation of variables
1691. A year later he formulated the ‘ method of solving the homogeneous
differential equations of the first order’. He went further in a very short time
to the discovery of the ‘method of solving a linear differential equation of the
first-order’. How surprising isit that all these methods came from a single man
and that too within 25 years of the birth of differential equations!

In the old days, what we now call the ‘solution’ of a differential equation,
was used to be referred to as ‘integral’ of the differential equation, the word
being coined by James Bernoulli (1654 - 1705) in 1690. The word ‘ solution was
first used by Joseph Louis Lagrange (1736 - 1813) in 1774, which was almost
hundred years sincethe birth of differential equations. It was JulesHenri Poincare
(1854 - 1912) who strongly advocated the use of theword ‘ solution’ and thusthe
word ‘solution’ hasfound its deserved placein modern terminology. The name of
the ‘method of separation of variables' is due to John Bernoulli (1667 - 17438),
ayounger brother of James Bernoulli.

Application to geometric problems were also considered. It was again John
Bernoulli who first brought into light the intricate nature of differential equations.
In a letter to Leibnitz, dated May 20, 1715, he revealed the solutions of the
differential equation

Xy’ =2y,

which led to three types of curves, viz., parabolas, hyperbolas and a class of
cubic curves. This shows how varied the solutions of such innocent looking
differential equation can be. From the second half of the twentieth century attention
has been drawn to the investigation of this complicated nature of the solutions of
differential equations, under the heading ‘qualitative analysis of differential
equations' . Now-a-days, this has acquired prime importance being absolutely
necessary inalmost all investigations.
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