20. Definite Integrals

Exercise 20.1

1. Question

Evaluate the following definite integrals:

g
4

Answer

1

X

dx
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Using the formula:
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2. Question
Evaluate the following definite integrals:

3
J‘ l_rdx

X T

Answer

Using the formula:

! G) dx = [logl x| ]:

3

J-(ﬁ) = [10g|x+ 7|]_32

-2
=log 3+ 7-log-2+7

= log |10]- log |5|



10
= loglfl = log|2|

b
J (F)ax e
~)ax = log|2|

3. Question

Evaluate the following definite integrals:

- 1

J = dx

0 1—-x~
Answer

Using the formula:

b
1
J-fidx = [—cos~*x]P
V(1—x2)

a

1/2
1
— — [costx]*?
f V(1-x2) [ lo
]
= —[cos™11/2 —cos™10]
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J- \.ftl_xz): [E]

0

4. Question

Evaluate the following definite integrals:

Lo

Answer

Using the formula:
b
1 -1_1b
mdx= [tan X]a
a

1
1
dex= [tan‘lx]&

= [tan™!1— tan~10]

- E—o]

= m/4



1
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5. Question

Evaluate the following definite integrals:

Answer
let x2+ 1=t

= On differentiation, we get

2 xdx =dt
d dt
=>xx-2

= Hence the question will become:

Using the formula:

:n(.__ﬁu_
D_.
=]
[l
—
=)
g9
]
:

1/2f@ dt= [loglt!]]

= [log| x? + 1|]j
=log|3%? + 1| —logl2% + 1|
= logl 10| —1log|5|

=logl 10/5|

= log| 2|

6. Question

Evaluate the following definite integrals:

o
- 1
< ‘b _X_
Answer

f @2+ b2x2) f @) dx



(=]

( L dx = 1/b? L d
:a’-m x =1/ E!-((iTx

+x2)

Now, Using the formula:

b
1 1
4% = Zltan-lx/alb
J-(a?—i—x?)dx a[tan x/a]l

ro1
= f (a2 +b2x2) X =
1]

o0

j’D 1 d (b) . _,bx
= e — = | = _
J (a2 + b2x?) X a [tan a ]0

o1 by, _bxe 0
= !mdx = (g)[tan T—tan b)(g]

j? L d (b) tan™? tan™10
= gw =12 oo —
= (a2 +b2x7) X 2 [tan an~" 0]
o
j? 1 dx = (b] ™ 0
= (a2 + b2x?) * =13 [2 ]
4]

r 1 by
= OJ-(a?—l—b?x?)dX = (5) (E)
7. Question

Evaluate the following definite integrals:
1
-1

Answer

1

~dx
1+x°

Using the formula:

b
1
J-mdx= [tan‘lx]e'f

b_1 -191
= [ o = [T XA

s [tanl (1) -tanl (- 1)]

T 1
~E- (=)
ST R_®
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8. Question

Evaluate the following definite integrals:

Je_x dx
0



Answer

Using the formula:

b
J- e¥dx = [e¥]B

L= =]

= J- e *dx=—[e7¥]F

= J-e"‘dx= —[0—1]

= J- e *dx=1

o]

9. Question

Evaluate the following definite integrals:

Using the formula:

J- G) dx = [loglx/ ]:

=:f( X)dx=mM—IMQX+HE

1
X
= J-(X_,_ 1) dx = [1 — 0] —[log|1 + 1| —log|0 + 1[]
o]

(=) dx = [11 - ogl2l1 - 0

U
Clo—

(“logl=0)



= [ (i) dx = [1] — [log]2]]

10. Question

Evaluate the following definite integrals:

= 17

J (sin x +cos x )dx

0
Answer
2 /2 /2
= J- (sill(x)—i—cos(x))dx:f sin(x)dx—l—f cos(x)dx
1] 0 ]

Using the formula:

b

J- sin(x)dx = —[cos(x)]2

a
and

b

f cos(x)dx = [sin(x)]2

a
w2

= J- (sin(x) + cos(x))dx = —[cos(x)]% + [sin(x)]%

(sin(x) + cos(x))dx = — [cos (g) — cos(O)] + [sin g) — 5111(0)]

4
CIL__‘:r\_ll:l

(sin(x) + cos(x))dx= — [0—1] + [1— 0]

U
cIL__‘:ml:l

(sin(x) + cos(x))dx = — [-1] + [1]

s
cJL__‘:ml:I

(sin(x) + cos(x))dx = 2

4
CJL__‘nul:l

11. Question

Evaluate the following definite integrals:

T 7

Jcotxdx
/4

Answer

Using the formula:



b

f cot(x)dx = [log|sin(x)[]2

/2

= J- cot(x)dx = ﬂ0g|Sill(X)|]:ﬁ

T4
/2

= J- cot(x)dx = [Ioglsin(g)l— log|sin G)”
4

/2

cot(x)dx = [log|1| —log|1/v2[]
4
w2

= J- cot(x)dx = [log|1/(\!—l§)”

/4
/2
- J- cot(x)dx = [logy2]
/4
12. Question
Evaluate the following definite integrals:

n/4
Jsecxdx
0

Answer

Using the formula:

b
J- sec(x) dx = [log|sec(x) + tan(x)|]2

w4

= J- sec(x) dx = [log|sec(x) + ‘can(:a:;)l]g’r‘L

L]

= J- sec(x)dx = [log |sec G) + tan (9' — log|sec(0) + tan(0)|
1]
w4

= J- sec(x) dx = [log|vZ+ 1| | — log|1+ 0]
0
w4
= J- sec(x) dx = [log|vZ + 1| | — log|1]
o
wia
= J- sec(x)dx = [log|vZ+1|| - 0
0

("logl=0)



L]

= J- sec(x) dx = [log|vZ + 1| []
o

13. Question
Evaluate the following definite integrals:

/4
J cosec x dx
T/6

Answer

Using the formula :

b
J- cosec(x) dx = [log|cosec(x) — cot(x)|]2

a

wf4
= J- cosec(x) dx = [log|cosec(x) — cot(x)l]z}r:
/6
/4

= J- cosec(x) dx = [log |cosec (g) —cot (g” — log|cosec (g) — cot (g)l

6
LeLs
= J- cosec(x) dx = [logNE— l| — 10g|2 - \;@H

/e

(~ cosec G) =+/2,cot G) = 1,cosec (g) = 2,cot (E) =4/3)

6
/4
loglv2 -1
= ! cosec(x)dx = [%]
mnfe

14. Question

Evaluate the following definite integrals:

1-
j—xdx
5 1+x
Answer

1

(o= [
1+x) 7

[i]

1 1

[Gr)e=
= 1+x x=

1] 4]

o




ﬁfol(ﬁ) _fo( )d —flxdx

Using the formula:

f( )dx— [0g|x|]

1
1-x 1
= J-(1+X)dx= 2 x [loglx + 1|]o - x5
o

1—-x
(m)dx= 2 X [log|1+ 1| —log| 0+ 1]] — [1 — 0]

s
O f—

1_
(15 @ = 2 [logl2] ~log] 111 - [1]

4
Ok__"n-

4

1
f(l_x)d — 2 x[log|2]—0] - 1
J\1+x x = 2x[log ]

1
f(l_x)d — 2xlogl2| — 1
- Ty dx = 2xlog

1]
15. Question

Evaluate the following definite integrals:

P
s
pl+smx
Answer

m

( J’ 1 — sinx
1+ smx 1+ smx l1 —sinx
v J’ 1-— smx
= J- 1+ smx - ) 1—sin?x
1]

1 1 —sinx
( - ]dx = J- dx
1+ sinx CcosZx
1]

("1 -sin? x = cos? x)

(=]

4
Br—

=

=]

4
S r—y

b1 T

T J’ 1 q J’ sinx d
= J- 1+5111x = ) coszx ™ ) coszx X
4] 0 0
T 1 n b
dx = J-seczxdx—ftan X) sec(x) dx
:Df(1+sinx) (x) sec(x)
4] 0 4]

Now, we know,



b

f sec?xdx = [tan(x)]?

a

And,

b

J- tan(x) sec(x)dx = [sec(x)]2

a

J| () % = n(OTg — sec(ls

= J- 1T s dx = [tan(m) — tan(0)] — [sec(m) — sec(0)]

(1 + sinx) dx

=

F—

=

F—

DJ-(l-i- smx) =z

16. Question

Evaluate the following definite integrals:

=4

1
[ ——
T l1+smx
Answer
/4 w4
1 ) d J' ( dx ) 1 — sinx
- _ y
- 1+sinx/ 1 + sinx [1 _sinx
—m/4 -4
/4 w4
1 )d J’ 1 —sinx q
= 1+sinx/ 1 —simZxo>
—m/4 —mj4
4 w4
( 1 )d J’ 1— sinxd
- 1+sinx) cos?x X
—m/4 -4
(" 1-sin? x = cos? x)
wia /4 _—
( L ) d J- 1 d J’ sinx
= J- 1+sinx/) " ) Ccoszx™ e
—1'[‘.{4- —‘1'[;’4- —‘1'[3’4-
w4 /4 /4
1
I I J’ 5 B J’
- J- (1 + SiIlX) X sec”xdx tan(x) sec(x) dx
—1'[‘.{4 _1-[l,f4_ _1_[2,4

Now, we know,

=[0-0]-

()=

[-1-1]




b
f sec?xdx = [tan(x)]?

a

And,

b

J- tan(x) sec(x)dx = [sec(x)]2

w4
1
= we A
f (l-i-sinx)dx_ [tan(0] 2y, = Isect)] 4

—Tf4

w4

= J- (l +l'sinx) dx = [tan(m/4) — tan(—m/4)] — [sec(m/4) — sec(—m/4)]

—Tf4

w4

("~ sec (- 8) = sec 0)

w4 1
— N W)

= J-(l+sinx)dx [2] [~2v2]
—-m/4

J4

ﬂ( L )d 2+2v2
= J- 1+ sinx x= v
—m/4

17. Question

Evaluate the following definite integrals:

-

J cos” X dx
0
Answer
T T1+cos(2x)
Let| = IECOSEXdX == dx
o 4]

LI m1 Tcos(2x)
:fozcos xdx = fozzdx+ foz 5 dx

Using the formula:

b -
sin(ax)_,

J-cos(ax)dx= [ " Ia

a

s
2

cosx dx — (}) ™2 + (E) [Sin(gx) =

= 2) o 2/ 2

O — s

cos’xdx = G) [g— 0] + G) [(51112 xg) — (5in2 x 0)]

I
cIL__‘:ml:l



T 1
cos?xdx = 1 + (Z) [sinTr — sin0]

4
clk__‘:ml:l

2 = (E) _
cos xdx—4+ 2 [0 — 0]

U
CIL__‘:ml:l

5 ™
— | cos xdx=1

O s

18. Question

Evaluate the following definite integrals:

= 17

J cos’x dx
0

Answer

= fogcosaxdx = JZcos(x) x cos?(x)
- fogcosaxdx = JZcos(x) x (1 —sin®(x)) gx

= (zcos3xdx = 2cos(x)dx — [ 2 cos(x) sin?(x) dx
fo 0 0

Let sin x = t. Hence, cos x dx = dt, for the second expression.
T /2 T
= 3 _ : _ 2
J@ cos®xdx = [sinx]] Jzt2at

e e

m
= foz cos®xdx = [sinx] -

Put back t = sin(x)

s 1
cos®xdx = [sini —sin0] — (g) [sin® X]Ejz

U
cIL__‘:ml:l

1 T
cos®xdx = [1—0]— (E) [sin® >~ sin® 0]

s
cJL__‘amlzl

cos®xdx = [1] — @) [13 — 0%]

4
CJL__‘:ml:l

cos?xdx = [1] — @) [1]

4
clk__‘:ml:l

cos®xdx = [1] — (%)

U
CIL__‘:ml:l



n
JZ cos®xdx =2
3
19. Question

=

Evaluate the following definite integrals:

T/6
J cos X cos 2x dx
0

Answer

cosx X cos(2x)dx = | cosx X (2cos?x— 1)dx

O[-__ﬁﬂﬂ:l
S a3

T

=

S a3

6
cOsX X cos(2x)dx = J-(Zcosgx— cosx dx)
0

L1

]
cos3xdx— J- cosx dx
4]

O(-__‘loﬂ:l

T
&
= J-cosx X cos(2x)dx = 2
0
We know,
ccos3xdx — _fgcos(x) x cos?(x
= f; —Jo ( )
= fogcosaxdx = f;xécos(x) x (1 —sin*(x)) gx
s T
= f;""’ cos® xdx = [#cos(x) dx — [#cos(x)sin®(x) dx

Let sin x = t. Hence, cos x dx = dt. For second expression,

w6

cos®xdx = [sinx], t2dt

i)
C— 3

3 /6
cos3xdx = [sin:a:;]:;f‘5 - [gl

0

!
O — 3

Put t = sin(x)

-

m
r
= [& cos®xdx = [sinx]] 1,

T 1 T
cos®xdx = [sing - 51110] - (g) [sin? " sin® 0]

!
O —

orse= 1]~ ()]

i)
O — 3



nor1
3 = =
cos™xdx = [2] [24]

!
Cf— 3

cos®xdx = (12— 1)/24

i)
O — 3

E .
= fof* cos®xdx = (11)/24 (eéquation 2)

T
From equation 2 put value of [s cosxdx in equation 1.
0

T s
6 6

i
S —ala

cosx X cos(2x)dx = ZJ-(cosgx)dx— J-cosxdx
o 0

cosxdx

[}
O —
O — 3

11
X 2x)dx =2 X (—) —
cosx X cos(2x) dx 2

11
cosx % cos(2x) dx = 2 X (—) - [sin:a:;]:;f‘5

24

!
O — 3

(2x) dx = 2 (11) in = — sin0
cosx X cos(2x) dx = 2 X 24 [51116 sin0]

!
O —

(2%) dx = 2 (11) ! o]
COSX X COs| 2X X = x 24 3

!
O —

1

cosx X cos(2x) dx = (1_;) B E]

1
O — 3

5
cosx X cos(2x) dx = (E)

!
O — 3

20. Question

Evaluate the following definite integrals:

-7

J sinx sin 2x dx
0

Answer

m
2z

sinx x sin(2x)dx = J-sinxx 2 % sinx cosx dx
1]

o s

T L3
:)foz sinx x sin(2x)dx = 2 foz sin®x cosxdx



T I
= foEsinx ¥ sin(2x)dx = 2 foz(l — cos?x )cosxdx

T 3 s
=foEsinx x sin(2x)dx =2 foz cosxdx — 2 foz cos®xdx

T I
= [ Zsinx x sin(2x)dx = 2[sinx]2 — 2 x §

First let us find,

n i
2 F
J-cosaxdx= J-COS(X)X cos?(x)
o 0

w2

3
= J-cosgxdx = J- cos(x) X (1 — sin*(x)) gx
[}

o]

3 3
cos®xdx = f cos(x) dx — f cos(x) sin?(x) dx
4] [i]

U

Let sin x = t. Hence, cos x dx = dt. For second expression,

m

Fi
cos3xdx = [sinrec{]";f2 - J-tzdt

4]

s
CJL__‘:ml:l

3 w2
cos®xdx = [smx]:;”2 - [—]
3

4]

4
OL__":mlj

Put t = sin(x)

S

m™
= foz cos®xdx = [sinx], -

4]

m
z 1
™ ™
3 — : o . _ - : 3__ o3
= J- cos®xdx = [sm2 51110] (3) [sin 5 —sin 0]
0

T

z 2
= J-Sinx x sin(2x)dx =2 x[1—0] — 2 x 3

o

T
Z
4
= | sinx x sin(2x)dx =2 — (5)
o



a1
Z
2
= | sinx x sin(2x)dx = (5)
1]

21. Question
Evaluate the following definite integrals:
T /4

- ]

J (tanx +cotx) dx

w/3

Answer

/4 /4

J- (tanx + cotx)?*dx = J- (tan®x + cot®x + 2 X tanx X cotx)dx

w3 m/3

We know, tan x x cotx =1

4 L)
J- (tanx + cotx)?dx = J- (tan’x + cot®x + 2)dx
mf3 m/3

We know, tan?x = sec? x 1 1 and cot? x = cosec? x - 1

= f:{?(tanx+ cotx)?dx = f;j?(seczx — 1+ cosec?x— 1+ 2)dx
= [™*(tanx + cotx)2dx = [ (sec?x + 29)d
/3 (tanx + co x= ] /3 (sec“x + cosec“x)dx

= f:f;(tanx+ cotx)?dx = f:f?(seczx)dx—k f:j?(COSECEX)dX

We know integration of sec?x is tanx and of cosec? x is -cotx. Therefore,

w4
2 usr’ w4
= J- (tanx + cotx)*dx = [‘canx],mrg + —[n:om]mrg
/3
/4
= J- (tanx + cotx)?dx = [‘czmE —tanE] - [cotE - cotE]
B 4 3 4 3
/3
/4

= J- (tanx + cotx)2dx = [1 — 3] — [1 — 1/V/3]
/3

wf4
1
= J- (tanx + cotx)?dx = ——+/3
/2 V3
m

22. Question

Evaluate the following definite integrals:

T/2

=

J cos’ x dx
0

Answer



o ia

o ia

s
2

costxdx = fcoszx x cos? xdx
4]

tal =

1+ cos2x 1+ cos2x
cos“xdx=f( 5 )x( 5 )dx

O s

o]

1 + cos 20 = 2 cos? 0)

(1+ cos2x)(1 + cos2x)dx

O — ld
O —

= ()
cos*xdx = |-
4
o m
2 Zz
1
J-cos‘*xdx = (Z) J-(l—l— cos?2x + 2cos2x)dx
0 0

+2cos2x)dx

o
2
J’ (1+ cos4x)
2
o

n m
2 z
1
J-cos‘*xdx = (ﬁ) J-(Z—l— (1+ cos4x) +4cos2x)dx
0 0

m a1

z % 2 2

1
J-cos“xdx = (ﬁ) [f(zdx—i— J-(l + cos4x)dx+ f(-ﬂfcost)dx]
o 0 0 0

fcos‘*xdx = (%) [[2);]% + [x]g + [(sindx)/4]?

T T
2

+ 4[(51112){)/2]% ]

f cos*x dx = (%) :[Tr] + [g] - G) [sin2 x 7] + (2)[sin 7]
fcoﬂxdx = (%) [Tr] + [g] + 0+ (2)[0] ]

i+ 5]

feostxis= (1)
J-COS xdx =z
0
3
J-cos“xdx—[?)—n]
J ~li6



23. Question

Evaluate the following definite integrals:

= 17

J (a" cos X +b” sin"x]dx
0

Answer

n
2

o s

(a?cos?x +b?sin?x)dx = J-[a2 cos?x + b?(1—cos?x)]dx

= fog (a®cos®x + b?sin?x) dx = [2[a® cos?x + b?(1) — b? cos?x)]dx

"I'[

o s

2
a
(a’cos®x + b?sinx) dx = = [1+ ci}sZ}:{]g/2 +b? [}&]"Sf2

o i

(a?cos?x +b?sin®x)dx

o s

%[(l + cos2 X ) —(1- cosO)]—l— b? [—— O]

-—— l+c052><— — (1 —cos0)
2 2

2
2
= J- (a%cos?x+ b?sin?x) dx = %[(1—1— —1) —(1—-1)]+b? [g] -
o]

b?
St +-10-(1-1]

3
s
= f (a? cos?x + b? sin®x) dx = b? [E]
]

24. Question

Evaluate the following definite integrals:

J 1+sin x dx

Answer

m m

z z

| TFsEma= [ (vTFsmm) v1osinx,
J v sinx)dx = J N sinx x\m X

T

H 2
(a®cos?x + b?sin x)dx—f[a cos?x] dx+b2J-1>< dx—bzf[coszx]dx
]

a1

b? I
S 2
> [1+ cos2x]?



W1—sin?x
(v )

(V1 + sinx)dx = [[—F— Ny )]dx
— sinx

4
clk__‘:ml:l
OIL__":r\_ml:l

E I
2 2
/cos?x
_ _ !
= V1 + sinx)dx = J- [7 X
OJ- ( ) ] v1—sinx
m m
2z ]
COSX
= J- (V1 + sinx)dx = J- [ ]
] 5 W 1 — sinx

Let 1 - sin x = t2. Hence, - cos xdx = 2 tdt and cos x dx = - 2 t dt.

m m
z z ot
= J- (V1 + sinx)dx = J- —|dt
_\"I't_z_
o] 0
L L
z z ot
= J- (V1 + sinx)dx = J- - dt
0 o

(V1 + sinx)dx = (—Z)J- [1]dt

4
CJL__"nul:l

[:\,’1 + sinx)dx = l:—Z)[t]:;[f2

4
CIL__‘:r\_ll:l

Vv1+ sinx)dx = (—2)|v1 — sinx K&
(v / 0

U
cIL__‘:ml:l

(\,*l + sinx)dx =(—2)[ {1 —sin (g) —+/1—sin0

s
cJL__‘:ml:I

[:\,’l + smx)dx =(-2)[V1—- V1—0]

4
CJL__"nul:l

(V1 +sinx)dx = (—2)[-1]

4
CIL__‘:r\_ll:l

(V1 + sinx)dx = 2

U
cIL__‘:ml:l

25. Question

Evaluate the following definite integrals:

-

J. J1+cosx dx

0



Answer

m m

z F

f(fT)d f(*’T} V1 cosx,
= COSX QX = COSY | X ————(X

4 v ] v V1 —cosx

( /1 —cos? x}

(V1 + cosx)dx = — i con )]d=
— COSX

4
OL__":mlj
l:'I‘“__":r\.ll:l

I I
2 2
/sin?x
_ v
= v1+ cosx)dx= J- [7 dx
OJ- ( ) ] v1—cosx
m m
2z F
sinx
= J- (V1 + cosx)dx = J- [ dx
] 2 W /1 — cosx

Let 1 - cos x = t2 hence sin x dx = 2 t dt

m m
z H 9t

= J- (V1 + cosx)dx= J- dt
o] ] \Il(t_

(V1 + cosx)dx =

s
cJL__‘amlzl
clk__‘n\.ll:l

|

(=W

—

(V1 + cosx)dx = (2)f

4
CJL__‘:ml:l

[:\,’1 + cosx)dx= (2) [‘c]:;fHz

4
clk__‘:ml:l

Vv1+ cosx)dx= (2)|vV1— cosx K&
(v 0

! i)
Cr——la T3

(V1 + cosx)dx= (2)[ [1—cos @) —+v1—rcos0

(V1+cosx)dx= (2)WVI—-0—-1—1]

4
CJL__‘:ml:l

[:\,’l + cosx)dx= (2)[1]

4
clk__‘:ml:l

(V1+ cosx)dx=2

U
CIL__‘:r\.ll:l

26. Question



Evaluate the following definite Integrals:

T/2

J X~ sinx dx
0

Answer

We are asked to calculate x sinx dx

DL__"IMIZI

For this we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—J-vdu

To choose the first function u we use “ILATE” rule

That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference, the first function is choosen to make the integration simpler.

Now, In the given question x is an algebraic function and it is chosen as u (A comes first in “ILATE" rule)

So first let us integrate the equation and then let us substitute the limits in it
dx
J-)( sinx d)(=)(J-sinxdx— J-J-sinx P (E) dx

= —xcosx+J-cosx dx

Therefore, now substitute the limits given:

Note that [ sinx = —cosx and [ cosx = sinx
w2

J- X sinx dx = [(—xcosx + J-cosx ldx)]";Hrz

i}

= [(—xcosx+ sinx )]/

First we have to substitute the upper limit and then subtract the second limit value from it
=— G) X COS G) + sin G) + —(0 x cos0 + sin0)

Note that sin0= 0 and cos0=1

=0+1+0-0

=1

27. Question

Evaluate the following definite Integrals:



-7

J XCos X dx
0

Answer

We are asked to calculate % cosx dx

Dk__"il\jlj

For this we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—J-vdu

To choose the first function u we use “ILATE” rule

That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference, the first function is chosen to make the integration simpler.

Now, In the given question x is an algebraic function and it is chosen as u(A comes first in “ILATE" rule)

So first let us integrate the equation and then let us substitute the limits in it
dx

J-X cosX dx=)(J- cosxdx — J-J-cosx X (ﬁ) dx

= xsinx — f sinx dx

Therefore, now substitute the limits given:

Note that [ sinx = —cosx and [ cosx= sinx

N
X cosx dx= [ xsinx — J-sinx dx]g

D(__WI‘\JIZI

X cosx dx= [ xsinx + cosx]g

D‘-—___‘N”:I
a

First we have to substitute the upper limit and then subtract the second limit value from it
[5]sin> + cos_ — [05in0 + coso

= |=|sin-+ cos— —[05in0 + cos
2 2 2 [ ]

=[F1+0 -0 +1]

28. Question

Evaluate the following definite Integrals:



-7

J X~ cos x dx
0

Answer
For this, we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—J-vdu

To choose the first function u we use “ILATE” rule

That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference,, the first function is chosen to make the integration simpler.

Now, In the given question xZ is an algebraic function and it is chosen as u(A comes first in “ILATE” rule)

So first let us integrate the equation and then let us substitute the limits in it.

J-chosx dx=x2J-cosxdx— J-J-cosx x 2x) dx
=x*sinx — J- 2x X sinx dx
=x%sinx— Z[XJ-sinx dx — J-J-sinx dx dx]

=x%sinx— 2[—x cosx — f cosx dx]

So now we have to substitute the limits in this equation.

And should subtract upper limit value from lower limit value
w2

J- x? cosxdx = [x?sinx — 2[—x cosx—f u:os:a:;d:a;]]gf2
[}

Sin g =1, cos E =0, sin 0 =0, cos0 = 1.

= [x?sinx — 2[—x cosx+ sinx]]";ﬁ

m™oom 2[ s
=5 sing 5 Cos

T

™
5 + sini] — {0 % sin0 — 2[—0cos0 + sin0]}

=[H£>< 1—2[0+ 1] — {0 — 2[-0 x 1 + O]}]

29. Question

Evaluate the following definite Integrals:



T4
J X~ sin X dx
0

Answer
For this, we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—J-vdu

To choose the first function u we use “ILATE” rule

That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference,, the first function is chosen to make the integration simpler.

Now, In the given question xZ is an algebraic function and it is chosen as u(A comes first in “ILATE” rule)

So first let us integrate the equation and then let us substitute the limits in it.
J-xzsrnx dx=x2J-sinxdx— J-ZX(J- sinx dx) dx

= —x%cosx+ Z[XJ-COSX dx — J-J-cosx dx dx]

= —x?cosx + 2[x sinx — J- sinx dx]

So now we have to substitute the limits in this equation.
And should subtract upper limit value from lower limit value
w4

J- x2sinx dx = [-x%cosx + 2[x sinx — J- sinx dx]]
o

UYL
4]

Sing =1, cosg =0, sin 0 =0, cos0 =1

T .m 1
cos— = sin—=—
4 4 42

= [x?cosx + 2[x sinx + cosx]]?‘L

2

T cosE 4+ 2[ SNt + cosm — {—0 X c0s0 + [0 X Sin0 + 2c0s0
= |— Cos— —sin— Co8——— COSs s1n Ca8s
(e X cosg +2[sin+ cos i )
[_Tr2 1+2[IT 1, 1] (0 +2[0+ 1]}
16 2 4" \2 2
1t _ﬂ2+ﬂ+2 2
T yz| 16 T2
2
T T
Y L




30. Question

Evaluate the following definite Integrals:

= 7

J X~ cos2x dx
0

Answer
For this we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—fvdu

To choose the first function u we use “ILATE” rule

That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference, the first function is chosen to make the integration simpler.

Now, In the given question x? is an algebraic function and it is chosen as u(A comes first in “ILATE” rule)
So first let us integrate the equation and then let us substitute the limits in it.

Note that [ sinx = —cosx and [ cosx = sinx

d2x
J-XZCOSZX dx=x2fc052xdx— J-J-COSZX X (E) dx

dx

x?5in 2x J’ sin 2x
= | 2x
2

x?sin 2x

> [XJ-SiI'IZX dx— J-J-sin?.x dx dx]

x?sin Zx_l_ X COS2X J’cost
2 2 2

x?sin2x xcos2x sin2x

+ —_
2 2 4
/2 x%sin2x xcos2x sin2x
2 2
x“cos2X dx = | + —
J; L2 2 4
=T[—2><5111(2>< )x +[ xcos(ZxH)x}—sm 2>< ]
4 2 2 2 2 -‘-}

m? 1 1
— {— X sin(2x 0) x = —|— [— x cos(2 x 0) >< ——sin{2 x 0) x 4]}

2

=—x0 l><1><0 Cl+TE
-3 2% 0-(0+[])

31. Question



Evaluate the following definite Integrals:

T/2

J X~ cos” X dx
0

Answer
For this we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—J-vdu

To choose the first function u we use “ILATE” rule

That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference, the first function is chosen to make the integration simpler.

Now, In the given question xZ is an algebraic function and it is chosen as u(A comes first in “ILATE” rule)
So first let us integrate the equation and then let us substitute the limits in it.

Let us recall a formula cos2x=2¢og2x-1

Now substitute it

C0S2X
J-xzcoszxdx= fx2(1+ > )dx

1
= EJ-[:XE + x?cos2x) dx

1
= Ej-(x?dx—l—fxzcostdx)

. n+i
Now let us recall other formula |.e_[ xh=X "
n+1

fsinx= —cosx and f cosx= sinx

Using them we can write the equation as

im 2

23w = 12 —
fx =I5l =33

d2x
J-xzcos2)( dx=x2fc052xdx— J-J-COSZXX (H) dx

X

x?sin 2x J’ sin 2x
== X
2

x%sin2x
== [XJ- sin2x dx — J-J- sin2x dx dx]

x? 51112x+ X C0S2X J’cost
T2 [ 2 2




x?sin2x xcos2x sin2x

_l_ _
2 [ 2 4
/2 x sin2x X cos2x sinZ2x
2c0s2x dx = + - /2
J; x 3 2 4 o
=Tr—2><5111(2>< )x +[ xcos(Zxﬂ)xi—sm 2>< ]
4 22 2 2 2 -‘-}
1 1
—{— X sin(2x 0) x = —|— [—>< cos(2 x 0) ><—— sin{2 x 0) x 4]
2 1
Exo—lx x 0 - {0+[—]}
T
4

On substituting these values we get

bl

z 1[m® =

x?cos?x dx=—-|———
J; 2|24 2

m™ m

-’-1-8 8

32. Question

Evaluate the following definite Integrals:

log x dx

— e b

Answer
For this we have to apply integration by parts

Let u and v be two functions then

fudv=uv—fvdu

To choose the first function u we use “ILATE"” rule

That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference, the first function is chosen to make the integration simpler.

Now, In the given question 1 is an algebraic function and it is chosen as u(A comes first in “ILATE” rule)

So first let us integrate the equation and then let us substitute the limits in it.

1
J-logxd){:fl xlogx=10gxfxdx—f§(fdx) dx

Let us recall that derivative of logx is 1/x

1
=xlogx — —d
xlogx J-xxxx



= xlogx — J-dx
=xlogx-x

Now let us substitute the limits

2
J- logx dx = [xlogx — x]3
1

= 2 log2-2-[1logl-1]
=2log2-1
33. Question

Evaluate the following definite Integrals:
j log

(x+ 1)

Answer

For this we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—J-vdu

To choose the first function u we use “ILATE” rule

That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference, the first function is chosen to make the integration simpler.

logxdx
(x+1)2 J-(x+ 1)2

=10gxxfﬁ dx—f(fﬁ dx)%dx

logx 1
_x+1+ x(x+ l)d}‘I

» logx dx

logx (x+1-x)
x+1 X(x+1)

x—l—l J-(x X+ 1)dx

Now we will substitute the limits

3 logxdx
y (x+1)2 dx=1 J-(x x+1 dx3
2] d

OB ix = [—E—Hogx log(x+ 1))}

1 (x+1)2 x+1



= l033+1 3—1log(3+ 1) 10gl+1 1—log(1+1
=—5,  log3—log {1+1 ogl — log( )}

logl = 0 and log4 = 2log2

3log3
= —log2
s %8
34. Question

Evaluate the following definite Integrals:

a

J‘e—(l—x log x )dx

] X

Answer

let us assume that the given equation is L

eex
L =J- — (1 +xlogx)dx
. X
eex =3
1=J- —dx—l—J- e* logxdx
1 X 1
For this we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—fvdu

To choose the first function u we use “ILATE” rule
That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference, the first function is chosen to make the integration simpler.

e e

= [e* logx]] — fe" logxdx—l—f e* logxdx
1 1

= [e* logx]]

= efloge — elogl

We know that loge=1

=e* -0
= p®
35. Question

Evaluate the following definite Integrals:

a
=

-log x
)

dx

| X



Answer

Here in this question by observation we can notice that the derivative of logx is 1/x and the function integral
is like

J- f(x)d(f(x))dx = f(x)2/2

Here to solve these kinds of question let us assume logx=t

Now édx =dt

Now let us change the limits

x=1 then t=0

x=e then t=1

910 1
f —gxd;;:ftdt
1 X 0

-t2
1o

36. Question

Evaluate the following definite Integrals:

e

JJ L ! - +dx
. [log x (log x)’

“

Answer
For this we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—J-vdu

To choose the first function u we use “ILATE" rule
That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference, the first function is chosen to make the integration simpler.

J’ld lJ’d J’dd l‘:1
lgxx logx % de(logx)x

o
X 1dx

1ogx+ (logx)?



Now let us substitute in the given question equation

f lolgx_(lo;x)zd gl f (ogx)? f (ogx)?

e e
~ loge? loge
EZ
37. Question

Evaluate the following definite Integrals:

2 x 3
=J-1 x(x+ Z)d}‘H_J-1 X(x+2) dx

f (x+2) +2) J-lx(xj- 2)

Here we are solving the equation, recall Lz is the derivative of log(x+2) and splitting the second one
X+

= [log(x+ 2)]3 +§J-(}— )dx
= 108 151

Xx+2
3 3
= [log(x+ 2) ; — [;log(x) — 5 log(x + )T}
3 1
= [;log(x) —5log(x + 2)]3
3 1 3 1
= Elog(z) - Elog(z +2) - {5 log(1) — Elog(l +2)}
1
=5 [3log2 —log4 + log3]
Note that log4=2log2 and logl=0

1
= —[3log2 — 2log2 + log3
2

38. Question

Evaluate the following definite Integrals:

Lox+3




Answer

If the equation is in this form then convert the numerator as sum of derivative of denominator and some
constant

Here we know that denominator derivative is 10x
So to get it in the numerator multiply and divide by 5

Now you get the equation as

flzx—%adx fl5(2x+—3) 1
= x
o 5x2+1 )y sx2+1 7%

110x + 15 1

=| ———dxx
s 52+l 7%

J’l 10x 1+J-1 15 1
= X = X =
A R

We already know that derivative of logx is 1/x

10x

Using that here derivative of log(5x% + 1) =

5x%+1

1% a

And derivative of tan™! = =
a

aZ+x?

So = 1 log(5x% + 1) +3x Il ® tan~?

V5

aalH =

1 3
= Elog(sz +1) + N x tan~ ! V/5x

Now substitute limits 1 and 0
1 3 W v 1
=—log(b5x1+1)+—=xtan "v5x 1 —{=log(65x0+1)
5 V5 5

3
-1,/
+ @xtan V5 x 0}

v
1 3 1

= Elog(é) T x tan~1 /5 — {E log(1) + 0}
1 3

_ - _ -1./c

=% log(6) S x tan~ ' V5

39. Question

Evaluate the following definite Integrals:

3 b

1
~dx
pd+HX—X
Answer

[} st
) rrx—x ™

Since it is a quadratic equation we are trying to make it a complete square



2 1
=J; —(—4—x+x?)dx

2 1
=J- dx
4]

—(—4—x+x2+———)
2 1
=L-{@—%ﬁ—%5m
=J-2 ! dx
NG ECACTR O 03

=here the equation is in the form of integral of —X_the integral is equal to Y log(ﬂ)
x2+3? 2a a—x
Here let us assume that t=x—§

So that dx=dt
When x=0 t=-1/2
And when x=-1/2, t=3/2

3
2 1 3 1
f 17 dx :f 17 at
(52— ((x— P) (52— (92
1 ”%7 +t 3
= x log( \EN
V17 V17
22— -tz
2 2
i \l'.'-" a \,l'i" 1
= \I-'_]__';." [ Og(‘ul? 3_1 g(\ul? J.) ]
2 Z
_ 1 \."ﬁ+3 _ \."ﬁ—l
- Uﬁ [ (\."ﬁ—B (\."ﬁ+ l)
_ 1 V1743 V1741
B uﬁx [103( V17— 3) (\, 17 -1 ]

417 +17+3
= —= x[log( —
V17 17— 417+ 3

% [lo (\'17+5)
=V PR A7y s

Now rationalize the denominator

We get as
1 ‘1l (5»fﬁ+ 21)
= o]
V17 & 4

40. Question
Evaluate the following definite Integrals:

L 1

— &
2x"+x+1

0

Answer



Since the denominator is a quadratic equation let us make it in form of a perfect square

2x2+x+l=(x2+§+})x2
2 2
=((x+3)2+3—i)><2
¥ 2 16
=((x+3)2+1)><2
4 16

1 \;ﬁ
=((x+)*+(—)Hx2
(x+)2+ )
Now the equation
J-l l J-l 1
0 2x2+x+1  J

_
(x+3)7+ (D) x 2
17t 1
:ij;

_
(x+ D2+ (D7)

derivative of tan~1Z% = % using this we can write it as
a a“+x

| =

X+

Ik

?ftant(
= dll
2\;‘6

-
w5

—rz -13 a1 L
= {F{tan™ z —tan™" Z}}
41. Question

Evaluate the following definite Integrals:

1
[ Jx(1-x) dx
0

Answer

To solve these kinds of equations we generally take x=sin? 8, cos?8

So now here let x = 5inZ @

So now dx = 2sinfcos0do
Now change the limits

X=0 then g=0
X=1 then 9=g

So it is equal to

L

2
= f \/sinZ 8 (1 — sinZ @) 2 sinBcosbdO
o

LY

= J-z 2sin® B cos?0de
0

2
= f 45in% B cos?0dO ¥
4]



now use formula sin2x=2sinxcosx

i

1z
= —f sin?20d6
2 4]
Now use formula that ¢pg2x = 1 — 25in2 @

1'[’%1 — cos-’-}ﬁde
- 2) 2

1 E
= J7(1— cos46de)

=[P [eostoan’
=3l ; COoS 2

Now let us recall other formula :
[ sinx = —cosx and [ cosx= sinx

1 G% 1 51114(-]%

Now recall that sin0=0, cosO0=1

im 1 ™ 1
:Z[E_ZXSHMXE_{O_EXSHHXO}]
T

:g—o—{O—D}

T

8

42. Question

Evaluate the following definite Integrals:

2 1

—_— dx
13+ 2X—X°
Answer

Here the equation is of form that a quadratic equation is in the root so now to solve this make the equation
in the root in the form of a2-x2,a2+x>2

Here3 +2x —x?=3+1— (1 —2x+x?)
=4-(x-1)2
=22-(x-1)2

. . . . L -1 X 1
Now just recall a formula that is derivative of sin 1; =

\‘.'32_3(2
Here a=2 and x =x-1
Now we get

J’2 q s _lx—l]2
— dx = [sin"t——
o V3 +2x —x2 2 0

2-1 __0-1
2 sin 2

=sin™?!

+

oA
oA



hs
3
43. Question

Evaluate the following definite Integrals:

1

Answer

dx

Here first we are converting the quadratic equation in to a perfect square
4x —xT =4 -4+ 4x—x°

=4—(4—4x+x?

=4—(x—-2)?

=(2)*- (x-2)?

Now just recall a formula that is derivative of sin‘lg = %
yat—x

Here a=2 and x =x-2

Now we get
4
1 X—2
—dx = [sin"*—]}
J; Viax — x2 [ 2 lo
4—2 0—-2
=sin!l—— sin‘lT

=sin*1—-sin"t-1
bl bl

=3 (79

=T

44. Question

Evaluate the following definite Integrals:

1
r 1

J ——dx

SXT+2x 45

Answer

Now denominator is in a quadratic form so let us make it in other form

2+ 2x+5=x>+2x+1+4

=(x+1)2+4

=(x+1)*+2°

Recall a formul ] ) .

ecall a formula tan (a) S

Sonow. ' %t _ ~1pxtlygg 1
f—1x2+2x+5 [tan™( 2 )2 % 2

. L1+l . _1(—1—1—1) 1
= (tan™*( 2 ) — tan 2 )xz



= (tan~*(1) —tan~%(0)) x %

m 1 =
= — ¥ —= —
4 2 8B
45. Question

Evaluate the following definite Integrals:

sz—x
lmiix—l

Answer

dx

To solve this let us assume that 2x+1=¢2
2 dx=2t dt

So now x=1, t = /3

X=4, t=3

So now after substitution we get

t2—1

+ )2
f KX f 2 2 it
1

1
—dj (t* — 2t + 1 + 2t% — 2)dt

V3

3

=— t*— 1)dt
3) D

x]'.I.+J.

Now let us recall other formula i.e_[ %0 =
n+1

=215

5 =
_UE ) Vs
415 4| 5
57 —+3

5

46. Question
Evaluate the following definite Integrals:

L .
[x(1-x) dx
0

Answer

Now to make it simpler problem let us expand (1 — x)3using binomial theorem

So(1—-x)°=1-5x+10x*—10x3+ 5x*—x°

3‘:II'.I.'i'J.

Let us also recall other formula i.e.,_[ Xt ="
n+1

So now



1 1
f x(1—x)%dx= f x(1—5%x+ 10x? — 10x3 + 5x* — x%) dx
] ]

x? b5x*® 10x* 10x® b5x® «x .
—Ga etk

2 3 4 5 6 7

1 5 10 10 5 1 0o 0 0 0O 0 0
—c—ct——— ozt —cto—=
2 3 4 5 6 7 2 3 4 5 6 7
1
42

47. Question

Evaluate the following definite Integrals:

e’ dx

For this we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—J-vdu

To choose the first function u we use “ILATE” rule

That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference, the first function is chosen to make the integration simpler.

Now, In the given question xZ is an algebraic function and it is chosen as u(A comes first in “ILATE” rule)
So first let us integrate the equation and then let us substitute the limits in it.

Here we are expanding only first integral first

21 21 21
J- —e"dx—J- —eX¥dx=— J- e*dx — J- J- “dxx——J- — e*dx
1 X 1, X2 1 X2

1 1
—[—]1 J-—e‘dx J;;e‘dx



=——e
2

48. Question

Evaluate the following definite Integrals:

*

x . X
xe” +sin— |dx

=

Answer

. . . 1 74 1., 'r[_»:
First split the integral [ (xe?)dx + [ (sin S)dx
Now integrate by parts the first one

For this we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—J-vdu

To choose the first function u we use “ILATE” rule
That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference, the first function is chosen to make the integration simpler.

Now, In the given question xZ is an algebraic function and it is chosen as u(A comes first in “ILATE” rule)
So first let us integrate the equation and then let us substitute the limits in it.

Remember [ sinx = —cosx and [ cosx = sinx

1 1
X
=J- (xe“)dx+f (sin—)dx
] 0 2

xe® 1 2‘{_'_2 -0
= — =] g — -
2 2 TE[ ]
2e? ez+1+2
T2 2 4 m
2e2+1+2
T2 4 0w

49, Question
Evaluate the following definite Integrals:

1

dx

. 124
xe® +cos—
4

=

Answer

First split the integral fol(xe")dx+ fol(cosﬂf)dx



Now integrate by parts the first one
For this we have to apply integration by parts

Let u and v be two functions then

fudv=uv—fvdu

To choose the first function u we use “ILATE” rule

That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference, the first function is chosen to make the integration simpler.

Now, In the given question x2 is an algebraic function and it is chosen as u(A comes first in “ILATE” rule)
So first let us integrate the equation and then let us substitute the limits in it.

Remember [ sinx = —cosx and [ cosx= sinx

1 1 Pine
=J- (xe“)dx+J- (cos—)dx
0 0 4

x711 X 4 = 1
= [xe*]g— | & -I-E[COST]O

4 X,
= [xe*]5 — [e*]5 +E[cos—]%

4

0 0+4 T mx0

=[e—0]—[e—0] ﬂ[cos4 cos 4]
2V2
—1+22
™

50. Question

Evaluate the following definite Integrals:

= [ 1-sinx

J | ———— |dx
-, l—cosx
Answer

Now using the formula
Sin2x=2sinxcosx

Cos2x = 1 — 2sin®x

. X X
'ﬂ 1 — sinx m™ 1-2 sinz cosy
|, e aax = [ et——Z—Zyas
o 1—rcosx g 75in2 =
z 2
"1 ,X X q
== e (—Ecosec §+COtE) X



Here we know that derivative ofcotg is = —Elcosecg'\—;

And it is in the form of e*(function + derivative of function) so the equation integral will be gxfunction

X
= —[e*cot=]n
[e* cot 3]

s
=—[e" u:otE - eg cotz]
2 2

cot90 =0,cot45 =1

val 2

=g
51. Question

Evaluate the following definite Integrals:

=)

s oom L (x 0w
e"‘sm[———de
2 4

(=]

Answer

. X m . X a1 . 11 X
We know that sin (5 + Z) = sin (5) cos (Z) + 5111(1)-:05(5)
So the equation will be

= J-zﬂe; (sin G) cos G) + sin(g)cos(;))dx

We know that cos45=sin45=iE
J

Substitute it
J’Qﬂ 5( ] (X) 1 + [:X) l)d
= ez (sin| = ) —=+ cos(=2)—)dx
4] 2 \I'{E 2 \.'{E
1 J’zn x (X) N X q
= — 2 — —
\E( . ez (sin 2 cos(z)) X)

1 J’Eﬂf (X)d 1 J’z'”x Xd
=— ezsin|—-|dx) + — ezcos(z)dx

7, 2/ ™7, eeosP
Remember that [ sinx = —cosx and [ cosx= sinx

Now integrate by partsFor this we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—J-vdu

To choose the first function u we use “ILATE” rule
That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function



So in this preference, the first function is chosen to make the integration simpler.

2

Now, In the given question x“ is an algebraic function and it is chosen as u(A comes first in “ILATE” rule)

So first let us integrate the equation and then let us substitute the limits in it.

1, fxy2m X 2m 2m X Y ES 1 xy p2m X
=T§{sm(5)f0 ezdx— [ [, Ezdxdsm(a)—i—ﬁ{cos(a)fo ezdx —

N

_[Dzﬂ_[;ﬂ ez dxd cos G)

= \!—li{sin(; Zeg]ﬁ'”
1 21 2w 1 0 2x0

= E{sin (?) 2e7 — E{sin (i) 2e 2

=0-0=0

52. Question

Evaluate the following definite Integrals:

=]

: T X
—+—|dx

e" cos

-

=

Answer
Now let us use integration by parts
For this we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—J-vdu

To choose the first function u we use “ILATE” rule

That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference, the first function is chosen to make the integration simpler.
Now, In the given question x2 is an algebraic function and it is chosen as u(A comes first in “ILATE” rule)
So first let us integrate the equation and then let us substitute the limits in it.
Remember that [ sinx = —cosx and [ cosx= sinx

X127 J-z X X m d
= (2 q) lo A (2 q) X

L X T x21_[_i_l S 1 T ez 1J’2ﬂx (x+ )d
—[c-:)s(2 4)9 I 2{[sm(2 4)e Is 2], efcos|3 %}

}

L= [{cos (i—ﬁ) e?™—cos G)} + % [sin (i—ﬂ) e?™ —sin G)] - %



5L 1 1
—=——(e?"+1)— ——=(e?™+ 1
4 fi( ) 2{5( )

3V2
Lz—%(92“+ 1)

53. Question

Evaluate the following definite Integrals:

oy . T ’
Je"‘sm[——dex
0

Answer

m
, T
letI =J; e?*sin (x+ Z) dx
=sin (X+E) Jy e?*dx — f;%nd(sin(x+g))dx limit O to pi

Te2%sin (x+ &
=5”1("+E)§—C°S(X+E)§‘fo EQYSIZ(H 1),

51 = gin (X + E) E—zx — COs (X + E) ? with limits 0 to pl

I =g[sin(x+z)§—cos(x+g)f]g
(+]

=19 =319 L]
= sin(*rr+3)e—— cos(’rr+2)e—— {sin(o + E)e——cos (0+E)e—}
4/ 2 4/ a 4/ 2 4/ a

TTVGr Vit 2w
3 e 1
\-E 4 4\-@

54. Question
Evaluate the following definite Integrals:

L 1

Answer

dx

Now let it be taken as |

[— J-l 1 dx
—Jo u'l+3{—u'§

Now rationalize the denominator

: J’l 1 VI+x+4%
= X X
0\.1+X—\."§ \.1+X+\.§

J’Hf1+x+ VX
=] ——dx
o l1+xXx—x

l\.l+X+ \."'g
=] T
1]

1



3‘:II'.I.'i'J.

Let us also recall formula [xPdx =
n+1

= J-l\,’l—i—xdx—i—fl\,@dx

IR T VU T

—5[(1"‘3)2]0"‘5[(?{)2]0
2/ 3 2

~3(23-1)+3

—5((2)2)

_n2

3
55. Question

Evaluate the following definite Integrals:

3 b

X

— dx
(x+1)(x+2)

=

Answer

22x+2—(x+1)
=J- dx
1

(x+1)(x+2)

:fiximd"_fﬁdx

Remember derivative of logx = :

X

So using that

=[—log(x+1) + 2log(x + 2)]3

Substitute upper limit and then subtract the lower limit from it
=-(log3-log2)+2(log4-log3)

=-3log3+5log2

o 32
=log(-)
56. Question

Evaluate the following definite Integrals:

S

J sin” x dx
0

Answer

11
Let] — [=sin®xdx
m

7,
= sin“x sinx dx
1]

m
z

=J- (1— cos?x )sinx dx
[}



Lt

T T
z Z 5 )
= | sinxdx— | (cos“x)sinxdx
4] 4]

Remember that [ sinx = —cosx and [ cosx= sinx
z, costxs
= [—cosx]? + [ Ia

T

e

cos* 5 cos?0
3

T
= —Cos; — —cos0 + {

c0s90=0,cos0=1

0+1 !
B 3 3
57. Question

Evaluate the following definite Integrals:

-

» X s X
sin” — —cos” — dx

0 = ¥4

Answer

B : ZX ZX
I= sin® - — cos“ —dx
0 2 2
m
— ZX : ZX
=— cos“——sin“—dx
o 2 2

m
=— J- cosxdx
1]

X . X
Because we have a formula cosx = cosza — 511125

Remember that [ sinx = —cosx and [ cosx= sinx
= [—sinx]g

= [—(sinm — sin0)]

sin180 = 0,sin0 =0

=0

58. Question

Evaluate the following definite Integrals:

2 [ 1 1
et — ——— |dx
1 X 2x°
Answer

Let 2x=t then 2dx=dt
When x=1 t=2
And when x=2,t=4

e



_Ftl ldt
_ze(t tg)

We can observe here that

Derivative of 1 = — 1
X

XZ
Now it is in the form e*(function + derivative of function)

So the integral will be e*(function)

J"‘tl ldt— e,
ze(t tz) —[t]z

4 2

e e
4 2

(e* —2e?)
- 4

59. Question

Evaluate the following definite Integrals:

3 b

1

S
(x-1)(2-x)

=

Answer

Let us solve the denominator

x—1D(2—-x)=2x—2—%x%+x

=3x-x2-2
_ 2 2+l
=—(x=3)7+3
2 1 2 1
J Wd“f N T
X— —X
Y L Tx=3T+g
2 1
= zdx
1 2 1
_(X_E)Z_i_i

. . . . . -1 X 1
Now just recall a formula that is derivative of sin 1; =

Jar—x2
= [sin™*(2x—3)]3

=sin"*1-sin"t-1

=T

60. Question

k
If Jidx :E_ find value of k
0 16



Answer

Given that _[0:;“2 dx = i,k:?

[} e
L2+8x2 " 16

1J'k 1 e T
8), (1/22+x2 " 16

derivative oftan~1¥ = 2%
a aZ 4x2

1 i
—[2tan™ 2x]§ = —
8[ an~* 2x]; e

1 T
—[tan"*2k —tan™! 0] = —
8[an an~ ' 0] e

T
tan™i2x =—
4

2k=1

61. Question

a
If J_%xg dx = 8. find the value of a.
0

Answer

a
J- 3x?dx =8
1]

n+i

Let us also recall formula fxn dx ==

n+1
x*l3=8

a®=8

a=2

hence a=2.

62. Question

Evaluate the following Integrals:

32

J‘ 1—cos 2x dx

Answer

3m
F3
f V1 — cos2xdx
T
We know that cgs2x = 1 — 2sin?=x

Now substitute that in the equation

We get



am am

2 z
V1 — cos2xdx = J- J1—(1— 2sinZx)dx

b1 i1

3m

27—
\/2sin?xdx

T

3_1'[
Al s
V2 sinxdx
m

We already know that integral of sinx is -cosx

3n
=/2(—cosx) 2

= —/2(cos — cosm)

=—V2(0-(-1))

03]

= —
63. Question

Evaluate the following Integrals:

[

LR

X
l+sm— dx
i ]

-

=

Answer
27 . x
Let] = _[0 1+ sin(3)dx
Let us recall that sin? (f) + cos? (f) =1
2 2

And sin G) = 25111(2)5111(2)

I= J:ﬂ\}sin? @) + cos? (;) + 25111(;)(05(%)(1}{
I= J:ﬂ\’(sin(z) + cos G))z)dx
= J:ﬂ (sin G) +cos G))dx

Recall: [ sinx = —cosx and [ cosx= sinx

COS @) sin @)

4

cos 24—1-[) sin i—ﬂ) cos (E) sin (E)
e
=4(0+1+1-0)

64. Question

Evaluate the following Integrals:



T /4

- )

J (tan x +cot x) dx
0

Answer
z

I =J- (tanx + cotx) ~2dx
[i]

1
———dd
o (tanx + cotx)? X

COSN

We know that tanx = ﬂ and cotx =
cosx

sinx

Now substitute them in the equation.

L

r 1
0 (snmJr cosx)
cosx  sinx

Let us recall that gin? [:X) + COS2[:X) =1

bl
I
= f (sinxcosx)?dx
[i]

Again using cos?(x) = 1 — sin?(x)
bl

- J-I(sinx)z(l — sin?(x))dx

= J-z(sinx)z)dx— J-I(sin“(x))dx

Here we are using reduction formula of sinx

cosx(sinx)™ !

J-(sinx)“)dx= ? X J-(SiIIX)n_Z)dX—

n

For n=2

% 1 E cosxsinx
J- (sinx)?)dx = —J- dx———
0 2Jy 2

_lm 172

=2l

_r 1

T8 4

I (sm“ x))x= —f‘*(sm2 (x))x— cosxsin®x [ |imits 0, ]

_ 3 {f . cosxsinx} . cosxsinax[”mits O,E]
41z 2 4 4

Now substitute limits

L LS | . 3
E 7 6054 51114 B cos 1 sin z 3 [9_ c05051110} cos0sin®0
412 2 4 412 2 4

5in45 = cos45 = 0,cos0 = 1,5in0 =0



=§[E_l} L

2ls 4 16
I _ m—1 3(m 1 1
Now [itanx + cotx) 2x = 5~ {5~ 3} - 7}
_ T
32

65. Question
Evaluate the following Integrals:

1
[ x log(1+2x)dx

Answer
Now let us use integration by parts
For this we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—J-vdu

To choose the first function u we use “ILATE” rule

That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference, the first function is chosen to make the integration simpler.

Now, In the given question xZ is an algebraic function and it is chosen as u(A comes first in “ILATE” rule)
So first let us integrate the equation and then let us substitute the limits in it.

1 x2log(1 + 2x 1oo2x?
J- xlog(1+ 2x)dx = [L : —J-
0

2 o~ ) s &
log(1+2) J’lx 1 1
=0 ) et i ™

_log3  x? X+ll ot 112
=B T+ Clog(2x + 1)

_ log3 _ {l_£+£log(|2+ 1] - [9—9+£log(|0+ i)
> 4 41°8 4 4 8

_log3 _log3
2 8

B 3log3
8

66. Question

Evaluate the following Integrals:



n/3
J (tan x +cot x )~ dx

7/6

Answer

L

3
= J; tan?x + 2tanxcotx + cot?x dx

recall : sec?x — tan®x= 1,cosec?x —cot?x=1

m
= [#sec®x— 1+ 2+ cosec’x — 1 dx
&

L

3 2 2
= | sec X+ cosecxdx
6

Integral sec2x is tanx and integral of cosec?y = —cotx

= [tanx]%— [cotx]

Tan30 = cot60 =

Tan60 = cot30 = \."'5

= Tan60 — cot60 — {Tan30 — cot30}

67. Question
Evaluate the following Integrals:

x/4
J (a"cos"x—b"sin"x)dx
0

Answer

T

I= f4a2 cos?(x) + b?sin?(x)dx
4]

L

= J-‘L a?(1—sin’(x)) + b?sin?(x)dx
4]

LY

= J-4 aZ+ (b? — a?)sin?(x)dx
o

1+cos2x
2

Recall:sin?(x) =

s
n 1+ cos2x

= J- aZ+ (b*— 32)72 dx
4]

We know integral of cosx is sinx



sin0 =0,sin90 =1

m (b?—a?)

=Mb*+a?) -+ —F—
(b"+a0)g 4

68. Question

Evaluate the following Integrals:

L 1

PP S B L
1+2x+2x " +2%x +X

1

=

Answer

1
1
I= dx
.[. 1+ 2x+ 2x2 + 2x3 +x*

Now arranging denominator, we get as

1T+2x+2x2 4283 +x* = (1 +x)3(x*+ 1)

! 1
J; (1+x2x2+1) dx

1 —x 1 1 1
L o | swrn & e

Now recall integral logx = 1
X

x]'.l.-H.

And, [ x®dx =

n+1

_ _[10g((:«;2 +1)) . [log[(x+ 1)

1 T.

1
4 lo 2

° " RE+1)
log((1+ 1)) log((0+ 1)) log((0+1)) log((0+1)) 1
= _1 4 * 2 B 2 2(1+1)
T 2(0 1)]
logz 1
=% 1

Exercise 20.2
1. Question

Evaluate the following Integrals:

3 4=

dx
X" +1

()

Answer

dx

Given definite integral is: _[: 2X+1
X



Let us assume I(x) = f;;ﬂdx ...... (1)

Assume y = x2+1

Differentiating w.r.t x on both sides we get,
d(y) = d(x? + 1)

dy = 2x dx

The upper limit for Integral
X=4=y=42+1

Upper limit: y = 17...... (3)

The lower limit for Integral
X=2=y=22+1

Lower limit: y =5 ...... (4)

Substituting (2),(3),(4) in the eq(1), we get,

l?ldy
= I(X) = J; ;?
1771

We know that: [ é dx = log(x) + ¢

1
= I(x) = Elogxl%"’

We know that: _[:f’(x)dx = [f(x)|§ = f(b) - f(a)

[here f'(x) is derivative of f(x))
1
= I(x) = > % (log(17) - log(5))

We know that: 10g(f) = log(x) - log(y)

: L (17)
= = — —
(%) = Slog(
'_f4 X i = 11 (17)
CLxr+1 T 2%

2. Question

Evaluate the following Integrals:

)

1

S
1 X(1+logx)

Answer

Given Definite Integral can be assumed as:



2 1
= I(X) = '[1 x(1+logx)?
Let us assumey = 1 + log(x)
Differentiating w.r.t x on both sides we get

=d(y) = d(1 + log( x))
= dy = ~dx ......(2)

Lower limit for Definite Integral:

»>x=1=>y=1+4+1log1l

Upper limit for Definite Integral:
=>x=2=>y=1+log2

=>y=1+log2 ...... (4)

Substituting (2),(3),(4) in the eq(1) we get,

1+log2
= I(X) = J-l de

1+log2

= I(x) = J-l y 2 dy

We know that: [ y» = yrt + c(n=—1)

n+1

_241 (1+log2
= I(x) =

—2+1 .

—qltleg2
= I(x) = —

—1 )

1+log2

= [(x) = —-

We know that: f:f’(x)dx = |f(x)|§ = f(b) - f(a)

[here f'(x) is derivative of f(x))

: _ -1 -1
=10 =197 ~ 1
1
= =1- 1 +log2
(%) = 1+1log2—1
=1 = 1+ log2
log2
= 1) 1+ log2

We know that loge=1 and loga+logb=Ilogab

log2

=1 = log2e



z 1 log2
J- dx =

, x(1+ logx)? log2e
3. Question

Evaluate the following Integrals:

Answer
Given Definite Integral can be written as:

=10 = J;

3x
9xZ—1

dx...... (1)

Let us assume y = 9x?-1

Differentiating w.r.t x on both sides we get
= d(y) = d(9x>-1)
= dy = 18 x dx

Upper limit for Definite Integral:

>x=1=ay=(9x1%)-1

Lower limit for Definite Integral:

sx=2=>y=(9x2?%)-1

We know that: f%{dx =logx + ¢

1 .
= 1(x) = Zlogxl¥®

We know that: ["f(x)dx = |f(x)|2 = f(b) - f(a)

[here f'(x) is derivative of f(x))
1
= I(x) = 3(10535 - log8)

We know that: log(;—") = log(x) - log(y)

= I(x) = %log (%)



_J‘Z 3x 4 _11 (35)
") -1 T 6%\

4. Question

Evaluate the following Integrals:

J - - i
g ScosxX +3sinx
Answer

Given Definite Integral can be written as:

= I(x) = _[z dx-eee- (1)

Scosx+3sinx
X
l—tanz{—)
R - )

We know that: cosx = Trean®(})

2 tan{iJ
2

And sinx = m

Let us find the value of 5cosx+3sinx

1 —tan?® (%) 2 tan (i)

> X 1+ta112(%) X 1+ta112()

= bcosx+ 3sinx

5 — 5tan? @) + 6tan %)
1+ tan? @)

= bcosx+ 3sinx

We know that: 1+tan2x = sec?x

. S—Stanz(f)+5tan(§)
= bcosx+ 3sinx = 22 = 2, (2)
sec { )

Substituting (2) in (1) we get,

= I(x) = J-% sec” %) dx
o 5— 5tan? @) + 6tan @)

Let us assume: tan(g) =t

Differentiating on both sides w.r.t x we get,

= %SECE G) dx = dt

= sec? G) dx = 2dt......(3)
The upper limit for the Definite Integral:

= x=g =t = tan@)

The lower limit for the Definite Integral:



0
=2xXx=0=t= tan(i)

Substituting (3),(4),(5) in the eq(1) we get,

: J’l 2dt
= = -
® = | s "sere

: 2J‘1 dt
-5 -2+ S
[

We need to convert the denominator into standard forms

::-I(X):EJ-l at
>Jo 1—((t)2—(2><§><1;)+(§)2)+i

5 5 25
: 2J‘1 dt
= = — - @ @
(X) 5 0 E_(t_g)z
25 5
2t dt
=100 - [ —

(52 -9

We know that: | dx  _ ilgg(ﬂ)

a?—x? 2a a—x

In this problem the values, 3 = fﬁ andx = — 2.
25 5

=1

Using these values and the standard result, we get,

34 3
= I(x) = = log
>ax |34 32 143
25 25 5/1,
-3 ++/34
- 15 e+t
= I(x) = =
5V32 0| 3+VaE__
5 0
V34— 3+ 5t
5
= I(x) = lo
™) = 7578 35—t
5 0

1

4

1 (\.@—3+5‘c)

I(x) = lo
® = FF8\ 37/ oo

We know that: ["f(x)dx = |f(x)|2 = f(b) - f(a)

[here f'(x) is derivative of f(x))

10 1 x(l (J34—3+5) | (J34—3+0))
= X) = — og| ———— | —log| —————
V34 & V34+3-5 & V34+3-0



o 1 (1 (\@+2) | (\,@—3))
= I(x) = —=x|log| —— | —log| ——
3z \8\32_2) %8\ 3a+3

We know that: log(;—i) = log(x) - log(y)

»ﬁ§i-+ 2
1 34— 2
= (%) = — % 10 N2
® = 73*| 18| 3a=3
wﬁ?@-+ 3
0 L, ((V@+z)x(\,@+3))
= (X)) = —
\.@ (\-@ — 2) *® (\;@ — 3)
o 1 | (40+5\,@)
= 1(x) = —=xlog| ———
3z 8\40 _5y3a

1 1 (5 x (8 + \fﬁ))
= =
®) = 53"8\5x (5 v39)

10 1 | (aﬂfﬁ)
= X)) = (o]
732 E\g_ 32

71 1 (8443
. J- —dx = log
o 5c0sx + 3sinx V34 8 —/34

5. Question

Evaluate the following Integrals:

a
r X

dx

ol ¥

pa  +xX°
Answer

Given Definite integral can be written as:

= I(x) = [, —=dx(1)

yaZ+x?
Let us assume y = a2+x?2
Differentiating w.r.t x on both sides we get,
= d(y) = d(a2+x2)

= dy = 2xdx

Upper limit for the Definite Integral:

= x=a =y = a’+a?

Lower limit for the Definite Integral:

= x=0 =y = a2+02



Substituting (2),(3),(4) in the eq(1), we get,

2a dy
= I(X)Z J;z E

1 2a% 1
= I(x) = EJ’Z vy zdy

n+i
We know that: [ y» = 3’1'”1 + c(n=—1)
1 232
1y 2t
—7+1|,
1 2a%
lyz
= I(x) = 21
21z
12a®

= I(x) = yz

We know that: ["f(x)dx = |f(x)|2 = f(b) - f(a)
[here f'(x) is derivative of f(x))

= 1(x) = (282 )12 - (a2 )12

=>|(x)=Vv2a-a

= 1(x) = a(v2-1)

J-a X 4 [2-1
- —(0X = a —
o Va2 + x? (v )

6. Question

Evaluate the following Integrals:

1 x

Answer

Given Definite Integral can be written as:
= Ix) = [ = dx .onn(1)

= Jo rmdx e
Let us assume y = X

Differentiating w.r.t x on both sides we get,

= d(y) = d(e¥)

Upper limit for the Definite Integral:
>2x=1=y= el
=y = e(3)

Lower limit for the Definite Integral:



=>2X=0= y = eo
=y = 1(4)
Substituting (2),(3),(4) in the eq(1) we get,

e dy
= I(x) = J-l 1532

1
1+x2

We know that: [ dx = tan"'x+c

= I(x) = Tan"*(x)[§
We know that: ["f(x)dx = |f(x)|2 = f(b) - f(a)

[here f'(x) is derivative of f(x))

= I(x) = Tan *(e) — Tan"*(1)

= I(x) = Tan‘l(e)—g

J-l e d tante- =
v | ——dx = tan"te- -
o 1+e2 4

7. Question
Evaluate the following Integrals:

L N
xe® dx
0

Answer

Given Definite Integral can be written as:
1 =
= I(x) = [, xe* dx(1)
Let us assume y = x?
Differentiating w.r.t x on both sides we get,

= d(y) = d(x?)

= dy = 2xdx

Upper limit for the Definite Integral:
sx=1=y=12

>y=1.... (3)

Lower limit for the Definite Integral:
=>x=0=y =02

>y=0.... (4)

Substituting (2),(3),(4) in the eq(1), we get,

lyd
=:-I(x)=£¥



1

1

= [(x) = —J- e¥dy
2y

We know that: [ eXdx = eX+c
1

= I(x) = EE”%

We know that: [*f(x)dx = |f(x)[2 = f(b) - f(a)

[here f'(x) is derivative of f(x))

() = ~(e- ¢
= (x)—z(e—e)

I —1 1
= 1(x) = 5(e- 1)

1 KZd l
.J;xe X—E(E—l)
8. Question

Evaluate the following Integrals:

% cos(log x)

J — = Jdx
] X
Answer

Given Definite Integral can be written as:
= Itx) = _[13 7‘:05(‘1{05){] dx...... (1)

Let us assume y = logx
Differentiating w.r.t x on both sides
= d(y) = d(logx)

= dy = ~dx......(2)

Upper limit for the Definite Integral:
=X =3=Yy =log(3)

=y =log3...... (3)

Lower limit for the Definite Integral:

=>x=1=y =log(l)

Substituting (2),(3),(4) in the eq(1) we get,

log3
= I(x) = J- cosydy
0

We know that [ cos x dx = sin x + ¢

= I(x) = sinx| 8

We know that: ["f(x)dx = |f(x)|2 = f(b) - f(a)



here f'(x) is derivative of f(x))
= |(x) = sin(log3) - sin(0)

= |(x) = sin(log3) - 0

= |(x) = sin(log3)

3 cos(lo
J- ﬂdx = sin(lag3)
1 X
9. Question
Evaluate the following Integrals:

1

Answer

Given Definite Integral can be written as:

= I(x) = [[-=

0 1+x*

dx ...... (1)

Let us assume y = x?

Differentiating w.r.t x on both sides we get,
= d(y) = d(x?)

= dy = 2xdx...... (2)

Lower limit for the Definite Integral:

>x=0=y =02

Upper limit for the Definite Integral:

s>x=1=y=12

Substituting (2),(3),(4) in the eq(1), we get,

1

dy
o 1+y2

= I(x) =

1
1+x?

We know that: [

dx = tan™3(x) + ¢
= I(x) = tan (¥}
We know that ["F(x)dx = |f(x)|2 = f(b) - f(a)

[here f'(x) is derivative of f(x))

= 1(x) = tan'}(1) - tan"1(0)

=Ix)=—--0

= I(x) =

= I =



J’l 2x i ™
T — (X = —
o 1+x* 4

10. Question

Evaluate the following Integrals:

Answer

Given Definite Integral can be written as:
= I(x) = [JVaZ—xZdx..... (1)

Let us assume x = a sin®

Differentiating w.r.t x on both sides we get,
= d(x) = d(a sin 6)

=>dx =acos06dob...... (2)

Let us find the value of \/32 — 32

= \f’a? —x2

/a2 — (asind)?

= a2 —x2 = f(a? x (1—s5in2@))

= az —x? =ax./cos?h

(1 - sin%0 = cos?0)
= ya?—x? = acos@
Lower limit for the Definite Integral:

0
=>x=0=>9=5111—1(5)

=0 = sin"}(0)

Upper limit for the Definite Integral:

= X =a= 9=sin—1(g)

Substituting (2),(3),(4),(5) in eq(1) we get,

= I(x) = J-zacosﬂx acosBde
0

m

= I(x) = 32f2c0529d9
0

We know that cos26 = 2cos?6 - 1



Then

1+ cos26

cos?8 =
2

Using these result for the integration, we get,

gl+c0528
= I(x) = azj- Td&
1]

a? rz

= I(x) = —f 1+ cos26d6
2 1]

We know that:

[ adx = ax + c and also

—sinax

[ cosax =

We know that:

b
| P =il = 1) - 12

[here f'(x) is derivative of f(x)).

a? sin20 3
> 109 = % (0-—

32 T 5111(22—1-[) _(0

=100 = T x| (5~

a
We know that sinnnt = 0 (n€l)= [(x) = 0} X

aZ
= [(x) = Ex
2

SR

st}

T
= I(X)=T

a Tlfaz
J- JaZ —xZdx=—

0 4
11. Question

Evaluate the following Integrals:

-

J. AfSIN O cos’ ddd

0

Answer

B sin(2 x 0))

2

Given Definite Integral can be written as:

T

= I(x)= J;Ev%cossqadqn

2

{

T 0
2

)—(0—0))



m

= I(x) = J-zv’sinq)cos“'q:'cosﬁdq)
4]

Let us assume sin$ =t,

Differentiating w.r.t ¢ on both sides we get,
= d(sind) = d(t)

= dt = cosd d¢...... (2)

Upper limit for the Definite Integral:

= ¢.=g =1t= sin(g)

Lower limit for the Definite Integral:
= ¢=0 =t = sin(0)
=>t=0..... (4)

Substituting (2),(3),(4),(5) in the eq(1), we get,
1

= I(x) = f VE(1 —t%)3dt
1]

13
= I(x) = J- 1z x (1— 2t +t*)dt
4]

13 5 9
1z — 2tz + tzdt

= I(X):J;

We know that:

n+1

+1

[ xPdx = . +c(n=-1)

We know that:
b
[ Feax = i1 = 1) - @)

[here f'(x) is derivative of f(x))

1 = 1

t%“ t§+1 tg“
= I(x) = —2x +
1 5 9
§+1UI f+1 i+l0
|t 7\ 111
iz iz tz
= I(X)Z? —2x v +ﬁ
21, 2/, 21,

10 = (30~ (a3 (2B (G (0¥ 0¥)



= I(X) = 5—? E
64
= I(X) = ﬁ

z - 64
. /sing cos® dpddp = ——
J; v 231

12. Question

Evaluate the following Integrals:

" cosx
J ———dx
5 l+sin™x
Answer

Given Definite Integral can be written as:

b1

S I(x) = Fﬂdx ...... (1)

1+ sinZx
Let us assume y = sinx,
Differentiating on both sides w.r.t x we get,
= d(y) = d(sinx)
= dy = cosxdx...... (2)

Upper limit for the Definite Integral:

s LI
X=—,y=sin- =
27 2

Lower limit for the Definite Integral:

=X =0=y =sin(0)

Substituting (2),(3),(4) in the eq(1) we get,

Todt
= Itx):f 1+
0

We know that:

/

We know that:

1

— -1
1+X2dx = tan "X +¢c

b
f f(x)dx = [f(x)|§ = f(b) - f(a)
[here f'(x) is derivative of f(x))
= I(x) = tan 't}

= I(x) = (tan — 1(1) - tan — 1(0))



= I(x) =

=l =lA
I
=]

= I(x) =
m
J’ﬁ COSX d i
. " dx ==
o L+sin?x 4
13. Question

Evaluate the following Integrals:

-7

¢ sin B
!, ,fl—cosﬂ

Answer

de

Given Definite Integral can be written as:

n .
z sinB

= I(x)= —df ... .. 1
() o V1+ cosB )

Let us assume 1+cosB=y

Differentiating w.r.t 6 on both sides we get,
= d(1+cosB) = d(y)

= -sinBd6 = dy

= sin6d6 = -dy...... (2)

Upper limit for the Definite Integral

= 9=g=>y= 1+cos(g)

Lower limit for the Definite Integral:
=>0=0=y = 1+cos(0)

=>y=1+1

Substituting (2),(3),(4) in the eq(1), we get,

= I(X)=J;

We know that:

1

dy
J

J-bf(x)dx= —J:f(x)dx

EIET
= I(x) = J- y zdy
1

We know that:

X11+ 1

n+1

[ x"dx = +C



We know that:

b
f P(0)dx = [(G]E = f(b) - f(a)

[here f'(x) is derivative of f(x))

1
2
S 1) = o
2

= I(x) = 2 X (zal— 1%)
= I(x) = 2% (v@— \.'q:l
= I(x) = 2(v2- 1)

n .
Z sinB

————de=2(V2-1
V1 + cosB (v )

4]
14. Question

Evaluate the following Integrals:

J~ Cos X
5 3 45111)(
Answer

Given Definite Integral can be written as:

b1

S 1) = J-ELS%dX ...... (1)

3+ 4sinx

Let us assume 3+4sinx =y

Differentiating w.r.t x on both sides we get,
= d(3+4sinx) = d(y)

= 4cosxdx = dy

dy
= cosxdx = R (2)

Lower limit for the Definite Integral:
=x = 0=y = 3+4sin(0)

>y=3+0

Upper limit for the Definite Integral:

=>X=g=>y=3+4sin(g)



Il
[#%]
+

™~
*
|

=Yy

=y =3+2V3....(4

Substituting (2),(3),(4) in the eq(1) we get,

3+2-,-’§dy
= I(x) = J- —
(%) ; 4y
1 3+2\,"§dy
= I(x) = —J- —
x) =7 ; v

We know that:
dx
1l - = logx + C
We know that:
b
| e =1t = ) - ()
[here f'(x) is derivative of f(x))
_ } 34243
= I(x) = ke logyls

1
= 1(x) = 2% (log(3+ 24/3) - log(3))

a
b

1 3+2/3
= I(x) = Ex log 3

We know thatlog( ) = loga-logh

m

(3 cosx 1 3+243
T )y 3t asinx 4 3

15. Question

Evaluate the following Integrals:

wmnqx

—dx
1+x~

(R

0

Answer

Given Definite Integral can be written as:
1Vtan-1x

= I(x) = J; L Cdx....(1)

1+x2

Let us assume tan'lx = y

Differentiating w.r.t x on both sides we get,

= d(tan"1x) = d(y)



Upper limit of the Definite Integral:

>x=1=y=tani(1)

T

Lower limit of the Definite Integral:

=»x=0=y =tan}(0)

Substituting (2),(3),(4) in the eq(1) we get,

1

= I(x) = J-‘L\,cht
1]

i1

31
= I(x) = f t2dt
1]

We know that:

Xn+ 1

n+1

xndx = + C
I

We know that:

b
[ P =il = 10v) - 12

[here f'(x) is derivative of f(x))

n
t%“ :
= I(x)zl—
§+1UI
m
3|z
iz
= I(X)=?
2l

= I(x) = %x (@E—oé)

2 Tz
= I(X) = gx —3
47
3
2 m2
= I(X) = 5)( E
3
Tz
= [(x) = 1z
3
J’lx.’tan—lx 2
. 2 k= —
o 1+x2 12

16. Question



Evaluate the following Integrals:

=

Answer

Given Definite Integral can be written as:

= I(x)= J-zx\,’x +2dx...... (1)

Let us assume x+2 =y

Differentiating on both side w.r.t x we get,

= d(x+2) = d(y)

Upper limit for the Definite Integral:

X =22y =242

Lower limit for the Definite Integral:

=2X=0=y=0+2

Substituting (2),(3),(4),(5) in the eq(1) we get,

S I = f (y - 2)yZdy

- 1) = f (v2 — 2y7)dy

We know that:

X11+ 1

xdx =
‘[ n+1

+ C

We know that:

b
| e =1t = ) - ()

[here f'(x) is derivative of f(x))

y%u y%u
= I(x) = 5—| —2x| 31
3+1|, 3+,

5 3y |*
3 2
S (I P
2 2/1,

25 4
= I(x) = gyz

4 2 2
—2xX—-vz
, “73¥

2



S I(X) = ——————+

= I(x) =

1 )
= I(x) = 7o % (16V2+32)

16v2(V2 +1)

= I(x) = 15

16v2(V2+ 1)

2
v+ 2dx =
J; XWX X 15

17. Question

Evaluate the following Integrals:

Given Definite Integral can be written as:

! 2%

= I(x)= J; tan™! (1—x2)dx"""'(l)

Let us assume x = tany

Differentiating w.r.t x on both sides we get,
= d(x) = d(tany)

= dx = sec?ydy......-(2)

Then

2xX 2tany

1—-x2 1—tan?y

We know that:

tan28 2tanB
an2f = —————
1—tan?0
Now,
2X
<= tanZy ... ... (3)

=>x=1=y=tan}(1)



Lower limit for the Definite Integral:

=>x = 0>y =tan1(0)

Substituting (2),(3),(4),(5) in (1) we get,

a1

= I(x) = J-‘Ltan‘ !(tan2y) sec” ydy
[}

a1
= I(x) = J-‘LZyseczydy
o
i
= I(x) = ?.J- ysec’ydy
0
We know that the By-partss integration is:
d
= [ Uvdx = U[ vdx — | (E(U)f Vdx)dx
Now applying by parts Integration:
3 T d
=100 = 2x (v [ “secyay - [ S secyanay
[} ]

We know that: [ sec?xdx = tanx + C

We know that:

b
J- f(x)dx = [f(x)[5 = f(b) - f(a)

[here f'(x) is derivative of f(x))

T

= I(x) = 2 x ((ytany) E— J- ‘Ltanydy)

4]
We know that: [ tanxdx = -log(cosx) + C
= I(x) = 2 x ((ytany) IE— (—log(cosx))lg)

= I(x) = 2 x ((ytany) |§+ (log(cosx))lg)
= I(x) = 2% ((gtan G) —0tan (g)) + (log(cos (ED —log (cos (g))))
S I(x) = 2 X (g— 0+ 1og(\%} ~ log(1))

i 1
= I(x) = 2x (E—i_ log (2_5) - 0)
We know that: Iog(ab) = bloga
I 2 (H 11 2)
= = —_——
(x) = 2 (7 —3log

T
= [(x) = 2" log2



o 2 s
--J;tan (1—x2)=§_1032'

18. Question

Evaluate the following Integrals:

TSsin X cos X
——dx

) l+sm'x

Answer

Given Definite Integral can be written as:

g sinxcosx
= I(x)= J; mdx ...... (1)
Let us assume, y = sin®x
Differentiating w.r.t x on both sides we get,
= d(y) = d(sin?x)
= dy = 2sinxcosxdx

dy
= sinxcosxdx = 2 (2)

Upper limit for the Definite Integral:
T T

= X=—-=y =sin“-
2 =Y 2

Lower limit for the Definite Integral:

=x=0=y =sin?0

Substituting (2),(3),(4) in the eq(1) we get,

1

I —f dy
=10 =] 2a+y
1! dy
= I(X) = E . l+y2

We know that:

/

We know that:

152 dx = tan—1x + C

b
f P()dx = [[G]E = f(b) - f(a)
[here f'(x) is derivative of f(x))

1
= I(x) = 5% (tan~ty)|3



1

= I(x) = 2 X (tan — 11 - tan — 10)
1 O

= I(X) = E X (E)
T

=Ix) =g

L
J’E SINXCOSX
4]

1+ sin*x

| 5

19. Question

Evaluate the following Integrals:

:J:. dx a.b=0
0

acosx +bsinx

Answer

Given Definite Integral can be written as:

m

- I(x) = fdix, ab > 0....(1)

acosx+ bsinx

We know that:

— tan?

COSX = (
L+ tanz (3)

1+ tan?

NINL\JIDC
—’

d
) an

2tan @)

st = 1 + tan? %)

Substituting these value in (1) we get,

1

- 1) = J’f . dx .

0 1 —tan? (i) b 2 tan (i)
: 1+tan?i%i " 1+tan?i%j

z 1 + tan® (%)

= 1) = J; a — atan? (%) + 2btan (%) &

We know that: 1+tan?x = sec?x
Z sec? (E)

S I(x) = J: ( 2 dx

all—tan? @) + 5 tan (%))

1 J-% sec? @)
4]

> 1) = - 2
U () - 2xBxn(®) « 0+ ()

a
1732 sec? (E)
= I(x) = - 2 dx
“al, 2+ 2

5 dx




1 J-% sec? (%)
4]

- =g A b
(JZ2E) - (-

a

Let us assume,

= ()~ ()

Differentiating w.r.t x on both sides we get,
= d(y) = d(tan(5) (9))
y) = 2 a
1 X
— .
= dy = 5 Sec (z)dx

X
2(_ —

= sec (2) dx = 2dy...... (2)

Upper limit for the Definite Integral:

=>x=g=>y=tan(g)—b

1 b 3
=y =1-— .. (3)
Lower limit for the Definite Integral:

b
=2xXx=0=y= tan(O)—E

=¥ =—— ... (4)

b
17tz 2dy
—im=-/, z
b (( az+bz) o
a2
b
2= d
SCEER ==
a’ 2 az+b2 5
a2 -y
We know that:
f dx _11 (a+x)+c
a2—x2 2a Oga—x

We know that:

b
f f(x)dx = [f(x)[5 = f(b) - f(a)

[here f'(x) is derivative of f(x)).



wlo

a? + b?
1 2z Ty
= I(x) = - xlog| —
az+b? a?+b?
2 X e Z b
. ; («WWJ) =
= I(x) = ——=xlog| —
va? + b? & va?+b? —ay
109 =
= -
vaZ + b?
=i b = b
\,az—i—b?—i—a(l—g) \,az+b2+a(—5)
x| log b —log b
\,’a2+b2—a(l——) \*a2+b2—a(—5)

4

vaz+b2+a-b vaz+b?-b
I(X)=7>< log =13 _Og?
V(@2 +b?) va?+bZ—a+b vaZz+bZ+b

We know that: Log(%) = log(a) - log(b)

va?+bz+a-b
vaz+bZ—a+b

= (x) = ——=x| 1o
™) = T=voe ¢| 18 (qm—b)
Vaz+b% +b
0 1 x(l ((JaEHﬂ+a—b)><(\,faz+b2+b)))
= (X)) = —= )
Vi \ B\(VaZtb2—a+b)x (Va2 b2 — D)
109 = =
=2 (X)) = ——
Vaz + b?
« (l (az+ b* +bva? + b2 +ava? + b2 —bya? +b? +ab—b2))
a2 +b? —byaZ b2 —aya® 1 b2 + bya? F b2 +ab— b2
) = ( (a +ava? + b2 +ab))
= I(x _
VaZ + b? aZ +ab —avaZz +b?
) = ( ( x (a+va? + b2 +b)))
= X
Va? + b2 (a—+aZ+b2 +b)
1) = ( (a+b+\,a?+b))
= I(x
VaZ + b? a+b—+aZ+b?

T
J’E dx b > 0 1 1 a+b++a? +b?
- p acosx + bsinx * B VaZ + b2 08 a+b—+aZ +b?

20. Question

Evaluate the following Integrals:

J dx
5 5+4sin X

Answer

Given Definite can be written as:



m

I J’f dx
= =
() o D+ 4sinx

We know that:

2tan @)

1+ tan? %)

sinx =

i1

2z dx

= 100 = J; 2 tan @)
> 1+ta112i%i

1 + tan® (§)

_ [ 2
=1 = J; 5(l+tan2 %D—l—ﬂ‘cang) &
u 1 + tan? @)
= 1= = J; 5 + 5tan? @)—i— 8tan @) o
We know that: 1+tan?x = sec?x
P e
- = J; 5(l+tan2 (%)+§tan @))dx
t X
= 10 = %.’-2 X S:cz (2) X 42 4 z X
° 1+ (tan2 (i) +2xgxtan (i) + (3) )— (E)
T X
* 95+ (tan(3) +35)
s X
= I(x) = %J: SECZ(Z) sdx ... (1)

Let us assume,

X 4
y = tan (i) + (g)
Differentiating w.r.t x on both sides we get,
= d(y) = d(tan(3) +(i))
y) = 2/ "5

= dy = %sec2 (E) dx

= sec? @) dx = 2dy...... (2)

Upper limit for the Definite Integral:

=>x=g=>y=tan(g)+(§)



=Dy=l+g
=Y =g (3)

Lower limit for the Definite Integral:

4
=>x=0=>y=tan(0)+g

0+4
= v = —
y 5
=Y =g (4)

lg 2dy
5 (5
2% dy
> \5

We know that:

/

We know that:

dx

11: -1 % + C
——— = —tan" (-
x2 + a2 a (a)

b
f P()dx = [fG]E = f(b) - f(a)

[here f'(x) is derivative of f(x)).

uil = o

2 1 L[5V
= I(X) = g)(gx tan (?)

5

= 1) = %x (tan"*(3) —tan™* (;))

We know that:

-1 _ -1 _ -1 — . _
tan™*(A) - tan™*(B) = tan (1+AB) (ifAB > —1)
4
2 3—3
= I(x) = 3% (tan™* 7 )
1+(3x3)
) 5
_ = -1 3
=>I(x)—3><(tan 1+2 )
) 5
-1 3
I(x) = - X (tan*| =
= I(x) 3 (tan £ )



2 1
= I(x) = gtan‘l(gj

J-% 12 _1(1)
")y B+asinx 30 \3
21. Question

Evaluate the following Integrals:

T osinx
J dx

Dsin X +C08 X

Answer
Given Definite Integral can be written as:
T sinx

= I(X)= J; mdx ...... (l)

Let us write numerator in terms of the denominator for easy calculation,
. . d
= sinx = K(sinx + cosx) + L X ™ (sinx + cosx)

= sinx = K(sinx+cosx) + L(cosx - sinx)

= sinx = sinx(K-L) +cosx(K+L)

Comparing coefficients of corresponding terms on both sides we get,
=K+ L=0

=>K-L=1

On solving these two equations we get,

L=—2and K = 2.
2 2

So numerator can be written as:

1 . 1 .

2 (sinx + cosx) - 2 (cosx — sinx)
Substituting these values in(1) we get,

ﬂ% (sinx + cosx) — % (cosx — sinx)

= I(x) = J- ; dx
0 sinx + cosx
1, . 1 :
5 (sinx + cosx) 5 (cosx — sinx)
~ = [Ty (2
o Sinx + cosx o Sinx + cosx

1r" 1 [™d(sinx + cosx)
:I(x)zif dx—if—
0 0

sinx + cosx
We know that:

d
[dy =y + Cand [ ?y: logly] + C

We know that:



b
[ P =il = 1) - 12
[here f'(x) is derivative of f(x)).

1 1
= I(x) = 5 (x|5) — > (log(|sinx + cosx|)|7)

= I(x) = %x (m-0) —%((logﬂsim'r + cost|))— (log(|sin0 + cos0[))
m 1
= I(x) = 5 — 5 x (log(|0 - 1]) —log(]0 +1]))
T
= I(x) = 2 —Ex (logl -logl)
m 1
= I(X) = E —EX(O—O)
T
= I(X) = E

T sinx T
3 —dx
o Sinx + cosx 2

22. Question

Evaluate the following Integrals:

dx

n:.-__.._,

+ 251X + COSX

Answer

Given Definite Integral can be written as:

=>I(X)=J-n ,1

dx
o 3+ 2sinx + cosx

We know that:

X

sinx = 2t il and

1+ tan? (i)
ek — 1 — tan? %)

1 + tan? (i)

I(x) f ) ! d
= [(x) = X
o 3o 2tan @) . 1 — tan? @)

1 + tan? (%) 1+ tan? @)

- 1 + tan? @)
=1 = J; 3 (l + tan2 %D + 4tan (i) +1—tan? (}2{) *
1 + tan? ( dx

" 2
=1 = J; 3+3tanz( )+4tan( ) —tan?( )



™ 1 + tan? (%)
= 1) = J; 4 + 2tan? @) + 4tan @)

dx

We know that: 1+tan2x = sec?x

= I(x) = dx

EXJ; 2+ (tan2(3) + 2tan () + 1) - 1
ec(3)

1 N
- 193], 1z+(tan( )+ 1)

2
X
Let us assume,y = 1+ tan (5)

Differentiating w.r.t x on both sides we get,

= d(y) = d(l+ta11@))
= dy = Esel: @) dx

X
20
= sec (2) = 2dy...... (2)
Upper limit for the Definite Integral:
=2X=TMT=y = 1+tan(E)
2

>y =14+

Lower limit for the Definite Integral:
=>Xx=0=y = 1+tan(0)

=y =140

Substituting (2),(3),(4) in the eq(1), we get,

. 1 J’c’“ 2dy
= (x)—zx T

(=]

dy
1+y?

= I(x) =
We know that:

/

We know that:

dx = tan~'x+ C

1+x2

b
f P()dx = [fG]E = f(b) - f(a)

[here f'(x) is derivative of f(x)).

= I(x) = tan"ly|y



= 1(x) = tan"l(») - tan'1(0)

i
= I(x) =

= H I E

= I(x) =

J’“ 1 d b
X = —
o 3+ 2sinx + cosx 4
23. Question
Evaluate the following Integrals:
L
tan "' x dx
0

Answer

Given Definite Integral can be written as:

1
= I(x) = f tan~tx dx
1]
We will find the value of [ tan'lxdx using by parts rule
Let us find the value of | tan'lxdx

= [tan'lx dx = [ 1.tanIxdx
d
= tan"*x/ 1dx — | (ﬁ(tan‘lx)f 1dx)dx

1

1+X2.xdx

= xtan™'x — [

2X q
X
1+ x2

1
= xtan~!x - 5'[

1. d(1+x%)
tanlx- = [ ————
= xtan~!x 2_[ T

1
= xXtan™'x - Elog(l +x?)

We substitute this result in the Definite Integral:

We know that:

b
J- f(x)dx = [f(x)[5 = f(b) - f(a)

[here f'(x) is derivative of f(x)).

1 1
= I(x) = (xtan‘lx—ilog(l—i— xz))

0

= I(x) = (1tan™*(1) - %10g(1+ 1)) - (0tan~1(0) - %10g(1+ 0))

1
S I(x) = (g - Slog2)- (0- 0)



=

1
= I(x) = Z—ElogZ

'J-lt tydx= - Llog2
--Oan XX—4 20g

24. Question
Evaluate the following Integrals:

1/2 |
J‘ X 51

=dx
l-x°
Answer
Given Definite Integral can be written as:
1
7 xsin"1x
X
V1 —x2

= [(x) =

Xsin

Let us find the value off ; dx using by parts integration,

xsin~!x

X
= dx = sin"'x dx- [ (—(sin"'x dx)dx
I T f\.'—l—xz J G C ) [ e )
(Snixx —= x [ —— g x—=x [ dx)d
= (sin"lxx —= - - - x)dx
2 V1 —x2 V1—x2 2 Vv1—x2
1 d(1—x?) 1 1 d(1—x2)
= (sinlxx —- % - X —=% | ——)dx
( 2 i e )
1 1
= (sinix x —= X 2x/1—x2)- [( ><——><2><\; x2)dx
2 j_ x2 2

= /1 —x2sin"1x - J-—ldx

= —J1—xZsin"x+ x

Now we substitute this result in the Definite Integral:

We know that:

b
f P()dx = [fG]E = f(b) - f(a)
[here f'(x) is derivative of f(x)).

= I(x) = (x—\fl—XZ sin‘lx)E

= I(x) = (% - 1- G)zsm—l@))- (0- /1 — 0Zsin— 1(0))

1 ’ 1 =
=>I(X)=[:§— l_ng)_(O_O)



1 3T
= 1(x) = (5 - j;g

. 1 \-@TI:
= (%) = —— —
(%) 2 12
1
7 xsin~1x 1 +3m
T T2 12

25. Question
Evaluate the following Integrals:

:J.4 (Mx + V{cﬁx)dx

0
Answer

Given Definite Integral can be written as:

i1

z
= I(x) = J- (Vtanx + /cotx )dx
o]

We know that:

sinx
tanx = — and
COSX
COSX
ol = ——
sinx

Substituting in the Definite Integral we get,

m
T sinx COSX

= I(x) = —+ |— |dx
o COSX sinx

< 0 - [{(OT ),

W sinxcosx

m
Tsinx + cosx

= I(x) = V2 | ————dx
(x) v 2sinxcosx

0

s
N sinx + cosx

= I(x) = \,@xf i : X
o V(1— (—2sinxcosx+ 1)

T

s sinx + cosx
= I(x) = V2 x dx
0 /1 — (sin?x + cos?x — 2sinxcosx)
T
T sinx + cosx
= I(x)= V2 x J- dx ... (1)
o /1— (sinx — cosx)?2

Let us assume, y = sinx - cosx
Differentiating w.r.t x on both sides we get,
= d(y) = d(sinx - cosx)

= dy = (cosx + sinx)dx...... (2)



Upper limit for the Definite Integral:

= X g =y = sin@) - cos@)

=V =—=——=

Lower limit for the Definite Integral:
=X = 0=y = sin(0) - cos(0)

=2y=0-1

Substituting (2),(3),(4) in the eq(1) we get,

0 dy
o1 = vax [
() T

We know that:

dx = sin"!x + C
V1 —x2

We know that:

b
[ P =il = 10v) - 12

[here f'(x) is derivative of f(x))
= I(x) = V2 x (sin™y|?,)

= I(x) = V2 x (sin— 1(0) - sin— 1(—1))

S I(x) = VZ X (0- (—g))

=

= I(X) = \@XE

= [(x) =

w1 =

v

m

f4(\,*t311x
0

_l’_
-

s
[cotx)dx = NG
v

26. Question

Evaluate the following Integrals:

m/4
< tan” x

J —  dx
5 1+cos 2x

Answer

Given Definite Integral can be written as:

T 3
T tan®x

I = —d
= 1) J; 1+ cos2x X



We know that: 1+ cos2x = 2cos?x and

1
= sec’x
cos?x
m
1) J’I tan®x 4
= (%) = X
o 2C082X

m

1 )
= I(x) = 3 % J- tan® xsec?xdx ... ... (1)
0
Let us assume, y = tanx
Differentiating w.r.t x on both sides we get,
= d(y) = d(tanx)

= dy = sec?xdx......(2)

Upper limit for the Definite Integral:

=>x=g=>y=tan(g)

The lower limit for the Definite Integral:

0
=>x=0=>y=tan(;)

Substituting (2),(3),(4) in eq(1) we get,

1 13
- 100 - 3 [ vay

We know that:

Xn+ 1

11d —
'[X X n+1

+ C

We know that:

b
f P()dx = [fG]E = f(b) - f(a)

[here f'(x) is derivative of f(x)).

)

1 y3+l
= 1) = Ex(3+1

1
1 [y*
= I(X) = EX (I )
1]
1
= I(x) = g)( (14 - 04)
. 1
= [ —
® = 5
3 tan®x 1

o 1+ cos2x x 8



27. Question

Evaluate the following Integrals:

1

5+ 3cosx

]

dx

=

Answer

Given Definite Integral can be written as:

=>I(X)=J-n L

——dx
o D+ 3cosx

We know that:

sk — 1 — tan? %)
1 + tan? (i)
™
= 100 = J; — tan? (%)
X

54+3
1+tan?i2i)
1+ tan? (%

= 10 = J; 5(1+ta112( D ( - tan? GD

dx

1 + tan? (%)

m
=10 = J; 5+ 5tan? @) + 3 —3tan? (%) o

X
- i J- 1 + tan? (i) i

0 8+ 2tan? @)

We know that: 1+tan?x = sec?x

x Lsec? (E)
= I(x) = J; —2 2 k... (1)

2+ 1 (3)

Let us assume,y = tan (E)
2

Differentiating w.r.t x on both the sides we get,

= d(y) = d(tang))

dx.....(2)

1
= dy = —sec2 (2

The upper limit for the Definite Integral:

=>x=ﬂ=>y=tan(g)

Lower limit for the Definite Integral:



0
=>x=0=>y=tan(z)

Substituting (2),(3),(4) in the eq(1) we get,

10 = [ 5o
= I(x) = . 224y

We know that:
1 1 X
_[ mdx = gtall—l(g) + C

We know that:

b
| P =11 = ) - ()
[here f'(x) is derivative of f(x)).

= I(x) = %x (tan‘lg)lj)

= I(x) = % X (tan — 1(o0) - tan — 1(0))
1

> 100 = 5% (g—o)
T

= I(X) = Z

J"” dx T
) 0 5+ 3cosx 4

28. Question

Evaluate the following Integrals:

J 1 N

) a'sin x+b cos™x
Answer

Given Definite Integral can be written as:

m

=:ol(}=s1)=J;l§ L

- dx
aZsin?x + b2 cos?x

7 1
= I(x) = dx

aZsin?x
% cos?x x ( > )+b2
cos2x

m 1

2 cos’x
= I(x) = —=dx
(x) J; a?tan?x + b?

1

1) J’f sec?x 4
= I(x) = S oo s X
o a‘tan?x +b?



1 2 sec?x
=2 Ix)=5x| ———=dx.... (1)
* ) (tanx)2? + (E)
a
Let us assume y = tanx
Differentiating w.r.t x on both sides we get,
= d(y) = d(tanx)
= dy = sec?xdx......(2)

Upper limit for the Definite Integral:

=>X=g=>y=tan(g)

Lower limit for the Definite Integral:

=x = 0=y = tan(0)

We know that:

/

We know that:

1 -1
——dx =tan "x+ C
a? +x2

b
J- f(x)dx = [f(x)[5 = f(b) - f(a)

[here f'(x) is derivative of f(x)).

1 1
= I(x) = ZXB X (tan™?
a

= I(x) = %x (tan™! (?NO)

= I(x) = % X (tan — 1(o0) - tan — 1(0))

1 T

= I(X)ZEX(E—O)
T

= ItX):ﬁ

m

J’E 1 q T
e X = —
p a?sin?x +b?sin?x 2ab
29. Question

Evaluate the following Integrals:



TIX +sin x
- dx

8 l+cos x

Answer

Given Definite Integral can be written as:

™

. J’fx—l—sinxd
= [(x) = —dx
() g 1+ cosx

We know that sin 2x = 2 sinx cosx and 1 + cos2x = 2 co$x

S 1) = J-%x + 2sin @) cos (%) i
0

2 cos? @)

Zxsec? (%) o -
= [(x) = J; de—l— J; tan(i) dx

Applying by-parts integration for 15t term only

3sec?(3) e J’% d (X)J'SECQ(%)

7 x
— 2 dx |dx+ J- tan(i)dx

0

= I(x)=XJ-

o 2 dx

We know that:
b
| e =1t = ) - ()

[here f'(x) is derivative of f(x)).

m LY

= [(x) = (xtan G))lg - J-Etan G) dx + J-ftan G) dx

o]

= I(x) = (gtan(g) —Otan((]l))
™
= I(X) = E
m
ZX +sinx T
J; 1+cosx + 2

30. Question

Evaluate the following Integrals:

1,
stan ' x
J —dx
0

1+x
Answer

Given Definite Integral can be written as:

= 10 = [P g (D)

0 1+4x32

Let us assume y = tan'1x

Differentiating w.r.t x on both sides we get,



=>x=1=y=tani(1)

Lower limit for the Definite Integral:

= x = 0=y =tan’}(0)

Substitute (2),(3),(4) in the eq(1) we get,

i1

= I(x) = J;Iydy

We know that:

Xn+ 1

nd —
'[X X n+1

+ C

We know that:

b
f P()dx = [[G]E = f(b) - f(a)

[here f'(x) is derivative of f(x)).

v
= I(x) = —
2 1]
1 2
= 1(x)=§x(® —02)
1 m?
= I(X)ZEXE

T
= (X)) = ==

32
J’ltan‘lx °
¥ =—
o 1+x2 32

31. Question

Evaluate the following Integrals:

T/4 .
~ SI1 X +C0os X
J+dx
5 3+sm 2X

Answer

T,
—sinx + cosx
Let 1= f4—ldx
0 2 +sin2x

In the denominator, we have sin 2x = 2 sin x cos X

Note that we can write 2 sin x cos x = 1 - (1 - 2 sin X €0s X)



We also have sin?x + cos?x = 1
=1 -2 sin x Cos X = sinx + cos2x - 2 sin X Cos X
= sin 2x = 1 - (sin x - cos x)2

So, using this, we can write our integral as

n
4
J’ sinx + cosx
3 + [1- (sinx - cosx)?2 ]
4]

NI
Z »
J’ sinx + cosx
= : X
4 — (sinx — cosx)?
4]

Now, put sin x - cos x =t
= (cos x + sin x) dx = dt (Differentiating both sides)

Whenx=0,t=sin0-cos0=0-1=-1

When,
Tlft . T T 1 1 0
¥xX=—t=sn—--co5—=—-—=
4 4 4 V2 V2

So, the new limits are -1 and 0

Substituting this in the original integral,

1 1 a+zx
e — dex—ﬂln| x| +c
]0

-1

1—[ 1|2+1:
2t M2 — ¢

4[ 2+0| 2+(1)”

2 -(-1)
=2 nfz

1 1
= I=Z In3[~Inl= 0&111(;) = —Inx]

113
x=_In

m

z

J’smx + cosx
3 + sin2x

4]

32. Question

Evaluate the following Integrals:



1
Jx tan” x dx
0

Answer

Let] = folxtan‘lxdx

We will use integration by parts.

Recall, [ f(x)g(x)dx = f(x)[[ g(x)dx] — [[f (x) [ g(x)dx]dx + ¢

Here, take f(x) = tan'lx and g(x) = x

= fg(x)dx= J-xdx
We have,

J-x“dx= _t x4
n+1

XE

= J-g(x)dx= )

Now,

f'(x) = d;(::) = %(tan‘lx)

=f=11

Substituting these values, we evaluate the integral.
: f 1 x? 4
- — |dx
1+ x2\2
L

1
=
X
1+ x2
4]

) o
= = |(tan"'x) >

- 1
X

= [=|—tan™?

X

1
2

We can write,

x? L 1
1+ x2° 1+ x?

1 1
-l
2 1+ 2™

0 0

- 1 1
I= 12‘[2 (1 2‘l: 10 lfd lj- ! d
=]=|— —_—— _ = —_—
_ an—'(1) an~'(0) J X J X

I [ tan™!
= 1l=|—0Ean X
2

Recall,

1 m ¢1 1
=l=gx7 - (E [x]5 — E[tan‘lx]é)



== g— G[l— 0] —%[tan‘l(l)—tan‘l(())])
S
e
m 1
=1=373

m 1
xtan lxdyx = —— =
4 2

O’-_:.___‘P

33. Question
Evaluate the following Integrals:

L 1-x°
4—1.(1,(
0 X +X"+1

Answer

LetI_J’ 1o

0x+x®+1
In the denominator, we have x* + x2 + 1
Note that we can write x* + x2 + 1 = (x* + 2x2 + 1) - X2
We have x* + 2x2 + 1 = (1 + x2)2
>xP+x2+1=(1+x)2%-
So, using this, we can write our integral as

1 — x? _tmx
(1 + x?)2 — x2 X

Gl-____:'_.

Dividing numerator and denominator with x2, we have

(1 - —) dx =dt
X2
(Differentiating both sides)

1
- (—2—1)dx=—dt
X



+
=1

Whenx = 0,t = 0

Whenx = 1,t = 1 +

So, the new limits are « and 2.

Substituting this in the original integral,

2

-ty

(=]

2

-

oo

1 1 Xx—a
Recall, fxz_azdx = 2—3111 |E| +c
[ 1 | |t— 172
2D n
[ 2 — l| Ioo — l”
n
2l 2+ 1 Im+1
= L[ni=d]
= = n——
2 3

I= 11 31
= = — —
2 "

1
=1=1n32 =Inv3
1

1 — x?
|l ————— dx=1n+3
OJ-X“—i—x?—l—l v

34. Question
Evaluate the following Integrals:

Lo24x°

o(1+x%)

Answer

dx

1 24x?
Let] = fo RewoT

Putl+ x2=t

= 2xdx = dt (Differentiating both sides)
Whenx=0,t=1+®=1
Whenx=1,t=1+12=2

So, the new limits are 1 and 2.

In numerator, we can write 24x3dx = 12x2 x 2xdx

But, x2 = t - 1 and 2xdx = dt



= 24x3dx = 12(t - 1)dt
Substituting this in the original integral,

2

=
2 2
1 1
=>I= 12 J-t_gdt_ft_‘l'dt
1 1
2 2
=1=12 J-t‘gdt—J-t_“dt
1 1
Recall [x"dx= ——x™*! +¢
n+1
{3+ el 2
=12 -
= (3 + 1D (4+D),
=12 242t 2
I PTEREYE B
I 12_(_1+ L ) (_l+ !
= [ = —
\2(2)2 " 3(2)2 2(1)2 " 3(1)3
- 12[(F+55) - (5+43)]
= = o _ ] - | — —_
\s " 24 2 '3
1= 12|22 (_l)]
= = _ | —
(12 \6
=12 1 l]
T e 12T
24%3 4 L
Tl arxne T
4]

35. Question

Evaluate the following Integrals:

12
J‘x(x——'l)l " dx
4

Answer
12 1
Let1— [, "x(x— 4)adx

Putx -4 =t

= dx = 3t2dt (Differentiating both sides)

Whenx=4,8=4-4=0=t=0

)



Whenx =12, 8=12-4=8=t=2
So, the new limits are 0 and 2.

We can write x =3 + 4

Substituting this in the original integral,

1= J-(t3 + 4)t(3t?)dt

2

= I=3f(t5+4t3)dt
1]

2 2

=[=3 ft"’dt+4ft3dt

0 o]

Recall,

fx“dx= !
n+1

t
:>I:3(6+1 +4
0
t
=>I=3(

)
oo o[5-5)eo5-5)

Xn+1 +c

2

6+1 t3+1

)

3+1

2

+4
0

7

i 720
J- X(x—4)adg=—
=
4

36. Question

Evaluate the following Integrals:

1/2

J X~ sin x dx
0

Answer
L I
et = 24
I= fozx sinx dx

We will use integration by parts.

Recall,

J-f(x)g(x)dx = f(x) U g(x)dx] — J- [F(X)J- g(x)dx|dx+c



Here, take f(x) = x2 and g(x) = sin x

= J-g(x)dx= J-sinxdx= —COSX

Now,

df(x d
F(9 =)= £ 3)
= f'(x) = 2x

Substituting these values, we evaluate the integral.

L

= 1= [x%(— cosx)]g— (2x)(—cosx)ds

o s

T

2z
=[=[-x l:u::os:«:]2 ZJ-xcosxdx

0

Ly
Lety, = [2xcosxdx

We use integration by parts again.
Here, take f(x) = x and g(x) = cos x
= J-g(x)dx= J-cos xdx = sinx

’ df(t] _4d
Now, f'(x) = = (%)
=>f(x)=1
Using these values in equation for I;

T
T

=20 =[x sinx]g — | (D(sinx) dx

O —

T
Z
=1 =[x Smx]2 J-smxdx
1]
s n
= [, = [xsinx]? + [cosx]3

Substituting I in I, we get

m M m
[ =[—x? cn:)s:n;]2 +2 ([xsmx] + [cosx]z)

T
=I=[-x?cosx + 2xsinx + 2 cosx]3

== [—G)Zcosg—l—z( )51115+ 21:05“] (0+0+2cos0)

=2|=(0+n+0)-(2)
=2>|l=n-2



I
2

fxz sinxdgx =m—2
4]

37. Question
Evaluate the following Integrals:

1

1-x

—dx
5 1+x
Answer

Let1= [ [~dx

+x

— cos28

As we have the trigonometric |dent|ty e = tan? B, to evaluate this integral we use x = cos 26

= dx = -2sin(20)d6 (Differentiating both sides)
When x = 0, c0526=0=>29=g=>9=g
Whenx=1,c0s20=1=220=0=206=0

So, the new limits areE and 0.

Substituting this in the original integral,

0

J’ 1 - cosZB( 2 51026 d6)
s 1 + cos28 st

I

=[=-2] ,/tan?Bsin26d6

'M'_"L__‘:o

=]=- tan B sin 26406

[~2
:IL__"IO

3

We have tanf = - and sin 26 = 2 sin B cos 6
cOos

0

sin@
J- % 2sin® cosb dé
I

1]

= I=—4J-511129d8
i
3



4]
ZJ-[l— cos26]d

m

r

2(
ol

de — cos26 do
ks

5111 28
o )

I
a

-PI:lk—_._}O

4=-I:lc:

, T
TIZ) sin0  sin(2x g)
2 2

1
J’ 1 - Xd T 1
1+x 72
4]
38. Question

Evaluate the following Integrals:

Lo1-x?
ﬁdx
n(_l—x")

Answer

1 1-%2
Let] = fo RPOE

As we have the trigonometric identity 1 + tan?6 = sec?8, to evaluate this integral we use x = tan 6

= dx = sec?0 db (Differentiating both sides)
Whenx =0,tan6=0=06=10

T
Whenx = 1,tanf =1 = 6 = z

So, the new limits are 0 andE.

Substituting this in the original integral,

n
1

1 —tan“9©
J-( an’ )[seczﬁ]de
4]

(sec2B)?

3
(1 —tan®0)
f a6

sec?®



sin” @
(1 " cos? G)

de
(570

4
Il
cIL‘—‘:r|=-l:l

(cos?8 —sin®8)de

==

cIL‘—‘:-r--l:l

We have cos?26 - sin%8 = cos 26

3
=1= J-coszﬁdﬂ
0

o
sin267+
~1-[5]
2 1o
: Bl
sin(2 X z)  sin(2 x 0)
=] = —
2 2
' 1 m 0 1
=1=sing =3
1
1 — x? 1
dx =

"'0 (1 + x2)2 2

39. Question
Evaluate the following Integrals:

i
J. sxtyx® +1dx
1

Answer
Let] = _[_11 5x*Vx5 + 1dx

Putx>+ 1=t

= 5x%dx = dt (Differentiating both sides)
Whenx =-1,t=(-1P +1=0
Whenx=1,t=1+1=2

So, the new limits are 0 and 2.

Substituting this in the original integral,

2

I=J-~.ﬁdt

D
2
1
=1= J-tidt

0

1
Recall [ x®dx= —x"* +¢
n+1



J- Ex*yx5+ ldx =

-1
40. Question

Evaluate the following Integrals:

T ocostx
J dx

) 1+3sin"x

Answer

n 2
Let]_ [z_9°% 4
'[0 1+ 3sin®x
T

Dividing numerator and denominator with cos2x, we have I= J‘E;
0 sec?x + 3tan?x

m

Z 1

=2]=| ————dx [~vsec?x=1+tan’x
.’-1 + 4tan?x [ ]
1]

Puttanx =t

= sec2x dx = dt (Differentiating both sides)

dt dt
1 + tan?x 1 + t2

= dx

Whenx=0,t=tan0=0

When x =

E

m
,t=tan- =
2

So, the new limits are 0 and .

Substituting this in the original integral,

oo

= [l
)1+ 42\ + 22

4]

[ 1
=1= OJ- 1+ 2)(1 + 4t2)dt

Multiplying numerator and denominator with 3, we have



(=]

3
= f 30 + )1 + a)
4]

Now, we can write

3 4+ #?) - (1 + 4?)]
3(1+ t2)(1 + 4t2)  3(1 + t2)(1 + 4t2)

3 4(1 + t3) - (1 + 4t2)
T3(1 + 2)(1 + 4t2)  3(1 + 2)(1 + 4t2)

3 4( 1 ) 1( 1 )
T3(1 + )1 + 4t2) 3\ + 4t2) 3\1+ 2

Substituting this in the original integral,

(=]

- [ ) sl
31+-‘-}‘c2 3\ + 2

=

L a2 (o)
12+ 3 12 + 2

Recall [ > —dx = tan* (%) + ¢
111 X B 1 X\1%
=2]=—|=—tan" | — —|tan 1(—)]
G \@)/, 35

(=]

2 1
=1= g[tan‘1 2x]7 ~3 [tan~x]§

= I=—[tan"*(o0) —tan~1(0)] — % [tan (o) — tan~2(0)]

m
z
J’ cos?x T
dx =—
1 + 3sin?x 6
4]

41. Question
Evaluate the following Integrals:

m/4

P 3

J sin” 2t cos 2t dt
0

Answer



T
Let = [<sin®2t cos2tdt

Put sin 2t = x

= 2cos(2t)dt = dx (Differentiating both sides)

dx
= cos(2t)dt = >

Whent=0,x=sin0=0

Whent T in 2 T in = 1
ent = —x =sin2xX—- =sin- =
4 4 2

So, the new limits are 0 and 1.

Substituting this in the original integral,
.
X
J-X 2
4]

1

Sy
=1=—-[xdx
2
0
Recall [ xPdx = ——x"*! + ¢
n+1
1[x3+1 1
213 + l0

1
= I=§[X4]$

1 1
I=—(14—0%) ==
=1I=3( )=3

m
3
1
~ | sin®2tcos2tdt = s
0

42. Question

Evaluate the following Integrals:

J‘5(5—4c058}1 *5in6 do
0

Answer
1
Let] = f;5(5 —4cos8)zsinBdo

Put5-4cos6 =x
= 4sin(0)d06 = dx (Differentiating both sides)

dx
= sin(6)dB = 7

When8=0,x=5-4cos0=5-4=1

When®=m,x=5-4cosn=5-(-4)=9



So, the new limits are 1 and 9.

Substituting this in the original integral,

g
1= [54(3)
= | —
1\
1
9
5J- Y
1=2
= 2 X40X
1

1
Recall [ x"dx=—x"" +¢
n

+1
1 ]
I 5 X‘_l"+1
=]=—
4|1
-+ 1
4 1
519
::-I:[xi]
1
S1=9i-1

—1=(3%)3i-1

»1=435-1=9y3—1
b1
1
--J-5(5—4-:05E})Esinﬁ d8=9v3-1
4]

43. Question
Evaluate the following Integrals:

T/ 6
J cos ™20 sin 20 d6
0

Answer
o
Let = f; cos 2 2085sin26d8

Put cos 26 = x

= -2sin(20)d6 = dx (Differentiating both sides)
dx
= sin(28)d6 = 3

When8=0,x=cos0=1
When8 — — 2x 2 L
en —6,x—cos XG_COSB_Z

So, the new limits are 1 andé.

Substituting this in the original integral,



1
2
1= [x
=2[=—=
5 X X
1

1
Recall [x®dx=—x"*1+¢

n+1
1
1 X—3+1 2
=1=—z|—5—
2—3+11
1 1
_ —2
> 1= &2
1
I 1'1]5
=]=-|—
4}{21
' 11 1 1
= 1=— - —=
o
[\2

1 3
I=-(4-1)==-
=l=30-D=g

i
3
3
f cos 320sin26d0 = 1
4]

44, Question
Evaluate the following Integrals:

3
232
X cos X Tdx

b

=

Answer

2

= 3
Let] f;axﬁcoszxadx
PUt 3 = ¢

3 ld =d
—xzdx = dt
:szx

(Differentiating both sides)

2
= \.&dx = 5 dt

3
Whenx = 0,t = 02 = 0

Il

=

wal k3

-

—t

Il
o

=

wi| b
f—

ral wa
Il
=

When x



So, the new limits are 0 and .

Substituting this in the original integral,

T
I —f Zt(zdt)
= Cas 3
4]
b1

I—zf Ztdt
= = —
3 Cos

0

But,

5 1 + cosZt
cos“t=——"7-—"—

2
s

' ZJ’[l + cosZt]dt

=]=—= _
3 2

4]

T
1
== EJ-[l-l-COSZt]dt
]

l b m
=>I=§ J-dt+J-c052tdt
4] 4]
. 1 [t]ﬂ_’_[sin?.t]“
= ]| =—
3\~ 2 1,
! 1( 0)+[51112T[ 51110]
BT A 2 2

1 T
[==(n+0) ==
=I=3(+0)=3

(1

T X .

J- Vxcos?xidx = 3
4]

45. Question

Evaluate the following Integrals:

3 b

1

2
Letl = L T +1°gx]2dx

Putl +logx =t

Differentiating both sides, we get,
1

= —dx=dt
X

Now, changing the limits,

Whenx=1,t=1+logl=1



Whenx =2,t=1+log 2
So, the new limits are 1 and 1 + log 2.

Substituting this in the original integral,

1
Recall [ xPdx=—x"" +¢
n

+1
t_2+1 1+log2
a>l=|—
-2 +1 .
- I: _[t_1]1+10g2
1 1+log2
=fy
th
1 1
s1= [
1+ log2 1
o1 1 log?2

_1+10g2:1+10g2

2

_ J’ 1 _ log2
- / x(1+1logx)? T log2

46. Question

Evaluate the following Integrals:

-

J cos” x dx
0

Answer
L i
tT 5
et] = [2cos®xdx

Note that we can write cos®x = cos?x x cos x

= cos’

x = (cos?x)? x cos x
We also have sin?x + cos?x = 1

= c0s°x = (1 - sin?x)2cos x
s
So, 1= foz(l — sin?x)? cosx dx

Putsinx =t
= cos x dx = dt (Differentiating both sides)

Whenx=0,t=sin0=0



Wh I t in ~ 1
enx = -, t = sins =
2 2

So, the new limits are 0 and 1.

Substituting this in the original integral,

1
1= f(l—tzjzdt
[i]

=>I=J-(l—2t2+t4)dt

1 1 1
= szdt—zftzdt+ft"‘dt
i i [i]
Recall [ x®dx = ——x™*1 + ¢
n+1
2+11% i+l 1
=I1=[t]i-2 +
0 2+ 1] [4+1]

2 1 _
=1= [t]é—gltalﬁg[tﬂé

S1= (1—0)—%(13—0)+%(15—0)

=1 2+l 8
= 1= —_— e —
3 5 15

m
2z
[arsin
~ | cos?Xdx=—
15
4]

47. Question

Evaluate the following Integrals:

9
J ~dx
4 %0 x3 ‘)

Answer

9 fx
Let = L = 7y dx
(30 — :cz)
3
Put3p—xz =t
> 1d d
— w3 = dt
= ZXZ X
(Differentiating both sides)

= -\&dx= —gdt

3
Whenx = 4,t = 30-(4)z = 30-8 = 22



3
Whenx = 9,t = 30-(9)z = 30- 27 = 3
So, the new limits are 22 and 3.

Substituting this in the original integral,

1
Recall fxndx: _xn+l +c
n+1

o[ t2+1 3

=]=——

3

—2+122

2
=1I= E[T_l]gz

21173
=31

211 1
e
3 22

3

. 2><19 19

=[=—-% — = —
3 66 99

9
) VX dx — 19
o —32 X = @

4 (30 — xi)
48. Question

Evaluate the following Integrals:

J’sinax(l—l cos X )(1+cos x}zdx
0

Answer

Let]= f;singx(l—l— 2 cosx)(1+ cosx)?dx

Note that we can write sin3x = sin?x x sin x

We also have sin?x + cos?x = 1

= sin3x = (1 - cos?x) sin x

So, 1= f;(l —cos?x)(1+ 2cosx)(1+ cosx)?sinxdx
Putcosx =t

= -sin(x)dx = dt (Differentiating both sides)

= sin(x)dx = -dt

Whenx =0,t=cos0=1

Whenx=m,t=cosmn=-1



So, the new limits are 1 and -1.

Substituting this in the original integral,

-1
1= f (1—t3)(1+20)(1+ 1)%(—dt)
1
-1
== —J- (1—t3)(1+20)(1+ 2t +tH)dt

-1
= I=—J- (1+2t—t2—2t3)(1+ 2t + t?)dt
1

-1
- I__J’ [1(1+ 2t+t2)+2t(1+2t+tz)—t2(1+2t+t2)_]dt

263 (1+ 2t +1t?)
1

-1

=>I=—J-(l+2t+t2+2t+4t2+2t3—t2—2t3—t4—2t3—4t‘1'—2t5)dt
1

-1

:;-I:—J-(1+4t+4t2—2t3—5t4—2t5)dt
1

-1 -1 -1 -1 -1 -1
=]=— J-dt+4J-tdt—i—“-}J-tzdt—ZJ-tgdt—SJ-t“dt—ZJ-fdt
1 1 1 1 1 1

1
Recall fxndXZ _xn+1 +c
n

+1
1+1 71 2+1 71 g3+l -1 e+l -1
=1=—([t];1+4 — -
1-i-11 Z-i-l:L 3-!-11 4+11
g5+l —1)
-2
5+11

= I= _ ([.t]Il + Z[tz]Il-l- %[tg]Il_%[tﬁl-]Il _ [ts]Il _%[tﬁ]zl)

1= [ 20— 1) DR - 1) - S (D 1)
(1)~ 19) = 3 (-~ 19)]

S1= —[—2+2(0)+%(—2) —%(0)— (~2) —%(0)]

8

3

8
=1=2+3+(-2)=

T

8

J- sin®x (1 + 2 cosx)(1+ cosx)?dx = 3
4]

49. Question

Evaluate the following Integrals:



-7

. Ay .
J 2sinx cos X tan~ (sin x )dx
0

Answer
T
_ : —1
Let] = _foz 2sinxcosxtan - (sinx) dx

Putsinx =t
= cos x dx = dt (Differentiating both sides)
Whenx =0,t=sin0=0

Wh I t in = 1
enx = -,t = sin; =
2 2

So, the new limits are 0 and 1.

Substituting this in the original integral,

1
I=f2tta11‘1tdt
[i]

1
== 2fttaxl‘ltdt
0

We will use integration by parts.
Recall [ f(x)g(x)dx = f(x)[[ g(x)dx] — [[f (x) [ g(x)dx]dx + c

Here, take f(t) = tan'lt and g(t) = t

- fg(t)dtz J-tdtzg

Now,

df d
f'(t) = % E(tan‘lt)

=f'(t) = 10

Substituting these values, we evaluate the integral.

- 1= )] - [ () )
- 1= [ ()

We can write,

t2 ) 1
1+ t2 1+ t2

12 Lo 1
_ —1g| _ _
=1=2 [2 tan tL OJ- [1 T t?]dt




1
1+ t2

12 02 1 1
=1=2 ?tan‘l(l)—itan‘l(o)l— J-dt—J- dt
0 0

1

dx =tan lx+c¢
1+x2

Recall [

1 m
=>]=2x SX3 ([t} — [tan™1t]3)

= 1= 2~ ([~ 0] ~ [lan~* (1)~ tan2(0)]

~1-3-(--o)

m
z
. _l . ﬂ
~ | 2sinxcosxtan™"(sinx) dx = 7= 1
4]

50. Question

Evaluate the following Integrals:

1/2

=

. 1y -
J sin 2x tan~ (sin x )dx
0

Answer
L I
t1 = (Zgi ~1rgi
et = foz sin2xtan™ - (sinx) dx

We have sin 2x = 2 sin X cos x

I
2
=1= J- 2 sinx cosx tan~*(sinx) dx
1]

Putsinx =t
= cos x dx = dt (Differentiating both sides)

Whenx=0,t=sin0=0

Wh I t in — 1
enx = —,t = sin - =
2 2

So, the new limits are 0 and 1.

Substituting this in the original integral,

1
I=f2tta11‘1tdt
0

1
== 2ftta11‘1tdt
[i]

We will use integration by parts.

Recall [ f(x)g(x)dx = f()[f g(x)dx] — [[F (x) [ g(x)dxldx + c



Here, take f(t) = tan'lt and g(t) = t

= fg(t)dtz J-tdtzg

Now, f'(t) = % = %(tan‘lt)
= f'(t) =
® 1412

Substituting these values, we evaluate the integral.
1
I=2{|t ‘1tt2 1 J-( ! )tzdt
= = —_ — _ J—
) 1+e2/\2
0 o
t2 ol
= I=2|=tan"'t —J- ——]dt
o] - ()
4]

. t2 1
We can write =1—-——
1+t2 1+t2

2 1o 1
[=2|—tan"'t —J-[l— ]dt
= 2 L 1+
- 4]
1

_ 1
I 212t (1)y-o0 fdtf L dt
=1= Zan() 1+ 2
- 0

0

1

— ~dx =tan"'x+c
X

Recall [

S1=2o ([t]; — [tan~*t]5)

4
i
= 1=~ ([1 - 0] - [tan™ (1) — tan™*(0)])
T 119
ﬁI—Z_(l_[E_OD
_TII TI.'_TI.'
:I—Z—1+Z—§_l

m
P
s
f sin 2x tan!(sinx) dx = 3" 1
4]

51. Question
Evaluate the following Integrals:

I
[(cos™x7 Jdx
0

Answer
Letl= _[01(':05‘1 x)%dx

Put coslx =t



=X =cost

= dx = - sin t dt (Differentiating both sides)

T
Whenx = 0,t = cos—1(0) = >

Whenx =1, t=cosl(1)=0
So, the new limits areg and 0.

Substituting this in the original integral,

o]

I= J-tz (—sintdt)

vl

t?sintdt

1

Il

|
M|:|‘-___:c]

We will use integration by parts.
Recall [ f(x)g(x)dx = f(x)[[ g(x)dx] — [[f (x) [ g(x)dx]dx + c

Here, take f(t) = 2 and g(t) = sin t
= J-g(t) dt = J-sintdt = —cost

Now, /() = =2 = £ (12)

= f'(t) = 2t

Substituting these values, we evaluate the integral.

= 1= [*(-cosH - [ (20(~cost)dt

4]
=1=[t? cost]%—zftcostdt
2

m
Z
]
Let I, = [r tcostdt
2

We use integration by parts again.

Here, take f(t) = tand g(t) = cos t
= J-g(t) dt = J-costdt = sint

Now, f'(t) = % - %(t)

=>f(t)=1

Using these values in equation for I;



=1, = [tsint]z — | (1)(sint)dt

[
M|j‘-——1o

=1, = [tsint]z + [cost]%
2 2

Substituting I7 in I, we get
I =[t%cos t]% -2 ([t sint]% + [cos t]%)
2 2 2

= I= [t cost — 2tsint — 2 cost]a

2 2

1
f(cos‘lx)zdx= m—2
0

52. Question

Evaluate the following Integrals:
K X

J sin™! dx

0 a+x

Answer

Let] = _[Oasin‘1 fidx

Put x = atan?6
= x = 2a tan 0 sec?0 do (Differentiating both sides)

Whenx =0, atan’6 =0=>tan8=0=6=0

i
Whenx = g,atan20 = a = tanf =1 = 06 = z

So, the new limits are 0 andg.

Also,

X atan?@
Va+x .a+ atanz@
X tanZ @
= =
‘J a+x 1 + tan2@

We have the trigonometric identity 1 + tan26 = sec20

sinZ @
tanz @ B ta1128'_ cos20

Z T+ tan20 Jsec? ( 1 )
\ \cosZ6




’ tan? 8 —
=TT on?e " \/sin?B =sin 6

Substituting this in the original integral,

3
I= f sin"*(sin@) (2atan 0 sec?0 do)
4]

oy
== ZaJ-E}tanBseczedB
4]

Now, puttan 6 =t

= sec?0 d6 = dt (Differentiating both sides)
When8 =0,t=tan0=0

When® = —t = tan— = 1
EI1—4,—HI14—

So, the new limits are 0 and 1.

Substituting this in the original integral,

I=2a J-(tan‘lt) (t)dt

1
== Eafttan‘lt dt
0

We will use integration by parts.
Recall [ f(x)g(x)dx = f(x)[[ g(x)dx] — [[f(x) [ g(x)dx]dx + c

Here, take f(t) = tan'lt and g(t) = t

- fg(t)dtz J-tdtzg

Now,

L odfty d,

f (t) = T = E(tan lt)
= f'(t) = 111

Substituting these values, we evaluate the integral.

I=2al |t ‘ltt2 l f( ! )tz dt
= = zd dan 2 . 1+ 12 2

o]

12 : ot
[=2a|—tan't| — f dt
= a[z a1 L ao (l—i—tz)

. t2 1
We can write =1—-
1+t2 1+t




2 L2 1
=1=12a Etan‘lt] —aJ-[l—
L 0 0

_ 1
12
=1=2a Etan‘l(l)—ol—a fdt

0

x4

=I=2ax- L x a([t] — [tan~1t]3)

2 4

1+ t2

]dt

[

1+ t2

= 1=a-a([1- 0] - [tan™*(1) — tan"*(0)])

:Izga—a(l—[g—(}])

=>I=§a—a+ga=(g—l)a

sin™! ixdx = (g— l)a

53. Question

Evaluate the following Integrals:

J A1+cos x q

~dx
Jall=cosx) ~

Answer

Letl—fnwdx

(1 — cosx)3/2

In the denominator, we can write

3
(1—cosx)z=(1—cosx)v1—rcosx

dx
1 — cosx)y1l — cosx

1 1+ cosxd
(1 — cosx),/1 — cosx x

Recall the trigonometric identity,

m

2

J’ V1 + cosx
I

3

=]=

Lt.ll:lL—___“\Jl'__l

1 — cos(28)

——————tan"#H
1 + cos(28) an

Here, we have,

1 + cosx 1 1
\} 1 - cosx  |ap? @) " tan (%)

dt



We also have,

1—cosx = 2sin? G)

Put cot G) t

= —%COSECZ G) dx = dt

(Differentiating both sides)

= %cosec2 G) dx = —dt

5

h
6

T
Whenx = —,t = cot — = cot—
3 2

T
Whenx=Et= C t@
2’ A

So, the new limits are /3 and 1.

Substituting this in the original integral,

1

= f t(—dt)

\."§

1

=[=— J-tdt

e

1
Recall [ x"dx=—x"" +¢
n

+1
(i1 1
=2]=—
l—i—l\;E
1
_ Tt
== Z[t]'ﬁ
1 2
— _ |12 _(.[=
=1= 2[1 (v3)']
=[=—[1-3]=1
w2

J’ V1 + cosx _ V1 +cosx . 1
(1 — cosx)3/? x=

= cot —

4



54. Question

Evaluate the following Integrals:

Answer

Let = f:x i,

a? +x?
As we have the trigonometric identity

1 — cos(28)

= tan® B
1 + cos(208) an

to evaluate this integral we use x% = a%cos 26
= 2xdx = -2a2sin(20)d6 (Differentiating both sides)
= xdx = -a2sin(26)de

Whenx = 0,a2c0520 = 0 = co520 = 0

W="og="
= = — = [ —
2 4

When x = a, a2c0s 26 = a2=>cos 20 = 1
=220=0=>0=0

So, the new limits areE and 0.

Also,
a? — xt a? — aZcos20
az + x2 _|a? + a2cos20
az — x? 1 — cos28
=1 =
az + x2 1+ cos20

aZz — x2
= m—\ftan?(}:tane

Substituting this in the original integral,

0

I= ftanﬁ (—a?sin20.d0)

s
a

1]
=[=—3a% J- tan B sin 2646

I
4

sin®
cos@

2 % 2sin B cos0 de

=2]=-a

Bl —



2

2sin®0de

=2]=-a

Bl —

But, we have 2 sin?6 = 1 - cos 26

2

=1=—-a’|(1-cos208)de

Bl —

4]
=]=—3a? J-dﬁ— cos26d0
i

A —

o= g2 ([G]% B [511;29];)
=1=—2a (0 —g) - % (51110 —sin (2 X g))]

4 2 4 2
a
az — x2 L(m 1
< frret=(5-)
4]
55. Question

Evaluate the following Integrals:

L la—-x
J dx
a+x
—a
Answer

Let1=[" [*—dx

atx

As we have the trigonometric identity

1 — cos(28) 5
———  =tan“ 8
1 + cos(28)
to evaluate this integral we use x = acos 26

= dx = -2a sin(20) do (Differentiating both sides)
When x = -a, acos 20 = -a = cos 20 = -1

20 B ==
= = = = —
T 2

When x = a,acos 20 =a=cos20=1

=220=0=>0=0

So, the new limits areg and 0.



Also,

a— x a — acosz20
\Ja+x_ a+ acos20
a— X 1 — cos20

= =
\}a+x 1 + cos20

a—-—x ——
=4/tan?f =tanf
a+x

Substituting this in the original integral,

1]

I= ftanﬁ (—2asin20d6)

T
2

4]
=1=-2a f tan B sin26 dO

I
z

4]
sin@
=1=-2a X 2sinBcosBdo
cosB
I
2
=[=-2a| 2sin’0dp

Ml:l(-__'ﬁo

But, we have 2 sin?0 = 1 - cos 26

0
== —ZaJ-(l— cos268)de

ra]

1] 1]
=1=-2a J-dB—J-COSZBdG
3 3

1= —2a( o] - [511128]0
7 2 12

=]=—-2a [(O—g) —%(51110—5111 (2 X g))]
=>I=—Za[—g—%(0)]

= I=—Za[—g] = TIa

a
a— x
dx = ma
a+ x
—a

56. Question

Evaluate the following Integrals:



-7

i sin X cos X
[ o
0 Cos X+3cosx+2
Answer
I SinX cosx
Let I = f —  dx

0 cos®x+3cosx+2

In the denominator, we can write

cos2x + 3 cos X + 2 = (cos X + 1)(cos x + 2)

n
2
sinxcosx
—J- dx
(cosx + 1){(cosx + 2)
0

Putcosx =t
= -sin(x)dx = dt (Differentiating both sides)
= sin(x)dx = -dt

Whenx=0,t=cos0=1

Wh AL T 0
eny = —, = 0§ — =
2 2

So, the new limits are 1 and 0.

Substituting this in the original integral,

I__j-(t-i- 1)(t+2)(_ v

t
_!(t + D(t + z)dt

We can write,

t _2t+2-(t+2)
(t+ DE+2) (t+ DE+2)

t 2t + 1)- (t+ 2) 2 1
“hrDt+2  (rD+2 t+r2 t+1

Using this, we have
4]
!(t-ﬁ- 2 t+ 1)dt
J-t+2 t_ft+1dt

Recall frladx =Inlx+al +c

== —(2[In|x+ 2]] — [In|x + 1[]9)
= - [2(In]0+2] - In|142]) - (In|0+1] - In|1+1])]
=2|=-[2(n2-In3)-(In1-1In2)]



=2|=-(2In2-2INn3-0+1n2)
=2|=-3In2-21In3)
=2|=2In3-3In2

=>I=In9—|n8=|n§
m
E .
J’ sinxcosx q l 9
x=In-
cos2xX + 3cosx + 2 8
4]

57. Question

Evaluate the following Integrals:

"2 tan x
0 l+m tan™ x

Answer

T
Let [= _[E tanx

0 1 +m?tan®x

m
E »
sinxcosx
== J- -
cos?x + m?sin?x
1]

We have sin?x + cos?x = 1

I
2 :
. J’ sinx cosx
=1= , X
1 +(m? — 1)sin?x
0

Put sin?x = t
= 2 sin x cos x dx = dt (Differentiating both sides)

. 1
=5|nxcosxdx=5dt

Whenx =0, t=sinf0 =0
Wh —T[t— 'Zﬂ—l
enx = 5t = sin 5 =

So, the new limits are 0 and 1.

Substituting this in the original integral,

1
S
_0 1+ (m? — 1)t\2

S5V .
=72 1+ (m2 - Dt
[}



Recall fﬂ—ibdx = i Injax +b| +¢

1

1
= 1= (Il + (w* — 1el3)

1
=1= m(lnll+ (m?* — 1) x 1| —In|1+ (m? — 1) x 0])

1
_ 2| _
I= 2 — 1) (In|m?| —In|1])

1 In|m]|
=l=——((2hnm|)=——
2(m? — 1)( |mi) m? — 1

N

F

J’ tanx In|m|
X =

1 + m?tan?x m? — 1
0

58. Question
Evaluate the following Integrals:

1/2

-

1
! (_1—)';3)\/1—}:2 .

Answer

Let1=f§ =

0(1+x*W1—x2

dx

Put x = sin 6

= dx = cos 0 d6 (Differentiating both sides)

Also, \/1 —xZ =+/1 —sin28 = cosH

Whenx=0,sin06=0=06=0

0 = —
= 6

[SER I

1
Whenx = E,sin@ =

So, the new limits are 0 and%.

Substituting this in the original integral,

1

= (1 + sin?@) cos®

(cos6 dB)

S o— |3

1

=1 1+ sinzﬁde

I
Sr— a3

Dividing numerator and denominator with cos?6, we have

IE]

I_J’ sec’ "
N J sec?f + tan?0



i

3

J’ sec?® 46
1 + 2tan20

1]

[ sec?0 = 1 + tan26]

Puttan@ =t

= sec?0 d6 = dt (Differentiating both sides)
When 8 =0,t=tan0=0

When® = "t — tan & — —
enf = —,t = tan— = —
6 6= V3

So, the new limits are 0 and%.
J

Substituting this in the original integral,

1
V3
e
= ]=—
2/ 1
5 5+
_ 2z e
Recall [ dx = -tan (a)+c
1
V3
1 1 Lt
=1 E @tan (i)
V2 V2/1,
1 1
= I=E[tall {2y
1 \.E
=]=—|tan"!|—=]—tan"%(0
@[ (@) ”]
I L tan™?! 2 0 lt 1 2
=I=—|tan —|—0]=—=tan —
V2 3 V2 3

59. Question
Evaluate the following Integrals:
L (x—x?)

1J3 | x* *

/3

Answer



1
= -2x"2'1dx = dt (Differentiating both sides)

2
= ——dx=dt
Xg

1d ldt
=2 —di=—<
x3 * 2

1 1
Whenx = —,t = s-1=32-1=38
B
3
1
Whenx = 1,t=§—1= 0

So, the new limits are 8 and 0.

Substituting this in the original integral,

= L[
=—| t3dt
= 5 3

g

1
Recall [x%dx=——x"*! +¢
n

+1
.l 0
. 1] t3%?
=]=—=
1
3+ 1,
3141°
I=——t_]
= 3-39
3T 4
I=——lo- 8‘]
= Al (8)2



60. Question

Evaluate the following Integrals:

74 .2 2
" S X CO5™ X

—dx
. 3 3V
0 (sm X + COS x)

Answer

L .2 z
LetI: -[4 SINTXCOS™X

0 (sin®x + cos?x)?

n
a
sin?xcos?x
=1= — - dx
0 [(COSEX) (sm L 1)]

cos3x

(taking cos3x common)

sin® x cos®x

cIL‘—‘:r|=-l:l

=]= X
coséx(tan3x + 1)2
b
Tsin®x 1
2 2
=>I=J-':OS X~ cos?X 4
(tan®x + 1)2
0
n
4 2 2
. J’ tan® xsec’x
=]=| ———dx
(tan®x + 1)2
0
Puttan x =t

= sec?x dx = dt (Differentiating both sides)

Whenx=0,t=tan0=0

=

t t T 1
—,t=tan - =
4 4

When x

So, the new limits are 0 and 1.

Substituting this in the original integral,

1

-tz
[= | ——dt
f(l + t3)2

0

Put t3 = u

= 3t?dt = du (Differentiating both sides)

= t2dt

ld
5 du



Whent=0,u=0>=0
Whent=1,u=13=1
So, the new limits are 0 and 1.

Substituting this in the original integral,
39)
J-(l + u)2 4

1
1
= gj-(u+ 1)7%du
0

Recall [(x+ a)nd}{:ﬁtx_ka)lwl_'_ c

= [=—
-2+ 1

1[u + )2+
3

o]

-3l
= 3lu+1d,

1¢ 1 1
-t Yok
1+1 0+1

m
4 22 2
J’ sin“Xcos X 1
3 - X =—
(sin®x + cos3x)2 6
4]

61. Question

Evaluate the following Integrals:

J AJCos X —cosix{sec"x —l]cos"x dx

0

Answer

™
Let] = _foz Veosx — cos3x(sec?x — 1) cos?xdx

f

= 1= | cosx(1— cos?x)(sec’x — 1) cos*xdx

o — A

We have sin?x + cos?x = 1 and sec®x - tan?x = 1

—
Jcosxsin? x (tan?x) cos?x dx

s
CJL__‘n\.ll:l

m

z s 2
sin“x

J-\,*cosxsmx cos?xdx

cosZx

i




= 1= | y/cosxsin®xdx

o Ll

We can write sin3x = sin?x x sin x = (1 - cos?x) sin X

NI
Z

=1= J- Jeosx (1 — cos?x)sinxdx
4]

Putcosx =t
= -sin(x)dx = dt (Differentiating both sides)
= sin(x)dx = -dt

Whenx=0,t=cos0=1

When x

T[t 0
.t =cos =
2

So, the new limits are 1 and 0.

Substituting this in the original integral,
0
I= f Vi(1—t?)(—dt)
1
]
1
== —ftz(l—tz)dt

1

0
1 s
= I=—J-(t§—t§)dt
1
0 0
1 5
=>1=- J-tidt—ftidt
1 1

1
Recall [ x"dx=—x"" +¢
n+1

0 0

1:%“ 1:3+l
= ]=— —
1 5
5+ 1 5+ 1
2 1 L2 1

S1= —@[&]?-%[&]?)
=1=—[§(o—1)—§(o—1)]

: (2+2) 8
== 377/ 721

N
z
f 2 2 8
~ | 4/ cosx— cos3x(sec®x — 1) cos xdx=£
0

62. Question



Evaluate the following Integrals:

T COs X
J dx

W1
0

COS — + sl —
5 5

- -

Answer

LetI= =$mx
{COS}- + S]l)—)

We can write,
X X

(2x3) = cos®; - s
cosx=cos|{2X | =cos” - —sin" ¢
2 2 2

= COSX = (cos% + sing) (cos% - sin;)

Putting this value in the integral

m

L f(cosz + smg) (cos% - sin%)
- 2 (cos2 + smé)n

dx

n

2 . X
cos — sin3

J- —dx

0

n—1
cos + sins )
2
X . X
Put cos; + 51115 =t

(1 x 1 )d dt
= 2sm2 2n:os X =

(Differentiating both sides)
= (u:-:)sE —sin— ) dx = 2dt
2

Whenx=0,t=cos0+sin0=1

GIC)

T
Whenx = —,t = cos == + sin == =
2 2 2

So, the new limits are 1 and /2.

Substituting this in the original integral,

vz

1= [ o 2

1

vz
== 2f @Dt

1

1
Recall [ xPdx=—x"" +¢
n+1

1
V2

_l_

-t
=l =

£



V2

t—(n—1]+1

[=2|——r—
= [—(11—1) + 1f,

2 =

I= t?—n V2

= 2 — 11[ I
2 2-n

2—n _12—11

2—-m
2 ( E) 2 n
1= 22 = 2'2-1
= 2 — nl 1 l 2 — 11( ? )

m
2

;f( cosx szzfﬁy%_g
0

X . X
cosy + siny
2 2

Exercise 20.3
1 A. Question

Evaluate the following Integrals:

4 - .
4 4x+3, ifl=
Jf(x}dx. where f(x):-}J « po
1 13X +5. if 2=

Answer
4
We have, -[1 f(x)dx

_ 2 4
= fl (4x + 3)dx + fz (3x + 5)dx

= [%{2 + 3}&]21 + [37‘(2 + 5){]2

=[G+ 6)-G+3)] « [(Z+20)-(F+10)]
=[14 — 5] + [44 — 16]

=9+ 28

= 37

1 B. Question

Evaluate the following Integrals:

o I'sinx . O=x=m/2
J.f(x}dx.wheref(x]:- 1 m/2<x<3
0 e* 3 3=<x<9

Answer

We have, fog f(x)dx

m
= [zsinxdx + [« 1dx + [ e*3dx
J; d .[_3 d fgg *3d
2

1
= [~ cosx]Z + [x]z + [e¥%]3
2



= [—-:l::osE + cosO] + [3—E + [e973 — e373]
2 2
=0+ 1] + [3-%] + [e®—e°]
2
=143 +e*~1
Hence, 3—% + ef

1 C. Question

Evaluate the following Integrals:

4 - -

Tx+3, ifl=x=3
[£(x)dx, wheref(x]:{ o faixos
1 L X . 1 SX =

Answer
We have, _[:f(x)dx

3 4
=fl(7x + 3) + _fg 8x dx
_[7x® 3 gx?]*
=[5+ 3"]1 + [TZL

s [ sa] ¢ (29 ()

2 2 2 2

=[E+9-1+ 3]+ [64-36]
2 2

=34 + 28
Hence, 62
2. Question

Evaluate the following Integrals:
4

J x +2[dx

—4

Answer

We have,

=% 1x + 2| dx

= [ —(x + 2)dx + [(x + 2) dx

i BRI

~ -l £ (5 9) -G
=—[2-4]-[8-8] +[(8+8)—(2-4)]
=—[-2] + 16 + 2

=2+2+16

Hence, 20



3. Question

Evaluate the following Integrals:

3
J‘x—1|dx
-3

Answer

We have, 2 |x + 1| dx

=[x + 1] dx

= [ —(x+ Ddx + [°(x + 1) d

i R I R

N R (FE R
==+ (] + [(D)-(3)]

1 3 16
= — —|— — p—
2 2 2
20
= =10

Hence, f_ag [x + 1] dx =10

4. Question

Evaluate the following Integrals:

j|2x—1|dx

-1

Answer

1
We have, [~ |2x + 1| dx
=" 2x + 1) dx
-1

= [Z—(2x + Ddx + [3(2x + 1) dx
2

e R R PR
=_[E_E]_[1—1] + [(1+ 1)_(2_})]

4 2 4 2

[+ [+ G



Hence, f_11|2x + 1] dx =§

5. Question

Evaluate the following Integrals:
J\Ex +3|dx
Answer
2
We have, [7 |2x + 3| dx
=% |2x + 3| dx
-2

= [Z—(2x + 3)dx + [3(2x + 3) dx

=-[=+ 3x] + [+ 3x]i%

R (D)
- [2-g-E- o+ 6 9 --2)

R CORC)
~[2ed [0+

2+10+—

Hence, f_zz [2x + 3| dx = 2—;

6. Question
Evaluate the following Integrals:
ﬂxg —3x—2‘dx
0
Answer
2.2

We have, ['|x*—3x + 2| dx
= [*|x? - 3x + 2| dx

]
— (L2 _ 2 o2
= [, (x*=3x + 2)dx + [[ —(x*—3x + 2) dx

3 3x

[———+ 2x] [———+ Zx]

i RERUE G SR SR



=1

Hence, f; [x*—3x + 2|dx=1

7. Question
Evaluate the following Integrals:

3

ﬂ?)x — l‘dx
0
Answer

3
We have, [|3x— 1| dx
= [¥|3x— 1] dx
=) | |

= fé—(Bx— Ddx + [F(3x— 1) dx

o IR )
-1 [2-9)- ()
<-4+ [2-9)- ()

- [+ [®)-()

[+ [@)+ @)

2

+
5]

o
[
(&1

o |+
o
7]

o Wik oI
o | &

Hence, f; [3x— 1] dx = 6—;

8. Question

Evaluate the following Integrals:

G

J [x +2|dx
-6

Answer

We have, _[_56|x + 2|dx

=L -x+2) + [(x+ 2)dx

el s [l



=-[G+2x2)-E-12)] + [(§ + 12)-(3-4)]
=—[(2—4) - (18—12)] + [(18 + 12) — (2 —4)]
= —(-8) + (30 + 2)

=8+32
=40

Hence, f_65 [x + 2|dx =40

9. Question

Evaluate the following Integrals:
[ +1ax

Answer

We have, f_zz |x + 1] dx

= [, —(x+ 1)dx + [*,(x + 1) dx
——[Eax ]
=-[G-1)-G-2)] +[G+2)-(G-1)]

=-eD-o] + [+ +]

Hence, [* |x + 1|dx =5

10. Question

Evaluate the following Integrals:
[l 3] ax
1

Answer
2
We have, ["|x— 3| dx
2
= fl —(x — 3)dx

=[x-3<0forl>x>2]

2

[
~-[¢-9-¢-3)
--[e9-(-3)]



=—[-4+2

-2

|
R

2
Hence, [ |x— 3| dx = g

11. Question
Evaluate the following Integrals:

- 1)

I.J‘_\cos 2x|dx
0

Answer

We have, fog| cos 2x| dx
n
= [ 7| cos 2x]| dx
m n
= [ —(cos2x)dx + [# (cos2x)dx
s
_ [sil;Zx]E N [—siZnZK]E
r

1] . m . 1., . T
= —[sm—— 51110] + - [sinT + sin—]
2 2 2 2

=51 + (1)

Ly
Hence, [2]cos2x|dx = 1

12. Question

Evaluate the following Integrals:

(]

LR

sin x‘ dx

=

Answer

119
We have, [z|sinxdx

_ I . m o, m .

= foz sinxdx = fo sinxdx + fﬂ —sinxdx
= [—cosx]T + [cosx]3™

= [—cosT + cos0] + [cos2m— cosm]

=[1+1]+[1+1]
=2+2



=4
H : 4
ence, [2|sinx|dx =

13. Question
Evaluate the following Integrals:
7/4
J ‘sin x‘ dx
-7/4

Answer
I

We have, [4|sinx| dx
4

11
[} . T
=[x —sinxdx + [#sinxdx
a2

™
— i} "
= [cosx]_g + [—cosx];

= [cos0 + cos(——)] + [ cos— cos0]

-[(1-3)- G-

Hence, [%|sinx| dx=(2 — v2)
4

14. Question

Evaluate the following Integrals:

—*‘dx

R L]

Answer

We have,

8

J- [x —5|dx

2

We have,

[ -5 ifxe(5.8)
] —5)if x €(2.5)

Hence,

= f;—(x —5)dx + f;(x —5)dx



Hence, _[28|x— 5ldx=9

15. Question

Evaluate the following Integrals:

J‘ (sin|x|+ cos|x|)dx

ol

Answer

We have,

™
I=[2 (sin|x| + cos|x|)dx
2
Let f(x) = sin|x| + cos|x|
Then, f(x) =f(-x)

Since, (f(x) is an even function.

™

So, 1=/ (sin|x| + cos|x|)dx
-4
s
=2z (sinx + cosx)dx

™
= 2[—cosx + sinx] ;
=2[- cosg + sing + cos0 —sin 0]

=2[0+ 1+ 1-0]
= 2(2)

T
Hence, [ (sin|x| + cos|x[)dx =4
2z

16. Question

Evaluate the following Integrals:

4

[Jx -1 dx
0

Answer

We have, f:|x— 1] dx

It can be seen that (x-1)=0 when 0=x<1 and (x-1)=0 when 1=<x<4
4

=I=[|x—1|dx

= [ —(x—1)dx + [, (x—1)dx



z 1 2 4
e
2 0 2 1

[ 1-0)-(-a-2+ 1)
[t ama-ten]
fea-iea]

=5

Hence, [|x— 1| dx =5

17. Question

Evaluate the following Integrals:
4
{ 1
Flix=1+ =2+ el o
1
Answer
Let | =[*flx— 1] + [x—2| + [x—4[}dx
= ff{(x— 1-x+2—x+ 4)}dx + f;{(x— 1+ x—2—x+ 4)}dx
2 4

= fl (6—x)dx + fz (x + 1)dx

292 <2 4
=[se=3] + [5 + 4,
=[10-f-5+3+ [E+a-21
=[s-3]+8+4-4
e
=[2]+s

23

Hence, f;{lx— 1 + |x—2| + |x—4|}dx=?

18. Question

Evaluate the following Integrals:

0

Jf(x)dx‘where f(x)=x|[+|x+2|+|x+5|
-5

Answer
We have,

1= [od0%] + Ix + 2] + |x + 5]}dx
= f_os{IXIdx + _:f |x + 2[dx + f_c'5|x + 5|dx

=I=[" —xdx + [ —(x + 2)dx + [ (x + 2)dx + [ |x + 5|dx

L e e [ s



=fo+Z]-[F+a-Z+10] + o2+ 4]+ [o-

Z_[8-Z]+ @ + [25-2

Il
r\']|L||

Il
(28]
ul

|

-8 +24+2425-2
2 2

=19 +2
2

Hence, f_os{lxl + |x+ 2] + |x + 5|}dx =

19. Question

Evaluate the following Integrals:
4 P \
J(x[+|x—2]+|x—4))dx

0

Answer
We have

L= [Y(Ix] + [x—2] + [x— 4[)dx

25

2

+ 28]

2 4
=[xl + |x=2] + |x—4Ddx + [[(|x] + [x=2] + [x—4[)dx

2 4
=[jx+2-x+4-x)dx + [[(x + x—2 + 4—x)dx

= [J(6-x)dx + [[(2 + x)dx
22 214
= [6x—"?]0 + [+ '?]2

=[12-2-0-0] + [8 + 8-4-2]
=[10 + 10]
=20

Hence, f;(lxl + |x—2| + |x—4|)dx =20

20. Question

Evaluate the following Integrals:

[ =1+ [+ x~1])dx
-1

Answer

We have, f_zllx + 1] + [x] + [x—1[)dx

Now, we can write as

2 2 2
J-Ix + 1]dx J-ledx + J-|x— 1]dx
-1 -1 -1

2 o] 2

J-(x—i— 1)dx — J-xdx—l— J-xdx— J-(x—l)dx—l— J-(x—l)dx

-1 -1 0 -1



B LB
- + X —15 = 15 X - —X
2 -1 2 -1 2 0 2 -1 2 1

Ct2-2-1)=(0-3) + (5-0)-(3-1+5 +1) + G-2-3 + 1}
2 2 2 2 2 2 (2 2 )

(

(4 + =)+

(92 @@+ ()
Hence, %

21. Question

Evaluate the following Integrals:

5

Jx el dx

-~

Answer
2

f_zx elxl
0o _, 2,

= f_zxe *dx + fo xe*dx

Let'sSayl=1; + |

And, 11 = [° x e~*dx
=),

Using Integration By parts

J-f’g= fg—J-fg’

f=eX g=x

f=-eX9g =1

o 0
J-xe‘“d)i: [—xe™}%, — f e *dx
-2 -2

0

J-x e~ ¥dx = {—xe ™ — e¥}°,

-2
0

J-x e ¥dx = {(—1) — (2e? — e?)}

-2



lp=/° x e *dx = {~1 — e?}

(=]

Forl, = | xe™dx

=

Using Integration By parts

ff’g= fg—ffg’
fl

=eX, g=x
f=eX,g =1

2 2
J-xexdx= {xex}ﬁ—f e*dx
4] 0

2
f X e¥dx = {xe* — e¥}2
[}

2

J-xe‘dx= {(2e2—e? + 1)}

0

I2=f02:«:e“d:==:=e2 +1

Now, I =1y 4 I,
_[_zzxe|x|=—1— e’ +e* + 1=0

Hence, 0
22. Question

Evaluate the following Integrals:

ST

[;sin X |51'11 x“ dx

oy —t

y
Answer
0 I
—[Cwsin® xdx + [?sin® x dx
&

_ 1-cos 2x
2

= sin? x

™
0 1-cos2x —1-cos 2x

=—fn dx + [ gy
-3 2 0 2

11

. 0 . =
sinZx 1 sin2x)z
- —} . —[x + —}
_ 2 2 o
4

Il

|
[N
———
(]

Il

|
B |
|

=
r"l_"‘\
= A
+
b3 |
S
—
_l’_
B |
-
ra |2
|

=
!

Il

|
w A
+
b |
—
+
-l:‘iﬁ:]
e



23. Question

Evaluate the following Integrals:

J.(:cos x‘cosx‘]d‘x
0

Answer
_[mrz cosxdx— [, cos®xdx
0 T2

2 1+ cos 2x
CcoSs X=f

0 2 = 2

™
— 1+cos 2x 1+ cos 2x
[z e gy [r 152

T

1(1+cos2x)z 1 sin2x)™
=-j—— —-j1X + -
2 2 0 2 2 JE

2

=]

m
4 4

=0
24. Question

Evaluate the following Integrals:

.J: {:QSIIII‘X‘— cos‘x‘]dx
—7/4

Answer

2 .
f_n“(z sin|x| + cos|x|)dx

™
= f_"g(—z sinx + cosx)dx + foz(?. sinx + cosx)dx
4

™

= [2cosx + sinx]®r + [-2cosx + sinx]g

= [2cos(0) + sin(0) - 2cos(—E)— sin(—E)] + [—2cos(§) + sin(g) + 2cos(0)-sin(0)]

=[24+0-0+11+[0+ 1+ 2-0]
=6
25. Question

Evaluate the following Integrals:

51'11_1(51'11 X)dx

pl

Answer



T

f /2 sin~!(sinx) dx = f woxdx + frr (m—x)dx

2

26. Question

Evaluate the following Integrals:

_'Tf"‘

J —_—  dx

—7/24JCO8 X SlIl X

Answer

™
Let f(x) = ——=___
\ cosx sin®x

f(- x) = f(x)

And thus f(x) is an even function.

So,
™ s
z T z T
| —=Esix=2[ =2
[ [
vcos x sin?x vcos x sin?x
—f2 1]
™ d
2 2
Zf dx
J,i
VCos X 51112;; sinx /cosx
-m/2 0

Letcosx =t

Differentiating both sides we get,

- Sinx dx = dt

-V(1-t?) dx = dt

Limits will also change,
Atx=0,t=1landatx=m/2,t=0

Now the Expression becomes,

s

z 0
=
y \cos x sin2x / Vi1 —t2

(3]



-5 i
dx=f dt

!7.
v Cos X sin?x

]
Pla™=—— |3
%]

™

2 dx=1+-=
v/cos x sinZx 3

IS

|
e

27. Question

Evaluate the following Integrals:

Answer
[x]=0for0
and [x] =1for1l

Hence
= folo + flz 2x dx

04[]

g

=[x
=(22-12)
=4-1

= 3.

28. Question

Evaluate the following Integrals:
cos_l(cosx)dx
0

Answer

7™ cos™(cosx) dx

]

_ ul -1 2m 1

= — J, cos™'(cosx) dx + [, cos™*(cosx) dx

= —f;xdx + f;ﬂxdx

_ 3{2 L KZ 2n
= [?]0 + [?]ﬂ

Exercise 20.4

1. Question



Evaluate of each of the following integral:

(]

LER

X
e
sinx —3Anx
e +c

[=]

Answer

2 sinx
let us assume | = [ [
e +e

dx .... equation 1

By property, we know that _[: f(x)dx = _[: fla+b—x)dx

Esin(zrr—x)

dx ceenes equation 2

I J'Z‘I'[
— Jo  esin(zm-x)—sin(zm-x)

Adding equation 1 and 2

t_,sin(zrr—zc)

27 gSinx dx + 2
21_.[0 eSinx 4 o—sinx X fo eSin(2m-x) o —sin(zm-x)

We know sin(2m — x) = —sinx
Thus
21 esi]‘u{ 21t E—sinx
2l = fo sinx , ,—sinx dx + -[ —-5i o UX
e +e 0 e—SinK,qsinx

We know

J-n[f(x) +g(x)]dx = J-n f(x)dx + J-ng(x)dx
thus

2n esinx 1 e—sinx
2l = —_———

esinx + e—sinx

2m
?.I=J- 1dx
0

21 = [x]5™

We know

[f(x)]2 = f(b) — f(a)
2l =[2n - 0]

I=mn

2. Question

Evaluate of each of the following integral:

(]

LR

log (secx +tanx )dx

=

Answer

2m

Let us assume I = [" log(secx + tanx) dx .............

dx

equation 1

By property, we know that f: f(x)dx = J”:' fla+b—x)dx



21
I= f log(sec(2m — x) + tan(2m — x)) dx
i}

We know that sec (21 - x) = sec (x)

tan(2m - x)=-tan (x)

thus I = [

, log(sec(x) —tan(x))dx ......... equation 2

Adding equations 1 and equation 2, we get,

Zm

2m
2l = J- log(secx + tanx) dx + f log(secx — tanx) dx
4] ]

We know log(a) + log(b) = log(ab)

J-n[f(x) +g(x)]dx = J-n f(x)dx + J-ng(x)dx
Thus

2m
2l = J- log(secx + tanx) (secx — tanx) dx
1]

2m
21 = J- log(sec’x— tan”x)dx
4]
We know Trigonometric identity sec? x - tan? x = 1

2Zm
ZI=J- log(1)dx
4]

We know

[f(x)]® = f(b) — f(a) where b is the upper limit and a is lower and f(x) is integral funtion
21 =[0]3"

Thus | = 0.

3. Question

Evaluate of each of the following integral:

: J} JJtanx
Jtanx ++Jcotx

7/6

dx

Answer
Let us assume,

m/3 Vitanx
I=]

—————X seeeeenn equation 1
/6 Jtanx++/cotx a

By property, we know that f: f(x)dx = f: fla+b—x)dx

/3 fan @+ g—x)
I= dx

/e Jtan@—i—g—x)—l— Jcot@+ g—x)




L /3 tan @ - x) i

/e Jtang—x ) +Jc0tg—x)

Trigonometric property

tan (g - X) = cotx

cot (g— X) = tanx

[= fﬂﬂ Voo 4¢ ..... equation 2

n/e \,'m+\.'m
Adding equation 1 and equation 2

/3 \ftanx + /cotx

2l = A s dx
w6 V cotx + +/tanx
w3
2l = J- 1dx
e
20 = [x]:ji

We know [f(x)]E = f(b) — f(a) where b and a are upper and lower limits respectively and f(x) is a function

T T
21=37%
T Lt
=37%
s
leg
T
=1

4. Question

Evaluate of each of the following integral:

2 Nsinx

:JﬁJsinx +~Jcosx -

Answer

Let us assume ,

I= fﬂﬂ Vsinx dx oo equation 1

/6 /sinx++/cosx
By property, we know that f: f(x)dx = J”:' fla+b—x)dx

Thus

in (T _
. /3 5111(2 x) N

o onGx)+ sl

Trigonometric property




n(3-)
sin{-—x) = cosx
2
T

cos (E — x) = sinx

1= fn'{g VOO gy i, equation 2

/6 \[cosx+y/sinx

Adding equations 1 and equation 2, we get,

/3 Vsinx /3 \cosx
2l = ."_— dx + —l"_ dx
n/6 Vsinx + y/cosx /6 \/COSX + v/sinx

We know

[ :[f(x) +g(0]dx= f fx)dx + f :g(x)dx

- J’“’rg Vsinx + \;cosxd
= ———dx
/e VSInX+ +/cosx
3
2l = J- 1dx
vl
3
21 = [x]:j6

Since [f(x)]° = f(b) — f(a) where b and a are upper and lower limits respectively

M3
—
Il
o A

—_ %]
—
NP oa wis

5. Question

Evaluate of each of the following integral:

- tanx

dx

X

Fe, e | F

l+e

Answer

tan®x

..... tion 1
e dx.....equatio

T
Let us assume|] = fan
4

By property, we know that ["f(x)dx = [f(a + b — x)dx

Thus

%tan?(g+ —_f—x)
I= = dx
fn i

2z l+ews sz

T tan?(—x
e,

_ml+ el-x
2



T
z tan® (—x)
m

iy l+§

We know tan(- x) = - tan x

= ﬁ Ftan®(o) 4 equation 2
= —E P W oeins

Adding equations 1 and equation 2, we get,

m N
. J’E tan?(x) J’E e*tan? (x)

alre@ BT ey
) )

We know

J: :[f(x) +g(x)]dx = J: : f(x)dx + J:g(x)dx

m

7 tan?(x) + e*tan®(x)
21 =

n 1+ e@®

m
7 (1+ e®)tan?(x)
21 =
= 1+ e®
a

m

7 tan?(x
21=f‘L ®) 4

_m 1

Trigonometric identity sec? e

m

7
21 = J-ﬂ(seczx— 1)dx

We know [ sec?ed8 = tane

Thus

We know

J: :[f(x) +g(x)]dx = J: : f(x)dx + J:g(x)dx

Thus

T4

21 = [tanx — X]—nﬂ

We know [f(x)]g = f(b) — f(a) b and a being the upper and lower limits respectively.

2= ()~ ()] [ ()~ ()

Since tanE = 1 andtan(—e) = —tane

Thus
T

21=[1—§]—[—1+4]

1
lzz[z—g]



6. Question

Evaluate of each of the following integral:

a
|
J —dx
S l+a
Answer
a 1
Let us assume [ = f—aﬁ dx

By integration property, we know,

f N f(x)dx = J- mf(x)dx+ f mf(—x)dx

—m

Thus

=1 =1
= d+J- d
J;l—l—ax X p 1+a™™ X

a 1 a ax
= dx+J- dx
J;,l—l—a?‘ o 1+ a*

J-[f(x)+g(x)]dx=f f(x)dx+J- g(x)dx
= J’al—i—a"d
Ty 1+ax X

a
I=J-1dx
4]

I=[x]3

We know [f(x)]'aﬂ = f(b) — f(a) and a being the upper and lower limits respectively
| =[a-0]

| =a.

7. Question

Evaluate of each of the following integral:

3

- 1

J o= dx
3
Answer

Let us assume,

s
3 1

I= mn]l+ etan:{ dX
3

By integration property,



J- f(x)dx=J- f(x)dx+f f(—x)dx
—-m 4] ]

Thus

T

s
3 1 3 1
I= 0 1+ etanx dx + 0 1+ e—tanx dx

We know

fl :[f(x) +g(0]dx = f f(x)dx + f :g(xjdx

s
31+ etanx
J; 1+ etanx X

T

El
I=J- 1dx
[i]

m

I= [x]g

we know since [f(x)]? = f(b) — f(a) b and a being the upper and lower limits
I=[=—0
=30

[=—
3
8. Question

Evaluate of each of the following integral:

1+e¥

2 cos’ X
J —d
l+e

2

Answer
n 2

Let us assume ] = [% > dx ....... equation 1
2

By property, we know that f: f(x)dx = f: fla+b—x)dx

Thus

dx

T m —T
L J’E cos?(z+—3 —x)

M —TT
< l+earz™

I 20
=J’z cos<( X)dx

nl + el
2

. J’% cos?(—x) dx

n 1
2 l+§

z e*cos®(x) ti 2
= |3 - —dx ..... eqguation
: f_g el®41 dx q



Adding the equations 1 and 2, we get,

dx

- J’% cos?(x) At J’% e*cos?(x)

71 + el n o0 +1
2 2

We know

J:[f(x) +g(x)]dx = J: f(x)dx + J:g(x)dx

m
7 cos2(x) + e*cos?(x)
2l = J- dx
n 1+ e

2

m

J’E (1+ e™))cos?(x)

2l = X
_x 1+ e

2

3 cos?(x
21 = J-z 1[: )dx

L

Trigonometric formula

2cos?e— 1 = cos2e

dx

m

zcos2x+1

Ji==—
2

We know [ cosed® = sine

Thus

We know

J: :[f(x) + g(x)]dx = J: f(x)dx + J::g(X) dx

m m
1z z
2l = —J- cos2xdx + 1/2J- dx

2J).m _z
2 2

Thus
b1
sin2x)2 z
[ P ]_EJF[X]EE
21 = = :
2

we know [f(x)]? = f(b) — f(a) b and a being the upper and lower limit

sin(z—ﬂ) sin(_—m)
4= 22 B 22 +[(g)_(_g)]
Since sinmt = 0 and sin (-e8) = - sine
Thus

41=[0—0]+[§]

-6}



9. Question

Evaluate of each of the following integral:

111 g 7 5
FX —3XT +5x —x +1
J . dx
. cos™ X
Answer
I xtl3x45x" —x%+1
Let us assume [ = fﬁ; dx

cos®x
2

By property, we know,

J- f(x)d}{:J- f(x)dx+f f(—x)dx
—m 4] ]

dx

b1y _ m —

axt—3x"+5x"—-x°+1 x4+ 3x°—5x"+x%+1
= dx+

[i] 4]

cos2x CcOSZx

We know

J: :[f(x) +g(x)]dx = J: f(x)dx + J: :g(x) dx

dx

bl — -
: J’Zx“— 37+ 5T — x4+ 1w+ 3x7 —5xT+x%+1
)y cos2x

T

T 2
I=f 2dx
o CO8ZX

L

ry
I =J- 2sec?xdx
0

m

I= [Ztanx]g

We know [f(x)]2 = f(b) — f(a)b and a being the upper and lower limits
I[=[2(1-0)]

Since tanE =1

I =2.

10. Question

Evaluate of each of the following integral:

b 1/'n

. X

J 1 —dx,nEN,n=2
2 X "+(a+b-x)

Answer

b i/
Let us assumel = [ -

a x1/My(a+h—x)L/n

dx ... equation 1

By property, we know that,



Lbf(x)dx= J;bf(a +b—x)dx

b (ath-x)*/® .
- fa G T dx ...... equation 2

Adding equation 1 and equation 2

1/n

dx + f: (a+b—x) 1/

(a+b—x) J.;’n+(xj 1/n

2= [0 >

xt/Mp(asb—x)L/m

We know

J: :[f(x) +g(x)]dx = J: f(x)dx + J: :g(x) dx

bxlfn_'_ [:a +b _X)l,fn
2l = X
2 XUVn4+(a4+b—x)i/n

b
I=f 1dx

11. Question

Evaluate of each of the following integral:

]

2logcosx — logsin2x dx

=

Answer
s
Let us assume | = _[z

o+ 2logcosx — logsin2x dx

We know nlogm = logm™ andsin2e = 2sinecose

Thus

T

2
I= f logcos?x — log2sinxcosx dx
0

We know
n

logm — logn = log ( 11_1 )

Thus

: J’%l cos?x 4
)y 8\ 2sinxcosx)

. sinx 1 COSX
Since tanx = cotx = =
COSX tanx sinx

T

I= leog (ZC;};};) dx




I cotx f
I = fozlog( - ) dx ...... equation 1

By property, we know that,

J;bf(x)dx= Lbf(a +b—x)dx

Thus

- flog cot(z+0-x)\
0

2

Since cot G— 9) = tane

I tanx .
I = _[Ozlog( - ) dx ceeees equation 2

Adding equations 1 and 2

2 tanx 2 cotx
2l = J- log (—) dx—i—J- log (—) dx
0 2 0 2

We know

J: :[f(x) +g(x)]dx = J: : f(x)dx + J:g(x)dx

3 tanx cotx
2l = J- log (—) + log (—) dx
0 2 2

Since we know thatlogm + logn = logmn

m

21 J’fl tanx cotx d
= *
; 0g— 5 dx

Since tanx = 1/cotx

T

21—Fl -1,
=) log5 7 dx

- o)

We know [f(x)]2 = f(b) — f(a)

ral =

21 = log G) [g— 0]

=5 (1)
~1 8\

12. Question

Evaluate of each of the following integral:
e
0 \J{_ +4fa —X

Answer



a x .
Let us assume [ = _[0 —% __{dx.....equation 1
vE+Ha—x

By property, we know that,
b b
J- f(x)dx = J- fla+b—x)dx

I= fa Vax dx ..... equation 2

0 va—x+ \.";

Adding equation 1 and 2 21 = [ @r‘ﬁﬁd;.;_|r Iy VX gy
VEHya—3

ya—x+ \,'E

We know

J: :[f(x) +g(x)]dx = J: f(x)dx + J:S(X) dx

13. Question

Evaluate of each of the following integral:

5
- dx+4

gifx—dr +39—x

Answer

dx

- a—
Let us assume | = [ ;——* __dx ......equation 1

0 *wra

VW E+HE +39—x

By property we know that f: f(x)dx = f: fla+b—x)dx

c Y
5 VI—x .
= X ..... equation 2
1=, e dx e

Adding equation 1 and 2

5 ix+4 > h-x
2l = " 4 dx + S "
o\."IX‘i“q- +\.‘r9—X 0\‘;9_){ +\."IX+4

We know

J: :[f(x) +g(x)]dx = J: f(x)dx + J: :g(x) dx



ol J’5{ﬁ9—x +3ix+4
o V9—x +3ix+4

21 =J- 1dx
0

21 = [x]3

We know [f(x)]E = f(b) — f(a)

2I1=[5-10]
2I1=5
=2
2
14. Question

Evaluate of each of the following integral:

7 3
[ R
D%?—E?—x

Answer
7 - .
Letusassume] = [—=dx..... equation 1
0 Sx +5/7—x

By property, we know that f: f(x)dx = f: fla+b—x)dx

7 [T—x ;
= | — dx .... equation 2
I fo Y7—=x +3x dx 9

=n

Adding equation 1 and 2

2] = J-?de_'_ J-?de
o VX +¥V7 —x o ¥V7—x +3x

We know
fn[f(x) +g(x)]dx = fn f(x)dx + J-ng(x)dx

V7 —x +3x
2l = T .= I
o VI —X +\."§

7
21 =J- 1dx
0

21 = [x]]

We know [f(x)]2 = f(b) — f(a)
21 =[7-0]

21=17

[=—
2

15. Question



Evaluate of each of the following integral:

1

1 +~/tanx

dx

= R L |

Answer

™
Let us assumel = [ ———
< 1+ytanx

We know
sinx

tanx = ——
COSX

= _[“’3 VEOSK 4 e, equation 1

/6 /sinx+/cosx
By property,s we know that _[: f(x)dx = _[: fla+b—x)dx

Thus

. /3 cos @— x) N

e JnG-x)+ oG )

Trigonometric property

n(5-)
sinl-—x) = cosx
2

(5-%) =
cos|- —X) =sinx
2

3 vsinx
I = — dx.......... equation 2
“[l'l/5 v cosx+y sinx q

Adding equations 1 and 2, we get,

/3 Jcosx /3 Vsinx
2l = ."_— dx + —l"_ dx
/6 v s8inx + +/cosx /6 4/ COSX + v/ sinx

We know

[ :[f(x) +g(]dx= f fx)dx + f :g(x)dx

- J’“’rg Vsinx + \;cosxd

= ———dx
/e VSINX+ +/cosx
w3

2l = J- 1dx
/e

21 = [x]7:

We know [f(x)]2 = f(b) — f(a)

i



s
6

2l =

I=—
2

i
1
16. Question

b
If fla + b - x) = (x), then prove that | xf(x)dx =

a

a+b

-

e

f(x)dx.

e

%]

Answer

LHS
By property, we know that ["f(x)dx = [ f(a + b — x)dx
thus
b b
J- xf(x).dx = J- (a+b—x)f(a+b—x).dx
a a

Given fla+b —x) =f(x)

b b
J-xf(x).d){:f (a+b—x)f(x).dx

We know

J: :[f(x) +g(x)]dx = J: f(x)dx + J: :g(x) dx

Thus

b

b b

J- xf(x).dx=J- (a+b)f(x).dx—J- xf(x). dx
b b

ZJ- xf(x).dx=J- (a+Db)f(x).dx

b b
J- xf(x).dx = (a+ b)/ZJ- f(x).dx

Hence proved

Exercise 20.5
1. Question

Evaluate the following integral:

1 dx
1+ tanx

o e b |

Answer

1

113
Let us assume| — _[OE dx.....equation 1

1+ tanx

sinx

We know that tanx =

COSX

Substituting the value in equation 1 we have,



A

1

SINX
o it
L+ COsX

dx

™
[ = _[ELS-“IdX ..... equation 2
0 cosx + sinx

By property, we know that f:f(x)dx = f:f(a + b—x)dx

Thus in equation 2

T T

z cos(5 — X)
I = fz 2

0

dx
i L
cos(i—x) + sm(i—x)
T .
[ = P&dx ..... equation 3
0 sinx + cosx

Adding equation 2 and 3

I I .
Z  COSX P sinx

ol = [P gy [P g
o Cosx + sinx o COsx + sinx

We know

J: :[f(x) + g(x)]dx = J: : f(x)dx + J:g(x)dg

Thus

m

ZC0sX + sinx
21 = —dx

g COSX + sinx

1

2
21 = f 1dx
0
n
21 = [x]2
T
21 = [5—0]
I T
4

2. Question

Evaluate the following integral:

b |

1 dx
l+cotx

=

Answer

T
Let us assume | — f;

dx.....equation 1
0 1+ cotx

We know that tanx = ﬂ‘ cotx =
SINnx

tanx

Substituting the value in equation 1 we have,



= [ e

= | 7, tosg™X
o 1+ g
I : .

[ = fzﬁdx ..... equation 2
0 cosx + sinx

By property, we know that f: f(x)dx = f: fla + b—x)dx
Thus in equation 2

sin(g —X)

2
I = J- dx
0 sin(%—x) + cos(g—x)

1
- COsSX
2

..... equation 3

._.
Il
=

i

0 sinx + cosx

Adding equation 2 and 3

o . I
P sinx Z  cosx

21 = —dx + | ———dx
o COSX + sinx o COSX + sinx

We know

J: :[f(x) + g(x)]dx = J: : f(x)dx + J:g(x)dg

Thus
m
ZC0sX + sinx
21 = J- —dx
g COSX + sinx
m
z
21 = J- 1dx
4]
o
21 = [x]g
i
21 = [5—0]
. T
4

3. Question

Evaluate the following integral:

™ JR—
- cots
Let us assume] = [z veotx

0 ytanx + vcotx

dx ..... equation 1

By property, we know that _[:f(x)dx = _[:f(a + b —x)dx

Thus in equation 2



. J.% cot(g—x) o

° Jtang—x)Jchot(g—x)

i R
I = ff&dx ..... equation 2

vianx + 4cotx

Adding equation 1 and 2

m m

z \cotx z yianx
2l = ——dx +
0V

— dx
ftanx + /cotx p Vianx + +cotx

We know

J: :[f(x) + g(x)]dx = J: : f(x)dx + J:g(x)dg

Thus
21 %\. cotx + +/tanx
= ——dx
o Vianx + +/cotx
m
)
21 = J- 1dx
4]
o
21 = [x]g
g
21 = [5—0]
. s
4

4. Question
Evaluate the following integral:
Bl
Simm- X dx
El Kl
sin? X+ cos?x

W =

=

Answer

3
.8
Let us assume | = foz& ..... equation 1

E] E]
sinz X + cosz x

By property, we know that _[:f(x)dx = _[:f(a + b —x)dx

Thus in equation 2

rr 2 n
— sinz(Z—x)
I = ._[02 2 2 3 dX
sinz (E— X} + cosi(g—x]
z cos%*{ ;
I = fozﬁ ..... equation 2

SinZx + cosZx

Adding equation 1 and 2



ki 3 T 3
z sinz x z €OSZX

—3 3 dx + —3 3 dx
0 sinZx + coszx 0 sinzx + coszx

2l =

We know

J: :[f(x) + g(x)]dx = '[: f(x)dx + J: :g(x) dx

Thus
i 3 3
Zc0s2X + sinzx
21 = J- — 5 dx
0 sin?x + cosZX
m
z
21 = J- 1dx
4]
o
21 = [x]g
T
21 = [5—0]
T
I =

4
5. Question

Evaluate the following integral:

jl sin” x dx
5 sin” x+ cos” x
Answer
s - .
Let us assume| = sz ..... equation 1

0 sin® x + cos®x
By property, we know that f:f(x)dx = f:f(a + b—x)dx

Thus in equation 2

m il T
L=z sinﬂ(gz] izc:in(g—xjdx
I = _[ELHY ..... equation 2
0 sin"x+ cos"x
Adding equation 1 and 2
N N

z sin™x z cos"™x
2= | ——mmmmdx + | ——— dx
p Sin™x + cos™x p Sin™x + cos™x

We know

'[:[f(x) + g(x)]dx = '[:f(x)dx - J;jg[:x)dx

Thus

m

Zcos™x + sin®x
2l = —dx

p SinPx + cos®™x



m

F
21 = J- 1dx
0
n
21 = [x]2
T
21 = [5—0]
I i
4

6. Question

Evaluate the following integral:

} 1 dx
0 1+ \ftanx
Answer

m
s 1 .
Let us assume ] = f;—dx ..... equation 1
1 ++tanx

sinx

We know that tanx =

OSsX

Substituting the value in equation 1 we have,

™ —_—
I = ffﬁdx ..... equation 2

y"ﬁ+ \;m
By property, we know that _[: f(x)dx = _[: fla + b—x)dx

Thus in equation 2

cos(G—x) + Jm(3—

JRE—

. J’% cos (g_ X) i
4

I = .E&dx ..... equation 3

— —_—
Y SINX + +/COSX

Adding equation 2 and 3

T T

z v Cosx z vsinx

0 VCOsSX + vsinx 0 VCOSX + vsinx
We know

J-n[f(x) + g(x)]dx = J-nf(x)dx + J-ng(x)dx
Thus

m
51 J’E\;cosx + vsinx
= ——dx
0 COSX + vsinx



m

F
21 = J- 1dx
0
n
21 = [x]2
T
21 = [5—0]
I i
4

7. Question

Evaluate the following integral:

3 B

1

Answer

dx

=

1
Let us assumel = fatdx ........... equation 1

0 x+./a2—x2
Letx = acosB
thus
X = acosb
Differentiating both sides, we get,
dx = —asinfdf
Thus substituting old limits, we get a new upper limit and lower limit
Fora =acos 6
0=296

For 0 = acos 6

We know that [*—f(x) = [*f(x)

thus

Substituting the values in equation 1
1

4]
lzf
g acosB + +va? —aZcos?8

(—asinB) do

We know that [*—f(x) = [*f(x)

Trigonometric identity 1 - cos? 6 = sin? 8
T
z 1

2
=
o acos® + ,/a?(1—cos?0)

(asinB)do

L

1

z
- f
o acosB + va?sin?0

(asin®)de



L

z 1 |
I = J; m(asmﬁ) de

I = [2—(sin®)dB---equation 2

0 cosB +sinB
By property, we know that f:f(x)dx = f:f(a + b—x)dx

thus
n

I fz ! (sinC— ) )do
= sinl——
0 cos(%—e) + sin@—ﬂ) 2

[ = IE;(COS 6) dB---ov- equation 3

0 5in8 +cosB

Adding equation 3 and equation 2

Thus

ZI—J-% L 'BdB—i—J-% L 6)de
~ ), cos® + sin@ (sin ) p cosB + sinB (cos®)

We know

J: :[f(x) + g(x)]dx = J: : f(x)dx + J;?g[:x)dx

T

2 1 ,
21 = J; m(mllﬁ +c059)d8

z
flde
0

21 = [8]2

21

We know [f(x)]g = f(b) —f(a) b and a being the upper and lower limits respectively.
21 T 0
= ;0]

I T
4

8. Question
Evaluate the following integral:

j« logxﬁ dx

Dl—x

Answer

logs
let us assumel = [" 2% dx
+ X

let x = tany

differentiating both sides

dx = sec?y dy



=Yy
thus

a1
7 log(tany) .
L= J; 1+ tan?ysec ydy

B %log(tany) 5
I = J; sec?y sec*ydy

(since sec?y - tan?y = 1)
s .

[ = foz log(tany) dy -----equation 1

By property, we know that f:f(x)dx = J’:f(a + b —x)dx
T

I = leog(tan(g—y)) dy

L
2

I = [Zlog(coty)dy -+ equation 2

Adding equations 1 and 2, we get,

1 L

2 = J-zlog(tany) dy + leog(coty) dy
0 0

We know

J: :[f(x) + g(x)]dx = J:: f(x)dx + J:g(x) dx

m

21 = J-E[log(tany) + log(coty)]dy
0

2 = ff[log(tany x coty)] dy since logm + logn = logmn

2 = fo [log1] dy since tany = 1/coty

21 = fog()dy sincelogl =0

Thus

2l=0

=0

9. Question

Evaluate the following integral:

tlog(1+x)
— v dx
1+x°

=



Answer

AX v equation 1

11 1+
Let us assume | = _[0 °f': +2‘]
+x

Let x= tan 6 thus
Differentiating both sides, we get,

dx = sec’6de

Thus substituting old limits, we get a new upper limit and lower limit

Forl =tan 6
b

E:e
ForO =tan 6
0=6

substitute the values in equation 1

we get] — [3losli+tame)

20 AB equation 2
0 1 +tan?®8 c0do 9

trigonometric identity we know
1+ tan®8 = sec’®

Thus substituting in equation 2 we have

sec?fdo

J’%log(l + tanB)
0 sec2B

I IOE log(1l + tanB® ) dl <o oevveeererniniininnnn equation 3

By property, we know that _[:f(x)dx = _[:f(a + b —x)dx

Thus
™
3

I = J#log(1 + tan(Z-8) )de.....equation 4

Trigonometric formula:

tanA+tanB

tan(A+B) = ——
an(A +£B) 1 + tanAtanB

T
tanz —tan®

P | T
1+ tan;tanﬁ

™
Thus tan(g -8) =

We know by trigonometric property:

Rl

tan— =1

a114

thus

) T 0 1—tan®
311(4 ) = 1 + tan®

Substituting in equation 4



e

I—J-l (1+ l_tane)de
A 8 1 + tanf

[ = J’%l (l + tanf + 1—‘canl&})dBI
-, 8 1 + tan®

T

I—J-El ( 2 )d@
), %5\1 + tane

We knOWlog(%) = logm — logn

Thus
s
a

I = [#log(2) —log(1l + tanB)df ----- equation 6

We know

[ 1m0 + goonax = [ toax + [ gwas

Adding equation 3 and equation 6
2] = j}log(l + tan6)de + fozlog(z) —log(1 + tan®)de
Thus

2] = fo log(1 + tan®) + log(2) —log(1l + tan€)de

L
n

2] = [#log(2)d6

2] = log(2)[;1d6
21 = log2[6]?

We know [f(x)]g = f(b) — f(a) b and a being the upper and lower limits respectively.
his
2 = 10g2[z— 0]

I = Jlog2
_gog

10. Question

Evaluate the following integral:

% ax
0

(l—x](l—xz)

Answer

oo X

Let us assumel = fo mdx

Adding-1land +1

. = x+1-1 q
), l:1+:=;)(1+:==;2)X




= x+1 1

L= o (1 +x)(1+ x2)_ (1 +x(1 +x2) dx

I=_[;D L dx-fm—l dx

(1+x%%) 0 (1+x)1+x%)

== 1

Letl, = [

0 (1+x%) X

= 1
. = J; (1+x)(1+ xz)dx

Thusl=1;-15....... equation 1

Solving for I

= 1
I, = —d
! ,[, (1+x)
I, = [tan™*x]3

- _ -1
s xzjdx = tan

since f X

I; = [tan ~ () - tan =~ 1(0)]
Iy =1/2 .......... equation 2
Solving for I

IZ:J; (1+x)(1+x2)x

1 a bx+¢

Letm = l+:-.'+ TaaE equation 3

1 a(l + x?) + (bx + o)(1 + x)
(1+x)(1 + x2) (1 +x)(1 + x?)

1 _ax2+a+bx2+bx+cx+c
(1 + x)(1 + x2) (1+x)1+ x3)

a+b=0a+c=1,b+c=0
solving we get

a=c=1/2

b=-1/2

substituting the values in equation 3

1 1 1
1 __2 ,T2**3
(1+x)1+x3) 1+x 1+ x2
1 1
1 7 —3X 1/2

= + +
1+ +x%) 14+x 1+x%2 1+ x2
Thus substituting the values in I, thus

-1 L,
IZ=J- 24 2° 4 dx
g 1+ X

1+ x2 1+ x2



1 1
IZ=J- de—l—J- 2dx+J- idx
o 1+ x o 1+ x2 o 1+ x2
Solving :
w 1
f 2" 4x
o 1+ x?

letl+x2=y

2xdx = dy
Forx = «
y=o
Forx =0
y=0

substituting values
lfmﬂ
2)y 2y
1

—1[1083’]30

Thus

1 1
12=f 2dx+J- 2dx+f / dx
o 1+ x o 1+ x2 o 1+ x?

1 1 1
I, = E[log(l + x5 + —1[10gx]3° + E[tan‘lx]?

I, = EIE] .......... equation 4

Substituting values equation 2 and equation 4 in equation 1
Thus

I=19_15

I =1n/2 -n/4

| =n/4

11. Question

Evaluate the following integral:

J Xtanx dx

0 SECX COsECX

Answer

L xtans: .
Let us assumel = [/ #z;“dx ......... equation 1

By property, we know that f:f(x)dx = J’:f(a + b —x)dx

THUS



| = J’“ (m—x)tan(m—x)

sec(m—x) cosec(m—x)

We know
tan(m—x) = —tanx
sec(mT—X) = —secx

cosec(m— x) = cosecx

Thus substituting values

[ = f“wdx .......... equation 2

0 —secx cosecx

Adding equation 1 and 2

ol = J’“ (x)(tanx) A+ J’“ (m— x)(—tanx) i

5eCx cosecx —Ssecx cosecx

We know

J: :[f(x) + g(x)]dx = J: : f(x)dx + J:g(x)dx

Thus
™ (1) (tanx
o - [T (many)
o SECX cosecx
We know
tan 0 sin©
ang =
cosB
0 1
secB =
cosB
cosech = ——
sin@

Substituting the values we have

m
21 = TIIJ- sin? x dx
4]

21 = ﬂf; l_csszxdx by trigonometric formula

21 ﬂ[
T2

sian]“
2 Iy

We know [f(x)]g = f(b) — f(a) b and a being the upper and lower limits respectively.

21 = 2 ([~ 2] - fon)

I = —
4

12. Question

Evaluate the following integral:



-

stinxc os*xdx
0

Answer

a1 . .
Let us assumel = fo xsinxcos*x dx.....equation 1

By property, we know that _[: f(x)dx = _[: fla+ b—x)dx
I = J- (1 — %) sin(m — x) cos*(m — x) dx
1]

I = _[01-[(”1'[ —x)sinxcos*x dx....... equation 2
Adding equation 1 and equation 2
m mm
2 = J- xsinxcos*x dx + J- (T — x)sinxcos*x dx
0 o
We know

J: :[f(x) + g(x)]dx = J: : f(x)dx + J:g(x)dx

21 = f;Trsinxcos"‘x dx ......equation 3

Let cosx =y

Differentiating both sides

- sinxdx = dy
sinxdx = - dy
forx =0
cosO =y
1=y
Forx=mn
cosm =y
-l=y

Substituting equation 3 becomes

-1
21 =J- —my* dy
1

1
2 = J- my* dy
-1
5 1
21 = Tr[y—
5 -1
(1> (-1°
21 = TE[ c &
21 =2n/5

| =1/5



13. Question

Evaluate the following integral:

-

stinsxdx
0

Answer

™ .
Let us assume I = [ “xsin®xdx
b1
I = J- xsin®xsinxdx
1]

I = f;x(l— cos?x)sinxdx......... equation 1
By property we know that _[: flx)dx = _[: fla + b—x)dx
Thus
T
I = J- (m—x)(1— cos?(m— x)sin(m— x)dx
o
‘T .
I = [, (m=x)(1~ cos®x)sinxds.....equation 2
Adding equation 1 and equation 2
m T
21 = J- x(1— cos?x)sinxdx + J- (m—x)(1 — cos?x)sinxdx
0 0
We know

J: :[f(x) + g(x)]dx = J: f(x)dx + J: :g(x) dx

21 = [, m(1 — cos?x)sinxds......equation

Let cosx =y

Differentiating both sides

- sinxdx = dy
sinxdx = - dy
forx =0
cosO =y
1=y
Forx=mn
cosm =y
-l=y

Substituting equation 3 becomes

-1
21 =J- —m(1—y?)dy
1

1
2 = J- m(1—y?) dy
-1



ll
21=1T[y——

3—1

3y -y’
21=1T[y yl

3 -1

21=nl{3(1) - (13} - {3(-1) - (- 1)}}13
2l=mn[2-{-3+1}1/3

21 =mn[2 + 2]1/3
| =2n/3
14. Question

Evaluate the following integral:

Jxlogsinx dx
0

Answer

Let us assumel = ["xlogsinx dx........ equation 1
By property, we know that _[:f(x)dx = _[:f(a + b —x)dx
I = [ (m—x)logsin(m —x) dX....c.oennv. equation 2
Adding equation 1 and equation 2
b b
21 = J- xlogsinx dx + J- (m— x)logsin(m — x) dx
4] 4]
We know
J- [f(x) + g(x)]dx = J- f(x)dx + J- g(x)dx
21 = [ mlogsinx dx .......... equation 3
We know f;af(x)dx = foaf(x)dx + f;f(Za—x)dx

= 2 [ f(x)dx if f(2a - x) = f(x)

= 0if f(2a - x) = - f(x)

Thus equation 3 becomes

2] = 21 foglogsinx dx coeeeeees equation 4 since logsin(m - x) = logsinx

By property, we know that f:f(x)dx = J’:f(a + b —x)dx
7 n

21 = ZTIIJ- logsin(—— x) dx
0 2

L .
21 27 IDZ]OgCOSX dx --oeeeeee equat|0n 5

Adding equation 4 and equation 5



4] =

27 fflogsim{ dx + 2n fflogcosx dx

We know

J: :[f(x) + g(x)]dx = J: f(x)dx + J: :g(x) dx

41 =

3
2TIIJ- logsinx + logcosx dx
o

We know logm + logn = logmn thus

21Tf210g[(25111xc05x) /2] dx
[}

41 =
I

21 = ”JTJ-ZIOg[l:SiIIZX) /2] dx
4]

21 = Trfoglogsian— log2 dx since log(m/n) = logm - logn
n n

21 = m [*logsin2xdx — 1 [ *log2dx --..-equation 6

n

Let, = m[2logsin2xdx

Let2x =y

2dx = dy

dx = dy/2

Forx =10

y=0

forx = =

y=m

thus substituting value in I1

I1 =

l T
= f mlogsinydy
2 0

From equation 3 we get

I =

1
3 (2D

=1

Thus substituting the value of 11 in equation 6

2l =

et

—

T
I—Hj-zlogjzdx
o

m

—Tlog2 J- 2ldx
0

—mlog2 [x]g



bt

—Tlog2 [g]

,]TZ
—log2 [?]

15. Question

el

Evaluate the following integral:

-~ XSINX
J — dx
0 1+smx
Answer
Let us assumel = [ = dx........ equation 1
0 1 +sinx

By property, we know that f:f(x)dx = J’:f(a + b —x)dx

thus

_ m(n—x)sin(n—x)
L= fo 1 + sin(m—x)

1 . ST equation 2
Since sin(m— x) = sinx
Adding equation 1 and equation 2

™ xsinx T(m—x)sinx
21 = J- e —
0

o 1 + sinx 1 + sinx

We know

J: :[f(x) + g(x)]dx = J: f(x)dx + J: :g(x) dx

Thus

Y J’“ ¥sinx (m—x)sinx
- o 1 + sinx 1 + sinx

2l =

Txsinx + (m— x)sinx
: dx
0 1 + sinx

T msinx
21 = J- —dx
o 1 + sinx

Adding and subtracting 1

Tsink + 1-1
2l = —_—

o 1 + sinx

Tsinx + 1 -1
2l = T[(fo 1 + sinx + 1+sinxdx)
We know

[ 1m0 + goonax = [ toax + [ gmas

Msinx + 1 -1

21 = n(J,

T
—dx + :
1 + sinx 0 1+ sinx




Let I;L _ j-'l'[sinx+ 1

0 1 +sinx

letl, = [T——

1 + sinx

21 = m(ly + I3)eeenne equation 3

Solving I:
m
0

I, = [xg

We know [f(x)]° = f(b) —f(a) b and a being the upper and lower limits respectively.

Il = T
Solving 12:

|

I, = —d

z J; 1 + sinx %

Using trigonometric identity and formula
™ -1

I = f X X X dx
o sin? (i) + cosE(i) + 2sin (i) cos(%)

™ -1
I =f dx
: 0 [sin@) + cos(%)]2
Taking cos(x/2) common
I f ’ - d
= X
: 0 cosz(%)[sin%)jcos @) + 17

™ -1
I =J- dx
? 0 cosz(%)[tan@) + 1]

dx

B J-“ —secg(%)
2 = 0 [tan(%) + 1P

Let tan G) +1=y

Differentiating both sides, we get,

%sec2 @) dx = dy

sec? @) dx = 2dy

Forx =0

fan3) + 1 =
an |5 =y

1=y



Forx =1

tang)+l=y
o+ 1=y
W=y

Substituting the values

Thus
I, = fm_zd
2 . yz y

I, = —2f y~*dy
1

-2+1 1%

Y

L, = —2|——
z -2+ 1

1

We know [f(x)]g = f(b) — f(a) b and a being the upper and lower limits respectively

I—?.l 1
z—[g—I]
I, = —2

Substituting values in equation 3

21 = m(m—2)
T

I = n(z— 1)

16. Question

Evaluate the following integral:

ol

X
dx,0<a<mn

l+cosasinx

=

Answer

™ X

Let| =

0 1+cosasinx

We know that,
2a a a

J- f(x)dx = J- f(x)dx + J-f(Za—x)dx
1] 1] 1]

Therefore,

|=Jﬂ5;dx + J’ELdX

0 1+cosasinx 0 1+cosasinx

n
20=[3—" 4y
0 1+cosoasink

2= 2 i1

0 1+cosaasinx

M

sin o




17. Question

Evaluate the following integral:

chos"x.dx

0

Answer

Let us assumel = f;xcosgx.dx ..... equation 1

By property, we know that ["f(x)dx = [“f(a + b —x)dx

Thus

I = J-T[[:‘]T—X)COSEI:TII— x).dx

We know cos(m—x) = —cosx
Thus
I = [J(m—x)cos?(x).dX........ equation 2

Adding equation 1 and equation 2

m T
21 = J- xcos’x.dx + J- (T — x)cos?x.dx
0 0

We know [J[f(x) + g(x)]dx = [ f(x)dx + [ g(x)dx

Thus

m
2 = J- (xcos?x + (m—x)cos?x).dx
0

21 = J- (Trcos®x).dx
0

We know

2cos?x = 1 + cos2x

1 + cos2x
2l = TIIJ- —.dx
0 2

We know flz[f(x) + g(x)]dx = fl:f(x)dx + fl;:g(x)dx

Thus

mr mr
21=EJ; 1.dx+EJ;c052xdx

since [ cosydy = siny

T [sian]'”

21 = S[x]5 +
=¥ Ty

0

We know [f(x)]g = f(b) — f(a) b and a being the upper and lower limits respectively

[sinzﬂ 511120]
2

2 = Sf—o0] + =
=3 2 2



Thus
. T
=z

18. Question

Evaluate the following integral:

1

——dx

1+ cot? x

e

|

Answer

m
Let us assumel = fr? —dxX......... equation 1
& 1+cotzx

We know that tanx = == cotx =

sinx tanx

Substituting the value in equation 1 we have,

3 1
I = J- 73(1){
% COSX\2
L+ (sinx)
™ 2
I = fé%dx ..... equation 2

6 COSZX+sinZx

By property we know that _[: f{x)dx = _[: fla + b—x)dx

Thus in equation 2 = + = = =
3 & 2

b . 2
3 smz(i—x)
I = 3 3 dx
n 3T 3m
% sinz(5 — x) + cosi(z —x)
2 2
T 2
[ = [7—=* _ dx.....equation 3
& sinZx + cosZx
Adding equation 2 and 3
s 3 n 3
3 sinz x 3 COSZX
S T B O R Nl
® C0szX + sinzx % sinzx + coszx

We know

[ 1m0 + goonax = [ toax + [ gwas

Thus
m 3 3
38inzx + coszx
2l= | —3 3 &

T 2 =
& C082X + sinzx

T

3
ZIZJ-ldX
L
6



m

21 = [xI2
5]
21 =[5 —]
3 6
™
=1

19. Question

Evaluate the following integral:

7
tan’ X
dx

=

tan? X+ co’r? X
Answer

I 7 .
Letus assume — [z S X  4+....equation 1
0 tan"x + cot”x’

By property, we know that f:f(x)dx = f:f(a + b—x)dx

We knowtan G— x) = cotx

cot (g— X) = tanx

Thus substituting the values in equation 1

cot”x

1
I = 1037 dxceeeeennns equation 2

cot’x +tan”x

Adding equation 1 and equation 2

m T
z tan” x z cot” x

21 = — X + | ———————.dx
p tTan’x + cot”x o fAn"x + cot’x

We know [ [f(x) + g(x)]dx = [ f(x)dx + [ g(x)dx

m m m

Thus

21 =

m
7 tan” x cot”x

+ .
p Tan’x + cot’x  tan’x + cot’x

m

Ztan’ x + cot’x
2= ——————.dx

o tTan’x + cot”x

s
z

2l = J- 1.dx
0
b

z
21 = J- 1.dx
0
m
z
21 = J- 1.dx
0
I
21 = [x2



i1
= [z -]
b
=1
20. Question
Evaluate the following integral:

SoJ10-x

me

Answer

g8 [10—3 .
Let us assume | = [, %dx ...... equation 1
VX +4/10—x

By property, we know that _[:f(x)dx = _[:f(a + b —x)dx
thus

[ — fs J10-(8 +2-x)
Tz ez + 0B+ 2-x)

dx .....equation 2

Adding equation 1 and 2 21 = |. f#dx + _[;de

Vi +410—x VI0—x + %

We know

J: :[f(x) + g(x)]dx = J: : f(x)dx + J:g(x)dx

8\.&4"\.10—}{
21=J- dx
2\.&4‘\.10—}{
g
ZIZJ-ldX
2

We know [f(x)]° = f(b) — f(a)

21 = [x]3
21 = [8— 2]
21 = 6
=3

21. Question

Evaluate the following integral:

stinx cos” xdx
0

Answer
Let us assumel = f;xsixmcoszxdx ......... equation 1
b b
By property, we know that _[a f(x)dx = _[a fla + b —x)dx

Thus



I = f:(ﬂ —x)sin(m— x) cos?(m — x) dx........ equation 2

Adding equation 1 and equation 1

2 = J-ﬂxsinxcoszxdx + J-n('n— x)sin(m — x) cos?(m—x) dx
4] 4]

We know f;[f(x) + g(x)]dx = L:f(x)dx + fl:g(x)dx

2 = J-nxsinxcoszx + (1 —x)sin(m— x) cos?(m— x) dx
0

We know sin{m— x) = sinx

cos(m —x) = —cosx
N

2 = J- (m—x + x)sinxcos?xdx
0

Letcosx =y

Differentiating both sides

-sin x dx = dy
sinx dx = - dy
Forx =0
Cosx=y
CosO0 =y
y=1

forx =m
COST = ¥
y=-1

Substituting the given values
-1

2= [ —myay
1

We know that _[:—f(x) = _[baf(x)

1
2= | (my*ay
-1
RS
2l = Tli[y—
3 -1

We know [f(x)]° = f(b) —f(a) b and a being the upper and lower limits respectively

21 = n[lg—(_;)a
-

= af]



22. Question

Evaluate the following integral:

b | F

XSINXCOSX

sin®x+ cos*x

dx

=

Answer

™ .
Let us assume | — ff%dx ..... equation 1
SMMTX+ COo5TX

By property, we know that f:f(x)dx = f:f(a + b —x)dx

B J-%(g - x) sin (g— x) cos g— x)

I = dx
i T
soadrth 4 -
sin (2 X) + cosx (2 x)
m I .
[ = _[Eﬁzm e equation 2
0 cos*x+ sin®x
Adding equation 1 and 2
Thus
Rus . m T0 .
7 xsinxcosx E(E—X)CUSXSHR
2l = Sintv + costy Costv & sintx OX
p Sin*x + cos*x p Cos*x + sin*x

We know [J[f(x) + g(x)]dx = [ f(x)dx + [ g(x)dx

mw T,
7 3 Sinxcosx

2l = Py E—— b
p Sin*x + cos*x

T m .
3 5 sinxcosx
21 =J- F— " dx
o Cos*x(sin*x/cos*x + 1)
. sinx 1
Since tanx = and = secx
COSX COSX
T m
3 5 sinx
21 = dx
o Ccos3x(tan*x + 1)

I Etanxseczx .
2] = 22— " {dx...... equation 3
0 (tan*x+1)

Let tan?x =y
Differentiating both sides

2 tanxsec?xdx = dy

Forx = =
2
T
tanzz =y
y=00
Forx =0

tan’0 =y



y=0

substituting values in equation 3

o Ll
2
21 = J- ——0d
0 202 +1)
21 = E[tan‘ly]gc‘ since [——dx = tan~'x

xZ +1

s
I = 5 [tan™! oo — tan™* 0]

1= X%
_8[2 ]

TI.'E

16
23. Question

Evaluate the following integral:

sin” xdx

e

|
|.)| =1

Answer

™

Let us assume = [Zsin®xdx

2
s
zZ o,
I = sin® xsinxdx
=T
=z

—

T

2
J-_n(l — cos?x)sinxdx

z

By property, we know that _[_aaf(x)dx = _[;f(x) + f(—x) dx

Thus

el

JZ(1 - cos?x)sinx + (1— cos?(—x) sin(—x) dx

™
JZ(1 — cos?x)sinx - (1— cos?x)sinx dx

el

I=0
24. Question

Evaluate the following integral:

sin® xdx

I-J| :|I b |

Answer

11

Let us assume I = [Z sin*xdx

2



By property, we know that f_aaf(x)dx = foaf(x) + f(—x) dx
Thus

s
Jz sin*xdx + sin* (—x)dx

]

I

[l
(W%
—_
Sz
&,
=
.
W
[
vl
]
Ko}
c
Q
[
o
=}
=

By property, we know that f:f(x)dx = f:f(a + b—x)dx

Thus

—

. ,m
?.J- sin*(=—x) dx
0 2

I

L3
2 _[OE oSt xdxe eerrrees equation 2

Adding equation 1 and 2

T i1

z 2
21 = Zf sin® xdx + Zf cos*xdx
4] 1]
We know flz[f(x) + g(x)]dx = fl:f(x)dx + fl;:g(x)dx

11
21 = 2 [2sin*xdx + cos*xdx

m
21 = 2 foz (sin®x + cos*x)dx

n
21 = 2 [2(sin?x)? + (cos’x)? dx

Since (a + b)2 = a2 + b? + 2ab

m
21 = 2 J2(sin®x + cos®x)"2 — 2 sin® xcos?x dX

T

2
I = f 1 — 2 sin? xcos?x dx
1]

T

z 1
I = J- 1 —[2(2)sin? xcoszx]i dx
o

2 1
I = f 1—(sin®2x)= dx
0 2

T

J-zl — (1 — cos4x) dx
0

el

2x2

m

17z
I=—J-3+cc-s4x dx
40

m
51114x]§
4

[5+
4

el

4]

: 113w . sin2 [0]
4l2 4




=503

25. Question
Evaluate the following integral:

1

. 2-X
Jlog dx
2+ X
|
Answer
Let us assume | = fll Iog;%x dx .o equation 1
- X

By property, we know that fa_a fx)dx = f:f(x)dx + f:ﬂ:—x)dx

thus

1—[11 27X, +f11 21X,
=), By T e

We know [J[f(x) + g(x)]dx = [ f(x)dx + [ g(x)dx

l—fll 2TX d
N O[ng+x Og?.—x] X

Since we know log(mn) = logm + logn

: J’ll 2—x 2+xd
B 0[0g2+x 7 &
1
Izj-logldx
1]
1
I=f0dx
4]
Thus
I1=0
26. Question

Evaluate the following integral:

sin” xdx

oy — e |

I
Answer

™

Let us assume ] = [4sin®xdx
4

By property, we know that f_aaf(x)dx = foaf(x) + f(—x) dx

T

z
I = J- sin xdx + sin?(—x)dx
0



| H

I = ZJ- sin® xdx

0

m

21— cos2x
g [Py,

4]

2

T

I
I = f 1—cos2x dx
4]

T

: 51112){]1
= _X > .

T sin(ZE)

= [z——%|-[0]
4 2
T 1

[ = |———
4 2

27. Question

Evaluate the following integral:
Jlog(l— cosx )dx
0

Answer

Let us assume I = [ “log(1— cosx) dx
I = J- log(2sin®x) dx
0
I = f;log(Z) + log(sin? x) dx since logmn = logm + logn and log(m)" = nlogm

I = f log2dx + f logsinZxdx
[} [}

I = [ log2dx + 2 [, logsinxds.......equation (a)
Letl, = [ logsinxdx

We know that f;af(x)dx = f:f(x)dx + f:f(Za—x)dx
If f(2a - x) = f(x)

than fozaf(x)dx = Zfoaf(x)dx

thus

I, = Zfoglogsinx dx ceeeeenns equation 1

since logsin(m - x) = logsinx

By property, we know that _[:f(x)dx = _[:f(a + b —x)dx

z T
I, = 2J- logsin(=— x) dx
0 2



Iy

T
2_[02 logcosx dx ......... equat|0n 2

Adding equation 1 and equation 2

T T
21, = 2 fozlogsinx dx + 2 foz logcosx dx

We know

f n[ﬂ:x) + g(x)]dx = J: f(x)dx + J- ng[:x) dx

m

m

hs
2

21, = ZJ- logsinx + logcosx dx
o

We know logm + logn = logmn thus

I

Iy

J-zlog[(ZSinxcosx) /2] dx
[}

J-flog[(sian) /2] dx

JZlogsin2x — log2 dx since log(m/n) = logm - logn

s
z

E .
fozlogstxdx— fo log2dx -----€quation 3

i
Let, = [zlogsin2xdx

Let2x =y

2dx = dy

dx = dy/2

Forx =0

y=0
for x

y=m

thus substituting value in I1

I,

l m
—J- logsinydy
2 0

From equation 3 we get

I

I

1
5(11)

I1

Thus substituting the value of 12 in equation 3

Iy

I
12 - J-Elogzdx
o



n

b o2 J- *1d
5 = “log } X

m
I, = —2log2[x]?

T
I, = —2log2 [E]

g1s
I, = —2log2 [E]
[, = —mlog2

Substituting in equation (a) i.e

I = f log2dx + ZJ- logsinxdx
0 0

I = J- log2dx — 2mlog2
0

I

mlog2 — 2mlog2
| = —mlog2
28. Question

Evaluate the following integral:

2 o
2—smx
Jlogildx
- 2+ smx
Answer
T 3 _si
Let us assume] = [Zlog— s dx ........ equation 1
s 2 + sinx

By property, we know that fa_a flx)dx = f;f(x)dx + f:ﬂ:—x)dx

thus

I—J-%l 2—sinxd "'J-%I 2+sinxd
a o ng—l—sinx x 0 ng—sinx X

We know flz[f(x) + g(x)]dx = _[lzf(x)dx + _[lzg(x)dx

T

I_J’E 2—sinx+ 2+sinxd
B o ng + sinx 8 2- SiIlX] x
Since we know log(mn) = logm + logn

: J’% 1 2—sinx 2 + sinx q
= o * X
0 [ g2 + sink 2 -— sinx]

I = J-zlogl dx
[}



L

z
I=J-0dx
1]

Thus
I=0
29. Question

Evaluate the following integral:

= 2x(1+sinx)

J fdx

1+ cos™ x

Answer

T 2x(1 + sinx .
Let us assumel = fﬂ%dx ......... equation 1
COS“X

By property, we know that fa_a f(x)dx = f;f(x)dx + f:f(—x)dx

. J’“ 2x(1 + sinx) x4 J’“—Zx(l + sin(—x))dx
[} 0

1 + cos?x 1 + cos?(—x)

We know that
Sin(- x) = - sin x
Cos(- x) = cos x

We knowf [f(x) + g(x)]dx = [T f(x)dx + f g(x)dx

m

Thus substituting the values, we get,

T2x(1 + sinx)  2(—x)(1 - sinx)
= ] dx
1 + cosZx 1 + cos2x
L= [ ae iGN S equation 2

0 1+cos®x

By property, we know that _[:f(x)dx = _[:f(a + b —x)dx

. J’ﬂﬂr(”ﬂf —x)(sin(m—x)) dx

1 + cos?(m—x)
sin{m— x) = sinx
cos(m —x) = —cosx

Thus substituting the values

[ = J*‘I'lfl-('r[ x)(sin{x))

s dx........ equation 3

Adding equation 2 and equation 3

f‘l't 4x(sinx) " J'"I'l 4{m—x)(sin(x))
0 1+cos?x 0 1 +cos?(x)

2l =

We know fli:[ﬂ:x) + g(x)]dx = f;zf(x)dx + [Tg(x)dx

mi

™ 4x(sinx) 4(m— x)(sin(x))
o= J- 1 + cos?x 1 + cos?(x)



T4x(sinx) + 4(m—x)(sinx)
21 = J- dx
0 1 + cos?x

a1 — J’“ 4m(sinx)
~Jo 1+ cos2x

Letcosx =y

Differentiating both sides

—sinxdx = dy
sinxdx = —dy
Forx =m
COST = ¥
y=-1

Forx =0
CosO0 =y
y=1

Thus substituting the given values

1
2l = f_l 1‘:,2 dy ....equation 4

Now let y = tan®

Differentiating both sides

dy = sec?0d6
Fory = —1
tanf = —1
T
4

Fory =1
tanf = 1
g _ T

4

Substituting the values in equation 4

m

N 41
21 J- ———sec?0df

%1 + tanZ®
bl
Z
21 = 4TEJ- 1de
_m
n
21 = 4n[0]4,
re
T =T
2L = 4wz - (T)]



30. Question

Evaluate the following integral:

a .
- a—sinf
og

_Jal Ta+ sianX

Answer

Let us assumel = [ log S equation 1

a+sinB
By property, we know that fa_a f(x)dx = f:f(x)dx + f:ﬂ:—x)dx

thus

. J’“l a—sinﬁd N J’“l a—i—sined
, %83 + sine 0 %83 —sinp

We know [[f(x) + g(x)]dx = [ f(x)dx + [ g(x)dx

m m m

a—sinB a + sin@
J- [log ]dx

+ log————
a a + sin® ga—sinﬁ

Since we know log(mn) = logm + logn

J’a[ a—sin® a + sin@
(0] *
ga + sin6 a—sin®

I = f logl dx
[}

I=J-0dx
1]

Thus
I=20
31. Question

Evaluate the following integral:

f_af(x)dx =2 faf(x) dx

And also,

We know that if f(x) is an odd function,
a

f f(x)dx=0
—-a

As we know the property,



J-af(x)dx = J-a[f(x) + f(—x)]dx

Applying this property we get,

J’23x3+2|x|+1 J’23x3+2|x|+1 —3x*+2|x|+1
o XZ24x|+1 oy x24x[+1 X2+ x| +1
J’23x3+2|x|+1 J’22(2x+ 1)

2 X4 Ix|+1 Ty x2+x+1

Letx2+x+1=t
(2x+1)dx =dt
And for limits,
Atx=0,t=1
Atx=2,t=7

Therefore, we get,

23x3+2Ix|+1 72
[ty (2
5 X2+ x|+1 .t

J’23x3+2|x|+ 1

2 %2 4 |X| +1 dx =2 ﬂOg(?) - 108(1)]

23x3+2Ix|+1
J- dx= 2log.7

5, X2+ x|+1
32. Question

Evaluate the following integral:

{sinz(h—x)—(n—x)a}dx

|.)|}"|" L[

Answer

i
Let us assume that] = [ Z{sin*(3m + x) + (m + x)*}dx
2

We know fli:[f(x) + g(x)]dx = fnl;f(x)dx + fnl;g(x)dx

I P 'z 3
I = J-_a_ﬂ{sm (3m + x)}dx + J-_S_n(*rr + x)® dx
2 2

I = J-gi{sinz(BTr + x)}dx + J-ai('n + x)* dx

2 2

el

_I
2

I 1 N sin2(3m + x)
—2[f 2

4

am

(m+ x)*

J-gi{l —cos2(3m + x)}/2dx + J-ai(Tr + x)? dx
—z —z

_I
z

3an



We know [f(x)]g = f(b) —f(a) b and a being the upper and lower limits respectively

thus
1 T SiIlZ(?ﬂT—E) 31T SiIlZ(?)T[—B—Tr)
L=slist— 7 ({7 +— 71—
4
(-3 {(=F)
* 42 B 42

Thus solving the above equation, we get

I I +

2 4 4
I T

2
33. Question

Evaluate the following integral:

Let] = f;x\fz—xdx ...... equation 1

Put

2-x=y?

Differentiating both sides
- dx = 2ydy

Forx = 2

2-x=y?

2-2=y2

y=0

Forx =0

2-x=y?

2-0= y2

y=+v2

Substituting the values in equation 1

4]
I = f —2y(2 —y?)ydy
A

2

V2
I = f 2y(2 —y*)ydy
1]



el

V2
Zf (2y* —y*)dy
4]

23 5\"’5
Ly
3 5

0
We know [f(x)]° = f(b) —f(a) b and a being the upper and lower limits respectively
thus
_ o[2V2° _ 2y,
[ = 2055 = 5] - [0]
Solving this we get

[ = 2[@'215_(»’215]
P

=1

—

2(v2)’l; — ]

_ foy 57373
I = 2(v2)’ ]
Thus

_ forte
I \,2[15]

34. Question

Evaluate the following integral:

L 1
log ——lex
5 X

Answer

Let] = _follog(i - l) dx

1
1_
I = J- log( X)dx
o X

We know log@) = logm — logn
thus

I = _[Dl(log(l —x) —log(x)) dx ........ equation 2
By property, we know that f: f(x)dx = f: fla + b—x)dx
thus
1
I = f (log1 —(1 —x) —log(1 —x))dx
0
I = _[Dl(log(x) —log(1—x))dx .....equation 2

Adding equation 2 and equation 3 we have

21 = fl(log(l— x) —log(x))dx + F(IOE(X) —log(1—-x))dx



We know [[f(x) + g(x)]dx = [ f(x)dx + [ g(x)dx

m m m

Thus on solving we get

1
ZI=J-0dX
0

Thus
I=10
35. Question

Evaluate the following integral:

j.

-1

X cOsTIX |dx

Answer
Let f(x) = |x cosmx|
Substituting x = - x in f(x)

f( - x) = |[—xcos(—mx)| = |—=xcos(mx)| = [xcosmx| = f(x)

~it is an even function

f_lllx cosmx|dx = 2 fol [x cosmx|dx......... (1)
Now,

f(x) = |x cosnx| = x cosnx; for xe [0,1\2]
= - x cosnx; for xe [1/2,1]

Using interval addition property of integration, we know that

ch(x) dx = ff(x)dx + J:f(x)dx

Equation 1 can be written as
1/2 1
2(J, "% cosmx dx + flfﬂ —x cosmxdx]

Putting the limits in above equation

= 2{[(x/m)sinmx + (1/m?)cosnix]pl/? - [(x/m)sinmix + (1/m?)cosmix]ly o}

= 2{[(1/2m) - (1/m)] - [( - 1/m) - (1/2m)]}
=2/

36. Question

T -
Evaluate the following integraI:J —+ cos’ xdx
p 1+ sin” x

Answer

X

Let us assumel = fﬂ cos’xdx......... equation 1

0 1 +sin®x



By property, we know that f:f(x)dx = f:f(a + b —x)dx

_ ‘T TM—X 7 _ .
1= TTamog T oS (MT—X) Ao, equation 2

Adding equations 1 and 2, we get,

- < - w™om-—x 7
0 1+sin®x +cos'xdx + '[0 1 + sin?(x) cos (X) dx

2l =

We know flz[f(x) + g(x)]dx = _[lzf(x)dx + _[lzg(x)dx

Thus

21 J-n = + cosx + ——— (x)d
= ——— + cos'x + ——————cos’(x)dx
o 1 + sin?x 1 + sin?(x) ()

21 fﬂ 4
= | ———dx
o 1 + sin?x

We know that f;af(x)dx = f; fx)dx + f;f(Za— x)dx
If f(2a - x) = f(x)

than f;af(x)dx = Zfoaf(x)dx

thus
n . . .

2] = 2-[2 dx sIncCe sinxX = sinm - X
0 1 +sin?x

Now

By property, we know that _[:f(x)dx = _[abf(a + b —x)dx

21

2 s
) LIS
o 1+ sinz(i—x)

T
ZI—ZJ-E T d
- 01+cos?(x)x

I 2
: J’E TmMsec x q
= —dx
o seci(x) + 1
since 1/cosx = secx

I 2
7 Tmsec’x

I = J; de
since tan?x + 1 = sec?x
Lettanx =y

Sec?xdx = dy

Thus

Forx =

R

. T
an; =
5 =¥



y=00

Forx =0
tan0 =y
y=0

thus substituting in

I 2
mwsec?x

2
I = —d
J; fan?(x) + 2 X

I—F T4
_0y2+2y

T

J-m 2 dy
o 2[{y2/(¥2)} + 1]

el

T =)

I = E[\,’than‘l[y/\E]o
i

I = ——[tan™*(o0) — tan™" 0]
V2

= —[]
22

37. Question

- X
Evaluate the following integraI:J ——dx
o 1+smasinx
Answer
letl=[ ————dx

0 1+sinasinx

We know that,

2a a a
J- f(x)dx = J- f(x)dx + J-f(Za—x)dx
1] li] 1]
Therefore,

|= J"E X dX + J-a TM—X

0 1+sinasinx 0 1+sinasinx

m
21 =f5#dx

0 1+sinosing

T
2l = 2T|: foz;dx

1+sinasinx

38. Question

ol

]

Evaluate the following integral: sinIEID xcoslmxdx

=

Answer

2m
Let us assumel = [~ sin'°xcos'®xdx

o]



We know that f;af(x)dx = _f;f(x)dx + foaf(Za—x)dx
If f(2a - x) = f(x)
than f;af(x)dx = Zfoaf(x)dx

I = 2 [ sin*®xcos*®*xdx since sin2m - x = - sinx and cos2m - x = cosx and (-sinx)!% = sin10%% ......equation
1

By property, we know that f:f(x)dx = f:f(a + b —x)dx

—

L
2 J- sin*%(m —x)cos'® (m—x)dx
]

101

™, . .
I = =2 [, sin'®"xcos'®*xdx......equation 2 since cosrm - x = cosx

Adding equation 1 and equation 2

We know fli:[ﬂ:x) + g(x)]dx = f;zf(x)dx + [Tg(x)dx

mi

thus

b1 m

21 = ZJ- sin'% xcos!%xdx —ZJ- sint% xcos'%xdx
0 0

21=0

I=0

39. Question

]

Evaluate the following integral: asinx +bcosx dx
; SINX+cosx

Answer

m .
Let us assume | — fozwdx ......... equation 1
Slnx COSK

By property, we know that _[:f(x)dx = _[:f(a + b —x)dx

Thus

T ’e T
zasin(z— x) + bcos(z —x)

I = J- 2 : 2 dx
o sinx + cosx

m .
[ = ffwdx ...... equation 2

sinx + cosx
Adding the equation 1 and 2

T asinx + beosx T acosx + bsinx
2] = foz;dx+ fz;dx

sinx + cosx 0 sinx + cosx

We know f;[f(x) + g(®)]dx = [f(x)dx + [ g(x)dx

m m

fEasint+ beosx acosx + bsinx
o = [=RmETHCeS L —
0 sinx + cosx SInX + cosx

dx

m
o1 J’Easinx + bcosx + acosx + bsinx
) sinx + cosx



m
Za(sinx + cosx) + b(cosx + sinx)

21 = : dx
o sinx + cosx

T

Fl
J-a+bdx
4]

2l =a+ b[x]g

21

(a+ b)(m
[=———

40. Question

o] gl

Evaluate the following integrals:

xcosnx|dx
0

Answer

3
Let us assume| — f§|xcos*rrx|dx
We know| cosx| = cosx for 0 < x<m/2 & |cosx| = - cosx for m/2<x<3m/2
We know that f: f(x) = f: (x) + fcb f(x) given a<c<b

Thus

-3

1 =
I = JZxcosmxds - J#xsinmxdx
-4

By partial integration [(u)(v) = (u) [(v) — [du[v

Thus
1 3

dx 2 _ _ E z
I = [x/ cosmxdx— -[E-[ COSTerX]O [x J cosmxdx fdxfCOSTfXdX]g

3
2

1
[x{sin’rrx} . COSTX|2 [x{sin’rrx} . COSTIX

T 2 T me 1

0

Since [f(x)]? = f(b) —f(a)

T T2

L “ 1/2 [s:(%l) } . cosﬂ(:%l) B [0{5111110} N cost0

e {sin%H) . cos(5)

e T e

B I[ 3/2{sinn3/2} N cosm3/2
s

—

I[L+g]_[@+é]_l[m+g
2w T i T T T

[H-EH- 215

-4




5 1

T 2m M2

41. Question

1
Evaluate the following integrals:J ‘xsinnx|dx
0

Answer

Let us assumel = fol |xsinmx|dx

We know| sinx| = sinx for 0 < x<m & |sinx| = - sinx for n<x<2mn
We know that f: f(x) = f: (x) + f: f(x) given a<c<b

Thus
1

I = J-xsinmdx
1]

By partial integration [(u)(v) = (u) [(v)— [du[v

Thus

dx '
I = [xJ- sin*rrxdx—J-—J- sinmxdx]
dx o

1

[x{—cosm} N sinmx

2
s T o

Since [f(x)]® = f(b) —f(a)

[ 1{—cosm1} sinml
_I_

[0{—COSTEO} sinm0
T s

T T2

|

1 0 0{—1} 0
I =1l=-+ =|— + =
T m? T T2
11
=]
| T
1
I =-—
T
42. Question
K
Evaluate the following integrals: xsinﬂzx|dx
0
Answer
L 2
et us assume, | = fozp;smm;mg
We know|sinx| = sinx for 0 < x<m & |sinx| = - sinx for n<x<2mn

We know that _[: f(x) = [[f(x) + _[Cb f(x)givena<c<b



Thus

3

1
2
I = J-xsin'rrxdx — J- xsinmxdx
1] 1

By partial integration, [(u)(v) = (u) [(v) — [du[v

Thus,

2

et

1 z
[xJ Si“TfXdX—f%fsmedX]o xS sin‘rrxdx—f?f sinmxdx]”
: . .

3
p

[x{—cosm} N sinmx

1 .
x{—cosmx} sinmx
- -
]

i 2 i 2

1

|

[ 1{—cosml} sinml
- +
T 2

Since, [f(x)]Z = f(b) —f(a)

—

“ 1{—cosml} sinml
T s

[0{—COSTEO} sinm0
T s

3/2{—cosn3/2} sinm3/2
Bl [ T * 2

“g+% _[0{—1}+%l_“3/2{0}+—_;t
T T T T T T

EREEE

2 1
I=—4+—
T T

|

el

]

el

43. Question

If f is an integrable function such that f(2a - x) = f(x), then prove that

-

| a
J.f(x)dx:lj.f(x]dx
0 0
Answer

Using interval addition property of integration, we know that

b

f f(x)dx = J-f(x)dx + J- f(x)d=
a b

So L.H.S can be written as,

J:aﬂ:x)dx = J:f(x)dx + Lzaf(x)dx----------""""""(l)

Let us assume x = 2a -t
Differentiating it we get,
dx = - dt

from above assumption

whenx =2a=t=0



and whenx=a=t=a

substituting above assumptions in L.H.S
2a o

f fx)dx = f f(2a— t)dt

a a

Using the property of integration f: f(x)dx = — f; f(x)dx

2a a
f f(x)dx = f f(2a— dt
2 0
Using integration property

J-zaf(x)dx = J-zaf(Za —x)dx

Substituting above value in equation 1
2a a 2a

f f(x)dx = f f(x)dx + f f(2a— x)dx
[} o a

Now using the property f:f(x)dx + f: g(x)dx = f:{f(x) + g(x)}dx

f Cto0dx = f (0 + (2 - x))dx

Since, f(2a - x) = f(x)

9 CeGodx = | (600 + ()

J-Eaf(x)dx = ?.J-af(x)dx

Hence proved.
44, Question

2a
iff(2a —x)=—f(x) prove that J.f(x]dx:(}
0

Answer
Let us assume [ = f;af(x)dx ......... equation 1
By property, we know that f:f(x)dx = J’:f(a + b —x)dx

Thus
2a

I=J- f(2a—x)dx
1]

Given: f(2a—x) = —f(x)
Equation 1 becomes

I = _[Dza—f(x)dx ........... equation 2

Adding equation 2 and 3



2 = f;af(Za—x)dx+ f;a—f(x)dx

We know f;[f(x) + g(x)]dx = fli: (x)dx + fli:g(x)dx

Thus

21 = za[f(x)— f(x)]dx

2a
flx)dx = 0
1]
45. Question
If fis an integrable function, show that

(i j’f{_f‘_}@::j’f[xf)dx

—-a 0
2 .
(i) |xf(x”)dx=0
Answer
(i) Let us check the given function for being even and odd.
f((-x)?) = f(x?)
The function does not change sign and therefore the function is even.

We know that if f(x) is an even function,

f_af(x)dx =2 faf(x) dx

Therefore,
J- f(xZ)dx=2J- f(x?)dx
—a 4]

Hence, Proved.

(ii) Let us check the given function for even and odd.
Let g(x) = xf(x?)
9(-x) = -x f((-x)?)

g(-x) = - xf(x?)

Therefore, the function is odd.

We know that if f(x) is an odd function,

J:f(x)dx =0



Therefore,

a
J- xf(x¥)dx=10
—-a
Hence, Proved.

46. Question

If f(x) is a continuous function defined on [0,2a]. Then Prove that

[E(x)dx=[{£(x)+£(2a —x)}dx
0 0
Answer

Using interval addition property of integration, we know that

b

J- flx)dx = J-f(x)dx + J- f(x)dx
a b

So L.H.S can be written as,

J-Eaf(x)dx = faf(x)dx+ J-zaf(x)dx.......(l)

Let us assume x = 2a -t
Differentiating it we get,
dx = - dt

from above assumption

whenx =2a=t=0
and whenx =a=t=a

substituting above assumptions in L.H.S
2a o

| twax = - [ 1za-va

a a

Using the property of integration _[: f(x)dx = — _[ba f(x)dz

2a 2
f f(x)dx = f f(2a— t)dt
2 0
Using integration property

J:aﬂ:x)dx = J:af(Za —x)dx

Substituting above value in equation 1
2a a 2a

J- f(x)dx = J- f(x)dx + J- f(2a— x)dx
o 4] a

Now using the property _[:f(x)dx + _[: g(x)dx = _[:{f(x) + g(x)}dx

f 0 dx = f "0 + (22— x)}dx



~L.H.S =R.H.S
Hence, proved.
47. Question

If f(a + b - x) = f(x) prove that:

b b
[xf(x).dx=(a+b)/2[f(x)dx
Answer

LHS

By property, we know that f:f(x)dx = f:f(a + b—x)dx
thus

b b
J- xf(x).dx = J- (a+ b—x)fla+b—x).dx

Given f(a + b - x) = f(x)

b b
f xf(x).dx = J- (a + b—x)f(x).dx
We know

J: :[f(x) + g(x)]dx = J: : f(x)dx + J:g(x)dx

Thus

b

b b
J- xf(x).dx = J- (a+ b)f(x).dx—J- xf(x).dx

b b
ZJ- xf(x).dx = J- (a + b)f(x).dx

b b
J- xf(x).dx = (a + b)/ZJ- f(x).dx
Hence proved
48. Question

If f(x) is a continuous function defined on [ - a,a] ,then prove that

J£(x)dx=[{f (x)+£(—x)}dx
—-a 0
Answer

Using interval addition property of integration, we know that

J:f(x) dx = ff(x)dx + J:f(x)dx

So L.H.S can be written as,

[2f)dx = [°f(0dx + [FRx)dx ....(1)



Now let us take x = - t
Differentiating it, we get,
dx = - dt

from above assumption

whenx=-a=t=a

and whenx=0=t=0

[} o
Substituting the above assumptions in equation 1J- f(x)dx = f f(—t)(—dt) = —
—a a

Using the property of integration f: f(x)dx = — f; f(x)dz

[0 fxydx = [Lf(=0dt.......(2)
Using integration property
Jy f(=0dt = [Jf(—x)dx .....(3)

Using equation 2 and 3, now equation 1 can be rewritten as
J-f(x)dx = J-f(—x)dx + J-f(x)dx

—a o 1]

Now using the propertyf:f(x)dx + f:g(x)dx = f:{f(x) + g(x)}dx

J-af(x)dx = J-a{ f(—x) + f(x)}dx

~LHS=RHS

Hence proved.

49. Question

Prove that: J’xf (sinx )dx= ;J’f(sinx ).dx
0 ok

Answer

LHS

Letl = f;xf(smx)dx ..... equation 1

By property, we know that _[:f(x)dx = _[:f(a + b—x)dx

thus

I = f;xf(sinx).dx = f;[:TII— )fsin(m—x).dx.eveeeinnnn, equation 2

Adding equations 1 and equation 2, we get,
m T

21 = J- xf(sinx)dx + f (m— x)f(sin(m—x)).dx
0 1]

Since we know, sin(m - x) = sinx

We know

f 0f(—t)dt



J: :[f(x) + g(x)]dx = J: : f(x)dx + J:g(x)dg

21 = J- [xf(sinx) + (m—x)f(sinx)]dx
0

Thus on solving

21 = J- [ (m)f(sinx)]dx
0

We know that by integration property:

b b
J- [(m)f(x)]dx = mj- [ f(x)]dx

Thus we have

21 = ﬂfﬂ[f(sillx)]dx

i hs
I = —f [f(sinx)]dx
2 [}
Putting back the value of | we have
T T T
J- xf(sinx)dx = —J- [ f(sinx)]dx
o 2 o

Hence proved

Exercise 20.6

1. Question

Evaluate the following integrals as a limit of sums:

J’(x—4)dx

Answer
3
To find: J- (x+4)dx
1]
Formula used:
b
f f(x) dx = Im hlf(a) + f(a+ h) + f(a + 2h) +
. ~

where,
b—a
n

Here,a=0and b =3

h =

Therefore,
3—-0
h =
n
=nh =3

Let,

-+ fla+ (n—1h)],



3

I= f (x+4)dx

i}
Here, f(x) =x+4anda =0
== Li%h[ﬂ:o) +f(0+h)+fl0+2h) +-+f(0+(n—1)h)]
=1= El%h[f(o) + f(h) + f(2h) + - + f((n— 1)h)]
Now, By putting x = 0 in f(x) we get,
f(0)=0+4=4
Similarly, f(h) = h + 4
=1= E%h[4+h+4+2h+4+ o+ (n— 1)h+ 4]
In this series, 4 is getting added n times
=1= EE]D.h[-’-l-Il-i- h+2h+--+(n— 1)h]
Now take h common in remaining series

== En}]h[ﬂrn—l—h(l—l—z—i— -+ (n—1)]

,-.-Zi=l+2+---+(n—1)=M]

i=1 2
4n+h {LHZ_ l)H

=I=Ilimh
h—0

Put,

Since,

3
h—>Oandh=H=>n—>09

3 s %{11(112— 1)}]

= I= lim —
3(n—1)
2

n—oo I

3
=[= lim—

n—co Il

4n +

= I= lim {12 +

n—=oo

9(n—1)
Zn }

. 9 1
= I= lim [12+—(1——)}
n—oo 2 n
9 1
=1= 12+—(l——)
2 [ea]

9
=1=12+2(1-0)

I lZ-i—9

=1= —
2
2449

=]=

2



3 33
Hence, the value ofJ- (x+4)dx= >
1]

2. Question

Evaluate the following integrals as a limit of sums:

Answer
2
To find: J- (x+3)dx
[i]
Formula used:
b
f f(x) dx = limh[f(a) +f(a + h) +f(a-+ 2h) +

where,
b—a
n

Here,a=0and b =2

h =

Therefore,

2—-0
h=

Let,

I=J:(x+3)dx

Here, f(x) = x+ 3 anda =0

o+ fla+ (n—1)h)],

== Li%h[f(o) +f0+h)+fl0+2h) +--+f(0+(n—1)h)]

=1= Lil%h[f(o) + f(h) + f(2h) + - + f((n— 1)h)]

Now, By putting x = 0 in f(x) we get,
f0O)=0+3=3
Similarly, f(h) =h + 3

=:-I=Lin}]h[3+h+3+2h+3+---+(11— 1)h+ 3]

In this series, 3 is getting added n times

=1= En})h[3n+h+ 2h+ -+ (n— 1)h]

Now take h common in remaining series

=[= Lin}]h[3n+h(1+2+ o+ (n—1)]



,-.-Zi=l+2+---+(n—1)=M]

i=1 2
3n+h {711(112— l)H

= [=1limh
h—0
Put,
h=-
n

Since,

2
h—>Oandh=H=:-n—>oo

o2 2(n(n—1)
=I=lim—-|3n+-—-{——

n—co ]l n 2
2
=I=lim—-[3n+(n—1)]
n—oo [l

2ln—1
= [ = lim {6+M}

n-»co n

1
= [= lim [6+ 2(1——)}
n—co Il

1
=I=6+2@——J
o0

=1=6+2(1-0)
=1=6+2

=1=8
2
Hence, the value ofJ- (x+3)dx=8
4]

3. Question

Evaluate the following integrals as a limit of sums:

Answer
3
To find: J- (3x—2) dx
1
Formula used:
b
f f(x) dx = Im blf(a) + f(a+ h) + f(a + 2h) +

where,

b—a
n

h =

Here,a=1land b =3

Therefore,

-+ fla+ (n—1)h)],



Let,

I= LE(BX— 2) dx

Here, f(x) =3x-2anda=1

=1= Elféh[f(l) +f(1+h)+f(1+2h) +-—-+f(1+(n—1)h)]
Now, By putting x = 1 in f(x) we get,
f(1)=3(1)-2=3-2=1

Similarly, f(1 + h)

=3(1+h)-2

=3+3h-2

=3h+1

== En})h[l—i—3h+ 1+3(2h)+1+--+3(n— 1)h+ 1]

In this series, 1 is getting added n times

== En}]h[l xn+3h+3(2h)+ -+ 3(n— 1)h]
Now take 3h common in remaining series

=1= Lin}]h[n+3h(1+2+ o+ (n—1)]

{-.-Zi=1+2+---+(11—1)=M]

- 2
i=1
n(n—1)
=I=limh[n+3h{—
h—0 2

Put,

h==
n

Since,

2
h—>Oandh=H=>n—>oo

2 - @{Il(ll - 1)}]

== lim—
n 2

n—co Il

.2
= I= lim —
n—oo [l

n-+

6(n—1)
—

2
=1=lim—[n+3(n— 1)]

n—sco I

6(n—1
= I= lim {2+M}

n—co n



1
= I= lim [2+6(1——)}
n—oo Il
1
=>I=2+6(1——)
[#.0]

=1=2+6(1-0)
=1=2+6

=1=8
3

Hence, the value ofJ- (3x—2)dx=28
1

4. Question

Evaluate the following integrals as a limit of sums:

J‘(X—S)dx

Answer
1
To find: J- (x+3)dx
-1
Formula used:
b
f f(x) dx = Im hlf(a) + f(a+ h) + f(a + 2h) +
. ~

where,

b—a
n

h =

Here,a=-landb =1
Therefore,

1-(-1)
- n

_1+1
n

h

=h

= h =
n

Let,

I=J-_11(x+3) dx

Here, f(x) = x + 3 anda =-1

=1= E”},h[f(_l) +f(—1+h)+f(—1+2h) +

Now, By putting x = -1 in f(x) we get,
f-1)=-1+3=2
Similarly, f(-1 + h)

=1+h+3

-+ fla+ (n—1h)],

o+ f(—=1+ (n— 1)h)]



=h+2
=1= En}]h[2+h+2+2h+2+ o+ (n— 1)h+ 2]
In this series, 2 is getting added n times

== %1111}]1'1[211—1— h+2h+--+(n— 1)h]
Now take h common in remaining series

== En}]h[2n+h(1+2+ -+ (n—1)]

,-.-Zi=1+2+---+(11—1)=M]

i=1 2
2n+h {—11(112— l)H

=I=Ilimh
h—0

Put,

Since,

2
h—>0a11dh=ﬁ=>n—>oo

2 2(n(n—1)
=I=Ilim-|2n+ —y———

n—co 1 n 2
2
=I1=lim—[2n+ (n— 1)]
n-co Il

2ln—1
= I= lim {4+¥}

n—sco n

1
= [ = lim [4+2(1——)}
n—oo I
1
:>I=4+2(1——)
o)

=1=4+2(1-0)
=1=4+2

=21=6
1
Hence, the value ofJ- (x+3)dx=6
-1

5. Question

Evaluate the following integrals as a limit of sums:

5

J‘(x—l]dx

0

Answer

To find: J- (x+ 1) dx
4]

Formula used:



b
J- flx)dx = Lil}}]h[f(a) +fla+h)+f(a+2h)+--+fla+(n—1)h)],

where,

b—a
n

h=
Here,a=0andb =5

Therefore,

5—-0
 n

h

= h =
n

Let,

I= J-D(x+ 1) dx

[}
Here, f(x) =x+1landa=0
=1= E‘J},h[f(o) +f(0+h)+f(l0+2h) +-—-+f(0+(n—1)h)]
=1= EE}]h[f(O) + f(h) + f(2h) + - + f((n— 1)h)]
Now, By putting x = 0 in f(x) we get,
fl0O)=0+1=1
Similarly, f(h) =h + 1
=1= El%h[l-‘rh-i- 1+2h+1+-+(n—1)h+1]
In this series, 1 is getting added n times
== El—%h[l xn+h+2h+ -+ (n— 1)h]
Now take h common in remaining series

== Eng.)h[n+h(l+2+ o+ (n—1)]

,-.-Zi=1+2+---+(11—1)=M]

i=1 2
Lk {11(112— 1)”

=I=Ilimh
h—0
Put,

h==
n

Since,

5
h—>Oandh=H=>n—>oo

5 - I5_1{11(112— 1)”

=[= lim —
n—oo [




5 5(n—-1)

=2I=Ilim-|n+ —
n—oe Il 2

. 25(n—1)

=[=lim{5+ ——
n—co 2n

25 1
= [= lim {5 + —(1 - —)}
n—oo 2 n

25 1
:1=5+—{1——)
2 [ea]

25
=1=5+=—(1-0)

25

=>I=5+?

10+ 25
1=
35
=>I=E

5 35
Hence, the value ofJ- (x+1)dx= >
1]

6. Question

Evaluate the following integrals as a limit of sums:

3
J 2x +3)dx
i

Answer
3
To find: J- (2x+3) dx
1
Formula used:
b
f f(x) dx = im blf(a) + f(a+ h) + f(a + 2h) +

where,

b—a
n

h =

Here,a=1land b =3
Therefore,

3—-1
h=

Let,

3
I=f (2x+ 3) dx
1

Here, f(x) =2x + 3anda=1

-+fla+ (n—1)h)],



== E‘J}]h[ﬂ:l) +f(1+h)+f{(1+2h)+--+f(1+(n—1)h)]
Now, By putting x = 1 in f(x) we get,

f(l)=2(1) +3=2+3=5

Similarly, f(1 + h)

=2(1+h)+3

=2+4+2h+3

=2h+5

=1= En})h[5+2h+5+2(2h)+5+ «++2(n— 1)h+ 5]

In this series, 5 is getting added n times

=1= Lin}]h[S xn+2h+ 2(2h)+ ---+ 2(n— 1)h]

Now take 2h common in remaining series

== %1111}]1'1[511—1— 2h(1+2+ -+ (n—1)]

,-.-Zi=1+2+---+(n—1)=M]

i=1 2
5n+ 2h {@H

=I=1limh
h—0

Put,

Since,

2
h—>0a11dh=ﬁ=>n—>oo

2 - @{n(n - 1)”

= 1= lim —
n 2

n—sco I

2
=[= lim—

n—co Il

5n +

4(n—1)
]

2
= I= lim —[5n + 2(n— 1)]

n—oa [l

4(n—1)
= I= lim 10+T

n—oo

1
= [ = lim [10+4(1_H)}

n—oo
1
:1:10+4(1——)
[*a)

=1=10+4(1-0)
>1=10+4

>1=14

3
Hence, the value ofJ- (2x+3) dx = 14
1



7. Question

Evaluate the following integrals as a limit of sums:

Answer
To find: J- (2 —x)dx
3
Formula used:
b

f f(x) dx = limh[f(a) +f(a + h) +(a-+ 2h) +
where,

b—a

n
Here,a=3and b =5
Therefore,

5-3
h =

Let,

Izj-:(z—x)dx

Here, f(x) =2 -xanda =3

o+ fla+ (n—1)h)],

=1= Eféh[f(?’) +f(3+h)+f(3+2h)+-—-+1f(3+(n—1)h)]

Now, By putting x = 3 in f(x) we get,
f(3)=2-3=-1

Similarly, f(3 + h)

=2-(3+h)

=2-3-h

=-1-h

=>I=Lin}]h[—1—1—h—1—2h—---—1—(n— 1)h]

In this series, -1 is getting added n times
== En})h[—l xn—h—2h—--—(n—1)h]
Now take -h common in remaining series

== En}]h[—n— h{(l+2+--+(n—1)]

=~ n(n—1)
{-.-Ziz L+2++ -1 =——F5—

i=1



=I=1imh [—n —h {MH

h—=0 2

Since,

2
h—>Oandh=H=>n—>oo

2 2(n(n—1)
=[=lim-|-n——{—
n—co Il n 2

2
== lim —1[—11— (n—1)]

n—sco |

2
=I=1lim-[-n—n+ 1]

n—oo [l

2
=[= lim —1{—211 +1}

n—oo |

2
= [ = lim [—4 +—}
n

n—co

2
=]=—44+—

o0
=21=—4+0
=[=—4

Hence, the value ofJ- (2—x)dx= —4
3

8. Question

Evaluate the following integrals as a limit of sums:

[

[(x7 +1)dx

(=]

Answer
2
To find: J- (x2+ 1) dx
1]
Formula used:
b
f f(x) dx = Im hlf(a) + f(a+ h) + f(a + 2h) +

where,
b—a
n

Here,a=0and b =2

h =

Therefore,

2—0
n

h

-+ fla+ (n—1h)],



Let,

I=J-2(x2+ 1) dx

i}

Here, f(x) =x2 + 1anda =0

== E%h[ﬂ:o) +f0+h)+fl0+2h) +--+f(0+(n—1)h)]
=1= Egéh[f(o) + f(h) + f(2h) + - + f((n— 1)h)]

Now, By putting x = 0 in f(x) we get,
f0)=02+1=0+1=1

Similarly, f(h) = h2 + 1

=1= Ef}ah[l +h?+1+(2h)%2+1+-+{(n— 1)hP+ 1]
=1= EE})h[1+h2+ 1+h%(2%+1+-—-+h%(n— 1)2+ 1]
In this series, 1 is getting added n times

=1= El—%h[l xn+h>+h%(2)2+--+h%(n—1)7]

Now take hZ common in remaining series

=1= En}]h[lwrhz{lhr 224+ +(n—1)?}]

n—1
nn—1)(2n—1
,-.-Zizz12+22+---+(n—1)2= ( )6( )]
i=1
nn—1)(zn—1
=I=limh 11+h2{ ( ) )}]
h—0 6
Put,
2
h=-
n
Since,

2
h—>0a11dh=ﬁ=>n—>oo

20 232 —-1)(2n—1
=[=lim—|n+ (—) {11(11 )(2n )}]
n—co Il | i} 6

4 (n{n—1)(2n—1)
e

—

= I= lim —
n—o ] | n2

2[ . 2(n—1)(2n— 1)]
3n

—
—

=[=lim—|n
n—oo [

4(n—1)(2n—1)
3nxn

4m—1y/2n—1
= I= lim [2+—( )( )]
n-co 3 n n

2+

= I= lim

n—=oo




4 1 1
= [ = lim [2+—(1——) (2——)]
n—sco 3 il I
4 1 1
=>I=2+—(1——)(2——)
3 oo [ea}
4
= I=2+§(1—0)(2—0)

4
=>I=2+§><l><2

8
::-I=2+§
::-I=m

14
:;-I=?

z 14
Hence, the value ofJ- (x2+1)dx= 3
4]

9. Question

Evaluate the following integrals as a limit of sums:

3 b

¥

X dx

=

Answer
2
To find: J- x? dx
1
Formula used:
b
f f{x)dx = Lin}]h[f(a) +fla+h)+f(a+2h)+--+fla+ (n—1)h)],

where,

b—a
n

h =

Here,a=1land b =2
Therefore,

2—-1
h=

Let,

2
Izj-xzdx
1

Here, f(x) = x2anda = 1
=1= En}]h[ﬂ:l) +f(1+h)+f{1+2h) +-+f(1+(n—1)h)]

Now, by putting x = 1 in f(x) we get,



f(1 + h)
=(1+ hy?

=hZ + 12 + 2(h)(1)
=h2+1+2(h)

Similarly, f(1 + 2h)

= (1 + 2h)?

= (2h)? + 12 + 2(2h)(1)

= (2h)2 + 1 + 2(2h)
{"(x+y)2=x2+y?+ 2xy}

=1= Eféh[l +h?+1+2()+(2h)?*+1+2(Z2h) + -+ {(n—1Dh}FF +1
+2{(n— 1)h}]

=1= En}]h[1+h2 +1+2h+h%*(2)32+1+2(Zh)+-—-+h*(n—-1)2+1
+ 2h({n— 1)]

In this series, 1 is getting added n times

=1= En}]h[l xn+h?>+2h+h%(2)2+2(2h) + -+ h%(n— 1)%+ 2h(n— 1)]

Now take hZ and 2h common in remaining series
=1= Lin}]h[n+ h2{12+ 22+ +(n—1)?}+2h{1+2+ -+ (n— 1)}]

n—1

Ziz =12422+ -+ (n—-1)?=

i=1

n(n—1)(2n- 1) .
6 ;

n—1

Zi=1+2+---+(n— 1) =

i=1

n(n—1)
2

L2 {n(n - 1)6(211 - l)} on {11(112— l)H

=I=limh
h—0

Since,

1
h—>Oandh=H=:-n—>0'J

= 1= lim 1 -11+ (1_11) {n(n— D(2n— 1)}+ 2(1){11(11— 1)”

n—ow ]l | 6 n 2

1 nin—1)(2n—1 2inln—1
=>I=lim—11+ ( It ) —|— ( )
n—=1 | n2 6 2
1f n—1)(2Zn—
=[=Ilim—-|n+ ( )( 1)]
n—oe Il | 6n

Lt (n—1)(2n— 1)—1—3(11— 1)]

6n x n n

= [= lim

n—co




1m—1y/2n—1 n—1
=>I=lim[l+—( )( )+( )]
n—sco 6 n n n
1 1 1 1
= im 2 (1-3) (2D + (1= )
n—sco 6 il n iyl
1 1 1 1
S1= 1+_(1__)(z__)+(1_—)
6 oo o0 oo
1
=21= 1+E(1—0)(2—0)+(1—0)

1
::-I=l+g><l><2+l

=24l
=1= -
3
641
N i
3
[=—
=173

2

7

Hence, the value ofJ- x2dx = 3
1

10. Question

Evaluate the following integrals as a limit of sums:

(2x” +1)dx

b ey L

Answer
3
To find: J- (2x2+ 1) dx
2
Formula used:
b
J- f{x)dx= Lin}]h[f(a) +fla+h)+f(a+2h)+--+fla+(n—1)h)]
where,

b—a

n

Here,a=2and b =3

Therefore,

3—-2
h =

Let,
3

I= J- (2x?+ 1) dx
2

Here, f(x) = 2x2 + 1anda = 2



== }}E})h[f(z) +f2+h)+f(2+2h)+--+f(2+(n—1)h)]

Now, by putting x = 2 in f(x) we get,

f2)=2(2%)+1=2(4)+1=8+1=9

f(1 + h)

=222+ hP2+1

=2{h2+22+2(h)(2)} +1

=2(h)2 + 8 + 2(4h) + 1

=2(h)?2 + 9 + 8(h)

Similarly, f(2 + 2h)

=2(2+2h)?+1

=2{2(2h)? + 22 + 2(2h)(2)} + 1

=2(2h)?2 + 8 + 8(2h) + 1

= 2(2h)? + 9 + 8(2h)

{7 (x+y)2 =x% +y2 4+ 2xy}

= [=1imh[9 +2(h)* + 9 +8(h) +2(2h)* + 9 +8(2h) + -+ 2{(n — 1h}* +9
+8{(n— 1)h}]

=1= El_x})h[9+2h2 +9+8h+2h%(2)*+9+8(2h) +--+2h*(n—1)2+9
+8h(n— 1)]

In this series, 9 is getting added n times

=1= EE]O.h[‘—;] x n+ 2h?+ 8h+ 2h?(2)?2+8(2h) + ---+ 2h%*(n—1)?
+8h(n— 1)]

Now take 2h? and 4h common in remaining series

=1= En}]h[9n+2h2{lz+ 224+ +(m—1*}+8h{1+2+ -+ (n—1)}]

n—-1
nn—1)(2n—1
P Y RS2k (0 1P ( )6( ).

i=1

n—1

Zi=1+2+---+(n— 1) =

i=1

n(n—1)
2

nn—1)(2n—1 nn—1
=I=1limh 911—1—21’12{ ( It )}+8h{¥l
h—0 6 2

Put,

1
h=-

n
Since,

1
h—>Oandh=H=:-n—>0'J

! 9n + 2 (1—11)2 {n(n— 1(2n— 1)}+ 8(1) {11(11— l)H

== lim —
6 n 2

n—o Il




= 1= lim —

1 on + 3{11(11— 1)(2n— 1)} . §{n(n— 1)}]

n—coll n2 6 n 2
1 n—1)(Zn—1
= [ = lim —[911+ ()#—l— 4(n— 1)]
n—wo Il 3n
[ n—1(2n—-1) 4
=[= lim 9+M+—(n—1)]
n—sco | 3nxn n

[ 1/m—1y/2n—1 n—1
= I= lim 9+—( )( )—1—4( )]
n—ce | 3 n n n

[ 1 1 1 1
= 1= lim 9+—(1——)(2——)+4(1——)]
n—ce | 3 n n n
1 1 1 1
¢1=9+—(1——)(2——)+4(1——)
3 oo [+'s] oo

=1=9+%ﬂ—0ﬂ2—m+4u—0)

1
=I=9+-x1x2+4

I 13+2
=]= —
3
39+ 2
==
3
. 41
=2]=—
3

3 41
Hence, the value OfJ- (2x*+1)dx= 3
2

11. Question

Evaluate the following integrals as a limit of sums:

b

(x* ~1)dx

[

Answer
2
To find: J- (x2—1)dx
1
Formula used:
b
J- f{x)dx= Lin}]h[f(a) +fla+h)+f(a+2h)+--+fla+(n—1)h)]

where,

b—a
n

h =

Here,a=1and b =2
Therefore,

2—1
n

h




Let,

I=Jj(x2—l)dx

Here, f(x) = x2-1anda=1

== Eféh[ﬂ:l) +f(1+h)+f(1+2h)+--+f(1+(n—1)h)]
Now, by putting x = 1 in f(x) we get,
f(1)=12-1=1-1=0

f(1 + h)

=(1l+hP-1

=h2+12+2(h)(1)-1

= h? + 2(h)

Similarly, f(1 + 2h)

=(1+2h)32-1

= (2h)2 + 12 + 2(2h)(1) - 1

= (2h)2 + 2(2h)

{(x+ y)2 =x2 + y2 + 2xy}

=1= EE(I]I’I[O +h?+2(h) +(2h)?+ 2(2h) ... ... + {(n— 1)h}* + 2{(n— 1)h}]

=1= En})h[h2 +2h+h%(2)2+2(2h)...... +h%(n—1)% + 2h(n — 1)]

Now take hZ and 2h common in remaining series

=1= En}]h[hz{lz+212 +-+m—-1)%+2h{1+ 2+ +1m—- 1]}

n—1
nn—1)(2n—1
'.'Ziz=12+?.2 ...... +(n—1)>%= ( )6[: );
i=1
n—1
nn—1
Zi=1+2 ...... +(n—-1)= (2 )
i=1
nn—1)Zn—1 nn—1
=>I=limh[h2{ ( It )}—l— 2h{ ( )H
h—0 6 2
Put,
1
h=—
n
Since,

1
h—>Oandh=H=:-n—>0'J

L 1— lim 3[(3)2 {ntn— 1(2n- 1)} L2 {11(11— 1)H

n—co Il | \IL 6 n 2




= [= lim z [i {n(n —1(@n— 1)} + 2 {“(Il — 1)”

n—w1 N2 6 n 2

=[= lim—
n—oo [

1[(n—1)(2n—1)
[—611 +(n— l)]

[(n—1)(2n—-1) 1
1o g (BT DERED 1
n—sco | 6n X n n

1/m—1y/2n—1 n—1
= I= lim —( )( )+( )]
n—w |6 n n n

1 1 1 1
= I= lim —(1——)(2——)—1—(1——)]
n—w |6 n n n
1 1 1 1
<1533+ (-3)
6 [ea] [ea] [ea]

= I=%(1—0)(2—0)+ (1—-0)

(n- l)]

1
=>I=g><l><2+l

I 1+1
=]= —
3
3+1
=]=—
3
. 4
=]=-
3

2

4

Hence, the value OfJ- (x*—1)dx= 3
1

12. Question

Evaluate the following integrals as a limit of sums:

b

(_x2 + 4] dx

=

Answer
2
To find: J- (x2+4) dx
]
Formula used:
b
J- f{x)dx= Lin}]h[f(a) +fla+h)+f(a+2h)+--+fla+(n—1)h)]

where,

b—a
n

h =

Here,a=0and b =2

Therefore,

2—0
n

h



Let,

2
I= J- (x2+ 4) dx
]
Here, f(x) = x2 + 4anda =0
== E%h[ﬂ:o) +f0+h)+fl0+2h) +--+f(0+(n—1)h)]
=1= Egéh[f(o) + f(h) + f(2h) + - + f((n— 1)h)]

Now, by putting x = 0 in f(x) we get,

f0)=02+4=0+4=4

=hZ+4

Similarly, f(2h)

= (2h)2 + 4

=1= El%h["{' +h?+4+(2h)2+4+-—-+{(n— 1h}*+ 4]
=1= Efgh[4+h2+4+h2(2)2+ 4+-+h*(n—1)?+4]
In this series, 4 is getting added n times

=1= %‘in}]h[-’-} xn+h?+h?(2)%2+ - +h%*(n—1)7

Now take hZ common in remaining series

=1= %‘in}]h[-’-}n—l— h2{1?+ 22+ -+ (n—1)?}]

n—1
, Z P=12422 4.4 (n—-1)2= n(n—1)(2n— 1) ]
i=1 6
nfn—1)(2n—1
=I=1limh 411+h2{ ( ) )H
h=0 6
Put,
2
h==
n
Since,

2
h—>Oandh=H=:-n—>0'J

= I= lim E _4I1+ (%) {Il[:n— l)[:ZIl— l)H

n—ow ]l 6

o
=[=lim—|4n +

n—co Il

i{n(n— 1)(2n— 1)}]

n2 6

20 2(n—1)(2n—-1
=I=Ilim—-|4n+ ( )( )
n—w ] | 3n




4n—1)(Z2n—1
=I=Ilim |8+ ( ) )
n—co | 3nxn

[ 4/m—1yr2n—1
= I= lim 8+—( )( )]
n—ce | 3 n n

[ 4 1 1
= I= lim 8+—(1——)(2——)]
n—ce | 3 n n
4 1 1
= I=8+—(1——)(2——)
3 o) oo

= I=8+%(1—0)(2—0)

4
=>I=8+§><l><2

I 8+8
=]= —
3
2448
=]=
3
. 32
=2]=—
3

2 32
Hence, the value OfJ- (x*+4)dx= 3
1]

13. Question
Evaluate the following integrals as a limit of sums:

j‘(_x2 —x}dx

Answer
4
To find: J- (x2 —x) dx
1
Formula used:
b
J- f{x)dx= Lin}]h[f(a) +fla+h)+f(a+2h)+--+fla+(n—1)h)]
where,
b—a

n
Here,a=1land b =4
Therefore,

4—1

h

Let,

I=f4(x2—x)dx



2_xanda=1

Here, f(x) = x
=1= E“}]h[f(l) +f(1+h)+f(1+2h) +-—-+f(1+(n—1)h)]

Now, by putting x = 1 in f(x) we get,

f(1 + h)
=(1+h2-(1+h)

=h?+12+2(h)(1)-1-h

=h?2+2h-h

=h?+h

Similarly, f(1 + 2h)

=(1+ 2h)2-(1+ 2h)

= (2h)2 + 12 + 2(2h)(1) - 1 - 2h

= (2h)2 + 4h - 2h

= (2h)2 + 2h

{o(x+y)2 =x2 4+ y? + 2xy}

=1= Lif}]h[o +h?+h+(2h)?+2h+ -+ {{(n— 1)h}*+ (n— 1)h]

=1= Lin}]h[h2 +h+h%(2)2+2h+--+h%(n—1)?+h(n—1)]

Now take hZ and h common in remaining series
=1= Lin})l'l[hz{l2 +224+ -+ (m—1)}+h{1+ 2+ +(n—1)}]

n—1
Ziz =12422+-+(n—-1)=

i=1

n(n—1)(2n— 1) .
6 ;

n—1

Zi=1+2+---+(n— 1) =

i=1

n(n— 1)
2

nn—1)2Zn—1 nin—1
=>I=limh[h2{ ( It )}—l— h{ ( )}]
h—0 6 2
Put,
h=—
n

Since,

3
h—>Oandh=H=>n—>oo

= 1= lim E (E)z {11(11— 1)(2n— 1)} . Q{M”

n—ell |\l 6 n 2
3[9 (n(n—1)(2n—1)] 3 (n(n—1)
=1=1lim—-|—= 4+
n—coll | N2 6 n 2
Lo 3 '3(11—1)(211—1)_'_3[: H
= = —_ —_ -
111_123 nj| 2n 2 n



[9(n—1)(2n—1 9
= I= lim ( )( ) +—
n—co | 2nxn 2n

o [@m—-1ys2Zn—1y 9/n-1
= 1= 1m |5 () (55) +5 (550

L 1 1y 9 1
ﬁ1=ili&.a(l‘a)(z‘a)ﬁ(l‘a)]

9 1 1 9 1
~1=5(1-2)(2-5)+3(1-2)

9 9
=1=2(1-0)(2-0)+2(1-0)

(n— l)]

9 9
SI=-x1X2+2

2 2
1= 942
= ]| = —
2
1849
=] =
2
|27
TS

4 27
Hence, the value ofJ- (x2—x)dx= >
1

14. Question
Evaluate the following integrals as a limit of sums:

1
[(3x7 + 5% )dx
0

Answer
1
To find: J- (3x? + 5x) dx
4]
Formula used:
b
J- flx)dx = Lin}]h[f(a) +fla+h)+f(a+2h)+--+fla+(n—1)h)],
. —

where,

b—a
n

h =

Here,a=0andb =1
Therefore,

1-0
h=

Let,

1
I=J- (3x? + 5x) dx
[}



Here, f(x) = 3x2 + 5xand a = 0

=1= E‘J}]h[f(o) +f{0+h)+f(0+2h) +-—-+f(0+(n—1)h)]
=1= E%h[f(o) + f(h) + f(2h) + - + f((n— 1)h)]
Now, by putting x = 0 in f(x) we get,

f(0) =3(0)2+5(0)=0+0=0

f(h)

= 3(h)? + 5(h)

= 3h? + 5h

Similarly, f(2h)

= 3(2h)? + 5(2h)

= 3h%(2)2 + 5h(2)

=1= En}]h[o +3h® + 5h + 3h?(2)* + 5h(2) + -+ 3h*(n — 1)*>+ 5h(n— 1)]

Now take 3h? and 5h common in remaining series
=1= %11113.]1'1[3112{12 +2Z2+ -+ (n—-1)2}+5h{1+2+-—-+(n—1)}]

n—1
Ziz =12422+-+(n—-1)%=

i=1

n(n—1)(2n— 1) .
6 ;

n—1

Zi=1+2+---+(n— 1) =

i=1

=I1=1imh [3h2 {H(Il— 1)(2n— 1)} e {M}]
h—0 6 5

n(n— 1)
2

Put,
h=-
n

Since,

1
h—>Oandh=H=:-n—>0'J

= 1= lim 1 _3 X (E) {11(11— D(2n— 1)} 4 5(1) {11(11— l)”

n—eell | n 6 n 2
- 1[3 (n(n—1)(2n—1)) 5(n(n—1)
=1=1lim—-|—= 4+
n—c1 |n? 6 n 2
1[(n—1)(2n—-1) 5
=I=lim-|———+-(n—-1
n—oell | Zn 2 ( )
 [n-1(@2n-1) 5
=T e Y

1/m—1y/2n—1 5m—1
= I= lim —( )( )+—( )]
n—co |2 n n n

(1 1 1
= [ = lim —(1——) (2——)+
n—co |2 n n




-1-30-D)-2) -2
- 1=%(1—0)(2—0)+g(1—0)

1 5
=2]l=-x1x2+—

2 2
I 1+5
=]= —
2
2+5
=]=—
2
. 7
=]=—
2

1
7
Hence, the value OfJ- (3x? —5x) dx = 2
1]

15. Question

Evaluate the following integrals as a limit of sums:

e" dx

=

Answer

2
To find: J- e* dx
4]
Formula used:
b
J- f{x)dx = Lin}]h[f(a) +f(a+h)+f(a+2h)+--+fla+(n—1)h)],
where,
b—a

n
Here,a=0and b =2
Therefore,

2—-0

h

Let,

2
I=f e* dx
[i]

Here, f(x) = e*anda =0

=1= E‘J}]h[f(o) +f{0+h)+f(0+2h) +-—-+f(0+(n—1)h)]
=1= E%h[f(o) + f(h) + f(2h) + - + f((n— 1)h)]

Now, by putting x = 0 in f(x) we get,



Similarly, f(2h)

— e2h
=1= En}]h[l +ebh ppzhyp iy e(n—i)h]

This is G.P. (Geometric Progression) of n terms whase first term(a) is 1

h

e
and common ratio(r) = T= el

Sum of n terms of a G.P. is given by,

I
n=%,r> 1
Therefore,
[1{(e?)" -1
-1
[anh _ 1
~ 1= )
=>I=limh_ez_1]
h—0 [eh—1

2
['.'h =—=nh= 2}
n

1

— 2_ :
=1=(e 1)1113101 -
h

1
a2 _
=1=(e?-1) e

lim
h—-0 N

e*—1
[ lim = 1}
x—=0 X

=I=e?-1

2
Hence, the value ofJ- efdx=e?-1
0

16. Question

Evaluate the following integrals as a limit of sums:
Je" dx

a

Answer



b
To find: J- e* dx

a

Formula used:
b
f f{x)dx = Lin}]h[f(a) +fla+h)+f(a+2h)+--+fla+ (n—1)h)],

where,

b—a

Here, f(x) = X

=1= %‘ilj}]h[ﬂ:a) +flat+h)+fla+2h)+--+f(a+ (n— 1)h)]
Now, by putting x = a in f(x) we get,

f(a) = e

f(a + h)

— (e)a+h

= ea+h

Similarly, f(a + 2h)
= ga+2h

== Lim h[e*1 +path 4 gatZh 4 ea+(n—1]h]
—=0

This is G.P. (Geometric Progression) of n terms whose first term(a) is 1

ea+h PERY, Eh
and common ratio(r) = = =e
e ed

h

Sum of n terms of a G.P. is given by,

alr"—1)
Sn = ﬁ , > 1
Therefore,
[ef(eh)-1)
B =
[ enh -1
— 15 a
-
o [er(e - 1)
= 1=l =

2
['-'h =—-=rnh= 2}
n



_ pafab—a _ :
=[=e%e 1)&1_1.13 P

h

. eb 1
=]=e E—l 7. Eh—l
lim

heo h

e*—1
[ lim = 1}

x—0 X

=1=el—e?
b
Hence, the value ofJ- e¥dx =eP —e?
a

17. Question
Evaluate the following integrals as a limit of sums:

b
Jcosx dx

a

Answer
b
To find: J- cosx dx
Formula used:
b
J- f{x)dx= Lin}]h[f(a) +fla+h)+f(a+2h)+--+fla+(n—1)h)]

where,

b—a

b
I=J- cosx dx

a

Here, f(x) = cos x
== En})h[ﬂ:a) +fla+t+h)+fla+2h)+--+f(a+ (n— 1)h)]

Now, by putting x = a in f(x) we get,
f(a) = cos a

f(a + h)

= cos (a + h)

Similarly, f(a + 2h)

= cos (a + 2h)

=1= %‘in}]h[cosa +cos(a+h) + cos(a+ 2h) + ---+ cos{a+ (n — 1)h}]

We know,



cosA + cos(A+B) +cos(A+ 2B) + - + cos{A+ (n — 1)B}

cos {A + —(n _2 l)B} simE

2

nB
sins
Therefore,

[ (n— l)h} . nh
cos[a +————sin

=I=1limh m
h=0 sini
_cos [a + % — %} sin%
=I=1limh n
h—0 ]
sinz
{""nh =b-a}

-cos[a—i—?—%} b—a

=I=1limh
h—0

sini
b a h b—a
cosjats—5—5 sin——
= I=limh [ 2 2 2} 2
ho sini
a b I .b-a
C0S{m5+ 75— 5¢sin
=[=1limh [2 2 %} 2
b0 sins
2
h a b h
b—a 2XFXC0Si5t+5—5
= [ =sin x lim 2 [2 2 2}
h=0 sinE
2
a+b h
~b—a COS[T_E}
= [=2sin % lim m
2 h—0 .
siny
h
2 i
a-+

> 1=2sixlb;ax%‘i§}*[m5{ zb_%}]

h
Ash —>0:>E—>0

o mles{* 73]
= [=2sin 5 x 2

sinx
[ lim [—] = 1}
x—=0 X



at+b
= 2s b_axcos[ > —0}
= =

sin 2 1

a+b b-a
sin
2

{2 cos Asin B =sin(A + B) -sin(A-B)}

= 1= 2cos

a+b b—} [a+b b—a}
— sin

== sin[
2

= [ = sin

1=snf}-sn (3]
= [ =sin sin 5

= [=sinb —sina

[a+b+b }
sin

[a+b b—i—a}

Hence, the value ofJ- cosxdx=sinb—sina

18. Question

Evaluate the following integrals as a limit of sums:

¥ 7

J sin X dx
0

Answer

To find: J-zsinx dx
4]
Formula used:
b
f f{x)dx = Lin}]h[f(a) +fla+h)+f(a+2h)+--+fla+ (n—1)h)],

where,

b—a
n

h =

T
Here,a=0andb = 2

s
=>h=§_0
n
T

=>h=£

T
=>11h—§
Let,

s
2
I=f sinx dx
[i]
Here, f(x) =sinxanda =0

=1= E‘J}]h[f(o) +f{0+h)+f(0+2h) +-—-+f(0+(n—1)h)]



=1= Lif})h[f(o) + f(h) + f(2h) + -~ + f((n— 1)h)]

Now, by putting x = 0 in f(x) we get,

f(0) =sin 0
f(h)
=sinh

Similarly, f(2h)
= sin 2h

== Lin}]h[sin{) +sinh + sin2h + --- + sin(n — 1)h]

We know,

sinA + sin(A + B) + sin(A + 2B) + -+ sin{fA + (n — 1)B}

sin {A + w}sin%
- B
sinz
Here A=0and B =nh
Therefore,
sin[O + L _Zl)h} sin%
=I=1limh m
h=0 sini
_sin {@— E}sinE
=I=limh 2 2‘;1 2
h—0 .
siny
T
{ nh =§}
r (I b n
)2 02
sm{2 2] sin5
ois EE}]h sinE
2
sin [g— %}sing
= [=1limh —
h=0 sing
2
_sin g— %}sing_
=I=limh|[———F——
h—0 sin2
2
T Zx%xsin[g—%}
=I= sinz x lim R
h—=0 sini

[ in_ in 45
»* sin— = sin 45°
4

2
7z



1
=>I=2><!—E><Ll§%

h
As h —>0=>§—>0

o e 23]
IS i

. h
. sins
|
2 2
sinx
[ lim [—] = 1}
x—=0 X
sin g — 0}
=]=+2 X
1
T
=1=+2x sing

[-- 3 1T _ q 450 i l }
sty =sin45° = —

1
=:-I=\;’E><

=[=1

m
z
Hence, the value OfJ- sinxdx=1
1]

19. Question

Evaluate the following integrals as a limit of sums:

T/2

J cosx dx
0

Answer

To find: J-zcosx dx
1]
Formula used:
b
J- f{x)dx= Lin}]h[f(a) +fla+h)+f(a+2h)+--+fla+(n—1)h)]
where,

b—a

n

T
Here,a=0andb = 2



=h=
n
T
=>h=£
e
=>Ilh=i
Let,

T

2
I=f cosx dx
[i]

Here, f(x) = cos xanda =0

=[= Ln_r}]h[f(o) +f0+h)+f(0+2h) +-—-+f(0+(n—1)h)]
=1= E%h[f(o) + f(h) + f(2h) + - + f((n— 1)h)]

Now, by putting x = 0 in f(x) we get,

f(0) =cos O
f(h)
=cos h

Similarly, f(2h)
= cos 2h

== En}]h[coso + cosh + cos2h + -+ cos(n— 1)h]

We know,

cosA + cos(A + B) + cos(A + 2B) + -+ + cos{A + (n — 1)B}

(n—1)B) . nB
cos {A + > (sin&-

B
SlI'l2

Here A=0and B =h

Therefore,
cos[O + w}sin%
=I=1limh
h—0

&
sinz

[nh hy . nh

stz —afsiny

s
SlIl2

=I=Ilimh
h—0

I h n
2 Mon2
-:-::os}2 2]51112

sins
2

=I=1limh
h—0



_cos [E - E} sinE
== En})h %
sin
-cos [E — E} sinE-
=1= %‘in}]h %
sin
T Zx%xcosg—%}
=I= sinz x lim m
h=0 sini
[.. 3 T[ 3 450 1 }
. 51“4 =sin = 7z
m h
1 feos{z -3}
=>I=2><—!_><11m m
V2 h=o sini
h
2 _

h
As,h —>0=>£—>0

s cos (5 3]

sins
lim 2
h h
270 3
sinx
[ lim [—] = 1}
x—0 X
cos [g— 0}
=]=+2x
1
T
=]= \ﬁ X COS—
4
[.. ‘]T 450 l }
. cos4 = C0S = 7z
1
== \;@ K —
V2
=1=1

m
z
Hence, the value ofJ- cosxdx=1
4}

20. Question
Evaluate the following integrals as a limit of sums:

4 ,
J(_ng +2x _]dx
1

Answer



4
To find: J- (3x2 + 2x) dx
1
Formula used:
b
J- f{x)dx= Lin}]h[f(a) +fla+h)+f(a+2h)+--+fla+(n—1)h)]
where,

b—a

n
Here,a=1and b =4
Therefore,

4—1

h

Let,
4

I= f (3x2 + 2x) dx
1

Here, f(x) = 3x2 + 2xand a = 1
=1= Lnj}]h[f(l) +f(1+h)+f(1+2h) +-—-+f(1+(n—1)h)]
Now, by putting x = 1 in f(x) we get,
f(1) =3(1)2+2(1)=3+2=5

f(1 + h)

=3(1+h2+2(1+h)

=3{h? + 12 + 2(h)(1)} + 2 + 2h
=3h?2+ 3 +6h+2+2h
=3h2+8h+5

Similarly, f(1 + 2h)

= 3(1 + 2h)2 + 2(1 + 2h)

=3{(2h)2 + 12 + 2(2h)(1)} + 2 + 4h
= 3(2h)2 + 3 + 6(2h) + 2 + 2(2h)

= 3(2h)2 + 8(2h) + 5

Lo (x+y)2 =x2 4+ y? + 2xy}

=1= En}]h[5 +3h2+8h+5+3(2h)2+8(2h)+5+ -+ 3{(n— 1)h}?
+8(n—1)h + 5]

=1= Lm}]h[B +3h*+8h+5+3h%(2)*+8h(2)+5+--+3h*(n—1)?
+8h(n—1) + 5]

Since 5 is repeating n times in series

=1= En}]h[SnJr 3h%Z + 8h + 3h?(2)? + 8h(2) + ---+ 3h?(n— 1)%2 + 8h(n— 1)]



Now take 3hZ and 8h common in remaining series
=1= En})h[Sn—l— 3h2{12+ 22+~ +(n—1)3}+8h{1+2+ -+ (n— 1)}]

n—1

Ziz =12422+..+(n—-1)?2=

i=1

n(n—1)(2n— 1) .
6 ;

n—1

Zi=1+2+---+(n— 1) =

i=1

n(n— 1)
2

nn—1)(z2zn—1 nn—1
=I=limh 511+3h2{ ( ) )}+8h{¥l
h—0 6 2

Put,

3
h=-

n
Since,

3
h—>0andh=ﬁ=>n—>oo

3 nn—1)2Zn—-1 3(8) (nin—1
=[= lim — 511+3( ) { ( It )}+ ( ){ ( )H
11—'0311_ 6 n 2
3] 27(n(n—-1)(2n—-1 24 (n(n—1
=I=Ilim—-|5n+— ( ) ) +—¥
n—ell | n? 6 n 2
3] 9(n—1)(2n—1
=[=lim—|5n+ ( )( )—l— 12(n— 1)]
11—'0311_ 2n
[ 27(n—1)(2n—1
= 1= lim |15+ ( ) —(11 l)]
n—co | 2nxn

[ 27 /m—1\/2n—1 n—1
= I= lim 15+—( )( )—1—36( )]
n—ce | 2 n n n

[ 27 1 1 1
= I= lim 15+—(1——)(2——)+36(1——)]
n—co | 2 il n
27 1 1 1
== 15+—(1——) (2——)+36(1——)
2 oo o

=1= 15+§(1—0)(2—0)+36(1—0)

27
=1= 15+?><1><2+36
=1=15+27+ 36
=1=178
4
Hence, the value OfJ- (3% +2x) dx =78
1

21. Question

Evaluate the following integrals as a limit of sums:

pl
-



Answer
2
To find: J- (3x% —2) dx
4]
Formula used:
b
f f{x)dx = Lin}]h[f(a) +fla+h)+f(a+2h)+--+fla+ (n—1)h)],

where,

b—a
n

h =

Here,a=0and b =2

Therefore,

2-0
h=

Let,

2
sz (3x2—2)dx

4]
Here, f(x) = 3x2-2anda =0
ﬁI=E%hmﬁy+K0+h)+ﬂo+2m4n“+ﬂ0+(n—lm”
>1= EI}})h[ﬂ(O) + f(h) + f(2h) + -~ + f((n — 1)h)]

Now, by putting x = 0 in f(x) we get,

f(0) =3(0)2-2=0-2=-2

Similarly, f(2h)

= 3(2h)? - 2

=1= Liﬂ)h[—z +3h?-2+3(2h)? -2+ +3{(n— 1)h}* - 2]
=1= Egéh[—z +3h?-2+3h%(2)2 -2+ --+3h%*(n—1)2—2]
Since -2 is repeating n times in series

=1= En})h[—Zn—l— 3h% +3h2(2)%...+ 3h%(n—1)?]

Now take 3hZ common in remaining series

=1= En}]h[—2n+ 3n% {12+ 22+ -+ (n— 1)?}]

{ Z 212422 4t (n—1)2 = n(n— 1)6(211— 1)]

i=1

n(n—1)(2n— l)}]

=I=limh [—211 + 3h? {
h—0 6



Since,

2
h—>Oandh=H=>n—>09

= [= lim —
n—co I

6

2 12
=I=Ilim—-|-2n+—

n—oo [l n2

n(n—1)(2n—1)
==

2] 2(n—1)(2n—-1
—2n+ ( )11[: )]

== lim —
1)]

11—~m11_
[ n—1y/2n—1
~++4() (5]
| n n
[ 1 1
el
| n n

~1=-a+a(1-)(2-2)

=1=—4+4(1-0)(2-0)

4n—1)(2n—
it ( )(
nxn

= [= lim

n—co

= I= lim

n—=oo

= I= lim

n—=oo

=2]=—4+4x1x2
=]1=-—4+8

=1=4
2

Hence, the value ofJ- (3x?—2)dx=4
0

22. Question

2 _—211 3 (E) {n(n— 1)(2n— 1)”

Evaluate the following integrals as a limit of sums:

3 b

(_:112 —Ei]dx

=

Answer
2
To find: J- (x2+2) dx
[i]
Formula used:
b
f f(x) dx = limh[f(a) +f(a+ h) +f(a-+ 2h) +

where,
b—a
n

Here,a=0and b =2

h=

o+ fla+ (n—1)h)],



Therefore,

2—0
h=
n
2
= h =-—
n
Let,

2
I=J- (x2+2)dx
4]

Here, f(x) =x2 +2anda =0

== EE}]h[ﬂ:U) +f{0+h)+f(0+2h) +--+f(0+(n—1)h)]
=1= Egéh[f(o) + f(h) + f(2h) + - + f((n— 1)h)]

Now, by putting x = 0 in f(x) we get,

f(0) = (02 +2=0+2=2

f(h)

=(h)?2+2

Similarly, f(2h)

=(2h)? + 2

=1= Eféh[z +h?+2+(2h)%2+2+ -+ {(n— 1DhP+ 2]
=1= Efgh[2+h2+2+h2(2)2+ 2+--+h%*(n—1)?+ 2]
Since 2 is repeating n times in series

=1= EE}]h[211+ h? + h2(2)%2+---+h*(n—1)?]

Now take hZ common in remaining series

=1= En})h[Zn—l— h?{1°+ 22+ -+ (n—1)?}]

n—1
, Z i=12+2’+-+(n-1)?= n(n - 1)(2n - l)]
i=1 6
nn—1)(2n—1
=I=1limh 211+h2{ ( It )H
h—=0 6
Put,
2
h=-
n
Since,

2
h—>0a11dh=ﬁ=>n—>oo

2 - (E)Z{Il(ll —1)(2n— 1)”

== lim—
n 6

n—co Il

.2
= I= lim —
n—oo [l

2n+ —
n2 6

4 {11(11— 1)(2n— 1)}]



.2
= 1= lim —
n—coe I

2(n—1)(2n—1)

2n +
3n

4(n—1)(2n—1)
3nxn

[ 4/m—1y/2n—1
= [ = lim 4+—( )( )]
n—co | 3 n n
[ 4 1 1
3036
| 3 n n

4 1 1
=>1=4+—(1——)(2——)
3 oo oo

ﬁ1=4+%ﬂ—ﬁﬂz—m

=[=lim |4+

n—co

= [= lim

n—co

4
=I=4+2x1x2

I -‘-1+8
=]= —
3
12+8
=1=
3
. 20
=2]=—
3

z 20
Hence, the value ofJ- (x?+2)dx= 3
0

23. Question

Evaluate the following integrals as a limit of sums:

J(_x—ezx‘_]dx

Answer

4
To find: J- (x+ e?*) dx
[i]
Formula used:
b
f f(x) dx = Im blf(a) + f(a+ h) + f(a + 2h) +
where,

b—a

n
Here,a=0and b =4

Therefore,

4-0
h=

o+ fla+ (n—1)h)],



4
I=f (x+ e**) dx
i}

Here, f(x) = x + e¥*Xanda =0

== Li%h[f(o) +f(0+h)+fl0+2h) +--+f(0+(n—1)h)]
= 1=1lim h[f(0) + f(h) + f(2h) + -+ f((n— Dh)]

Now, by putting x = 0 in f(x) we get,
f0)=0+e?®=0+e=0+1=1

f(h)

=h+ (e)?h

=h+e?h

Similarly, f(2h)

= 2h + (e)?(2N

=2h + e*"

=1= Elj}]h[l +h+e®®+2h+e*®+ .+ (n—1)h+e2n1h]
Take h common in some of the terms of series

=1= Eféh[l +epethp it 2@y g 24k (n— 1)}

This is G.P. (Geometric Progression) of n terms whaose first term(a) is 1

2h

and common ratio(r) = .= p2h

Sum of n terms of a G.P. is given by,

alr®—1)
Sn = T , = 1
and
n—1
nn—1
Zi= 1+2+-+(n— 1)=¥
i=1
Therefore,
. 1{(e?*)" - 1) n(n—1)
ﬁl:%fféh[ o1 T 2

L hemh_l X n(n—1)
Sl=m e * 2

2h g1 -1
= [=lim [— X ¢ +h? {n(n )”

h—0| 2 "~ e2h—1 2

4
['.'h =—=nh= 4}
n

. 98—11. 1 L (4)2 n(n— 1)
ST Ty e o1 T ate|\n) % 2

2h




4
As,h—>0=>2h—>0andﬁ—>0=>n—>oo

li —_
11m 2

e®—1 1 16 (n(n—1)
; daa

+
lim e~ 1 nown?
sh—0 21

e*—1
[ lim = 1}
X

x—=0

I o1 1 £ [8 (1 1)]
= | = » — 1m x _—
2 1 n—oo 1

e®—1 1
== +8><(1——)
2 o0

e —1

=1= +8x%x(1—0)
ef—1+16
S ]=—
2
e? +15
=]=
2
4 e® + 15
Hence, the value ofJ- (x+e¥)dx= >
]

24. Question

Evaluate the following integrals as a limit of sums:

3 b

g

(x*+x)dx

=

Answer
2
To find: J- (x2 + x) dx
[i]
Formula used:
b
f f(x) dx = limh[f(a) +f(a + h) +f(a-+ 2h) +

where,
b—a
n

Here,a=0and b =2

h=

Therefore,
2—0
h =
n
2
= h =—
n
Let,

2

I=J- (x* +x) dx

Here, f(x) = x2 + xanda = 0

-+ fla+ (n—1)h)],



== EE}]h[ﬂ:U) +f{0+h)+f(0+2h) +--+f(0+(n—1)h)]
=1= Egéh[f(o) + f(h) + f(2h) + - + f((n— 1)h)]

Now, by putting x = 0 in f(x) we get,
f(0)=0°+0=0+0=0

f(h)

= (h)%2 + (h)

=hZ+h

Similarly, f(2h)

= (2h)? + (2h)

=1= Lilj}]h[hz +h+ (2h)?2+2h+--+{{n—1)h}* + (n— 1)h]

=1= Lin}]h[h2 +h+h%(2)2+h(2)+--+h*(n—1)2+h(n—1)]

Now take hZ and h common in remaining series
=1= %‘in})h[hz{l2 +224+ -+ (n—1)*}+h{1+2+-+(n—1)}]

n—-1
nn—1)(2Zn—1
._.212:12+22+.__+(I1_1)2: [: )6[: );

i=1
n—1

Zi=1+2+---+(n— 1) =

i=1

n(n— 1)
2

=1=1limh [h? {“(“_ 1(2n— 1)}+ h{n(n— 1)}1
h—=0 6 >
Put,
h=2=
n

Since,

2
h—>Oandh=H=>n—>oo

22 (n(n-1D(2n-1)) 2(n(n-1)
= 1= 1im (1) { 6 }+H{ 2 ”

2[4 (n(n—1)(2n—1)) 2(n(n—1)
=1=lim—-|= +=
n—s1 |n? 6 n 2
2[2(n—1)(2n—1
=[=lim— ( ) )+(n—1)]
n—oo ]l | 3n
[4(n—1)(2n—1) 2
= [ = lim ( It )+—(11—1)l
n—co | 3nxn n

o Mm—1y/2n—-1 n—1
= I=lim |- + 2

n—co |3 n n n

4 1 1 1
=I=Ilim|=-(1—-)(2——)+2[1—-

n—oo |3 n n n




=402 -2(e- 3

- 1:%(1—0)(2—0)+2(1—0)

4
=>I=§><l><2+2

I 8+J?.
=1==
3
8+6
=2[=—
3
: 14
=>1=—
3

z 14
Hence, the value ofJ- (x2+x)dx= 3
]

25. Question

Evaluate the following integrals as a limit of sums:

3 b

(_XE +2x% + lj)dx

=

Answer
2
To find: J- (x*+2x+ 1) dx
4]
Formula used:
b
f f{x)dx = Lin}]h[f(a) +fla+h)+f(a+2h)+--+fla+(n—1)h)],

where,

b—a
n

h =

Here,a=0and b =2
Therefore,

2-0

h

Let,
2

I=J- (x2+2x+ 1) dx
[}

Here, f(x) =x? + 2x + landa =0
=1= Lin}]h[f(o) +f{0+h)+fl0+2h) +-—-+f(0+(n—1)h)]
>1= En}]h[ﬂ:o) + f(h) + f(2h) + -+ + f((n— 1)h)]

Now, by putting x = 0 in f(x) we get,



f(0)=02+2(0)+1=0+0+1=1

f(h)

=(h)?2 +2(h) +1

=h2+2h+1

Similarly, f(2h)

= (2h)? + 2(2h) + 1

=1= Ln_x})h[l +h*+2h+1+(2h)*+2(2h)+1+ -+ {(n—1)h}*+2(n—1)h
+ 1]

=1= EI}})h[l +h?+2h(1)+1+h%(2)?+2h(2)+1+ -+ h?*(n—1)?
+2h(n—1) +1]

Since 1 is repeating n times in the series

=1= Elj})h[l xn+h?+ 2h(1)+ h%(2)?+ 2h(2) + -+ + h*(n— 1)2
+ 2h({n—1)]

Now take hZ and 2h common in remaining series

=1= Elj}]h[“"' h2 {17+ 22+ + (n—1?}+2h{1+ 2+ -+ (n— 1)}]

n—1

Ziz =142+ -+ (n—-1)*=

i=1

n(n—1)(2n— 1) .
6 ;

n—1

Zi=1+2+---+(n— 1) =

i=1

n(n— 1)
2

. {11(11 - 1)6(211 - l)} on {11(112— l)H

=I=1limh
h—0

Put,

Since,

2
h—>Oandh=H=>n—>oo

%)2 {n(n— 1)(2n— 1)}+ 2(2) {n(n— 1)”

2
=[=Ilim—|n+ (
n 6 n 2

n—o ]

2 4 (n(n—1)(2n—1 2(2)(n(n—1
=2I=lim—-|n+— ( X ) + (2) fn )
n—ell | n? 6 n 2
2] 2(n—1)(2n-1
=[=Ilim—-|n+ ( It )—1—2(11—1)]
11—@011_ 3n
4n—1)(2n—1 4
=[=lim |2+ ( ) )+—(n— l)l
n-oo | 3nxn n

[ 4/m—1y/2n—1 n—1
= I= lim 2+—( )( )+4( )]
n—eo | 3 n n n

[ 4 1 1 1
= 1= lim 2+—(1——) (2——)+4(1——)]
n—co | 3 I n n




=>1=2+%(1—é)(2—é)+4(1—é)
¢1=2+EU—0M2—M+4G—0)

4
=I=2+7x1x2+4

I 6+8
=1= —
3
18+8
=1=
3
. 26
=2]=—
3

z 26
Hence, the value ofJ- (x2+2x+1)dx= 3
]

26. Question

Evaluate the following integrals as a limit of sums:

Answer
3
To find: J- (2x?+ 3x+ 5) dx
4]
Formula used:
b
f f{x)dx = Lin}]h[f(a) +fla+h)+f(a+2h)+--+fla+(n—1)h)],

where,

b—a
n

h =

Here,a=0and b =3
Therefore,

_3-0

h

Let,
3

I=J- (2x? + 3x + 5) dx
[}

Here, f(x) = 2x2 + 3x + 5anda =0
=1= Lin}]h[f(o) +f{0+h)+fl0+2h) +-—-+f(0+(n—1)h)]
>1= En}]h[ﬂ:o) + f(h) + f(2h) + -+ + f((n— 1)h)]

Now, by putting x = 0 in f(x) we get,



f(0) =2(0> +3(0)+5=0+0+5=5
f(h)

=2(h)2+3(h) +5

=2h2+3h+5

Similarly, f(2h)

= 2(2h)? + 3(2h) + 5

=1= Lm})h[5 +2h*+ 3h+5+ 2(2h)*+ 3(2h) + 5+ ---+ 2{(n — 1)h}?
+3(n—1)h + 5]

=1= En}]h[5 +2h%(1)?+ 3h(1) + 5+ 2h?(2)* + 3h(2) + 5 +--- + 2h?(n— 1)?
+3h(n—1) + 5]

Since 5 is repeating n times in the series

=1= En}]h[S xn+ 2h?(1)2+ 3h(1) + 2h?(2)* + 3h(2) + -+ 2h%*(n—1)?
+3h(n—1)]

Now take hZ and 2h common in remaining series

=1= EII})I’I[BI]-FZ}IZ{IZ-F 224+ +(n—1+3h{1+2+ -+ (n— 1)}

n—-1
nn—1)2Zn—1
._.212:12+22+.__+(I1_1)2: [: )6[: );
i=1
N n(n—1)

Zi=1+2+---+(n— 1) =

i=1

2

nin—1)(z2zn—1 nin—1
=I=1limh 511+2h2{ ( ) )}+3h{¥l
h—0 6 2

Put,

3
h=-

n
Since,

3
h—>Oandh=H=>n—>oo

=[= lim 3 _511 ) (I_?;) {11(11— 1)(2n— 1)}+ 3(3) {n(n— 1)”

n—wo Il | 6 n 2
3 29 (n(n—1)(2n—1 9(n(n—1
== lim—|5n+ (9) [ ) ) +—¥
e | n? 6 n 2
3 18(n—1)(2n—1) 9
=1= llllilgoﬁ _511 + on + 2 (n—1)
| 54(n—1)(2n—1) 27
== 1111_% _15 + nxn + ﬁ(n— 1)
[ n—1y/2n—1 27/m—1
= I= lim 15+9( )( )+—( )]
n—eo | n n 2 n
[ 1 1 27 1
= I= lim 15+9(1——)(2——)+—(1——)]
n—sco | n Il 2 1




=>1=15+9(1—é)(2_é)+g(1_é)
1= 15“’“‘0)(2—0“?(1—0)

27
=>1215+9><1><2+?

27
:>1215+18+E

=33+
= = —_—
2
66 +27
= [ =
2
|93
TS

3 93
Hence, the value ofJ- (2x?+3x+5)dx = >
]

27. Question

Evaluate the following integrals as a limit of sums:

b

J‘x dx

a

Answer
b
To find: J- x dx
We know,
b
f f(x) dx = limh[f(a) +f(a+ h) +f(a-+ 2h) +

where,

b—a
n

h=

Let,

b
szxdx

Here, f(x) = x

o+ fla+ (n—1)h)],

=[= Lilj}]h[f(a) +fla+th)+fla+2h)+--+f(a+ (n— 1)h)]

Now, By putting x = a in f(x) we get,
f(a) = a

Similarly, f(a+ h)=a+ h

=;-I=Lin}]h[a+a+h+a+2h+---a++(n—l)h]

In this series, a is getting added n times

=1= En})h[&m+h+ 2h+ -+ (n— 1)h]



Now take h common in remaining series

=1= Lin}]h[an+h(1+2+ e+ (n—1)]

= n(n—1)
!-.-Ziz 1+2+-+(n—-1) = > ]
i=1
n(n—1)
=[=limh|an+h
h—0 2
Put,
b—a
h=
n
Since,
—a
h—>0a11dh=T=} n— oo
—a b—a(n(n—1)
= I= lim an +
n—ow 11 n 2

:;'I:ii_ﬂ. [an+(b2 )(11—1)]

=>I—1111£1;{a(b—a) (bz )(b—a)(n—l)}
~)i-3)

:I=a(b—a)+((b;a)2)(l—é)

1= a(b—a)+((b;a)2)(1—0)

= [ = lim {a(b—a)—l—(

n—oo

(b—a)?
=I=ab—a)+
2
b—a
=>I=(b—a)(a+T)
2a+b-—
=>1=(b_a)(u)
2
b+a
1= 0-a)(5")
bZ_aE
b b2_32
Hence, the value ofJ-xdx= >
a

28. Question

Evaluate the following integrals as a limit of sums:

j‘(x—ljdx

0



Answer

To find: J- (x+ 1) dx
4]
We know,
b
J- f{x)dx = Lin}]h[f(a) +f(a+h)+f(a+2h)+--+fla+(n—1)h)]
where,
b—a

n
Here,a=0and b =5
Therefore,

5—0
n

h

= h =
n

Let,

I= J-D(x—i— 1) dx

[}
Here, f(x) =x+ 1anda=0
== Ln_r}]h[f(o) +f0+h)+f(0+2h) +-—-+f(0+(n—1)h)]
=1= Elj}]h[f(ﬁ) + f(h) + f(2h) + - + f((n— 1)h)]
Now, By putting x = 0 in f(x) we get,
flO)=0+1=1
Similarly, f(h) =h + 1
== E%h[1+h+ 1+2h+1+-+(n—1h+1]
In this series, 1 is getting added n times
=1= Eféh[l xn+h+2h+-++ (n— 1)h]
Now take h common in remaining series

=1= En})h[n—i—h(l+2+ e+ (n—1)]

,-.-Zi=l+2+---+(n—1)=M]

i=1 2
Lih {11(112— l)”

= [=1limh
h—0

Put,

Since,



5
h—>Oandh=H=>n—>09

5 5 {n(n— 1)”
=sI=Ilim-|n+—-{—

n—o ] n 2

5 5(n—1)

=[=lim-|n+ —
n—co Il 2

25(n—1)

=I=Ilim{5§+——
n—soo 2n

25 1
= [ = lim [5 + —(1 — —)}
n—sco 2 I

25 1
=:-I=5+—(l——)
2 oo

25
=1=5+—(1-0)

I 5+25
= 1= —
2
10+ 25
= [ =
2
! 35
=[=—
2

5 35
Hence, the value ofJ- (x+1)dx= >
1]

29. Question

Evaluate the following integrals as a limit of sums:

X dx

()

Answer
3
To find: J- x? dx
2
Formula used:
b
J- f{x)dx = Lin}]h[f(a) +f(a+h) +f(a+2h) +

where,
b—a
n

Here,a=2and b =3

h:

Therefore,

3—-2
h =

-« +fla+ (n—1)h)],



3
I=fx2dx
2

Here, f(x) = X2 and a = 2

== Li%h[ﬂ:z) +f(2+h)+f(2+2h) +-+f(2+(n—1)h)]

Now, by putting x = 2 in f(x) we get,
f2)=22=4

f(2 + h)

= (2 + hy?

=h2 + 22 + 2(h)(2)

=hZ + 4 + 4(h)

Similarly, f(2 + 2h)

= (2 + 2h)?

= (2h)2 + 22 + 2(2h)(2)

= (2h)2 + 4 + 4(2h)

{"(x+y)2=x2+y2+ 2xy}

=1= %‘m})h[-ﬂr +h?+4+4(h)+(2h)*+4+4(2h) + -+ {(n—1)h}* + 4

+4{(n— 1)h}]

= I=En}]h[4+h2+4+4h+h2(2)2+4+4(2h)+ - +h*(n—1)*+4

+ 4h(n—1)]

In this series, 4 is getting added n times

=1= En})h[él xn+h?+4h+h?(2)?2+4(2h) + -+ h%*(n—1)2+ 4h(n—1)]

Now take hZ and 4h common in remaining series

=1= En})h[-’-&ll—i—h?{lz—l— 224+ (-1} +4h{1+2+ -+ (n— 1}

n—1
nn—1)(Z2n—1
SN RS2k (0 D)2 ( )6( ).
i=1
n—1
nn—1
Zi=1+2+---+(n— 1):¥
i=1
nn—1)(Zn—-1 nn—1
=I=1limh 411+h2{ ( It )}+4h{—( )}
h—0 6 2
Put,
1
h=-
n
Since,

1
h—>0a11dh=ﬁ=>n—>oo

= 1= lim 1 4n + (1%) {11(11— 1)6(211— l)}Jr 4511) {11(112— 1)

n—co Il




= 1= lim —

1 s i{n(n— 1)(2n— 1)} . ﬁ{n(n— 1)}]

n—coll n2 6 n 2
1 n—1)(Zn—1
= [ = lim —[411+ ()#—l— 2(n— 1)]
n—wo Il 6n
[ n—-1(2n-1) 2
=[= lim 4+M —(11—1)]
n—sco | 6n X n n

[ 1/m—1y/2n—1 n—1
= I= lim 4+—( )( )—1—2( )]
n—ce | 6 n n n

[ 1 1 1 1
= I= lim 4+—(1——)(2——)+2(1——)]
n—ce | 6 n n n
1 1 1 1
¢1=4+—(1——)(2——)+2(1——)
6 oo [+'s] oo

=1=4+%ﬂ—0ﬂ2—m+2u—0)

1
=I=4+-x1x2+2

I 6+1
=]= —
3
18+1
==
3
. 19
=2]=—
3

3
19
Hence, the value OfJ- x2dx = 3
2

30. Question
Evaluate the following integrals as a limit of sums:

j‘(ix2 + x] dx

Answer
3
To find: J- (x%+ x) dx
1
Formula used:
b
J- f{x)dx= Lin}]h[f(a) +fla+h)+f(a+2h)+--+fla+(n—1)h)]

where,

b—a
n

h =

Here,a=1land b =3
Therefore,

3I—-1
n

h




Let,

3
I=J- (x2+ x) dx
1

Here, f(x) = x2 + xand a = 1

== Eféh[ﬂ:l) +f(1+h)+f(1+2h)+--+f(1+(n—1)h)]
Now, by putting x = 1 in f(x) we get,
f(l)=12+1=1+1=2

f(1 + h)

=(1+h?+(1+h)
=h?2+1%2+2(h)(1)+1+h
=h2+2h+h+1+1

=h? +3h+2

Similarly, f(1 + 2h)

= (14 2h)2 + (1 + 2h)

= (2h)2 + 12 + 2(2h)(1) + 1 + 2h
=(2h)2 +4h+2h+1+1

= (2h)? + 6h + 2

{0 (x+y)2 =x2 +y2 4+ 2xy}

=1= Lm})h[2+h2 +3h+2+(2h)*+6h+2+-+{(n—1h}¥*+3(n—1)h
+ 2]

=1= Lm})h[ZJrh? +3h(1)+2+h%(2)2+3h(2)+2+--+h%(n—1)2
+3h(n—1) +2]

In this series, 2 is getting added n times

=1= En})h[Zn—l— h? + 3h(1) + h?(2)?+ 3h(2)+ -+ h*(n— 1)2+ 3h(n—1)]

Now take hZ and 3h common in remaining series
=1= Lin})h[Zn—l— h2{12+ 22+ -+ (n—1)2}+3h{1+2+ -+ (n— 1)}]

n—1

nin—1)(2n—1
"'ij=12+22+"'+(Il—1)2= [: )6[: );
i=1
n—1
nn—1
Zi=1+2+---—l—[:11— 1):%
i=1
n(n—1)(2n—1 n(n—1
=I=limh 211+h2{ ( ) )}+3h{—( )}
h—0 6 2
Put,
2



Since,

2
h—>Oandh=H=>n—>oo

E)Z{Il(ll —1)(2n— 1)} N 2(3) {n(n— 1)}]

o
= [= lim — 211+(

n—eell | n 6 n 2
20 4 (n(n—1)(2n—1 6(n(n—1
=I= lim - 211+—2{ ( ) )}+—{ ( )}l
n—eoll | n 6 n 2
20 2(n—1)(2n—1
=[=1lim—-|2n+ ( )( )—l— 3(n— l)l
11—@011_ 3n
4n—1)(2n—1 6
=[=lim |4+ ( ) )+—(n— l)l
n—co | nxn n

[ 4/m—1y/2n—1 n—1
= I= lim 4+—( )( )+6( )]
n—eo | 3 n n n

[ 4 1 1 1
= [ = lim 4+—(1——) (2——)+6(1——)]
n—co | 3 il n i}
4 1 1 1
=>I=4+—(1——)(2——)+6(1——)
3 o s oo

=>I=4+%(1—0)(2—0)+6(1—0)

4
=>I=4+§><l><2+6

I l(H—8
=1= —
3
30+8
=1=
3
. 38
=]=—
3

3 38
Hence, the value ofJ- (x2+x)dx= 3
1

31. Question

Evaluate the following integrals as a limit of sums:

3 b

(:x2 —x‘_}dx

=

Answer
2
To find: J- (x* —x) dx
4]
Formula used:
b
f f{x)dx = Lin}]h[f(a) +fla+h)+f(a+2h)+--+fla+ (n—1)h)],

where,

b—a
n

h =




Here,a=0and b =2
Therefore,

2—-0

h

Let,

szz(xz—x)dx

2

Here, f(x) = x¢-xanda=0

=1= Engh[f(o) +f{0+h)+f(0+2h) +-—-+f(0+(n—1)h)]
=1= En})h[f(o) + f(h) + f(2h) + -~ + f((n— 1)h)]
Now, by putting x = 0 in f(x) we get,

f(0)=02-0=0-0=0

Similarly, f(2h)

= (2h)? - (2h)

= (2h)? - 2h

=1= EE}]h[O +h*—h+(2h)%2-2h+ -+ {(n— 1)h}*>— (n— 1)h]
=1= EE]O.h[hz —h+h%(2)2-2h+--+h*(n—1)?—-h(n—-1)]
Now take hZ and -h common in remaining series

=1= Lin}]h[hz{lz—l—zz +-+(Mm—-1)%-h{1+2+-+(n—1)}]

n—1
nn—1)(2n—1
"'ij=12+22+"'+(Il—1)2= [: )6[: );
i=1
n—1
nn—1
Zi=1+2+---+(n—1)= ( 5 )
i=1
nn—1)2n—-1 nn—1
=:-I=limh[h2{ ( ) )}—h{ ( )}]
h—0 [ 2
Put,
2
h=-—
n
Since,

2
h—>0andh=ﬁ=>n—>oo



22 (n(n-1D(2n-1)) 2(n(n-1)
~1=1m 0| (0) { 6 }‘5{72 ”

L 2[4 (n(n—1)(2n—1)]) 2(n(n-—1)
=] = —|— —_—_
nl—I'Ic]n n|n? 6 n 2
o 2[2(m—1)(2n—1)
:I—llllilgoﬁ_ = —(n—1)
[4(n—1)(2n—1) 2

= [ = lim ( ) )——(Il—l)l

n-oo | 3nxn n

4 /m—1y/2n—1 n—1
= I= lim —( )( )—2( )]
n—co |3 n n n

(4 1 1 1
=i [ (1-3) (2-2) -2 (1= )
n—w |3 n n n
4 1 1 1
=1=5(1-2)(2-2)-2(1-3)
3 oo [ oo

- 1:%(1—0)(2—0)—2(1—0)

I 8 2
=1=-—
3
. 8-6
=1=—-
3
=1==

2

2

Hence, the value ofJ- (x2—x)dx= 3
]

32. Question
Evaluate the following integrals as a limit of sums:

3
J‘(:sz —Sx‘_]dx
1

Answer
3
To find: J- (2x? + 5%) dx
1
Formula used:
b
f f{x)dx = Lin}]h[f(a) +fla+h)+f(a+2h)+--+fla+(n—1)h)],

where,

b—a
n

h =

Here,a=1land b =3

Therefore,



Let,
3

I= J- (2x? + 5x) dx
1

Here, f(x) = 2x2 + 5xanda =1

= 1= lmh[f(1) + f(1 +h) + f(1 +2h) +
Now, by putting x = 1 in f(x) we get,
f(1) =2(1)2+5(1)=2+5=7

f(1 + h)

=2(1+h)2+5(1+h)

=2{h? + 12 + 2(h)(1)} + 5 + 5h
=2h2+4h +2 + 5+ 5h

=2h?2+9h +7

Similarly, f(1 + 2h)

= 2(1 + 2h)2 + 5(1 + 2h)

= 2{(2h)? + 12 + 2(2h)(1)} + 5 + 10h
=2(2h)2+2 +8h + 5 + 10h
=2(2h)2 + 18h + 7

= 2(2h)2 + 9(2h) + 7

{"(x+y)2=x2+y2+ 2xy}

<o+ f(1+ (n—1)h)]

=1= %‘m}]h[? +2h?+9h+ 7+ 2(2h)*+ 9(2h) + 7 + ---+ 2{(n — 1)h}?

+9(n—1)h+7]

=1= Lm})h[? +2h?(1)+ 9h(1) + 7 + 2h?(2)* + 9h(2) + 7 + --- + 2h?(n — 1)?

+9h(n—1)+7]

In this series, 7 is getting added n times

=1= En})h[?n + 2h?(1) + 9h(1) + 2h?(2)2 +9h(2) + -+ 2h?*(n— 1)?

+9h{n— 1)]

Now take 2h? and 9h common in remaining series

=1= Lin}]h[7n+ 2h2{124+ 22+ + (n—

n—-1

1)2}+9h{1+2 + -+ (n— 1)}]

B n(n—1)(2n— 1) .

Ziz =12422+..+(n—-1)?2=

i=1
n—1

Zi=1+2+---+(n— 1) =

i=1

6 ;

n(n—1)

2



14 902 {n(n— 1)(2n— 1)} L on {n(n - 1)”

= 1={mh 6 2
Put,
h=-
n
Since,

2
h—>Oandh=H=>n—>oo

oo im 2| @ {n(n— 1)(2n-— 1)}+ 2(9) {11(11— 1)H

n—aoo [ | 6 n 2
20 8 ([n(n—1)(2n—1 18 (n(n—1
=I=Ilim—-|7n+ — ( )( ) + — g
n—cell | n2 6 n 2

2[ 4(n—1)(2n—1
=[=lim—|7n+ ( )( )
11——0011_ 3n

+9(n— 1)]

8(n—1)(2n—1) . E(n— 1)]
1

== Ilim |14 +
n—co | 3nxn

[ 8/m—1y,/2n—1 n—1
= [ = lim 14—1——( )( )+18( )]
n—ce | 3 n n n

[ 8 1 1 1
= I= lim 14+—(1——)<2——)+18(1——)]
n—ce | 3 n n n
8 1 1 1
=21= 14+—(1——) (2——)+18(1——)
3 oo oo oo

=1= 14+§(1—0)(2—0)+1a(1—0)

8
=>I=l4+§><1><2+18

I 32+16
== —
3
96 + 16
=]=
3
112
=2]=—
3

: 112
Hence, the value of | (2x° +5x) dx = 3
1

33. Question
Evaluate the following integrals as a limit of sums:

SR
J(3x7 +1)dx
1

Answer

3
To find: J- (3x2+ 1) dx
1

Formula used:



b
J- flx)dx = Lil}}]h[f(a) +fla+h)+f(a+2h)+--+fla+(n—1)h)],

where,

b—a
n

h=

Here,a=1and b =3
Therefore,

3i—-1
h=

Let,
3

I= J- (3x?+ 1) dx
1

Here, f(x) =3x2+ landa=1

= 1=lImh[f(1) + f(1 +h) + f(1 +2h) +--+ (1 + (0~ Dh)]
Now, by putting x = 1 in f(x) we get,
f(1)=3(12)+1=3(1)+1=3+1=4
f(1 + h)

=3(1+h2+1

=3{h? + 12 + 2(h)(1)} + 1

=3(h)2 +3+3(2h) +1

=3(h)2 4+ 4 + 6h

Similarly, f(1 + 2h)

=3(1+2h)2+1

=3{2(2h)? + 12 + 2(2h)(1)} + 1
=3(2h)2 + 3 + 3(4h) + 1

=3(2h)2 + 4 + 12h

{7 (x+y)2 =x2 +y2 4+ 2xy}

=1= El%h[‘q’ +3(h)2+4+6h+3(2h)?>+4+12h+--+3{(n—1)h}*>+4
+6{(n—1)h}]

=1= En}]h[4+3h2(12)+ 4+ 6h+3h%(2)2+4+6(2h) + -+ 3h%2(n—1)2 + 4
+ 6h(n— 1)]

In this series, 4 is getting added n times

=1= Enéh[ﬂr x n+ 3h?(1?)+ 6h + 3h?(2)? + 6(2h) + ---+ 3h%*(n— 1)?
+ 6h(n—1)]

Now take 3hZ and 6h common in remaining series

=1= %‘in}]h[-’-}n—i—?;hz{lz—l— 22+ +(n—1)2}+6h{1+2+ -+ (n— 1)}]



n—-1

Ziz =142+ -+ (n-1)>*=

i=1

n(n—1)(2n— 1) .
a3 ;

n—1

Zi=1+2+---+(n— 1) =

i=1

n(n— 1)
2

nn—1)(z2zn—1 nn—-1
=I=1limh 411+3h2{ ( ) )}+6h{¥l
h—0 6 2

Put,

2
h=-

n
Since,

2
h—>0a11dh=ﬁ=>n—>oo

= I = lim z _411 3 (1_21] {11(11— 1)(2n— 1)}+ 6(2) {n(n— 1)”

n—co]] | 6 n 2

2
=I=Ilim—-|4n+

E{n(n —1)(2n— l)}+ E{n(n— l)H

n—cell | n? 6 n 2
20 2(n—1)(2n—1
=1=lim-|4n+ ( It )—l— 6(n— 1)]
n—cw ]l | n
[ 4m-1(@2n-1) 12
=[=lim |8+ +—(n-1)
n—co | nxn n

T n—1\/2n—1 n—1
=I=1im |8+ 4 +12
n—col n n n
T 1 1 1
=sI=Ilim|8+4|1——|({2——-)+12(1—-
n—eo | n L n

¢I=3+4(1—é)(2—é)+12(1—é)

=1=8+4(1-0)(2—0) +12(1—0)

=][=8+4x1x2+12
=1=20+8

=1=28
2

Hence, the value ofJ- (3x*+ 1) dx = 28
1

Very short answer
1. Question

w2

-

. ]
Evaluate J sin” x dx
0

Answer

n
Lety = [=sin?xdx~(1)



Using the property that f:f(x)dx = f:f(a +b—x)dx

T

I= J-fsin12 (g— x)dx
1]

= [ 2 cos?xdx ~(2)

Adding (1) and (2), we get
T T

m
3 3 3 n
21=J- smzxdx—i—f COSQIdIZJ- dx =—
1] [i] 4] 2‘

Hence, I = E

2. Question

T2
i ]
Evaluate J cos” x dx
0

Answer
Lety _ [z (1)
_ I
ety = fozcos xdx
Using the property that _f:f(x)dx = _[:f(a +b—x)dx

I= ffcosz(g— x)dx = [Zsin?xdx~(2)

Adding (1) and (2), we get
T o

T
3 z T on
2!=J- smzxdx—i—J- coszxdx=J- dx =—
0 0 0 2

T

Hence, I = ”

3. Question
T2
it . )]
Evaluate J sin” x dx
—m/2

Answer

w
Let I = [Zsin®xdx
]
1-cosix
2

Since cos2x = 1 — 2sin®x = sinx =
m
11z Yx
I= 2 _z(l_ cos2x)dx
2

Il . Il
x|7 sin2x| 3
2| 4 |-I
2

—+

e L =

(sinm — sin(—m))



4. Question

w2

-

N
Evaluate J cos” X dx

—m/2

Answer
z
Let [ = f_ZE cos® xdx
2

Since cos2x=2cos? x-1

1+ cos2x

2,
= C0s°X =
2

13 .
I—EJ-_E(lJr cos2x)dx
2

T . I
7 sin2x| 3
4 |-

T
2

(sinm — sin(—m))

5. Question

T2
Evaluate J sin” x dx
—-m/2

Answer

by
Letf = f__%rsing xdx
2

f(x)=sin3x
f(-x)=sin3(-x)=-sin3x
Hence, f(x) is an odd function.

. a . . .
Since, f-af(l)dl = ( if f(x) is an odd function.
Therefore, 1=0.

6. Question
T2
it ]
Evaluate J X cos” X dx
-2

Answer

w
Let ] = [%xcos®xdx

f(x)=xcos2x
f(-x)=(-x)cos2(-x)

=-XC0SZX



=-f(x)
Hence, f(x) is an odd function.

. a . . .
Since, _[_af(;t)d;t = q if f(x) is an odd function.
Therefore, 1=0.

7. Question

/4
i »l
Evaluate J tan- x dx
0

Answer

Lot x s

etr_ 2oy — 2. .
I= [z tan*xdx = [#(sec®x — 1)dx

Let tan x=t

= sec2xdx=dt

When x=0, t=0 and when x = E,t =1

Hence L ey uf
I=frdt+ [f-de=1-7

8. Question

1

x2—1

1
Evaluate J dx
0

Answer

let;=[ 2

1
0 1+4x?

dx
Substituting x=tan® = dx=sec26d0 (By differentiating both sides)

Also, when x=0, =0 and x=1, 6=E

o
Wegety_ (a1 2
98t ] = [i =y sec’ods
Since sec?0=1+tan?6

T
We get | = foidg

9. Question

- x
EvaluateJ —ldx
X

=7

Answer

1] g 0 | s 5
Let s = f_zédl = f_zédl +1, %dl
|x]=-x, if x<0

And |x]|=X, if x=0

Hence, | = f_oz_ dx + fol dx



[=-2+1=-1
10. Question

X
EvaluateJ e * dx
0

Answer

Let = fom e *dx

11. Question

4

-

EvaluateJ ; dx

Answer

1

——dx
V16—x2

Letl=["

Substituting x=4sin® = dx=4co0s6d6
Also, When x=0, =0 and x=4, e=§
T
z

1
I=J- —————4cos6ds
o V16 — 16sin28d

12. Question

1

x2—9

3
EvIuateJ dx
0

Answer

Substituting x=3tan® = dx=3sec20d6 (By differentiating both sides)

Also, when x=0, 6=0 and x=3, 9=E

T
Weget|= [+ 1 35002040

0 9+9tan?

Since sec?0=1+tan?6

m
We get | _ [=9¢
g 1_f043
T
T 12

13. Question



2
Evaluate J J1—cos2x dx
0

Answer
by
Lety = foz V1 —cos2x dx

Since, cos2x=1-2sin?2x = 2sin?x=1-cos2x

T T
Hence, | = foz V2sinxdx = —2cosx z

= —\@(0— 1) = \.E
14. Question

/2
Evaluate J log tanx dx
]

Answer
L)
2

Let = [=logtanx dx

Using the property that _f:f(x)dx = _[:f(a +b—x)dx
3 1 3

I = J- logtan (E— x) dx = J- logcotx dx
0 1}

T T

J-jl ! dx J-jl tanx dx
=), 08 gy X = , ogtanx dx

(Since 108a§ = —log,b)
Since I=-l, therefore I=0
15. Question

T2 \

- 3+ 5c0sX
Evaluate Jlog T ldx

0

3+5sinx
Answer

I 3+3cosx
LetT = [plog

Using the property that f:f(;t')dx - f:f(a +b—x)dx

[ J-%log3 + 5cos (I%— x)
0 3+5$£n(§—:t')

dx
T -
J’EI 3+ bsinx d
- 0 0g3 + 5cosx *

J’El 3+5r:osxd
A 083 ¥ Bsinx



=-I (Since 10&:% =—log,b)

Since I=-l, therefore I=0

16. Question

/2 - f
- sinn X

Evaluate J ﬁdx‘ neN.
o sin” X +cos X

Answer

Letp — [z 4 (1)

0 sin"x+cos™x

Using the property that f:f(x)dx = f:f(a +b—x)dx

We get| — [z 5

0 sin'x+cosx

T

z
_J- sin (i_l) i
=l T T X
5 sm“(i—x)—l—cos“(i—x)

Since sin(g-x) =cosx and cos(%—x) =sinx

z cosx -
Weget — [z % 44-(2)

0 sin"x+cosx
Add (1) and (2)
T

2

J’Sl?l X+ cos™x
sin"x + cos™x

0

7
=J-dx
4]

17. Question
T i
Evaluate Jcos’x dx
0

Answer
Let = T 5y r
I =, cos®xdx
Consider cos®x= cos%x x cosx
= (cos2x)2 x cosx

2y)2

= (1- sin“x)“cosx
Let sinx=y = cosxdx=dy (Differentiating both sides)
Also, when x=0, y=0 and x=m, y=0

Hence, | become foo(l— y*)2dy



Since [ f(x)dx = 0, We get | = [ " cos®xdx

=L0(1—y2)2dy

=0
18. Question

w2 3

; a—sinB

Evaluate J log[ ——— |d6

s a-+smb
Answer

T (a-sing)

- a—sin
Letl= f;zrr Iog(a+sin9]

B (a—sind)
Let f[:e) N Eﬂ'g (a+sinf)

(a—sin(—8&))

Then f(—ﬁ) = IOQ‘ (a+sin{—8))

(a + sing)
e (a — sind)

(a — sing)
°9 (a + sing)

= —£(6)

(Since sin(-6) =-sin(6) and log,, b = —log,)

From this, we infer that f(8) is an odd function.
Using fa f(x)dx = 0 if f(x) is an odd function, we get that I=0
—a

19. Question

Evaluate j X[ x|dx

-1
Answer
Let] = f_ll x|x|dx
[x]=-x, if x<0
And |x|=X, if x=0
Therefore f(x)=x|x|=-x2, if x<0
And f(x)=x|x|=x2, if x=0
Consider x=0 = f(x)=x2
Then -x<0 = f(-x) = ~(-x)? = -f(-x)
Now Consider x<0 = f(x)=-x2
Then -x=0 = f(-x) =-(-x)?=x?=-f(x)

Hence f(x) is an odd function. An odd function is a function which satisfies the property f(-x) =-f(-x), V x&
Domain of f(x)



There is a property of integration of odd functions which states that

f_“af(x)dx = q if f(x) is an odd function.
1
Therefore | = J’_l xlx|ldx =0

20. Question

Evaluate

tj- £(x)
af(x)—f(a—b—x}

Answer

f(xj —(l)

b
et = o e

Using the property that f:f(;t')dx = f:f(a +b—x)dx

fla+b—x)
flatb—x)+fla+b—(a+b—x))

_ b flatb-x) L
=]t - @)

We get | = _[: dx

Adding (1) and (2) we get

PO+ fla+b—x)
ZI:L fO+fasb-n"

b
=fdx

=b—a

Answer

Let;=[ 2

1
0 1+4x?

dx
Substituting x=tan® = dx=sec20d® (By differentiating both sides)

Also, when x=0, 8=0 and x=1, 6=E

m
Weget| =[x _cec20dp

0 1+tan?@

Since sec?0=1+tan?6

T
We get | = foide

4
22. Question



.-'r’—l
Evaluate J tan X dx
0

Answer

T L
Let| — [Stanxdy = [*T—dx

0 0 cosx

Substituting cosx=y = -sinxdx=dy (By differentiating both sides)

Also, when x=0, y=0 and x=§, y=i3
J
1
Weget;_ _ =1,
I= _[1 .vdx

1
We get[ = —log,y [ Z (Check Q23. For proof)
Yy

1
= —(log,(—=)—log.1
(log.(5)-log.1)
Sincelog,1 =0and —log, b = 10ga§ » We get

I=1log,\2

23. Question

(]

o=

Evaluate

dx

[

Answer
Letl—fgid-
= 23 X

Substitute x=eY= dx=eYdy (Differentiating both sides)

Since ¥ =€ =y =log, x andwhenx =2,y = log,2, and when x =3,y =

log.3

loge3 1

We get | = flogg? Eeyd}'

loge3
I=J- dy

log, 2
=log,3—1log,2

= loggg (Since log,, b — log, c = log, g)

24. Question
Evaluate .\H ~x?dx

Answer

[ ]

=]

Let] = f; Vi —xZdx
Substituting x=2sinB = dx=2sinB6d6

Also, When x=0, 6=0 and x=2, 9=§



'[3
We get| = (= f4 —(2sinf)2 2cos6d6

T

2 —
I= J- \ 4 — 4sin?8 2cos6do
0
I
2 /Y
= f v 1—sin26 4cosfds
0

T
2
= J- 4cos’0de
1]

1+cos2@
2

Since cps26 = 2c0s%68 — 1 = cos?8 =

T
2

I= J- (2 + 2cos26)d6
4]

n
2 1 s5in20
0

=

=20 2
0

=mn+sin n-sin 0
=T

25. Question

2x

dx

1
Evaluate J 3

Answer

Letlz_[1 Zx_dx

0 14x2
Substituting 1+x2=t
= 2Xx dx=dt

Also, When x=0, t=1 and x=1, t=2

We get] = ff;ldf (For proof check Q23.)

=log,t |21 =log,2 —log,1 =log,2 (Since log,1 = 0)
26. Question

1

Evaluate Jx e dx
0

~

Answer

1 2
Let1= ["xe™ dx
Substitute x2=y

= 2xdx=dy
Also, when x=0, y=0 and x=1, y=1

We get | = fol%dy

Since [ e¥dy = e¥



We get| — £|1 _eiet et
2 1D

27. Question
1‘4

Evaluate J sin 2x dx
0

Answer

w
Let] = fo“ sin2x dx

Substitute 2x=y = 2dx=dy

T

Also, when x=0, y=0 and x=§, y=>

We get [— J-Or—;-s;':.'!" dV

T
= —%cosy g= —%(cos(g) - COSO) = %

28. Question

2

o1
Evaluate J _dx

g xlogx
Answer

1

Let I= f;z

xlogg x
Substitute logex =V = dx =dy

) " )
Also, When x=e, y=1 and x=e2, y=2

We get | = ffidy (Check Q23. For proof)

2
=log,2—1log,1=1o0g,2

=log.y |,

29. Question

/2

-

Evaluate | e® (sinx—cosx)dx

Answer
Let]_ (z
et1_— Xfeiny — 3 dy
I = [2e*(sinx — cosx) dx
Substitute -eXcosx=t = e*X(-cosx+sinx)dx=dt
(Differentiating both sides by using multiplication rule)
Also, When x=e, t=-e®cose and x=§, t=0

We get | = [’ dt =t|_.° =0-—(—ecose) = e°cose

efcose —efcose

30. Question



X

4
Evaluate J dx
-

x2—1

Answer

Let]— [*_* -

I f2 ——dx

Substitute 1+x2=t = 2xdx=dt

Also, When x=2, t=5 and x=4, t=17
We get [ = ;f;?;ldf

ll t17 l(l 17 —log,5) ll Ll

(Since log, b —log,c = logaf)
31. Question

1

If J(3x2 +2x —k) dx = 0. find the value of k.
.

Answer

To find the value of K, First we have to integrate above integral for which we have to apply simple formulas
of integration [ x2dx and [ xdx ,so

[1(32% + 2x +0)=[303/3) + 20/2) + k][ = 0

Put the upper limit and lower limit in above equation-

= [3@ +z@+k.1] ~ [3.(0) + 2.(0) + k. (0)] = O

=(1+1+k) =0
K=-2
32. Question

a

If J.szdx =8. write the value of a.
0

Answer

Doing integration yields-

13
[3. 3 0—8
a3 =8
a=13%8
a=2
33. Question

X
If f(x)= J tsint dt.then write the value of f'(x).
0



Answer

Doing integration yields-

F(x) = t. (~cost)} - J; x%(t).(—cost)dt

X

= —(xcosx— 0) + J- costdt
0

= —XxCcosx + [sint]g
then finally f(x)=-x cos x + sin x

To calculate derivative of the above function f(x) we have to apply formula of derivation of products of two
functions-

F(x) =-x cos(x)+sin(x)

F’(x) =-[x(-sin x)+cos x.1]+cos x ;{by formula d/dx (f.g)=f.g’+g.f'}
F’(x) =-(-x sin x) - cos x + €os X

F'(x) = x.sin(x)

34. Question

a

| T

IfJ —dx =§_ find the value of a.
0

4+x~
Answer

Doing integration yields-

1 X g T
Ztan—17= —_
[ztan (2)]0 5

35. Question

3
Write the coefficient a, b, ¢ of which the value of the integral J (ax2 —bx + c]dx is independent.

-3
Answer

Doing integration yields-

x3 bx2+ \ 3
a3 S rex)

By substituting upper and lower limit in above equation=(9a — b_g + 30) —(9a— b,g— 3c)

=18a+bc

SO Nnow we can say this is independent of variable b



36. Question

L

Evaluate .3" dx

[ =]

Answer

Doing integration yields-
[zl
~ llogsl2

1
—_~ (23 _ a2
_I0g3(3 3)

_ 13
"~ log3

37. Question

|=[jj[x]dx

Answer
we know that

[ﬂ_{m0<x<1
Tll,1<x<2

I = fl[x]dx—l—fz[x]dx = J-lodx—i— J-zl.dx

=0+ (0)?

= (2-1)

=1

38. Question

|=10[x]dx

LA

Answer

we know that

[X]=[0,0 <x<1
1,1<x<?2
1 2 3 15
I=J- [x]dx —l—J- [x]dx +J- xldx v oo e+ | [x].dx
4] 1 2 14
=(0)+(1)+(2) e +14
=105 ans

39. Question

1

*

I=J{x--dx
0

1
J



Answer
we all know that-

{x}=x,0<x<1

1 I2
I=J- ;t'd;t'=[—
0 2

40. Question

1=—ans
0 2

]

Answer
we all know that-

{x}=x,0<x<1
1

I=J- e*dx = (et —e%) =(e—1)
1]

41. Question

| =§jx[x] dx

Answer

we know that

M=Pﬁ<x<l
1,1<x<?2
1 2 1 2
I=J- x[x]d;t‘+J- x[x]de:J- 0dx+J- x. ldx
1] 1 0 1
IZ 2 22 12
=07 Elf?i
3
)
42. Question

=2 g
0

Answer
we know that

M=Pﬁ<x<l
1,1<x<2

1 1 2% 1
1=f2@4Mx=fz%x=[ ]lz——{ﬂ—zﬂ
0 0 log2l0 log2

1
"~ log2

43. Question



Answer
we know that

0,0<x<1

[X]=[1,1< x<2

1 2 1 2
I=J- Eog[x]d;t‘+J- log[x]dx =J- 0dx +J- logl.dx
1] 1 4] 1

=0
44. Question

2

I = J [xz_-dx
g |

Answer
we know that

M=Pﬁ<x<l
1,1<x<2

1 \."E 1 \."E
I=f [Iz]dI+J- [x%]dx =f 0dx+J- 1.dx
1] 1 1] 1

=(v2-1)
45. Question

w4

- i Sl

| = J sin | J-dx
0

Answer

we all know that-

{x}=x,0<x<1

I = foﬂésin(x)dx = (—cosx)”é4 = —(cos%— cos0)

(-3

MCQ
1. Question

1

[ Jx(1-x)dx equals

0

A. /2
B. /4
C. /6
D. n/8



Answer
Let, x = sin? t
Differentiating both sides with respect to t

dx .
— =2sintcost
dt

= dx =2 sintcostdt
Atx=0,t=0

Atx=1,t=§

ral A

Y= f Jsin? t (1—sin? t) x 2sintcost dt
0

2 P 2 2
2sin“tcos<t dt
[a]

T
lJ-E 2t dt
= —| sin?
2Jy
T
1J’51— cos2(2t)
= - dt
2 4]
o
1 (t sm4r)§
- 2\2
1
= 5[(G-0)- -0
il
Y=3
2. Question
n
J+dx equals
l+smx
0
A.0
B. 1/2
C.2
D. 3/2
Answer
T 1
y= fo 1+sinx

Multiply by 1 - sin x in numerator and denominator

g 1—sinx p
b
o (1+sinx)(1—sinx)

J”" 1—sinx p
= ————dx
o 1—sin?x

T1—sinx
= TeneZ v dx
o COSZx




T 1 sinx
= 2y ool dx
o COS2Xx cos2x

T
J- SECZI —tanxsecx dx
1]

= (tanx —secx)}
y =[(0-(-1))-(0-1)]
y=2

3. Question

dx

T
J’ Xfanx
o SECX +COsX

(]

A

A.

fa

[ 3]

w
A

-2

Answer

In this question we can use the king rule

y = f"ﬂdx (1)

0 secx+cosx

:J’" (r—x) tan(m— x)

sec(m — x) + cos(m — x)

T —mtanx —xtanx
— i — dx ...(2)

0 —(secx+cosx) —(secx+cosx)

On adding eq(1) and eq(2)

T mtanx
2y = ——dx
o Secx + cosx

J”" mSinx i
= ——— dx
o 1+ cos?x

Let, cosx =t

Differentiating both side with respect to x

at _ — ginx = -dt = sin x dx
dx
Atx=0,t=1

Atx=mt=-1

2 f_l_n d
= —  dt
Y . 1412



—m(tan~1 )7t

-
Il
I
=
=
=
D —

4. Question

T

- . X .
The value of 1—5111? dx is

5 \I 2

A. 0

[ ]

B. 2
C.8
D. 4

Answer

2T . x x . X x
y= fo Jsm?——l— cos?~+2sin—cos— dx
- 4 4 4 4
J-Z'r ] X 4
= sin—+cos— dx
0 4 4

=4 (— cos% + sin%)?

=4[(0 + 1) - (-1-0)]
y=8

5. Question

The value of the integral _[ ms‘f—isi‘mdl‘ is
A.0

B. /2

C. /4

D. none of these
Answer
Mistake: limit should be 0 to m\2

Right sol. In this question we apply the king rule

y = j‘&dx (1)

—
VEosX +Vsinx

T
z fcos 5= X
J- d;t'
0 Jcos ——;t J sin ——1

z Vsinx
0 +sinx +  COSX

On adding eq(1) and eq(2)



T
z

Vsinx + y/cosx

2y = dx
: o Vsinx + 4/cosx
T
z
= dx
1]
1 =
y= 503
i3
y= -
) 1

6. Question

i

J ! _ dx equals
0 1—6}‘

A.log2-1
B. log 2
C.log4-1
D. -log 2
Answer

Take e* out from the denominator

- 1
-‘-’=J;md’f

=] E—x
V= dx
il ,[, e ¥+1

Let,eX+1=t

Differentiating both side with respect to t

§= —e* = -dt = eX dx
Atx=0,t=2
Atx =, t=1
1
y= —J; 7 dt
y= —(logt)3
y =-(0 - log 2)
y = log 2

7. Question

.,
TJA shw’;
VX

A 2

dx equals

B.1
C. /4



D. n%/8

Answer

Let, \E =t

Differentiating both side with respect to x

dt 1
= — =2dt =

1
o dx
dx 2\.& *

Vx
Atx=0,t=0

At x = \4, t = M2
T

2
y= ZJ- sint dt
o

T

y=2(— cost)nE
y =2[0-(-1)]
y =2

8. Question

dx equals

T2
J‘ COSX
5 (2+smx)(1+snx)

Answer
Let, sinx =t

Differentiating both side with respect to x

Ezcosx:dt=cosxdx
dx

Atx=0,t=0

Atx=m2,t=1

! 1
= —— dt
Y J; (2+0)(1+1)
By using the concept of partial fraction

1 A4 B
2+0(1+86) (2+r)+ (1+1)

1=A(1+t)+B((2+1)



1=(A+ 2B) + t(A + B)
A+2B=1,A+B=0
A=-1,B=1

1 1
y= J; P RECED) dt

y= [—log(2+¢t) +log(1+1t)]3

y = [(-log 3 + log 2) - (-log 2 + log 1)]

4
e

9. Question

3 l+tanz%
}’=J- X 2Idx
0 2(1+mn i)—i—l—mn 3

T Ex

7 sect s
N L PN

0 3+tan?§

Let, tan;f =t

Differentiating both side with respect to x

dt 1 ,X 0 dt 2;t'd
- _ - . _ A
I Zsec 2 sec 5 X
Atx=0,t=0

Atx=m2,t=1

1 2
V= —dt
’ J; (V3)2 +t2

1

z(lt ‘lt)
y=2|—=tan"t—
’ \f’g \-@0



V3 v

Zt _1(1)
y= —tan"!|—

V3 V3

10. Question

1 j1-x
Jo 7= dx =
1+x

AT
2
B. T 1
2
c. T
2
Dn+1
Answer

Right sol. Let, x = sin t

Differentiating both side with respect to t

% _ cost=dx = cos t dt
at
Atx=0,t=0

Atx=1,t=n\2

T
J’E 1—sint ¢ dt
Yy = —————C0S
- o /1 +sint

Multiply by 1 - sin t in numerator and denominator

T

Z [(1—sint)(1—sint
1’=f ( . ) , )cost dt
. o J(1+sint)(1—sint)

T
z1—sint

= ——cost dt
g cost

= J-z(l—sint) dt
1]

T

= (t+ cos t)g

=[(g+0)—(0+1)]

T_1
Y=3

11. Question

dx =

= |

a+bcosx



m 1+ranz%
= - — dx
y f X Jx, X
0 a(l—l—ran i)—i—b(l—mn i)

0 SECQ%
y= f 7 dx
o (a+b)+(a— b)mn?i

Let, tan;—( =t

Differentiating both side with respect to x

dt 1 , X 0 dt zxd
_ = = —_- = = — i
. Zsec > sec > X
Atx=0,t=0

Atx=mt= o

= 2
_ dt
Y J;. (Vat D)2 + (tva — D)2

2 ( 1 _lwa—bjm
V=——| ———14I1
° va—b\Wa+ b va+ b 0

2
y= fm(g—o)

n

Jaz — b2

12. Question
T3

J’;
61—@3{

T

dx is

A. /3
B. /6
C. /12
D. /2

Answer



y= [F—E0 gy ..(1)

n — [ r—
; Voosx +Vsinx

sin(g+g— l‘)

wl =

T

& Cos(g—l—g—x)—l— sin(E—i—E—x)

"

y= [F—LE gy (2)

L —
; VSInX + 4/ COosX

On adding eq(1) and eq(2)

T
5 J’E Vsinx + y/cosx
j’}' =

dx
% Vsinx + +cosx
T
El
2y = dx
T
(]
1 b
y= 53
27 7%

y=7

13. Question

x 2
- X :T

Given that . : —dx =

g(_xz—az](_xz—bz)(_xj—cz) 2(a+Db)(b+c)(c+a)

gl

T
30
Answer
In this question we use the method of partial fraction

1 _ A B
2+ D(2+9) 2+ 249

1 =A%+ 9) + B(x? + 4)
A+B=09A+4B=1

A=1\5,B=-1\5

., the value of




-1

1
_ 5 <
y= fo G+d) ero @
1

( . X 1 . _11')‘”
= an - an -~ —
Y= \5x2 2 5x3 3/,
T i
-G
T
Y= %60

14. Question

j.logx dx =
1

Al
B.e-1
Ce+1l
D.0

Answer

y = flgl x log x dx

By using integration by parts

Let, log x as Ist function and 1 as lInd function

Use formula [ 1 x 11dx =1 [ 11dx — [ (1) (f11dx)dx

y= long-lgdx - J;B (%logx) (J;de)dx
vy = (logx)x — J-lg G) (x)dx

y=xlogx — J- dx
1

y= (xlogx —x)3
y=I[(e-e)-(0-1)]
y=1

15. Question

A

J _ dx is equal to
l I_X-

AT

12

oA



c. T
4
p. =t
3
Answer
_ j‘\l‘E 1
1 1+x?
y = (tan l;t)‘{'§
T
-G-3
T
Y= 12

16. Question

3%}(—1
|5
0

A. %—log('l\E}
log("‘\f_)

@
IJ|.—1

log("\f_)

0‘-|.—1

102("\/_

Answer

wl.q

ERE! 1
y=[T—+ dx

0 x2+9 xZ49

4 3"’3 2x J
T 2) xz+9 ™

Let, x2+9 =t

Differentiating both side with respect to x
E:2x=dt=2xdx

dx

Atx=0,t=9

Atx=3,t=18

3 (181
A==| —ar
2, ¢

3
— > (ogt)3®

3
=3 (log18 —log9)



3
= Elogz =log2v2

N
)y x2+9 *
1 13
= —tan‘l—)
(3 3/,
1w 0
~G-0)

T
12

So, the complete solutionisy =A + B

T
= —+ log2y2
17. Question

T X
The value of the integral J —dx s
0

(l—x)(_l—x')

O @ >
A &=lAa A

o
w A

Answer
Let, x =tant

Differentiating both side with respect to t

dx = gecit=dx = seczt dt
dt
Atx=0,t=0
At X = oo, t =n\2
m
Fi tant 2t de
y = sec
’ o (1+tant)(1+ tan?t)
T
Z tant
v

= | o———dt
o (1+tant)

T .
— [zt (1
y 0 (cost+sint) dt (1)

By using the king rule

T

sin(g —t)

y= Jj(cos(ﬁ_t) +sin(z—t))

2 2

dt




13
y = FLﬂdf .(2)

0 (cost+sint)

On adding eq(1) and eq(2)

T

Z sint + cost
——dt
o (cost+ sint)

T
2

2y = J- dt
o

.

L 3
y= E(f)o

2y =

T
Y= 3

18. Question

m/2

Y

J sin | X | dx is equal to

-/2

Al

B. 2

C.-1

D. -2

Answer

In this question, we break the limit in two-part

0 T

Y= J- sin(—x) dx + J-zsinx dx

—IT

= 0

T
y = (cosx)2x + (—cosx)?
2

y=(1-0)+[0-(1)]
y =2
19. Question

m'2

- 1
J ——dx is equal to
5 l+tanx

S|

w
WA

(=

D.m

Answer



E COsX

0 (cosx+sinx)
By using the king rule

u COS(%—X)

y- f(ms(g_x)+sm(%—x))

dx

T .
y= [ g (2)

0 (cosx+sinx)

On adding eq(1) and eq(2)
T
7 sinx + cosx

2y = —dx
- o (Cosx +sinx)

T
2

2y = J- dx
0

-

1. \z
y= 5

s
Y= 3

20. Question

T2

The value of J cosx e¥7% dx is
0

Al

B.e-1

C.0

D. -1

Answer

Let, sinx =t

Differentiating both sides with respect to x
%:cosx=dt=cosxdx

Atx=0,t=0

Atx=m/2,t=1

1
y= J- efdt
4]
y=(e%
y=el-ed

y=e-1

21. Question

a 1 T
If _[0 — = dy = 4then a equals

>
(SR



w
rJ|.—n

c.
4
D.1
Answer
. el 1 . E
Given, _[O mdl =3
a
B J’ 1 dy — T
IR EEERE *= g
B [1 ; _1(21)]“+ m
= [ytan o, c=7
T
= [tan™*(2a) — tan~%(0)] = 3
T
= [tan™%(2a) — 0] = 1
T
= tan™*(2a) = -
an~'(2a) 2
2 t r
= 2a =tan;
= 2a=1
= a= O

Option A: it's not option A, because clearly we got the value of ‘a’ as;1 after solving.
Option C: it's not option C, because clearly we got the value of ‘a’ asg after solving.

Option D: it’s not option D, because clearly we got the value of ‘a’ asE1 after solving.

22. Question

1 1 1 1

If J.f(x)dx =1. J.xf(x)dx =a. J.xjf(x)dx =a’.then J(a —x)z f(x)dx equals
0 0 0 0

A. 432

B.0

C. 2a2

D. none of these
Answer

1 1 1
Given, J.f(x)dx =1, J.xf(x)dx =a, J.xzf(x)dx =a-.
0 0 0

Now, _[Dl(a —x)?f(x)dx



= J-(a:12 —2ax + x?)f(x)dx

= [ @5 ar- [2ax ) ax + [ 2o
- & [ fax 20 [ x fax+ [ 200
= a?(1) — 2a(a) + a®

= 2a? — 2a°

=0

Option A:- it’s not option A, this is clearly justified on solving.
Option C: - it’s not option C, this is clearly justified on solving.
Option D: - it’s not option D, this is clearly justified on solving.

23. Question

T ; R .
The value of J sin” x cos” xdx is
-
4
AT
2
4
B. T
14

C.0
D. none of these
Answer
T,
let, 1;, = [__sin®x cos®x dx

. M1 n+1
] — R n.. . sin’ xXcos m—1
[L,frjm.n fsul xcos™x dx then Im.n = _f—i_?] —2.]’1]

—sin? xcos®x . 21
5 512

5 3

—sin®xcos®x 2[—sin®xcos®x
+
5 5

—sin? xcos®x 2
5 15

——cos?m

= cos¥—
5 15 cos*(—m)

—sin’mwcos’nm 2
B 5 15

B [— sin®(—m) cos?(—m) 2

=0 2( 1) cn+2 1
N 15 15( )
=0

Option A:- it’s not option A, this is clearly justified on solving.



Option B: - it’s not option B, this is clearly justified on solving.
Option D: - it’s not option D, this is clearly justified on solving.
24. Question

T3

-

J . dx is equal to
S 2%
T'6

A.loge 3

B. loge Vlg

C. élog(—l)

D. log (-1)

Answer

. T 1
Given, /3
fnlfs sin 2x

e
cosec 2x dx

/e

[log |cosec 2x — u:crtZJc]nf3
2 n.‘f
&

1 Zm im 1 T T
Ellog|cosec S —cot— |] -3 [log|cosec§ — cot7 |]

1 2 1 1 2 1]_
51°g[ﬁ+ﬁ]—al°g[ﬁ‘ﬁ

] R e
2 %813l 2%

1 1 -1
7 log[V3] - S log[v3]

1 1
— ] - 3
5 log[v3] + 2 log[v3]

= log[3]

Option A:- it’s not option A, this is clearly justified on solving.
Option C: - it's not option C, this is clearly justified on solving.
Option D: - it's not option D, this is clearly justified on solving.
25. Question

1
J |1—x|dx is equal to
-1

A -2
B. 2
C.0
D. 4



Answer
. 1
Given, f_1|1 — x|dx

(1-x)ifx>1

Now, |1 — x| =
I1—x] {(l—x)if;t'c:l

= J?(x —1)dx + f(x —1)dx

o]
x?
= |x — —

+
-1

~[0-0-(v-3)

0+1+1+1 !
N 2 2

1
x2
x__
2

2 o]

+[6--0-o]

=2
Option A:- it’s not option A, this is clearly justified on solving.
Option C:- it's not option C, this is clearly justified on solving.
Option D:- it's not option D, this is clearly justified on solving.
26. Question

3

X

The derivative of f(x) = 1

5 log t
X

dt.(x = 0). is

1
3lnx

1 1

3nhx 2hnx

C.(Inx)1x(x-1)

Answer

f'x)=

1 d _3 1 d _2

logax® E x log, xza
3x? 2x
)= 3o~ Tor T
3log.x 2log.x

xZ—x

fo) = log,.x
— x(x—1)

fix)= Togx

f(x) = (In x)"Ix(x-1)

27. Question



w2
If Ip = J x!0 sin x dx, then the value of l;g + 90lg is
0

.8
D. Q{EJ
2

Answer

Use method of integration by parts

id
Lg= xmj-sinxdx— J-zaxm(fsinxdx)dx
0

T
T —
T

Iig= (x*°(—cosx))Z - J-zloxg(— cosx)dx
ILig= (g) X (—0)—0x(—1) — J-EIOIQ(—COS x)dx

zd
Lg= 0+10(x9fcosxdx— J- —_xQU-cosxdx)dx)
p dx

- T
T 2
ILg= 10((1‘%1111‘)3—[ 9xssinxdx)
]

10

I,o=10 (g)g — 901,

I,4+90I; = 10 (g)g

28. Question

L X

j 54 dx =
o(1-x)

A =



16

D. - =
3

Answer
We know that y — f:f(x)d;t' = f:f(a +b—x)dx

J’l X dx ! 1+0—x i
V= o (1—x)=¢ te o (1—(1+0—1x))>* *
1 )

J’l—xd_
S 0 X53* X

29. Question

11'111J ! + ! +...+ ! }isequalto

n—}I]\le—l 2n+2 2n+n

A ln EJ

B. In

[FER

C.In

b |

D. In

|

Answer

Given, lim[ TR R 1}

n—oo WZN+1 2n+2 2n+n

1 1 1
= lim +

nee n(2+%) n(z—l—%)—l_m—i_n(z-i_ D

li L L + ! + -+ !
= lim —
n—ewon 1 2 2+1
2+n 2+n
n
1 1
= 11111—2 7
n—-cm:v}'lr=12+H

. . . 1 . .
Now for easy solvation, replace lim ¥, with [, i with x and i with dx
= oo

1
f l d-
)2 ™
1]

[log(2 + x5




= log(2+ 1) —log(2+ 0)

= log3—log2

- o}

n(3)
= In|=
2
Option A:- it’s not option A, this is clearly justified on solving.
Option B:- it's not option B, this is clearly justified on solving.

Option D:- it's not option D, this is clearly justified on solving.

30. Question
2

The value of the integral J| 1—x° |dx is
-

A 4
B. 2
C. -2
D.0

Answer
i 2 20 g
Given, f_2|1 — x?| dx

(1—x3)ifx<o0

Now,|1—x2|:[ L—x?ifx>0

4] 2
J-Il—lederJ-Il—x?Idx
-2 1]

f—(l— x?)dx + f(l—xz)dx

[0-0) - (SF-2)]+{(2- %)~ 0-0)]

8 242 8
3 3
=0

Option A: - it's not option A, this is clearly justified on solving.
Option B: - it's not option B, this is clearly justified on solving.
Option C: - it’s not option C, this is clearly justified on solving.
31. Question

2

| Tor

0 l+cot™ x

dx is equal to



A. 0
B.1
C. /2
D. /4

Answer

fLS ;3
y= [ g (1)

0 sin?x+cos®x

Use king’s property y — f:f(x)dx = f:f(a +b — x)dx

_ F sin? (g — l’) i
o sin? (

T T
E—;t)+cosa(§—x)

L) 2
y= 2 S0 X gy .(2)

0 sin?®x+cos?x
On adding eq.(1) and (2)
T g
2 sin®x 7 cosix
2y = ————dx + | ——————dx
- o SIN?x +cos3x o Sin?x+ cos3x

T

5 J’fsing x +cos x
y = ————dx
’ o Sindx +cos3x

T
1J’§d_
1

}’=§(g—0)
T
y=3

32. Question

/2 .
r S X
—— dx equalsto

5 SI1 X + COS X

A 1

B. /2
C. /3
D. /4

Answer

Given, (/2 __sinx g,
0  sinx+cosx

Now, sin x = A(sinx + cosx) + Bd% (sinx + cosx)
sinx = A (sinx + cosx) + B(cosx — sinx)
Equating ‘sin x’ coeff:- Equating ‘cosx’'coef f: —
1=A-B 0=A+B

A-B=1



1 1
sinx = 2 (sinx +cosx) — 2 (cosx — sinx)

T

21 1
5 (sinx + cosx) — 5 (cosx —sinx)
= f 2 2 dx

sinx + cosx
4]

T2 T2
J’ 1(5111x+cosx)d J’ l(cosx—sinx)d
= —|—Jdx — P D er— L
2\sinx + cosx 2\sinx +cosx
1] 1]
T2

1 1 o N
= E,’- 1dx -5 [log(sinx + cosx)] "

0

1 T/ 1 . 7
= 5[1]0 z -3 [log(sinx + cosx)] '

—1[H ] l[1 in> + cos ) —log(sin0 + cos 0)
=313 2 Og(sm2 cosz) 0g(sin0 + cos 0)

1
= Zlog(1+0) —log(0 + 1)]
4 2
=T _20-0]
4 2
T4
_ T
4

Option A: - it’s not option A, this is clearly justified on solving.
Option B: - it's not option B, this is clearly justified on solving.
Option C: - it's not option C, this is clearly justified on solving.

33. Question

-

HX,' J}dx is equal to

j’ijsin_1
5 dx l 1+x°
A.0

B.m

C. /2

D. /4

Answer

Given, fold% [sin‘l (li—;)}dx



2Xx

1
_J‘ 1 d(
B 2x 12 dx \1+x?
o J1-(5%)
1

) ax

1+ x? (1+x%)2—2x(2x)
= i X
) JA+x2)2 —4x2 (1+x2)2
1
J’ 1 2+ 2x% — 4x?
= dx

V"(l—x2)2. 1+x2
0

J- 1 2-20
T J1=xz 12 @

=f 1 2(1—x?)
1

—x2° 1+x? dx

1
f 2 d-
) ire ™
1]

= 2[tan™*(x)]3

= 2[tan" (1) — tan"1(0)]

25

2

Option A: - it's not option A, this is clearly justified on solving.
Option B: - it’s not option B, this is clearly justified on solving.
Option D: - it’s not option D, this is clearly justified on solving.
34. Question

M2
J xsinx dx is equal to
0

A. /4
B. n/2
C.n
D.1

Answer
. g
Given, [ /2 x sinx dx

T
T Y B

= IJ- sinx dx —J- 1J- sinx dx | dx
4] 4] 4]
4]



/2
T
0

[x (—cosx)] f2 —J- (—cosx)dx

[g (0) — 0] + [sin I];"fz

=0 + (1-0)

=1

Option A: - it's not option A, this is clearly justified on solving.
Option B: - it's not option B, this is clearly justified on solving.
Option C: - it’s not option C, this is clearly justified on solving.
35. Question

2

-

J sin 2x log tan x dx is equal to
0

A1
B.m/ 2
C.0
D. 2n

Answer
Given, _[nj? sin 2x log(tanx)dx
o g

/2

/s d
[log(tanx)fsinz;t dx] —J- a[log(tanx)fsilljzx dx
0
0

a1
[l tanx —cosZ;t'] /2 J’ 1 5 —costd_
= |log(tanx). > tanx(sec x). 2 X
[}

= (0-0) _J*’le'z cosx 1 —coslx dx

sinx cos®x 2

/2

—C0s2x
oo [ S,
2sinxcosx

T
J‘ cos2x d
= X
sin 2x
4]

T
=1, /2 tan 2x dx)

B [log | sec 2Jc|]nf2
= > ,

51 [(log|secm| —log|sec0])]

(log1l —log1)

SR



= E(0 —-0)

2
=0
Option A: - it’s not option A, this is clearly justified on solving.
Option B: - it's not option B, this is clearly justified on solving.
Option D: - it's not option D, this is clearly justified on solving

36. Question

n
; 1
The value of Ji dx is
5+3cosx
0
A. /4
B. n/8
C. /2
D.0
Answer
Given, [T—2
0 5+3cosx

Now put, tang =t

dt and -
ana cCosx = ——
1+1t2 1+1t2

dx =

Limits will also be changed accordingly,

From (0 to ) To (0 to )

o0

_J‘ 1 2
B (l—tz)'1+r2

o D+3 1+ 12

dt

— fco 1+t2 2
0 5+5t2+3-32 1+t2

=!&Piﬂﬁﬁ
- e (),

~ ~ [tan~*(e0) ~ tan"(0)]

-3

T

4

Option B: - it's not option B, this is clearly justified on solving.



Option C: - it’s not option C, this is clearly justified on solving.
Option D: - it's not option D, this is clearly justified on solving
37. Question

i

J.log x—lJ L —dx =
0 X/1+x"

A mnin2

B.-mIn2

C.0

D. —’:111 2

Answer

Put x = tang

dx = sec’6 d@

Limits also will be changed accordingly,

T
X=o0 = f=—
2

/2 )

— 2

= OJ- log(tané +cor6)1+tan?8 sec-d dé
e

= J- log(tané + cotd) sec? 6 d8
o

sec?g
T/

= J- log(tané + cotd) dé
0

.
2
_ J’ l (51116+c058)d8
N 08 cosd sind

1]

T

J’ | sin @ + cos?#@ "
N o8 siné@ cos@d

4]

T
e
N o8 sin Bcos @

4]

T/

= J- log(sin® cos@)~* dé
1]



/2
= —J- log(sin® cos@) db
0

/2 /2

= - flog(sinr:?)dﬂ—l—f log{cosg)da
0

o
(Some standard notations which we need to remember)
T i)
= - [—Elogz - Elogz]
= —[-mlog2]
= mwlog?2
Option B: - it's not option B, this is clearly justified on solving.
Option C: - it’s not option C, this is clearly justified on solving.
Option D: - it's not option D, this is clearly justified on solving

38. Question

Ji f(x) dx is equal to
0

A. 2 J‘f(x) dx
0
B. 0

a a
C. J’f(x) dx —J’f(:a —x)dx
0 0

2a

D. j’f(x) dx + J f(2a —x) dx
0 0

Answer

We know that f:f(x)dx = f:f(x)dx + fcbf(x)dx

v= [ reax= [ [ rwax
A:faf(;t')d;t'

B = J:af(x)dx

Let, t=2a-x=x=2a-t
Differentiating both side with respect to x

4 _ _|=dx=-dt
dx

Atx =a, t=a



Atx=2a,t=0
B = —J-Of(za— t)dt
Use f:f(x)dx = - fbaf(x)dx and f: fx)dx = f: f(t)dt

B = J-af(?.a—x)dx

The finalisy =A+ B

Y= J-af(x)dx + J-af(?.a— x)dx

39. Question

b
If f(a + b - x) = f(x), then J’xf(x) dxis equal to

a

a—bq
A. ij(b—x)dx

I

Answer

Given, f (a + b - x) =f(x)
a+b-x=x
a+b=2x

x = tb
2

Now, f: xf(x)dx

b
:J’a+b FO0dx

2

a+b

b
g pors

Option A: - it’s not option A, this is clearly justified on solving.
Option B: - it's not option B, this is clearly justified on solving.
Option C: - it's not option C, this is clearly justified on solving

40. Question



! 2x -1
The value of Jtan_l ( “—jJ dx. is
0 l+x—x~

Al
B.0O
C. -1
D. n/4

Answer

1 _ x+x—-1 A
y = fo tan~! (—l—x(x—lj) dx

a+b

Use tan—* (—) =tan'a+tanth
1-ab
1
y= J- tan™'x + tan~}(x— 1) dx
0

y= foltan‘lx — tan‘l(l— x) dx ...(1)

Use king’s property y — f:f(x)dx = f:f(a +b — x)dx
1
y= f tan (1 —x)— tan }(1— (1—x)) dx
o

y= foltan‘l(l— x) — tan"txdx -..(2)

On adding eq(1) and (2)

1 1

2y = J- tantx — tan (1 —x)dx +J- tan™%(1 —x) — tan ' xdx
4] 4]

2y =0

y=0

41. Question

/2 4435 y
The value of Jlog{ﬂ dx is
; 4+3cosx

A 2
B. 3/4
C.0
D.-2

Answer

y = fglog(4+35inx) dx (1)

4+3cosx

Use king’s property y — f:f(x)dx = f:f(a +b — x)dx

- J-%log 4+351n@— I)
1]

4+3c05(g—x) ax




T
2

y= j-o log(4+gcosx) dx --(2)

4+3sinx

On adding eq.(1) and (2)

% 4+ 3sinx % 4+ 3cosx
2y = J; log(4+3cosx)dx+J; 10g(4+351nx)d1
T
z 4+ 3sinxy 4+ 3cosx
2y = J; lc'g(-’-}—l—30:)53()(-’-}—1—3511135)‘:[)L

2y = J-Elogl dx
0

y=0

42. Question

T2
The value of J (xj—xcosx—tan’x—l)dx_ is

-T2
A.0
B. 2
C.n
D.1

Answer

. /2 -
Given, f_-;,z(xg + xcosx + tan®x + 1) dx

4q7/2 /2 w/2
;t_ i
=[Tl + [x(sinx)]ff,g— J- 1.sinxdxp+ J-tangx.tanz;t'
-m/2 —m/2 —m/2
T2
+ (00
47/ 2
D) (o)
=|— —|sin=)—|—= (sin—
a| TRV 2 2
—f2
w2
+ J- tan®*x(1 + sec?x) dx + (x)ffxz
—7/2

/2
—m/2

x* /2 s T w2 i 2 i w2 2 2 A
= [:]_mi2+;(1)—5(1)+ _lﬁ_mxztanx(l—l— sec?x)dx + f_nﬂtan x.sec?x dx+(x)

4 4 s /2
_1ffm\t (= w2 ) /2 i 2 g tan® x [E_ (_ E)]
—4[(2) (2 ) ]—H)—l—f_m,ztanx—l—f_m,ztan;t.sec x dx —l—[ : ] *13 .

w2

w2 w2
tan® x tan* x
+ +r

1 w2
=E(0)+0+[loglsecxl]jm,z—i-[ 5 2

—m/2 -2
=0+0+0+0+m

=T

Option A: - it's not option A, this is clearly justified on solving.

Option B: - it’s not option B, this is clearly justified on solving.



Option D: - it’s not option D, this is clearly justified on solving
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